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Analytical Method for Estimation of Black-Scholes 
Equation of Option Pricing 

 

 

I.U. Amadi1 and B.E. Umoh2 
 

 
 

Abstract 
The attainment of any investments hinge on the value of options which impels the entire 
financial authority of every trader and Black-Scholes equation are well known prevailing 
mathematical instrument used for the estimations of stock option prices. Therefore, this 
paper, considered the concept of option pricing by means of Black-Scholes equation which 
governs the growth of option price with esteem to the expiration and cost of the fundamental 
asset. These equations were modified to assume a probability which measures risk-free interest 
rate of the underlying asset for Call and Put options. The Black-Scholes exact values and 
Modified Black-Scholes values were obtained and compared to close form prices. Finally, 
graphical solutions and interpretations of relevant parameters were well discussed. 

 
Keywords: stock prices; Black-Scholes equation; call option; put option; error 
 
 

1   Introduction 
An option is a tool whose worth is derived from the principal asset which is otherwise known as 
financial derivative. This type of derivative does have anything in common with mathematical 
meaning of derivative. In other words, an option on underlying asset is a business between parties 
who come together to agree on either buying or selling an underlying asset at a determined strike 
price in the future for a fixed price. The cost of the option lies on the underlying asset, which is 
usually a stock, commodity, currency or an index [1]. The holder has the right but cannot be 
compelled to buy, for call option where European put option involves the ability to sell an asset for 
a certain charge at a prescribed date in the future.  Options are known as “in- the money”, “at- the 
money”, or “out- of the money”. If S is a stock price and K is the strike price, a call option is in- the 
money as soon as S >K, at- the money when S=K, and out -of –the- money when S<K. A put 
option is in the money as soon as S<K, at- the -money once S=K, and out- of- the money once 
S>K. Obviously, an option is exercised only when it is in- the money. In the nonappearance of 
transactions costs, an in-the money option is always exercised on the expiration date if it has not 
been exercised earlier [2]. 
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      The relevance of options valuation was first demonstrated by Black-Scholes [3] when option 
faced difficulties in valuation of option at expiration.  They used no-arbitrage argument to explain a 
partial differential equation which governs the growth of the option price with esteem to the 
expiration and cost of the fundamental Asset. The Black-Scholes equation has been used widely in 
many financial applications. 
 
For instance, [4] studied implied volatility and implied risk free rate of return in solving systems of 
Black- Scholes equations. In their research they established that options prices provides important 
information for market participants for future expectations and market policies. In the same vain [5] 
analyzed BS formula for the valuation of European options; Hermite polynomials were applied. 
They concluded that BS formula can easily be achieved devoid of the use of partial differential 
equation. In another study of BS [6] considered the BS terminal value problem and observed that 
their proposed method is better, simple than the previous methods. In the work of [7] time varying 
factor were incorporated in the explicit formula for different aspect of options with the aim of 
providing exact solution for dividend paying equity of option. In considering the stability of stock 
market price of stochastic model,[8] applied Crank-Nicolson numerical scheme to BS model. The 
results showed stock prices being stable and its increasing rate of stock shares was obtained. Not 
quite long,[9] investigated the variation of stock market price using BS PDE. The convergence to 
equilibrium of growth rate and sufficient conditions for stability was achieved. However,[10] studied 
Black-Scholes model because of its biasness in mispricing options. They established a new technique 
of assessing pricing effects on the premise to reduce pricing bias.  
 
In financial markets, investors and financial analysts are generally too interested on how to maximize 
profit over particular trading days, that is, the changes in the price of goods and services. Therefore, 
modeling a behavior of a stock exchange market can be made through its relative change of the 
unstable market variables in time so as to predict stock price fluctuation, advice investors and 
corporative owners who are working out for convenient ways to do business by issuing of stocks in 
their corporations. The origin of this work lies in the study of [11]. This is so since the path of the 
stock price method can be allied to his description of the random collision of some tiny particles 
with the molecules of the liquid he introduced, hence the name Brownian motion. Now, the market 
price behavior shows the characteristics as a stochastic process called “Brownian motion” or Wiener 
process with drift. It is an important example of stochastic processes satisfying a Stochastic 
Differential Equation (SDE) displayed in Figure 1. 
 
        The analytical approach of solving BS equation for option pricing is not a difficulty one. It 
becomes multifarious when some levels of probability measures are considered to assess riskless 
interest rate of the underlying asset in the model. This difficulty depends when the analytical 
approach is being determined; which is the novelty of this paper. To propose an analytical approach 
of BS equation; this will be comparable or possibly better than the original BS equation. The great 
encounter in the modification is the ability of coming up with some realistic assumptions that will be 
incorporated into the model. 
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Figure 1: Sample trajectories of the stock price process following Black-Scholes Model 
 
 
This study is aimed at modifying Black-Scholes equation such we obtain comparable results with BS. 
To this end, this type of work has not been seen elsewhere as these widens the area of application of 
problem of this nature. 
 
For the purpose of this study the paper is arranged as follows:  Section 2.1 presents the 
Mathematical preliminaries, problem formulation is seen in Subsection 2.1.1, method of solution is 
seen in Subsection 2.1.2, Results and discussion are seen in Section 3 and paper is concluded in 
Section 4.  
 

2.1 Mathematical Preliminaries 
Here we present some definitions as foundations of this mathematical finance models. 

Definition 1. Probability space: This is a triple where  represents a set of sample space,  

represents a collection of subsets of , while  is the probability measure defined on each event 

 . The collection  is a  -algebra or  -field such as  and  is closed under the arbitrary 
unions and finite intersections. Hence it is called probability measure when the following condition 
holds. 
 

(i)      (1) 

(ii)        (2) 

(iii)  (3) 

 
Definition 2.  Normal Distribution: A normal distribution function is a peculiar distribution in 
probability theory and is usually used for modeling asset returns. A normal distribution is used in the 
Black-Scholes Partial differential equation to value European options. A normal distribution 
depends on two parameters,[12].  
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Mean,  , is the expectation of a random variable normal distribution. 

Variance , , deals with the magnitude of the spread from the mean.  

In Black-Scholes formula, normal distributions are used. The cumulative distribution, usually 

denoted as , is the probability that  will be equal to or less than  ,expressed as

. A standard normal cumulative distribution function is defined as. 

               (4) 

A normal distribution is a symmetric distribution, which means that it touches around a vertical axis 
of symmetry. Obviously, there is a connection between any given points with same distance to the 
vertical axis. This relationship is defined in equation 1.5.5  
 

 .      (5) 

 
Definition 3.  A   -algebra  is a set  of subsets of  with the following axioms: 
(i)        (6) 

(ii) If       (7) 

(iii) If     (8)  

Clearly  is the complement of . 

 
Definition 4. If  is a  -algebra in , then  is called a measurable space and the members of 
are called the measurable sets in . 
 

Definition 5. Let  be a measurable space .A map  is called a 

measure provided that 
 

(i)        (9) 

(ii)      (10) 

 

Definition 5. Stochastic process: A stochastic process  is a relations of random variables

, i.e, for each  in the index set  is a random variable. Now we 

understand  as time and call  the state of the procedure at time  . In view of the fact that a 

stochastic process is a relation of random variables, its requirement is similar to that for random 
vectors. 
 
It can also be seen as a statistical event that evolves time in accordance to probabilistic laws. 
Mathematically, a stochastic process may be defined as a collection of random variables which are 
ordered in time and defines at a set of time points which may be continuous or discrete. 
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Definition 6. A stochastic process whose finite dimensional probability distributions are all 
Gaussian.(Normal distribution). 
 
Definition 7. Random Walk: There are different methods to which we can state a stochastic 
process. Then relating the process in terms of movement of a particle which moves in discrete steps 
with probabilities from a point  to a point  . A random walk is a stochastic sequence 

with , defined by 

         (11) 

where
 
are independent and identically distributed random variables 

 
Definition 8: Stochastic Differential Equation (SDE) 

Let ( )S t  be the price of some risky asset at time t  ,and   ,an expected rate of returns on the stock 

and dt  as a relative change during the trading days such that the stock follows a random walk which 
is govern by a stochastic differential equation. 

 ( ) ( ) ( ) tdS t S t dt S t dW = +        (12) 

Where,  is drift and   the volatility of the stock, tW  is a Brownian motion or Wiener’s process on 

a probability space ( ), , ,    is a algebra −  generated by , 0tW t   . 

 

Theorem 1.1: (Ito’s formula) Let ( ), , ,F(    be a filtered probability space  , 0X X t=   be 

an  adaptive stochastic process on  ( ), , ,F(    possessing a quadratic variation ( )X  with SDE 

defined as: 

 ( ) ( )( ) ( )( ) ( ), ,dX t g t X t dt f t X t dW t= +       (13) 

t  and for ( ) ( )( )1 2,u u t X t C =     

 ( )( ) ( )
2

2

2

1
,

2

u u u u
du t X t g f d f dW t

t x xx


    
= + + + 

   
    (14) 

 
Using theorem 1.1 and equation (12) comfortably solves the SDE with a solution given below: 

( ) ( ) 2

0

1
exp , [0,1]

2
S t S dW t t t  

  
= + −    

  
. 

  
2.1.1 Problem Formulation 
This Section modifies BS model and presents the tools that can analyze empirically the dynamics of 
option pricing. In particular, we compare the results of original BS and that of modified one for the 

purpose of prediction and other capital investments. However, assuming there are N  stocks in the 

capital market. Let , 1,2,...,iS i N=  be the initial stock prices for T  trading days. Since Black-

Scholes equation is based on seven assumptions, we therefore, incorporate the probability of riskless 
asset. However, the seven assumptions are: 
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The asset price has characteristics of a Brownian motion with  and  as constants, 

the transaction costs or taxes are not allowed, the entire securities are absolutely divisible, dividend is 
not permitted during the period of the derivatives, unacceptable of riskless arbitrage opportunities, 
the security trading is constant, the option is exercised at the time of expiry for both call and put 
options.  
 
Nevertheless, the dynamics of option pricing is given by the partial differential equation as follows: 

 .     (15)  

 
  
To eliminate the price process in (15) slightly gives the Black-Scholes analytic formula for Call and 
Put options: 
 
The analytic formula for the prices of European call option is given as follows 
 

       (16) 

 

where C  is Price of a call option, S  is price of underlying asset, K  is the strike price, is the riskless 

rate , is time to maturity,
  

is variance of underlying asset,  is standard deviation of the (generally 

referred to as volatility) underlying asset, and is the cumulative normal distribution. 
 
Similarly, the formula for prices of European put option is given as  

       (17)  

where  is the price of a put option and the meaning of other parameters remain the same as in (16) 
see [13] , [14] and [15] etc.   
 
In option trading and capital investment, profit making is not known in advanced but is an uncertain 

stochastic variable. We therefore use t  to measure the probability levels of risk-free interest rate, r   

of the underlying asset which motivates to define as: 

 ( )1 t−          (18) 

        
(18) Is the probability of risk free interest rate .Hence, it is a statistics concept that carries a major 
significance in financial mathematics. Therefore, using (18) modifies the BS equation as follows: 
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Similarly, the formula for prices of European Put option is given as  

 ( ) ( )1 2

rtP SN d Ke N d−= − .       (20) 

 

3  Results and discussion 
This Section presents the simulated results for the problem stated in Subsection 2.1.1. The graphical 
results are implemented using MATLAB programming software. 
 
 
Table 1: Comparing the performance of the Black-Scholes exact values and Modified Black-
Scholes(MBS) for European Call Option when initial stock prices are 60 and 70 with K = 25,  r = 

0.2 and  T = 1 , 0.03.t =  

 

 
 
Sigma 

So = 60,  E = 25,  =0.03 So =70, E =25,r=0.2 

BS 
Exact 
Values 

MBS 
Exact 
Values 

Relative 
Error 

BS 
Exact 
values 

MBS 
Exact 
Values 

Relative 
Error 

0.25 39.5317 39.5317 0.0000 49.5317 49.5317 0.0000 

0.3 39.5322 39.5322 0.0000 49.5318 49.5318 0.0000 
0.35 39.5353 39.5353 0.0000 49.5325 49.5325 0.0000 
0.4 39.5469 39.5469 0.0000 49.5361 49.5361 0.0000 
0.45 39.5750 39.5750 0.0000 49.5476 49.5476 0.0000 
0.5 39.6277 39.6276 0.00000

3 
49.5736 49.5736 0.0000 

0.55 39.7106 36.7106 0.0000 49.6208 49.6208 0.0000 
0.6 39.8273 36.8273 0.0000 49.6946 49.6945 0.00000

2 
0.65 39.9788 36.9756 0.00008 49.7985 49.7984 0.00000

2 
0.7 40.1643 40.1642 0.00000

2 
49.9342 49.9341 0.00000

2 
0.75 40.3820 40.3819 0.00000

2 
50.1020 50.1019 0.00000

2 
0.8 40.6295 40.6294 0.00000

2 
50.3009 50.3008 0.00000

2 
0.85 40.9038 40.9037 0.00000

2 
50.5291 50.5290 0.00000

2 
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                              Figure 2: Profiles of BS and MBS for call option when initial stock price is 60. 
 

0.9 41.2022 41.2021 0.00000
2 

50.7846 50.7845 0.00000
2 

0.95 41.5216 41.5215 0.00000
2 

51.0650 51.0648 0.00000
4 

1.0 41.8593 41.8592 0.00000
2 

51.3675 51.3674 0.00000
2 
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Figure 3: Profiles of BS and MBS for call option when initial stock price is 70. 
 
 
Table 2: Comparing the performance between the Black-Scholes exact values and Crank-Nicolson 
finite difference method for European Put Option when initial stock prices are 60 and 70with K = 

100, r = 0.2 and  T = 1,
 

0.03.t =  

 

 
 

Sigma  So = 60,  K = 100,  =0.03 So = 70, K = 100 

BS Exact 
values 

MBS 
Exact 
Values 

Relative 
Error 

BS Exact 
 Values 

MBS 
Exact 
Values 

Relative 
Error 

 0.25 22.7672 22.7663 0.0004 14.9160 14.9143 0.0001  

0.3 23.4960 23.4951 0.00004 16.1862 16.1847 0.0001 
0.35 24.3677 24.3667 0.0053 17.5121 17.5107 0.00009 
0.4 25.3408 25.3399 0.00004 18.8713 18.8701 0.00006 
0.45 26.3860 26.3852 0.00003 20.2504 20.2492 0.00006 
0.5 27.4826 27.4818 0.00003 21.6405 21.6395 0.00005 
0.55 28.6158 28.6150 0.00003 23.0357 23.0348 0.00004 
0.6 29.7745 29.7738 0.00003 24.4317 24.4309 0.00003 
0.65 30.9508 30.9502 0.00003 25.8252 25.8244 0.00003 
0.7 32.1384 32.1378 0.00002 27.2137 27.2130 0.00003 
0.75 33.3325 33.3319 0.00021 28.5950 28.5944 0.00002 
0.8 34.5291 34.5285 0.00002 29.9675 29.9669 0.00002 
0.85 35.7250 35.7245 0.00001 31.3296 31.3290 0.00002 
0.9 36.9177 36.9172 0.00001 32.6800 32.6794 0.00002 
0.95 38.1049 38.1045 0.00001 34.0175 34.0170 0.00001 
1.0 39.2848 39.2844 0.00001 35.3412 35.3407 0.00001 
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Figure 4: Profiles of BS and MBS for put option when initial stock price is 60. 
 
 
 

 
Figure 5: Profiles of BS and MBS for put option when initial stock price is 70. 
 



                                                  International Journal of Mathematical Analysis and Modelling 

                                                                            Volume 5, Issue 4, November 2022, Pages 1 – 13   
 

11                                                 IJMAM, Vol. 5, Issue 4 (2022) ©NSMB; www.tnsmb.org 

                             (Formerly Journal of the Nigerian Society for Mathematical Biology)  
 

 
Figure 6: Surface view of BS call option when the initial stock price is 60 with variations of stock 
volatility (sigma). 
 

 
Figure 7: Surface view of BS put option when the initial stock price is 60 with variations of stock 
volatility (sigma). 
 
 

Values in Tables 1 and 2 were generated by fixing r=0.2, k=25 0.03t =  while allowing  and  

vary in (16) - (20) for call  and put options such that 0 60 and 70S =    ,  

presented in columns 1 are the difference values of  ,columns 2 and 3 are the exact values of BS 
and  MBS respectively. The 4th columns gives the relative error (RE) of the difference between the 
estimated prices using BS and MBS pricing schemes .RE is the ratio of absolute difference between 
BS and MBS to BS such that when this ratio is very small, the performances of both BS and MBS 
are equivalent.  
 
However, it is clear that increasing stock volatility increases the value of option prices throughout 
the stipulated trading days. It implies that such trading business is profit maximizing in terms of long 
and short term investment plans as the future of investment is known against tomorrow. This 
situation informs   investors on the activities of volatility in the capital investment hence it measures 
the price changes, see Tables 1 and 2 respectively. 
 
Figures 2 and 3 describe the process of trading in respect to call option. The plots moves along 
sigma axis before it eventually make an upward trend. This price formation informs an investor the 
best decision to take in order to maximize profit; hence the process of this trading business is curve 
linear in nature. 

0S 

( )0.25,0.30,...,1.00 =


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As seen in Figures 4 and 5 respectively , the two plots defines changes over short and long term 
business plans which is linear; this means that there’s a linear relationship during the time of trading 
activities of options. Carefully inspection of the plots shows that volatility increases linearly as 
option price increases throughout the trading days, with the trend of being 1; which informs an 
investor for proper decision making.  The range of regression is within1 1r  − ; by this formation 
means that there is total sure of high rate of returns. 
 
Figure 6 shows numerical illustration of different values of option prices. The plane at a point had 
jump discontinuity in the buying of underlying asset; which causes misrepresentation in stock market 
throughout the trading days. 
 
In Figure 7, it is evident that there are positive option trajectories as a result of trading continuities. 
This continuity in selling of commodities is in relation to income price investments. This remark is 
profit maximizing which may be indexed in millions of naira in life of option trading. 
 

4  Conclusion 
The option pricing can be understood properly by the dynamics of Black-Scholes Equation. 
Consequently this paper, considered the concept of option pricing by means of Black-Scholes 
equation which governs the growth of option price with esteem to the expiration and cost of the 
fundamental asset. These equations were modified to assume a probability which measures risk-free 
interest rate of the underlying asset for Call and Put options. From the simulated results shows as 
follows: 
MBS had comparable results even better than Black-Scholes (BS) exact values. 
An increase in stock volatility increases option prices for call and put respectively. 
The difference between BS values and MBS values are not significant. 
 
However, we shall be looking at using the same assumption of modification of BS in harnessing the 
approximate solution of Black-Scholes partial differential equation in the next study. 
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Developments in computational optimization 
techniques of conjugate gradient coefficient, search 

direction, Broyden-Fletcher-Goldfarb-Shanno, 
symmetric-rank one and Davidon-Fletcher-Powell 

quasi-Newton methods. 
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1   Introduction 
Quasi-Newton methods are distinguished by their use of approximate Hessian matrices. These 
approximate matrices are evaluated with respect to some iterative update formula as the algorithm 
progresses. The update procedure only requires the gradient of the objective function at each 
iteration. Thus, these methods provide a way of obtaining some curvature information without 
evaluating the exact Hessian. This is particularly useful when Hessian is very demanding to 
compute or cannot be computed at all for some reason. Because they are known to be generally 
more applicable and quite efficient, quasi-Newton methods are still widely used tools of nonlinear 
programming even after the development of automatic differentiation packages, Nocedal and 
Wright (2006). There are numerous works on the use of quasi-Newton methods either in line-
search or trust-region applications.  
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Abstract 

In this paper, we propose a modified Conjugate Gradient Coefficient (𝛽) for solving 
unconstrained minimization problems as well as the Broyden-Fletcher-Goldfarb-Shanno, 
Davidon-Fletcher-Powell (DFP) and Symmetric-Rank-One (SR1) updates. The modified. It is 
proved that the resulting Conjugate Gradient Coefficient have global convergence under some 

mild conditions as well as the search direction(𝑑).  It is also proved that the search direction plays 
a key role in the line search method and the step size approaches mainly guarantee global 
convergence in general cases. The convergence rate of this method is also investigated. Some 
numerical results show that the modified Conjugate Gradient Coefficient algorithm is effective in 
practical computation.   

 
Keywords: unconstrained optimization; quasi-newton method; hybridization; global 
convergence; symmetric-rank-one (sr1); Davidon-Fletcher-Powell (DFP). 
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      Consider the unconstrained minimization problem 
 

min
𝑥∈ℛ𝑛

𝑓(𝑥),                          (1) 

 

where 𝑓: ℛ𝑛 → ℛ is continuously differentiable function, the Conjugate Gradient (CG) methods 

are the best methods for solving (1), especially when the dimension 𝑛 is large. The iterates of 
Conjugate Gradient (CG) methods for solving (1) are obtained as  
 

𝑥𝑘+1 = 𝑥𝑘 + 𝛼𝑘𝑑𝑘 ;                 𝑘 = 0, 1, 2, … … …              (2)  
 

where 𝑥𝑘 is the current iterate point and 𝛼𝑘 > 0 is the step size. The step size is computed by 
carrying out some line search, especially the exact line search as given below 

𝑓(𝑥𝑘 + 𝛼𝑘𝑑𝑘) = min
𝛼≥0

𝑓(𝑥𝑘 + 𝛼𝑘𝑑𝑘)                   (3) 

The search direction 𝑑𝑘 is defined as 
 

𝑑𝑘 = {
−𝑔𝑘                     𝑖𝑓 𝑘 = 0

−𝑔𝑘 + 𝛽𝑘𝑑𝑘−1     𝑖𝑓 𝑘 ≥ 1
                (4) 

 

where the Conjugate Gradient Coefficient, 𝛽𝑘 ∈ ℛ is a scalar. Some of the classical formulas for 

Conjugate Gradient Coefficient (𝛽𝑘) are the Hestenes Stiefel (HS) in 1952, the Fletcher-Reeves 
(FR) in 1964, the Polak-Ribiere-Polyak (PRP) in 1969, the Conjugate Descent (CD) method in 

1987, the Liu-Storey (LS) in 1992, and the Dai-Yuan (DY) in 2000. The parameters of the 𝛽𝑘 are 
given as follows; 

𝛽𝑘
𝐻𝑆 =

𝑔𝑘
𝑇(𝑔𝑘−𝑔𝑘−1)

(𝑔𝑘−𝑔𝑘−1)𝑇𝑑𝑘−1
 , 𝛽𝑘

𝐹𝑅 =
𝑔𝑘

𝑇𝑔𝑘

‖𝑔𝑘−1‖2 ,   𝛽𝑘
𝑃𝑅𝑃 =

𝑔𝑘
𝑇(𝑔𝑘−𝑔𝑘−1)

‖𝑔𝑘−1‖2  

𝛽𝑘
𝐶𝐷 =

−𝑔𝑘
𝑇𝑔𝑘

𝑑𝑘−1
𝑇 𝑔𝑘−1

 ,       𝛽𝑘
𝐿𝑆 =

𝑔𝑘
𝑇(𝑔𝑘−𝑔𝑘−1)

−𝑑𝑘−1𝑔𝑘−1
 , 𝛽𝑘

𝐷𝑌 =
𝑔𝑘

𝑇𝑔𝑘

(𝑔𝑘−𝑔𝑘−1)𝑇𝑑𝑘−1
 

where ‖. ‖ is the Euclidean norm of vectors. 
 
In the Conjugate Gradient (CG) methods, many researchers focus on its global convergence 
properties and descent condition. For the Fletcher-Reeves (FR) method, Zoutendijk (1970) has 
proved the global convergence properties under the exact line search in (3). Al-Baali (1985) also 
shows the Fletcher-Reeves (FR) method fulfills global convergence properties under inexact line 
search. The Conjugate Descent (CD) method generated a descent search direction in each iteration 

for the parameter 𝜎 < 1 under the strong Wolfe line search, but its global convergence properties 
are not excellent. The Dai-Yuan (DY) method is a modification of the Fletcher-Reeves (FR) 
method, under the strong Wolfe line search, the Dai-Yuan (DY) method fulfills the descent 
condition, but this method has bad numerical results. Under strong Wolfe line search, Yuhong 
(2002) proved that Polak-Ribiere-Polyak (PRP) method has the global convergence properties and 
fulfills the descent condition. The (WYL) method is the modification of the Polak-Ribiere-Polyak 
(PRP) method, this method satisfied both the descent condition and global convergence properties 
under an exact line search and strong Wolfe line search. The Ibrahim and Rohanin (2020) method 
is a modification of the Polak-Ribiere-Polyak (PRP) method using an exact line search. 
 

In this paper, the performance of the propose coefficient 𝛽𝑘 with the hybridization of Symmetric-
Rank One (SR1) and Davidon-Fletcher-Powell (DFP) updates is compared with some classical 
conjugate gradient methods. The organization of our paper takes the following format. In section 
2, a new CG coefficient, hybridization of SR1 and DFP with the general algorithm are presented. 
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In section 3, the global convergence of 𝛽𝑘 is presented. Section 4 covers the numerical experiments 
and discussions of Tables. Finally, Section 5 deals with conclusion. 
 

2  New CG coefficient, hybridization of SR1-DFP and algorithm  
In this section, we propose new 𝛽𝑘 defined by: 
 

 𝛽𝑘
𝐴𝑀𝐶𝐺𝐶 = {

𝛽𝑘
𝑃𝑅𝑃       𝑖𝑓 |1 −

𝑔𝑘+1
𝑇 𝑔𝑘

‖𝑔𝑘‖2 | ≥ 𝜇,

𝛽𝑘
𝑁𝑒𝑤   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.                 

           (5) 

Where 
 

 𝛽𝑘
𝑁𝑒𝑤 =

𝜇𝑔𝑘+1
𝑇 (𝑔𝑘+1−𝜆𝑔𝑘)

‖𝑔𝑘‖2  

 

 𝛽𝐾
𝐴𝑀𝐶𝐺𝐶 =

𝜇‖𝑔𝑘+1‖2−𝜇𝜆
‖𝑔𝑘+1‖

‖𝑔𝑘‖
|𝑔𝑘+1

𝑇 𝑔𝑘|

‖𝑑𝑘‖2            (6) 

 

𝜇 ≥
𝜆−𝜎

1−𝜎
> 0, 𝜎 < 𝜆 ≤ 1. Obviously, if 𝜇 = 1 and 𝜆 = 1, then 𝛽𝑘

𝑁𝑒𝑤 = 𝛽𝑘
𝑃𝑅𝑃. If 𝜇 = 0, then the 

method reduces to the steepest descent method. From 𝛽𝑘
𝐴𝑀𝐶𝐺𝐶 , AMCGC represent Adams 

Modified Conjugate Gradient Coefficient as defined in (5). 
 
The hybrid conjugate gradient algorithm proposed in Touati-Ahmed and Storey (1990) [16] was a 
break through which since then, some research work focus on employing hybridization principles 
to have better algorithms that can handle large scale unconstrained optimization problems such as 
in [3, 14]. 
 
We formulate a new hybridization of SR1 and DFP for solving problem (1) by considering the 
summation of SR1and DFP quasi-Newton methods as follows: 
 

𝐵𝑘+1 = 𝐵𝑘 + 𝛼𝑢𝑢𝑇 + 𝐵∗ + 𝜃𝑣𝑣𝑇 + 𝜑𝜔𝜔𝑇           (7) 

where 𝛼, 𝜃, 𝜑 ≠ 0;   𝑢, 𝑣, 𝜔 ≠ 0 

choose 𝛼, 𝜃, 𝜑, 𝑢, 𝑣 and 𝜔 such that 𝐵𝑘+1 satisfies Quasi-Newton condition 
 

   𝐵𝑘+1𝛾𝑘 = 𝛿𝑘            (8) 

   (𝐵𝑘 + 𝑢𝑢𝑇)𝛾𝑘 = 𝛿𝑘                      (9) 
also 

   (𝐵𝑘
∗ + 𝜃𝑣𝑣𝑇 + 𝜑𝜔𝜔𝑇)𝛾𝑘 = 𝛿𝑘                  (10) 

from equation (9), we have 

   𝐵𝑘𝛾𝑘 + 𝛼𝑢𝑢𝑇𝛾𝑘 = 𝛿𝑘 

   𝛼𝑢𝑇𝛾𝑘𝑢 = 𝛿𝑘 − 𝐵𝑘𝛾𝑘         (11) 

setting 𝑢 = 𝛿𝑘 − 𝐵𝑘𝛾𝑘                         (12) 

∴ 𝛼𝑢𝑇𝛾𝑘 = 1 ⟹  𝛼−1(𝛿 − 𝐵𝑘𝛾𝑘)𝑇𝛾𝑘                       (13) 
from equation (10) 

  𝐵𝑘
∗𝛾𝑘 + 𝜃𝑣𝑣𝑇𝛾𝑘 + 𝜑𝜔𝜔𝑇𝛾𝑘 = 𝛿𝑘                   (14) 

  𝜃𝑣𝑣𝑇𝛾𝑘 + 𝜑𝜔𝜔𝑇𝛾𝑘 = 𝛿𝑘 − 𝐵𝑘
∗𝛾𝑘                   (15) 

where 

 𝜃𝑣𝑇𝛾𝑘 = 𝜑𝜔𝑇𝛾𝑘 = 1, we have 
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  𝑣 = 𝜔 = 𝛿𝑘 − 𝐵𝑘
∗𝛾𝑘                     (16) 

also, 

  𝜃𝑣𝑇𝛾𝑘 = 1 

  𝜃−1 = 𝑣𝑇𝛾𝑘 = (𝛿𝑘 − 𝐵𝑘
∗𝛾𝑘)𝑇𝛾𝑘                  (17) 

  𝜑−1 = 𝜔𝑇𝛾𝑘 = (𝛿𝑘 − 𝐵𝑘
∗𝛾𝑘)𝑇𝛾𝑘                      (18) 

 
substitute equations (12), (16), (17) and (18) into (7), we have 
 

𝐵𝑘+1 = 𝐵𝑘 +
1

(𝛿𝑘 − 𝐵𝑘𝛾𝑘)𝑇
× (𝛿𝑘 − 𝐵𝑘𝛾𝑘)(𝛿𝑘 − 𝐵𝑘𝛾𝑘)𝑇 + 𝐵𝑘

𝑇 +
1

𝛿𝑘
𝑇𝛾𝑘

× 𝛿𝑘𝛿𝑘
𝑇 

 −
1

𝛾𝑘
𝑇𝐵𝑘

∗𝛾𝑘
× −𝐵𝑘

∗𝛾𝑘(−𝐵𝑘𝛾𝑘
𝑇)                   (19) 

where 𝐵𝑘 = 𝐵𝑘
∗ 

𝐵𝑘+1
𝐴𝐻𝑀 = [2𝐵𝑘(𝛿𝑘 − 𝐵𝑘𝛾𝑘)𝑇𝛾𝑘𝛿𝑘

𝑇𝛾𝑘
𝑇𝐵𝑘

∗ + (𝛿𝑘 − 𝐵𝑘𝛾𝑘)(𝛿𝑘 − 𝐵𝑘𝛾𝑘)𝑇𝛿𝑘
𝑇𝛾𝑘

𝑇𝐵𝑘
∗

+ 𝛿𝑘𝛿𝑘
𝑇(𝛿𝑘 − 𝐵𝑘𝛾𝑘)𝑇𝛾𝑘

𝑇𝐵𝑘
∗ − 𝐵𝑘

∗𝛾𝑘𝐵𝑘
∗𝛾𝑘

𝑇(𝛿𝑘 − 𝐵𝑘𝛾𝑘)𝑇𝛿𝑘
𝑇] 

   ÷ [(𝛿𝑘 − 𝐵𝑘𝛾𝑘)𝑇𝛾𝑘𝛿𝑘
𝑇𝛾𝑘

𝑇𝐵𝑘
∗]                   (20) 

 
Algorithm 2.1  

Step 1: 𝑥𝑜𝜖ℛ𝑛 and a positive definite matrix 𝐵𝑜 = 𝐼𝑛.  
Choose 𝜇 ≥ 0, 𝜀 > 0 and set 𝑘 ≔ 0. 
Step 2: Terminate if ‖𝑔(𝑥𝑘+1)‖ < 𝜀. 
If ‖𝑔𝑘‖ ≤ 𝜀, the algorithm stops. Otherwise, go to step 3. 
Step 3: Calculate the search direction by 

 𝑑𝑘 = {
−𝐻𝑘𝑔𝑘 ;      𝑘 = 0

−𝐻𝑘𝑔𝑘 + 𝛽𝑘
𝐴𝑀𝐶𝐺𝐶𝑑𝑘−1 ;     𝑘 ≥ 1.

 

where 𝐻𝑘 is the Hybridization Method (AHM) updating matrix  

with 𝜎𝜖(0, 1] is chosen to ensure conjugacy. 

Step 4:  Calculate the step size 𝛼𝑘 by  

 𝑓(𝑥𝑘 + 𝛼𝑘𝑑𝑘) ≤ 𝑓(𝑥𝑘) + 𝜇𝛼𝑘(𝑔𝑘
𝑇𝑑𝑘 −

1

2
𝛼𝑘𝜂𝐿𝑘‖𝑑𝑘‖2) 

where 𝜇𝜖(0, 1), 𝜂[0, +∞), 𝜌𝜖(0, 1) are given constant scalars. 

where 𝐿𝑘 =
𝑆𝑘−1

𝑇 𝑦𝑘−1

‖𝑆𝑘−1‖2  ; for 𝑘 > 1. 

Step 5: Compute the difference:  

𝑆𝑘 = 𝑥𝑘+1 − 𝑥𝑘 and 𝑦𝑘 = 𝑔𝑘+1 − 𝑔𝑘. 

Step 6: Update 𝐵𝑘 by 𝐵𝑘+1
𝐴𝐻𝑀 = 𝐵𝑘+1

𝐷𝐹𝑃 + 𝐵𝑘+1
𝑆𝑅1 to obtain 𝐵𝑘+1

𝐴𝐻𝑀. 
Step 7: Set 𝑘 ≔ 𝑘 + 1 and go to step 1. 
 

3   Global convergence analysis 
In this section, we study the global convergence of 𝛽𝑘

𝐴𝑀𝐶𝐺𝐶 and start with sufficient descent 
condition. The sufficient descent condition is defined by 

𝑔𝑘
𝑇𝑑𝑘 ≤ −𝑐‖𝑔𝑘‖2    ∀   𝑘 ≥ 0, 𝑐 > 0 .                    (21) 

The following theorem shows that AMCGC with the modified exact line search possess the 
sufficient descent condition. 
 

Theorem 1: Suppose the initial value of 𝑥𝑘 and the search direction 𝑑𝑘as contain in (2) and (4), 

while the modified exact line search is used to determine the step size (𝛼𝑘) then, the condition 

below holds for all 𝑘 ≥ 0. The theorem helps us to determine the number of iterations. 
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𝑔𝑘
𝑇𝑑𝑘 ≤ −𝑐‖𝑔𝑘‖2    ∀   𝑘 ≥ 0, 𝑐 > 0 . 

 
Proof: 

The proof is by mathematical induction, if 𝑘 = 0 then we have  

𝑔0
𝑇𝑑0 = −𝑐‖𝑔0‖2                       (22) 

Hence the condition (21) holds true.  
 

Next, we need to show that it holds for 𝑘 = 1, condition (21), we have 

𝑔1
𝑇𝑑1 = −𝑐‖𝑔1‖2                        (23) 

Also, to show that it holds for 𝑘 ≥ 1, we multiply equation (4) by 𝑔𝑘+1
𝑇  then, 

𝑔𝑘+1
𝑇 𝑑𝑘+1 = 𝑔𝑘+1

𝑇 (−𝑔𝑘+1 + 𝛽𝑘+1
𝐴𝑀𝐶𝐺𝐶𝑑𝑘)                    (24) 

𝑔𝑘+1
𝑇 𝑑𝑘+1 = −𝑔𝑘+1

𝑇 𝑔𝑘+1 +
𝜇‖𝑔𝑘+1‖2 − 𝜆

‖𝑔𝑘+1‖
‖𝑔𝑘‖

|𝑔𝑘+1
𝑇 𝑔𝑘|

‖𝑑𝑘‖2
𝑔𝑘+1

𝑇 𝑑𝑘 

 𝑔𝑘+1
𝑇 𝑑𝑘+1 = −‖𝑔𝑘+1‖2 +

𝜇‖𝑔𝑘+1‖2−𝜆
‖𝑔𝑘+1‖

‖𝑔𝑘‖
|𝑔𝑘+1

𝑇 𝑔𝑘|

‖𝑑𝑘‖2 𝑔𝑘+1
𝑇 𝑑𝑘 

 

For exact line search, we know that  𝑔𝑘+1
𝑇 𝑑𝑘 = 0, thus 

𝑔𝑘+1
𝑇 𝑑𝑘+1 = −‖𝑔𝑘+1‖2                      (25) 

Hence the sufficient condition holds true for 𝑘 + 1. 

First, we must prove that our method (𝛽𝑘
𝐴𝑀𝐶𝐺𝐶) are always not less than zero in order to establish 

the global convergence. 

𝛽𝑘+1
𝐴𝑀𝐶𝐺𝐶 =

𝜇‖𝑔𝑘+1‖2−𝜆
‖𝑔𝑘+1‖

‖𝑔𝑘‖
|𝑔𝑘+1

𝑇 𝑔𝑘|

‖𝑑𝑘‖2 ≥
𝜇‖𝑔𝑘+1‖2−𝜆

‖𝑔𝑘+1‖

‖𝑔𝑘‖
‖𝑔𝑘+1

𝑇 ‖‖𝑔𝑘‖

‖𝑑𝑘‖2                  (26) 

𝛽𝑘+1
𝐴𝑀𝐶𝐺𝐶 =

𝜇‖𝑔𝑘+1‖2−𝜆
‖𝑔𝑘+1‖

‖𝑔𝑘‖
|𝑔𝑘+1

𝑇 𝑔𝑘|

‖𝑑𝑘‖2 ≤
𝜇‖𝑔𝑘+1‖2

‖𝑑𝑘‖2                    (27) 

 
The following are needed to establish the global convergence of our formula; 
Assumption 1 

The level set 𝑀 = {𝑥 ∈ ℛ𝑛; 𝑓(𝑥) ≤ 𝑓(𝑥0)} is bounded, where 𝑥0 is the starting point. 

In some neighborhood 𝑁 of 𝑀, the function is continuously differentiable and its gradient is 

Lipchitz continuous. That is, there exist a constant 𝐿 > 0 such that 

‖∇𝑓(𝑥) − ∇𝑓(𝑦)‖ ≤ 𝐿‖𝑥 − 𝑦‖,   for all 𝑥, 𝑦 ∈ 𝑁.                     (28) 
Under this assumption, we have the following Lemma, which was proved by Zoutendijk (1970).    
Lemma 1 

Suppose Assumption 1 holds and {𝑥𝑘}  is generated by (2) and the search direction {𝑑𝑘}  satisfies 

(21) and the step size {𝛼𝑘} satisfies (3), then 

∑
(𝑔𝑘

𝑇𝑑𝑘)
2

‖𝑑𝑘‖2 < +∞𝑘≥1 .                       (29) 

 
From Lemma 1, we have the following theorem. 
 
Theorem 2 

Suppose that Assumption 1 holds true. Let {𝑥𝑘} and {𝑑𝑘} be generated by equations (2) and (21) 

with 𝛽𝑘
𝐴𝑀𝐶𝐺𝐶 and the sufficient descent condition holds true. Then either 

 ∑
(𝑔𝑘

𝑇𝑑𝑘)
2

‖𝑑𝑘‖2
< +∞𝑘≥1   or  lim

𝑘→∞
‖𝑔𝑘‖ = 0                       (30) 
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Proof: We proceed by contradiction to prove Theorem 2. Suppose Theorem 2 is not  

true, then ∃ a constant 𝑐 > 0 such that   

‖𝑔𝑘‖ ≥ 𝑐   ∀  𝑘 ≥ 0                       (31) 
Rewriting (4) as 

𝑑𝑘+1 + 𝑔𝑘+1 = 𝛽𝑘+1𝑑𝑘                      (32) 
And squaring both sides of the equation above then 

‖𝑑𝑘+1‖2 = (𝛽𝑘+1)2‖𝑑𝑘‖2 − 2𝑔𝑘+1
𝑇 𝑑𝑘+1 − ‖𝑔𝑘+1‖2.                  (33) 

 

Dividing both sides of equation (33) by (𝑔𝑘+1
𝑇 𝑑𝑘+1)2 then, 

‖𝑑𝑘+1‖2

(𝑔𝑘+1
𝑇 𝑑𝑘+1)

2 =
(𝛽𝑘+1)2‖𝑑𝑘‖2

(𝑔𝑘+1
𝑇 𝑑𝑘+1)

2 −
2

𝑔𝑘+1
𝑇 𝑑𝑘+1

−
‖𝑔𝑘+1‖2

(𝑔𝑘+1
𝑇 𝑑𝑘+1)

2     

‖𝑑𝑘+1‖2

(𝑔𝑘+1
𝑇 𝑑𝑘+1)2

=
(𝛽𝑘+1)2‖𝑑𝑘‖2

(𝑔𝑘+1
𝑇 𝑑𝑘+1)2

− [
1

‖𝑔𝑘+1‖
+

‖𝑔𝑘+1‖

𝑔𝑘+1
𝑇 𝑑𝑘+1

]

2

+
1

‖𝑔𝑘+1‖2
 

  
‖𝑑𝑘+1‖2

(𝑔𝑘+1
𝑇 𝑑𝑘+1)

2 ≤
(𝛽𝑘+1)2‖𝑑𝑘‖2

(𝑔𝑘+1
𝑇 𝑑𝑘+1)

2 +
1

‖𝑔𝑘+1‖2.                    (34) 

 
Applying equation (26) to (34) above we get 
 

 
‖𝑑𝑘+1‖2

(𝑔𝑘+1
𝑇 𝑑𝑘+1)

2 ≤
1

‖𝑔𝑘+1‖2.                     (35) 

 
Hence  

 
‖𝑑𝑘‖2

(𝑔𝑘
𝑇𝑑𝑘)

2 ≤ ∑
1

‖𝑔𝑖‖2
𝑘
𝑖=0  

 
(𝑔𝑘

𝑇𝑑𝑘)
2

‖𝑑𝑘‖2 ≥
𝑐2

𝑘
.                            (36) 

 
From equations (36) and (31), it follows that 
 

 ∑
(𝑔𝑘

𝑇𝑑𝑘)
2

‖𝑑𝑘‖2
∞
𝑘=0 = ∞. 

 
This contradicts the Zoutendijk condition in Lemma 1. 
 
Theorem 3.3 
Suppose that assumption 1 holds, consider any Conjugate Gradient (CG) methods of the form (3) 

and (4), step size (𝛼𝑘) is obtained by the exact line search and 𝛽𝑘 is obtained  using (6), then either  

lim
𝑘→∞

‖𝑔𝑘‖ = 0  or  ∑
(𝑔𝑘

𝑇)
4

‖𝑑𝑘‖2
∞
𝑘=0 < ∞. 

Proof: 
From (31) and (25) 

‖𝑑𝑘+1‖2 = (
‖𝑔𝑘+1‖2

‖𝑑𝑘‖2
)

2

‖𝑑𝑘‖2 − 2𝑔𝑘+1
𝑇 𝑑𝑘+1 − ‖𝑔𝑘+1‖2 

 ‖𝑑𝑘+1‖2 =
‖𝑔𝑘+1‖4

‖𝑑𝑘‖2 − 2𝑔𝑘+1
𝑇 𝑑𝑘+1 − ‖𝑔𝑘+1‖2.                 (37) 

 
We have already proved that sufficient descent condition holds using mathematical induction.  
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Therefore, we know that 

𝑔𝑘+1
𝑇 𝑑𝑘+1 ≤ −𝑐‖𝑔𝑘+1‖2                       (38) 

 
Hence from (37), 

‖𝑑𝑘+1‖2 =
‖𝑔𝑘+1‖4

‖𝑑𝑘‖2
+ 2𝑐‖𝑔𝑘+1‖2 − ‖𝑔𝑘+1‖2 

 ‖𝑑𝑘+1‖2 =
‖𝑔𝑘+1‖4

‖𝑑𝑘‖2 − ‖𝑔𝑘+1‖2(1 − 2𝑐).                    (39) 

Multiplying both sides of (39) with 
‖𝑔𝑘+1‖2

‖𝑑𝑘+1‖2 

then, 

 ‖𝑑𝑘+1‖2 ‖𝑔𝑘+1‖2

‖𝑑𝑘+1‖2 =
‖𝑔𝑘+1‖2

‖𝑑𝑘+1‖2 [
‖𝑔𝑘+1‖4

‖𝑑𝑘‖2 − ‖𝑔𝑘+1‖2(1 − 2𝑐)] 

 
‖𝑑𝑘+1‖2‖𝑔𝑘+1‖2

‖𝑑𝑘+1‖2
=

‖𝑔𝑘+1‖4

‖𝑑𝑘+1‖2
[(2𝑐 − 1) +

‖𝑔𝑘+1‖2

‖𝑑𝑘‖2
] 

 
‖𝑑𝑘+1‖2‖𝑔𝑘+1‖2

‖𝑑𝑘+1‖2
≤

‖𝑔𝑘+1‖4

‖𝑑𝑘+1‖2
                     (40) 

Based on theorem 2, we know that lim
𝑘→∞

(𝑔𝑘+1
𝑇 𝑑𝑘+1)

2

‖𝑑𝑘+1‖2 < 0.  

This will imply that if theorem (3) is not true, then we have  lim
𝑘→∞

(𝑔𝑘+1
𝑇 𝑑𝑘+1)

2

‖𝑑𝑘+1‖2 = ∞. 

