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Iterative procedure with inertial term for the
approximation of fixed point of strictly
pseudo-contractive mapping with application to
monotone variational inclusion problems in Hilbert
spaces

E. Ekuma-Okereke*, F.M. Okoro'!, and C.E. Abhulimen'$

Abstract

Motivated by the recent result in [1], it is our aim in this paper to introduce the modified
Mann-type iterative procedure with inertial term for the approximation of fixed point of
strictly pseudo-contractive mappings defined on a closed and convex subset of real Hilbert
spaces. We prove strong convergence theorem for it. Furthermore, we apply our procedure to
the approximation of monotone variational inclusion and variational inequality problems in
real Hilbert spaces. In addition, we provide a numerical example to illustrate the effectiveness
of our procedure. It is intended that our procedure complement our motivated result cited
in the literature.

Keywords: fixed points; strictly pseudo-contractive mappings; modified Mann-type iteration;
inertial term; strong convergence
1 Introduction

Throughout, we take C to represent a nonempty, closed and convex subset of real Hilbert space
H with the inner product and induced norm denoted by (.,.) and ||.|| respectively. The metric
projection mapping of H onto C' denoted by Pc(x) is defined by

|z — Po(x)|| = inf{||z — z|| : z € C}, (1)
and the metric projection holds true if and only if it satisfies the variational inequality
(x — Po(x),z — Po(x)) <0. (2)

Remark 1.1 Using this characterization, we get that a metric projection Po(x) is nonexpansive,
that is || Pe(x) — Pe(y)|2 < o — yl|2 Va,y € X.

Definition 1.1 A mapping T defined on a closed and convexr subset C' C H is called
(a) Lipschitzian if there exists L > 0 such that

HTw - TyH2 < L”Hﬁ - yHQ,Va:,y € Ca (3)
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(b) quasi nonexpansive if

Tz —pl* < ||z — pl|*, Vo € C,p € Fiz(T). (4)

(c) strictly pseudocontractive [3] if there exists a constant k € [0,1) such that
1T — Tyl < o — yll? + kll (= — ) — (T — Ty)|?, ¥,y € C. (5)
or equivalently, if there exists a constant X > 0 such that

(& —y.Ta — Ty) < |z -yl = Al|(x — y) — (Tz — Ty)|P,Va,y € C. (6)

(d) demicontraction (or k-demicontractive) (see [1]) if there exists a constant k € [0,1) and
Fix(T) # 0 such that

| Tz —Tp|? < ||z —p|® + k||lz — Tz||>,Vz € C,p € Fiz(T). (7)

Remark 1.2 The mapping T is called a contraction if 0 < L < 1. It is called nonexpansive
if L =1. It is demiclosed at a point p € C if C contains a sequence {x,}5°; which converges
weakly to z € C(x, — &) and Tx,, converges strongly to p (Tx, — p) and TT = p.

Numerous iterative procedures for the approximation of fixed points of nonexpansive map-
pings and its generalization have been constructed and studied by various authors (see [4], [10],
[15] and the references therein) in the framework of Hilbert and Banach spaces. Notable among
them are the Mann iteration procedure (see [13]), Ishikawa iteration procedure (see [9]), Halpern
iteration procedure (see [8])and Krasnoselskij iteration (see [12]). One major setback in Mann
iteration defined as follows:

Tpy1 = (1 = Bp)wn + BuT 2y, (8)

is the weak convergence it only guarantees. However, in a bid to achieve strong convergence
from Mann iteration, some authors on one hand, have imposed certain perceived stringent
conditions on the Fiz(T") (see [19]) and as pointed out by [2], the unnecessary assumption like
lim;, 00 B = 0 used by some author to achieve convergence in their work, on the other hand. It
is noteworthy to mention that it is only Halpern iteration procedure that satisfies this condition.
Besides, in contributing to the volume of work on iterative procedures with inertial terms for
the approximation of fixed points of various mappings and its applications, many authors have
recently constructed and studied new procedures in this directions (see [16], [6], [7] [5] [14] and
the references therein).

Very recently and in [1], Agbebaku, Nwokoro, Osilike, Chima and Onah, studied ”The
Tterative Algorithm with Inertial and Error Terms for Fixed Points of Strictly Pseudo-contractive
Mappings and Zeros of Inverse Strongly Monotone Operators”. They proved the following
theorem:

Theorem 1.1 Let H represent a real Hilbert space. Let T : H — H, represent a k— strictly
pseudo-contractive mapping with Fix(T) # 0. Choose xo,xz1 € H arbitrarily and define the
sequence {x,} generated from these as follows
Zp = XTp + Tn(xn - xn—1)7 (9)
Tnt1 = anZo + BulYn + M Tyn +en,n > 1,

where {an 100 1, {Bn 101, {mn}02, are sequences in (0,1), {0,}°2 is a positive sequence and ey,
s an error sequence satisfying the following conditions:

0
(Z) hmn—>oo Qp = 07 Z?Lozl Qp = 00, 2211 Hn < oo,limn_>oo, O[i = 07
n
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(ii) an+ Bn+nmn =1, Bn > k,Vn > 1, liminf,, oo np[Bn — (1 — a)k] > 0,

leall _

n

(iid) either Y52 lleall < 00 or limysoc, 0,

(iv) T €[0,1) such that 0 < 7, < 7, with

T =

. en
L mln{7||$n_mn71”,7'}, whenever T, # Tp_1
T, otherwise .

Then algorithm (9) converges strongly to metric projection of H onto Fix(T).

It is important to note that their result extends the recent results of Shehu, Iyiola and
Ogbuisi [16] from the class of nonexpansive mappings to the much more general class of strictly
pseudocontractive mappings in Hilbert spaces.

Remark 1.3 Observe that their map T as used in their theorem above is a self map on H. If
on the contrary, the domain of their map T becomes a nonempty, closed and convex subset C of
H (as it is noted to be the case in many applications) and T is a self map on C, then we can
say that the iterative procedure of (9) may fail to be well-defined.