From (40) we obtain 

∞ ≤
‖𝑔𝑘+1‖2

‖𝑑𝑘+1‖2.                        (41) 

 

Hence, theorem 3 holds true for sufficiently large 𝑘. 
 
The proof of Theorems 1, 2 and 3 showed that the formulas converge analytically. Next is to 
validate numerically that the method also converge using Rosenbrock test function. This, we will 
have in the next section. 
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4   Numerical results 
In this section, experimentation of our proposed method was carried out against some classical 

methods in the literature, to weigh the significance of our algorithm with 𝛽𝑘 = 𝛽𝐾
𝐴𝑀𝐶𝐺𝐶 . To effect 

this, Rosenbrock standard test function was considered. The dimension of the function is varied 
to compare the computational strength against Fletcher-Reeves (FR), Dai-Yuan (DY), (PRP), 
(FRPRP) which is the hybridization of (FR) and (PRP) and Ibrahim-Rohanin (IR) methods. The 
modified exact line search condition was used in the computation.   
 
      In carrying out the simulation, the number of iterations (NI), the number of function 
evaluations (NF), CPU time (CT) and the dimension of the standard test problems is 500, 1000, 
5000, 10000 and 100000 variables were put into consideration to determine the numerical strength 

of the proposed algorithms AMCGC with BFGS, DFP and SR1. The choice of values of {𝜇} and 

{𝜆} must satisfy the conditions 𝜇 ≥
𝜆−𝜎

1−𝜎
> 0 and 𝜎 < 𝜆 ≤ 1. After numerous experimentation 

with the randomly selected values for the parameters, the values 𝜇 = 0.7 and 𝜆 = 1.0 were taken 
into consideration to be the best values for the parameters which make our algorithms robust to 
obtain the results presented.  
 

‖𝑔𝑘‖ ≤ 𝜀, where 𝜀 = 10−5 is considered as the stopping criterion. The implementation of the 
algorithm was done using MATLAB R2021 on a window 10 machines with the following 
specification; processor: Intel Core i7-17050Hcpu@2.6GHz2.59GHz, with RAM of 16GB DDR4 
and 1TB SSD storage. Also, comes with a GPU card: 4GB of GDDR5, GDDR6 memory clocked 
at 8GHz are supplied, altogether it has 128-Bit memory interface that creates a bandwidth of 
112.1GB/s. In Tables 1, 2, 3, 4 and 5, we reported the numerical results with different dimension 
(Dim). 

mailto:i7-17050Hcpu@2.6GHz2.59GHz
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Table 1: Numerical Results of 𝑨𝑴𝑪𝑮𝑪𝑺𝑹𝟏, 𝑰𝑹, 𝑭𝑹, 𝑫𝒀, 𝑷𝑹𝑷 𝒂𝒏𝒅 𝑭𝑹𝑷𝑹𝑷  Methods for  
Rosenbrock Test Function 

Problem 𝑫𝒊𝒎. 𝑨𝑴𝑪𝑮𝑪𝑺𝑹𝟏 𝑰𝑹 𝑭𝑹 𝑫𝒀 𝑷𝑹𝑷 

  𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰     𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 

𝑅𝑜𝑠𝑒𝑛𝑏𝑟𝑜𝑐𝑘 500 55 57 1.22 56 57 1.73 78 79 1.61 59 60 1.38 56 57 1.21 

 1000 53 55 1.37 55 56 1.79 77 78 1.72 58 59 1.50 55 56 1.32 

 5000 49 52 2.45 52 53 3.11 74 75 3.53 55 56 2.98 52 53 2.33 

 10000 40 41 3.35 40 41 3.48 63 64 5.09 44 45 4.16 40 41 3.03 

 100000 12 13 9.15 12 13 10.92 13 14 12.11 13 14 12.81 12 13 11.43 

  

Table 2: Numerical Results of 𝑨𝑴𝑪𝑮𝑪𝑫𝑭𝑷, 𝑰𝑹, 𝑭𝑹, 𝑫𝒀, 𝑷𝑹𝑷 𝒂𝒏𝒅 𝑭𝑹𝑷𝑹𝑷  Methods for  
Rosenbrock Test Function 
 

𝑷𝒓𝒐𝒃𝒍𝒆𝒎 𝑫𝒊𝒎. 𝑨𝑴𝑪𝑮𝑪𝑫𝑭𝑷 𝑰𝑹 𝑭𝑹 𝑫𝒀 𝑷𝑹𝑷 𝑭𝑹𝑷𝑹𝑷 

  𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰     𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 

𝑅𝑜𝑠𝑒𝑛𝑏𝑟𝑜𝑐𝑘 500 55 57 1.67 56 57 1.73 78 79 1.61 59 60 1.38 56 57 1.21 55 56 1.26 

 1000 54 55 1.75 55 56 1.79 77 78 1.72 58 59 1.50 55 56 1.32 54 55 1.44 

 5000 51 52 3.43 52 53 3.11 74 75 3.53 55 56 2.98 52 53 2.33 52 53 2.07 

 10000 39 40 3.45 40 41 3.48 63 64 5.09 44 45 4.16 40 41 3.03 40 41 3.39 

 100000 12 13 10.32 12 13 10.92 13 14 12.11 13 14 12.81 12 13 11.43 12 13 11.66 

 
  

Table 3: Numerical Results of 𝑨𝑴𝑪𝑮𝑪𝑩𝑭𝑮𝑺, 𝑰𝑹, 𝑭𝑹, 𝑫𝒀, 𝑷𝑹𝑷 𝒂𝒏𝒅 𝑭𝑹𝑷𝑹𝑷  Methods for  
Rosenbrock Test Function 
 

𝑷𝒓𝒐𝒃𝒍𝒆𝒎 𝑫𝒊𝒎. 𝑨𝑴𝑪𝑮𝑪𝑩𝑭𝑮𝑺 𝑰𝑹 𝑭𝑹 𝑫𝒀 𝑷𝑹𝑷 𝑭𝑹𝑷𝑹𝑷 
  𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰     𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 

𝑅𝑜𝑠𝑒𝑛𝑏𝑟𝑜𝑐𝑘 500 54 56 1.24 56 57 1.73 78 79 1.61 59 60 1.38 56 57 1.21 55 56 1.26 
 1000 53 54 1.35 55 56 1.79 77 78 1.72 58 59 1.50 55 56 1.32 54 55 1.44 
 5000 50 51 2.43 52 53 3.11 74 75 3.53 55 56 2.98 52 53 2.33 52 53 2.07 
 10000 40 41 3.37 40 41 3.48 63 64 5.09 44 45 4.16 40 41 3.03 40 41 3.39 
 100000 12 13 9.02 12 13 10.92 13 14 12.11 13 14 12.81 12 13 11.43 12 13 11.66 
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Table 4: Numerical Results of   𝑨𝑴𝑪𝑮𝑪𝑩𝑭𝑮𝑺 ,𝑨𝑴𝑪𝑮𝑪𝑺𝑹𝟏, 𝑨𝑴𝑪𝑮𝑪𝑫𝑭𝑷 𝑭𝑹𝑷𝑹𝑷 and 𝑰𝑹 Methods 
for  Rosenbrock Test Function. 

𝑷𝒓𝒐𝒃𝒍𝒆𝒎 𝑫𝒊𝒎. 𝑨𝑴𝑪𝑮𝑪𝑺𝑹𝟏 𝑨𝑴𝑪𝑮𝑪𝑫𝑭𝑷 𝑨𝑴𝑪𝑮𝑪𝑩𝑭𝑮𝑺            𝑰𝑹         𝑭𝑹𝑷𝑹𝑷  

𝑹𝒐𝒔𝒆𝒏𝒃𝒓𝒐𝒄𝒌  𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰     𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻 𝑵𝑰 𝑵𝑭 𝑪𝑻    

 500 55 57 1.22 55 57 1.67 54 56 1.24 56 57 1.73 55 56 1.26 
 1000 53 55 1.37 54 55 1.75 53 54 1.35 55 56 1.79 54 55 1.44 
 5000 49 52 2.45 51 52 3.43 50 51 2.43 52 53 3.11 52 53 2.07 
 10000 40 41 3.35 39 40 3.45 40 41 3.37 40 41 3.48 40 41 3.39 
 100000 12 13 9.15 12 13 10.32 12 13 9.02 12 13 10.92 12 13 11.66 

  
 

4.1   Discussion 
In Table 1, it is shown that the developed algorithm of AMCGC and the modified exact line search 
with the SR1 method is promising, because it requires less number of iterations (NI), less number 
function evaluation (NF) as well as less CPU time (CT) as compare to the existing methods. It is 
observed that, the (NI) and (NF) increasing down the table with increment in dimension so as the 
CPU time as well. In Table 2, we also use the CPU time, NI and NF to compare the performance of 
the AMCGC and the modified exact line search combined with the DFP method. The Table 2 above 

shown that 𝐴𝑀𝐶𝐺𝐶𝐷𝐹𝑃 is fastest, then FRPRP, then IR, then PRP, then DY, and FR. These only 
differ in their choice of the search direction and Conjugate Gradient Coefficient (CGC), then the 
numerical results show that the proposed method is promising. 
 
In Table 3, it is shown that the results obtained from the modified exact line search and the Conjugate 

gradient Coefficient (CGC) with the cautious BFGS method indicates that 𝐴𝑀𝐶𝐺𝐶𝐵𝐹𝐺𝑆 is fastest 
relative to the less number of iterations (NI) and number of function evaluation (NF), while the CPU 
time (CT) increased down the table, but relatively low as compare to IR, FR, DY, PRP and FRPRP 
methods. In Table 4, we also use CPU time (CT), number of iterations (NI) and number of function 

evaluation (NF) to compare the performance of the 𝐴𝑀𝐶𝐺𝐶𝐵𝐹𝐺𝑆 ,𝐴𝑀𝐶𝐺𝐶𝑆𝑅1 

 𝐴𝑀𝐶𝐺𝐶𝐷𝐹𝑃 𝐹𝑅𝑃𝑅𝑃 and 𝐼𝑅 algorithms, from the numerical results shown above, 𝐴𝑀𝐶𝐺𝐶𝐵𝐹𝐺𝑆  is 
fastest as compare to others for the Rosenbrock standard test function on average with less CPU time 
(CT), less number of iterations (NI) and less number of function evaluation (NF) as compare to others. 
 
Finally, the effectiveness of our proposed Algorithm AMCGC was shown in Table 4 to be more 
effective against its counterparts. 
 

5   Conclusion 
In this paper, we proposed a new CG coefficient 𝛽𝑘

𝐴𝑀𝐶𝐺𝐶 with the 𝐻𝑆𝑅1𝐷𝐹𝑃 methods for the 

solution of unconstrained optimization problem. The choice of values of 𝜇 and 𝜆 which must satisfy 

the conditions  𝜇 ≥
𝜆−𝜎

1−𝜎
> 0 and 𝜎 < 𝜆 ≤ 1. After numerous experimentation with the randomly 

selected values for the parameters, the values 𝜇 = 0.7 and 𝜆 = 1.0 were taken into consideration to 
be the best values for the parameters which make our algorithms robust to obtain the results 

presented. This new CG coefficient 𝛽𝑘
𝐴𝑀𝐶𝐺𝐶 possesses the descent property with exact line search 

condition. We established the global convergence of the method using Zoutendijk condition given in 
[10]. The experimentation of the formulas on standard test function showed that our proposed 
Algorithm AMCGC is efficient and robust. 
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Modeling the impact of a random perturbation on the 
yields of tuber crops using a computational approach 
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Abstract 
An application of four dynamical systems of nonlinear first order ordinary differential 
equations was considered. Therefore, ODE45 was utilized to quantify the impact of a 
random environmental perturbation on the yields of four competing tuber crops. It was 
observed that the growth of the four interacting agricultural crops depends on their intra-
species coefficients and also on their inter-species coefficient extensively. Hence, the 
results of this study extensively established that the farmers should endeavor to harvest 
their crops at harvesting scenario which is vulnerable to biodiversity. Moreover, the 
analysis of these results also identified that the farmers should cultivate more of cocoyam 
which produced 760.0240kg, yellow yam 225.4284kg, followed by cassava quantified by 
170.7381kg and finally white yam by -66.6667kg. It is therefore recommended that the 
cultivators should not hesitate to notify the agricultural policy makers for quick 
intervention immediately they identify the evidence of environmental perturbation on their 
crops for optimal maximization of profit and adequate food supply in the society.   

 
Keywords: computational; tuber; ode 45; yields; perturbation; biomass.  
 

1   Introduction 
The impact of a random perturbation on the food production, ecosystem and human beings is an 
old environmental global challenge that demands immediate attention to circumvent the issue of 
food insecurity and lack of food production in the society. [22] reported that “the National Science 
Academics of G8” including China, Brazil and India affirmed that the impact of a random 
perturbation is obvious on the ecosystem. To back up this fact, [2] established that the effect of a 
random perturbation on the earth is a constant process [6, 13,20,3]. 
 
The work in [15] revealed that the natural and human activities on the environment such as rain fall, 
flood, heat, bush boiling, deforestation and diseases are the major well spring of a random 
perturbation. It is therefore observed that a random perturbation has more influence in African 
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regions than any other region [5, 8, 14, 16] etc. In this context, biodiversity loss is a global cost and 
increasingly endangered through an event of anthropogenic processes [12-23]. Moreover, the 
increase in a random perturbation affected the agricultural sector globally which threaten all the 
economy and encouraged raise in food prices [5, 8, 14,23]. In the same vein [8] explained that a 
computational approach is a calculation conducted using a computer programming that defined a 
mathematical model for a physical system which is consistent with the research works of [1,4,9] etc. 
 
The work in [18] recently evaluated the impact of a random perturbation on two agricultural species 
(cassava and yam) using the MATLAB ODE 45 computational approach and his result established 
that the two crops were vulnerable to biodiversity loss but more vulnerability was captured on yam 
than the cassava. The study showed that the possibility of having food shortage in the society is 
certain and this vital prediction is consistent with the research contribution of [3,10 ,17] etc. In the 
work of [19] investigated numerical and statistical quantifications of biodiversity of two agricultural 
crops using ODE45 numerical scheme which the result extensively obtained a relative biodiversity 
loss of the two crops but there was indication of more vulnerability on cassava than yam which 
could instigate economic downshift in the society which concurred with the contributions of [18]. 
 
Having discovered that the previous researchers applied experimental method, theoretical method 
and two dynamical system of nonlinear first order ordinary differential equations ODE45 to 
investigate the effect of biodiversity loss in ecosystem which has developed a huge gap in the 
knowledge base in mathematical modeling. To circumvent this gap, this study has considered the 
application of four dynamical systems of nonlinear white order ordinary differential equations 
ODE45 to quantify the impact of random environmental perturbation on the food production of 
four tuber crops.    
 
The aim of this paper is to simulate the impact of random environmental perturbation on the yields 
of cassava, white yam, yellow yam and cocoyam respectively considering that the growth of the four 
agricultural crops depends on their intra-species coefficients and on their inter-species coefficients. 
 
This paper considered the following arrangements. Section 2.1 is mathematical formulations, section 
2.2 is considered as materials and methods, the presentation of results is seen in section 3 while 
discussion of results is located in section 4 and finally, conclusion is seen in section 5.  
 

2.1 Mathematical formulations 
For the purpose of this, we shall consider the following four continuous dynamical systems of non-
linear white order ordinary differential equations according to [19]. 
 
𝑑𝐶

𝑑𝑡
 =  𝛼1𝐶 −  𝛽1𝐶2 −  𝑟1𝐶𝑌1 −  𝑟2𝐶𝑌2 −  𝑟3𝐶𝐶𝑦  −  r⍦C (1 − 

𝐵

𝐾
),  

            𝐶(0) =  𝐶0  > 0                                                                                                                         1 
𝑑𝑌1

𝑑𝑡
 =  𝛼2𝑌1 −  𝛽2𝑌1

2 −  𝑟4𝐶𝑌1 −  𝑟5𝑌1𝑌2 −  𝑟6𝑌1𝐶𝑦 −  r⍦Y1 (1 − 
𝐵

𝐾
) ,

𝑌1(0) =  𝑌10 > 0                                                                                                         2 
𝑑𝑌2

𝑑𝑡
 =  𝛼3𝑌2 −  𝛽3𝑌2

2 −  𝑟7𝐶𝑌2 −  𝑟8𝑌1𝑌2 −  𝑟9𝑌2𝐶𝑦 −  r⍦Y2 (1 −  
𝐵

𝐾
) ,  

                          𝑌2(0) =  𝑌20 > 0                                                                                                          3 
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𝑑𝐶𝑦

𝑑𝑡
 =  𝛼4𝐶𝑦 −  𝛽4𝐶𝑦

2 − 𝑟10𝐶𝑦𝐶 −  𝑟11𝐶𝑦𝑌1 −  𝑟12𝐶𝑦𝑌2 −  r⍦Cy (1 −  
𝐵

𝐾
) ,

𝐶𝑦(0) =  𝐶𝑦0
> 0,                                                                                               4 

 

with the initial conditions, C(0) = C0 > 0, Y1(0) = Y10 > 0, Y2(0) = Y20 > 0 and 𝐶𝑦(0) = 𝐶𝑦0 > 0. 

 

Let r⍦C(1 −  
𝐵

𝐾
) = K1,  r⍦Y1(1 −  

𝐵

𝐾
) = K2,  r⍦Y2(1 −  

𝐵

𝐾
) = K3, r⍦Cy(1 −  

𝐵

𝐾
) = K4. 

 
For the purpose of this study, this research shall consider the following parameter values and its 
specifications. 

Variable Interpretation 

C(t)  Measures the biomass of cassava at time t  

𝑌1(𝑡) Measures the biomass of white yam at time t  

𝑌2(𝑡)  Measures the biomass of yellow yam at time t  

𝐶𝑦(𝑡)  Measures the biomass of coco-yam at time t  

Parameter Interpretation Value 

𝛼1  measures the intrinsic growth rate of cassava that enhances the 
growth of cassava. 

0.133 

𝛽1 measures the biomass of cassava that interacts with itself to 
inhibit the growth rate of cassava. 

0.0024 

𝑟1  measures the biomass of cassava that interacts with the white yam 
to inhibit the growth rate of cassava. 

0.0018 

𝑟2  measures the biomass of cassava that interacts with the yellow 
yam to inhibit the growth rate of cassava. 

0.0014 

𝑟3  measures the biomass of cassava that interacts with the cocoyam 
to inhibit the growth rate of cassava. 

0.0012 

𝛼2  measure the intrinsic growth rate of white yam that enhances the 
growth of white yam. 

0.132 

𝛽2   measures the biomass of white yam that interacts with itself to 
inhibit the growth rate of white yam. 

0.0018 

𝑟4  measures the biomass of white yam that interacts with the cassava 
to inhibit the growth rate of white yam. 

0.0014 

𝑟5  measures the biomass of white yam that interacts with yellow yam 
to inhibit the growth rate of white yam. 

0.0012 

𝑟6  measures the biomass of white yam that interacts with cocoyam 
to inhibit the growth rate of white yam.  

0.00064 

𝛼3  measures the biomass of yellow yam that enhances the growth 
rate of yellow yam. 

0.132 

𝛽3  measures the biomass of yellow yam that interacts with itself to 
inhibit the growth rate of yellow yam. 

0.0016 

𝑟7  measures the biomass of yellow yam that interacts with cassava to 
inhibit the growth rate of yellow yam. 

0.0014 
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𝑟8  measures the biomass of yellow yam that interacts with white yam 
to inhibit the growth rate of yellow yam. 

0.0012 

𝑟9  measures the biomass of yellow yam that interacts with cocoyam 
to inhibit the growth rate of yellow yam. 

0.00048 

𝛼4  measures the biomass of cocoyam that enhances the growth of 
cocoyam. 

0.12 

𝛽4  measures the biomass of cocoyam that interacts with itself to 
inhibit the growth rate of cocoyam. 

0.0015 

𝑟10  measures the biomass of cocoyam that interacts with cassava to 
inhibit the growth rate of coco yam. 

0.0013 

𝑟11  measures the biomass of cocoyam that interacts with white yam 
to inhibit the growth rate of cocoyam. 

0.0013 

𝑟12  measures the biomass of cocoyam that interacts with yellow yam 
species to inhibit the growth rate of cocoyam. 

0.00167 

R Measures the natural depletion rate coefficient of C02  0.0002 

⍦ Measures the rate at which carbon dioxide is used during the 
photosynthesis process by the green plant for their growth  

0.65 

B Measure the biomass density of green plant  12.5 
K Measure the environmental carrying capacity per crop due to a 

random perturbation 
200 

Source of arbitrary parameter values (Ekaka-a, 2014) 
 
 

2.2   Materials and method 
In this study, a numerical method is used to quantify the impact of a random perturbation on the 
yields of four competing tuber crops such as cassava, two species of yam and cocoyam respectively 
using ordinary differential equations (ODE 45) computational approach. 
In this particular section, we prove that the crops growth model is well-posed and this is done by 
proving that the positively, boundedness, existence and uniqueness of the solutions of the model 
with non-negative initial data remains non-negative for all time t >0. 
 

Lemma 1: The set 𝛺 = {(𝐶, 𝑌1,𝑌2,𝐶𝑦) 𝜀𝑅+
4 : 𝑁 ≤  

𝑎1− 𝐾1

𝛽1
} is positively invariant with respect to the 

growth model (1) to (4). 
 

Lemma 2: (Positivity) let the set of initial data be {(𝐶(0), 𝑌1(0), 𝑌2(0), 𝐶𝑦(0)), 𝜀 ∅}. Then, the data 

set   {(𝐶(𝑡), 𝑌1(𝑡), 𝑌2(𝑡), 𝐶𝑦(𝑡)} of the growth model is non-negative for t > 0. 
 

Proof: Assuming that the set of initial data, {(𝐶(0), 𝑌1(0), 𝑌2(0), 𝐶𝑦(0))  ≥  0}, then equation 1 

gives 
𝑑𝑐

𝑑𝑡
=  𝑎1𝐶 −  𝛽1𝐶2 −  𝑟1𝐶𝑌1 − 𝑟2𝐶𝑌2 −  𝑟3𝐶𝐶𝑦 − 𝐶𝐾1 

𝑑𝑐

𝑑𝑡
=  𝐶(𝑎1 −  𝛽1𝐶 −  𝑟1𝑌1 −  𝑟2𝑌2 − 𝑟3𝐶𝑌 − 𝐾1), 

𝑑𝑐

𝐶
=  (𝑎1 −  𝛽1 −  𝑟1𝑌1 −  𝑟2𝑌2 −  𝑟3𝐶𝑌 − 𝐾1) 𝑑𝑡, 

∫
𝑑𝑐

𝐶
≥ ∫(𝑎1 −  𝛽1 −  𝑟1𝑌1 − 𝑟2𝑌2 −  𝑟3𝐶𝑌 − 𝐾1) 𝑑𝑡  

𝐶(𝑡) ≥ 𝐶(0)𝑒(𝑎1− 𝛽1𝐶− 𝑟1𝑌1− 𝑟2𝑌2− 𝑟3𝐶𝑌−𝐾1)       ≥ 0. 
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Similarly, the remaining state variables are obtained as: 
 

𝑌1(𝑡) ≥  𝑌1(0)𝐸𝑋𝑃(𝑎2 −  𝛽2 −  𝑟4𝐶 − 𝑟5𝑌2 −  𝑟6𝐶𝑦 − 𝐾2)  ≥ 0, 

𝑌2(𝑡) ≥  𝑌2(0)𝐸𝑋𝑃(𝑎3 −  𝛽3 −  𝑟7𝐶 −  𝑟8𝑌1 −  𝑟9𝐶𝑦 − 𝐾3)  ≥ 0, 

𝐶𝑦(𝑡) ≥  𝐶𝑦(0)𝐸𝑋𝑃(𝑎4 −  𝛽4 − 𝑟10𝐶 −  𝑟11𝑌2 −  𝑟12𝑌2 − 𝐾4)  ≥ 0 for all t > 0. 
 
Lemma 3: (Boundedness) assuming that the initial condition for growth model (1) to (4) satisfies 

N(0) ≤ 
𝑎1− 𝐾1

𝛽1
. 

 
Then, whenever the solution exists on an interval 1, it satisfies the property of boundness. 

𝑁(𝑡) ≤ 
𝑎1− 𝐾1

𝛽1
. 

 

Proof: Since 1(t) ≥ 0, 
𝑑𝑁

𝑑𝑡
<

𝑎1 −  𝐾1𝑁

𝛽1
 

𝑁(𝑡) ≤ 
𝑎1− 𝐾1

𝛽1
   +   𝑁(0) − (

𝑎1− 𝐾1

𝛽1
) 𝑒𝛽1𝑡 𝑤ℎ𝑒𝑟𝑒 (0) ≤  

𝑎1− 𝐾1

𝛽1
, 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑁(𝑡)  ≤  

𝑎1− 𝐾1

𝛽1
. 

Consequently, 1(t) ≤  
𝑎1− 𝐾1

𝛽1
. 

 
Lemma 4: Existence and uniqueness 

Let 𝑡̇ > 0, if the initial condition satisfies, {(𝐶(0), 𝑌1(0), 𝑌2(0), 𝐶𝑦(0)), >  0}. 
Then, ∀ 𝑡 𝜀 𝑅, the solution set {(𝐶(𝑡), 𝑌1(𝑡), 𝑌2(𝑡), 𝐶𝑦(𝑡)} exists in 𝑅𝑡

4 and is unique. 
Proof: The growth model (1) – (4) could be written as  

𝑥 =  ||

  𝐶(𝑡)

  𝑌1(𝑡)

𝑌2(𝑡)

𝐶𝑦(𝑡)

||  𝑎𝑛𝑑 𝐹(𝑥) =  ||

𝐶(𝑎1 − 𝛽1𝐶 −  𝑟1𝑌1 −  𝑟2𝑌2 −  𝑟3𝐶𝑦 − 𝐾1)

𝑌1(𝑎2 −  𝛽2𝑌1 −  𝑟4𝐶 −  𝑟5𝑌2 −  𝑟6𝐶𝑦 − 𝐾2)
𝑌2(𝑎3 −  𝛽3𝑌2 −  𝑟7𝐶 −  𝑟8𝑌1 −  𝑟9𝐶𝑦 − 𝐾3)

𝐶𝑦(𝑎4 − 𝛽4𝐶𝑦 −  𝑟10𝐶 − 𝑟11𝑌1 −  𝑟12𝑌2 − 𝐾4)

||                 5 

 

Therefore, F is continuous and locally satisfies lipschirz condition in 𝑅𝑡
4 using the picart – lindedof 

theorem and the white – two (1 and 2) lemmas proved the positively and boundedness of the 

solutions, there exist 𝑡̇ > 0 such that the solution set of the growth model (1) to (4) exists locally at 

least on an interval [0, 𝑡̇] and is unique. Hence, lemma 4 defined the production validity of growth 
model (1) to (4). 
 
Lemma 5: Therefore, the growth model (1) to (4) is well-posed and valid in the set 

∫ 𝛺 = ∫(𝐶(𝑡), 𝑌1(𝑡), 𝑌2(𝑡), 𝐶𝑦(𝑡))  𝜀 𝑅𝑡
4; 𝑁 ≤  

𝑎1− 𝐾1

𝛽1
 . 

 
It is obvious to report that the intrinsic growth rate parameter values undergo more vulnerability 
than any other parameter value in the event of a random perturbation scenario. To quantify the 
effect, we considered when the new biomass is higher than the old biomass, that indicated increased 
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in production has been occurred [9], [18] and [19] etc. Therefore, we applied the formula stated 
below to evaluate the extent of biodiversity gain. 
 

𝐸𝑃𝑀𝑌 (%) = (
𝑁𝑒𝑤 𝑐𝑟𝑜𝑝 𝑏𝑖𝑜𝑚𝑎𝑠𝑠−𝑂𝑙𝑑 𝑐𝑟𝑜𝑝 𝑏𝑖𝑜𝑚𝑎𝑠𝑠

𝑂𝑙𝑑 𝑐𝑟𝑜𝑝 𝑏𝑖𝑜𝑚𝑎𝑠𝑠
) (100)          

Note: EPMY (%) represents the estimated proportion of more in yields in percentage quantification 
with respect to cassava, yellow yam, and cocoyam respectively. 
 

𝐸𝑃𝑀𝐶 (%) = (
𝑁𝑒𝑤 𝑐𝑎𝑠𝑠𝑎𝑣𝑎 𝑏𝑖𝑜𝑚𝑎𝑠𝑠−𝑂𝑙𝑑 𝑐𝑎𝑠𝑠𝑎𝑣𝑎 𝑏𝑖𝑜𝑚𝑎𝑠𝑠

𝑂𝑙𝑑 𝑐𝑎𝑠𝑠𝑎𝑣𝑎 𝑏𝑖𝑜𝑚𝑎𝑠𝑠
) (100)          

= (
0.1008−0.0533

0.0533
) (100) = (0.8912)(100) =  89.1182%          

 
Similarly, 

𝐸𝑃𝑀𝑌2 (%) = (
𝑁𝑒𝑤 𝑦𝑒𝑙𝑙𝑜𝑤 𝑦𝑎𝑚 𝑏𝑖𝑜𝑚𝑎𝑠𝑠−𝑂𝑙𝑑 𝑦𝑒𝑙𝑙𝑜𝑤 𝑦𝑎𝑚 𝑏𝑖𝑜𝑚𝑎𝑠𝑠

𝑂𝑙𝑑 𝑦𝑒𝑙𝑙𝑜𝑤 𝑦𝑎𝑚 𝑏𝑖𝑜𝑚𝑎𝑠𝑠
) (100)          

= (
0.1263−0.0781

0.0781
) (100) = (0.6172)(100) =  61.7158%          

 
Similarly, 

𝐸𝑃𝑀𝑌 𝐶𝑦(%) = (
𝑁𝑒𝑤 𝑐𝑜𝑐𝑜𝑦𝑎𝑚 𝑏𝑖𝑜𝑚𝑎𝑠𝑠−𝑂𝑙𝑑 𝑐𝑜𝑐𝑜𝑦𝑎𝑚 𝑏𝑖𝑜𝑚𝑎𝑠𝑠

𝑂𝑙𝑑 𝑐𝑜𝑐𝑜𝑦𝑎𝑚 𝑏𝑖𝑜𝑚𝑎𝑠𝑠
) (100)         

  

= (
0.0709−0.0254

0.0254
) (100) = (1.7914)(100) =  179.1339%          

 
Eventually, when the old biomass is greater than the new biomass which indicated depletion in 
yields has established [18]. The formula stated below is considered to calculate the effect of 
biodiversity loss. 
 

𝐸𝑃𝑀𝑌 (%) = (
𝑁𝑒𝑤 𝑐𝑟𝑜𝑝 𝑏𝑖𝑜𝑚𝑎𝑠𝑠−𝑂𝑙𝑑 𝑐𝑟𝑜𝑝 𝑏𝑖𝑜𝑚𝑎𝑠𝑠

𝑂𝑙𝑑 𝑐𝑟𝑜𝑝 𝑏𝑖𝑜𝑚𝑎𝑠𝑠
) (100)          

𝐸𝑃𝑀𝑌  𝑌1(%) = (
𝑂𝑙𝑑 𝑤ℎ𝑖𝑡𝑒 𝑦𝑎𝑚 𝑏𝑖𝑜𝑚𝑎𝑠𝑠−𝑁𝑒𝑤 𝑤ℎ𝑖𝑡𝑒 𝑦𝑎𝑚 𝑏𝑖𝑜𝑚𝑎𝑠𝑠

𝑂𝑙𝑑 𝑤ℎ𝑖𝑡𝑒 𝑦𝑎𝑚 𝑏𝑖𝑜𝑚𝑎𝑠𝑠
) (100)          

= (
0.0781−0.0749

0.0781
) (100) = (0.04097)(100) =  −𝟒. 𝟎𝟗𝟕𝟑%          

 

3   Results 
This section presents the results in the tables which we obtained in section 2. 
Note that LGs represents the length of growing season, CB represents the cassava biomass, Y1B 
represents the white yam biomass, Y2 represents the yellow yam biomass while Cy represents the 
cocoyam biomass.  
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Table 1: Evaluating a random perturbation impact analysis on the yields of cassava and the white 
yam using ODE45 computational approach of 0.05 RPV in scenario one 

LGS 
Months 

Old CB(kg) New 
CB(kg) 

Effect 1(%) Old  
Y1B (kg) 

New  
Y1B (kg)  

Effect 2(%) 

0 0.0400 0.0400 0.0000 0.0600 0.0200 -66.6667 

1 0.0533 0.1008 89.1102 0.0781 0.0749 -4.0973 

2 0.0710 0.1696 138.8680 0.1016 0.1381 35.8006 

3 0.0946 0.2424 156.2317 0.1322 0.2116 60.1290 

4 0.1260 0.3228 156.2317 0.1719 0.2916 69.5812 

5 0.1678 0.4273 154.7551 0.2235 0.3850 72.2348 

6 0.2231 0.5410 142.4298 0.2905 0.4868 72.2348 
7 0.2966 0.6554 120.9411 0.3772 0.5937 57.3550 

8 0.3938 0.7688 95.2355 0.4895 0.7087 44.7458 

9 0.5222 0.9081 73.9291 0.6346 0.8191 29.0666 
10 0.6911 1.0445 51.1423 0.8216 0.9160 11.4817 

11 0.9126 1.1523 26.2557 1.6618 1.0293 -3.0673 
12 1.2016 1.2563 4.5500 1.3692 1.1262 -17.7662 

13 1.5761 1.3324 -15.4648 1.7607 1.2337 -29.9261 
14 2.0572 1.3858 -32.6387 2.2557 1.3138 -41.7530 

15 2.6689 1.4250 -45.6705 2.8768 1.3615 -52.6731 
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Table 2: Evaluating a random perturbation impact analysis on the yields of cassava and the white 
yam using ODE45 computational approach of 0.05 RPV in scenario two 

LGS 
Months 

Old CB(kg) New 
CB(kg) 

Effect 1(%) Old  
Y1B (kg) 

New  
Y1B (kg)  

Effect 2(%) 

0 0.0400 0.0400 0.0000 0.0600 0.0200 -66.6667 

1 0.0533 0.1015 90.4315 0.0781 0.0755 -3.3291 

2 0.0710 0.1722 142.5890 0.1016 0.1429 40.6755 

3 0.0946 0.2513 165.5244 0.1322 0.2071 56.6367 

4 0.1260 0.3413 170.7381 0.1717 0.3003 74.6956 

5 0.1678 0.4417 163.3288 0.2235 0.3900 74.5078 

6 0.2231 0.5454 144.4253 0.2905 0.4941 70.1462 

7 0.2966 0.6594 122.3392 0.3772 0.6006 59.2167 

8 0.3938 0.7743 94.6277 0.4895 0.7218 47.4640 

9 0.5222 0.8962 71.6300 0.6346 0.8385 32.1244 

10 0.6911 1.0079 45.8396 0.8216 0.9557 16.3396 

11 0.9126 1.1170 22.4046 1.0618 1.0725 1.0051 

12 1.2016 1.2065 0.4018 1.3692 1.1837 -13.5510 

13 1.5761 1.2739 -19.1788 1.7607 1.2829 -27.1354 

14 2.0572 1.3256 -35.3635 2.2557 1.3649 -39.4918 

15 2.6689 1.3589 -49.0839 2.8768 1.4266 -50.4102 
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Table 3: Evaluating a random perturbation impact analysis on the yields of cassava and the white 
yam using ODE45 computational approach of 0.05 RPV in scenario three 

LGS 
Months 

Old CB(kg) New 
CB(kg) 

Effect 1(%) Old Y1B(kg) New 
Y1B(kg)  

Effect 2(%) 

0 0.0400 0.0400 0.0000 0.0600 0.0200 -66.6667 

1 0.0533 0.1001 87.8048 0.0781 0.0775 -0.7683 

2 0.0710 0.1690 138.0036 0.1016 0.1462 43.8854 

3 0.0946 0.2492 163.3939 0.1322 0.2196 66.1281 

4 0.1260 0.3300 161.3939 0.1719 0.2943 71.2180 

5 0.1678 0.4311 157.0205 0.2235 0.3846 72.0210 

6 0.2231 0.5367 140.5158 0.2905 0.4854 67.0822 

7 0.2966 0.6580 121.8593 0.3772 0.5957 57.8860 

8 0.3938 0.7860 99.5921 0.4895 0.7151 46.0988 

9 0.5222 0.9176 75.7313 0.6346 0.8392 32.2470 

10 0.6911 1.0395 50.4262 0.8216 0.9474 15.3222 

11 0.9126 1.1657 27.7132 1.0618 1.0609 -0.0887 

12 1.2016 1.2609 4.9381 1.3692 1.1498 -16.0303 

13 1.5761 1.3391 -15.0344 1.7607 1.2487 -29.0780 

14 2.0572 1.3853 -32.6656 2.2557 1.3133 -41.7817 

15 2.6689 1.4092 -47.1992 2.8768 1.3796 -52.0434 
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Table 4: Evaluating a random perturbation impact analysis on the yields of yellow yam and the 
cocoyam using ODE45 computational approach of 0.05 RPV in scenario four 

LGS 
Months 

Old Y2B 
(kg) 

New Y2B 
(kg) 

Effect 1(%) Old 
CyB(kg) 

New 
CyB(kg)  

Effect 2(%) 

0 0.0400 0.0400 0.0000 0.0600 0.0200 -66.6667 

1 0.0781 0.1263 61.7158 0.0254 0.0709 179.1339 

2 0.1016 0.2090 105.6828 0.0323 0.1363 322.3292 

3 0.1322 0.3181 140.5074 0.0410 0.2216 440.5801 

4 0.1720 0.4588 166.7216 0.0521 0.3272 528.6197 

5 0.2236 0.6328 182.8988 0.0661 0.4618 598.9561 

6 0.2907 0.8591 195.5103 0.0838 0.6323 654.2021 

7 0.3776 1.1476 203.8724 0.1063 0.8499 699.2664 

8 0.4903 1.5214 210.3103 0.1347 1.1146 727.3113 

9 0.6359 1.9937 213.5463 0.1705 1.4418 745.4376 

10 0.8239 2.5836 213.5918 0.2156 1.8456 756.0240 

11 1.0658 3.3336 212.7919 0.2721 2.3418 760.5048 

12 1.3762 4.2646 209.8807 0.3428 2.9382 757.1743 

13 1.7726 5.4286 206.2408 0.4307 3.6410 745.4396 

14 2.2762 6.8688 201.7681 0.5393 4.4533 725.7746 

15 2.9116 8.6162 195.9266 0.6724 5.4252 706.8412 
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Table 5: Evaluating a random perturbation impact analysis on the yields of yellow yam and the 
cocoyam using ODE45 computational approach of 0.05 RPV in scenario five 

LGS 
Months 

Old Y2B 
(kg) 

New Y2B 
(kg) 

Effect 1(%) Old 
CyB(kg) 

New 
CyB(kg)  

Effect 2(%) 

0 0.0400 0.0400 0.0000 0.0600 0.0200 -66.6667 

1 0.0781 0.1274 63.1242 0.0254 0.0686 170.0800 

2 0.1016 0.2180 114.6634 0.0323 0.1351 318.0853 

3 0.1322 0.3323 151.1498 0.0410 0.2221 441.4283 

4 0.1720 0.4748 176.0288 0.0521 0.3201 514.7200 

5 0.2236 0.6570 193.8313 0.0661 0.4404 566.2292 

6 0.2907 0.8949 207.8189 0.0838 0.5999 615.4011 

7 0.3776 1.1981 217.2904 0.1063 0.7954 648.0238 

8 0.4903 1.5722 220.7148 0.1347 1.0510 680.2166 

9 0.6359 2.0618 224.2157 0.1705 1.3750 706.3777 

10 0.8239 2.6810 225.4284 0.2156 1.7323 703.5370 

11 1.0658 3.4488 223.5954 0.2721 2.1993 708.2060 

12 1.3762 4.4139 220.7239 0.3428 2.7222 694.1532 

13 1.7726 5.6361 217.9613 0.4307 3.3549 678.9501 

14 2.2762 7.1133 212.5058 0.5393 4.1291 665.6573 

15 2.9116 8.9428 207.1438 0.6724 5.0122 645.4194 

 
 

4   Discussion of results 
The table 1 result indicated an acceleration of production from one month to fifteen months 
quantified by 0.1008kg to 1.4250kg respectively with respect to cassava biomass while similar 
behavior is associated with the white yam biomass from 0.6749kg to 1.3615kg from one month to 
fifteen months. Although, in the event of the effect, the cassava biomass increased from the yellow 
months by 89.1102kg to four months by 156.2317kg and thereafter, the biomass of cassava started 
reducing from 154.7551kg to -45.6705kg whereas the effect of the white yam biomass indicated 
depletion in yields at one month by -4.0973kg and thereafter, has the evidence of increment from 
two months by 35.8006kg to five months by 72.2343kg and thereafter, established reduction of 
yields from six months by 67.6284kg to fifteen months by -52.6731kg. Therefore, the analysis of this 
table recorded the impact of biodiversity loss and also biodiversity gain. This similar pattern of 
analysis is associated with the results in table 2 to table 3 but in different dimensions and values. 
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Table 4 results showed a monotone increased of production from one month by 0.1263kg to fifteen 
months (8.6162kg) with respect to the yellow yam biomass and similar behaviour is captured to 
cocoyam biomass from one month (0.0709kg) to 5.4252kg considering fifteen months. 
 
But, in the event of classification of effects, the yellow yam biomass increased monotonically from 
one month by 61.7155% to ten months by 213.5918% and thereafter, there is an indication of 
reduction in production from eleven months by 212.7919% to 195.9266% at fifteen months. In this 
context, similarly behavior is recorded to the cocoyam biomass that associated with 7178.8496% at 
one month and raised to 760.5048% at eleven months and thereafter, established less production 
from twelve months by 757.1743% to 706.8412% at fifteen months respectively. Similar behavior is 
recorded on table 5. 
 
The results also reported more increased on cocoyam biomass in all the months than the yellow yam 
biomass. Therefore, based on the analysis of this study, the farmers are advised to cultivate more of 
cocoyam, seconded by yellow yam, followed by cassava and finally, the white yam and also to be 
harvested at harvesting time to increase the productivity of the crops. 
 

5   Conclusion 
The application of a MATLAB ODE45 computational approach to quantify the impact of a random 
perturbation on the yields of four tuber crops was evaluated which the results showed an evidence 
that the crops were vulnerable to biodiversity gain and also biodiversity loss based on the simplified 
assumptions. In this context, this study also established that more vulnerability was captured on 
white yam by -66.6667kg when compared with other crops. Moreover, this results showed that the 
highest production was associated with the cocoyam by 760.0240kg followed by yellow yam by 
225.4284kg, followed by cassava by 170.7381kg and white yam by  -66.6667kg with unequal initial 
data of 0.0400 and 0.0600 respectively with random perturbation value of 0.05.  
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Mathematical modelling of skilling fishery 
management for sustainable development of an 

economy 
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Abstract 
This study considered a non-linear mathematical model of skilling fishery management to 
understand the dynamics of lives in an aquatic system which involves two zones of 
unrestricted and restricted fishing zones. The model analysis showcased the existence of 
equilibrium points in line with the biological and bionomic, dynamical behaviour of 
equilibrium points and also derived the conditions for stability and instability of the system. 
The behaviour of this dynamical model of fishery management were illustrated using 
numerical simulations to establish the analytical results. The findings of this study showed 
that inadequate knowledge of the resource and ecosystem, lack of interaction between the 
government and stakeholders, inaccessibility of financial resources to meet specific needs, 
weak implementation of agricultural policies and programmes, inadequate practical 
advisory/extension services and lack of monitoring and evaluation of programme/project 
team led the system to be unstable which implies that the eigen values were greater than 
zero. This paper identified that management of fisheries is affected by climate change, 
human actions and population, shortage of food, poverty and lack of policy executions. 
Amongst all, the study suggested that there should be introduction of environmental impact 
assessment for fisheries policies to be implemented, skilled or trained fisheries 
administrators that will monitor and evaluate the policy/programme consistency, against 
specified goals need to be given more financial resources, and properly staffed and equipped 
to address effectively all aspects of sustainable fisheries development and management. 
should be adopted and their efficacy monitored and evaluated against specified goals. There 
should be better protection to environmental hazards, control of waste disposal and 
pollution. Finally, government at all levels should recognize its benefit and work towards 
integrating skilling fisheries management activities, including sharing of expertise and 
resources for education, research, technology, monitoring, control and surveillance activities 
and development of the relevant legislative framework.  
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1   Introduction 
The sustainable fisheries development and management is an integration of bio-ecological, 
technological, environmental, economic and social scopes to bring about and sustainably improve the 
welfare of all the people engaged directly or indirectly in the fisheries sector as well as the natural 
productive system. Thus, sustainable development of the fisheries sector in any nation has become of 
greatest importance to ensure adequate food at affordable prices and as the main source of economic 
and social progress for the rural poor and the world at large. Sustainable development emphasizes the 
need to organize and control the dynamics and the complex interactions between man, production 
activities, and natural resources in order to promote their co-existence and their common evolution. 
However, this development must integrate the triple nethermost line framework captured in FAO 
(1995). In Nigeria, there are fisheries laws and policies that brought about in the interim increased fish 
production. Nevertheless, policy shifts and unsustainable implementation have led to decline of the 
fisheries sector over the years leaving the target rural economies more vulnerable than ever. 
Sustainable fisheries development can only be achieved through regulated fishing, which considers 
fishery management objectives and proper enforcement of regulations.  
 
      Nigeria is reasonably endowed with large rivers, small water bodies and some natural springs. It 
also has an extensive coastline of approximately 900km and an exclusive economic zone of about 
217,313 km² (Sea Around Us, 2007). Nigeria has a high demand for fish of about 1.5 million metric 
tons thus, resulting in a demand-supply gap of about a million metric tons and a per capital 
consumption of 7.5-8.5kg annually (FDF, 2005). Nkuturum and George (2021) in their work on 
ecological growth model in marketing dynamics: the role of human actions stated that human action 
increases the demand-supply of goods in the market. 
 
       Thus, fisheries are crucial to the Nigerian economy in contributing about 5.4% of the gross 
domestic product (FAO, 1995). Although contribution of the fisheries sector is essential to agricultural 
development in Nigeria to ensure adequate food at affordable prices and as the main source of 
economic and social progress for the rural poor (Berezansky, et al. 2011). Also, more than half of 
policies and programmes in agriculture development focus on forest matters while less emphasis is 
placed on food and animal production requires immediate attention. For fisheries, a useful definition 
would be the one agreed at FAO in 1988 which states that sustainable development has been defined 
by the World Commission on Environment and Development (1987) as development that meets the 
needs of the present generation without compromising the ability of future generations to meet. 
 
       Fisheries Management systems in a nation comprises of three methods as the traditional systems: 
which focuses on operation by the administration of traditional authorities that enforce regulations to 
control fishing. This pin points on practices such as ban on fishing at certain time of the year or during 
fish breeding period. The mixed systems: involve the participation of both the traditional and modern 
government administrations. Finally, the modern systems: includes those operated by the 
administrations of the central government where fisheries regulations are enforced by agriculture 
officers of the fisheries departments (Biswas, et al. 2017). Thus, the issues confronting the 
management of the fisheries are: environmental Change which goes to climatic patterns and man's 
activities, exogenous factors address human population, poverty and food demand and weak policies 
and policy implementations.  
 
        Efficient skilling and sustainable fisheries management of natural resources, its control measure 
depends mainly on the essential understanding the mechanisms of their evolution over time where 
mathematical modelling in terms of non-linear differential equations (ODEs) can play a significant 
role. Hence, mathematical modelling is broadly used to discuss different types of real phenomena 
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which leads to design better prediction, prevention, management and control strategies. The epitome 
of this study are the empirical studies done by the following scientists as in Biswas et al. (2017) who 
studied on the potential impacts of global climate change on fish production in Bangladesh. Followed 
Nkuturum (2021) studied on distortion of ecological systems by human actions: a mathematical model 
of two coexisting species in a community. 
 
Also, Clark (2016) developed a mathematical model to describe the optimal management of renewable 
resources. Das, et al. (2009) showed the bioeconomic harvesting of a prey-predator fishery. De Lara 
and Doyen (2008) discussed on the sustainable management of natural resources: mathematical 
modelling and methods. Also, Dubey, et al. (2003) carried out a work on a model for fishery resources 
with reserve area for more knowledge on the applications of mathematical modelling. 
 
Previously, many researchers presented their mathematical models as to optimize the skilling of fish 
production and management. Mathematical modelling is the use of equations, expressions and 
mathematics language to translate and proffer solutions to real life situation problems from an 
application area into traceable mathematical formulation with analytical, theoretical and numerical 
analysis. Thus, La Salle and Lefschetz, (1961) showed the stability by Lyapunov’s direct method with 
applications. Also, Leung and Wang (1976) presented an analysis of models for commercial fishing 
covering mathematical and economic aspects. Mesterton-Gibbons, (1996) and Kitabatake, (1982) 
studied the effects on the optimal policy for combined harvesting of predator-prey and a dynamic 
predator-prey model for fishery resources in lake Kasumigaura. One of the findings showed that there 
is irreversibility of capital investment upon optimal exploitation policies for renewable resources 
stocks. Zhang et al. (2000) proposed and analysed a model to study the stage structured predator-prey 
model and optimal harvesting policy of the organisms. The study derived necessary and sufficient 
condition for the coexistence and extinction of species. Song and Chen (2001) carried out a study on 
the optimal harvesting policy and stability for a two-species competitive system with stage structure, 
and obtained conditions for the existence of a globally asymptotically stable positive equilibrium and 
a threshold of harvesting for the mature population and finally proposed a dynamic model for a single-
species fishery which depends partially on a logistically growing resource. 
 
The problems identified in skilling fishery management for sustainable development of an economy 
are as follows: derisory knowledge of the resource and ecosystem, lack of interaction between the 
government and stakeholders, inaccessibility of financial resources to meet specific needs, weak 
implementation of agricultural policies and programmes, inadequate practical advisory/extension 
services and lack of monitoring and evaluation of programme/project team. Based on the above 
elucidated literatures and challenges enumerated, the researcher deemed it necessary to proposed a 
mathematical model to optimize the production of fish using system of nonlinear differential 
equations, discussed the equilibrium points, dynamical behaviour of the points and obtained the 
conditions of stability and instability of the two zones, ascertained the impact of human effort to both 
fishing zones and finally, discussed the numerical simulations with graphical representations. 
 

2 Model formulation 
This paper considered a fishery resource consisting of two zones: a free fishing zone and a reserved 
area zone. We study a prey-predator system in a two-patch environment, one accessible to both prey 
and predators and the other one being a refuge for the prey. Each patch is supposed to be 
homogenous. The prey refuge constitutes a reserve area of prey and no fishing is permitted in the 
reserved zone while the unreserved zone area is an open-access fishery zone. It is assumed that the 
prey migrates between the two patches randomly. It is assumed that, in each zone growth of fish 
population follows logistic model. Keeping these in view, the model becomes: 
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𝑑𝑈

𝑑𝑡
= 𝛽1𝑈 (1 −

𝑈

𝐶
) − 𝑀1𝑈 + 𝑀2𝑅 − 𝑞𝐸𝑈                               1 

 

                
𝑑𝑅

𝑑𝑡
= 𝛽2𝑅 (1 −

𝑅

𝐾
) + 𝑀1𝑈 − 𝑀2𝑅                                            2                     

              

In the equations above,  𝑈(𝑡) is the biomass densities of the same population inside the unrestricted 

area and R(𝑡) is the biomass densities of the same population inside the restricted area respectively at 
time t.  E is the human effort for harvesting the fish population in the unreserved zone and the value 
of qE is called fishing mortality. Again, a and b are the intrinsic growth rate of fish subpopulation 
inside the unreserved and reserved area respectively. Let the fish subpopulation of the unreserved area 

at a rate migrate into reserved area at a rate 𝑀1 and the fish subpopulation of the reserved and migrate 

into unreserved area at a rate 𝑀2. The carrying capacities of fish species in unreserved and reserved 
area C and K respectively, q is the catch ability coefficient of fish species in the unreserved area. If 

there Is no migration of fish population from reserved area to unreserved area (i.e. 𝑀2= 0) and 𝑎 −

𝑀1 − 𝑞𝐸 < 0 then 
𝜕𝑈

𝜕𝑡
< 0. similarly, if there I no migration of fish population from unreserved area 

to restricted area (i.e. 𝑀1 = 0. ) and 𝑏 − 𝑀2 < 0, then 
𝑑𝑅

𝜕𝑡
< 0.     

   

3   Model analysis 
The non-linear system in equations (1) - (2) has qualitatively analysed in this section so as to find the 
equilibrium points and the dynamical behaviour of that points as well as test the stability at positivity 
analysis equilibrium points. 
Now we will prove that all the variable in the system model equations (1) and (2) are positive. 
 

Lemma 1. If 𝑈(𝑡) ≥ 0, 𝑅(𝑡) ≥ 0, then the solution of 𝑈(𝑡) and 𝑅(𝑡) of the model system of 
equations (1) and (2) are positive. 
 

Proof: To prove this lemma, we get from the equation (1), 
𝑑𝑈

𝑑𝑡
= 𝑎𝑈 (1 −

𝑈

𝐶
) − 𝑀1𝑈 + 𝑀2𝑅 − 𝑞𝐸𝑈 

 

Now,  
𝑑𝑈

𝑑𝑡
+ 𝑀1𝑈 + 𝑞𝐸𝑈 ≥ 0 ⇒

𝑑𝑈

𝑑𝑡
+ (𝑀1 + 𝑞𝐸)𝑈 ≥ 0                                             3 

Putting 𝑀1 − 𝑞𝐸 = ∅  and the integrating factor, IF = ∫ 𝑒∅𝑑𝑡 =  𝑒∅𝑡                           4 
Multiplying by IF on both sides, we get, 
 

𝑈′𝑒∅𝑡 + ∅𝑈𝑒∅𝑡 ≥ 0 ⇒ (𝑈′ + ∅𝑈)𝑒∅𝑡 ≥ 0                                                                  5 
 

 
𝑑𝑈

𝑑𝑡
𝑒∅𝑡𝑈 ≥ 0 ⇒ 𝑒∅𝑡𝑈 ≥ 𝐴                                                                                           6 

 

Therefore, 𝑈 ≥ 𝐴𝑒−(𝑀1+𝑞𝐸)𝑡                                                                                        7 
 
where, A is an integrating constant. For the value of A, under the initial conditions, when t = 0, then 

𝑈(𝑡) = 𝑈(0), hence 𝑈(0) ≥ A.                                                                                  8 
 
Now putting the value of A in equation (8) gives, 

𝑈(𝑡) ≥ 𝑈(0)𝑒−(𝜆1+𝑞𝐸)𝑡                                                                                              9 
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Since 𝑈(𝑡) ≥ 0 and 𝑀1 − 𝑞𝐸 ≥ 0, hence  𝑈(𝑡) ≥ 0 for all 𝑡 ≥ 0. 
 
Similarly, from equation (2) yields, 

 
𝑑𝑅

𝑑𝑡
= 𝛽2𝑅 (1 −

𝑅

𝐾
) + 𝑀1𝑈 − 𝑀2𝑅 ≥ 0 ⇒

𝑑𝑅

𝑑𝑡
+ 𝑀2𝑅 ≥ 0                                   10 

   

Using integrating factor IF = ∫ 𝑒𝑀2𝑑𝑡 = 𝑒𝑀2𝑡                                                       11 
Multiply both sides of equation (10) by equation (11) gives, 
 

𝑒𝑀2𝑡 𝑑𝑅

𝑑𝑡
+ 𝑀2𝑅𝑒𝑀2𝑡 ≥ 0 ⇒

𝑑

𝑑𝑡
𝑒𝑀2𝑡𝑅 ≥ 0 ⇒ 𝑒𝑀2𝑡𝑅 ≥ 𝐵.                                   12 

 

Thus, 𝑅 ≥ 𝐵𝑒−𝑀2𝑡.                                                                                               13 
 
where, B is an integrating constant. For the value of B, under the initial conditions, when t = 0, then 

𝑅(𝑡) = 𝑅(0), hence 𝑅(0) ≥ 𝐵.                                                                           14 
 
Now putting the value of B in equation (14) gives, 

𝑅(𝑡) ≥ 𝑅(0)𝑒−𝑀2𝑡.                                                                                              15 
 

Since 𝑅(𝑡) ≥ 0 and 𝑀2 ≥ 0, hence  𝑈(𝑡) ≥ 0 for all 𝑡 ≥ 0. Therefore, 𝑈(𝑡) and 𝑅(𝑡) are positive 

for all time, 𝑡 ≥ 0. 
 

3.1 Existence of equilibrium 
The steady states of the two system of equations were obtained by equating the derivatives to zero 

and resolving it equations analytically. The two possible steady states are given as: S(0, 0) and 𝑆(𝑈∗, 𝑅∗) 

respectively. Now, (𝑈∗, 𝑅∗) are the positive solutions of equations (1-2). 
  

                                          0 = 𝛽1𝑈 (1 −
𝑈

𝐶
) − 𝑀1𝑈 + 𝑀2𝑅 − 𝑞𝐸𝑈                      16 

 

                                       0 = 𝛽2𝑅 (1 −
𝑅

𝐾
) + 𝑀1𝑈 − 𝑀2𝑅                                      17 

 
Eliminating R from equation (16) yields, 
 

 𝑅 =
𝛽1𝑈2−𝛽1𝑈𝐶+𝑀1𝐶𝑈+𝐶𝑞𝐸𝑈

𝐶𝑀2
 .                                                                          18 

 
Substitute the value of R into equation (18) 
 

𝛽2 (
𝛽1𝑈2−𝛽1𝑈𝐶+𝑀1𝐶𝑈+𝐶𝑞𝐸𝑈

𝐶𝑀2
) (1 −

𝛽1𝑈2−𝛽1𝑈𝐶+𝑀1𝐶𝑈+𝐶𝑞𝐸𝑈
𝐶𝑀2

𝐾

) + 𝑀1𝑈 −

𝑀2 (
𝛽1𝑈2−𝛽1𝑈𝐶+𝑀1𝐶𝑈+𝐶𝑞𝐸𝑈

𝐶𝑀2
) = 0         

  19 
 

= −
𝛽2𝛽1

2𝑈4

𝐾𝐶2𝑀2
2 +

𝛽2𝛽1
2𝐶𝑈3

𝐾𝐶2𝑀2
2 + 2𝛽1𝛽2(𝛽1 − 𝑀1 − 𝑞𝐸)𝑈2 − {

𝛽2(𝛽1−𝑀1−𝑞𝐸)2

𝐶𝑀2
2 −

(𝛽2−𝑀2)𝛽1

𝐶𝑀2
} 𝑈 +

(𝛽2−𝑀2)

𝑀2
(𝛽1 − 𝑀1 − 𝑞𝐸) − 𝑀1 = 0      20 
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= 𝑎𝑈4 + 𝑏𝑈3 + 𝑐𝑈2 + 𝑑𝑈 + 𝑦 = 0,                                                             21 

where, 𝑎 = −
𝛽2𝛽1

2

𝐾𝐶2𝑀2
2, 𝑏 =

𝛽2𝛽1
2

𝐾𝐶2𝑀2
2, 𝑐 = 2𝛽1𝛽2(𝛽1 − 𝑀1 − 𝑞𝐸), 𝑑 = − {

𝛽2(𝛽1−𝑀1−𝑞𝐸)2

𝐶𝑀2
2 −

(𝛽2−𝑀2)𝛽1

𝐶𝑀2
} 

and 𝑦 =
(𝛽2−𝑀2)

𝑀2
(𝛽1 − 𝑀1 − 𝑞𝐸) − 𝑀1. 

     22 

The equation (21) has a unique positive solution 𝑈 = 𝑈∗ by satisfying the inequalities below: 
𝛽2(𝛽1−𝑀1−𝑞𝐸)2

𝐶𝑀2
2 <

(𝛽2−𝑀2)𝛽1

𝐶
, 

(𝛽2−𝑀2)

𝑀2
(𝛽1 − 𝑀1 − 𝑞𝐸) < 𝑀1𝑀2.                      23 

 

Putting the values of  𝑈∗, 𝑅∗ into (16) and for positivity, 𝑈∗ > (
𝐶

𝛽1
) (𝛽1 − 𝑀1 − 𝑞𝐸)       24 

 

3.2 Dynamical behaviour of equilibria 
 
The dynamical behaviour of equilibria points can be studied by computing vibrational matrices 

corresponding to each equilibrium. In equation (1), considering that the trivial equilibrium point  𝑝0 
is unstable. Using the Routh-Hurwitz criteria makes it easy to check that all eigenvalues of the 

vibrational matrix corresponding to 𝑝∗ have negative real parts. Therefore, 𝑝∗is locally asymptotically 

stable in the two-dimensional plane. This indicates that a small circle with centre 𝑝∗ can be determined 

such that any solution 𝑈(𝑡), 𝑅(𝑡) of equation (2) which is inside the circle at time 𝑡 = 𝑡1 will remain 

inside the circle for all 𝑡 ≥ 𝑡1 and will tend to (𝑈∗, 𝑅∗) as t → ∞.  
 

Lemma 2. Let 𝑄 = {(𝑈, 𝑅) ∈ 𝑅2
2: 𝑝 = 𝑈 + 𝑅 ≤

𝜇

∅
} be a region of interest for all solutions initiating in the 

interior of the positive quadrant for ∅ is a positive constant and 𝜇 =
𝐶

4𝛽1
(𝛽1 − ∅ − 𝑒𝑞)2 +

𝐾

4𝛽2
(𝛽2 + ∅)2. This 

lemma will show that all solutions of model (2) are positive and uniformly bounded.  
  

Proof: Let, 𝑃(𝑡) = 𝑈(𝑡) + 𝑅(𝑡), and ∅ > 0  be a constant. Then,  
𝑑𝑃

𝑑𝑡
= −

𝛽1𝑈2

𝐶
+ (𝛽1 − ∅ − 𝐸𝑞)2𝑈2 −

𝛽2𝑅2

𝐾
+ (𝛽2 + ∅) ≤

𝐾

4𝛽1
(𝛽1 − ∅ − 𝐸𝑞)2 +

𝐾

4𝛽2
(𝛽2 + ∅)2 =

𝜇      25 
Using the theory of differential inequality in Birkhoff and Rota, (1882),  

 0 < 𝑃(𝑡), 𝑈(𝑡), 𝑅(𝑡) ≤
𝜇

∅
(1 − 𝑒−∅𝑡) + 𝑃(0), 𝑈(0), 𝑅(0), 𝑒−∅𝑡,                                               26 

when 𝑡 → ∞ and  0 < 𝑃 <
𝜇

∅
 

 

Global stability of equilibrium point (𝒑∗). 
 

Theorem 1. The equilibrium point 𝑝∗is globally asymptotically stable. 

Proof: Let us consider the following definite function about 𝑝∗ 

𝑄 = (𝑈 − 𝑈∗𝐼𝑛
𝑈

𝑈∗) + 𝐴 (𝑅 − 𝑅∗ − 𝑅∗𝐼𝑛
𝑅

𝑅∗)                                                                                              27 

Upon differentiating Q with respect to time t, gives,  
𝑑𝑄

𝑑𝑡
= −

𝛽1

𝐶
(𝑈 − 𝑈∗)2 −

𝑅∗

𝑈∗

𝑀2𝛽2

𝑀1𝛽1
(𝑅 − 𝑅∗)2 −

𝑀2

𝑈∗𝑈𝑅
(𝑈𝑅∗ − 𝑅𝑈∗) < 0                                               28 

 

This implies that 
𝑑𝑄

𝑑𝑡
 is negative by Liapunov’s (1961). Hence, it follows that the positive equilibrium 

is globally asymptotically stable. Stability analysis reveals that the trivial equilibrium is an unstable 



                                                International Journal of Mathematical Analysis and Modelling 

                                                                       Volume 5, Issue 4, November 2022, Pages 38 – 49  
 

44                                                  IJMAM, Vol. 5, Issue 4 (2022) ©NSMB; www.tnsmb.org 

                             (Formerly Journal of the Nigerian Society for Mathematical Biology)  
 
 

system while, the feasible equilibrium is a point whereby both species are existing in the system for 
the competition, at this point they are stable but the population decrease with time. 
 

3.3 Stability of steady states 

Let the two functions W= 𝑊(𝑈, 𝑅) =
𝑑𝑈

𝑑𝑡
 and V= 𝑉(𝑈, 𝑅) =

𝑑𝑅

𝑑𝑡
 from the steady state (𝑈∗, 𝑅∗) =

(0,0) for equations (1) and (2). Thus, the Jacobian matrix gives: 
 
 

𝐽(𝑈, 𝑅) = (

𝜕𝑊

𝜕𝑈

𝜕𝑊

𝜕𝑅
𝜕𝑉

𝜕𝑈

𝜕𝑉

𝜕𝑅

) = (
𝛽1 −

2𝛽1𝑈

𝐶
− 𝑀1 − 𝑞𝐸 𝑀2

𝑀1 𝛽2 −
2𝛽2𝑅

𝐾
− 𝑀2

)                      29 

 
 
Thus, evaluating at the steady state of (0, 0) the Jacobian matrix J is 

𝐽(0,0) = (
𝛽1 − 𝑀1 − 𝑞𝐸 𝑀2

𝑀1 𝛽2 − 𝑀2
) − 𝜆 (

1 0
0 1

) = (
𝛽1 − 𝑀1 − 𝑞𝐸 − 𝜆 0

0 𝛽2 − 𝑀2 − 𝜆
)   30 

𝛽1 − 𝑀1 − 𝑞𝐸 − 𝜆1 = 0      and     𝛽2 − 𝑀2 − 𝜆2 = 0 

Thus, the Eigen values 𝛌 are: 

𝜆1 = 𝛽1 − 𝑀1 − 𝑞𝐸     and     𝜆2 = 𝛽2 − 𝑀2 

For 𝜆1 > 𝜆2 > 0.  Hence, the system is unstable 

 

Here, the eigenvalues 𝛌 of the matrix “J” determine the stability of the states. Depending on 𝛌, the 

stability conditions are: 1. If the eigenvalue 𝛌 <0, then the steady state is stable, 2. If the eigenvalue 𝛌 
>0, then the system is unstable. The findings depicts that the consumption rate of fishes is very high 
to the extent that at some time, t there should be no matured fish in the zones which in turn causes 
recurrent skilling on its sustainability. This implies that the biomass density of the two zones or areas 
are not the same, so also exchange rate in the economy of nations are unstable.  This results also 
showcased that the knowledge of experts about the resource and ecosystem in line with the agricultural 
policies are not properly implemented. These results conform to Nkuturum (2016, 2017) on the study 
mathematical model of predator-prey relationship with human disturbance which showed that at time, 
t one of the species would go extinction while the other recuperate making the system unstable.  
 

4   Numerical simulations and discussion of findings 
 
This section showcases the numerically solved proposed model equations (1-2) and discussion of 
findings. Already, the existence of equilibrium, positivity analysis and stability of steady states have 
been discussed above. The model is simulated using the parameter values the total effort applied for 
harvesting the fish population in the reserve area E = 0.2. The carrying capacities of fish species in 
unreserved and reserved area respectively C = 110 and K = 200. The intrinsic growth rates of fish sub-

population are respectively 𝛽1 = 0.03 and 𝛽2 = 0.04. The catch ability of fish coefficient q = 0.001. 

The fish sub-population of unreserved and reserved area are respectively 𝑀1 = 𝑀2 = 0.05 and qE 
denote the fishing mortality rate of the model (1). Then the result is displayed in the Fig. 1. The 
displayed graph depicts the biomass densities of reserved area unreserved zones or areas where the 
population increased and decreased within 90 days. Firstly, the Fig. 1 showed that the population of 
unreserved area and reserved area are same on the 9 days. In 90 days, the population of biomass 
densities of unreserved area increases above 100. At the same time the population of biomass densities 
of reserved area increases above 100. Once more, Fig. 2 the population of reserved area increases 
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above 900. At the same time the population of unreserved area increases above 400 and unreserved 
area are same at 10 days. If the input value of the total effort applied for harvesting the fish population 
and fish catch ability coefficient increases, then the population decreases. If the population of the total 
effort applied for harvesting the fish population and fish catch ability coefficient decreases so the 
population decreases means that human beings have vital roles to play in skilling fisheries management 
for sustainable development of an economy. Similarly, by changing the values of parameter the shape 
of graph changed. The Fig. 3 and Fig. 4 are changing the parameter values too, altered the graph in 
shape. When the parameter values of intrinsic growth rate of unreserved and reserved area are changed 
by increasing it respectively, then the population are also increasing. 
 
 

 
Figure 1. Showing the graph of fishery model of two zones population with time (Days) 
 
 
 
 
 

 
 

Figure 2. Showing variation of population with time (Days) for E = 0.002, C = 1000, K = 200, 𝛃𝟏 =
𝟎. 𝟎𝟑, 𝛃𝟐 = 𝟎. 𝟎𝟒 and q = 0.001 
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Figure 3. Variation of population with time (Days) for E = 0.002, C = 1000, K = 200, 𝛃𝟏 = 𝟎. 𝟐𝟗𝟗, 

𝛃𝟐 = 𝟎. 𝟎𝟎𝟒 and q = 0.00001 
 
 
 
 
 
 
 
 
 
 

 
Figure 4. Variation of population with time (Days) for E = 0.002, C = 1000, K = 200, 𝛃𝟏 = 𝟎. 𝟎𝟑, 

𝛃𝟐 = 𝟎. 𝟒 and q = 0.00001 
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Figure 5. Variation of population with time (Days) for E = 4, C = 1000, K = 200, 𝛃𝟏 = 𝟎. 𝟎𝟑, 𝛃𝟐 =
𝟎. 𝟎𝟎𝟒 and q = 0.1 
 

 
 

Figure 6. Variation of population with time (Days) for E = 2.8, C = 1000, K = 200, 𝛃𝟏 = 𝟎. 𝟑, 𝛃𝟐 =
𝟎. 𝟎𝟎𝟔 and q = 0.2 
 
 
Hence, if the parameter values of carrying capacities of fish spices in the unreserved and reserved 
area are used for fish production respectively C and K area increasing, then the graph is increasing 
and by changing the parameter values C and K are increasing then, the fish production is increasing. 
Likewise, the Fig. 5 and Fig. 6 are going below the X axis showing that the population decreases 
with time. The maximum fish production depends on carrying capacities intrinsic growth rate of the 
unreserved and reserved area and harvesting rate or fishing mortality. In this Figures, it is detected 
that the harvesting rate of fishing mortality increases as the graph is decreases. Again, the fishing 
mortality decreases as the graph increases. In these figures, by changing the values of parameter the 
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characteristics figure is changed. So, the model is good for skilling fisheries management for 
sustainable development of an economy that could lead to minimum and maximum fish production 
in a reserved and unreserved areas respectively. 
 

The model contains two fixed points: the trivial equilibrium  (𝑈∗, 𝑅∗) = (0,0) where both 

populations disappear; when evaluated gives the eigen values as 𝜆1 = 𝛽1 − 𝑀1 − 𝑞𝐸     and     𝜆2 =
𝛽2 − 𝑀2 depicting unstable system and the feasible equilibrium implies coexistence of both 
populations.  Interestingly, the feasible equilibrium showed abundance of the biomass density in the 
zones is independent of their own respective growth or death rates but instead it is set by the 
productivity of the other species in the reserved zone. However, the traditional management system 
is the most effective especially at the rural community level whereby the village heads have 
responsibilities of enforcing and regulating the management Systems in their various domains. The 
mixed system is most prevalent and governments generally lack the logistic support in terms of 
personnel, funds, field vehicles and so on to enforce fisheries laws and regulations. In general, fisheries 
management systems in Nigeria can be described as variable and hindered by poor financial support 
for policy implementation in which the findings of this study rated in percentage gives as mixed system 
is most common (60%), followed by the traditional type 30% while modern type accounts for only 
10%. 
  

5   Conclusion 
In this mathematical modelling, the system has been assumed that the two ecosystems; one free fishing 
zone and the other reserved zone. In this paper, we analysed the catfish production by using many 
mathematical models. It has been found that the total user’s cost of harvest per unit of effort equals 
to the discounted value of the future marginal profit of the effort at the steady-state level. It has also 
been noted that if the discounted rate increases, then the economic rent decreases and even may tend 
to zero if the discounted rate tend to infinity. The possibility that the predator species in this model 
be itself harvested for commercial purposes, or that its non-use value be an important element in the 
overall economic value of the marine ecosystem have not been considered in this paper. Their 
inclusion in the model would surely lead to characterize another set of trade-offs which are bound to 
be at the centre of marine reserve policies. We have derived existence of equilibrium and globally 
asymptotically stable and unstable. Finally, skilling fisheries management for sustainable development 
can be achieved through regulated fishing which considers fishery management objectives that address 
the status of the resource, human activities, the health of the environment, post-harvest technology 
and trade, as well as other economic concerns, social benefits, legal and administrative support as 
observed from graphical representation with different parameter values.  
 
This study can be extended to add noise term, diffusion term and feeding rate of the fishes. This study 
suggests that there should be introduction of environmental impact assessment for fisheries policies 
to be implemented, skilled or trained fisheries administrators that will monitor and evaluate the 
policy/programme consistency, against specified goals need to be given more financial resources, and 
properly staffed and equipped to address effectively all aspects of sustainable fisheries development 
and management. should be adopted and their efficacy monitored and evaluated against specified 
goals. There should be better protection to environmental hazards, control of waste disposal and 
pollution.  
 
Finally, government at all levels should recognize its benefit and work towards integrating skilling 
fisheries management activities, including sharing of expertise and resources for education, research, 
technology, monitoring, control and surveillance activities and development of the relevant legislative 
framework due to its economic gains.  
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Use of a generalized gamma additive model to 
determine the effect of monetary policy on the 

Nigerian stock market 
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Abstract 
This study looked at how monetary policy affected the Nigerian stock market’s performance 
from 2006 to 2020 using Generalized Additive Model for Location, Scale, and Shape 
(GAMLSS). The method expands the capabilities of linear, generalized linear and additive 
models. The All-Share Index was used to gauge the performance of the Nigerian stock 
market. Money supply, interest rate, exchange rate, and inflation rate were used to gauge 
monetary policy, which served as the explanatory variable. In order to choose the best fitted 
model, some selected GAMLSS family distributions in the positive real line, including the 
Generalized gamma, Gumbel, Weibull, and Log normal distributions, were fitted to the data. 
The Generalized Gamma (GG) distribution best fits the response variable, according to the 
AIC and BIC results. In order to ascertain how monetary policy affected the Nigerian Stock 
Market, GG in GAMLSS was employed. The study's conclusions demonstrate that whereas 
other variables have negative associations with the All-Share Index, the money supply has a 
positive link with it. The Nigerian Stock Market All-Share Index is significantly impacted by 
each of the explanatory variables. 

 
Keywords: all-share index; GAMLSS; generalized gamma distribution; monetary policy;  
                  stock market 
 

1     Introduction 
The stock market is viewed as the engine of economic growth since it is essential for capital allocation 
and mobilization to promote economic growth. A sophisticated stock market makes it easier to 
sterilize significant inflows of capital (Turner, 2002). It is a type of investment that does not necessitate 
the investor's personal presence or managerial abilities. The rise of the stock market encourages 
financial integration and development, which boosts economic growth by increasing capital allocation 
efficiency and facilitating better risk sharing (Laeven, 2014). According to Mishkin (2007), a 
functioning financial market is essential for fostering long-term economic progress, and 
underperforming fiscal markets are one of the reasons that many nations around the world continue 
to live in abject poverty.  
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     Financial and monetary economists in Nigeria have been conducting extensive study on the 
connection between monetary policy and stock market performance since the country's economy was 
deregulated. Using an error correction model, Maku and Atanda (2010) investigated the factors that 
affect stock market performance in Nigeria. The results of the empirical investigation demonstrated 
that macroeconomic factors have effects on the long-term performance of the Nigerian capital market. 
Okpara (2010) used the Two Stage Least Squares Method to study the influence of monetary policy 
on the returns on the Nigerian stock market.  
 
      Asaolu and Ogunmuyiwa (2011) looked into how macroeconomic factors affected the average 
share price (ASP) and further explored if shifts in these factors could account for changes in stock 
prices in Nigeria. Using the OLS, Osisanwo and Atanda (2012) investigated the factors influencing 
stock market returns in Nigeria. The results showed that the primary factors of stock returns in Nigeria 
are interest rate, money supply, levels of prior stock returns, and exchange rate. Using the Vector 
Error Correction Model (VECM), Osamwonyi and Evbayiro-Osagie (2012) examined the association 
between macroeconomic factors and the Nigerian capital market index. Macroeconomic factors have 
been discovered to affect the Nigerian stock market index. Nwakoby and Alajekwu (2016) employed 
price-based monetary policies to look at how monetary policies affected the performance of the 
Nigerian stock market using three different approaches.  
 
       Using the auto-regressive distributed lag (ARDL) model, Anaele and Umeora (2019) investigated 
the association between monetary policy and the Nigerian capital market. Using the OLS multiple 
regression technique, Akanbi (2021) investigated the effect of monetary policies on the performance 
of the stock market in Nigeria.  
 
      The majority of the methods used in the literature would be unable to deal with data heterogeneity 
and model skewness and kurtosis. Thus, using the GAMLSS, this study investigates the effect of the 
CBN's price-based monetary policy instruments' anchor on stock market performance indicators. The 
GAMLSS model is a semi-parametric regression model. which can handle data heterogeneity and 
model skewness and kurtosis. It can also be used to reduce model overdispersion. 
 

2    Materials and methods 
2.1  Research design 
The data for this study came from past records of data on the All-Share Index, money supply, interest 
rate, exchange rate, and inflation rate in the Nigerian Stock Market Statistical Bulletin from 2006 to 
2020, a period of 15 years. The performance of the Nigerian stock market (proxy as All-share Index) 
was used as the dependent variable. Monetary policies functioned as explanatory variables. The money 
supply (MS), yearly interest rate (INT), yearly inflation rate (INF), and exchange rate (EXCH) were 
used as proxies for monetary policy. The GAMLSS regression model was used to establish a causal 
effect of independent variables on the dependent variable. The R programming language was used for 
all analyses. 
 

2.2  Method of data analysis 
The LM, GLM, and GAM can all be thought of as extensions of GAMLSS. GAMLSS have two key 
characteristics. It was predicated that the distribution might be any parametric distribution and that all 
of its constituent parts—not just its location—may be modeled as smooth or linear functions of the 
explanatory factors. As a result, the response variable's distribution's position, size, and shape are all 
subject to vary in response to explanatory variables (Stasinopoulo et al., 2018). GAMLSS are models 
of the semi-parametric regression variety.  
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Let 𝑦𝑇 = (𝑦1, 𝑦2, … , 𝑦𝑛) be the response variable of length n. Let 𝑔𝑘(. ) be a known monotonic link 

function connecting the distribution parameters to the explanatory variables for 𝑘 = 1, 2, 3, 4.    
                 

                     𝑔𝑘(𝜃𝑘) = 𝜂𝑘 = 𝑋𝑘𝛽𝑘 + ∑ 𝑍𝑗𝑘𝛾𝑗𝑘
𝐽𝑘
𝑗=1                             (1)                                                    

                     𝑔1(𝜇) = 𝜂1 = 𝑋1𝛽1 + ∑ 𝑍𝑗1γ𝑗1
𝐽1
𝑗=1                        (2) 

                     𝑔2(𝜎) = 𝜂2 = 𝑋2𝛽2 + ∑ 𝑍𝑗2γ𝑗2
𝐽2
𝑗=1                              (3) 

                     𝑔3(𝜈) = 𝜂3 = 𝑋3𝛽3 + ∑ 𝑍𝑗3γ3
𝑗3
𝑗=1 ,                                      (4) 

                     𝑔4(𝜏) = 𝜂4 = 𝑋4𝛽4 + ∑ 𝑍𝑗4𝛾𝑗4,
𝑗4
𝑗=1                             (5) 

where 𝜇, 𝜎, 𝜐  𝜏  and 𝜂𝑘 are vectors of length 𝑛, 𝛽𝑘
𝑇 = (𝛽1𝑘, 𝛽2𝑘, . . . , 𝛽𝐽𝑘

′ 𝑘) is a parameter vector 

(Rigby and Stasinopoulos, 2005).  
 
Each distribution parameter can be modelled as a linear function of explanatory variables and/or as a 
linear function of stochastic variables using the model in (1). In GAMLSS implementation in R 
packages, there are numerous distributions and additive terms. This study would take into account the 
generalized gamma, Gumbel, Weibull, and Log normal distributions.  
 

2.3   Model selection criterion 
The Akaike Information Criteria (AIC) and the Bayesian Information Criteria (BIC) criterion were 
used in this study to select the best model in GAMLSS. Let k denote the number of parameters, n the 

number of observations in the model and 𝐿̂  the maximum value of the model's likelihood function. 
 

                           𝐴𝐼𝐶 = 2𝑘 − 2𝑙𝑛(𝐿̂),                                                  (6) 

                      𝐵𝐼𝐶 = 𝑘𝑙𝑛(𝑛) − 2𝑙𝑛(𝐿̂).                                         (7) 

 
The preferred model for a data, out of a set of candidate models, is the one with the lowest AIC and 
BIC values. 
 

3   Results and discussion 
Table 1 displays the minimum, first quartile, median, mean, third quartile, maximum, and skewness 
values for the ASI, MS, INF, INT and EXCH. ASI, MS, INF, and EXCH are all positively skewed, 
whereas INT is negatively skewed. 
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Table 1: Descriptive statistics of variables 
 
    MIN         Q1     MEDIAN     MEAN        Q3     MAX SKEWNESS 

ASI     19851.9    25281.9    29692.5     32157.8      37150.9       65652.4 1.1831 

MS    2227472.8  9802494.7 7718841.4 18622470  8081470.1  38627352.2 0.2594 

INT           11.3     16.0           16.7        16.6           17.2    19.66 -1.0919 

INF         5.4        8.8          11.6       11.4           13.2           17.9 0.0997 

EXCH        108.3      147.7        155.3       200.0    305.2           379.5 0.7847 

  
 
 
Figure 1 presents the correlation matrix of pairs of variables used in this study while table 2 gives the 
p-values of the correlation matrix. All the variables are negatively correlated All-share index and their 
p-values are significant. 
 

 
 

Figure 1: Correlation Matrix of pairs of variables 
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Table 2: P-values of correlation matrix 
      ASI MS INT   INF   EXCH   

ASI           0.0462  0.0168  0.0000  0.0154 

MS   0.0462        0.0000 0.0000  0.0000 

INT   0.0168  0.0000          0.0214 0.0000 

INF   0.0000  0.0000  0.0214          0.0000 

EXCH  0.0154  0.0000  0.0000  0.0000  

 
 
 
We investigate the distribution that corresponds to the response variable. Figure 2 depicts the four 
most common and appropriate distributions for the response variable. Generalized gamma (GG), 
Gumbel (GU), Log-normal (LOGNO), and Weibull (WEI) distributions are fitted to the response 
variable. The generalized gamma distribution has the lowest AIC and BIC and is considered the best 
fit to the response variable. As a result, the Generalized gamma additive model is used to simulate the 
impact of monetary policy on the Nigerian stock market. 
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Figure 2: All-share Index and fitted Generalized gamma, Gumbel, Log-normal and Weibull 
distributions 
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Table 3: AIC and BIC of some selected distributions 
 

DISTRIBUTION        GG                GU           LOGNO            WEI 

AIC  3753.501  3897.999  3768.916  3820.882 
BIC  3763.079  3904.385  3775.302  3827.268 

 
 
 
We must keep in mind that GG has three distribution parameters. In GAMLSS, model that comprises 

the GG distribution, smoothing ps() with df = 3 was fitted, scale model modeled MS and shape (𝑣) 
model modeled constant (Table 4). MS has a positive impact on the ASI, whereas INT, INF, and 

EXCH have a negative impact. All of these variables have significant effects. The model's 𝑅2  is 
0.6808, indicating that the explanatory variables could only explain approximately 68 percent of the 
variation in the response variable. 
 
Table 4: Estimate and p-value of generalized gamma additive model for linear scale and shape (RS 
method) 
 

𝝁 LINK FUNCTION: LOG 

 Estimate P-value Status 
INTERCEPT 11.57 2 × 10−16 Significant 

PS(MS, DF = 3) 8.626 × 10−9 1.08 × 10−6 Significant 

INT −3.598 × 10−2 5.22 × 10−7 Significant 

INF −5.261 × 10−2 2 × 10−16 Significant 

EXCH −1.373 × 10−3 1.74 × 10−7 Significant 

𝝈 LINK FUNCTION: LOG 
 Estimate P-value Status 
INTERCEPT -2.211 2 × 10−16 Significant 

PB(MS) 1.426× 10−8 0.00508 Significant 

𝝂 LINK FUNCTION: IDENTITY 
 Estimate P-value Status 
INTERCEPT -2.0175 0.000543 Significant 

                               
 
 
Thus, the best fitted model can be written in the form:  

log (𝜇) = 11.57+(8.626 × 10−9)ps(MS, df = 3) +(−3.598 × 10−2) INT +(−5.261 × 10−2) INF + 

(−1.373 × 10−3 )EXCH 

 log (𝜎) = -2.211 + (1.426× 10−8) pb(MS)  

  𝜈 = −2.0175  
  
 

4    Conclusion 
GAMLSS was used in this study to investigate the effect of monetary policies on stock market activity 
in Nigeria. AIC and BIC were used to select the model that best fit the response variable from 
Generalized Gamma, Gumbel, Weibull, and Log-normal. The best model was determined to be 
Generalized Gamma with the lowest AIC and BIC. As a result, the data was modeled using a 
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generalized gamma additive model. MS, INT, INF, and EXCH could only explain 68 percent of the 
variation in Nigeria stock exchange market performance, according to the findings. A rise in the MS 
and a fall in the INT, INF, and EXCH would improve the performance of the Nigerian stock 
exchange. As a result, monetary policies have a substantial influence on the performance of the 
Nigerian stock market. In order to keep the Nigerian stock market appealing to investors, the 
monetary authorities should implement favorable monetary policies. 
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Tracking oscillating edge-flames: a mathematical 
approach 
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Abstract 
Accurate simulation of oscillating edge flames is computationally very challenging because 
of the difficult calculations involved to incorporate most of the physics that is believed to 
be central to the phenomenon. This paper presents the design of a new simulation tool that 
can handle among other things the concept of flame speed. The conditions for the existence 
of unique solutions of energy and species equations are established by the actual solution 
method and the Lipschitz continuity approach. The analytical solution is obtained via 
Olayiwola’s generalized polynomial approximation method (OGPAM), which shows the 
influence of the parameters involved on the system. Both the effects of an on-edge and off-
edge convective flow, and the effects of a heat sink were examined. The effect of changes 
in values of parameters such as the Damkohler number and speed with which the flame 
advances are presented graphically and discussed.  
 

Keywords: convective flow; edge-flame; flames; flame-speed; OGPAM; oscillating edge-flames 
 
 

1  Introduction 
     The theory of oscillating edge flames has been investigated in numerous works (see [3], [4[, [5], [6], 
[18]). An edge flame is a two-dimensional structure in the neighborhood of the edge of a flame sheet 
(nominally one-dimensional) with an edge [4]. 
 
     Flames with edges occur in many forms. They are: (i) Flame spreading over a fuel-bed, solid or 
liquid. (ii) A candle flame burning under microgravity conditions. (iii) A diffusion flame with edge-
supported fluxes from a heterogeneous propellant. (iv) A wrinkled torn flame in a turbulent flow. (v) 
An axisymmetric diffusion flame supported on a tube burner, burning under microgravity conditions. 
(vi) A diffusion flame sitting on a plate through which fuel is injected. For the configuration of these 
flames with edges see [3]. 
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     Oscillating edge flames in which the edge advances and retreats have long been observed in many 
experimental configurations. For example, when a flame spreads over a liquid fuel bed, Figure 1, 
 
 
 
   

 
 

Figure 1: Flame spreading over a liquid pool of fuel 
 
 
 
 

the speed U  with which the flame advances is usually a constant, 0U  say. But there are circumstances 

that U  fluctuate with time, viz.  

( )tUUU += 0  

where U   is periodic [15]. 
 
       In the context of flame spread over liquids, this phenomenon has been captured in numerical 
simulations, and various explanations have been proposed. One links the oscillations to a gas-phase 
eddy [10]; the other to Marangoni instabilities [8]. Oscillation instabilities were first predicted for one-
dimensional deflagrations by Sivashinsky [16], for large Lewis numbers. Kirkby and Schmitz [11] 
examined one-dimensional diffusion flames in a theoretical study, and predict oscillating instabilities 
at near–extinction (blow-off) conditions. These occur only if the Lewis numbers are large, or if there 
are substantial volumetric heat losses. Joulin and Clavin [9] subsequently showed that volumetric heat 
losses exacerbate the instability, reducing the Lewis numbers for which they are achieved, and Margolis 
[12] and Buckmaster [7] showed that conductive heat losses to a burner have a similar effect. 
Buckmaster et al. ([5], [6]) proposed the simple hypothesis, that the edge oscillations are nothing more 
than a two-dimensional manifestation of the well-known one-dimensional instabilities described 
earlier. They examined a simple model which incorporates what we believe is the minimum necessary 
physics, and oscillations are predicted. In another development, Buckmaster et al. [4] added new 

physical ingredients to the model, to test the hypothesis further. They introduced 
x

U



, an on-edge 

convective term and a “cold rectangle”, a rectangle of interior mesh points at which the temperature  
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is set equal to the boundary value 0T . They examined both the effects of an on-edge and off-edge 

convective flow, and the effect of a heat sink, and solutions are found using the method of lines. 
 
      This motivates the present analysis where we study oscillating edge flames with a view to providing 
analytical solutions capable of describing the influence of flame speed on the temperature field. 
 

2  Model formulation  

The model configuration consists of an oxygen-supply boundary at −−= x
L

y ,
2

, and a 

fuel-supply boundary at = x
L

y 0,
2

. The remainder of the upper wall  

( 0,
2

−= x
L

y ) supplies neither oxygen nor fuel. The formulation of our model is guided 

by the following assumptions: 
 

Initially (i.e., at a time 0=t ), the medium is not clean (i.e., the domain is not fuel, oxygen, and 
temperature free). Let the initial medium temperature, fuel, and oxygen concentrations depend on 
space variables. 
 
No convection in the −y direction. 

How the reactants are supplied at the boundaries is of no great consequence, so we impose Dirichlet 
data at the lower boundary and Neumann data at the upper boundary.  
Based on the above description and assumptions, the combustion field within the walls is governed 
by the two-dimensional equations: 
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where 
x

U



 is an on-edge convective term and U  is the speed of an applied convective flow in the 

x - direction, E  is the activation energy, X  is the mass fraction of oxidizer, Y  is the mass fraction 

of fuel, T  is temperature, x - coordinate parallel to edge-flame travel, y - coordinate perpendicular to 

edge-flame travel, 0T  is the initial temperature of the medium,  0X  is the initial mass fraction of 

oxidizer, 0Y  is the initial mass fraction of fuel.  
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3   Method of solution 
3.1 Dimension analysis 
 
Dimensionless variables are been introduced as: 
 

( )












=
−

===

=====

,,,,

,,,,,

0

2

0

0

2

E

RT

RT

TTEYX

k

Lvc
v

k

LUc
U

Lc

kt
t

L

y
y

L

x
x

YX

pp

p












                                          (3) 

 
Using (3), and after dropping the prime, equations (1) and (2) become 
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where 
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k
Le


=  stands for the Lewis number for oxidizer, 
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number for fuel,  
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D YX
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Introducing the following new space variable (Olayiwola [14]): 

yx+= .                                                                                                                                  (6) 

 
Then, equations (4) and (5) can be expressed as 
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3.2 Properties of solution 

Theorem 1: Let 1== YX LeLe . Then there exists at most one bounded solution of equations (7) – 

(9). 
 