Thus motivated by the result of Agbebaku et al. [1], it is our aim in this paper to introduce
the modified Mann-type iterative procedure with inertial term for the approximation of fixed
point of strictly pseudo-contractive mappings defined on a closed and convex set in real Hilbert
spaces. We study strong convergence theorem for it. Furthermore, we apply our procedure to
the approximation of monotone variational inclusion and variational inequality problems in real
Hilbert spaces. In addition, we provide a numerical example to illustrate the effectiveness of
our procedure. It is intended that our procedure complement our motivated result cited in the
literature.

2 Preliminaries
Lemma 2.1 Let H be a real Hilbert space. Given x,y € H, then the inequality holds:

lz +ylI* < [le]® + 2{y. = + ). (10)
Lemma 2.2 ¢f.([10]) Let H be a real Hilbert space. For all x; € H,«a; € [0,1],4 = 0,1,2,...,n

satisfying ag + a1 + ag + ... + a, = 1, then we have the equality condition as follows:

n
aozo 4+ arzy 4+ agze 4 ... + apz,||* = Zai||l'”2 - Z s — 242 (11)
i=0 0<i,j<n

Lemma 2.3 ([18]) Let C represent a non-empty, closed and conver subset of a real Hilbert
space H. Let T : C' — C, represent a strictly pseudo-contractive mapping. Then

(i) (1 = T) is demiclosed at 0,
(ii) Fix(T) is closed and convex subset of C.

Lemma 2.4 ([14]) Let {a,}5% 1, {cn}2 1, {en}, be sequences contain in [0,00), {b,}o%, C
(0,1) and {d,,}>2, be a sequence contain in (—oop=1,+00) such that

Ap+41 < [1 _bn+cn]an+dn+enan > 1. (12)

If 2120:1 Cp < 00, Z;L.O=1 €500, then

3 IJMAM, Vol. 5, Issue 3 (2022) (©) NSMB; www.tnsmb.org
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(i) if d, < Mb,, for some M > 0, then {an}>2, is bounded.

(ii) if limp 00 by, = 0,> 074 ¢ = 00 and limsup,,_, Z—n <0, then lim,— o0 ay, = 0.

Lemma 2.5 ([17]) Let {ca},2 be a sequence of non-negative real numbers satisfying the fol-
lowing relation:

an+1 < (1 — ap)an + apdp,n > ng (13)
where {an}o2, is a sequence in (0,1), {0y} is a sequence in (—oo,+00) satisfying the following
conditions:
(i) limp, 00 iy = 0, D07 4 @y = 00,
(i) limy, o0 supd, < 0. Then lim,_ o a, = 0.
Lemma 2.6 ([11]) Let {a,},, be a sequence of real numbers such that there exists a non-
decreasing subsequence {n;} of {n} that is a,, < an,, Vi € N. Then there exists a non-
decreasing subsequence {my} C N such that my — oo and the following properties are sat-

isfied for all (sufficiently large number) k € N: am, < amy,, and ap < am,,,. In fact,
mi=mazx{j <k:a; <ajq}.

3 Main results

Theorem 3.1 Let C' represent a non-empty, closed and convex subset of a real Hilbert space
H. Let T : C — C, represent a strictly pseudo-contractive mapping with Fixz(T) # (0. Let the
sequence {x,} € C be generated by choosing x1 < xo € C' and using the procedure
Zn = Tp + Tn(:rn - xn—l)v
Yn = Qnxo + (1 - an)z'm (14)
Tn41 = PC(Bnyn + (1 - Bn)Tyn)an > 1,
where {Bp}02, € (k,1) for any k € [0,1), {an}22, € (0,1), {0,}72, is a positive sequence
satisfying

. . o0 o0 . n
(1) limy oo =0, 7 =00, 0~ 1 O < 00, limy, o0, = 0,
n

(i) liminf, oo[(1 — Bp)[Bn — K] > 0,

(i1i) T €10,1) such that 0 < 1, < 75, with

. O
o {mln{”mn_%lnﬂ'}, whenever T, # Tp_1
n -—

T, otherwise .

Then {x,} converges strongly to metric projection of C' onto Fixz(T).

Proof. We first show that the sequence {x,} generated by the procedure (14) is bounded.
To do this, we let p € Fiz(T). In view of Lemma 2.2 and the property of T, we get

| Zn41 —p||2 = [|[Pc(Bnyn + (1 = Bn)Tyn) _pH2
< 1Bayn + (1 = Bn)Tyn — plI?
= [1Bnyn — ) + (1 = Ba)(Tyn — p)|I”
< Bullyn = pI* + (1 = B Tyn — plI* = Bu(1 = Bl Tyn — ynll®
< Bullyn = plI> + (1= Ba)lllyn =PI + Ellyn — Tynll?] = Bu(1 = Bu) I TYn — yul?
< lyn = plI> = (1 = Bu)[Bn — Klllgn — T[> (15)

4 IJMAM, Vol. 5, Issue 3 (2022) (©) NSMB; www.tnsmb.org
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Furthermore,

lyn = pII* = lanzo + (1 — an)z — pl|?
< [lanzo + (1 — an)zn — p”2
= [lan(zo — p) + (1 — o) (20 — D)
< anllzo = pl? + (1 = an) |20 — pll = an(l = an)|lzo — 2|1 (16)
Substituting (16) into (15), we get
zn+1 = plI* < anllzo = plI* + (1 = an) 20 — Pl = an(l — an)|lzo — 20|
— (1= B2)[Bn — Klllyn — Tynll*. (17)
Besides
|2 — p”2 = ||z + Tn(2n — Tn-1) _PH2
= [[(zn = p) + Ta(2n — 2n1)

= llzn = pI* + 72llwn = 2n-al® + 2(rn(@n — Tn-1, 20 — p))

I?