Proof: Multiply (7) and (8) by  , (9) by 2  and adding the resulting equations, we obtain 
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where    
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Using Olayiwola’s generalized polynomial approximation method (OGPAM) (see, [13]), we obtain the 
solution to the problem (10) and (11) as: 
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Then, we obtain  
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(15) 

 
Hence, there exists a unique solution to the problem (7) – (9). This completes the proof. 
 

Theorem 2: Suppose ( ) ( ),, 00  gf  and ( )0h  are bound for nR  and ( ) ,,,,tf , 

( ) ,,,,tg , ( ) ,,,,th  satisfies the uniform Lipschitz condition. Then, there exists a unique 

solution ( ) ( ),,,, tt   ( )t,  of equations (7) – (9). 
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Proof: Let proof as in [2]. We rewrite equations (7) – (9) in the form: 
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( ) ( ) ( ) ( ) ( ) ( ) ( )nhgf  ,...,,0,,0,,0, 21000 ==== ,                            (20) 

where 
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Ignoring the second term at the right-hand side, the fundamental solution of (17) – (19) are (see [17]): 
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Next, it suffices to show that the Lipschitz condition is satisfied. That is if we can show that: 
 

( ) ( ) ( )2121211222111 ,,,,,,,,  −+−+−− ktftf                               (21) 

( ) ( ) ( )2121212222111 ,,,,,,,,  −+−+−− ktgtg                               (22) 

( ) ( ) ( )2121213222111 ,,,,,,,,  −+−+−− kthth                                (23) 
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Clearly, ( ) ,,,,tf , ( ) ,,,,tg , ( ) ,,,,th  are Lipschitz continuous. Hence, the result 

follows. This completes the proof. 
 

3.3 Analytical solution via Olayiwola’s generalized polynomial approximation 
method 
 

In the limit 0→ , equations (7) – (9) can be solved analytically using Olayiwola’s generalized 
polynomial approximation method (OGPAM) [13]. Follow the idea in [1], that: 
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and let 10  ,  a=  such that 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( ) 








++=

++=

++=

...,,,

...,,,

...,,,

10

10

10

ttt

ttt

ttt







                                                                                                                      (25) 

 
and using OGPAM in [13], we obtain the solutions to (7) - (9) as: 
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The computation was done on equations (26) – (28) using the computer symbolic algebraic package 
MAPLE 2021 version. 
 

4  Results and discussion 
The simulation was carried out to show the impact of the model parameters by employing Olayiwola’s 
Generalized Polynomial Approximation Method (OGPAM) on the equations (7) – (9). We are 

concerned with the nature of the solutions obtained for different values of U  and aD . The 

computation of equations (26) - (28) was done using the MAPLE 2021 version. 
 

Figure 2 shows the temperature history at 08.0,75.0 == yx  for ,8.1,0.1 == YX LeLe

,18,12,0 == aDU  and 24 . After the first oscillation, the graph displays a rapid transition to a steady 

solution. 
 

Figure 3 displays the temperature topography for ,8.1,0.1 == YX LeLe 0,24,18,12 == UDa , no 

sink. The graph reveals oscillation solutions.  
 

We turn now to the effects of U , the convective flow in the x direction. 
 

Figures 4 and 5 show the effects of positive U  for ,8.1,0.1 == YX LeLe 12=aD , for which stable 

solutions exist and are achieved faster when 1=U  than when 0=U .  

 

The effects of the negative U  are shown in Figures 6 and 7. With the choice  ,8.1,0.1 == YX LeLe

18=aD , the solutions are stable (the flame stabilizes) and this stability is achieved faster when 0=U  

than when 1−=U . 
 

Figure 8 shows that when 0=U  and 1=U  steady burning solutions are generated faster than when 

1−=U . 
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Figure 2: Temperature history at 08.0,75.0 == yx  for ,8.1,0.1 == YX LeLe

24,18,12,0 == aDU . 

 

 
Figure 3: Temperature topography for ,8.1,0.1 == YX LeLe 0,24,18,12 == UDa , no sink. 
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Figure 4: Effects of positive U : temperature history at 08.0,0.2,5.1,0.1 == yx  for 

,8.1,0.1 == YX LeLe 12,0 == aDU . 

 
Figure 5: Effects of positive U : temperature history at 08.0,0.2,5.1,0.1 == yx  for 

,8.1,0.1 == YX LeLe 12,1 == aDU . 
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Figure 6: Effects of negative U : temperature history at 08.0,25.1,0.1,75.0 == yx  for 

,8.1,0.1 == YX LeLe 18,0 == aDU . 

 

 
Figure 7: Effects of negative U : temperature history at 08.0,25.1,0.1,75.0 == yx  for 

,8.1,0.1 == YX LeLe 18,1 =−= aDU . 
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Figure 8: Temperature history at 08.0,75.0 == yx  for ,8.1,0.1 == YX LeLe

24,1,0,1 =−= aDU . 

 
 
It is worth pointing out that the effects observed in Figures 2 - 8, are important to guide in controlling 
the flames. 
 

5  Conclusion 
In [6] a universal explanation of edge-flame oscillation is proposed while [4] considered additional 
physical ingredients (convective flow, heat sink). Here, we have established the conditions for the 
existence of a unique solution of the model in [4] and provided the approximate analytical solution. 
The existence of a unique solution to the problem implies that the problem represents a physical 
situation under specific conditions. The simulation results revealed the impact of the model 
parameters and the following conclusion can be drawn: 
 
A reduction in the Damkohler number weakens the 2-D edge flame, eventually extinguishing it. 

The positive speed ( 0U ) with which the flame advances weaken the 2-D edge flame. 

The negative speed ( 0U ) enhanced the 2-D edge flame. 
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Abstract 
The desire of every citizen of a nation is to have overall development. This can only be 
achieved through implementation of government policies and programmes which are off-
shoot of research results. In most cases, persons found on the corridors of power neglect 
results of this research which is the bedrock of development. This paper made use of 
statistical theories and methods to ascertain if the claim in some quarters that the poor 
performance of statistics students in political and social sciences related courses is the cause 
of the political apathy among statisticians which has paved the way for people who have no 
regard or importance of research which is the walk path to sustainable development to 
dominate the political space. An analysis of variance for categorical data (catanova) was used 
in carrying out the test. The statistical findings were based on the result of GST211 (politics, 
peace studies and conflict resolution) course of students of department of statistics, 
computer science and agricultural economics of the Federal University of Lafia, Nasarawa 
state, Nigeria. It was discovered that students of the department of statistics performed 
worst among the three departments that took the course thereby justifying the claim that 
poor performance in political and social science related courses is the cause of political 
apathy among statisticians. The researchers therefore recommend for aggressive 
enlightenment by lecturers of the department of statistics among their students on the need 
to develop high interest in political and social science related courses so as to increase 
political participation of statisticians in order to bring more statistician to the corridor of 
power for the implementation of the research results rather than turning out research results 
that are never implemented. 
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1   Introduction 
The aim of any research is to solve a particular problem either for an individual or for a group of 
people. This therefore means that any research that fails to meet a need is useless. This is the case in 
most African countries particularly Nigeria. Statisticians and scientist in general are on the field 
labouring to find solution to many problems of Nigeria, but this usually ends on the shelves of 
politicians without implementation. Research is the process of arriving at dependable solutions to 
problem through the planned and systematic collection, analysis and interpretation of data (Chikwe 
C.K. et al. 2015). After all these processes of getting research results, they are not implemented. This 
then brings to the fore the question “does it mean that statisticians are not worthy or capable of 
occupying these political positions”? If they are qualified, then what is the major cause of statisticians 
not vying for these political offices where they can better be in position to implement the results of 
this research rather than turning out results that are never implemented? In an attempt to answer these 
questions, some persons linked the cause of this political apathy among statisticians to poor 
performance in political related courses taken during their undergraduate studies due to lack of interest 
and the fact that it is not calculation in nature. In an attempt to ascertain if this claim is true or false, 
the researchers made use of result of the course G.S. T. 211 (politics, peace studies and conflict 
resolution) of students of department of statistics, computer science and agricultural economics of the 
Federal University of Lafia, Nasarawa state, Nigeria for the year 2019/2020 session. 
 

1.1 Aims and objectives of the study 
1. To ascertain if performance is dependent on departments  
2. To justify the claim that political apathy among statistician is linked to undergraduate 

programme 
 

1.2   Nature and scope of study 
There are 21 departments within the faculties of science, computing and agricultural sciences out of 
which statistics being the main department of interest was selected from the faculty of science and 
then, computer science was selected from the faculty of computing and lastly, agricultural economics 
was taken from the faculty of agricultural sciences. At the end of the examination, successful 
candidates are classified into five groups – Distinction(A), Good (B), Credit (C), Fair (D) and Pass 
(E). Similarly, unsuccessful candidates are awarded (F). All findings are based on the analysis of this 
examination results from the selected departments from the various faculties .  
 

2   Literature review 
According to Yusufu A.Y, political apathy manifested itself in the country between 1999 and 2011 in 
the following forms: one, the decline to register; two, the refusal to vote; three, failure to protest 
against rigging and four, failure to assist the security agents with useful information. It was discovered 
that bad governance was responsible for political apathy. 
 
In order to understand political apathy, justice must be done to the term “ Democracy” and its link 
with political apathy. Democracy is popularly conceived as government of the people, for the people 
and by the people (Hassan, 2003). According to Mikailu and Yaqub (Mikailu and Yaqub, 2003), 
“Democratic politics is always everywhere built on certain minimum principles. These principles 
include participation and inclusiveness, responsiveness and accountability, transparency and good 
governance, regular, free and fair elections, freedom and respect for human rights and the observance 
of rule of law. Where these principles are in general observed, one can pronounce a government 
constituted in such a policy as democratic. Thus, from the above, one can see that a democratic 
government ensures participation and inclusiveness and is also responsive and accountable to its 
people. Otherwise, there will be apathy in the political system. What then is political apathy? For the 
purpose of this article, political apathy is the deficiency of love and devotion to a state. It is the 
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indifference on the part of citizens of any state as regards their attitudes towards political activities 
such as elections, public opinions, and civic responsibilities. Political apathy is therefore absence of 
interest in, or concern about, socio-political life. Thus, an apathetic person lacks interest in the social 
and political affairs of his country. The relationship between the Nigerian government and the people 
between 1999 and 2011 is a continuation of what started at independence in 1960. It was based on 
the understanding that the government would provide security, justice, liberty and welfare for the 
people. On the other hand, people would be obedient and discharge their political, economic, social 
and other responsibilities.  
 

3  Methodological framework 
 
The methodological framework for this study is a two-way analysis of variance for categorical data 
(CATANOVA). 
 
A two-way CATANOVA with chi-square tests for interaction 
 
 Consider a two-way experimental situation with a k-dimensional vector of responses { (nijk) K, 
i=1,2,…I, j=1,2,…,J} recorded in frequencies in the (ij)th plot. We assume a multinomial probability 
model, namely 
 

Pr({nijk}k/{πijk} k,nij)=  nij  !/ ∏ {𝑛𝑖𝑗𝑘!}𝑘          (πijk)∏ (𝑘 nijk 

nijk = 0,1,…,nij 
0 ≤  πijk  ≤ 1 

Nij = ∑ 𝑛𝑖𝑗𝑘𝑘       is held fixed 
 

Nijk, ni/ j/ k are independent   Ɐ  i≠ i/. 

 

The hypothesis to be tested are:  

HR: ∏ 𝑖𝑗𝑘 == ∏ 𝑗𝑘 , there is no row effect  

HC: : ∏ 𝑖𝑗𝑘 == ∏ 𝑖𝑘 , there is no column effect  

HRC: : ∏ 𝑖𝑗𝑘 == ∏ 𝑘 , there is no row x column interaction 

The expectation of the sample estimate of : ∏ 𝑖𝑗𝑘  is given by the linear model  

E (∏ 𝑖𝑗𝑘ʌ )   𝛍k + Tik  +  Bjk  +  𝝀ijk, 
 

where 𝛍k, Bjk and 𝝀ijk  assume their usual meaning of constant, row effect, column effect and 
interaction respectively. The hypothesis, HR, HC, and HRC will be seen to be respectively equivalent 
to  

Hi: Tik = 0  Ɐi, HB: Bjk = 0 Ɐj and  𝝀ijk = 0   Ɐi,j. 
 

The parameters  : ∏ 𝑖𝑗𝑘 may be considered fixed or random with probability density  h( ∏ 𝑖𝑗𝑘), over 
[0,1] depending on whether I and J are random or not , C.H. Scheffe (1959). Specially, 

 g( ∏ 𝑖𝑗𝑘) if I and J are random, o≤ ∏ 𝑖𝑗𝑘≤ 1     

   h( ∏ 𝑖𝑗𝑘)  =  g (∏ 𝑗𝑘)  if I is fixed and J random 0≤ ∏ 𝑗𝑘≤ 1 

g(∏ 𝑖𝑘) if I is random and J fixed, 0≤ : ∏ 𝑖𝑘 ≤ 1. 
 
We shall now consider the sum of squares (SS) for {nijk }k. This may be obtained, I.B.  Onukogu 
[1982] also Anderson [1958], as the trace of the sample variance- covariance matrix. That is  
SS(nijk) = Σk var (nijk) 
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Upon further simplification, we have that  
 

TSS = n -  ∑ n2. . k/n𝑘  , as the total sum of squares 

BRSS = n -  ∑ n2i. k/ni𝑖𝑘  , as the between row sum of squares  

BCSS = n -  ∑ n2. jk/nj𝑗𝑘  , as the between column sum of squares  

WUSS = n - ∑ n2ijk/nij𝑖𝑗𝑘 , as the within unit sum of squares , 

 
where  

N = ∑ ni𝑖      =  ∑ nj𝑗    ∑ ni𝑖𝑗 j       

RSS = TSS – BRSS =  ∑ n2i. k/ni𝑘    -    ∑ n2. . k/n𝑘  

CSS = TSS – BCSS =   = n -  ∑ n2. jk/nj𝑗𝑘     -    ∑ n2. . k/n𝑘  

NSS = BRSS + BCSS – TSS – WUSS  

       = n - ∑ n2ijk/nij𝑖𝑗𝑘     -   ∑ n2i. k/ni𝑖𝑘   -  ∑ n2. jk/nj𝑗𝑘     +   ∑ n2. . k/n𝑘 . 
 
 We may reject HR, HC and HRC respectively at specified ά-level of error if  
χ2

R    ≥  χ2
(ά) (I-1)(J-1)(K-1) 

where  
χ2

R    =   (K-1)(n-1)RSS/ TSS 
χ2

C     = (K-1)(n-1)css/TSS 
χ2

NT  =  (K-1)(n-1)NSS/TSS 
 

3.1 Materials and methods 
Below is the data layout for a two – way analysis of variance for categorical data (CATANOVA). 
 
Table 1:  Data layout for two way CATANAVO 

 DEPARTM
ENTS 
 

COMPUTER SCIENCE  AGRIC 
ECONOMICS 

 STATISTICS  

 
 
i 

responses A B C D E F T A B C D E F T A B C D E F T 

Males n111 n112 n113 n114 n115 n116 n11. n121 n122 n123 n124 n125 n126 n12. n131 n132 n133 n134 n135 n136 n13. 

Females n211 n212 n213 n214 n215 n216 n21. n221 n22
2 

n22
3 

n22
4 

n22
5 

n22
6 

n22. n231 n232 n233 n234 n235 n236 n23. 

n.jk n.11 n.12 n.13 n.14 n.15 n.16 n.1. n.21 n.22 n.23 n.24 n.25 n.26 n.2. n.31 n.32 n.33 n.34 n.35 n.36 n.3. 

 
 
 
Table 2: Two – way catanova test on performance of male and female students result of G.S. T. 211 
(Politics,peace studies and conflict resolution) course of students of department of statistics, computer 
science and agricultural economics of the Federal University of Lafia, Nasarawa state, Nigeria for the 
year 2021. DEPARTMENTS 
 

 Computer science   Agric. Econs  Statistics T        

sex A B C D E F ni1. A B C D E F ni2. A B C D E F ni3. ni.k      ni.. 

male 139 62 58 10 55 83 407 71 75 45 24 36 52 303 107 52 53 5 45 75 337 317 189 156 39 136 210 1047 

female 80 51 48 11 50 85 325 39 48 29 37 39 51 243 43 20 26 6 30 64 189 162 119 103 54 119 200 757 

Total  219 113 106 21 105 168 732 110 123 74 61 75 103 546 150 72 79 11 75 139 526 479 308 259 93 255 410 1804 
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Total sum of squares (TSS)  = n  -      ∑ 𝑛2. . 𝑘/𝑛𝑘    
  =  1804  -  (4792  + 3082  + 2592  + 932  + 2552  +4102)/ 1804  
         =  1804 – 633160/1804 
  =  1804 – 350.9756 
 TSS = 1453.0244. 
 

Between sex sum of squares (BSSS) =  n -   ∑ 𝑛2𝑖. 𝑘/𝑛𝑖𝑘 𝑖   
             = 1804 – (3172  +  1892  +1562  +392  +1362  +2102)/1047  + (1622  +1192  +1032  
+542  +1192  +2002) / 757    
  = 1804  -  (214.5778 + 142.7886) 
  =  1804  -  357.3664 
 BRSS = 1446.6336. 
 

Between departments sum of squares(BDSS) = n - ∑ 𝑛2. 𝑗𝑘/𝑛𝑗𝑗𝑘    

  =  1804  -  (2192  +1132 + 1062 + 212 +1052  +1682)/ 732  +  (1102 + 1232 +742 +112  
+ 752  + 1392)/526   
  = 1804  -  (152.5355 + 96.4469 + 112.1521) 
  = 1804  - 361.1345 
 BDSS = 1442.8655. 
 
Row sum of squares (RSS) = TSS – BDSS  
      = 1453.0244 – 1446.6336 
     = 6.3908 
  RSS = 6.3908. 
 
Column sum of squares (CSS) = TSS – BDSS 
     = 1453.0244  -  1442.8655 
     = 10.1588. 
Table 3: Catanova table 

Source of variance Degree  of freedom Sum of squares 

Row or factor levels or sexes 1 6.3908 

Departments 2 10.1588 

Sex x departments 10 1.3334 

Residual  1790 1435.1414 

Total  1803 1453.0244 

 
Ho: Performance is independent on the departments. 
H1: Performance is dependent on the departments  
 
The test statistic =  χ2 

cal  = k – 1(n-1)CSS/ TSS 
 = (6-1)1804 – 1) 10.1588/  1453.0244 
=  63.0282, 
 χ2

 tab  =  χ2 (0.05)
(J-1)(K-1)   =    χ2 (0.05) 

(3-1)(6-1)  = 18.307. 
 
Decision Rule: Reject Ho if  χ2 

cal 
 is greater than  χ2 

tab
 

Conclusion:  
Since  χ2 

cal   = 63.0283 > χ2
 tab   = 18.307, we reject Ho and conclude that performance depends on the 

departments. 
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To determine which of the departments perform best, we compute the proportions of students that 
passed and failed in each department as follows:  
 
Proportion of pupils in computer science that passed is  
P Computer science passed = nComp science pass/ Ncomp    0.77. 
 
Proportion of students in computer science that failed is  
Pcomputer science failed = nComp Science failed/Ncomp = 168/732 = 0.23. 
 
Proportion of students in Agric Economics that passed is  
PAgric Econ passed = nAgric Econs passed/NAgric Econs = 443/546 = 0.81. 
 
Proportion of students that failed in Agric Econs department is  
PAgric Econ failed = nAgric Econs failed/NAgric Econs = 103/546 = 0.19. 
 
Proportion of students in Statistics department that passed is  
PStat passed = nStatpassed/NStat = 387/526 = 0.74. 
 
Proportion of students in Statistics department that failed is  
PStatfailed = nStatfailed/NStat = 139/526 = 0.26. 
 
The proportions of students that passed in each department in the decreasing order is as follows:  
Agric Econs   =  0.81. 
Computer Science =   0.77. 
Statistics  = 0.74. 
 
Similarly, the proportion of pupils that failed in each department in the increasing order is as follows:  
Agric Econs   = 0.19. 
Computer Science =  0.23. 
Statistics   = 0.26. 
 

4   Conclusion 
From the foregoing, it shows that performance depends on the departments. This means that 
performance of any chosen student depends on which department the student comes from. From the 
result obtained, students from Agric Economics performed better than the other two departments 
with the department of statistics having the poorest. It goes to mean that the political apathy among 
statisticians which has lead to non active participation in political activities is linked to poor 
performance in political related courses taken during the school. Therefore, efforts should be made 
to identify the cause of this failure from this early stage. 
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The spread of covid-19 disease and the health of 
Nigeria 
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Abstract 

COVID-19 is a major cause of death till date, claiming many lives in Nigeria and around the 
world. Nigeria was classified as one of the countries in Africa that had COVID-19 disease 
in 2020.  February 27,2020, was when the first confirmed case of the novel coronavirus was 
reported in Nigeria. This was another terrible time when the health of Nigerians was under 
another serious attack apart from corruption and other economic challenges facing the 
country. In this study, Mathematical models are the major tools used for studying the 
transmission dynamics of covid-19. In this journal, we are considering a model on the spread 
of covid-19 disease and the health of Nigeria and analysed. the equilibrium states of the 
model which are the disease-free equilibrium states and the endemic equilibrium states were 
obtained and based on the Routh-Hurwitz criterion, the eigenvalues model equations have 
negative real parts, that is if and only if all the eigenvalues are negative, then the condition 
for stability is satisfied. 

  
 
Keywords: COVID-19; spread; disease; health; Nigeria  
 

1   Introduction 
COVID-19 is an infectious disease caused by the SARS-CoV-2 virus. People who are infected with 
COVID-19 will experience some symptoms and recover without special treatment attention 
depending on their level of immunity. People with mild symptoms who are healthy can manage their 
symptoms at home [11].  
 
      However, some who become seriously ill require some medical treatment. The virus can spread 
from an infected person’s mouth or nose in small liquid particles when they cough, sneeze, speak, sing 
or breathe. These particles range from larger respiratory droplets to smaller aerosols. You can be 
infected by breathing in the virus if you are near someone who has COVID-19, or by touching a 
contaminated surface and then your eyes, nose or mouth. The virus spreads more easily indoors and 
in crowded settings [14]. 
 
     Nigeria was classified as one of the countries in Africa that had Covid-19 disease in 2020 [8].  
Meanwhile, February 27, 2020, was when the first confirmed case of the novel coronavirus was 
reported in Nigeria. It was the case of a 44-yearold Italian citizen who arrived the Murtala Muhammed 
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international Airport, Lagos at 10pm on January 24, 2020 aboard Turkish airline from Milan, Italy and 
proceeded to his company on February 25, 2020 and was presented at the staff clinic in Ogun state on 
February 26, 2020 and to Lagos because he was suspected with high index by the Managing Physician 
who later referred and him to the IDH Lagos on 27, 2020 where he was confirmed to have the disease 
[6]. Since then, the Federal Government has put in place several measures through the Presidential 
Task Force (PTF-COVID-19) working with the Federal Ministry of Health to curtail the spread and 
protect the health of Nigerians [8]. From 25th -29th June 2022, 332 new confirmed cases were recorded 
in Nigeria. Till date, 257290 cases have been confirmed, 250229 cases have been discharged and 3,144 
deaths have been recorded in 36 states and the Federal Capital Territory. The 332 new cases are 
reported from 6 States- Lagos (251), Rivers (50), FCT (21), Kano (7), Delta (2) and Oyo (1) [9]. From 
10th to 12th September 2022, 167 new confirmed cases and 1 death was recorded in Nigeria. To date, 
264,617 cases have been confirmed, 257,880 cases have been discharged and 3,155 deaths have been 
recorded in 36 states and the Federal Capital Territory [9]. The 167 new cases are reported from 10 
States-Edo (84), Lagos (55), Rivers (11), Kano (5), Cross River (4), Adamawa (3), Delta (2), Ekiti (1), 
FCT (1) and Kaduna (1). A multi-sectoral national emergency operations center (EOC), activated at 
Level 2, continues to coordinate the national response activities [9].  
 
      Researchers and Scientists have laboured tirelessly to bring some solutions and controls which 
include the use of facemask, lockdown and other measures employed to curb the COVID-19 rapid 
spread in Nigeria and around the world.  
 
      Mathematical models which help to gain a better insight into real life situations like this COVID-
19, have been developed to study the transmission and control of the disease both in Nigeria and 
around the world by some researchers [4].  Some researchers who have done some major work on the 
transmission dynamics of COVID-9 Disease to mention but a few among them:  Calistus et al. (2020), 
in their study, “Mathematical assessment of the impact of non-pharmaceutical interventions on 
curtailing the 2019 novel Coronavirus emphasized the important of social-distancing in curtailing the 
burden of COVID-19. Also, they found out that an increase in the adherence level of social-distancing 
protocols, which resulted in dramatic reduction of the burden of the pandemic, and the timely 
implementation of social-distancing measures in numerous states of the US, which may have averted 
a catastrophic outcome with respect to the burden of COVID-19. Using face-masks in public 
(including the low efficacy cloth masks) is very useful in minimizing community transmission and 
burden of COVID-19, provided their coverage level is high. The masks coverage needed to eliminate 
COVID-19 decreases if the masks-based intervention is combined with the strict social-distancing 
strategy [5]. Abba et al (2021) in their journal “A primer on using mathematical COVID-19 
dynamics:  Modeling, analysis and simulations for understanding the dynamics of COVID-19 
[2].  
  
The pandemic has a high mortality rate and currently endemic around the world, having claimed 
thousands of lives here in Nigeria and other countries [13].  Manuel (2020) in his study, “Modeling 
behavioural change and COVID-19 containment in Mexico: A trade-off between lockdown and 
compliance” fitted his model to the available data. The initial phase of the epidemic, from February 
17th to March 23rd, 2020, is used to estimate the contact rates, infectious periods and mortality rate 
using both confirmed cases (by date of symptoms initiation), and daily mortality. Data on deaths after 
March 23rd, 2020 is used to estimate the mortality rate after the mitigation measures are implemented 
[7]. Adesoye and Ilyas, on "mathematical model of COVID-19 in Nigeria with optimal control” says 
that   PTF, NCDC, and FMOH can use facemask, hand sanitizers along with social distancing to 
control the disease [12]. 
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2   Model formulation 
A mathematical modelling for the transmission dynamics of COVID-19 disease and the health of 
Nigeria is considered and formulated in this work. The population is divided into five (5) 

compartments, namely:  Susceptible S(t), Latent L(t), Infected I(t), Quarantined Q(t) Recovered R(t).  
 
The Total population is  
 

N(t) = S(t) + L(t) + I(t) + Q(t)
+ R(t)                                                                                                        (2.1) 

 
This is the schematic diagram describing the model (3.1) - (3.5) below: 
 
        
         ∧ 
 
 
  

                                       𝜃                                                     𝜌                                                              

 

 

                                                                                    𝑞 
 
                                                                                    𝜏    
     𝜇                                                                                                                                                           𝜇 
 
 
 
 
Figure 2.1: Schematic diagram of Covid-19 transmission dynamics model. 
 
 
The following assumptions were made to formulate the model: 
 

• The mixing of people is homogeneous, meaning that all individuals have 
            equal chance of getting infected if they come in adequate contact with infectious  
            individuals. 

• Those in S(t) get infected through contact with I(t). 

• L(t) are infected but not yet infectious, since they get infectious, only when they are 
symptomatic. 

• The isolation of I(t) into Q(t) cause the spread of covid-19 to be very low at a treatment 

rate τ. 

• δ < σ  due to the treatment of Q(t) at the rate τ . 

 
 

    

𝑆(𝑡)                                     

  

 

𝐿(𝑡) 

𝐿(𝑡) 

𝑄(𝑡) 
𝑅(𝑡) 
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2.1 Variables and parameter of the model  
 
The variables are defined as follows: 
 
Table 1:  Variables 

S/N VARIABLE DESCRIPTION 

1. S(t) Susceptible class at time t 

2. .        L(t) Exposed class at time t 

3. I(t) Infectious class at time t 

4. Q(t) Quarantined class at time t 

5.       R(t) Recovered class at time t 

 
The Parameters are defined as follows: 
 
TABLE 2: Parameters 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
 

3 Model equations 
From the schematic diagram 2.1, the model equations (3.1) – (3.5) are given below 
 
dS(t)

dt
=  ∧ −

θI(t)S(t)(1−f)

N
− μS(t) + fS(t)          (3.1) 

 
dL(t)

dt
= 

θI(t)S(t)(1−f)

N
− (ρ + μ − f)L(t)        (3.2) 

 
dI(t)

dt
= ρL(t) − (q + μ + δ)I(t)                (3.3) 

dQ(t)

dt
= qI(t) − (τ + μ − f + σ )Q(t)                 (3.4) 

 
dR(t)

dt
= (τ + f)Q(t) − μR(t)                                                            (3.5) 

 
dN(t)

dt
= (f + μ)S(t) + (f − μ)L(t) − (μ + δ)I − (σ + μ)Q(t) + μR(t)   (3.6) 

  
 

S/N Parameter Definition 

1 ∧ birth rate 

2 μ death rate 

3 δ disease induced death rate of  I(t) 

4 σ disease induced death rate of Q(t) 

5 θ(1 − f) effective contact rate between I(t) 
and S(t) 

6 p progression rate from L(t) to I(t) 
7 q 

rate of quarantine 

8 τ treatment rate 

9 f rate of facemask prevention for 
covid-19 
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3.1   Positivity of solutions 
 

The model (3.1) to (3.6) is epidemiologically and mathematically well posed in the domain Ω with 
the initial conditions. 

Let Ω = (S,  L, I,  Q,  R) ∈ R5       (3.7)  

S + L + I + Q + R ≤ N 
 
3.1.1 Properties of the Model  
To analyze the model (3.1) to (3.6) we consider the following theorem 
 

Theorem 1: The solutions of the model equations (3.1) to (3.6) are positive for all time t ≥ 0 
provided that the initial conditions are positive.  
 
Proof:  
Employing the given assumptions, that all initial conditions are positive, i.e. 

S(0) > 0,  L(0) > 0,  I(0) > 0,  Q(0) > 0,  R(0) >
0.                                                                                                                                                (3.8)  
 
 We have by contradiction that the solutions of (3.1) to (3.5) are positive if we assume for a 
contradiction that there exists first time,   

t1: S(t1) = 0 
 and S(t) > 0,  L(t) > 0,  I(t) > 0,  Q(t) > 0,  R(t) > 0                                    (3.9) 

0 < t < t1 
or there exists                  

t2: L(t2) = 0 

andS(t) > 0,  L(t) > 0,  I(t) > 0,  Q(t) > 0,  R(t) > 0               (3.10) 

0 < t < t2 
or there exists 

t3: I(t3) = 0
 

 andS(t) > 0,  L(t) > 0,  I(t) > 0,  Q(t) > 0,  R(t) > 0               (3.11) 

0 < t < t3 
or there exists 

t4: Q(t4) = 0 
 andS(t) > 0,  L(t) > 0,  I1(t) > 0,  Q(t) > 0,  R(t) > 0,  I2(t) > 0  (3.12) 

0 < t < t4 
or there exists 

t5: R(t5) = 0 

and   S(t) > 0,  L(t) > 0,  I(t) > 0,  Q(t) > 0,  R(t) > 0              (3.13) 

0 < t < t5 
 
or there exists 

t6: I(t6) = 0 

and S(t) > 0,  L(t) > 0,  I(t) > 0,  Q(t) > 0,  R(t) > 0              (3.14) 

0 < t < t6 
Now, in the case where 

                   (3.15) 
gives, 

0)( =tS
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dS(t1)

dt
= lim

t=t1

S(t1)−S(t)

t1−t
< 0         (3.16)  

 
and similarly, gives   
 
dL(t2)

dt
< 0,  

dI(t3)

dt
< 0,  

dQ(t4)

dt
< 0,  

dR(t5)

dt
< 0                            (3.17) 

 
However, from equations (3.1) to (3.5) gives, 
 
dS(t1)

dt
= ∧ −

θI(t)S(t)(1−f)

N
− μS(t) > 0                                                          (3.18) 

i.e.  

Si(t1) = ∧  > 0                                (3.19) 
 

which contradicts (3.17). Therefore,  S(t1) ≠ 0, and Swill remain positive for all t. 
 
Similarly, for the remaining variables gives 
 

Li(t2) =
θI(t)S(t)(1−f)

N
+ βL(t) > 0

                                       (3.20) 

Ii(t3) = ρL > 0                   (3.21)  

Qi(t4) = qI > 0                   (3.22)   

Ri(t5) = (τ + f)Q > 0                             (3.23)  

Ii = ρL(t) − (q + μ + δ)I(t)   > 0.
                 

(3.24) 

 

These are contradictions of what was supposed for each of the variables, meaning that L(t2) ≠ 0, 
, Q(t4) ≠ 0, R(t5) ≠ 0, and I(t6) ≠ 0. Hence, S, L, I, Q, R and remain positive for all t . By this, 

it is showed that all the solutions of (3.1) to (3.6) are inR5, provided that the initial conditions are 
positive. Thus the feasible region is positively- invariant. It is hence, sufficient to consider the 

dynamics of the model (3.1) to (3.6) in the region Ω. 
 

3.2   Boundedness of solution  
The model (3.1) to (3.8) is epidemiologically and mathematically well posed in the domain   with 
the initial conditions. 
 

Let Ω = (S,  L,  I,  Q,  R,  D) ∈ R5      
   

S ≥ 0,  L ≥ 0,  I ≥ 0,  Q ≥ 0,  R ≥ 0,  D ≥ 0,   

S + L + I + Q + R ≤ N.  
 

Theorem 2: All solutions(S(t), L(t), I(t), R(t), Q(t) of Model are bounded 
 
Proof: Model 1  
From the five populations we obtain  
 

.
d(S+L+I+Q+R)

dt
 = ∧ −(f + μ)S(t) + (f − μ)L(t) − (μ + δ)I − (σ + μ)Q(t) + (f + μ)R(t)  
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.
d(S+L+I+Q+R)

dt
=∧ −(S + L + R)f + (S + L + I + R)μ − δI − σQ(t)   

≤ ∧ −μ(S + L + I + R). 
 

Then lim
t→∞

(S + L + I + R) ≤
∧

μ
.                      

 

3.3   Existence of Equilibrium States 𝐄 
Let E(S(t), L(t), I(t), R(t), Q(t)) be the equilibrium states of the model system.  
At equilibrium state, the rate of change of each variable is equal to zero.  

i.e.
dS

dt
=

dL

dt
=

dI1

dt
=

dQ

dt
=

dR

dt
= 0.                                             (3.25) 

 
Let  
 

(S(t), L(t), I (t), Q(t), R(t)) = (v,w, x, y, z),                                             (3.26) 

N(t) = n                                      (3.27) 
where     

n = v + w + x + y + z.                         (3.28)
    
Hence, equations (3.1) to (3.8) become 
 

∧ −
θvx(1 − f)

n
− μv + fv = 0 ,                                                                                                 (3.29) 

 

θvx(1 − f)

n
− (ρ + μ − f)w = 0,                                                                                                (3.30) 

 

ρw − (q + μ + δ)x = 0,                                                                                                               (3.31) 
 

qx − (τ + μ + σ − f)y = 0 ,                                                                                                         (3.32) 
 
 

(τ + f)y − μz = 0.                                                                                                                          (3.33)  
  
 
The equilibrium states are then obtained by solving equations (3.30) to (3.36). 
 

3.3.1 Disease-Free Equilibrium 𝐄𝟎 

At the disease free equilibrium state E0, there is absence of infection, thus the infected classes are 
zero. The whole population comprise of the susceptible class and so we have 

v =
Λ

μ
                                                                                                                                                  (3.32)   

 
Adding equations (3.7) and (3.8)  gives  

w =
Λ

ρ−μ
.                               (3.33) 

 
Hence all other variables, x, y and z, are given below as: 
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x =
Λρ

(ρ−μ)(q+μ+δ)
,         (3.34)

 (3.34) 
 

y =
q Λρ

(ρ−μ)(q+μ+σ)(τ+μ+σ)
,                                                                                            (3.35) 

 

z =
τq Λρ

μ(ρ−μ)(q+μ+σ)(τ+μ+σ
.        (3.36) 

 
 
Therefore, the disease-free equilibrium (DFE) state is given by: 
 

E0 = (v,w, x, y, z) = (
Λ 

μ
, 0,0,0,0).

                                                                         (3.37) 

3.3.2 Endemic Equilibrium State 

From equations (3.32) to (3.36), we have the endemic equilibrium states of the model. 

 

The endemic Equilibrium is given by  

E1 = (v,w, x, y, z) =

(
Λ 

μ
,

Λ

ρ−μ
  ,

Λρ

(ρ−μ)(q+μ+δ)
,

q Λρ

(ρ−μ)(q+μ+σ)(τ+μ+σ)
,

τq Λρ

μ(ρ−μ)(q+μ+σ)(τ+μ+σ
)                              (3.38) 

 

3.3.3 Stability Analysis  
From  (3.1) to (3.5) we obtained the Jacobian matrix given by,  
 

𝐉 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 −𝛍 − 𝛉𝐱(𝟏−𝐟)

𝐧

𝟎 𝛉𝐯(𝟏−𝐟)

𝐧

𝟎 𝟎  

𝛉𝐱(𝟏−𝐟)

𝐧

−(𝛒 − 𝛍)
𝛉𝐯(𝟏−𝐟)

𝐧
𝟎 𝟎

𝟎 𝛒 −(𝐪 + 𝛍 + 𝛔) 𝟎 𝟎

𝟎 𝟎 𝐪 −(𝛕 + 𝛍 + 𝛔) 𝟎

𝟎 𝟎 𝟎 𝛕 −𝛍

]
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   = 0            (3.39) 

 



                                                International Journal of Mathematical Analysis and Modelling 

                                                                       Volume 5, Issue 4, November 2022, Pages 79 – 88 
 

87                                                  IJMAM, Vol. 5, Issue 4 (2022) ©NSMB; www.tnsmb.org 

                             (Formerly Journal of the Nigerian Society for Mathematical Biology)  
 
 

 
 
 
 
 

3.3.2 Local stability of Disease-Free Equilibrium 𝐄𝟎 
We used the Jacobian stability technique of determining the local stability of the system. Consider the 

Jacobian matrix of (3.39). At disease free equilibrium, E0 is given by: 
 
 

𝐉 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 −𝛍 𝟎 𝛉𝐯(𝟏−𝐟)

𝐧

𝟎 𝟎  

𝛉𝐱(𝟏−𝐟)

𝐧

−(𝛒 − 𝛍)
𝛉𝐯(𝟏−𝐟)

𝐧
𝟎 𝟎

𝟎 𝛒 −(𝐪 + 𝛍 + 𝛔) 𝟎 𝟎

𝟎 𝟎 𝐪 −(𝛕 + 𝛍 + 𝛔) 𝟎

𝟎 𝟎 𝟎 𝛕 −𝛍

]
 
 
 
 
 
 
 
 
 
 
 
 
 
 

   = 0 (3.39) 

 
 
    
Thus from (3.39), the eigenvalues are given by  
 

λ = −μ < 0         (3.40) 

λ = −(ρ − μ) < 0        (3.42) 

λ = −(q + μ + σ) < 0         (3.43)  

λ = −(τ + μ + σ)< 0        (3.44) 

λ = −μ< 0.         (3.45)  
 

4  Result  
The condition for stability using the Routh Hauwitz criteria is that λi where i = 1,2,3,4,5 negative 
real parts. Therefore from (3.41) to (3.45), 
 

 λ1 is negative if λ1 = −μ < 0 

λ2 is negative if λ2 = −(ρ − μ) < 0 implies that  μ < ρ 

λ3 is negative since λ3 − (q + μ + σ) < 0 which implies that μ + σ < q  

λ4 is negative since λ4 = −(τ + μ + σ)< 0 which implies that τ >  μ + σ 

λ5  is negative since   λ5 = −μ < 0    
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4.2    Discussion of result  
τ >  μ + σ implies that the inequality (3.44) holds and so the condition for stability of the disease free 

equilibrium state is locally asymptotically stable, which means that the treatment rate τ,  is greater than 

the natural death rate μ and the disease induced death rate [1].  
 

4.3   Conclusion   
Covid-19 epidemic has shown that in the absence of a strong public health care delivery system, 
millions of lives even a rare disease can risk the lives of millions of people. The crux of this 
epidemic is that a large scale and coordinated international response is the need of the hour to 
support Nigerians and all who are at-risk, the need for the nation to intensify her response activities 
and strengthen  national capacities. 
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Abstract 
In this paper, we proposed a new class of prior distribution, the Mollified Functional Data 
Informative Prior using the convolution of standard scaled mollified functional and 
sampling distribution of the data. We also show that the MFDIP possesses the invariance 
property to reparameterization and apply the MFDIP to derive the prior for exponential 
probability distribution. 

 
Keywords: mollifier; mfdip; invariance property; prior probability distribution; parametric  
                  functions  
 

1   Introduction 
     Bayes introduced the notion of inverse probability in doctrine of chances and Laplace did further 
extensive work. The basic idea in both of their work is that, when there is no prior specified in 
advance, the uniform prior is use as the prior distribution, but uniform prior has limitations, one of 
them, is that it does not possess the property of invariance to reparameterization. Kass and 
Wasserman [1] discussed formal rules of constructing prior distribution, and reference priors [2].  
 
     Non-informative prior is formulated in [3], [4].  Structural rules for determining prior distribution 
as a standard of reference is considered in [5], these rules, use the case when the parameter space is 
compact. Several modifications were done to this scheme and later, justified the method by looking 
at the invariance property of the prior under reparameterization. A frequentist approach for 
constructing prior was discussed in [6] as second order probability matching priors, probability 
matching equation for parametric function [7], is based on a differential equation that a prior must 

satisfy if the posterior density is one-sided and the frequentist equalize up to  𝑂(𝑛−1). Analytic 
results for Maximal Data Informative Prior (MDIP) densities are described [8], [9], [10], [11], 
formally adopting calculus of variation. The Summary of past and recent results relating MDIP 
densities and extensions are found in [12], [13] and an application of MDIP on two-parameter 
Gamma distribution [14]. [15] Estimate quadratic function of multivariate normal mean and 
identified the drawbacks of some alternative Bayesian Non-informative priors. The aim of this paper 
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is to propose a new class prior called mollified functional prior for one-dimensional parametric 
functions. 
                                                           

 
2   Mollifier 
A mollifier is a family of functions 𝜙𝒹, or non-negative function satisfying the following conditions  

 𝜙𝒹(𝜃) ≥ 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝜃 ∈ ℝ𝑛, for all 𝒹 > 0 

 𝜙 ∈ Cc
∞(ℝ𝑛) 

‖𝜙‖1 = 1 or ∫  𝜙𝒹(𝜃)𝑑𝑛 𝜃 = 1. 
 
A standard mollifier, is given by the function 
 

𝜙(𝜃) = 𝐾𝜐𝜓(1 − ‖𝜃‖2) = {

0, 𝑓𝑜𝑟 ‖𝜃‖ ≥ 1

𝐾𝜎exp (−
1

1 − ‖𝜃‖2
) , 𝑓𝑜𝑟  ‖𝜃‖ < 1

                (1) 

 

𝐾𝜐 is define such that the integral is normalized. The function can be generalized to multi-

dimensional case but we will stick to one-dimension. The function 𝜙(𝜃) is smooth, when we use 
substitution and differentiate the function. We will scale the mollifier using the function 

𝜙𝒹(𝜃) =
1

𝒹𝑣
𝜙 (

𝜃

𝒹
).                                                                (2) 

 

The function in (2) is such a case where the mass is preserved  ‖𝜙‖1 = 1 , and concentrate more 
around the origin like Dirac delta function, where the density is zero everywhere except at point 

zero, then is an approximate identity. We normalized the mollifier over the region ℝ𝑣 to get 
 

∫ 𝜙𝒹(𝜃)𝑑𝜃 = ∫
1

𝒹𝑣
𝜙 (

𝜃

𝒹
) 𝑑𝜃 = ∫ 𝜙(𝑦)𝑑𝑦 = 1.                               (3) 

 
 

3   Convolution of function by mollifiers 
 

Given a smooth function 𝑓, the convolution of 𝑓 by the mollifier 𝜙𝒹(𝜃) is 
 

𝑓𝒹(𝜃) = (𝑓 ∗ 𝜙𝒹)(𝜃) = ∫ 𝑓(𝜃 − 𝑢)𝜙𝒹(𝑢)𝑑𝑢 = ∫ 𝑓(𝑢)𝜙𝒹(𝜃 − 𝑢)𝑑𝑢,              (4) 

 

𝑓𝒹(𝜃) , is a weighted smoothed average over all the values of, 𝑓 in the ball 𝐵𝑑(𝜃)  of radius 𝑑 and 

center 𝜃. We illustrate this using the function 
 

𝜓𝑑(𝜃) = 𝑎(𝐵1(0))
−1

𝜒𝐵1(0)(𝜃),                                                         (5) 

 

𝜓𝑑 , satisfies similar properties as 𝜙𝒹 except it is not smooth. We define   
 

𝜓𝒹(𝜃) =
1

𝒹𝑣
𝜓 (

𝜃

𝒹
).                                                                     (6) 
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The convolution  
 

(𝑓 ∗ 𝜓𝒹)(𝜃) = ∫ 𝑓(𝑢)𝜓𝒹(𝜃 − 𝑢)𝑑𝑢 = 𝑎(B1(0))
−1

∫ 𝑓(𝑢)𝑑𝑢,                       (7) 

 

is the average value of 𝑓 over the ball B𝑑(𝜃) of radius d and center  𝜃, since 𝜙𝒹 ≥ 0 and has 

integral one over  B𝑑(𝜃) . We can consider  (𝑓 ∗ 𝜓𝒹)(𝜃) to be weighted average of 𝑓 over B𝑑(𝜃). 
      

4   New class of mollified functional priors 
 
In constructing this new class of prior density, we consider a prior that will have the property of 
invariance and reflect the frequentist density function. First, we will use the standard mollifier  
 

𝜙(𝜃) = 𝐾𝜐𝜓(1 − ‖𝜃‖2) = 𝐾𝜎exp (−
1

1 − ‖𝜃‖2
) , 𝑓𝑜𝑟  ‖𝜃‖ < 1,                (8) 

 
and we scale (8) with (2) to get 
 

𝜙𝑑(𝜃) =
1

𝑑𝑣
𝑘𝜎𝜓 (1 − ‖(

𝜃

𝑑
)

2

‖) , 𝑓𝑜𝑟  ‖𝜃‖ < 1.                                 (9) 

 
Our prior is a function of the Fisher information since is sensitive to parameter changes. 
 

We define 𝑑 = 𝐼(𝜃) and equation (9) becomes 
 

𝜙𝑑(𝜃) =
1

|𝐼(𝜃)|𝑣
𝑘𝜎𝜓 (1 − ‖{

θ

Ι(𝜃)
}

2

‖) , 𝑓𝑜𝑟  ‖𝜃‖ < 1, 𝑣 = 1,2,3, … , 𝑛        (10) 

                                                                                               
where  𝑣 , is the dimension for the parameter of the distribution and for one-dimensional parameter 

𝑣 = 1 and when two 𝑣 = 2 etc. hence, the function 
 

𝜓 (1 − ‖(
θ

|I(θ)|
)

2

‖) = exp {−
Ι(𝜃)

[Ι(𝜃)]2 − ‖θ‖2
}.                               (11) 

 
Substituting in (10) we have 
 

𝜙𝑑(𝜃) =
1

|𝐼(𝜃)|𝑣
𝑘𝜎exp {−

Ι(𝜃)

[Ι(𝜃)]2 − ‖θ‖2
}.                                             (12) 

 
Theorem 1 

A density function 𝜙𝑑 , (mollifier) with zero mass everywhere except at point zero, and given a 

smooth function 𝑓, without changing the properties of the function, the convolution is the average 
of the mollifier and the density function. 
 
Proof 
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Using equation (7) an𝑑  𝜓𝑑(𝜃) = 𝑎(𝐵1(0))
−1

𝜒𝐵1(0)(𝜃), where 𝜒𝐵1(0)(𝜃) is the characteristic 

function, the convolution 
  

(𝑓 ∗ 𝜓𝒹)(𝜃) = ∫ 𝑓(𝑢)𝜓𝒹(𝜃 − 𝑢)𝑑𝑢 = 𝑎(B1(0))
−1

∫ 𝑓(𝑢)𝑑𝑢.               (13) 

 

Using the ball with radius 1 at the center 0, we get the relation 𝑎(B1(0))
−1

∫ 𝑓(𝑢)𝑑𝑢 =1, over a 

region  ℝ . The normalization is because of area of the ball   𝜓𝑑(𝜃).   
 
 
Theorem 2 

Suppose we have a data model that follows an exponential density function  𝜓(𝑥|𝜃). Under this 
condition, the prior distribution Mollified Functional Data Informative (MFDIP) Prior denoted by 

𝜙𝑑(𝜃) for the parameter θ, is given by 
 

𝜙𝑑 =
𝜃2

𝑛
𝑘𝜎 exp (−

𝑛

𝑛2 − 𝜃4
) ,           𝜃4 <  𝑛2.                           (14) 

 
Proof  
For the proof, we will make use of equation (12) Firstly, we have to evaluate the Fishers Information  

Ι(𝜃)  for the exponential density, which is obtained after some algebra 
 

𝑑2

𝑑𝜃2
ln 𝐿[𝜓(𝑥|𝜃)] = −

𝑛

𝜃2
.                                                      (15) 

 
The Fisher information after substitution becomes  
 

Ι(𝜃) = −𝐸 (
𝑑2

𝑑𝜃2
ln 𝐿[𝜓(𝑥|𝜃)]) =

𝑛

𝜃2
.                                                (16) 

 
 

Substituting (16) in (12) the MFDIP for the parameter 𝜃 is given by 
 

𝜙𝑑 =
𝜃2

𝑛
[𝑘𝜎𝑒𝑥𝑝 {−

𝑛

𝑛2 − 𝜃4
}].                                                         (17) 

 
 

5  Invariance property of MFDIP 
 
Proposition  
 

Consider the Mollified Functional Data Informative Prior (MFDIP) 𝜙𝑑 with parameter θ. Let the 

function η = ℎ(𝜃) be a smooth reparameterization, the prior density 𝜙𝑑 is invariant to change of 
scale defined as 
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𝜙𝑑(𝜂) =
1

|𝐼(𝜂)|𝑣
|
𝜕𝜃(𝜂)

𝜕𝜂
| 𝑘𝜎exp {−

Ι(𝜂)

[Ι(𝜂)]2 − (ℎ−1(𝜂))2
}.                      (18) 

Proof 
 

Let 𝜂 = ℎ(𝜃) be the smooth reparameterization. We determine the inverse of function for 𝜃  and 

the Jacobian of the transformation, we obtain  𝜃 = ℎ−1(𝜂) , and the Jacobian is  

𝒥(𝜃) = |
𝜕𝜃(𝜂)

𝜕𝜂
|. 

 
Since we are able to obtain the Jacobian, the new density function, is derived using the relation   
 

𝜙𝑑(𝜂) = |
𝜕𝜃(𝜂)

𝜕𝜂
| 𝜙𝑑((ℎ−1(𝜂)) ,                                                

 
to get the density 
 

𝜙𝑑(𝜂) =
1

|𝐼(𝜂)|𝑣
|
𝜕𝜃(𝜂)

𝜕𝜂
| 𝑘𝜎exp {−

Ι(𝜂)

[Ι(𝜂)]2 − (ℎ−1(𝜂))2
}.                   (19)     

 
 

6  Summary and discussion 
 
Mollifiers are functions that behave like the Dirac delta function, with zero mass everywhere except 
at the origin. In this study, we constructed a new class of prior for a v-dimensional parameter density 
function for the frequentist data model. We constructed the prior using the convolution of the 
scaled mollifier by preserving normalization to one of the area of the mollifier with the sampling 
distribution of the data. The new class of prior has the invariance property to smooth 
reparameterization. We obtain the prior using MFDIP for exponential density. The prior is a 
function of the Fisher Information. 
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Thermal explosion with convection in porous media: a 
mathematical approach 

 

 

R.O. Olayiwola*†, S.I. Yusuf*, A.D. Abubakar‡, K.J. Audu*, I.B.S. Mohammed§, 
E.O. Anyanwu**, U.A. Abdullahi*, and J.P. Oyubu* 

 
 
 
 

Abstract 
This paper studies the interaction between natural convection and thermal explosion in 
porous media. The model consists of the heat equation with a nonlinear source term 
describing heat production due to an exothermic chemical reaction coupled with the Darcy 
law.  The conditions for the existence of unique solutions of the energy equation are 
established by the Lipschitz continuity approach. The analytical solution is obtained via 
Olayiwola’s generalized polynomial approximation method (OGPAM), which shows the 
influence of the parameters involved on the system. The effect of changes in values of 
parameters such as the Frank-Kamenetskii number, Rayleigh number, and inverse of Vadasz 
number are presented graphically and discussed. The results revealed that convection can 
change the conditions of thermal explosion.  

 
Keywords and Phrases: convection; explosion; first-order reaction; OGPAM; porous medium; 
thermal explosion; mathematical approach 
 
 

1  Introduction 
     An explosion describes the spontaneous development of the rapid rate of heat release by a chemical 
reaction in an initially nearly homogeneous system. The rate of reaction changes rapidly with 
temperature. Hence, the temperature may be used to describe the changes within an explosion process 
[5]. 
 
The theory of heat explosion began from the classical works by Semenov [20] and Frank-Kamenetskii 
[8]. In Semenov’s theory, the temperature distribution in the vessel is supposed to be uniform. An 
average temperature in the vessel is described by the ordinary differential equation 

( ) 


−= exp
dt

d
.                                                                                                                       (1) 
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     The first term on the right-hand side corresponds to heat production due to an exothermic 
chemical reaction, and the second term to heat loss through the boundary of the vessel. In Frank-
Kamenetskii’s theory, the spatial temperature distribution is taken into account. The model consists 
of the reaction-diffusion equation, 

( )


expKF
dt

d
+= ,                                                                                                                       (2) 

where the first term on the right-hand side describes heat diffusion, KF is called the Frank-

Kamenetskii parameter. This equation is considered in a bounded domain with the zero boundary 
condition for the dimensionless temperature. 
 
     In both models, heat explosion was treated as an unbounded growth of temperature (blow-up 
solution). Thus, the problem of heat explosion was reduced to the investigation of the existence, 
stability, and bifurcations of stationary solutions of differential equations. 
 
    The effect of natural convection on heat explosion was first studied in [11, 16]. It was shown that 
the critical value of the Frank-Kamenetskii parameter increases with the Rayleigh number and 
explosion can be prevented by vigorous convection. These works were continued by [4, 6, 7, 14] where 
new stationary and oscillating regimes were found. The authors showed how complex regimes 
appeared through successive bifurcations leading from a stable stationary temperature distribution 
without convection to a stationary symmetric convective solution, stationary asymmetric convection, 
periodic in-time oscillations, and finally periodic oscillations. Oscillating heat explosion, where the 
temperature grows and oscillates, was discovered. The effects of natural convection and consumption 
of reactants on heat explosion in a closed spherical vessel were studied in [15]. The influence of stirring 
on the limit of the thermal explosion was investigated in [10]. Heat explosion with convection in a 
horizontal cylinder was considered in [19]. 
 
     All these works study heat explosion in a gaseous or liquid medium with its motion described by 
the Navier-Stokes equations under the Boussinesq approximation. Thermal ignition in a porous 
medium is investigated in [13]. The Darcy law in a quasi-stationary form under the Boussinesq 
approximation is used to describe fluid motion. It is shown that convection decreases the maximal 
temperature and increases the critical value of the Frank-Kamenetskii parameter. The interaction of 
free convection and exothermic chemical reaction is studied in [21]. The authors consider zero-order 
exothermic reactions in a rectangular domain and find the onset of convection by an approximate 
analytical method. A similar problem with the depletion of reactants is investigated in [9]. The ignition 
time of heat explosion in a porous medium with convection is found in [22]. Heat explosion in one-
dimensional flow in a porous medium is studied in [3]. 
 
     In this paper, an approximate analytical solution capable of predicting the temperature distribution 
in a process of thermal explosion with convection in porous media is presented. 
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2  Model formulation  
Here, we consider the first-order reaction, 

                                               
( ) ,BA TK⎯⎯→⎯                                                                          (3)  

and the temperature dependence of the reaction rate ( )TK  given by the Arrhenius law: 

( ) ,exp0 







−=

RT

E
kTK                                                                                                              (4)  

where E  is the activation energy, T  the temperature, R  the universal gas constant, and 0k  the pre-

exponential factor.  
 

The system is considered in a D2  square domain, Lx 0 , Ly 0 . Depletion of reactants in 

the heat balance equation is neglected. It is a conventional assumption in the theory of heat explosion. 

The model consists of the D2  reaction-diffusion equation with convective terms, continuity, and 
non-stationary Darcy equations for an incompressible fluid: 
 

0=



+





y

v

x

u
,                                                                                                                              (5) 

0=



++





x

p
u

Kt

u 
,                                                                                                                    (6) 

( )0TTg
y

p
v

Kt

v
−=




++




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
,                                                                                                   (7) 
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pp
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2


.                                                      (8) 

 
The initial and boundary conditions are specified as: 
 

( )
( )

( ) ( )( ) ( ) ( ) 











==



==




++=

=

=

==

00

0

0 ,,,0,,0,,0,10,,

00,,

00,,

TtLxT
x

T
TtxT

x

T
yxTyxT

yxv

yxu

Lxx

          (9) 

 
Here u  denotes the fluid velocity along the x -axis, v  is the fluid velocity along the y -axis, p  is the 

pressure, k  the thermal conductivity,   the kinematic viscosity,   the density, q  the heat release, 

g  is the acceleration due to gravity, 0T  the characteristic value of the temperature, 0U  the 

characteristic value of the velocity, K  the permeability. 
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3  Method of solution 
3.1 Dimension analysis 
Dimensionless variables are been introduced as: 
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                                          (10) 

 
Using (10), and after dropping the prime, equations (5) - (9) become 
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where 
 

ap
VLc

kK 1
2

==


  stands for the inverse of the Vadasz number, 
a

r
a

D

P
V = , 

k
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= is the Prandtl 

number and 
2L

K
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= is the Frank-Kamenetskii parameter, 
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0
= is the Rayleigh number. 

 
Introducing the following new space variable (Olayiwola [18]): 

yxz += .                                                                                                                                  (16) 

Then, equations (11) – (15) reduce to 

0=




z

U
,                                                                                                                                    (17) 
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where 

vuU += . 
 

3.2 Properties of solution 

Theorem 1: Then there exists a unique solution ( ) ( ) ( )tztzptzU ,,,,,   of (17) – (19) which satisfies 

(20). 
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In the proof, we shall need the following lemma of Kolodner and Pederson [12]. 
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Hence by Kolodner and Pederson lemma ( ) 0, tp  , i.e. 0
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. Hence ( )tz,  is a non-decreasing 

function of t . 
 

3.3 Analytical solution via Olayiwola’s generalized polynomial approximation 
method 
Here, in the limit 0→ , and by introducing the following new space variable: 

2

z
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Equations (17) – (20) can be solved analytically using Olayiwola’s generalized polynomial 
approximation method (OGPAM) in [17]. Follow the idea in [1], that: 
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and using OGPAM in [17], we obtain the solutions to (17) - (20) as: 
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The computation was done on equations (25) and (26) using the computer symbolic algebraic package 
MAPLE 2021 version. 
 

4  Results and discussion 
The simulation was carried out to show the impact of the model parameters by employing Olayiwola’s 
Generalized Polynomial Approximation Method (OGPAM) on the equations (17) – (20). We are 

concerned with the nature of the solutions obtained for different values of  , pR  and  . The 

computation of equations (25) and (26) was done using the MAPLE 2021 version. 
 

Figure 1 shows the temperature history at 1,1 == yx  for 1.0,2 == pR 8.0,6.0,4.0= . The 

graph displays an increase in maximum temperature with time as the Frank-Kamenetskii number 

increases. If   is sufficiently large, the temperature becomes unbounded, which corresponds to the 
thermal explosion. 
 

Figure 2 displays the temperature topography for 1.0,2 == pR 8.0,6.0,4.0= . The graph 

reveals a decrease in temperature along the spatial coordinates while this temperature increases as the 
Frank-Kamenetskii number increases. 
 

Figure 3 shows the temperature history at 1,1 == yx  for 2,4.0 ==  3.0,2.0,1.0=pR . The 

graph displays an increase in maximum temperature with time as the Rayleigh number increases. 
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Figure 4 depicts the velocity history at 1,1 == yx  for 2,4.0 ==  3.0,2.0,1.0=pR . After the 

first oscillation, the graph displays a rapid transition to a steady solution. Meanwhile, the graph displays 
an increase in maximum velocity with time as the Rayleigh number increases. 
 

Figure 5 displays the velocity topography for 2,4.0 ==  3.0,2.0,1.0=pR . The graph reveals a 

steady velocity along the spatial coordinates while this velocity increases as the Rayleigh number 
increases. 
 

Figure 6 shows the temperature history at 1,1 == yx  for ,1.0,4.0 == pR 20,2,2.0=  which 

an increase in temperature exists when 2 . When 2 (convection), the solution remains 

bounded (no explosion) but when ( ) →→ tyxU ,,,0  (convection), however, oscillations are 

generated (no explosion). It can be stationary or oscillating with convection. When 

( ) 0,,, →→ tyxU  (no convection), then stationary solutions do not exist, and the solution of 

the evolution problem grows to infinity ( ( ) →tyx ,, ). This case corresponds to the thermal 

explosion. 
 

Figure 7 depicts the temperature topography for ,1.0,4.0 == pR 20,2,2.0= . The graph 

reveals a decrease in temperature along the spatial coordinates while this temperature tends to zero 
when → and it is at maximum value when 0→ . 
 

Figure 8 shows the velocity history at 1,1 == yx  for ,1.0,4.0 == pR 20,2,2.0=  which there 

is a rapid transition to a steady solution when 2.0= and 2= . Stable solutions exist after 

oscillation and are achieved faster when 2.0= , 2=  than when 20= . 
 

Figure 9 displays the velocity topography for ,1.0,4.0 == pR 20,2,2.0= . The graph reveals a 

steady velocity along the spatial coordinates while this velocity tends to zero when → and it is at 

maximum value when 0→ . 
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Figure 1: Temperature history at 1,1 == yx  for ,1.0,0.2 == pR 8.0,6.0,4.0= . 

 

             
Figure 2: Temperature topography for ,1.0,0.2 == pR 8.0,6.0,4.0= . 
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Figure 3: Temperature history at 1,1 == yx  for ,4.0,0.2 ==  3.0,2.0,1.0=pR . 

 
 

                       
Figure 4: Velocity history at 1,1 == yx  for ,4.0,0.2 ==  3.0,2.0,1.0=pR . 
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Figure 5: Velocity topography for ,4.0,0.2 ==  3.0,2.0,1.0=pR . 

 
 

                    
Figure 6: Temperature history at 1,1 == yx  for ,1.0,4.0 == pR 20,2,2.0= . 
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Figure 7: Temperature topography for ,1.0,4.0 == pR 20,2,2.0= . 

                        
Figure 8: Velocity history at 1,1 == yx  for ,1.0,4.0 == pR 20,2,2.0= . 
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Figure 9: Velocity topography for ,1.0,4.0 == pR 20,2,2.0= . 

 
It is worth pointing out that the effects observed in Figures 1 - 9, are important to guide explosive 
materials manufacturers to provide safety precautions during storage and usage. 
 

5  Conclusion 
Here, we have presented the model describing the interaction between natural convection and thermal 
explosion in porous media, established the conditions for the existence of a unique solution of the 
model, and provided the approximate analytical solution. The existence of a unique solution to the 
problem implies that the problem represents a physical situation under specific conditions. The 
simulation results revealed the impact of the model parameters and the following conclusion can be 
drawn: 
 
Temperature is a non-decreasing function of time. 
If the Frank-Kamenetskii number is sufficiently large, a thermal explosion can occur. 
Convection can change the conditions of a thermal explosion.  
 
Therefore the established conditions and the results obtained are not expected to guide manufacturers 
of explosive materials but provide safety precautions during storage and usage. 
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A two-step iterative algorithm for finding common

fixed point of Bregman quasi strict

pseudo-contraction mappings with applications
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Abstract

Motivated by some results of authors in this direction, our purpose in this paper is to
construct a two-step iterative algorithm with inertial extrapolation term defined with respect
to Bregman distance function for approximating common fixed points of a finite family of a
closed Bregman quasi strictly pseudo-contraction mappings when the intersection of its set
is assumed to be non empty. We prove a strong convergence theorem for it under flexible
and relaxed conditions in real reflexive Banach space. Our algorithm is applied in solving
finite convex feasibility and equilibrium problems in reflexive Banach space. Furthermore,
we demonstrate numerical examples to justify the efficiency and implementability of our
algorithms in a finite dimensional real Banach space. Our results improves, generalizes and
complements other previously and recently cited results of some authors in the literature of
our procedure. It is intended that our procedure complement our motivated result cited in
the literature.

Keywords and Phrases: Bregman quasi strict pseudo-contraction mappings; common fixed
point; strong convergence theorem; reflexive Banach space; Bregman distance function

1 Introduction

In this paper, all spaces are taking to be real R, with R as the set of all real numbers and N the
set of natural numbers. The extended real numbers is denoted by R. Let X represents reflexive
real Banach space with its dual spaces denoted as X∗. Let ||.|| : X → R represents the norm
function. Let dh : dom h× int(dom h)→ R+ represent a function induced by a convex function
h : X → (−∞,+∞]. Let dom h := {u ∈ X : h(x) < ∞} represents the domain of the convex
function h and int(dom h) represents the interior domain of h.

A function h∗ : X∗ → (−∞,+∞] defined by

h∗(x∗) = sup {〈x, x∗〉 − h(x), x ∈ X}

is called the conjugate function of h. We see from the conjugate inequality that

h(x) ≥ 〈x, x∗〉 − h∗(x∗),∀x ∈ X,x∗ ∈ X∗.

A function h on X is coercive (see [26]), if the sublevel set of h is bounded, equivalently

lim
||x||→∞

h(x) = +∞.
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It is said to be strongly coercive (see [26]), if

lim
‖x‖→∞

h(x)

‖x‖
= +∞.

If for any u ∈ int(dom h) and z ∈ X, we have the right-hand directional derivative given by

ho(u, z) := lim
s→0+

h(u+ sz)− h(u)

s
.

The convex function h : X → (−∞,+∞] is said to be Gâteaux differentiable at a point u if

lim
s→0+

h(u+ sz)− h(u)

s

exists for any z element of X. By this definition, ho(u, z) := ∇h(u) which is the gradient of a
convex function h. The function h is said to be Fréchet differentiable at x if this limit is attained
uniformly in ‖y‖ = 1. The convex function h is said to be uniformly Fréchet differentiable on a
subset K of X if the limit is attained uniformly for x ∈ K and ‖y‖ = 1 [25].

Let h be a Gâteaux differentiable function at u, then the bi-function dh : domh×int(domh)→
R+ defined by

dh(z, u) := h(z)− h(u)− 〈∇h(u), z − u〉 (1)

is the Bregman distance function induced by the convex function h [25], where 〈., .〉 is the duality
pairing of X and X∗. It is easy to see that (1) is not symmetric and does not satisfy the well-
known triangle inequality associated with classical distance functions, but has the following nice
properties (see [7, 10]):

Remark 1.1

dh(., u) is convex

P1.P2. dh(z, u) is positive if and only if z 6= u

P3. dh(z, u) = dh(z, v) + dh(v, u) + 〈∇h(v), z − v〉 − 〈∇h(u), z − v〉

P4. dh(u, v) + dh(v, u) := 〈∇h(u), u− v〉 − 〈∇h(v), u− v〉

P5. dh(u, v) ≤ ||u||.||∇h(u)−∇h(v)||+ ||v||.||∇h(u)−∇h(v)||

P6. dh(u, u) = 0.

LetK represent a non-void, closed and convex subset of int(domh). Let T : K → K represent
a self-map. The self-map T on K is said to be nonexpansive if ||Tu− Tz|| ≤ ||u− z||, ∀u ∈ K,
z ∈ K. Similarly, the self-map T on K is said to be quasi-nonexpansive if ||Tu−zo|| ≤ ||u−zo||,
∀u ∈ K, zo ∈ Fix(T ), where Fix(T ) := {zo ∈ K : Tu = u} is the fixed point set of the self-map
T on K. A point u∗ is called asymptotic fixed point of a self-map T on K if there exist un ⊂ K
which converges weakly to u∗ (un ⇀ u∗) so that ||un − Tun|| → 0 as n → ∞. The asymptotic
fixed point (see [11] and the references therein) is represented by ˆFix(T ).

A map T : K → int(dom h) with respect to a convex function h : X → (−∞,+∞] is called

1. Bregman relatively nonexpansive (shortly,(BRNE))[26, 24] if the following conditions holds

dh(zo, Tu) ≤ dh(zo, u), ∀u ∈ K,∀zo ∈ Fix(T ) = ˆFix(T )

2. Bregman quasi nonexpansive (shortly,(BQNE))[34] if the following conditions holds

dh(zo, Tu) ≤ dh(zo, u), ∀u ∈ K,∀zo ∈ Fix(T )
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3. Bregman quasi strict pseudo-contraction (shortly,(BQSPC))[27] if there exists a constant
ρ ∈ [0, 1) and Fix(T ) 6= ∅ such that the following conditions holds

dh(zo, Tu) ≤ dh(zo, u) + ρdh(u, Tu), ∀u ∈ K,∀zo ∈ Fix(T ) (2)

4. T is called closed if for any {un} ⊂ K with un → u and Tun → z ∈ K as n → ∞, then
Tu = z.

Example 1.1 (see [28],[29]). Let X be a smooth Banach space, h(u) := ||u||2,∀u ∈ X. Let
u0 6= 0 be any element of X, let T : X → X be defined by

T (u) :=

{
2n+1+2
2(2n+1)

u0 if u = 2n+2
2n+1 u0

−u if u 6= 2n+2
2n+1 u0,

(3)

∀n ≥ 1. Then T is a Bregman quasi strict pseudo-contraction with Fix(T ) = 0.

Example 1.2 Let X = R, K = [−1, 1], h(u) := 2
3u

2,∀u ∈ K. Let T : K → K be defined by

T (u) :=

{
u2 + u if u ∈ [−1, 0]

u if u ∈ (0, 1].
(4)

Then T is a Bregman quasi-strict pseudo-contraction with Fix(T ) = [0, 1]. Proof. It is obvious
from the definition of fixed point set and the mapping above that Fix(T ) := [0, 1] ∀u ∈ [−1, 1].
Next, we prove that T is a BQSPC mapping. From the definition of Bregman function (see 1),
we want to show that since Fix(T ) 6= ∅, we can find some constant ρ where 0 ≤ ρ < 1 satisfying
(2) Now, if u ∈ [−1, 0], we know that Fix(T ) = 0 = zo, and we get

dh(0, Tu) = h(0)− h(u2 + u)−
〈
∇h(u2 + u), 0− (u2 + u)

〉
= 0− 2

3
(u2 + u)2 +

〈
4

3
(u2 + u), u2 + u

〉
=

2

3
(u2 + u)2, (5)

dh(0, u) = h(0)− h(u)− 〈∇h(u), 0− u〉

= 0− 2

3
u2 +

〈
4

3
(u), u

〉
=

2

3
u2, (6)

dh(u, Tu) = h(u)− h(u2 + u)−
〈
∇h(u2 + u), u− (u2 + u)

〉
=

2

3
u2 − 2

3
(u2 + u)2 +

〈
4

3
(u2 + u)u2

〉
=

2

3
u4. (7)

Thus,

dh(0, Tu) ≤ dh(0, u) + ρdh(u, Tu),∀u ∈ [−1, 0]. (8)
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Similarly, if u ∈ (0, 1], we know Fix(T ) := (0, 1], and for any zo ∈ (0, 1] we arrive at

dh(zo, Tu) = h(zo)− h(u)− 〈∇h(u), zo − u〉

=
2

3
(zo)2 − 2

3
u2 − 4

3
zou+

4

3
u2

=
2

3
(u− zo)2, (9)

dh(zo, u) = h(zo)− h(u)− 〈∇h(u), zo − u〉

=
2

3
(zo)2 − 2

3
(u)2 +

4

3
zou+

4

3
u2

=
2

3
(u− zo)2, (10)

dh(u, Tu) = h(u)− h(u2 + u)−
〈
∇h(u2 + u), u− (u2 + u)

〉
=

2

3
u2 − 2

3
(u2 + u)2 +

〈
4

3
(u2 + u)u2

〉
=

2

3
u4. (11)

Thus,
dh(zo, Tu) ≤ dh(zo, u) + ρdh(u, Tu),∀u ∈ (0, 1]. (12)

Therefore, from (8) and (12), we conclude that

dh(zo, Tu) ≤ dh(zo, u) + ρdh(u, Tu), ∀u ∈ [−1, 1]. (13)

Thus, we have proved that T is a BQSPC mapping.

Let P hK : int(dom )→ K be a mapping such that P hK(u) ∈ K satisfying

dh(P hK(u), u) := inf {dh(z, u) : z ∈ K} , (14)

is the Bregman Projection (see[25]) of u ∈ int(dom h) onto a nonempty closed and convex set
K ⊂ dom h.

Remark 1.2 We remark here that, if X is a smooth and strictly convex Banach spaces and
h(u) =: ‖u‖2, ∀u ∈ X, then we have that ∇h(u) = 2Ju, ∀u ∈ X, where J is the normalized
duality mapping. Clearly, we obtain that

dh(z, u) := h(z)− h(u)− 〈∇h(u), z − u〉
= ‖z‖2 − ‖u‖2 − 2 〈z, Ju〉+ 2 ‖u‖2

= ‖u‖2 − 2 〈z, Ju〉+ ‖z‖2

= φ(z, u), ∀u, z ∈ X,

which is the Lyapunov function introduced by [1] and has extensively been used by various authors
(see for example [18, 12] and the references they contain). We clearly see that P hK(u) reduces to
the generalized projection [1] given as

ΠK(u) := argminz∈Kφ(z, u).

In addition, if X coincides with H, in Hilbert space then J = I which is the identity map and

dh(z, u) := h(z)− h(u)− 〈∇h(u), z − u〉
= ‖u‖2 − ‖z‖2 − 2 〈u, z〉+ 2 ‖z‖2

= ‖u‖2 + ‖z‖2 − 2 〈u, z〉
= ‖u− z‖2 ,∀u, z ∈ X.

Hence the Bregman Projection P hK(x) reduces to metric projection of H onto K, PK(u).
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A map T : K → K is called

1. φ relatively nonexpansive if the following conditions holds

φ(zo, Tu) ≤ φ(zo, u),∀u ∈ K,∀zo ∈ Fix(T ) = ˆFix(T )

2. φ quasi strict pseudo-contraction if there exists a constant ρ ∈ [0, 1) and Fix(T ) 6= ∅ such
that the following conditions holds

φ(zo, Tu) ≤ φ(zo, u) + ρφ(u, Tu), ∀u ∈ K,∀zo ∈ Fix(T ) (15)

The subdifferential of h at x is the convex set defined by

∂h(x) = {x∗ ∈ X∗ : h(x) + 〈x∗, z − x〉 ≤ h(z);∀z ∈ X} . (16)

The mapping J : X → 2X
∗

called normalized duality mapping is defined by the set

J(x) =
{
x∗ ∈ X∗ : 〈x∗, x〉 = ||x||2 = ||x∗||2,∀x ∈ X

}
, (17)

A function h : X → (−∞,+∞] is said to be a Legendre function [9], if it satisfies the following
two conditions:

1. int(dom h) 6= ∅, h is Gâteaux differentiable on int(dom h) and dom f = int(dom h),

2. int(dom h∗) 6= ∅, h∗ is Gâteaux differentiable on int(dom h∗) and dom h∗ = int(dom h∗).

Remark 1.3 (See for e.g [6, 4, 23, 8] Since X is reflexive, then we have that (∂h−1) := ∂h∗ and
since h is Legendre, then ∂h is a bijection which satisfies ∇h = (∇h∗)−1, ran∇h = dom∇h∗ =
int(dom h∗) and ran∇h∗ = dom∇h = int(dom h). h and h∗ are strictly convex on their
int(domh). If the subdifferential of h is single valued, it coincides with the gradient of h, that is
∂h := ∇h. Example of a Legendre function is h(u) := 1

p ||u||
p, (1 < p <∞). If X is smooth and

strictly convex Banach spaces, then in this case the gradient ∇h coincides with the generalised
duality mapping of X, that is ∇h = Jp. If the space is a Hilbert space, H then ∇h = I, where
I is the identity mapping in H. Throughout this paper, we assumed that h is Legendre.

Let h : X → (−∞,+∞] be a Gâteaux differentiable function. The modulus of total convexity
of h at u ∈ int(dom h) is the function Vh(u, .) : int(dom h)× [0,+∞)→ [0,+∞) defined by

Vh(u, t) := inf {dh(z, u) : z ∈ dom h, ‖z − u‖ = t} . (18)

The function h is called totally convex (see [8] and the references it contains) at u if Vh(u, t) > 0
whenever t > 0. The function h is called totally convex if it is totally convex at any point
u ∈ int(dom h). The function is said to be totally convex on bounded sets if Vh(B, t) > 0 for
any non-void bounded subset B of X and t > 0, where the modulus of total convexity of the
function h on the set B is the function Vh : int(dom h)× [0,+∞)→ [0,+∞) defined by

Vh(B, t) := inf {Vh(u, t) : u ∈ B ∩ dom h} . (19)

Let Vh : X ×X∗ → [0,+∞) associated with h ([19]) be defined by

Vh(u, u∗) := h(u)− 〈u, u∗〉+ h∗(u∗), ∀u ∈ X,u∗ ∈ X∗. (20)

We see that Vh(, ) ≥ 0 and the relation

Vh(u, u∗) := dh(u,∇h∗(u∗)), (21)

holds.
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Vast research work has been done on construction of effective and implimentable algorithms
for finding fixed points of the class of nonexpansive mappings and its natural extensions like
pseudo-contraction mappings in the framework of real Hilbert spaces, (see for e.g [18], [33]
and the references therein). Outside Hilbert space, some researchers have studied fixed points
problems of these important nonlinear mappings. In particular is the great attention given to
construction of algorithms for finding fixed points of Bregman nonexpansive-type mappings by
the use of Bregman distance techniques (see [2],[3],[15],[16],[19],[30],[20],[35]).

Some well known and used iteration methods abound in the literature (see [21],[33] and the
references they contain). Most notably is the Mann iteration method (see [17]) constructed as
follows:

xn+1 = αnxn + (1− αn)Txn, (22)

for an appropriate chosen value of the scalar αn ∈ [0, 1]. One limitation about this method is
that it only guarantees weak convergence to the fixed points of the mapping T when

∞∑
n=1

αn(1− αn) =∞. (23)

In a bid to establish strong convergence of the generated sequences to the fixed points of
the mappings (since strong convergence is better than weak convergence), some authors have
over the years successfully modified Mann iteration methods (see for examples, [24],[27],[29] and
the references contained in them). In addition to this fact, most of the results obtained in the
literature only focused on a one-way iterative methods for the approximation fixed points of
various mappings either in Hilbert spaces or general Banach spaces (see for examples [11, 24,
34, 27, 28, 29, 19, 33, 30, 20, 15, 31] and the references therein).

Now, to approximate common fixed points of Bregman quasi strictly pseudo-contraction
mappings defined a closed and convex subset K of a reflexive Banach space X, Wang and Wei
in [29], formulated and studied the following modified Mann iterative method:



x0 ∈ K, Chosen arbitraily ,

Ci0 = K, i = 1, 2, ..., N,

C0 = ∩Ni=1C
i
o,

yin = ∇h∗(bn∇h(xn) + (1− bn)∇h(Ti)z
i
n),

Cin+1 = {z ∈ Cn : dh(z, yin) ≤ bndh(z, xn) + (1− bn)dh(z, zin) + ρi
1−ρi 〈∇h(zin)− z, zin −∇h(Tiz

i
n)〉},

Cn+1 = ∩Ni=1C
i
n+1,

xn+1 = P hCn+1
(x0), n ≥ 0,

(24)
where zin = xn+ein, ein is the sequence of errors in X satisfy limn→∞ e

i
n = 0 for each i = 1, 2, ..., N

and bn ⊂ [0, 1] satisfying lim infn→∞(1 − bn) > 0 ρi ∈ [0, 1). They proved that the sequence
{xn} generated by the algorithm (24) converges strongly to the Bregman projection of X onto
the common fixed point set.

Very recently in [20], Ogbuisi studied the operator ReshλBA
h
λ which is a composition of the

resolvent of a maximal operator B and the anti-resolvent of a Bregman inverse strongly monotone
operator A with respect to λ > 0. They constructed an iterative method for approximating
a common solution of a monotone inclusion problem and a fixed point problem involving a
Bregman quasi strictly pseudo-contractive mapping in a reflexive Banach space. Below is their
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algorithm: 

x0 ∈ K = C0, Chosen arbitraily ,

yn = ∇h∗(αn∇h(xn) + (1− αn)[(1− γn)∇h(xn) + γn∇h(Txn)],

un = ∇h∗(βn∇h(yn) + (1− βn)∇h(ReshλBA
h
λyn)),

Cn+1 = {z ∈ Cn : dh(z, yn) + dh(z, un)

≤ 1+λ
1−λ〈∇h(xn)−∇h(Txn), xn − z〉+ 〈∇h(Txn)−∇h(un), xn − z〉}

xn+1 = P hCn+1
(x0), n ≥ 0,

(25)

where {αn}, {βn} and {γn} are sequences in (0, 1) such that lim infn→∞(1 − αn)γn > 0 and
lim infn→∞(1 − βn) > 0. They proved that the sequence {xn} generated by the algorithm
(25)converges strongly to the Bregman projection of K onto the common solution set.

Furthermore, some authors have introduced a two-step iterative method with an inertial
extrapolation term to improve the rate of convergence of their introduced algorithms (see [12,
14, 2, 16]). Besides, an inertial modified Krasnoselskii-Mann iteration which is an inexact
scheme, was introduced and studied by [21] for approximating nonexpansive mapping in Hilbert
space. They assumed that the sum of their positive scalar and control sequences in (0, 1) to be
less than one, that is bn + cn < 1. The advantage of this assumption is that it bridges the gap
between weak and strong convergence results.

Thus, inspired by the established results of the authors cited above, our purpose in this
paper is to construct a two-step iterative algorithm with inertial extrapolation term defined
with respect to Bregman distance function for approximating common fixed points of a finite
family of a closed Bregman quasi strictly pseudo-contraction mappings when the intersection of
its set is assumed to be non empty. We prove a strong convergence theorem for it under flexible
and relaxed conditions in real reflexive Banach space. Our algorithm is applied in solving
finite convex feasibility and equilibrium problems in reflexive Banach space. Furthermore, we
demonstrate numerical examples to justify the efficiency and implementability of our algorithms
in a finite dimensional real Banach space. Our results improves, generalizes and complements
other previously and recently cited results of some authors in the literature.

The organization of this paper is as follows: section 2 is a collection of basic theoretical
framework (lemmas); section 3 is devoted to our main result which involves the analysis of
the theoretical convergence properties of the proposed algorithm and some of its consequences;
section 4 gives the application of our algorithm with some example; section 5 presents the
numerical examples and computations to discuss the convergence of our algorithm and section
6 is the conclusion of our paper.

2 Preliminaries

Lemma 2.1 [8] The function h : X → (−∞,+∞] is totally convex on bounded sets if and only
if given two sequences {un} and {zn} in X such that either {un} or {zn} is bounded, then

lim
n→∞

dh(zn, un) = 0⇒ ||zn − un|| = 0

Lemma 2.2 [27] Let h : X → (−∞,+∞] be a Legendre function which is uniformly Fréchet
differentiable on bounded subsets of X. Let K be a non-empty, closed and convex subset of
X. Let G : K → K be a Bregman quasi-strict pseudo-contractive mapping with respect to
h : X → (−∞,+∞]. Then Fix(T ) is closed and convex.

Lemma 2.3 [32] Let X be a reflexive real Banach space. Let h : X → (−∞,+∞] be a contin-
uous convex function which is super coercive. Then the following assertions are equivalent:
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1. h : X → (−∞,+∞] is bounded on bounded subsets and uniformly smooth on bounded
subsets of X

2. h : X → (−∞,+∞] is Fréchet differentiable and ∇h∗ is uniformly norm-to-norm contin-
uous on bounded subsets of X∗

3. dom h∗ = X∗, h∗ is super coercive and uniformly convex on bounded subsets of X∗

Lemma 2.4 [25] Let h : X → (−∞,+∞] be a differentiable function on int(dom h) such that
∇h∗ is bounded on bounded subsets of dom h∗. Let u0 ∈ X and {un} is a sequence in X. If
{dh(u0, un)} is bounded, then {un} is bounded.

Lemma 2.5 [27] Let h : X → (−∞,+∞] be a Legendre function which is uniformly Fréchet
differentiable on bounded subsets of X. Let K be a non-empty, closed and convex subset of
X. Let T : K → K be a Bregman quasi strict pseudo-contractive mapping with respect to
h : X → (−∞,+∞]. Then for any u ∈ K, q ∈ Fix(T ) and ρ ∈ [0, 1), the following hold

dh(u, Tu) ≤ 1

1− ρ
〈∇h(u)−∇h(Tu), u− q〉 .

Lemma 2.6 [32] Let K be anon-empty, closed and convex subsets of X. Let h : X → (−∞,+∞]
be a differentiable and totally convex function and let u ∈ X. Then we have the following
equivalent conditions:

1. P hK(u) = u0 if and only if 〈∇h(u)−∇h(u0), z − u0〉 ≤ 0,∀z ∈ K

2. dh(z, P hK(u)) + dh(P hK(u), u) ≤ dh(z, u), ∀z ∈ K.

3 Main results

In this section, we construct and study the following algorithm when ∩Ni=1Fix(Ti) 6= ∅:

x0, x1 ∈ C1 = K

C1,i = ∩Ni=1C1,i,

zn = xn + an(xn − xn−1),

yn,i = ∇h∗ (bn∇h (xn) + (1− bn − cn)∇h (Tizn) + cn∇h (zn)) ,

Cn+1,i = {u ∈ Cn : dh (u, yn,i) ≤ dh (u, xn) + dh (xn, zn)

+〈∇h (zn)−∇h (xn) , xn − u〉+ ρi
1−ρi 〈∇h (zn)−∇h (Tizn) , zn − u〉},

Cn+1 = ∩Ni Cn+1,i,

xn+1 = P hCn+1
(x0), n ≥ 1,

(26)

where ∇h and ∇h∗ are called the gradient functions of h and h∗ respectively. Our control
sequences: {an}, {bn}, and {cn} are all in (0, 1) such that

1. cn ∈ (0, (1− ρi)(1− bn) ⊂ (0, 1), 1 ≤ i ≤ N ,

2. lim inf→∞ (1− bn − cn) > 0.

Theorem 3.1 Let K be a nonempty, closed and convex subset of X with its dual space X∗. Let
h : X → (−∞,+∞] represent a strongly coercive Legendre function which is bounded, uniform
Fréchet differentiable and totally convex on bounded subsets of X. Let Ti : K → K,∀1 ≤ i ≤ N
represent finite-family of Bregman quasi strictly pseudo-contraction (BQSPC) maps which is
also closed such that Ω = ∩Ni=1Fix(Ti) 6= ∅. Then for each choice of x1, x0 ∈ K with x1 < x0,
we have sequences {xn} and {zn} satisfying (26) which converges strongly to x = P hΩ(x0) nearest
to x0, as n→∞ and where P hΩ is known to be Bregman projection map of Cn+1 onto Ω.
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Proof. This is broken into 6 ways.

Step 1: Show Ω = ∩Ni=1Fix(Ti) to be closed,convex.

It is obvious from Lemma 2.2 that Fix(Ti) is closed,convex for any 1 ≤ i ≤ N . Consequently,
since the intersection of two or more convex set is convex, we get Ω = ∩Ni=1Fix(Ti) to be
closed,convex.

Step 2: Demonstrate the half-set Cn to be closed,convex for each positive integer.

To realize this, note C1 = K to be closed convex. Again, we demonstrate Cn to be closed
convex with n > 1. First we demonstrate Cn to be convex for some n > 1. We let u1, u2 ∈ Cn+1,i

be given. Consider u = λu1 + (1− λ)u2, ∀λ ∈ [0, 1]. We show that λu1 + (1− λ)u2 ∈ Cn+1,i ⊂
Cn. From our scheme, dh (u, yn,i) ≤ dh (u, xn) + dh (xn, zn) + 〈∇h (zn) − ∇h (xn) , xn − u〉 +
ρi

1−ρi 〈∇h (zn)−∇h (Tizn) , zn − u〉 is equivalent to

h(zn)− h(yn,i) + 〈∇h(xn), u− xn〉 − 〈∇h(yn,i), u− yn〉+ 〈∇h(zn), xn − zn〉 − 〈∇h(zn), xn −
u〉+ 〈∇h(xn), xn − u〉 − ρi

ρi
〈∇h(zn), zn − u〉+ ρi

1−ρi 〈∇h(Tizn), zn − u〉 ≤ 0.

Thus, by an easy argument, Cn+1 and hence Cn is convex with n > 1. Secondly, we demon-
strate Cn to be closed, n > 1. We show that given a sequence un ∈ Cn+1 such that un → u,
then u ∈ Cn+1 ⊂ Cn for some n > 1. Following the same line of argument above, and taking
limits as n → ∞, we have shown Cn to be closed, n > 1. Therefore, we have shown Cn to be
closed convex.

Step 3: Demonstrate that Ω ⊂ Cn+1, with n ∈ N .