< |lzn — pH2 + Tvznxn - xn—1H2 + 27| — Tp—a ] [|zn — p||2 + 27 || — T |

= [1+ 27 lzn — - ||].|2n — pH2 + Trngn - xn—l”Q + 27 |20 — Tn—1 . (18)
Substituting (18) into (17), we get

lzn+1 = plI* < anllzo — p|I?
+ (1 — an){an[l + 27 |2 — 21 ||][|22 _pH2 + Tguxn - xn—lHZ + 27| @0 — -}
—an(l —an)llzo — Zn||2 — (L= Bn)[Bn — Klllyn — Tyn||2
< anllzo _pH2 + (1= an){[1 + 27pllzn — zp-1l]-[l2n — p||2 + 7'5”1’” - wn—lnz
+ 27|20 — Tn—1 |}
< anflzo _pH2 + (1 — an)lfan — p||2 + (1 — an)2mflzn — zn—1|.[|zn _pH2

+ (1 - O‘n)ﬂ%Hxn - $n71||2 + (1 — )27 ||z — 21|

< agllzo = pl* + (1 = an)llzn — pl* +2(1 - an)ana 1z = 2p-1]l-lzn — ol
n
)

-
+(1- an)a Z |z — @n— 1H2 +2(1 = ag)an =[xy =z
(0 Qp

=[(1 —an) + an{2(1 - an);i"mn — 1|} [zn — pH2

n

2
T, T
+ an{|lzo — p”2 +2(1 - an)ai“xn — Tp—1|| + (1 - an)an£‘|$n - 5Un—1H2}
n

n

< [(1 - an) + an {201 — ) " o — pl?

n
2

0. 6
+an{llwo = pl* + 201 — ap) = + (1 — an)an 5} (19)
o, a?
By our hypothesis, we can find a number M > 0 such that

0
2{[|zo — p||* + 2(1 — o) —= + (1 — a) 2}<M for all n > 1.
« n

n

Also there exists n(e) > 0 such that

0 1
2l —ap)— < =,Vn>n
(1= ) P < 50 = (g
5 IJMAM, Vol. 5, Issue 3 (2022) (©) NSMB; www.tnsmb.org
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Hence, (19) becomes

(6%
lns1 =PI < (1= m0)llan = pI> + 1M, ¥ > 1, where 7, = 2. (20)

This shows that {||zn+1 — pl|}32; is bounded. In view of Lemma 2.4, we get that the sequence
{zy} is bounded.

We next show that the sequence {z,} generated by the procedure (14) converges to the
metric projection mapping of C onto Fiz(T'). To do this, we let p = Ppjy1)(70). In view of the
construction of procedure (14), Lemma 2.1 and the approach used to get (19) we get

zn+1 = pI* < llyn = pl* = lonzo + (1 = an)zn — pl|?
< (1= an)llzn ~ pIP + 2an(zo — (oo —p) + (1 —an)(en —p)). (1)

Observe from the definition of z,, that
120 = pII* < llzn = plI? + 270 |20 — 2aa|® + Talllzn — pI* = ll2n-1 —p[?]. (22)

So that (21) becomes
|Znr1 = pl* < llyn =2l < (1= an)llzn — 2l +2(1 = an)Tallzn — 21 |® + (1 = an)7all|lzn — p)1?

— [lzn—1 = pII’] + 203 20 — pII* + (1 — @) (w0 — P, 20 — D)

T,
< (1 —an)lz, — pH2 + an(2(1 - an)OTnHCUn - QUn—lHQ
n
-
+ (1= an) = [len = plI* = l#n = pl*] + 2an]lz0 — p||*
n

+ (1 = an){zo — P, 20 — P))- (23)

Next, we consider two cases to complete the proof of our Theorem.
Case 1. If we suppose to find ng € N such that {[|z, — p|[};2,,, is decreasing, then we can
get {||zn — pl|}5,, is convergent and hence

[2n = pll = l#nt1 = pll = 0,7 — oo (24)
In view of (15), (24) and conditions (i) and (ii) of our hypothesis, we get

1y = pII> = 1 Tyn — 2II* = llyn — PII” = ll2ns1 — o> + |01 — 2I* = | Tyn — pl?
< Nyn = 2> = lZnt1 — 21 + llyn — plI* — (1 = Ba)[Bn — Klllyn — Tynl?

— 1Ty — pl®
(1= B2)[Bn = K)llyn = Tynll® < anlllzo = plI? = 20 = plI*) + |20 = plI* = 2041 = pII> = 0,7 — o0.
(25)
Thus,
| Yn, — Tyn|l = 0,7 — oo. (26)
Now from the definition of z, and condition (i), we get
l2n — anQ = ||[zn + T (@n — Tn—1) — $n||2
= |[Tn(zn — xn—1)||2
< Tonn - xn—lHQ
0
< ap— = 0,n — o0.
n
Thus,
|zn — n|| = 0,n — oo. (27)
6 IJMAM, Vol. 5, Issue 3 (2022) (©) NSMB; www.tnsmb.org
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Moreover, in view of condition (i) and (27), we get

[y — anQ < apllzo — $n||2 + (1 = an)llzn — 2pl| — an(l — o) 2o — Zn||2 — 0,n — oo.

Thus,
|y — xn| — 0,n — oco. (28)

Since {z,} is bounded, we choose a subsequence {z,,} of {z,} such that z,, — z € C' and

limsup(zo — p, 2, — p) = limsup(zo — p, zn, — p)
n—oo 1—00

= (zo —p,2 = p). (29)

Now, in view of (27) and (28), it follows that y,, — z € C. From (26) and Lemma 2.3 , we
get z € Fiz(T). By invoking (23), (29) and Lemma 2.5 we find that lim, . ||z, — p|| = 0.
Consequently, z,, = p = Ppiy(1)(70)-

Case 2. Suppose we find a subsequence n; of n # ng such that {||z,, —p||}72,,, is decreasing,
that is

[2n; = pll < [|2n; 41 = pll, Vi € N.
Now invoking Lemma 2.6, and following the same line of argument as in Case 1, we find that
Tpn — P = PF@x(T)('xO)

Corollary 3.1 Let C represent a non-empty, closed and convex subset of a real Hilbert space
H. Let T : C — C, represent a nonexpansive mapping with Fix(T) # (. Let the sequence
{zp} € C be generated by choosing 1 < xg € C' and using the procedure

Zn = Tp + Tn(xn - xnfl)a
Yn = Qpxo + (1 - an)ZTm (30)
Tpt+1l = PC(Bnyn + (1 - Bn)Tyn)yn > 1,
where {8,152, € (0,1), {an}s2; € (0,1), {0,122, is a positive sequence satisfying
On,

. . o0 oo :
(1) limy ooy = 0, 07 =00, > 0~ 1 0y < 00, limy, 00, P 0,
n

(7) liminf, o [(1 — 5y)Bn] > 0,
(iii) T €[0,1) such that 0 < 7, < 7, with

. 971,

o mm{illxn—xn_lllﬁ}’ whenever T, # Tp_1

n «— K
T, otherwise .