Note Ω ⊂ C1 = K. Supposing Ω ⊂ Cn, n > 1 and setting wn,i = bn∇h (xn)+(1− bn − cn)∇h (Tizn)+
cn∇h (zn), with q ∈ Ω, we get using the convexity property of Bregman distance (see Remark4),
together with (2) (20) and (21) that

dh(q, yn,i) = dh(q,∇h∗(wn,i))
= vh(q, wn,i)

= vh(q, bn∇h (xn) + (1− bn − cn)∇h (Tizn) + cn∇h (zn))

= h(q)− 〈q, bn∇h(xn) + (1− bn − cn)∇h(Tizn) + cn∇h(zn)〉
+ h∗bn∇h (xn) + (1− bn − cn)∇h (Tizn) + cn∇h (zn)

≤ bn [h(q)− 〈q,∇h(xn)〉+ h∗∇h(xn)] + (1− bn − cn)

× [h(q)− 〈q,∇h(Tizn)〉+ h∗∇h(Tizn)]

+ cn [h(q)− 〈q,∇h(xn)〉+ h∗∇h(zn)]

= bnvh(q,∇h(xn)) + (1− bn − cn) vh(q,∇h(Tizn))

+ cnvh(q,∇h(zn))

= bndh(q, xn) + (1− bn − cn) dh(q, Tizn) + cndh(q, zn)

≤ bndh(q, xn) + (1− bn − cn) [dh(q, zn) + ρidh(zn, Tizn)]

+ cndh(q, zn)

= bndh(q, xn) + (1− bn) dh(q, zn) + (1− bn − cn) ρidh(zn, Tizn)

≤ bndh(q, xn) + (1− bn) dh(q, zn) + (1− bn − cn)×
ρi

1− ρi
〈∇h(zn)−∇h(Tizn), zn − q〉

≤ bndh(q, xn) +
ρi

1− ρi
〈∇h(zn)−∇h(Tizn), zn − q〉

+ (1− bn) [dh(q, xn) + dh(xn, zn) + 〈∇h(zn)−∇h(xn), xn − q〉]
≤ dh(q, xn) + dh(xn, zn) + 〈∇h(zn)−∇h(xn), xn − q〉

+
ρi

1− ρi
〈∇h(zn)−∇h(Tizn), zn − q〉 . (27)
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Thus

dh(q, yn) ≤ dh(q, xn) + dh(xn, zn) + 〈∇h(zn)−∇h(xn), xn − q〉

+
ρi

1− ρi
〈∇h(zn)−∇h(Tizn), zn − q〉 . (28)

So q ∈ Cn+1 and Cn+1 ⊂ Cn. By implication, Ω ∈ Cn with n ≥ 1.
Step 4: Demonstrate that all the sequences in (26) are bounded and convergent.
To justify the above claims, notice from our setting in (26), that xn = P hCn

(x0), xn+1 =

P hCn+1
(x0). Thus, using Lemma 2.6(2) we arrive at

dh(xn, x0) ≤ dh(xn+1, x0)− dh(xn+1, xn)

dh(xn+1, x0) ≥ dh(xn, x0). (29)

This shows that {dh(xn, x0)} is monotone non-decreasing sequence. Again using Lemma 2.6(2),
we obtain ∀n ∈ N, q ∈ Fix(T ) that

dh(xn, x0) = dh(P hCn
(x0), x0)

≤ dh(q, x0)− dh(q, P hCn
(x0))

≤ dh(q, x0). (30)

This shows for boundedness of {dh(xn, x0)} and through Lemma 2.4, the sequence {xn} becomes
bounded. Combining (29) and (30) shows that limn→∞ dh(xn, x0) exist. Now, without loss of
generality, let

lim
n→∞

dh(xn, x0) = l. (31)

In addition to (31) and Lemma 2.6(b), we get for any positive integer t and as n→∞, that

dh(xn+t, xn) = dh(xn+t, P
h
Cn

(x0))

≤ dh(xn+t, x0)− dh(xn, x0)→ 0. (32)

So that limn→∞ dh(xn+t, xn) = 0. In particular,

lim
n→∞

dh(xn+1, xn) = 0. (33)

Thus we obtain using Lemma 2.1 that

lim
n→∞

||xn+1 − xn|| = 0. (34)

This shows the sequence {xn} to be Cauchy. Now since ∇h is bounded and going by Lemma
2.3,

lim
n→∞

||∇h(xn+1)−∇h(xn)|| = 0. (35)

Furthermore, we obtain from the definition of zn and together with (34) as n→∞, that

||xn − zn|| = ||xn − xn − αn(xn − xn−1)||
= ||αn(xn−1 − xn)||
≤ ||xn−1 − xn|| → 0.

We arrive at
lim
n→∞

||xn − zn|| = 0. (36)

Consequently,
lim
n→∞

||∇h(xn)−∇h(zn)|| = 0. (37)
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By (36), zn is bounded. Consequent upon the boundedness of ∇h and by (37) ∇h(zn) is also
bounded. Hence xn, zn and yn are bounded. Moreover, since zn is bounded we get by (Remark4)
that limn→∞ dh(xn, zn) = 0. Consequently, since ∇h is bounded we get together with (4) that

dh(xn+1, zn) = dh(xn+1, xn) + dh(xn, zn) + 〈∇h(xn)−∇h(zn), xn+1 − xn〉
≤ dh(xn+1, xn) + dh(xn, zn) + ||∇h(xn)−∇h(zn)||.||xn+1 − xn||.

Using (33), (34), (37) and the fact that limn→∞ dh(xn, zn) = 0, we get

lim
n→∞

dh(xn+1, zn) = 0. (38)

Using Lemma 2.1,

lim
n→∞

||xn+1 − zn|| = 0. (39)

Since from (26) xn+1 ∈ Cn+1 ⊂ Cn, it follows from (33),(34),(35),(37),(39) and the bound-
edness of ∇h that

dh(xn+1, yn,i) ≤ dh(xn+1, xn) + dh(xn, zn) + 〈∇h(zn)−∇h(xn), xn − xn+1〉

+
ρi

1− ρi
〈∇h(zn)−∇h(Tizn), zn − xn+1〉 .

≤ dh(xn+1, xn) + dh(xn, zn) + ||∇h(zn)−∇h(xn)||.||xn − xn+1||

+
ρi

1− ρi
||∇h(zn)−∇h(Tizn)||.||zn − xn+1|| → 0 as n→∞. (40)

Hence

lim
n→∞

dh(xn+1, yn,i) = 0, 1 ≤ i ≤ N. (41)

Thus, by Lemma 2.1 we arrive at

lim
n→∞

||xn+1 − yn,i|| = 0, 1 ≤ i ≤ N. (42)

Since ∇h is bounded and by X∗ by Lemma 2.3, we arrive at

lim
n→∞

||∇h(xn+1)−∇h(yn,i)|| = 0, 1 ≤ i ≤ N. (43)

Consequently,

lim
n→∞

||xn − yn,i|| = 0, 1 ≤ i ≤ N, (44)

and

lim
n→∞

||∇h(xn)−∇h(yn,i)|| = 0, 1 ≤ i ≤ N. (45)

Using (38), (41), (43) and (39) we also obtain as n→∞ that

dh(zn, yn,i) = dh(zn, xn+1) + dh(xn+1, yn,i) + 〈∇h(xn+1)−∇h(yn,i), zn − xn+1〉
≤ dh(zn, xn+1) + dh(xn+1, yn,i) + ||∇h(xn+1)−∇h(yn,i)||.||zn − xn+1||
→ 0.

Hence

lim
n→∞

dh(zn, yn,i) = 0, 1 ≤ i ≤ N. (46)

Using Lemma 2.1, we obtain that

lim
n→∞

||zn − yn,i)|| = 0, 1 ≤ i ≤ N. (47)
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Since ∇h is bounded and by Lemma 2.3, we arrive at

lim
n→∞

||∇h(zn)−∇h(yn,i)|| = 0, 1 ≤ i ≤ N. (48)

Using (48) and the two point identity of Bregman distance function (see Remark4) we have

dh(zn, yn,i) + dh(yn,i, zn) = 〈∇h(zn)−∇h(yn,i), zn − yn,i〉
dh(zn, yn,i) + dh(yn,i, zn) ≤ ||∇h(zn)−∇h(yn,i)||.||zn − yn,i||

dh(zn, yn,i) ≤ ||∇h(zn)−∇h(yn,i)||.||zn − yn,i|| → 0. (49)

Hence
lim
n→∞

dh(zn, yn,i) = 0. (50)

Consequently from the definition of yn,i in (26) we have that

||∇h(zn)−∇h(yn,i)|| = ||∇h(zn)− (∇h(∇h∗(bn∇h(xn)

+ (1− bn − cn)∇h(Tizn) + cn∇h(zn))))||
≥ (1− bn − cn) ||∇h(zn)−∇h(Tizn)||
− bn||∇h(zn)−∇h(xn)||+ cn||zn − zn||, (51)

this becomes

(1− bn − cn) ||∇h(zn)−∇h(Tizn)|| ≤ ||∇h(zn)−∇h(yn,i)||
+ bn||∇h(zn)−∇h(xn)||. (52)

Thus by (37) and (48) as n→∞ we obtain

(1− bn − cn) ||∇h(zn)−∇h(Tizn)|| → 0. (53)

Using our assumption that lim infn→∞(1− bn − cn) > 0, we obtain

lim
n→∞

||∇h(zn)−∇h(Tizn)|| = 0, i = 1, 2, ..., N. (54)

Using Lemma 2.3, we get that

lim
n→∞

||zn − Tizn|| = 0, i = 1, 2, ..., N. (55)

Step 5: Demonstrate that x ∈ Ω := ∩Ni=1Fix(Ti)
In view of the sequence xn being Cauchy and from (39), we have that zn → x as n → ∞.

Following from (55), the fact that zn → x, and by the closedness property of Ti, we arrive at
x = Tix, with 1 ≤ i ≤ N .

Step 6: Demonstrate x = P hΩ(x0).
Set u = P hΩ(x0). In Step 3, we demonstrated that Ω ⊂ Cn. Since P hΩ(x0) ∈ Ω, we get that

P hΩ(x0) ⊂ Cn. It then follows from our setting with xn = P hCn
(x0) that

dh(xn, x0) ≤ dh(u, x0). (56)

Since xn → x as n→∞, we get from (56) that

dh(x, x0) ≤ dh(u, x0). (57)

But by the Property of Bregman Projection mapping in Lemma 2.6, we have for ∀w ∈ Ω that

dh(u, x0) ≤ dh(w, x0). (58)
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This implies

dh(u, x0) ≤ dh(x, x0). (59)

Thus by combining (57) and (59) we then arrive at u = x. Therefore, x = P hΩ(x0). This completes
our proof of Theorem 3.1.

Now the following consequences of Theorem 3.1 are gotten.
If N = 1, we have an algorithm for a single BQSPC map.

x0, x1 ∈ C1 = K

zn = xn + an(xn − xn−1),

yn = ∇h∗ (bn∇h (xn) + (1− bn − cn)∇h (Tzn) + cn∇h (zn)) ,

Cn+1 = {u ∈ Cn : dh (u, yn) ≤ dh (u, xn) + dh (xn, zn)

+〈∇h (zn)−∇h (xn) , xn − u〉+ ρ
1−ρ〈∇h (zn)−∇h (Tzn) , zn − u〉},

xn+1 = P hCn+1
(x0), n ≥ 1,

(60)

where ∇h and ∇h∗ are called the gradient functions of h and h∗ respectively. Our control
sequences: {an}, {bn}, and {cn} are all in (0, 1) such that

1. cn ∈ (0, (1− ρi)(1− bn) ⊂ (0, 1) i = 1,

2. lim inf→∞ (1− bn − cn) > 0.

Corollary 3.1 Let K be a nonempty, closed and convex subset of X with its dual space X∗. Let
h : X → (−∞,+∞] represent a strongly coercive Legendre function which is bounded, uniform
Fréchet differentiable and totally convex on bounded subsets of X. Let T : K → K represent
Bregman quasi strictly pseudo-contraction mapping which is also closed such that Ω = Fix(T ) 6=
∅. Then for each choice of x1, x0 ∈ K with x1 < x0, we have sequences {xn} and {zn} satisfying
(60) which converges strongly to x = P hΩ(x0) nearest to x0, as n → ∞, with P hΩ as Bregman
projection map of Cn+1 onto Ω.

If Ti : K → K, i = 1, 2, ..., N represent finite family of Bregman quasi nonexpansive map-
pings, we also have this algorithm for it.

x0, x1 ∈ C1 = K

C1,i = ∩Ni=1C1,i,

zn = xn) + an(xn)− xn−1),

yn,i = ∇h∗ (bn∇h (xn) + (1− bn − cn)∇h (Tizn) + cn∇h (zn)) ,

Cn+1,i = {u ∈ Cn : dh (u, yn,i) ≤ dh (u, xn) + dh (xn, zn)

+〈∇h (zn)−∇h (xn) , xn − u〉
Cn+1 = ∩Ni Cn+1,i,

xn+1 = P hCn+1
(x0), n ≥ 1,

(61)

where ∇h and ∇h∗ are called the gradient functions of h and h∗ respectively. Our control
sequences: {an}, {bn}, and {cn} are all in (0, 1) such that

1. cn ∈ (0, (1− bn) ⊂ (0, 1),

2. lim inf→∞ (1− bn − cn) > 0.

Corollary 3.2 Let K be a nonempty, closed and convex subset of X with its dual space X∗. Let
h : X → (−∞,+∞] represent a strongly coercive Legendre function which is bounded, uniform
Fréchet differentiable and totally convex on bounded subsets of X. Let Ti : K → K represent
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finite family of closed Bregman quasi nonexpansive mappings such that Ω = ∩Ni=1Fix(Ti) 6= ∅.
Then for each choice of x1, x0 ∈ K with x1 < x0, we have sequences {xn} and {zn} satisfying
(61) which converges strongly to x = P hΩ(x0) nearest to x0, as n→∞, with P hΩ as the Bregman
projection mapping of Cn+1 onto Ω.

If h(x) = ‖x‖2, then dh(x, y) = φ(x, y) (see Remark 1.2). In what follows, we have Ti : K →
K as a finite family of closed quasi-φ -strictly pseudo-contraction mappings and the algorithm
below for it . 

x0, x1 ∈ C1 = K

C1,i = ∩Ni=1C1,i,

zn = xn + an(xn − xn−1),

yn,i = J∗ (bnJ (xn) + (1− bn − cn) J (Tizn) + cnJ (zn)) ,

Cn+1,i = {u ∈ Cn : φ (u, yn,i) ≤ φ (u, xn) + φ (xn, zn)

+〈J (zn)− J (xn) , xn − u〉+ ρi
1−ρi 〈J (zn)− J (Tizn) , zn − u〉},

Cn+1 = ∩Ni Cn+1,i,

xn+1 = ΠCn+1(x0), n ≥ 1,

(62)

where J and J∗ are called the normalized duality mappings on X and X∗ respectively, {an} ∈
(0, 1), {bn} ∈ (0, 1), {cn} ∈ (0, 1), such that

1. cn ∈ (0, (1− ρi)(1− bn) ⊂ (0, 1), i = 1, 2, ..., N ,

2. lim inf→∞ (1− bn − cn) > 0.

Corollary 3.3 Let K be a nonempty, closed and convex subset a uniformly convex and uni-
formly smooth real Banach space. Let Ti : K → K represent family of quasi- φ -strictly pseudo-
contraction maps which is closed such that Ω = ∩Ni=1Fix(Ti) 6= ∅. Then for each choice of
x1, x0 ∈ K with x1 < x0, we have sequences {xn} and {zn} satisfying (62) which converges
strongly to x = ΠΩ(x0) nearest to x0, as n→∞, with ΠΩ as the generalized projection mapping
of Cn+1 onto Ω.

If T : K → K represent relatively nonexpansive mapping, we have algorithm for it as follows:

x0, x1 ∈ C1 = K

zn = xn + an(xn − xn−1),

yn = J∗ (bnJ (xn) + (1− bn − cn) J (Tzn) + cnJ (zn)) ,

Cn+1 = {u ∈ Cn : φ (u, yn) ≤ φ (u, xn) + φ (xn, zn)

+〈J (zn)− J (xn) , xn − u〉
xn+1 = ΠCn+1(x0), n ≥ 1, 8

(63)

Corollary 3.4 Let K be a nonempty, closed and convex subset a uniformly convex and uni-
formly smooth real Banach space. Let T : K → K represent relatively nonexpansive mapping
such that Ω = Fix(T ) 6= ∅. Then for each choice of x1, x0 ∈ K with x1 < x0, we have sequences
{xn} and {zn} satisfying (63) which converges strongly to x = ΠΩ(x0) nearest to x0, as n→∞,
with ΠΩ as the generalized projection mapping of Cn+1 onto Ω.

4 Application

In this section we provide some applications of Theorem 3.1 as follows.
4.1. Convex feasibility problems
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We let K1,K2, ...,KN represent a closed convex and nonempty sets such that the finite
intersection of these sets is not empty. The convex feasibility problem (CFP ) is to find a point
say z ∈ K. The Bregman Projection onto the ith constraint Ki with respect to a Legendre
function h is denoted by P hKi

. It is easy to compute that Fix(P hKi
) = Ki,∀i = 1, 2, ..., N .

If in addition, the Legendre function is necessarily uniform Fréchet differentiable and totally
convex on bounded subsets of a real reflexive Banach space X, we get that P hKi

is in particular
a Bregman relatively nonexpansive mappings (see [25]), thus a closed Bregman quasi strictly
pseudo-contraction mappings such that Ti = P hKi

, ∀i = 1, 2, ..., N . With this fact, the fixed
problem for finite family of closed Bregman quasi strictly pseudo-contraction nonexpansive-type
mappings becomes solutions of finite family of convex feasibility problems. From Theorem 3.1,
we have a strong convergence results for common solution of convex feasibility problems below:

Theorem 4.1 Let K be a nonempty, closed and convex subset of X with its dual space X∗. Let
h : X → (−∞,+∞] represent a strongly coercive Legendre function which is bounded, uniform
Fréchet differentiable and totally convex on bounded subsets of X. Let Ki,∀i = 1, 2, ..., N rep-
resent finite family of closed, nonempty subset of X such that Ω = ∩Ni=1Fix(P hKi

) 6= ∅. Choose
x0, x1 ∈ K such that x1 < x0 and define the sequence {xn} thus:

x0, x1 ∈ C1 = K

C1,i = ∩Ni=1C1,i,

zn = xn + an(xn − xn−1),

yn,i = ∇h∗
(
bn∇h (xn) + (1− bn − cn)∇h

(
P hKi

zn
)

+ cn∇h (zn)
)
,

Cn+1,i = {u ∈ Cn : dh (u, yn,i) ≤ dh (u, xn) + dh (xn, zn)

+〈∇h (zn)−∇h (xn) , xn − u〉+ ρi
1−ρi 〈∇h (zn)−∇h (Tizn) , zn − u〉},

Cn+1 = ∩Ni Cn+1,i,

xn+1 = P hCn+1
(x0), n ≥ 1,

(64)

where {an} ∈ (0, 1), {bn} ∈ (0, 1), and {cn} ∈ (0, 1) such that cn ∈ (0, (1−ρi)(1−bn) ⊂ (0, 1), i =
1, 2, ..., N , with lim inf→∞ (1− bn − cn) > 0. Then the sequences {xn}, {zn} in (64) converges
strongly to x = P hΩ(x0) nearest to x0, as n → ∞ and where P hΩ is the Bregman projection
mapping of Cn+1 onto Ω.

4.2. Equilibrium problems
A mapping Θ : K × K → R is called a bifunction so that the equilibrium problem with

respect to Θ : K ×K → R is to find z0 ∈ K such that

Θ(z0, z) ≥ 0,∀z ∈ K. (65)

The collection of solution of (65) is represented by

EP (K,Θ) :=
{
z0 ∈ K : Θ(z0, z) ≥ 0,∀z ∈ K

}
.

To solve a problem of the form (65) (see [5]), certain conditions are imposed on the bifunction
Θ : K ×K → R as follows:
Assumption 1

(A1) Θ(z, z) = 0, ∀z ∈ K,

(A2) Θ : K ×K → R is monotone, that is Θ(z0, z) + Θ(z, z0) ≤ 0,

(A3) lim supt�0 Θ(µx+ (1− µ)z0, z) ≤ Θ(z0, z), ∀x, z, z0 ∈ K,

(A4) The function z 7→ Θ(z0, z) is convex and lsc.
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The resolvent of a bifunctions Θ : K ×K → R is the mapping ReshΘ : X → 2K defined by

ReshΘ(x) :=
{
z0 ∈ K : Θ(z0, z) +

〈
∇h(z0)−∇h(x), z − z0

〉
≥ 0, ∀z ∈ K

}
. (66)

Lemma 4.1 [25] Let K be a closed and convex subset of X and let h : X → R ∪ {∞} be a
coercive and Gâteaux differentiable function. Let Θ : K × K → R be a bifunction satisfying
Assumption 1 conditions, then the domain of the resolvent of a bifunctions with respect to h
is X (i.e) dom(ReshΘ) = X.

Lemma 4.2 [29] Let K be a closed and convex subset of X and let h : X → R ∪ {∞} be a
coercive Legendre function. Let Θ : K × K → R be a bifunction satisfying Assumption 1
conditions, and let ReshΘ be a resolvent mapping ReshΘ : X → 2K defined by (66), then we these
conditions are met:
(a) ReshΘ is single-valued,
(b) Fix(ReshΘ) = EP (K,Θ),
(c) dh(q,ReshΘx) + dh(ReshΘx, x) ≤ dh(q, x),∀q ∈ Fix(ReshΘ),
(d) ReshΘ is Bregman quasi nonexpansive type mapping.

Theorem 4.2 Let K be a nonempty, closed and convex subset of X with its dual space X∗. Let
h : X → (−∞,+∞] represent a strongly coercive Legendre function which is bounded, uniform
Fréchet differentiable and totally convex on bounded subsets of X. Let Θi : X ×X → R,∀i ∈ I
represent finite family of bifunctions which satisfy Assumption 1 conditions and let ReshΘ :
X → 2K be a resolvent mapping such that Ω = ∩i∈IFix(ReshΘi

) 6= ∅. Choose x0, x1 ∈ K such
that x1 < x0 and define the sequence {xn} thus:

x0, x1 ∈ C1 = K

zn = xn + an(xn − xn−1),

yn = ∇h∗
(
bn∇h (xn) + (1− bn − cn)

∑
i∈I λ

i
n∇h

(
vin
)

+ cn∇h (zn)
)
,

Cn+1 = {u ∈ Cn : dh (u, yn) ≤ dh (u, xn) + dh (xn, zn)

+〈∇h (zn)−∇h (xn) , xn − u〉},
xn+1 = P hCn+1

(x0), n ≥ 1,

(67)

where vin := ReshΘi
(zn), {an} ∈ (0, 1), {bn} ∈ (0, 1), {cn} ∈ (0, 1), and {λin} ∈ (0, 1) such

that (1)
∑

i∈I λ
i
n = 1, (2) cn ∈ (0, (1 − ρi)(1 − bn) ⊂ (0, 1) for each i = 1, 2, ..., N and (3)

lim inf→∞ (1− bn − cn) > 0. Then the sequences {xn}, {zn}, {un} in (67) converges strongly to
x = P hΩ(x0) nearest to x0, with P hΩ as Bregman projection of Cn+1 onto Ω.

Proof. Following the same approach as demonstrated in the proof of Theorem 3.1, we have

lim
n→∞

||vin − zn|| = 0. (68)

In view of (68) and the fact that ∇h is uniformly continuous and for each i ∈ I, we obtain

lim
n→∞

||∇h(vin)−∇h(zn)|| = 0. (69)

Furthermore,

Θi

(
vin, z

)
+

i

rin

〈
z − vin,∇h

(
vin
)
−∇h (zn)

〉
≥ 0, z ∈ K,∀i ∈ I. (70)

So by the monotocity property A1 of the bifunction Θi : K ×K → R, we get for n ≥ 1 and for
each i ∈ I that

i

rin

〈
z − vin,∇h

(
vin
)
−∇h (zn)

〉
≥ Θi

(
z, vin

)
, z ∈ K. (71)
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By condition A4, (69) and the fact that vin → x for each i ∈ I and as n→∞, we get

0 ≥ −Θi(x, z) ≥ Θi(z, x)

≥ Θi(z, x) + Θi(x, z)

≥ Θi(z, x),∀z ∈ K.

Now consider zµ = µz + (1 − µ)x, ∀µ ∈ (0, 1) and z ∈ K. This shows that zµ ∈ K and so
Θi(zµx) ≤ 0. Following from conditions A1 and A4, we get

Θi(zµ, zµ) = 0 = Θi(zµ, µz + (1− µ)x)

≤ µΘi(zµ, z) + (1− µ)Θi(zµ, x)

≤ µΘi(zµ, z).

Since µ ∈ (0, 1), we get

0 ≤ Θi(zµ, z)

for each i ∈ I. Using condition A3 we have that

0 ≤ Θi(zµ, z) ≤ Θi(x, z),

∀x, z ∈ K and for each i ∈ I. This has shown that x ∈ EP (Θi) for each i ∈ I. Hence x ∈
∩i∈IEP (Θi). Thus, we obtain that x ∈ Ω := ∩i∈IEP (Θi)).

Example 4.1 (as application) Let X = R, K = [−1, 1], h(x) := 2
3x

2. The equilibrium
problem with respect to Θ : K ×K → R defined by

Θi(u, z) = z2 − zu+ iuz − iu2, ∀z ∈ K, (72)

is to find u ∈ K, for each i ∈ I (see [22]). It is very obvious that for each i ∈ I, Θi(u, z) satisfies
Assumption 1 conditions. Also using the fact that ReshΘ,ri is single valued, we get using

ReshΘ,ri(zn) :=

{
vin ∈ K : Θ(vin, z) +

1

ri

〈
∇h(vin)−∇h(zn), z − vin

〉
≥ 0,∀z ∈ K

}
,

that

vin = ReshΘ,ri(zn) =
4zn

3iri + 3ri + 4
. (73)

We see also for each i ∈ I, that Fix(ReshΘi
) = 0. Now we set i ∈ (1, ...10), x0 = 1.0, x1 = 0.5

and an = 1
(n+10)2

, bn = 1
n+1 , cn = 1

4n , rin = 2n
in+n+i+1 , λ

i
n = 1

2 , with
∑

i∈I λ
i
n = 1 (see Table and

figure below). Thus, our algorithm of Theorem 67 simplifies to

x0, x1 ∈ K,
C1 = K = [−1, 1]

zn := xn+(xn−xn−1)
(n+10)2

,

v1
n = · · · v10

n = 2zn(n+1)
5n+2 ,

yn := 8n2zn+10nx2n+11nzn+4x2n+3zn
4(n+1)(5n+2) ,

Cn+1 :=
{
u ∈ Cn : z ≤ 28n2zn+10nx2n+39nzn+4x2n+11zn

8(n+1)(5n+2)

}
,

xn+1 := P hKn+1
(x0), n ≥ 1.

(74)
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5 Numerical examples and implementation of (26)

In this section we demonstrate the effectiveness, implementation and convergence of our scheme
(26) of Theorem 3.1. We do this by considering similar problem of [29]. We also use Python
software, run on HP PC with Intel(R)Core(TM)i7-3520M CPU @ 2.90GHz to perform a side
by side simulations of our scheme (26) with other similar results of some authors cited in the
literature.

Example 5.1 (cf.[29]) Let K = [0, 1], h(x) := x2. Let T1, T2 : K → K be defined by T1(x) =
sinx and T2(x) = sin(1

2x) respectively. Then it is easy to see that both T1 and T2 are Bregman
quasi strictly pseudo-contraction mappings with Fix(Ti) = {0}, and ρi = 0.5 for each i = 1, 2.

Now, with two different sets of scalar sequences as follows: (a) an = 0.6, bn = 5
10 , cn =

1
4 ∈ (0, (1 − ρi)(1 − bn)) ⊂ (0, 1) used in Table 1 and Figure 1, and (b) an = 0.4, bn = 1

2n ,
cn = 2n−1

4n ∈ (0, (1− ρi)(1− bn)) ⊂ (0, 1) used in Table 2 and Figure 2, then our assumptions in
Theorem 3.1 are all satisfied. In addition, our scheme (26) is simplified thus:



x0, x1 ∈ K,
C1,i = K = [0, 1], i = 1, 2,

zn := xn + an(xn − xn−1),

yn,1 := bnxn + (1− bn − cn)sinzn + cnzn,

yn,2 := bnxn + (1− bn − cn)sin1
2zn + cnzn,

Cn+1,1 := {u ∈ Cn : u ≤ (2ρ1sin(zn)zn−ρ1y2n,1−ρ1z2n+y2n,1−z2n)

2(ρ1sin(zn)−ρ1yn,1+yn,1−zn) },

Cn+1,2 := {u ∈ Cn : u ≤ (2ρ2sin( 1
2
zn)zn−ρ2y2n,2−ρ2z2n+y2n,2−z2n)

2(ρ2sin( 1
2
zn)−ρ2yn,2+yn,2−zn)

},

Cn+1 := Cn+1,1 ∩ Cn+1,2,

xn+1 := P hCn+1
(x0), n ≥ 1.

(75)

Figure 1: Sequence values versus number of iterations showing comparison of our scheme
(26) (indicated with Pink & Purple) and that of (24) (indicated with Black) respectively.
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Table 1: Selected values of the sequences {xn} , {zn} in our scheme (26) and {x2n} for that of
(24) with the following cases.

Case 1 Take x0 = 1.0, x1 = 0.8, z0 = 0.0;x20 = 1.0, ρ1 = ρ2 = 0.5
n 0 50 100 200 300 400 450 500

xn 1.000000 0.054787 0.033168 0.012157 0.004456 0.001633 0.000989 0.000605

zn 0.000000 0.054345 0.032900 0.012059 0.004420 0.001620 0.000981 0.000600

x2n 1.000000 0.888736 0.790539 0.626695 0.497675 0.395650 0.352870 0.315479
Case 2 x0 = 1.0, x1 = 1.0, z0 = 0.0;x20 = 1.0, ρ1 = ρ2 = 0.5

n 0 50 100 200 300 400 450 500

xn 1.000000 0.871373 0.749156 0.555358 0.412674 0.307051 0.264935 0.229301

zn 0.000000 0.869254 0.747349 0.554033 0.411695 0.306324 0.264309 0.228760

x2n 1.000000 0.888736 0.790539 0.626695 0.497675 0.395650 0.352870 0.315479
Case 3 x0 = 0.5, x1 = 0.3, z0 = 0.0;x20 = 0.5, ρ1 = ρ2 = 0.5

n 0 50 100 200 300 400 450 500

xn 0.500000 0.097475 0.038147 0.005845 0.000896 0.00137 0.000054 0.000021

zn 0.000000 0.095997 0.037569 0.005756 0.000882 0.000135 0.000053 0.000021

x2n 0.500000 0.393700 0.310231 0.192864 0.119991 0.074674 0.058912 0.046698

Figure 2: Sequence values versus number of iterations showing comparison of our scheme (26)
(indicated with Pink & Purple) and that of (24) (indicated with Black) respectively.
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Table 2: Selected values of the sequences {xn} and {zn} in our scheme (26) and {x2n} with the
following cases.

Case 1 Take x0 = 1.0, x1 = 0.8, z0 = 0.0;x20 = 1.0, ρ1 = ρ2 = 0.5

n 0 5 10 20 30 40 45 50

xn 1.000000 0.501570 0.199426 0.021442 0.001968 0.000170 0.000049 0.000018

zn 0.000000 0.470859 0.181492 0.019192 0.001753 0.000151 0.000041 0.000016

x2n 1.000000 0.741965 0.431008 0.129957 0.037177 0.010388 0.005462 0.003260
Case 2 x0 = 1.0, x1 = 1.0, z0 = 0.0;x20 = 1.0, ρ1 = ρ2 = 0.8

n 0 5 10 20 30 40 45 50

xn 1.000000 0.897273 0.642592 0.291564 0.126819 0.054203 0.035294 0.025005

zn 0.000000 0.879106 0.623060 0.281636 0.122361 0.052267 0.034027 0.024104

x2n 1.000000 0.899435 0.733148 0.463565 0.287177 0.176368 0.137932 0.113223
Case 3 x0 = 0.5, x1 = 0.3, z0 = 0.0;x20 = 0.5, ρ1 = ρ2 = 0.3

n 0 5 10 20 30 40 45 50

xn 0.500000 0.102363 0.024258 0.000694 0.000014 0.00000 0.000000 0.000000

zn 0.000000 0.091246 0.020658 0.000567 0.000011 0.000000 0.000000 0.000000

x2n 0.500000 0.319823 0.145020 0.025390 0.004134 0.000653 0.000258 0.000122

We observe a better performance of our scheme when compared with an existing result for
finite family of Bregman quasi-strict pseudocontarction mappings.
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6 Conclusion

In this paper, we constructed a two-step iterative algorithm with inertial extrapolation term
defined with respect to Bregman distance function which approximated common fixed points
of the finite family of a closed Bregman quasi strictly pseudo-contraction mappings when the
intersection of its set is assumed to be non empty. The inertial extrapolation term has a flexible
relaxed condition on the initial iterates xn and xn−1. We proved a strong convergence theorem
for it. Through the use of Python program, we obtained that the sequences generated by our
algorithm showed faster convergence results as displayed in the tables and figures above. Thus,
our result improves, generalizes and complements other previously and recently cited results of
some authors in the literature.
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Abstract 

In this paper, a non-linear mathematical model for the population dynamics of Ebola virus 
disease in existence of vaccination was developed and analyzed. Existence of equilibrium 
point was carried out, which shows us that the model consists of two equilibrium point. 
Local stability analyses of DFE have been carried out, it was found that the DFE is locally 
asymptotically stable if the threshold called reproduction number can be brought to a 
number less than unity. Comparison theorem was used to access the globally Stability of 
DFE, it was found that the DFE is globally asymptotically stable if the reproduction 
number can be brought to a number less than unity. LAS of endemic equilibrium point 
was done using Centre manifold theorem, it was established that the endemic equilibrium 
point is locally asymptotically stable if the reproduction number is greater than one. We 
were able to prove the global stability of endemic equilibrium point using Lyapunov 
function of Goh-Volterra type, it shows us that the endemic equilibrium point is globally 
asymptotically stable if the reproduction number is less than one. The numerical 
simulation shows that vaccinating a good number of people in a society can mitigate the 
Ebola virus disease (EVD).  

 

Keywords and Phrases: Ebola virus; mathematical model; population dynamics; mathematical; 
population.  
 

1    Introduction 
 

        EVD is a serious infection which is referred to as deadly, harmful and infectious disease which 
claimed numerous humans and other mammals’ lives that causes huge damages economically in the 
West African Countries. A river in DRC was the main origin of EBV and it was named after the 
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DRC (Democratic Republic of Congo) river and it was in the year 1976 Ebola virus disease was 
discovered which can also harm primates and humans (Abdulrahman, 2016; Deepaa, 2015 and Tae 
and Lee, 2016). 
 
       The virus transmits into human population through blood contacts, secretions, other bodily 
fluids of infected animals or organs (Herick et al.,2020). Characterization of EBV is by flu which 
quickly progress to vomiting, diarrhea, rash, internal and external bleeding (Birmingham and 
Cooney, 2002; Eric et al., 2020 and WHO, 2014). It is said that, Ebola virus can transmit from 
human to human, bats (fruit bats) to human and from other animals such as Monkeys, Gorillas and 
Chimpanzees etc (Amenoghawan and Aboubakary, 2015 and Ustun and Ozguller, 2004). 
 
        The recent 2018 to 2020 outbreak in Democratic republic of Congo was very multifaceted due 
to lack of security which affected the public health workers badly rejoinder activities, sequencing of 
samples suggests that cases in this outbreak are connected to cases in the area throughout the year 
2018 to 2020 outbreak and possibly resulted from continual infection in a survivor that led to either 
a reversion or sexual transmission of the virus (CDC, 2019; Eric, et al., 2020 and WHO, 2019).  
 
        Recent researches in mathematical modeling of Ebola virus (EBV) suggest that, tracing of 
infected /exposed individuals must be efficiently done in order to quarantine/isolate the affected 
population and educate community on the various ways in which the disease transmit, symptoms 
and preventive measures in order to minimize human to human transmissions (Herick et al., 2020; 
Hussain et al.,2017 and Rachah and Torres, 2015).  
 
       Bats as a main reservoir of numerous viral infections are widely accepted (Pourrut et al., 2009; 
Leroy et al., 2005; Hayman, 2016 and Zineb et al., 2018). Hayman (2016) think that the disease can be 
contracted by eating of contaminated fruits that is touched by bodily fluids of infectious bats (Zineb 
et al., 2018). Over quite some years ago, there were several models which were developed 
mathematically to understand the dynamics of Ebola virus disease (EVD) (Azuaba et al., 2017; Berge 
et al., 2018; Eric, et al., 2020 Espinoza et al., 2015; Herick et al., 2020; Kalu et al., 2016; Nourridine, 
2020; Lekone and Finkenstadt, 2006 and Murtaza et al., 2016). Though, the said systems have 
normally considered the spread of the disease in human populace, only (Berge et al., 2018 and Zineb 
et al., 2018) considered bats population. In addition, they do not take into account the vaccinated 
humans and natural recovery due to immune response. For these precise and biological 
considerations, we propose a universal deterministic model for EVD.  

 
2    Model formulation and fundamental properties 
 

We build a model in a mathematical form of an Ebola virus dynamics by considering natural 
recovery and vaccination. We subdivided the system compartmentally in nine places,  namely: 

Susceptible individuals (S )h , Latently infected individuals (L )h , Infectious individuals (I )h , Isolated 

individuals (J )h , Removed persons as a result of permanent recovery from the disease (R )h , Dead 

bodies of humans induced by Ebola virus disease before burial (D )h , environmental virus ( )V , 

Non-Carrier bats (N )b , Carrier-bats (C )b , humans Total population  (T )h  and bats Total 

population (T )b . Figure 1 is the schematized representation of the model. 
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Figure 1.  Schematized EVD transmission dynamics diagram 
 
 
 

The hS  compartment is a representation of humans that are prone to the disease. This class are 

increased as a result of daily recruitment due to birth/immigration at the rate h . They get infected 

and transfer to hL  class by intermingling with those humans in the hI  and hD  compartments, virus 

in the environment and bats in the bC  compartment given by the term 𝜆ℎ =
𝛽1(1−𝜀)(𝐼ℎ+𝜂𝐷ℎ)+𝛽2(1−𝜀)𝑉+𝛽3(1−𝜀)𝐶𝑏

𝑇ℎ
. The parameters 1  , 2  

and 3  are the effective contact rate of 

human to human, virus in the environment to human and bats to humans respectively,   is the 

modification parameters which is tight to reduced contacts with the human dead body compare to 

humans who are infectious, the term (1 )−  is the enhancement of public enlightenment on 

personal hygiene in respect of the transmission of the disease; 0 1  . The class decreases due to 
people that have been vaccination at rate  . 

                        
( ) ( )1 2 3Λh

h h h h

dS
S S

dt
    + += − − +                                                              (1) 

 

hI
 hD

 

hR
 hJ

 

V  

bC
 

bN
 

hS
 

 

hL
 

h  

h  

h  

  

h  

  

  

  

h  

  
2h +  

  

1h +  
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1h +  
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The hL  class represents the already infected persons with the virus but the clinical symptoms of 

Ebola not yet developed and are not capable of infecting others. hL  class is increased by 

effective/actual contact between 𝑆ℎ with hI , hD  , V and bC  given by the term 𝜆ℎ =
𝛽1(1−𝜀)(𝐼ℎ+𝜂𝐷ℎ)+𝛽2(1−𝜀)𝑉+𝛽3(1−𝜀)𝐶𝑏

𝑇ℎ
 as earlier explained. They decrease at the rates   and   due to 

natural recovery and disease progression respectively. 

                        
( ) ( )1 2 3

h
h h h

dL
S q L

dt
     = − + + ++ +                                                           (2) 

hI class is a representation of individuals who are symptomatic, infected as well as infectious. 
hI class 

are increased at the rate 𝜎 from the 
hL class as a result of clinical symptoms of Ebola developed by 

those in the hL class. The 
hI  class diminishes at rates    and 1 due to isolation and disease induced 

dead respectively. 

                  
( )1

h

h h h

dI
L I

dt
   = − + +                                                                                      (3) 

The hJ  class is a representation of humans who clinical symptoms are developed and have been 

isolated for treatment. The compartment is generated from hI  at the rate   due to isolation. The 

class diminishes at the rates 𝜏 and 2  due to treatment and disease-induced death. 

                  
( )2

h
h h h

dJ
I J

dt
   = − + +                                                                                       (4) 

The removed humans’ compartment, hR  represents humans that are effectively vaccinated as well as 

those that recovered from the disease and they possess lasting immunity against EVD as assumed. 

hR  class is increased from hL , hJ  and hS   classes at the rates  , 𝜏 and 𝜌 due to natural recovery of 

individuals in latent class, recovery due to effective treatment of individuals in hJ  class and effective 

vaccination of individuals in hS  class respectively. 

                 

h
h h hh h

dR
S L J

dt
R   = + −+                                                                                   (5) 

The hD  class is a representation of human dead bodies of those that die due to Ebola virus from 

both hJ  and hI  classes. The compartment decreases due to proper burial at the rate  . The 

human’s natural mortality can take place in all the existing humans’ classes (in exception of hD ) at 

the rate 𝜇ℎ. 
 

                 
( ) ( )1 2

h

h h h h h

dD
I J D

dt
    = + + + −                                                                   (6) 
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The V  class is a representation of the virus in the environment. The class is generated as a result of 

the virus shade by ,hI  hD   and bC  in the environment denoted by 1,  2  and 3  respectively. 

The compartment diminishes due to natural death of virus .    

                
 

1 2 3h h b

dV
I D C V

dt
   = + −+                                                                            (7) 

 

The bN  class is a representation of non-career bats. The class is increased as a result of constants 

recruitment at the rate b . They got infected and moved to bC  class by getting contacts with carrier 

bats in the bC  compartment and virus in the environment, given by the term 4 5b
b

b b

C V

T T

 
 = +  

where 4  and 5 is rate of effective mingling of bats and environment to bats respectively. 

               
( ) ( )4 5Λb

b bb b b

dN
N

dt
N   − ++= −                                                                  (8) 

 

The bC  class is a representation of the Carrier bats who are capable of getting others infected. The 

class is increased by effective contact between bN  with bC  and V given by the term 

4 5b
b

b b

C V

T T

 
 = +  as earlier explained. Both bN and bC classes diminish at the rates b   and b due 

to human activities such as hunting and natural death respectively. 

               
( ) ( )4 5

b
b bbbN

dC
C

dt
   = ++ −                                                                           (9) 

 
The following assumptions and conditions are considered during the development of the system: 

• Personal hygiene is enhancing by public enlightenment. 

• Effective vaccinated and recovered individuals are permanently immune from the Ebola 
virus. 
 

In synopsis the model consists of the following structure of nonlinear (deterministic) differential 
equations. 
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( )Λ hh h h h hS S S  = − − +  

                 
( )h h h h hL S q L   = − + + +   

                 
( )1h h h hI L I   = − + +  

                
( )2h h h hJ I J   = − + +  

                
h hh h h hR S L J R   = + −+                                                                               (10) 

                
( ) ( )1 2h h h h h hD I J D    = + + + −  

                
 

1 2 3h h bV I D C V   ++= −  

                  
( )Λ bb bb bbbNN N  = − − +  

                   
( )bbb b b bNC C  = − + . 

where 

                    h h h h h h hT S L I J R D= + + + + + , 

and 

                     b b bT N C= + . 

 
 

3   Basic analysis of the model (10) 
 

The total population of human hT  is giving by adding the first six equations of the model (10) gives 

( )Λ  h
h h h h h h

dT
T I J D

dt
 = −− −− , so that 

h
h

h

T



→  as t → . Thus, 

h

h


 is an upper bound of 

( )hT t  provided that (0)h
h

h

T



 .  Furthermore, if (0)h

h

h

T



 , then ( )hT t  will decrease to this 

level. Similarly, calculation for the bats equations shows that 
b

b

b

T



→  as t → . 

 
Thus, the following feasible region: 
 

9

8

( ,L ,Q , I , J ,D ,R , N ,C )
Λ

 :
Λ

  ,h b
h h h h h h h h bb

h

b
K

S T T


+  
 

 =  
 

R  

 
is positively invariant set under the flow described in (1). Hence, no solution path leaves through 

and boundary of  . Also, since solution paths cannot leave  , solutions remain non-negative for 

non-negative initial conditions. Solutions exist for all time t. In this region, the model (10) is said to 
be well posed mathematically and epidemiologically. 
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3.1 Existence of equilibria ( *E ) 
 

At any giving equilibrium state the rate of change of each variable is equal to zero. That is 
 

        
0h h h h bh bhdS dL dI dJ dR dD dN dCdV

dt dt dt dt dt dt dt dt dt
= = = = = = = = = .                                  (11) 

 
At any arbitrary equilibrium state, let 
 

    ( ) ( )* * * * * * * * *, , , , , , , , , , , , , , , ,h h h h h h b b h h h h h h b bS L I J R D N C S L I J R D NV V C= .                     (12) 

 
Thus, the state variables give 
 

 
* * *

1 2 3

*

1

h
hS

K  + +


=

+
, 

( )* * *

1 2 3

* *

*

2 1

*

1 2 3( )

h

hL
K K

  

  

+ +

+ ++


= , 

( )
( )

* * *

1 2 3*

* * *

13 2 3 12

Λ

K

h

hI
K K





  

 

+ +
=

+ + +          

               

( )
( )

* * *

1 2 3

* * *

1 2 3 1

*

2 3 4

Λ

K

h

hJ
K K K

  

  

 + +

+ + +
= ,  

 

( ) ( )
( )( )

* * * * * *

1 2 3 1 2 3*

* * *

1 2

2 3 4 3 4

3 32 4 1

Λ Λ Λ
h

h h h

h

K K K K K

K K K
R

K

       

   

+ + + + + +
=

+ + +
 

 

( ) ( )
( )

* * * * * *

1 2 3 1 2 3*

* * *

2 3 4 1 2

3 5 6

3 1

Λ Λh

h

h
D

K K K

K KK K

       

   

+ + + + +
=

+ + +
, 

 
( )*

5

*

*

4 7

Λb
bN

K +
=

+
 

 

( )
( )

* *

4

*

7 5

* 5

*

4 7

b

b
K

C
K

 

 

+ 

+
=

+
,  

( )( ) ( )( )

( )( )
( )( )

* * * * *

7 1 2 3 4 5 7 1 4 2 3 5 6

* * * * *

3 2 3 4 1 2 3 1 4 5*

* * * * *

2 3 4 7 1 2 3 1 4 5 7

h

b

K K K K K K

K K K K
V

K K K K K K

         

      

     

  + + + + + +
 
 +  + + + +
 =

+ + + + +   

 
where 

                        
( )2

*

*

2 *

1

h

V

T

 


−
=                                                                                            (14) 

                         
( )3

*

*

3 *

1

h

bC

T

 


−
=                                                                                         (15) 

                          

*
* 4

4 *
  b

b

C

T


 =                                                                                                  (16) 
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*

* 5
5 *

 
b

V

T


 =                                                                                                 (17) 

 
substituting the state variable concern in (13), we have 
 

   

( ) ( )
( )

( ) ( )( )
( )

* * * * * *

1 1 2 3 3 5 6

2 3

1 1 2 3

* * * * * *

1 2 3 1 2 3 4 1 2 3 1*

1 *

1 Λ 1 Λ

K

h

h

h

K K K K

K K K

K

T

K

          

      





− + + − + + +
+

+ + + + + +
=

                 (18) 

 

simplifying (18), gives   

  

                  
( )( ) ( ) ( )* * * * * *

3 1 3 2 3 3 3 1 1 2 1 1 2 2 1 2 3 0P P P P K P P P P P P     + + + − + − + − + =        (19) 

 

where  ( ) ( ) ( ) *

1 1 4 1 32 3 46 35 21 Λ 1 Λ, , hh hK P K KP P K K TK K      = − −= + = . 