Then {x,} converges strongly to metric projection of C' onto Fix(T).

4 Application

4.1 Monotone variational inclusion problem (MVIP)

By using our main result, we can approximate a solution of monotone variational inclusion
problem (shortly, MVIP) for the sum of two mappings in real Hilbert spaces. Let B : C — 24
be a set-valued mapping and let mapping A : C — H be a single-valued mapping. The MVIP
is to find = € C such that

0 € B(z) + A(x) (31)

The solution set of (31) is denoted MVIP(B, A).

7 IJMAM, Vol. 5, Issue 3 (2022) (©) NSMB; www.tnsmb.org
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Definition 4.1 A mapping A : dom(A) Cc C — 28 is
(a) Monotone if for all x,y € dom(A), we have

(Az — Ay, x —y) > 0. (32)

(b) Mazimal monotone if it is monotone and is not subset of another maximal monotone
operator.

Now, given any set-valued mapping A : dom(A) C C — 2 the resolvent and anti-resolvent of
A is the mapping A : C' — 29 defined by J;f‘ = (I4+XA)~! and Hf = (I — MA) respectively and
1 is identity.

Definition 4.2 A mapping A : C — H is inverse strongly monotone (ism) or (a—ism) if there
exists o > 0 such that

(Az — Ay, — y) > of| Az — Ay|?,Va,y € C. (33)

From this inequality (33) and that of (6), we can easily obtain that a mapping A is a-ism if and
only if the mapping T'= I — A is (1 — «a)-strictly pseudo-contractive. Hence, the fixed point for
this class of mapping is connected with the zero of a-ism mapping. That is Fiz(T) = {x € C':
Tz = x} is same as A~'0 = {x € C : Az = 0}. Now let B : dom(A) C C — 25 be a maximal
monotone and A : dom(A) C C — 2% be an a-inverse strongly monotone, then JZ = (I+\B)~!
is known to be single-valued and nonexpansive and consequently .J )]\3(1 — AA) is nonexpansive
and hence (1 — a)-strictly pseudo-contractive such that z € (B+A)7'0 < Fiz(JZ(I-)\A)).
Following from these facts, we have

Theorem 4.1 Let C' represent a non-empty, closed and convex subset of a real Hilbert space
H. Let A: C — H, represent an a-inverse strongly monotone mapping and let B : dom(A) €
C — 21 represent a maximal monotone set-valued mapping with Fiz(JP(I — AA)) # 0. Let
the sequence {x,} € C be generated by choosing x1 < xo € C' and using the procedure

Zn = Tp + Tn(xn - xn—l);
Yn = QpTo + (1 - Oén)Zn, (34)
o PC(/Bnyn + (1 - Bn)J)\B(I - )\A)yn)vn >1,

where {8,152, € (k,1) for any k € [0,1), {an}>2, € (0,1), {6,}22, is a positive sequence
satisfying

. . i 0
(Z) 11mn—>oo ay, = 07 ZZOZI Qy = 00, Z’ZO:I 671 < OOahl'Iln—mo, Oll = 0’
n

(i1) liminf, o [(1 — 5,)[Bn — K]] > 0,

(iii) T € [0,1) such that 0 < 7, < 75, with

3 9n
o {mm{ ”%7%_1”,7}, whenever x, # Tp—_1
- =

T, otherwise .

Then {z,} converges strongly to metric projection of C' onto Fiz(JP(I — \A)).
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4.2 Variational inequality problem (VIP)

Similarly, using our main result, we can approximate a solution of variational inequality problem
(shortly, VIP) for a single-valued mapping in real Hilbert spaces. Let A : C' — H be an a-inverse
strongly monotone mapping. Let C' be a non-empty, closed and convex subset of dom(A). Now
the variational inequality problem corresponding to A is to find x € C' such that

(Az,z —z) > 0,Vz € C. (35)

The solution set of (35) is denoted by VI(C, A). Let H{' = (I — AA). If C is a non-empty,
closed and convex subset of dom(A), then following (2), VI(C, A) = Fiz(Projc o H{'). Since,
Projc is nonexpansive, it is also a strictly pseudo-contractive. Thus, Projc o H j\“ is strictly
pseudo-contractive. Following from these facts, we have

Theorem 4.2 Let C represent a non-empty, closed and convez subset of a real Hilbert space H.
Let A: C — H, represent an a-inverse strongly monotone mapping with Fix(Projco(I—\A)) #
(). Let the sequence {x,} € C be generated by choosing x1 < x¢ € C and using the procedure

Zn = Ty + Tn(Tp — Tn_1),
Yn = anTo + (1 — o) zn, (36)
Tnt1 = Po(Bnyn + (1 = Bp)Projc o (I — A)yn),n > 1,
where {Bp}o2, € (k,1) for any k € [0,1), {an}22, € (0,1), {0,152, is a positive sequence
satisfying
On

. . oo o0 i
(Z) hmn%oo Ay = O’ anl Oy = OO, ZTL:]. Hn < 007 hmn%oo, ; = 07
n

(i) liminf,oo[(1 — B)[Bn — K] > 0,

(i1i) T €10,1) such that 0 < 7, < 75, with

. Qn
o {mm{llxn—xn_lll’T}’ whenever Ty, # Tp_1
=

T, otherwise .