     
Substituting the state variable concern in (14), gives 
 

      

( ) ( )( ) ( )( )

( ) ( )( )
( )( )

* * * * *

7 1 2 3 4 5 7 1 4 2 3 5 6

* * * * *

3 2 3 4 1 2 3 1 4 5*

2 * * * * *

2 3 4 7 1 2 3 1 4 7

2

5

2

1

1

h

b

K K K K K K

K K K K

K K K K K K

 

 

        

      


     

  + + + + + +
 
 +  + + + +
 =

+ + + + +

−

−
.

              (20) 

 
Simplifying (20), we have 
 

( )( ) ( ) ( )* * * * * *

6 2 6 1 6 3 6 1 4 2 4 1 4 35 5 5 5 1 0P P P P K P P PP P PP K     + + + − + − + − + − = ,                        (21) 

 
where  
 

( ) ( ) ( )( )

( ) ( ) ( )

* *

4 7 4 5 7 1 4 2 3 5 6

* * * *

3 2 3 4 4 5 6 2 3 4

2

7 4 52 75

1

1 ,

h

b

P K K K K K K

K K K P K K K K KP

      

   

 

   

−=  + + + +

 + = + += −
. 

 
Substituting the state variable concern in (15), gives 
 

              

( )( )
( )

* *

3 4 5

3 * * *

7 4 5 7

*
1 b

h KT K

   


 

− + 

++
= .                                                                                    (22) 

 
Substituting the state variable concern in (16), we have 
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( )
( )

* *

4 4 5

4 * * *

7 4 7

*

5

b

bT KK

  


 

+ 

+
=

+
.                                                                                      (23) 

 
Simplifying (23), gives 

                 ( )* * * * * * *

7 4 7 5 7 7 4 4 4 5 0b b b b bT K T K T K K     + + −  −  =                                       (24) 

 
Substituting the state variables concern into (17), we have 
 

             

( )( ) ( )( )

( )( )
( )( )

* * * * *

7 1 2 3 4 5 7 1 4 2 3 5 6

5
* * * * *

3 2 3 4 1 2 3 1 4 5*

5 * * * * * *

2 3 4 7 1 2 3 1 4 5 7

h

b

b

K K K K K K

K K K K

K K K K T K K

         


      


     

  + + + + + +
 
 +  + + + +
 =

+ + + + +
.        (25)  

Simplifying (25), we have 
 

                 
( ) ( )* *

7 8 4 7 8 5 7 7*

5 * *

9 4 9 5 9 7

P P P P P K

P P P K

 


 

+ + + +
=

+ +
                                                                 (26) 

             ( )( ) ( )* * * *

9 4 9 5 9 7 7 8 5 7 8 4 7 7 0P P P K P P P P P K   + + − + − + − = ,                                   (27) 

where 
 

 
( ) ( )( )

( ) ( )

* * *

7 5 7 1 2 3 1 4 2 3 5 6

* * * * * * *

8 5 3 2 3 4 1 2 3 1 9 2 3 4 7 1 2 3 1

,

,

h

b b

P K K K K K

P K K K K P K K K K T K

       

         

=  + + + +

=  + + + = + + +
   

       

Consider a scenario where 
* * * * *

1 2 3 4 5, , , , 0      , at endemic all the force of infection are positive. 

Also, consider 

                     
*

5 0 = .                                                                                                               (28) 

 
Substituting (28) into (24), gives 
 

                        ( )* * * *

7 4 7 7 4 4 0b b bT K T K K  + −  = .                                                                 (29) 

 
Equation (29) gives 

                
*

4 0 =                                                                                                                       (30) 

or 

                    
* * *

7 4 7 7 4 0b b bT K T K K + −  = .                                                                             (31) 
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Simplifying (31), we have 

               
*

* 4 7 7
4 *

7

b b

b

T K K

T K




 −
=                                                                                                (32) 

 

Considering the last model equation in system (1), it is easy to deduce that 7 1K  , therefore  7 7K K  

will become smaller, which makes 
*

4 0  .  

                           
*

4 0                                                                                                             (33) 

Substituting (28) and (30), into (22), gives 

                      
*

3 0 =                                                                                                                 (34)   

Substituting (28) while 
*

5 1   into (22), we have 

                      
*

3 0                                                                                                                  (35) 

if  

                              
*

1 0 =                                                                                                         (36) 

Substituting (28), (30), (34) and (36) into (21), gives 

                      ( )( )* *

6 2 6 1 4 5 2 0P P K P P + − + =                                                                        (37) 

either 

                      
*

2 0 =                                                                                                                 (38) 

or 

                      
( )4 5 6 1*

2

6

P P P K

P


+ −
=                                                                                         (39) 

For 
*

2  to be greater than zero (
*

2 0  ) it is very important to compare the values of 4 5,P P  and 6P  

within mind that multiplication of numbers less than zero is smaller. 
 

( ) ( )( )4 5 6 1 4 7 7 1 4 2 3 5 6 1 2 32 4 7 71 0hP P P K P K K K K K K K K K K K K      + − = =  + + − −
                  

(40) 

with the above reason clearly 
*

2 0  , therefore 

                              
*

2 0                                                                                                          (41) 

Substituting (28), (30), (34), (36) and (39) into (19),  
we have 

                             ( )( )* *

3 1 3 1 1 2 1 0P P K P P + − + =                                                                    (42) 

either 

                             
*

1 0 =                                                                                                           (43) 

or 

                                     ( )*

3 1 3 1 1 2 0P P K P P + − + =                                                                    (44) 

Simplifying (44), gives 
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( )1 2 3 1*

1

3

P P P K

P


+ −
=                                                                             (45) 

For 
*

1  to be greater than zero (
*

1 0  ) it is very important to compare the values of 1 2,P P  and 3P  

within mind that multiplication of numbers less than zero is smaller. 

           
( ) ( ) ( ) *

1 1 4 1 43 5 23 32 61 Λ 1 Λh h hPP K K TP K K K K K      + = − −− + −+         (46) 

 
Therefore, based on the explanation above, is greater than zero. Thus 

                     
*

1 0  .                                                                                                            (47) 

Substituting (30), (34), (36), (39) and (43) into (27), gives 

                        ( )* *

9 5 9 7 8 5 0P P K P + − =                                                                              (48) 

either 

                      
*

5 0 =       

or 

                              
*

9 5 9 7 8P P K P + −                                                                                      (49) 

Simplifying (49), we have 

                           
*

* 5 3 1 2 3 4 1 2 3 4 7 7
5

3

b bK K K K K K K K K K T

P

   


 −
=                                     (50) 

for 
*

5 to be greater than zero, it is very important to consider the numerator of (50), 7 7K K  is far 

less than one because all the three parameters are less than one. Therefore, 
 

                                       
*

5 3 1 2 3 4 1 2 3 4 7 7 0b bK K K K K K K K K K T    −                              (51) 

 
Thus, we have 

                               
*

5 0                                                                                                    (52)    

Hence, considering (28), (30), (34), (36) and (39) the exist DFE, also considering (33), (35), (41), (47) 
and (52) there exist EEP. 
 

3.2   Local stability of disease-free equilibrium (DFE) 
 

There is no infection at disease-free equilibrium. Therefore, all the disease classes are zero at this 
point and population will reduced to non-Career bats and vaccinated individuals. The DFE of 
system (10) obtained by setting the right-hand side of the system (10) to zero is given by 

( )0

1 1 8 8

, , , , , , , , , , ,0,0,0, ,0,0, ,0, ,  .h h b h b
h h h h h h b b h b

h h

E S L I J R D V N C T T
K K K K



 

     
= =  

 
 Next generation 

operator method has been to prove the local stability of DFE ( 0E ) of system (10). Considering only 

infected classes ( ), , , , ,h h h h bL I J D V C at DFE and taking into consideration the notation in Van den 

Driessche and Watmough (2002) the 𝐹 and 𝑉 matrices for those who are newly infected and those 
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remaining terms that are transferred from the infected compartments respectively, are respectively 
given as 

                       

1 1 2 3

1 1 1 1

5 4

(1 ) (1 ) (1 ) (1 )
0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0

h h h h

K K K K

F

   



       



− − − − 
 
 
 
 

=  
 
 
 
 
 

      (53) 

and 

                        

2

3

4

5 6

1 2 3

7

0 0 0 0 0

0 0 0 0

0 0 0 0

0 0 0

0 0

0 0 0 0 0

K

K

K
V

K K

K







   

 
 
− 
 −

=  
− − 

 − − −
  
 

                                                   (54) 

where 
 1 hK  = + , 2 hK   = + + , 13 hK   = + + , 24 hK   = + + , 15 hK  = +

26 hK  = + ,
  7 b bK  = +  

the product of ( 1FV − ), gives 

                  

1 2 3 4

0 0 0 0 0 0

1 2 3 4 5

0 0 0

1

0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

hhv hhv hhv hhv hv hvb

bv bv bv bv bv bbv

R R R R R R

R R R R R R

FV −

 
 
 
 

=  
 
 
 
 
 

                            (55) 

 

where 
( ) ( )1 6 4 5 2 1 4 2 6 2 4 51 1

0

1 2 3 1 2 3 4 1 2 3 4

(1 ) (1 )(1 ) h hhhv h
K K K K K K K

R
K K K K K K K K K K K

           

 

− + − + +−
= + + , 

( ) ( )1 6 4 5 2 1 4 2 6 2 4 52 1
0

1 3 1 3 4 1 3 4

(1 ) (1 )(1 ) h hhhv h
K K K K K K K

R
K K K K K K K K

           

 

− + − + +−
= + +
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3 1 6 2 2 6
0

1 4 1 4

(1 ) (1 )hhv h hK K
R

K K K K

      

 

− −
= + ,  

4 1 2 2
0

1 1

(1 ) (1 )
,hhv h hR

K K

      

 

− −
= +

  

2
0

1

(1 )
,hv hR

K

  



−
=

 

2 3 3
0

1 7 1 7

(1 ) (1 )
,hvb h hR

K K K K

      



− −
= +

( )5 1 4 2 6 2 4 51

0

2 3 4

,bv
K K K K

R
K K K

   



+ +
=  

( )5 1 4 2 6 2 4 52

0

3 4

,bv
K K K K

R
K K

   



+ +
=  

1 5 2 6
0

4

,bv K
R

K

 


=

4 5 2
0 ,bvR

 


= 5 5

0

bvR



=

 

and
5 3 4

0

7 7

bbvR
K K

  


= + . 

 
 
Then the spectral radius is given by 
 

 

( )
( ) ( )

2 2
1 1 1 1 1 1

0 0 0 0 0 0 0 0 0 0 0 01
4 4

,
2 2

bbv hhv bbv hhv bv hvb bbv hhv bbv hhv bv hvbR R R R R R R R R R R R
FV max −

 
+ + − + + − − + 

=  
 
                 

 

(56) 

                    
( )

2
1 1 1

0 0 0 0 0 04

2

bbv hhv bbv hhv bv hvb

c

R R R R R R
R

+ + − +
=                                                  (57) 

 
The following result is established using Theorem 2 in Van den Driessche and Watmough (2002). 

Lemma 1: The DFE of the system (10) is locally asymptotically stable if 1cR   and unstable if cR

> 1. 
 

The epidemiological threshold cR  gives the average number of Ebola virus cases generated by the 

infected individual into an entirely susceptible population (Agusto et al., 2017; Anderson and May, 
1991; Andrawus et al., 2017; Hethcot, 2000 and Van den Driessche and Watmough, 2002). The value 

called the threshold quantity cR  is the effective reproduction number for the model (10). The 

significance of Lemma 1 epidemiologically is that if cR  is less than unity, a small inflow of infected 

persons into the population would produce large outbreaks, and the disease dies out in time. 

However, the disease-free equilibrium might not be globally asymptotically stable even if cR  < 1 in 

the case of when backward bifurcation exists. That is, there is an existence of a stable EEP co-
existing with the DFE. 
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3.3 GAS of DFE of model (10) 
 

The stability of DFE at global level of the model (10) will be established. We claim the following 
result. 

Theorem 1. The disease-free state of the model (10) is GAS whenever cR  < 1. 
 

Proof: To prove the global stability of the disease-free equilibrium of model (10), we need to follow 
the approach in Castillo Chavez et al. (2002) that the two conditions (G1) and (G2) must be mate for 

1cR   . Let ( ), ,h h bX S R N=  and ( ), , , , ,h h h h bY L I J D V C=  and separate model (10) into: 

                     
( ),

dX
F X Y

dt
=                                                                                               (58) 

                     
( ) ( ), ; ,0 0

dY
G X Y G X

dt
= =                                                                          (59) 

with the components of 3X R representing the uninfected compartment and the components 
6Y R  representing the infected compartment. 

 
The disease-free equilibrium is now represented as 

                         ( )0 *,0E X=                                                                                              (60) 

where 

                       ( )* 0 0/ ,0h bX T T=                                                                                         (61) 

Considering the first condition, that is global stability of *X , gives  

                        

0

1

0 01

1

0

(X ,0)

h h

h h h

b b b

K S
dX

F S R
dt

N

 



  −
 

= = − 
 
 − 

                                                             (62) 

 
Now, using integrating factor (I.F) 

                        

1 10 0

1 1

( ) (0)K t K th h

h hS t e S e
K K

− − 
= − +                                                           (63) 

                        

0 0
0 0( ) (0)h ht th h

h h

h h

S S
R t e R e

  

 

− −
= − +                                                      (64) 

                        

0 0( ) (0)b bt tb b

b b

b b

N t e N e
 

 

− − 
= − + .                                                       (65) 

 

Now, obviously 
0 0 0( ) ( ) ( )h h hS t R t T t+ →  and 

0 0

b bN T→  as t →  regardless of the value of  

0 0(0), (0)h hS R  and 
0 (0)bN . Thus, ( )* 0 0/ ,0h bX T T= is a GAS. 
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Further, for the other criterion that is ( ) ( ), ,G X Y BY G X Y= −  gives 

 

        

0 0 0 0

1 1 2 3
2 0 0 0 0

3

4

5 6

1 2 3

0 0

5 4

0 07

(1 ) (1 ) (1 ) (1 )
0

0 0 0 0

0 0 0 0

0 0 0

0 0

0 0 0 0

h h h h

h h h h

b b

b b

S

K

S S S
K

T T T T

K

K
B

K K

N N

T T

    







   

   

 

 − − − −
− 
 
 −
 

− 
=
 −

− +

 
− 

 
 
 
         

(66) 

 

The matrix (66) is M- matrix clearly (the off-diagonal element of B  are non-negative). 
 

                           ( )

( )

( )

0 0

1 2 3

0 0

0 0

0 0 0

0 0 0 0

0

2

3

4

5 6

1 2

4 75

3

0

,

h h

h h

h h

h h h

h b

b b

h

S K L

L K I

I K J

K I K J D

I D C V

K

G Y

N C

X

  







   

 

 + +
 
 
 
 =
 
 
 +

−

−

−

+ −

+
 

+

−

− 

                                          (67) 

then, 

                                ( )  , 0,0,0,0,0,0
T

G X Y = .                                                                  (68) 

 

It is thus clearly that ( ), 0G X Y = . Hence, the proof is complete. 

 
Consider scenario where the endemic equilibrium exists. 
 

3.4   Stability of endemic equilibrium at local level of model (10) 

Theorem 2: The EEP of system (10) is LAS if the control reproduction number, 1cR 
 
. 

 

Proof: Because of the high dimension of the system, standard linearization around the endemic 
equilibrium cannot be used. Therefore, the theory of Centre manifold which is clearly explained in 
Castillo-Chavez and Song (2004) for LAS analysis have been used in this work, in order to apply the 
theorem. Therefore, it is very important to make the following changes of variables. Let 

      
( ) ( )1 2 3 4 5 6 7 8 9, , , , , , , , , , , , , ,V, ,h h h h h h b bx x x x x x x x x S L I J R D N C=                (69) 

 
 



J. Andrawus, S. Abdulrahman, R.V.K. Singh, and S.S. Manga                                                                                                                                               

147                                              IJMAM, Vol. 5, Issue 4 (2022) ©NSMB; www.tnsmb.org 

                             (Formerly Journal of the Nigerian Society for Mathematical Biology)  
 
 

Furthermore, using the vector notation  

           1 2 3 4 5 6 7 8 9( , , , , , , , , )TX x x x x x x x x x=                                                                   (70) 

 
The system (10) can be written in the form  

            
1 2 3 4 5 6 7 8 9( , , , , , , , , )TdX

F f f f f f f f f f
dt

= =                                                             (71) 

 
such that 
 

        

( )( ) ( ) ( )6 7 9

1 1 1

1 3

1 1 1

3

1

2
Λ

1 1 1

h h h

x

T T

x x x
x x x x K f

T
x

     
= − −

− + − −
− =−   

        

( )( ) ( ) ( )6 7 91 3 2 3

2 2 2 21 1 1

1 1 1

h h h

x x x x
K x f

T T
x x x

T
x

    − + − −
+ −= + =   

        3 2 3 3 3x fx K x= − =    

        4 3 4 4 4x fx K x= − =   

        5 2 1 4 5 5hx xx x x f   = + + − =                                                                                  (72) 

        6 5 3 6 4 6 6K x K x x fx = + − =  

        7 1 3 2 6 3 9 7 7x x x x x f   = + + − =   

        

4 9 5 7
8 8 8 7 8 8

b

b

b

x x
K x f

T
x

T
x x

 
−= −− =   

        

4 9 5 7
9 8 8 8 9 9

b b

x x
K x f

T T
x x x

 
= + − = . 

 
The Jacobian evaluated at DFE for the system (72) above is given by the Jacobian (73) as 
 

           

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

0 0 0 0

1 1 1 1 2 1 3 1

1 0 0 0 0

0 0 0 0

1 1 1 1 2 1 3 1

0 0 0 0

3
0

4

5 6

1 2 3

5 7 4

5 7

2

1 1 1 1
0 0 0 0

1 1 1 1
0 0 0 0

0 0 0 0 0 0 0

( ) 0 0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0 0

h h h h

h h h h

h

x x x x

T T T T

x x x x

T T T T

K

K

E

K

J K

K K

K

K

      

      







 

  



   

 



 

− − − −
− − − − −

− − − −

−

= −

−

−

−

− −

−

−

−

+ 4

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

          

(73) 

 

Suppose
*

5 5 =  is chosen as a bifurcation parameter at 1cR = , we have that 
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( )( ) ( )
2 2

1 1

4 0
*

0 0

6 0

5

2

02

4

bbv hhv bbv hhv

hvb

K R

K

R R R

R






  − + − −
 = 

.                                           (74) 

 

Eigenvectors *
5 5

0( )J E
 =

 

Given W and V  as a right and left eigenvectors associated with the zero eigenvalues of the Jacobian 

*
5 5

0( )J E
 =

 (denoted by *
5

J


) chosen such that 
0( ) 0VJ E = and 

0( ) W 0J E =  with 1VW =  where 

 1 2 3 4 5 6 7 8 9, , , , , , , ,V v v v v v v v v v=  and  1 2 3 4 5 6 7 8 9, , , , , , , ,
T

W w w w w w w w w w= . Thus, 

1 6 8 0v v v= = = , 2 4 0v v=  , 

 

( ) ( ) ( )

( )

0 0 0

1 1 2 1 3 5 1

3 2 2 2 20 0 0

7 4

1 1 1

h h h

x x x
v v v v v

T T K T

      




− − −
= + + +

−
 

 

4
5 2

K
v v


= ,

 

( ) ( )

( )

0 0

2 1 3 5 1

7 2 20 0

7 4

1 1

h h

x x
v v v

T K T

    



− −
= +

−
, 

( )

( )

0

3 5 1

9 20

7 4

1

h

x
v v

K T

  



−
=

−
, 

 
and 

               2 2 0w w=  ,

 
3 2

3

w w
K


= ,

 
4 2

3 4

w w
K K


= , 

 

       

( ) ( ) ( )

( ) ( )

( )( )

( )

( )( )

0 0

1 1 1 1 4 5 6

0 0

1 3 1 1 3 4 1

0

2 1 7 4 2 5 2 61
1 20

3 3 3 41 1 7 4 3 5

0

2 1 5 2 5 2 61

0

3 3 3 41 1 7 4 3 5

1 1

1

1

x x K K K

K K T K K K T

x K K K
w w

K K K KK T K

x K K

K K K KK T K

     

     

 

  

   

     

  



 

 

 

 − − +
 +
 
 

− −   
= − + + +  

− −   
 

−   + + +  − −   

, 

 

        

( ) ( ) ( )

( ) ( )

( )( )

( )

( )( )

0 0

1 1 1 1 4 5 6

0 0

1 3 1 1 3 4 1

0

2 1 7 4 2 5 2 61
5 0

3 3 3 41 1 7 4 3 5

0

2 1 5 2 5 2 61

0

3 3 3 41 1 7 4 3 5

1 1

1

1

h

x x K K K

K K T K K K T

x K K K
w

K K K KK T K

x K K

K K K KK T K

     

     

 

 

 



    

     

 



  





 − − +
 +
 
 

− −   
= − + + +  

− −   
 

−   + + +  − −   

2 2 2

3 4h h

w w w
K K

 

 
+ +



, 
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( )4 5 6

6 2

3 4

K K K
w w

K K

 



+
= , 

( )

( )( )
7 4 2 5 2 61

7 2

3 3 3 47 4 3 5

K K K
w w

K K K KK

    



 

    

−  
= + + 

− −  

 

 

     
( )

( )( ) ( )
7 4 5 4 5 2 5 2 61

8 2

7 7 7 4 3 3 3 47 4 3 5

K K K
w w

K K K K K K KK

     

  

   

   

 −  
= − + + +   −− −   

 

 

      ( )( ) ( )
5 5 4 5 2 5 2 61

9 2

7 7 7 4 3 3 3 47 4 3 5

K K
w w

K K K K K K KK

      

  









  
= + + +   −− −   

 

 

a and b  computations. 
 
For a, gives 

                  

2

, , 1

(0,0)
n

k

k i j

k i j i j

f
a v w w

x x=


=

 
 .                                                                            (75)  

 

For the system, gives 9n =  and for 1,6,8k = . 1 6 8 0v v v= = =  1 6 8 0a a a= = = , we therefore 

compute the associated non-zero partial derivatives of F  at the DFE for 2 3 4 5 7, , , ,f f f f f  and 9f . 

 

( )*2 2
12 2

* * * * 0

1 3 3 1

1
(0,0) (0,0)

h

f f

x x x x T

 − 
= =

   
 ,

( )*2 2
12 2

* * * * 0

1 6 6 1

1
(0,0) (0,0)

h

f f

x x x x T

 − 
= =

   
 

( )*2 2
22 2

* * * * 0

1 7 7 1

1
(0,0) (0,0) ,

h

f f

x x x x T

 − 
= =

   

( )*2 2
32 2

* * * * 0

1 9 9 1

1
(0,0) (0,0)

h

f f

x x x x T

 − 
= =

   
, 

2 2

9 9 4

* * * * 0

7 8 8 7

(0,0) (0,0)
b

f f

x x x x T

 
+ =

   
, 

 

2 2

9 9 5

* * * * 0

8 9 9 8

(0,0) (0,0)
b

f f

x x x x T

 
= =

   
. 

 
Now, considering ' , 'v s w s and the partial derivative above, one can be able to show that 

                       1 3 4 5 6 7 8 9 0a a a a a a a a= = = = = = = =                                                             (76) 

              
( )1 2 3 4 5 6 7 8 9 1 2 1 2 0a a a a a a a a a a PP= + + + + + + + + = −   + 

                      (77) 
where 
                           
 
 
 
 
 



                                                International Journal of Mathematical Analysis and Modelling 

                                                                      Volume 5, Issue 4, November 2022, Pages 132 – 163  
 

150                                              IJMAM, Vol. 5, Issue 4 (2022) ©NSMB; www.tnsmb.org 

                             (Formerly Journal of the Nigerian Society for Mathematical Biology)  
 
 

 

( ) ( ) ( )

( ) ( )

( )( )

( )

( )( )

0 0

1 1 1 1 4 5 6

0 0

1 3 1 1 3 4 1

0

2 1 7 4 2 5 2 61
1 0

3 3 3 41 1 7 4 3 5

0

2 1 5 2 5 2 61

0

3 3 3 41 1 7 4 3 5

1 1

1

1

x x K K K

K K T K K K T

x K K K

K K K KK T K

x K K

K K K KK T K

     

      

   

     

   

 

 

 

 

 

 − − +
 +
 
 

− −   
 = + + +  − −   

 −  
+ + +   − −   

                                  (78) 

 

              

( ) ( ) ( )

( ) ( )

( )( )

( )

( )( ) ( )

1 4 5 6 1

0 0

3 4 3 4

7 4 2 2 5 2 61
2 0

3 3 3 47 4 3 5 1

5 1 5 4 5 2 5 2 61

0

7 7 7 4 3 3 3 47 4 3 5

2 1 2 1

2 1

1

h h

h

K K K

K K T K K T

K K K

K K K KK T

K K

K K K K K K KK T

 

 

 

    

 

     



      

   

     

   

 − + −
 +



− −  
 = + + +  − −  

  −  
+ + + +    −− −    










                           (79) 

 

         

( )

( )

( )

( )( ) ( )

0

3 5 1 7 4 4 5 4 5 2 5 2 61
1 2 20 0

7 4 7 7 7 4 3 3 3 47 4 3 5

2 1

h b

x K K K
P v w

K T K K K K K K KT K

         

   

   

 

 − −  
= + + +   − −− −   

         (80) 

 
and 
 

         

( )

( )( )

( )( ) ( )

7 4 2 5 2 61

3 3 3 47 4 3 5

2

5 5 4 5 2 5 2 61

7 7 7 4 3 3 3 47 4 3 5

K K K

K K K KK
P

K K

K K K K K K KK

     

   

    



 



  

  

 

 −  
+ +  

− −   
=  

   + + + +    −− −    

      (81) 

 

equation (77) holds, since 2 20, 0v w  and all the parameters in the model are positive. Now, it is 

easy to conclude that parameter 0a  . 
 

Similarly, forb  given  

                   

2

*
, , 1 1

(0,0)
n

k
k i

k i i

f
b v w

x =


=

 
                                                                                 (82) 

for 1,6,8k = . 1 6 8 0v v v= = =  1 6 8 0b b b= = = , we therefore compute the associated non-zero 

partial derivatives of  at the DFE for 2 3 4 5 7, , , ,f f f f f  and 9f  where 
*

5 5 = . 

                            
2

9

*

7 5

(0,0) 1
f

x 


=

 
                                                                                        (83) 

F
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Now, considering ' , 'v s w s and the partial derivative above, one can also be able to show that (84) is 

equal to zero. 

                          1 2 3 4 5 6 7 8 0b b b b b b b b= = = = = = = =                                                      (84) 

            

               

2

2
9 9 7 *

7 5

(0,0)
f

b v w
x 


=

 
                                                                                   (85) 

Substituting the values of ' , 'v s w s and the partial derivative concerned, we have 

             

( )

( )

( )

( )( )

0

3 5 1 7 4 2 5 2 61
9 2 20

7 4 3 3 3 47 4 3 5

1

h

x K K K
b w v

K T K K K KK

        

   



  

− −  
= + + 

− − −  

.

    

     (86) 

 
Therefore 

              

( )

( )

( )

( )( )

1 2 3 4 5 6 7 8 9

0

3 5 1 7 4 2 5 2 61
2 20

7 4 3 3 3 47 4 3 5

1
0

h

b b b b b b b b b b

x K K K
w v

K T K K K KK

        

    



 

= + + + + + + + +

− −  
= + +  

− − −  

.      (87) 

 

Therefore, 0a   and 0b  . So, by Theorem 2 of Castillo-Chavez and Song (2004) the following 

result is established. The EEP of the model (10) is LAS when 1.cR    

 

3.5 Global stability of **E  
Let   ( ) 3 , , , , , , , ,h h h h h h b bD S L I J R D V N C=                                                                (88) 

be the stable manifold of the **E .  

Theorem 3: The endemic equilibrium of the model (10) is GAS in 3D  with 1 2 0   = = = =  

whenever 1cR  . 

Proof: Suppose 1cR  and 1 2 0   = = = =  then the existence of the endemic equilibrium point 

is assured. Also, let the non-linear Lyapunov function (of the Goh-Volterra type) be 
 

             

** ** ** ** ** **

** ** **

** ** ** **

** **

** **

**

( )
ln ln ln

( )( ) ( )( )( )
ln ln

ln

h h h h
h h h h h h h h h

h h h

h h h h h h h
h h h h h h

h h

b
b b b

b

S L I
F S S S L L L I I I

S L I

J R
J J J R R R

J R

N
N N N

N

 



         

 

     +
= − − + − − + − −     
     

   + + + + +
+ − − + − −   

   


+ − − ** **

**
ln b

b b b

b

C
C C C

C

  
+ − −   

       

    (89)    

 
Taking the time derivative of (89) 
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** ** ** **

** ** **

( ) ( )( )

( )( )( )
 

h h h h h h h
h h h h h h h h

h h h h

h h h h b b
h h b b b b

h b b

S L I J
F S S L L I I J J

S L I J

R N C
R R N N C C

R N C

     

 

     



       + + +
= − + − + − + −       
       

     + + +
+ − − + −     


+
    

      (90) 

                                                                                                                  

with ,h
h

h

T



=

  

( )1 32
(1 ) I (1 )(1 )h h b

h

h h h

D CV

T T T

  


− + −−
= + +

    

 

becomes 

            

( )

( )

1 2 3

1 2 3

(1 ) I (1 ) (1 )

(1 ) I (1 ) (1 )

h h h
h h h b

h h h

h h b

D V C

D V C

      
  

     

  
= − + + − + −

= − + + − + −

 

 

where 1 1 2 2 3 3, ,h h h

h h h

     
  

  
= = =

  
 
and 

                 
4 5 4 5

b b
b b b b

b b

C V C C    
 

 
= + = +

 

 

where 

                    
4 4 5 5,b b

b b

   
 

 
= =

 . 
 
Substituting (10) in (49), we have 
 

            

( )

( ) ( ) ( )

( ) ( )

**

** **

**

( )

( ) ( )
( ) ( ) ( )

( )( ) ( )( )
( ) ( )

( )( )( )

h
h

h h h h h h h h h h h h h

h

h h h
h h h

h h

h

h
h h h h h h h

h
h h h h

h h h
h h

h

h h h

S
F S S S S S L

S

I
S L L I L I

J
I J I J

L

L I

J

 

   
     

 

    

    

 

  
   

 

  









 



+

+ +
+ + +

+ +

=  − − −  − − + −

− − + − − −

+ − −
+ +

+ +

+ + +

−

+ ( ) ( )

( )

( )

**

**

**

(

( )(

) ( )

( ) ( )

)( ) h
h h h h h h

b
b b b b b b b b b b b b

b

b
b b b b b b

h h h

h

b b b b

b

R
J R J R

N
N N N N

N

C
N C N C

C

R

  
   





    

   

 



 

− − −

+ − − + −  − − +

+ − + −

+ +

− +

+

       (91) 

         

** **

h h h h hS S  = +
                                                                                                   

(92) 
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** **

** **

** **

** **

( )

( )

( )

h h h

h h

h h

h h

h

h

h

h

L S

I L

J I

R J

 

  

  







+ 

+ =

+

=



=


=







                                                                                      (93) 

 

                              

**( )b b b b bN C  = +                                                                                    (94) 

                              

** **( )b b b b b bN N   = + +                                                                          (95) 

 
Substituting the relation in (92), (93), (94) and (95) into (91), we have

               
 

            

** ** ** ** ** **
** **

** ** ** ** ** **

** **
** **

*

*

*

*

** * *

( ) 62

) 2 ( ) 3

h h h h h h h h h h h h
h h

h h h h h h h h h h h h
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Since geometric mean is less than arithmetic mean, we have that 
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 Thus, we have that 0F   for 1 2 0   = = = = , 1cR  . Since the relevant variable in the 

equations for ,, , ,h h h hI J DL V and hR  are at endemic steady state, it follows that this can be 

substituted into the equations for ,, , ,h h hhL I J D V and hR  so that 

        
( ) ( )** ** *** * ** * *lim (t), (t), (t), (t), ( ), (t) , , , ,h h h h hh h h

t
h hI J D V t R I J D VL L R

→
→ .

                        
(99) 

 
Therefore, from Lasalle’s invariant principle Lassalle, (1976), it implies that the endemic equilibrium 

**E  is globally asymptotically stable in   whenever 1cR    Hence, F is a Lyapunov function in

 . The epidemiological implication of the result above is that, in the absence of vaccination and 
natural recovery 0 = = , Ebola virus cannot be eliminated from the society if the basic 

reproduction number is greater than unity. 
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4   Numerical Simulations 
 

Simulations are performed in this section under maple software and MATLAB ODE 45 to know 
the sensitive parameters by numerical illustration and to detect the impact on the dynamics of EVD 
in the long-run. We will use the baseline parameters in Table (1) to simulate the system. 
 
 
                          Table 1. Parameter values of system (1) 

Parameters Values (per day) Sources 

1 2, 3,    0.9,0.7,0.8 Abdulrahman, 2016 

4 5,   0.5,0.6 Berge et al.,2018 

1 2,   0.04227, 0.027855 Chowell et al., (2004); Leung et al., (2004); 
Safi and Gumel, 2011 

b  0.00014 Chowell et al., (2004); 

  0.03521 Leung et al., (2004) 
  (0,1) variable 

  0.1 Gumel et al., 2014 

  (0,1) variable 
  0.25 Leung et al., (2004) 

  (0,1) variable 

1 2 3, ,    0.11, 0.21, 0.25 Assumed 

   (0,1) variable 

  (0,1) variable 

h  136 Safi and Gumel, 2011 

b  10 Berge et al.,2018 

h  0.0000351 Safi and Gumel, 2011 

b  0.0011 Berge et al.,2018 

 
Global asymptotic stability of equilibria 
 

The global asymptotic stability of the disease-free equilibrium and endemic equilibrium of model 
(10) were analytically proved in Theorems 1 and 3, respectively. Hence, they are supported by Fig. 2 

and Fig. 3 numerically, which are plotted for 1 =0.9,  =0.04 (Fig. 2) and 1 =0.2,  =0.08 (Fig.3). 

Specifically, Fig. 2 shows that when cR =0.4213, EVD is wiped out after some days, while Fig.3 

shows that for cR  =3 .2521, EVD persists and becomes endemic in a society. 
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Figure 2. GAS of the disease-free equilibrium when cR =0.4213< 1. The solution curves are plotted 

with 1 =0.9,  =0.04, with different initial population of infectious humans and the remaining 

parameters are as in Table 1. 
 
 

Figure 2 shows the GAS of the DFE, the solution curves are plotted with cR =0.4213< 1 and 1

=0.9,  =0.04. With different initial condition of Infectious human, no matter how large is the initial 

Infectious humans introduced into society whenever both the control reproduction numbers are less 
than unity the disease can be mitigated.  
 
 

                     

Figure 3. GAS of endemic equilibrium point when cR =3.2521>1. The solution curves are plotted 

with 1 =0.2,  =0.08 and the remaining parameters are as in Table 1.  

 
 
Figure 3 shows the global asymptotic stability of endemic equilibrium point, the solution curves are 

plotted with  1 =0.2,  =0.08 so that cR =3.2521>1. With different initial condition of Infectious 



                                                International Journal of Mathematical Analysis and Modelling 

                                                                      Volume 5, Issue 4, November 2022, Pages 132 – 163  
 

156                                              IJMAM, Vol. 5, Issue 4 (2022) ©NSMB; www.tnsmb.org 

                             (Formerly Journal of the Nigerian Society for Mathematical Biology)  
 
 

human no matter how small is initial population of Infectious humans introduced into society 
whenever both the control reproduction numbers are greater than unity the disease cannot be 
mitigated in a society. 
 

4.2   Assessing the impact of proper burial 
 

 
Figure 4. Assessing the impact of proper burial: The latent humans and infectious humans (non-
hospitalized) as a function of proper burial rate. 
 

Figure 4 shows that latent humans ( hE ) and infectious humans ( hI ) (non-hospitalized) are 

decreasing function of proper burial. Specifically, when the proper burial implementation is low, 
during the first forty days, the latent humans and infectious humans (non-hospitalized) increase very 
fast. After fifty days, the latent humans and infectious humans (non-hospitalized) decreases but the 

disease persist in the society (Note that 1.0502cR =  in this case). If the proper burial is boosted to 

75% ( 0.75 = ), then the disease drops down in short period of time but not totally wiped out: This 

shows that proper burial alone cannot mitigate the infection in the society. 
 

4.3  Impact of personal hygiene 

Figure 5 shows that latent humans ( hE ) and infectious humans ( hI ) (non-hospitalized) are 

decreasing function of personal hygiene. More precisely, when the personal hygiene implementation 
is low, during the first thirty days, the latent humans and infectious humans (non-hospitalized) 
increase very fast. After fifty days, the latent humans and infectious humans (non-hospitalized) 

numbers decreases but the disease continues in the society (Note that 1.0502cR =  in this case). If 

the personal hygiene is boosted to 75% ( 0.75 = ), then the disease diminishes in short period of 
time but not totally wiped out:  This shows that personal hygiene alone cannot control the infection 
in the society but it can help. 
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Figure 5. Impact of personal hygiene: The latent humans and infectious humans (non-hospitalized) 
as a function of personal hygiene. 
 
 

4.4 Impact of isolation 
 
 

 
Figure 6. Impact of Isolation: The latent humans and infectious humans (non-hospitalized) as a 
function of Isolation rate. 
 
 
Figure 6 show that isolation also can help in reducing the disease in a society but it cannot remove 
the disease completely from the society. The graph shows us that if the isolation rate is low the 
disease increases immensely in first fifty days but if it is high the disease decreases within short 
period of time.  
 

4.5  Assessing the efficacy of vaccine 
 
Without the loss of generality, we assumed the vaccination as parameter in this work.  Figure 7 
shows that the latent humans and infectious humans (non-hospitalized) are decreasing function of 
the vaccination parameter (  ). To be specific, when the vaccination rate is minimal, the daily cases 

in both the two classes increases immensely in first twenty days. After fifty days, the number of 

infected ones decreases but EVD persists in the population (Note that 1.0502cR =  in this case). If 



                                                International Journal of Mathematical Analysis and Modelling 

                                                                      Volume 5, Issue 4, November 2022, Pages 132 – 163  
 

158                                              IJMAM, Vol. 5, Issue 4 (2022) ©NSMB; www.tnsmb.org 

                             (Formerly Journal of the Nigerian Society for Mathematical Biology)  
 
 

the vaccination rate is boosted up to 0.75% of the population daily ( 0.0075 = ), then the disease 

will drop down and goes to extinction. So, a high rate of vaccination, that is vaccinating 0.75% of 
the population daily can mitigate the infection in the society. 

 
Figure 7. Assessing the efficacy of vaccine: The latent humans and infectious humans (non-
hospitalized) as a function of vaccination rate. 
 
 

4.6  Cumulative incidence varying different control parameters  
 

In this sub-section we will consider variation of control parameter one after the other. Note that all 

the parameter values used in this sub-section are in Table 1 above with 1.0502cR = . 

 

 
Figure 8. Cumulative incidence for humans varying vaccination rate. 
 
 
 
Figure 8 is showing the cumulative incidence for humans varying vaccination rate, the graph reveals 
that when there is no vaccine the disease can escalate but if some certain percent of the population 
are vaccinated per day it will help to control the Ebola virus in the society. 
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Figure 9. Cumulative incidence for humans varying personal hygiene. 
 
 
Figure 9 is showing the cumulative incidence for humans varying personal hygiene rate, the graph 
reveals that when there is no personal hygiene control the disease can escalate within short period 
but if personal hygiene is adopted as a control strategy in the population, then the disease can be 
mitigated in a society. 
 
 

 
Figure 10. Cumulative incidence for humans varying isolation rate. 
 
 
Figure 10 is showing the cumulative incidence for humans varying isolation rate, the graph reveals 
that when there is no isolation control in Infectious humans the disease can escalate within short 
period of time but if isolation is adopted as a control strategy in the population of infectious 
humans, then the disease can be mitigated in a society. 
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Figure 11. Cumulative incidence for humans varying proper burial rate. 
 
 
Figure 11 is showing the cumulative incidence for humans varying proper burial rate, the graph 
reveals that when there is no proper burial control of deceased Infected humans the disease can 
escalate within short period of time but if proper burial is adopted as a control strategy in the 
population of humans, varying the proper burial rate shows significant changes and it also helps in 
controlling the disease in a society. 
 
 

5   Summary and Conclusion 
 

Over many years ago, series of EVD models were constructed and analyzed to investigate how the 
disease spread in human and between animals and humans, but only some few Authors considered 
vaccine and its influence on the EVD control. Again, only some few Authors considered bat to bat 
transmission. This article mainly concentrates on these strategies (which implies vaccination, 
personal hygiene, isolation and proper burial of EVD deceased humans), with in mind that hundred 

percent vaccination is not possible. In addition, (i) Some in latently infected humans hL are assumed 

to recover naturally due to strong immune system, (ii) vaccinated are assumed to have permanent 

immunity from the Ebola virus, (iii) the efficacy of the vaccine is assumed to be almost hundred 
percent, (iv) the dead humans who are infected could transmit infection during funerals. In this case, 
the main results obtain are point out below. 
 

1. However, this model considered threshold quantity very important, when the corresponding 
reproduction number is less than unity, the disease-free is a GAS. The meaning of this 
epidemiologically, no matter how few or large is the initial number of infectious individuals, 
if the reproduction number is less than unity, the disease will asymptotically drive to 
extinction. on the other hand, when the reproduction number is greater than unity, the DFE 
becomes unstable, the disease continuous and a GAS of EEP occurs. 

2. Numerically, it was shown that: (1) the disease can be trash out if one percent of the 
population can be vaccinated daily. (2) the infected humans decrease in number as 
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vaccination rate increases. (3) Combining personal hygiene and proper burial leads to less 
infected individual. 
 

The afore-mentioned imaginary and numerical results shows that: (a) vaccination alone is not 
capable of driving out the EVD to death. (b) Personal hygiene alone cannot be enough to drive out 
EV D in a society. Therefore, it is recommended to develop a model that will take into account the 

inherent to vaccine, though this will lead to delay differential equations, which can be more realistic 
but less mathematical tractable. 
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flow 
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Abstract 
The flow pattern associated with a multi-phase fluid is the fluid-mediated inter-particle 
collision, or the exertion of forces on the fluid by the colliding particles. The solid phase is 
reasonably dispersed but admits collision as a result of either some fluid behaviour or some 
spatial consideration or both. For some applicable purposes, there may be the need to track 
a particle’s instantaneous position as it is being buffeted during flow. The knowledge of the 
position, together with a collision history, is critical to predictions concerning the general 
behaviour of motion. The uncertainty in determining such leads to the recourse to the 
stochastic differential equation that governs the random stochastic dynamic system - the 
stable Ornstein-Uhlenbeck process (OUP).  A given flow path characterized by the OUP is 
amenable to the dynamical equation that furnishes the instantaneous position of a particle 
that is being acted upon by surface forces. Therefore, this work relied on the provision of 
the equation, whose explicit solution relies on the Fokker-Plank equation that governs the 
evolution of the space-time probability current. 
 

Keywords and phrases: particles; collision; drag; Weiner process; Markov process 
 

1   Introduction 
 

     The flow pattern associated with a single-component fluid is not characterized by fluid-mediated 
inter-particle collisions or the exertion of forces on the fluid by the colliding particles. This is so 
because there is no relative motion between the particles and the fluid in the event of flow. When flow 
is composed of multiple components involving a solid phase and a liquid phase, the associated 
complexities are so irksome that they require a cautious analysis. There is the convention of modelling 
the solid-phase as a continuum in keeping with the Eulerian mode of flow regimes. This mode was 
adopted by Berselli et al. [4] wherein the particle-particle interactions were not considered 
consequential. The use of the Eulerian mode presupposed the minuteness of Stokes’ number. In multi-
component flow, the fluid is treated as the carrier while the solid-in-motion is treated as the dispersed 
phase. In Eulerian mode both are treated as interpenetrating fluid media, and therefore both the 
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particulate solid-phase and fluid-phase characteristics are represented as a continuous field. In Marble 
[13] the Stokes time was considered small, and the number of particles was assumed reasonably large 
that the Eulerian approach was seen to be more applicable than Lagrangian mode. Away from Eulerian 
consideration, there are cases in which the solid-phase is reasonably dispersed but admit collision as a 
result of either some fluid behaviour or some spatial consideration or both. Mulin [16] discussed the 
behavior of flows in some spatial configuration, albeit a homogeneous flow.  Numerous Lagrangian 
simulations based on the instantaneous tracking of numerous particles have been conducted. Such 
may be found in Tanaka et al. [21] and in Berlemont et al. [3]. Berlemont and Achim [2], adopted the 
Lagrangian approach in dealing with fluid/solid and solid/solid correlated motion for colliding solid. 
The importance of inter-particle collision was underscored by Sommerfeld [19] as was earlier indicated 
by Oesterle´ and Petitjean [17]. Expectedly, inter-particle collisions induce disordered motion, 
especially a Brownian type (when the size of each particle is considered minute) or when Stokes time 
is in favour of particle velocity with respect to the surrounding fluid. The spatiotemporal location of 
a given particle in the milieu of inter-particle collisions is rather stochastic than deterministic. In effect, 
stochastic differential equations may be used in modelling the behavior of the solid phase when it is 
subjected to some random excitation. Holmes et al. [11] treated an aspect of random process in dealing 
with coherent structures being mediated by turbulence. Stochastic models for dispersion of flowing 
particles have been widely used as discussed by Pai and Subramaniam [18] and some references therein. 
The issue of much importance is the interactions between the dispersed and carrier phases. This 
engaged the attention of Wells and Stock [24], Liu [12], and Groszmann, and Rogers [10]. 
 