Then {x,} converges strongly to metric projection of C' onto Fix(Projc o (I — \A)).

5 Numerical illustration

In this section we would demonstrate the effectiveness, implementation and strong conver-
gence results of our procedure (14) of Theorem 3.1 as discussed in section 3. All codes are
written in Python software, run on HP PC with Intel(R)Core(TM)i7-3520M CPU @ 2.90GHz.

Example 5.1 c.f [2]. Let H = R denote the reals with the usual norm |.| and the inner product
(z,y) = xy. Let C = [1,2] and define T : C — C by T(z) = 2. Then T is strictly pseudo-
contractive with 0 < k < 1. Let xg = 2,21 = 1,y = m,ﬂn = Q"n—f?ﬂ' = %, and 6, = o2

such that our hypothesis are satisfied. Also, the procedure of (14) is as follows:

Zn = Tn + Tn(xn - xnfl)a

_ 1 1
Yn = Too(arn ¥0 T (1- 400(n+1))znv

% if x < % (37)
Tl =12 i0fx > 2
(271#7)% + (1 B 271;:17)?%17 otherwise .
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n [ 10 | 15 [ 20 | 3 | 4 [ 50 | 55

|

61

|

Tn, | 1.0009862 [ 0.9999745 | 0.9999876 | 0.9999941 [ 0.9999965 | 0.9999977 | 0.9999999 | 1.00000000 |

|
|
|

[#n11 — @x|| | 0.00014017 | 0.0000086 | 0.0000010 | 0.0000003 [ 0.0000002 | 0.0000001 [ 0.0000000 | 0.0000000 |

Table 1: The numerical values of the sequences {x,,} and ||z, +1 — z,|| = erry,.

Then {x,} converges strongly to metric projection of C' onto Fix(T) = 1. Moreover, the results
are displayed below.

Fig 1: Convergence of the sequences

200 Xn
- &

175

150

125
atJ_ 100
e

075

050

0.25 k

0.00

0.0 65 13.0 195 6.0 25 39.0 455 52.0 58.5 65.0
No. of Iterations(n)

Remark 5.1 We observe that the choice of the control sequences of {can}, {Bn} and {0, },satisfying

the convergence hypothesis, influenced to a great deal, the strong convergence of the procedure
(14) to the fized point of the mapping which is {1}. If the stopping criteria is ||Tn 41 —2n| < 1077,
then the computation can be truncated after 50 iterations. If the stooping criteria is higher at
| Zni1 — zn|| < 1075, then truncating the computation early may have a negligible computational
error. Consequently, ||z, — p|| = ||xn — 1]] = 0 as n — oco.

6 Conclusion

We introduced the modified Mann-type iterative procedure with inertial term for the approx-
imation of fixed point of strictly pseudo-contractive mappings defined on a closed and convex
subset of real Hilbert spaces. We proved strong convergence theorem for it. Furthermore, we
applied our procedure to the approximation of monotone variational inclusion and variational
inequality problems in real Hilbert spaces. We supported our main result with a numerical ex-
ample to illustrate the effectiveness of our procedure. We observed that our procedure performed
favourably with a ”good” stopping criteria. Our procedure and the given example is found to
complement the very recent result of Agbebaku et al [1] in the sense that our introduced proce-
dure is different from theirs and which approximates the fixed point of strict pseudo-contractive
self mapping on a closed and convex subset of a real Hilbert spaces. Therefore, our procedure
or algorithm is recommended for approximation fixed point problem of this class of mapping in
this direction.
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An approximation of linear evolution equation with
stochastic partial derivative in Sobolev space

B.O. Osu®, I.U. Amadif, and I. Davies*

Abstract
In this paper, the existence and uniqueness of classical solution of stochastic elliptic
Partial Differential Equation was considered. The analytical approach of weak solutions is
presented in details which has enough financial implications in time-varying investments.
Finally, the computations were basically on invocation of ellipticity; which gave analytical
estimates from the structural algebraic ellipticity assumption in Sobolev space.

Keywords: Sobolev spaces; stochastic PDE; smooth function; weak solution; elliptic PDE
1 Introduction

Partial Differential Equations (PDEs) arises in every filed of science and technology. These equations
have been used in mathematics to solve some societal problems. Consequently, the desire to
understand the solutions of these equations and its roles in real-late situation is of great practical
concern to mathematicians. PDEs has inspired so many fields of study such as Sciences, Engineering
and Medical fields etc. in mathematical modeling PDEs of elliptic type has played crucial roles in
making real life changes.

However, most mathematicians are more interested in solution which has topological and
analytical characteristics namely: continuity, infinite differentiability, continuous derivatives etc.; these
types of solutions exist and are not trivial to find, but require that which is loosen the conditions for
one function to be the derivative of another. Therefore, the theory of Sobolev spaces is based on this
type of redefinition of differentiability. In particular, a Sobolev space gives weak solutions to
differential equations and built on the basis of weak derivative.

More so, so many scholars have used the formation of PDEs in different ways such as [5] studied the
existences of unique solution of an elliptic PDE. Result showed that the key proofs lie in obtaining a

* Corresponding Author. Department of Mathematics, Abia State University , Uturu Abia State, Nigeria;
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t Department of Mathematics/ Statistics Captain Elechi Amadi Polytechnic,
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priori estimates. [1] Considered the existence of solution for a PDE involving a singularity with a
general non negative radon measure as its nonhomogeneous terms. In [3] have considered quasilinear
elliptic equation involving the p-Laplacian and singular nonlinearities; they deduced a few comparison
principles and have proved some unique results. In another dimension,[6] obtained some new
existence, uniqueness and stability results for ODEs with coefficients Sobolev spaces. In their results
linear transport equations were analyzed by the method of renormalization solutions.

The work in [4] looked at solution to nonlinear Black Scholes equations. They proved the existence
of weak solutions in a bounded domain and extend the results to the whole domain using a diagonal
process. [11] Considered a weak solution of nonlinear Black Scholes Equation with transaction cost
and portfolio risk in Sobolev space. In their result they obtained a weak solution that is characterized
by Fourier transform.

Previous studies have therefore considered a weak solution of non-linear Black-Scholes equation with
transaction cost and portfolio risk in Sobolev space. In particular [11] but did not consider stochastic
elliptic partial differential equation in Sobolev space which grantees the existence of weak solutions.
In this study, we considered the analytical solution of stochastic elliptic PDE in Sobolev space. Apart
from correctly obtaining weak formulation of the problem in Sobolev space, we also derive, in detail,
closed form analytical solutions that are characterized by weak results. To the best of our knowledge
this is the study that has solved elliptic PDE in Sobolev spaces.

This paper is arranged as follows: Section 2.1 Mathematical preliminaries, Section 2.1.1 presents
Problem formulation, 2.1.2 Definitions, Assumptions and Main Results. The paper is concluded in
Section 3.

2 Mathematical preliminaries

Letu (St Vt,t) represents the value of the underlying asset whose stock dynamics is given by:

0u  per LUy T 1 0% = O k10— V] = AtV D)
ot g5z HPOVS 5o+ 5 Vot st ys o t 17t
™ L u=0,t>0 1.1
% =060, (8

where A (St;Vt t) demotes the price of volatility risk which is independent of a particular asset.

Setting [(S,V)e R2: A(S,V,t) = 0] (with different probability P equivalent to the originalp [8].
In finance, for a contingent claim on one asset, the generic PDE can be written as follows:

—+a(x t) +b(xt) +c(xt)u—0 (1.3)

where t represents time to maturity. x represents either the value of the underlying asset or some
monotonic function of it, cd u is the value of the claim (as a function of X and t). The terms a (.), b
() and c (.) are the diffusion, convention reaction Coefficients respectively and this type of PDE is
called a convention diffusion PDE. Equation (1.3) can also be rewritten as
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Lt a( )= (a =) + b, ) = (Blx, hu) + c(x, hu = 0. (1.4)

To eliminate the price process in (1.1) slightly modifies on stochastic elliptic PDE as:

12w, 1, 2 0% —yv1%_ ., =
S Vst oo+ S vot S+ K[0-V]-—yu=0. (1.5)

In this paper we shall explor method of solving Stochastic Partial Differential Equation (SPDE) in
Sobolev spaces. Writing (1.5) which is the boundary- value problem under study in the space format
gives;

{ Ly =fine (1.6)

u=0onadg’
where u= 0 on d¢ is known as Dirichlet’s boundary condition ¢ is open bounded subset of RN and

u: @ = Ris the unknown, u= u(s, v). we have f: u —=. RThe linear second order PDE is denoted by
L which is 2™ partial differential operator of the form:

_ _yN 1(1 z)”’ i) N L(L z)if i)
L= j=1 ds; \2 vs (S,'U) ds; + 2‘J=1avi 2 vo (S,'U) v;

+ Y0 -V (sv) a%i — r(sv)u (1.7)

ot in non-divergence form of it

L=-YN, G vsz)u (sv) A N1 G vaz)u (sv) o

aSiaSj 6viavj

M CERAL (slv)i % —r(sv)u, (1.8)

. . . . (1 o ) ; ..
with the following deficient function (E vsz) , (E UUZ) @-v), r(@,j=1,2,...,N).

We can comfortably say that the PDE L = f is the form of divergence assuming L is given by (3) also
in non-divergence form on the premise that L is given by (1.8).

. .1 ) 1 b . .
Observe that, if the coefficient (E vsz) and (E UUZ) respectively are of class C' functions, we can
write an operator in divergence form (1.7) in the non-divergence form (1.8). We can indeed assume

. 1 ) 1 b . 1 )
that the coefficients (E vsz) and (E 170'2) one symmetric by nature such that (E vsz) =

(% vsz)uand G VSZ)U = G vsz)ﬂ which ranges for 1< i,j < N.
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So, because of the above assertion we shall assume that the partial differential operator L satisfies a
condition of been uniform elliptic; if there exists u constant 8 > o such that

= G Vsz)ij (sv)&i& = 6/&/*+ XNy G vaz)ij (s, V) ;5= 0 /& /? (1.9)

Ve € RN, almost everywhere (a.e), s, v, € Ellipicity implies that in each point s, v, € ¢, then the
ij ij
symmetric matrix NXN is A; (sv) = G vsz) (sv) and 4, (s,v) = G 1702) (sv) are positive

definite with eigenvalues = 6.

o . 1 Y 1 b ; . .
It is quite obvious = (E vsz) = (E 170'2) =6;5, (0 —Vp)! = 0,7 =0, in my case the partial

differential operator L is —A .

2.1 Problem formulation
Weak solution of the financial Dirichlet problem.

Firstly, we consider (1.6) when L has divergence form (1.7), then we explicitly define and construct an
appropriate weak solution u of (1.6) and also examined the smoothness as well as other properties of
u.

Let Gvsz)ij, G vaz)ij,(e V), r€ L®(p),ij=1,-N
and

feLl*(ep) (1.11)

We shall motivate the definition of weak solution on the assumption that the moment u is a smooth

enough, then we multiply the PDE Lu = f by a smooth test function ze C¢°(¢) and integrate over u
to obtain (1.12)

N (1.2} N(1. 2\Y N i
fgo ij=1 (E Vo ) U(sv)i V(sp)i + Zij (5 vo ) U(sv)i V(sw)i + Zi=1(9 - V) Ui U+

ruvd(sy))ﬁp fvd =, fvdsv+[, fvdsv (1.12)

The first term on the left hand side when we have integrated by parts; there are no boundary term
hence v=0 on d¢. In term of approximation we observe the same identity satisfies following the
smooth function v replaced by any v € H} (¢) and resulting identity makes enough sense when u €
Hg (¢). We choose the space Hy (¢) to incorporate the boundary condition from (1.6) that u=0 on
0¢. The following definition is introduced.
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2.1.1 Definitions, assumptions and main results

Definition (1.1): The bilinear from B[, ]| corresponding with divergence form elliptic operator L
defined in (1.7) is as follow:
ij

[u U] f(p <Z%=1 (% vSZ)U u(sv)z U(sw)j + Zl}( vo ) u(s‘v)i U(sw)j + Z?]:l(e -
Vo' (s ) vruvd(sv),u, v eH (@) (1.13))

Definition 1.2: A function u, v €Hg () is said to be weak solution of (1.6) if the condition below
holds

B [w,v] = (fv) (1.14)

For all u, v €Hg (@), where () represents the linear product in L? ().
Note that identify (1.14) is otherwise called the variational formulation of (1,7).