       Here the surface effect on a two-component fluid is treated. The flow under consideration is 
laminar. The work sought a stochastic differential equation that governs the random stochastic 
dynamic system - the stable Ornstein-Uhlenbeck process (OUP) to provide the instantaneous position 
of a particle that is being acted upon by surface forces. The explicit solution to the equation is 
dependent upon the provision of the Fokker-Plank equation, which governs the evolution of the 
space-time probability.  
 

2   The two-component flow model   
 

A multi-component flow model consisting of many disperse (solid) phases and the multi-fluid phase 
is a regular occurrence in both nature and man-mediated phenomena. The limiting case, which 
involves a two-component flow is, by far, an easier task to analyze albeit its inherent cumbersomeness. 
This type of flow is hereunder discussed.  
 

2.1 Transport equation 
 

 A generic transport equation is of the form                                                                                                    

              ( )
0

j j

j j

u S
R D Q

t x x

  
+ + + + + =

  
,                                                                                                        (1) 

where R encodes the radiation effect, D is the dissipation of φ within a volume, V, Q is the production 
of  within V and Sj encodes the surface effect.  

 
Assume, first, that the fluid is a single-component one and replace the scalar function φ with the fluid 
density ρ. If no relativistic effects prevail, then D = Q = 0, and suppose that R = 0. The continuity 
equation reads 
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                 ( ) 0j

j

u
t x




 
+ =

 
 .                                                                                                                              (2) 

 

Equation (2) above can be used in developing the transport equation of a two-component flow. 
Denote the two components by ξ (solid) and η (fluid). Then, introduce the mean flow velocity of the 
components, uξ

j, and uη
j respectively, together with their mass concentrations, cξ and cη. For a two-

component flow in which there is no interchange of mass, the continuity equations are of the form   
                         

                  ( ) ( ) 0,

( ) 0.

j

j

j

j

c c u
dt dx

c
u c

dt dx

    

 
  

 




 
+ =

 
+ =

                                                                                                                     (3)    

                                                                                                                
In a multi-component flow D and Q in (1) are nonzero. Therefore, the drag force takes the form 
 
                     ( )i iD Q F  + =                                                                                                                            (4) 

 

The drag force Fξη
i depends on an ensemble of factors. Its dependence on the slip velocity

iu , and 

some other parametric characteristics of the forces exerted on the individual solids in motion is given 
by 

                     2( )i j s DiF u n c = ,                                                                                                                      (5)  

    
where cDi encodes the non-dimensional drag coefficient of the fluid relative to the solids. The 
numerical value of cDi depends on the dimensionless group applicable, i.e. cDi = f (Re, Fr, We, Ma). In 
the present case, cDi = f(Re). For spherical solids, the numerical value is [6] 
 
                      ( )0.68724

1 0.15Re     for Re 1000.
Re

Dic  



= + 
                                                                                           (6) 

It is noteworthy to emphasize that the solids considered here are without cavitation. Sometimes would 
suffice to write the drag force in the form  

                    1 ni
i

j

u
F g

u


 




  −= ,                                                                                                                       (7) 

where iu


= (uξ
i -ui

η) encodes the local relative velocity of the components, ( )    = − ; ju is the 

final velocity of a single particle in a static fluid and it may be evaluated as 

                   
2

.j

d
u g

k










=                                                                                                                                            (8) 

The expression above serves as a reference for non-uniform-sized particles. The drag force is 
dependent on the magnitude of the individual particle’s relative velocity uξ

i acting in opposite direction 
and ordered by the particle’s Reynold’s number 

                     Re
ju d  

 




= ,                                                                                                                               (9) 

where μη encodes the viscosity coefficient of the fluid. It is noteworthy that the index n in (7) depends 
on the particle Reynold number; it decreases as the Reynold number increases (see Glasser et al. [8] 
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and Wallis [22]). The presence of Reynold number (equation (9)) supposes the dominance of the 
surface forces, especially pressure and viscous stress. 
 
We now suppose the existence of a body force, in which the term R in equation (1) is nonzero. If this 
force acts on the solid component, then 

                     
j

i

R c
x

 
=


,                                                                                                                                    (10) 

where ψ encodes the gravitational potential. The surface forces as mentioned may be denoted by 
ijS 

and 
ijS  . 

ijS   is the effect of inter-particle collisions on the surface and the force exerted by the fluid 

on the particles is denoted by
ijS  . With these, the momentum equations, for R, D, Q ≠ 0 each, read 

 

            

2( ) { ( ) } ( ) ,                    ( )

                                                                                                                     

j j ij i

j j j

c u c u c S c g F a
t x x x

         
     

+ + + = − +
   

2

                              

( ) { ( ) } ( ) ,          ( )

                                  

j j ij ij i

j j j

c u c u c S S c g F b
t x x x

          
  

   
+ + + + = − −

   

                                                         (11a,b) 

where λξ and λη are the volume fractions of the solid and the fluid, respectively, g encodes gravity-
induced acceleration.  
 

3 Collision effects 
Non-constrained particles in flow are amenable to collision largely due to some fluid characteristics 
and the particles’ parameters. The incidence of collision may be on both phases, inducing stress on 
the disperse phase and an augmented strain rate on the fluid.  
 

3.1 Particle in a stream 
In this subsection, the particle(s) being considered are assumed spherical, for ease of analysis. Consider 

a uniform stream with a stream function 2 21
sin

2
Ur  . When a spherical particle, with r = a is inserted 

into the stream, the stream function reads 
              3

2 2

3

1
sin 1

2

a
Ur

r
 

 
= − 

 

,                                                                                                                                   (12) 

and the velocity potential takes the form  

              
3

2

cos
cos .

2

a
U r

r


 

 
= + 

 

                                                                                                                               (13) 

If the fluid is at rest at infinity and the sphere moves with the velocity U, then the velocity potential 
and stream function are [15] 
              2

3 3

2

1 cos 1 sin
,        .

2 2
Ua Ua

r r

 
 = = −

                                                                                                                 (14) 

 
The total kinetic energy of the system fluid and solid) is  
              21 1

( )
2 2

KE M M U= +                                                                                                                                    (15) 

where M is the mass of the spherical particle and M  is the mass of the fluid displaced by the particle.  
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 The pressure on the surface of the moving spherical particle reads 
 
           ( )2 21 1

9cos 5 ,   (on the sphere)
2 8

p
a U r a



−
= − =f +

,                                                                                            (16) 

where: ( ) ( )
3 2 8 2 3

2 2

3 6 3

1 1 1
3cos 1 3cos 1

2 8 2

p a U a U a
r

r r r
 

 


= − + − +f +

,                         

              / t=  f U  (being the acceleration of the centre of the spherical particle). 
 
3.1.2 Solid-phase collisions 
An elastic collision is conservatively a compression process that is accompanied by a restitution phase. 
Upon interaction, the solid deforms and a part of the kinetic energy is stored as strain energy. Then, 
some remnant of the kinetic energy propagates into the body with compression, shear, or surface 
Rayleigh waves. For ease of analysis, but without loss of generalization, we shall consider two-particle 
classes whose diameters are d1 and d2 and radii r1 and r2 respectively. It is presupposed that the particles 
are elastic and isotropic. Two scenarios come into play- the case in which the particles are sufficiently 

close to each other and the case in which the particles are sufficiently isolated. In the first case 
ijS 

dominates. Let the instantaneous velocities 1

iV  and 2

iV , and the number of particles per unit of volume 

Np1 and Np2. The collision frequency with which particle 1 collides with particle 2 is in the form [2] 
 

               2 2

1 2 2 , 1 2( )
4

coll p j relfreq d d N f d d

 

−
= +   V u u  ,                                                                                         (17) 

 
where 

2 1rel = −V V V  and 2f encodes the interparticle pair distribution function. Under molecular chaos 

assumption in which the colliding particle velocities are assumed Independent, each particle velocity 
assumes a Gaussian distribution of the form                                   
                    

( )

2

(1)

3/2 22

1
exp ,

22
f

uu







 
= −  

 

V                                                                                                                   (18)                                                                        

wherein the interparticle pair distribution function is the product of the two distribution functions. 
 
When the particles collide, the stress and the rate of strain in the solid bodies reads  

                2ij ij kk ijS e e  = +  ,                                                                                                                      (19) 

where the constant μ is the coefficient of rigidity of the solid and λ relates with μ to some parameters.  
 
The collision frequency of the particles is described by Gourdel et al. [9] as   

                2

coll 1 2 2f ( ) ( ),
4

reld d N H z


= + V                                                                                                             (20) 

where 

               
2

rel

2 2

1 2

1 1
H(z) erf( ) 1 ,   .

2 2

ze
z z

zz u u

−
 

= + + = 
  +

V                                                                                                  (21) 

 
There are two asymptotic behaviors for large values of z and small values of z: The first case amounts 
to a high drift between particles, therefore H(z) tends toward unity. Thus, equation (20) reduces to 

              2

coll 1 2 2f ( )
4

reld d N


= + V   .                                                                                                           (22) 
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Therefore, the collision frequency largely depends on particle mean relative velocity. The second case 
amounts to a small drift between particles. The application of Taylor expansion for H(z), gives [3]  

              
3/2 1/2

2 2 2

coll 2 1 2 1 2

2
f ( ) ,

4
N d d u u


= + +                                                                                                      (23) 

which indicates that the collision frequency largely depends on the particle agitation. 
 
If the distance between the particles each time admits frequent collision, then the length of time of 
application of stress and strain has to be considered. The stress has to be expressed in terms of a 
memory function (t), which weighs the effect of any previous strain history. Thus,  

               ( ) ( ) ( ) .                                                 

t

ij ijS t t s e s ds



−

 −
                                                                               (24)    

                                                                                                                                  
The concern about the motion of any particle with memory may be explained by a generic Langevin 
equation (see Wang et al. [23])   
 

         

0

                                                                   ( )

( ) ( ) ( ) ( ) ( )     ( )

t

x u a

u t t u udt U x W u t b  

=



 = − − − +



    ,                                                                                  (25) 

where x and u represent a displacement and velocity of the particle, correspondingly. β(t) represents 
the memory function.  In (25), γ(u) encodes the non-linear damping function, which may be carefully 
chosen as the procedure suggested by Rayleigh-Helmholtz, γ(u) = u2 – α, where α is a positive constant 
which splits the velocity space into two regions, the positive damping region and the negative driving 

one. U(x) denotes a generalized potential, taken as 
2

2

2
x


as well as linear -gradient force ∇U(x) = 2

0 x

. W(u)ξ (t) encodes random quantity related to the Langevin force induced by fluctuation. W(u) is the 

strength of noise and ζ (t) the Gaussian white noise that is categorized by zero mean value, ⟨ζ (t)⟩ = 0. 
W(u) ζ (t) comprises the additive noise ζ (t) and multiplicative w(u)ς (t)(w(u) is the strength of 
multiplicative noise, which may be carefully chosen as the linear function of velocity u). The time 
correlation function between the memory and the damping term is 

          
0

( ) [ ( ) ( )] ( ( )) ( )

t

ij ijS t t s e s u s u s ds


 = − .                                                                                                     (26) 

 
Wang et al. [19] showed that the memory function in a general form can be written as 

           0( , ) ( )
( )

ut s t s
u


 = −


                                                                                                                                     (27) 

where γ0 encodes the damping coefficient, u ϵ(−1,0) the power-law exponent, and Γ(u) denotes the 
Gamma function. 
 

3.2 Fluid rate of strain 
Tangential stress does not apply on the surface of the fluid at rest on a macroscopic scale. Only the 
normal stress,

ijp− , which is thermodynamic in origin, and is sustained by molecular collisions applies. 

When the fluid is in relative motion on the continuum scale an additional stress τij  applies (see Mei 
[14] for elementary theory). The resulting total stress is 
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ij ij ijp  = − +                                                                                                                                         (28) 

The viscous stress τij must depend on velocity gradients, 

              
2

, ,...i i

j j k

q q

x x x

 

  

                                                                                                                                                (29) 

   

The gradient i

j

q

x




consists of two parts, 

              1 1

2 2

j ji i i

j j i j i

q qq q q

x x x x x

      
= + + −             

  ,                                                                                                                   (30)                                                                                                                                                 

with the rate of strain tensor and the vorticity tensor given by 

               1

2

i i
ij

j i

q q
e

x x

  
= +    

        and       1

2

i i
ij

j i

q q

x x

  
 = −    

                                                                                 (31)                                                                                                                                                                                                                                              

respectively. We note that fluid incompressibility requires that . 0 q = , and with the viscous stress 

tensor  

i i
ij

j i

q q

x x
 

  
= +    

, the total stress is 

                 i i
ij ij

j i

q q
p

x x
  

  
= − + +    

    .                                                                                                           (32)                                                                                     

 

In the fluid/fluid interaction regime the surface effect 
ijS may be determined in terms of the rate of 

strain in the fluid as   

               1
.

2

ji
ij ij

j i

uu
S e

x x


 

 = +    

                                                                                                                                (33) 

 

3.3 Infinitely large surface effect 
We consider flows wherein the disperse-phase is a bit close-packed. In the absence of the fluid, the 
particle phase may be modeled as a coarse flow based on the kinetic theory description. By the 
presence of the fluid phase, the particle momentum is modified through a drag term in the kinetic 
equation. Suppose two spherical particles in flow whose radii are a and b, and are of distance c units 

apart are sufficiently dispersed. The surface stress 
ijS  dominates. Assume that the particles sustain 

their fixed position and undergo oscillatory motion about their fixed position. Then the mean value 
of the force acting on each of the particles is [15] 

              3 3
2

4
3 cosij

a b
S kk p

c

  
 

=  
 

,                                                                                                                          (34)                                                                           

where k, k’ are the amplitudes of oscillation, 2


the period, and  the phase difference. When the 

particle behind is released, and it moves closer to the one in front, the distance c decreases. This 
decrease is progressive as the behind particle gets closer. Thus, 
                 

0
lim ij
c

S

→
=    .                                                                                                                                           (35)  

                                                                                                                        
The above explains an infinitely large surface effect occasioned by particle collision as described. It is 
of note that hydrodynamic coupling, through the drag term, induces particle clustering and cluster-
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induced turbulence [5] in the fluid–particle flow. Within the same flow field, therefore a turbulent 
fluid–particle flow has time-dependent regions wherein the particle phase is almost in clusters. 
Depending on the fluid rheological characteristics, the cluster may be separated by regions wherein 
the particle–particle collisions are absent. 
 

4   Statistical ensemble 
 

Let us consider particles that are being buffeted during flow, whose temporal location may be 
determined amid great uncertainty. In the face of such difficulty, a recourse to a stochastic differential 
equation that governs a random stochastic dynamic system may lead the way.  The stable Ornstein-
Uhlenbeck process (OUP), is of the form 
              ( ) ( )tx x t  = − + ,                                                                                                                                (36)                                                                                                                     

where is a parametric, xt is the particles’ temporal location, and 𝜑(t) (the white noise) is the formal 
derivative of a non-zero mean Weiner process (Wt) (see Holmes and Berzook [11]). It holds well for 
the motion of a particle in a quadratic potential well subject to first-order dynamics and random 
excitation (see Arnold [1]). In Einstein’s idealization, the description of Brownian motion indicates 
that increments of a particle's position over disjoint time intervals are independent random quantities. 
Wiener process describes a probabilistic model in which a random trajectory, although continuous, is 
nowhere differentiable. Since Wt is nowhere differentiable, φ(t) is a distribution rather than a function. 
x(t) may be represented unconditionally as a scaled time transformed Weiner process in the form 

              2 2( ) /

2
( ) x

sh x e   



− −=                                                                                                                                 (37) 

or conditionally (given x0) 
              2(1 ) ( )

2

t t t t

t ox x e e W e e   




− − −= + − +  .                                                                                                      (38)        

                                                                      
In a section of flow where a particle obeys the model (36), a probabilistic description of its temporal 
location may be given as a conditional probability density function (pdf) of the form      

             ( ) ( )  )0 0, | , 0, ,      (0).h x t x x x − +  + =       ( h is a pdf)                                                  (39) 

 
In equation (39) the first term on the right-hand side encodes the drift; if υ < 0, the particle drifts along 
the vector field, and if ε ≠ 0 the particle is buffeted by a random force. The explicit solution of equation 
(36) may be found by recourse to the Fokker-Plank equation 

              
2 2

2
( )

2

h h
x p

t x x


 

  
= − +

  

.                                                                                                                      (40) 

 
The terms on the right-hand side of (40) above are associated with surface effects, with the first 
encoding the drift and the second the diffusion. The solution is [1] 
               

( )
2

2

0 0 0( , | ) , 1     ,        (0)
2

t th x t x x e e x x 


= − =

     ,                                                                                           (41)                                                   

with 2 22 ( ) /2

2

1
( , )

2

xe   


− −=
 as the normal distribution with mean μ and σ the variance. The stationary 

solution is a Gau-ssian distribution given by 

              2 2( ) /

2
( ) x

sh x e   



− −=                                                                                                                          (42) 
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4.2 Particle collision history      
 

The history of collision is a sine-qua-non to the making of predictions regarding the general behaviour 
of motion.  In some dynamic phenomena, such as the one being considered, an existing state may be 
influenced by former states. Specifically, the sequence of previous collisions between two flowing 
particles, say, may give a clue to the possibility of the existence of some memory, which will in effect 
ease predictions.  
 
If the present state depends on the former states, there is a describing linear memory equation of the 
form [20] 

            
0

0
( ) * ( ) ( ) ,      (0)

t

u t au K u au K t s u s ds u u= − + = − + − =                                                                        (43) 

where u: [0, ∞) → ℝ is a scalar state variable, u0 ∈ ℝ ≥ 0 and K: ℝ ≥ 0 → ℝ ≥0 is a positive real 
kernel. It is observed from the above equation that the second member of the right-hand side (which 
encodes the prevalence of the previous states) halts the speedy decay of the system. 
 
4.2.1 Collision and Markov process 

Definition (1). Suppose 𝛓 is a σ-algebra, 𝛓 ⊆U, then P(A| 𝛓) := E(𝛘A| 𝛓) for A ∈U. Thus, P(A| 𝛓) is 

the conditional probability of A, given 𝛓, and  a random variable. 
Given a stochastic process X(.), the σ-algebra                             
           ( ) := ( ( ) | 0U s U X l l s                                                                                                                            (44)

   
is termed the history of the process up to and including time s (see Evans [7]). Thus, in the stochastic 
collision episode, U(s) tracks the statistics accessible from observing X(l) for all times 0 ≤ l ≤ s. 
 
Definition (2) [7]. An Rn-valued stochastic process X(·) is called a Markov process if 
                              

             P(X(t) ∈ B | U(s)) = P(X(t) ∈ B | X(s)) a.s.                                                                                                  (45)                                                                 
for all 0 ≤ s ≤ t and all Borel subset B of Rn. 
Suppose the collision process is denominated at present value X(s), the probabilities of future values 
of X(t) may be predicted in a way similar to the possible knowledge of the total history of the process 
before time s. Thus, the process only recognizes its value at time s and does not remember how it got 
there. Markov property, therefore somewhat explains the non-differentiability of particle paths in 
Brownian motion.  
 

5 Summary and conclusion 
In the flow of a single-component fluid, there are no fluid-mediated inter-particle collisions and no 
exertion of forces on the fluid by colliding particles. Flows involving a solid phase and a liquid phase 
present associated complexities that are so irksome that they entail a rigorous analysis. The thrust of 
this work is the examination of surface forces on a two-phase flow. The flow consists of the liquid 
phase, which is considered a carrier and the disperse phase, whose motion is in the direction of the 
flowing fluid and whose content (the particles) is in a mutual state of collision. The uncertainty in 
determining the temporal location of a flowing particle that is being buffeted leads to the recourse to 
the stochastic differential equation that governs a random stochastic dynamic system - the stable 
Ornstein-Uhlenbeck process whose equation furnishes the “white noise”, term which is the formal 
derivative of a non-zero mean Weiner process (Wt). 
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Collision history is a sine-qua-non to predictions concerning the general behaviour of motion.  Since an 
existing state may be influenced by former states, the sequence of previous collisions between two 
flowing particles, say, may give a clue to the possibility of the existence of some memory, thereby 
aiding predictions. When a given flow path is characterized by the OUP, the equation (41) furnishes 
the instantaneous position of a particle that is being acted upon by surface forces. 
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Flow propensities in biological vessels and valves 
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Abstract 
Flows through the vascular appurtenances and biological valves are in a deep sense 
analogous to those obtained in other pipes and valves of similar configuration. However, 
the pulsatile nature of the cardiovascular flow, and the intrinsic coherent perturbation 
associated with the physiological and anatomical complications that reside in the biological 
structures, precisely the arteries and veins, and the heart valves, strike a remarkable 
distinction between them. The flow through the vascular structures was treated as a 
cylindrical pipe flow with characteristic coherent perturbation; the sound associated with or 
resulting from flow was considered, and the relationship between pressure and flow in open 
heart valves was treated, all of which were presented with the relevant equations. The 
equation involving the open heart valves is as good as furnishing the volume of blood in a 
physiological transmitral flow. 

 
Keywords and phrases: circulatory system; acoustic wave; turbulence; coherent perturbation; 
boundary conditions 
 

1   Introduction 
 

        Blood vessels are conduits through which blood circulates, and valves are structures in a hollow 
organ, such as the heart, each with a flap to insure a unidirectional flow of fluid (blood) through it. In 
describing the flow of blood in a vessel, the driving pressure is the pressure difference between any 
two chosen points along a specified length of the vessel. However, this does not define the flow of 
blood in an organ in which the pressure difference is expressed as the variation between arterial 
pressure (PA) and venous pressure (PV). In the kidney, the renal artery pressure, renal vein pressure, 
and renal vascular resistance determine the flow of blood. Pressure difference at points along the 
vessel or across a heart valve is crucial in determining the pathophysiology of an organ and the 
cardiovascular parameters. For example, a pressure difference of at least 30mmHg is a baseline for 
turbulent flow between heart chambers [7]. The circulatory system is virtually marked by laminar blood 
flow, with concentric layers of blood flowing in parallel down the length of a blood vessel. However, 
the laminar flow may be disrupted and become turbulent under conditions of high flow velocity such 
that the critical Reynolds number (Re) is exceeded.  When this occurs, blood does not flow linearly 
and smoothly in adjacent layers instead, the flow can be described as being chaotic. In the ascending 
aorta, laminar flow may transit to turbulent in the event of extremely high flow velocity [12]. Flow in 
the vicinity of the valve resembles a pulsed jet through a nonaxisymmetric orifice, as pulsatile cardiac 
blood flow causes the heart valve leaflets to open and close, inducing a dynamically changing area. In 
effect, shear layers, regions of recirculation, and flow instabilities that could eventually lead to a 
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transition to turbulence develop. Heart valves serve as governors or control devices and are the major 
sources of noise in piping systems. They perform the following essential functions: (a) modulating or 
throttling flow, (b) regulating pressure, (c) getting rid of excess pressure, and (d) preventing backflow. 
The complex flow patterns are intrinsically valve-and-patient-specific [22]. Sabbah and Stein [20] 
corroborated studies in humans that show that turbulent flow occurs above the aortic valve under 
some conditions in normal humans, and it occurs characteristically in the presence of aortic valvular 
disease. They disclosed that intra-arterial ejection murmurs were at all times associated with turbulent 
or highly disturbed flow in the ascending aorta. The vibrating cardio-vascular structures, distressed 
regions of turbulent flow, mixing of flows of diverse temperatures, and their similitudes generate 
pressure fluctuations that are communicated through a fluid as sound. This sound is the progression of 
compressions and rarefactions propagated away from the acoustic source vicinity. In the vasculature 
as well as the cardiac chambers, murmurs are generated by turbulent flow. Heart murmurs are well 
described concerning the site on the thoracic cage, pitch and volume, and phase of the cardiac cycle 
[23]. Vascular bruit turbulence outside the heart can be located along the carotid artery, which supplies 
blood to the brain. Jung and Rajat [10] were of the view that the primary source of arterial bruits is 
perturbation initiated by vortex flow in the near post-stenotic region. Turbulence has its mixed 
blessings; Wei et al. [25] suggested that flow turbulization is a major way of heat transfer enhancement; 
accordingly, special tubulising elements can be placed into tubes and channels to enhance heat transfer. 
Turbulence may create some physiological cardiac murmurs, but murmurs are most often considered 
pathologic [10, 21]. In their work, Farzad et al. [4] sought to evaluate the performance of modern 
acoustic detection of murmurs by acoustic signals taken from patients undergoing coronary 
angiography. According to them, acoustic signal patterns may identify intracoronary murmurs 
generated by hemodynamically substantial coronary artery stenosis in all major vessels.  
 
     A large amount of investigation has been carried out about flows with free boundaries that 
include [9, 14]. The question of where turbulence develops and how the concomitant acoustic 
wave propagates through the arterial vessels requires elucidation. Laufer [13] was driven to 
investigate the structure of turbulent flow in fully developed pipe flow. Elsewhere [17] the noise 
generated by turbulent pipe flow was studied. Both cases [9, 14] are tenable in arterial flow [20] 
and therefore may use used for investigating such flow in arteries and valves. 
 

2   Flow in pipes 
 
In what follows, attention is given to a cylindrical pipe in line with the arterial/venous structure. 
 

2.1 Reynolds equation of pipe flow  
 
Consider a section of the artery with incompressible mean flow. The continuity equation and 
Reynolds equation in cylindrical polar coordinates read:  
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where 
2 2 2
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2 2 2 2

1 1

r rx r r 
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 = + + +
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, and U and P encode the mean velocity and pressure respectively 

that are measured at any point in the artery or valve; u, v, w represent the instantaneous velocity 

fluctuations in x (axial), r (radial), and φ (azimuthal) directions respectively; , ,u v w are the average 

velocity in x, r and φ directions respectively; V and W are the mean velocities in radial and 

azimuthal directions respectively, 𝛎 is the viscosity, and ρ, density. As a consequence of a fully 
developed flow, the mean velocities in radial and azimuthal directions vanish. The least velocity 
(V= 0) is observed along the vessel wall.  We find V = W = 0; since pipe flow is homogeneous in 

the axial and azimuthal directions, 





= 0, and 0

x


=


 except at total pressure. Moreover, the 

velocity field does not depend on the axial coordinate, x. With these, equation (2) reads 
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Applying the boundary condition 0vw =  at r = r1 shows that 0vw =  for each value of r. Therefore 
the turbulent pipe flow is 
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Note that, vw  must be zero everywhere save at the pipe centre; but if it is continuously dependent 
on r, then it will vanish at the pipe centre. With suitable radial boundary conditions the shearing 

stress, uv , is given in terms of the mean velocity by 
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and the normal stresses 
2 2 and v w  relate to mean pressure by 
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where r1 is pipe radius, U* is friction velocity. The above equation, excluding the second term on 
the right hand side, may be rewritten as 
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Carrying out the indicated integration between the limits r1 and r and noting at r = r1, 
2v = 0 one 

gets 
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where, Pr,x   = mean pressure at r, x;  Pr1, x   =  mean pressure at r1, x. At an arbitrary point, x1 one 
finds 
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Thus, adding (9) to (8) gives 
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The equations so far are given in terms of the radial coordinate of the vessel, r. The energy equation 
takes the form, (see Laufer [13] for the derivation): 
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In the equation above, the first term encodes the rate of production of turbulent energy due to 
shearing stresses. The second term is the diffusion term, the third term may represent a gradient 
form of energy diffusion which is of interest near the wall. The fourth term indicates viscosity- 
induced energy dissipation into heat.  
 
 

2.2  Perturbation equations in cylindrical coordinates 
 
The fundamental Navier-Stokes equations that govern flow include the continuity equation, the 
momentum equations, and the energy equation. The continuity equation reads: 
 

            0 0,i
i

i i

u
u

t x x

 


 
+ + =

  
                                                                                                                     (12) 

 

where 𝜌 is the fluid density, and ui is the velocity. 
 
The momentum equation for the coherent perturbations reads: 
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where μ is the dynamic viscosity, and μB is the bulk viscosity (see Pierce [16]) which is assumed 
constant here. The perturbation Reynolds stress reads 
 

             r .    −ij i j i ju u u u                                                                                                                                 (14) 

 

The quantity − rij may be construed as the oscillation of the background Reynolds stress as a result 

of the passage of the coherent perturbations [2]. Equations (13, 14) govern the motion of a 
Newtonian fluid, together with the motion of coherent perturbations, such as sound wave 
propagation. In cardiovascular flows it is often advisable to examine the flow and the coherent  
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perturbation quantities separately, essentially by some splitting technique (see Morfey [15]). The 
following decomposition ensues: 
 

               ˆ(x, ) (x) (x, ) (x, ),H t H H t H t= + +                                                                                                    (15) 

 

where H encodes the mean (time-averaged) contribution, H  is the coherent perturbation (periodic 

wave) driven by the pulsatile structure of flow, and Ĥ  represents to the turbulent fluctuation. Here 

H denotes any one of the variables: 𝜌, ui, T, or p, as the case may be. The time-averaged mean 
defined as 
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and the phase average is 
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where f is the frequency of the coherent perturbation. 
 
In a fully developed turbulent pipe flow, the there is a homogeneous stream-wise mean flow, 

whose velocity is u = [ xu (r), 0, 0]. The mean flow is locally parallel in fully developed turbulent 

pipe flows, therefore the mean flow velocity u = [ xu (r), 0, 0] is parallel to the x-axis and 

fluctuating in the radial direction r. The perturbation equations in cylindrical coordinates are: 
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 (x−momentum equation)                                     (19)  
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     (r−momentum equation)        (20)                                                                                    
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          (𝜃−momentum equation)  (21) 
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 ,    The energy equation,                                      (22)           

where, 
  

          and  x xu u
x x

 
 

= =
 

,    and   ,   .x x x ru u u u

r r r x
 

   
= =

   
 

 
 

 3  Acoustic analogy and noise generation  
 
 Noise is inviolable component of turbulence. It is created by the Reynolds stresses. Velocity and 
pressure fluctuations do result in the development of acoustic sources which radiate sound with 
intensities and directionality that are typical of the particular nature and magnitude of the sources 
and the acoustic features of the surrounding media. Pressure is a parameter of much interest in the 
wave equation in the sense that ears and the auscultation devices, such as the stethoscope for 
measuring sound within the body, are sensitive to pressure fluctuations. Turbulent fluctuating 
pressures which are related to acoustical pressure are termed sound pressure or sound, and fluctuations 
of pressures which are related to sound are frequently referred to as intra-arterial sound [5]. 
Aerodynamically generated noise is essentially based on density fluctuations, which are frequently 
converted to pressure variations by means of a linear relationship. A good relationship is found 
between pressure and velocity because the acoustic velocity is frequently used as a boundary 
condition in calculations involving solid bodies. Acoustic velocity is the usual fluid dynamic 
boundary condition that must be satisfied [16]. Morfey and Wright [15] improved on the 
pioneering work of Lighthill [14] on acoustic analogy. Their formulation for bounded domains 
enables the application of pressure-based options to the fluid density as a wave variable. 
 
Consider the windowed equations of motion for a fluid occupying a region R. The expressions for 
conservation of mass and momentum are  
 
               ( ) ( ) ( ) ( )0 0, .i i i j ij i

i

u u u u p B
t x t t
    

   
− + = + + =

   

                                                                         (23) 

 
In the above, and subsequently, an underscored quantity or variable means that it is multiplied by 
some Heaviside functions G and Ξ. Thus, it is windowed in space and time; ui is the fluid velocity 
in the xi direction; 0ij ij ijp P P= −  where P is absolute pressure and Pij is the compressive stress in 

the fluid; δij is the Kronecker delta and Bi is an applied body force per unit volume. The Heaviside 
functions G and Ξ are such that: 
                       

               
1      in  and on 

( )  
0      in (prime indicates complement);

G


= 


R S

R   

          

n                                                                                         (24) 

               
1      for 0

( )  
0     for  0 

t
t

t


 = 



          

,                                                                                                                      (25) 

 
In (24), n is a local normal coordinate defined for points in the neighbourhood of S; n=f.S is a 

moving closed surface in an appropriate dimension, assumed smooth and f  is single-valued. 

The following derivatives apply from the property of the Heaviside function: 
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             ( ), 0, ( ), ( ),i
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t x n x
  

   
= = = =

   
n                                                                                     (26)                                                     

where δ(.) is the Dirac delta function and ni = / in x   is the unit normal to S. For any field variable 

η, 
     

           ( ) , ( ) ( )i i i
i i

n v n G t
x x t t

   
    

   
− = −  − =  −  

   
n n                                                                        (27) 

where vi = vni, v is the normal velocity of the surface S directed into ℛ. The application of equation 
(27) to equation (23) yields 
 
          

( ) ( ) ( ) ( )0 0 0( ) ( )i i i i
i

u G t u v n
t x
         

 
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n
                                                                           (28) 

and 
 
           ( ) ( ) ( )( ) ( ) .i i j ij i i i j j ij j

i

u u u p B u G t u u v p n
t x
     

   + + = + + − + 
  

n .                                                  (29) 

 
The second time derivative of the perturbed density valid for all (xi, t) may be obtained by 
eliminating iu from (28) and (29). Thus, 
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n
.                                               (30) 

 
The density form of the acoustic analogy is in the form (see Morfey and Wright [15]) 
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                                          ( )
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

     − − = − −                     


 −  − +    

n

n

                                                                (31) 

 
Tij, Ji and Lij on the right of (31) encode: the Lighthill stress tensor  
 

           ( )2
0 0i j i j ij ijT u u p c   = + − − ,                                                                                                                   (33) 

 the surface mass flux vector   
 

           ( ) ( )0 0 ,i i i i i iJ u v u v v    = − −  − +                                                                                                      (34) 

and the surface momentum flux tensor 
 

            ( ) .ij i i i i jL u u v p= − +                                                                                                                                       (35)                                                                                             

 
The right members of (31) are the sources that represent the physical properties of the acoustic 
wave. The first two members encode the aggregate impulsive mass and momentum required to 
drive flow from its original reference state; the second and third members contain the so called 
Ffowcs Williams & Hawkings (FWH) formulation [5] of surface monopoles and dipoles, evinced 
by Ξ, and subsequently the volume source terms, with the body force Bi and the stress tensor Tij 
encoded spatially and temporally by G Ξ. Reethuf [17] suggested that  mass-flow fluctuations may 
be associated with monopole sources as compact fluctuating forces, momenta, or pressures in a 
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flow field relate with dipole sources; and fluctuating shear stresses relate with quadrupole sources. 
The FWH equation (31) with no initial source terms furnishes an extrapolative bridge between the 
simulation domain and the acoustic far field. Using [18], the replacement of the local density ρ by 
a new variable ρ* related to ρ together with some arithmetic operations give the equation for 

( )2 2

0
/ t  −   in the form 
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(36)   
                                        
Where 

i
J  and 

ij
L     are similar to Ji and Lij when    replaces ρ and 

               
D

Dt





  = +   .                                                                                                                            (37) 

Now, a general acoustic analogy may be written in the form 
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
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  where the penultimate term is gotten by setting the equation of conservation as    
             
                              1

,
iji i

j

pDu B

Dt x 


= −



                                                                                                                (39)                                                                                                                                   

and 
ij

T   is defined in the same way as Tij when    replaces ρ 

 

3.1 Propagation of sound inside pipes (vessels) with flow 
 
Turbulent noise sources are typically contained in rigid walled vessels, which are acoustically 
reflecting. Some vessel walls are not acoustically rigid and impermeable; they therefore permit the 
absorption of some of the incident sound and in so doing progressively reduce the propagated and 
radiated sound power. In arteriosclerosis the induration (pathological hardening or thickening) of 
the arterial wall may cause the vasculature to be treated as rigid walled vessels. Therefore such 
vascular tissues will be acoustically reflecting. Non-acoustically rigid (compliant) blood vessels 
reduce the propagated and radiated sound power by permitting the absorption of some of the 
incident sound. The compliance or capacitance is a measure of changes in volume in response to 
changes in pressure. If it is assumed that vessel length does not alter with transmural pressure, the 
arterial cross-sectional compliance Cc  (see [18]) could be estimated by 
 
                     

c

dA
C

dp
=

  ,                                                                                                                                 (36) 

where A is the vessel’s cross-sectional area. The vessel’s distensibility Dv is given in terms of its 
compliance by 
 
                    

1 1
v c

dA
D C

A dp A
= =

 .                                                                                                                           (37) 

Suppose the perturbation fields H  (see Eq. (15)) in the pipe can be characterised by modal 
solutions, and each mode can be written in cylindrical coordinate in the form 
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                    ( ) ( ) ( ) ( )ˆ ˆ, , , ( ) ( )
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H x r t H r e H r e e
 

 + −− +
+ −
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,                                                                          (36) 

 
where subscripts + and − indicate the downstream and upstream propagating waves 

corresponding to the mean flow, 𝝎 = 2𝝅f is the angular frequency, and k± are the corresponding 
wavenumbers. The phase shift and the attenuation of the sound waves can be determined from 
the wave number k± when the modes which represent the sound waves are known. The 
dimensionless wavenumber 
 

         
0

k

k


 =                                                                                                                                                 (37) 

 

may be used to described the propagation, with k0 = 𝜔/c0 the wavenumber in free space. Γ consists 
of the real part, which specifies the phase shift of the waves within one reference wavelength λ0 = 

2𝜋c0/𝜔, and the imaginary part which specifies the decay of the wave amplitudes within λ0. The 
value of Γ± is largely affected by mean flow convection and refraction, viscothermal effects within 
the acoustic boundary layer, turbulent absorption, among other factors. 
 
We consider a plane wave regime associated with acoustic waveguide theory [16]. Assume an 
inviscid and adiabatic fluid, and assume further that the mean velocity profile (MVP) is uniform 
over the pipe cross-section, then, by indication [1] the acoustic pressure in the pipe is 
 

                 ( )ˆ ( ) mi t ik x im
m mp p r e

 − +
= ,                                                                                                                   (38) 

     
where, 
  
                  ˆ ( ) ( )m m mp r BJ=  ,         B is a constant,                                                                                          (39) 

and  
 

                ( )
2 2

0m m mk Mk k = − −                                                                                                               (40) 

 

represents the radial wavenumber, represents the azimuthal wavenumber, k0 = 𝜔/c0 is the 
wavenumber in free space, Jm is the m-th order Bessel function of the first kind, and M is the Mach 

number. The boundary condition is such that the wall-normal velocity ˆru  is zero at the duct wall.  

 
For inviscid and adiabatic fluids this requires that 
 
               

0 0
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= =
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,                                                    (41)                                                                   

 

where mJ   denotes the first derivative of Jm with respect to r. The n-th solution satisfying the 

boundary condition Eq. (41), 
,

c
m nHe , and the corresponding acoustic mode is known as the (m, n)th 

mode. The axial wavenumber k±,m,n can be calculated from (40) as  
 

            ( )
1

22 2
0 ,

0
, , 2 2

1 ( 1 / )

1 1

c
m n

m n

k H M He
Mk

k
M M



− −

= − 
− −

                                                                                            (42) 

 
where He = k0R is Helmholtz number.  
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There are two cases: k±,m,n  is a purely real number if 2
, 1c

m nHe He M − , else k±,m,n  contains imaginary 

part. The latter case is instrumental in the evanescence of sound wave since the (m, n)th mode 
decays exponentially in the direction of propagation. The cut-on frequency of the (m,n)th mode 

(i.e. the mode propagating without decaying) is 2
, 1c

m nHe M− . Equations (38) and (42) presuppose 

that the fluid is inviscid and adiabatic, and therefore the wavenumbers of the cut-on waves are 
wholly real, i.e. the wave propagates without attenuation. As a rule however, the propagating waves 
would be unavoidably damped by the fluid or the flow. 
 

4   Pressure and flow in open valves 
 

The flow across a heart valve is analogous to that along a blood vessel; nevertheless, the two 
pressures on either side of the valve account for the pressure difference [12]. Accordingly, the 
pressure difference across the aortic valve that drive flow across the valve in the event of 
ventricular ejection is the variation between intraventricular pressure (PIV) and the aortic pressure 
(PAo). The motion of the heart valves is usually determined via the Navier–Stokes equation wherein 
boundary conditions of the blood pressures, pericardial fluid, and external loading are used as the 
constraints. It is taken as a boundary condition in the Navier–Stokes equation in defining the fluid 
dynamics of blood ejection from the left and right ventricles into the aorta and the lung [8]. 
 
If the following conditions are assumed: there is conservation of inflow energy, there is stagnant 
region behind leaflets, there is conservation of outflow momentum, there is flat velocity profile, 
then the pressure drop, ∆p , across an open heart valve is related to the flow rate, Q, through the 
valve by 
 
 
                        

2

1 2

Q
a a Q p

t


+ = 



                                                                                                                                       (43) 

 
where a1 and a2 are nonzero constants. For valves assumed to have a single degree of freedom 
(such as studied using the aortic and mitral valves [8] the pressure and flow relationship is given 
by the Euler equations 
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,                                                                                                                                (45) 

 
where, u = axial velocity, p = pressure, A* = orifice area of valve. We get 
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where, 
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, and L the axial length of the valve. Now, 
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Note that in the case of a heart valve, the orifice area of the opened valve is to be used since the 
opening is not circular. Therefore the radius has to be given in terms of the area. Since A = π r2, 
therefore r = √(A/ π) = A*. 
 
To elucidate the above relationship we consider, as in [23], the effect of pressure on flow and the 
effect of flow on chamber pressures. Suppose Q is the flow rate of blood through the mitral valve 
(transmitral flow). This transmitral flow (Q) is as good as the rate of change in ventricular volume 
(dVv/dt) and the negative of the rate of change in left atrial volume (-dVa/dt). The time rate of 
change of flow can be written in the form 
 
               ( )2

,
a v c v

p p R Q R QdQ

dt M

− − −
=

                                                                                                                (48) 

 
where,  pa(t) = Left atrial pressure (mm Hg), pv(t) = Left ventricular pressure (mm Hg), Rc = 
convective resistance of mitral valve (g/cm-7), and Rv = viscous resistance of mitral valve (g/cm-

4/s-1), M is a distributed mass term, ρl/A* with units g/cm-4. Here ρ is blood density (1.05 g/cm3). 
 
To decipher how chamber pressures are affected by flow, assume that at any time, the left 
ventricular pressure depends on the left ventricular volume, pv(Vv) and, by the same token, left 
atrial pressure depends on the atrial volume, pa(Va).  
 
We require expressions that relate the rate of change in chamber pressure (dp/dt) to the flow into 
or out of that chamber. The equations 
          
                          

( )
/aa a

a a

dVdp dV Q

dt dt dp C
= = −

                                                                                                                     (49) 

 
                         ( )

/vv v

v v

dVdp dV Q

dt dt dp C
= =

                                                                                                                        (50) 

 
are the temporal left arterial and ventricular rate of change of pressure given in terms of the left 
arterial compliance, Ca ,and left ventricular compliance, Cv  respectively.(Note that 1/Ca,v indicates 
chamber stiffness in each case). While equation (48) orders how pressure affects flow, equations 
(49-50) orders how chamber pressure is affected by flow. The coupled system of equations (49) 
and (50) is one that may predict the time progression of mitral flow, and atrial and ventricular 
pressure, together with prescribed initial pressures (pa(0) and pv(0)), mitral impedance (M, Rc, and 
Rv) and chamber compliance. 
 
 
Reduce (48)-(50) to two coupled system. Let ∆p = pa − pv , and      

1

1 1

a v

C
C C

−

+

 
= + 
 

, 

where ∆p is the transmitral gradient and C+ is the net compliance of the two chambers. Equation 
(48) now takes the form 
 
                         ( )2

,
v c

p R Q R QdQ

dt M

 − −
=

                                                                                                                 (51) 

 
and subtract (50) from (49) to get 
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                     d p Q

dt C
+

 −
=

                                                                                                                                       (52)  

                              
From (51) and (52) the transmitral flow (Q) may be determined. 
 

5   Summary and result 
The flow propensities in the cardiovascular structures were studied. The circulatory system is 
marked by laminar blood flow wherein concentric layers of blood flow in parallel down the length 
of a blood vessel. Nevertheless, laminar flow may transit to a chaotic (turbulent) flow under 
conditions of high flow velocity in which the critical Reynolds number (Re) is exceeded. In 
describing the flow characteristics in the cardiovascular structures associated phenomena such as 
acoustic wave and noise generation, coherent perturbation, and valvular pressure and flow 
relationship were discussed.The motion of the heart valves is usually taken as a boundary condition 
in the Navier–Stokes equation in defining the fluid dynamics of blood ejection from the left and 
right ventricles into the aorta and the lung.  
 
The excerpts from this work are: 

1. The pulsatile structure of flow drive the coherent perturbations (periodic waves) in any 
vascular region. The waveforms are vital to the determination of the physiological state of 
the cardiovascular parameters. 

2. If the pressure drop, ∆p , across an open heart valve is known the flow, Q, through the 
valve can be determined. 
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