In general, we have the boundary-value problem

Ly = o R
{ u= 0onad ;f (siv)
+Zfi (siv)i in ®, (1.15)

where L is linear defined in (3) and f* € L? (¢)
-, N). In view of this we see the RHS term as f=f° - YN £’ (siv); + XN, f'(s;v)"
belongs to H™(¢), the dual space of HL(p)

Existence and uniqueness of weak solution

Here we assume H is a real Hilbert space with norm |, |l and inner product (,). We also let <,>
represent the pairing of it with its dual space [7].

So, we introduce Lax-Milgram. Assume that B: H x H — R is bilinear mapping, for which here exist
constants X, § > 0 such that

Bluvl]<«<llull lv I, (wveH)
B llull? <Bluul. (u, € H)

Lastly, let f : H— R be a bound linear functional on H. Then exists a unequal element,u € H such
that

Blu,v] =< fv > forall vE H (1.16)
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Proof 1: for ach fixed element u € H,the mapping V= B[u, v] is a bounded linear functional on H;
when the R;esz representation theonem asserts the existence of a unique element W € H satisfying

B(vv) = (wv),(veH). (1.17)
Let us write A, = w whenever (2) holds, so that

Blu,v] = (Au,v), (u,v € H) (1.18)
Proof 2: we claim A : H—> H is a bounded linear operation indeed if 41 1, € R and uq, u, we see for
each 7. € H that

(A(A vy + 2, uy),v) =B, uy +4,u, v] By (1.19)
(A(A ug + A up),v) =Bl uy + 24, up v]
= A Bluy, vl + A, B [uy, v] =4, (Auy v) + 1, (Au,,v)
=(A1 Auq + A, Au,, v).

The equality obtains for each v,€ H and so A is linear.

More so, | Au 1> =(Au,Au) = BluAu] <x|lu |l || Au |l
Consequently | Au < a |l ull forallu, € H, and so A is bounded

Proof 3: Next we assert

{ Ais one — to — one and
R(A),the range of Ais closed in H

To prove the above, we complete the following

28 1 u 1P Blugu] = (Auqu) <l Au Il u |l

Hence B Il u I Au |l. (1.19)
This inequality easy implies
R(A)=H (1.20)

For if not, them, since R(A) is closed, there would exist a nonzero element, w € H with w € R(A)2.
But this fact in term implies the contraction.

B lwl?< Blww] = (4,w) =0.

Proof 4: Next, we observe once none from the Rieze representation theorem that
< fiv>=(wv)+ (wv)forallv e H.

Finally, we show there in at most one element u € Hvarying (1). For if both Bluv] = <fv> and B
(U,v)= <fv>+ <fv>then B (u, U,u,v) =0,v € H. We setv = u- U
tofindf lu— @ I?<B(u— w,u— u) = 0.
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Energy Estimates

We take a look of a particular bilinear form BJ,] defined

N 1 ij N 1 ij

Blu,v] = fu Z (E VSZ) U(s,v)i V(s,v)j + Z (E VSZ) U(s,v)i V(s,v)j
ij=1 ij=1

N

+ Z(@ — V)t Usp)i V + Tuvd (s,v).
i=1

For uv € Hg (@) and try to verify the hypothesis of Lax-Milgram theorem [7].

Theotem 1 (Energy Estimates). There exist constants @, f > 0 and ¥ = 0 such that
/Bluv] SIUILHL (@) N1V NH @) +a Null H @) 1V I} ()

B/ 1wl (@) < Bluul + v//u//2L2w) + Blu,ul + Blu,ul +r//u//*L2(w) + Blu,ul
for u ve H'o (¢).

Proof: We prove the equalities by taking note of holder inequality, which follows that for each u, v€&
Hl (@)

/Blu,v] /< i// (2052) 170 45, i// (3v0°)
ij=1 ij=1

+ Z// O =V//L* [p /Du/ [v/d(s,v) +/[r [[LZ [, [u/[v]/d(s,v)

i=1
<«x//u// Hlo((p) //v// Hlo(go) for some appropriate constants a.

i

j
/11 |Jp /Du/Dv/d (s,v)

In proving the 2™ inequality of ellipticity condition (4) therefore
N L.

1 Y
6f, /Du/?d(s,v) < [, z (—vs2> Usp)i U (sw)j (S, V)

. 2
i=1
N 1 L'j
+1, Z (E VO‘Z) u(s, v)iu(s,v)jd(s,v)
i=1
N

=B [uu] — Z(G — V) u(s,v)iu+rud(s,v) (6)

< B [w ] + S1(0 — V! /17, /Du/ uf d(s,v) +/ v/ /L70," d(s,v).
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2
Recall that Cauchy’s inequality is given as €>0 for each a,b, >0 which states ab< € a* + Z—E
Using the inequality when a= /Du/ and b=/u/ then integrating over ¢ yields

Jp /Du//u/< [y (e/Du/2+ iuz)'

Using the last inequality in (6) with € such that
0

l<e< ————.
23N //60-Ve// oo

We can conclude that appropriate for an constant C
2] 2

~Jo /Du/?d(s,v) <B[u,u]l+C[," d(s,v).
According to point care’s inequality, we know that

//u//L?(w) < C* //Du//L*(@) For constantC! > 0

Thus, we finally obtain that for some suitable constant

B >o0,r =o0.
Theorem 2. (Existence theorem for weak solution). There is a number ¥ = 0 such that for each
n=vy
And each function
f €L (g)

There exists a unique weak solution u € Hg (@) of boundary value problem
Ly+ p=fing
u=o0 onde
Proof of 1: Take r from Theorem 1.1, let 4 = ¥ and define then the bilinear form

B, [u,v] = Blu,v] + u(u, v) <u,v € H(l)(g0)>,

which corresponds to the operator L, pu: = pu, (1.16) means the inner product in L* (¢). Then B,
[1.16] Satisfies the hypothesis the Lax-Milgram theorem.

Proof of 2. Now fix f E L2(¢) and set <f,v>: = (f, v) L2 ().
This is 2 bounded linear functional on 1.> () and thus on H(l) (). we apply the Lax-Milgram theorem

to find unique functionu € H 0 (@) satistying.

B[u,vl]=<f,v>

!
For all vé H 0 (@); u is consequently the unique weak solution of (8)

Note: we can also show that for all f' € L7 (¢) (I=0, ..., N) there exists a unique weak solution is of
the PDE
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N
{lu+pu=f°"- x
i=1
N

Indeed, it is enough to note < f,v>=[, f,v + Z fL(0—v0) v (50 d (s)

i=1
is bounded linear functional on H 0 (@).
In particular, we deduce that the mapping
Ly=L+ pl: HO (@n->H(p) (4 =) is an isomorphism.

Examples: in the case Lu = -Au so that B[u, v|]= [, Du.Dv d (s,v)
We easily check using point care’s inequality that theorem 3.2 holds with y= 0, A similar assertation
holds for the general operator
N ij i
Z ( vs ) u(s,v)i + z ( V0 2) u(s,v)i
i=1
+ ru,providedr = oin ¢.

Regularity
Here, we regularized to know whether a weak solution u is of the PDE.

= L,=fing
Is in fact smooth: it is the regularity issues for weak solutions. We shall ensure that a weak solution
might be better 1 a typical function in H 6 (). Considering the problem.

—Au=f inRN
In the sequel, we assume for heuristic purposes that is smooth and variables completely as /x/ — o
for justify the calculation as follows: Therefore, we calculate.

N
1
funf2d (5,0) = fw 2 d = % fur (5957 ) tsaicon Usmy sy 405, 0)
i=1
N 1
+ X gy (g UUZ)u(s,v)i(s,v)i U(s.v)j (sv)j A(S, V)
i=1
N 1

=— Y Jr¥ (E 1752) U(sv)i(sv)i Uisv)j (sp)j A0S, V) +
i=1
N 1
% IIRN (_ >u(s,v)i(s,v)i U(s,v)j (s,v)j d(s, U)

] =1
1
= Z I]RN (_ ) Usv)i(sw)i Usw)j (sv) ) d(S, 17) d(s, U) +
i=1
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N
1
Y Jry (E VOZ) U(s,0)i(s,v)i U(sv)j (sv)j A(S, V)
i=1
= [gv /D*u /2 d(s,v)+= [gv /D?*u/* d(s,v)

It can be seen that I.” — norm of the 2™ derivative of u can be estimated to give the L.>-norm of f. Also,
the PDE (1.6) can be differentiated to obtain.

— A= f,
Hence we have & = u(s, V) and f: f (s, ), (k=1,...,N) using the same procedure, we find out I.>-
norm of the third derivative of u is estimated via the first derivatives of f. Moving in the same manner,
we notice the L>-norm of the (m+2)" derivatives of u is been controlled by the L>-norm of mth
derivative of fm =0, 1,--

The above computations is suggestive of Poisson’s equation (1.6) therefore, we expect a weak solution
!
u€H 0 to belong to H™*? as soon as the inhomogeneous term f belongs to H™ (m, = 1, -+-). Informally

we can conclude to say that u has “two more derivatives in I” than f’. In particular, this will

interestingly form = 0o which is when u belong to H™ forallm = 1, . . . and it will be in the space C®.

It can be seen that the computations did not justify a proof. u was assumed to be smooth or be in a

special C°, in order to catry out the computation (1.18); however, if we start these computations with
!

a weak solution in the space H 0’ the computation, cannot be justifies immediately. Otherwise, we

rely upon an analysis of some certain difference quotients.

According to the computations they are technically difficult and obviously yielding powerful results
and useful assertions in respect to the smoothness of weak solutions. The computations in geared
toward the innovation of ellipticity; which of cause is to derive an analytical estimates from the
structure algebraic ellipticity assumption.

3 Conclusion

The definitions, assumptions and analytical approach of stochastic of elliptic partial differential
equation in Sobolev space has been illustrated; which gave powerful results and useful assertions in
respect to the smoothness of weak solutions.
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Solving parabolic equations by Olayiwola’s
generalized polynomial approximation method

R.O. Olayiwola®

Abstract

Polynomial approximation methods are in wide use today for approximately solving partial
differential equations of mathematical physics. An evolution of the polynomial
approximation methods has led to the development of Olayiwola’s generalized polynomial
approximation method (OGPAM) presented in this paper, which can be applied to solve
parabolic equations with constant or variable coefficients in the cases of considering slab,
cylindrical or spherical geometries. Different examples have been solved using the OGPAM.
The result of the present analysis has been compared with earlier analytical results. A good
agreement has been obtained between the present prediction and the available results.

Keywords: cylindrical geometry; OGPAM; parabolic equations; polynomial solution; slab;
spherical geometry.

1 Introduction

Partial differential equations are the chief means of providing mathematical models in science,
engineering, and other fields. Generally, these models must be solved numerically and in some
special cases, analytically [2]. In many practical problems that involved Cartesian, Cylindrical, and
Spherical coordinates the polynomial approximation method is used.

The polynomial approximation method is one of the simplest, and in some cases, accurate
methods used to solve transient conduction problems. The method involves two steps: first,
selection of the proper guess temperature profile, and second, converting a partial differential
equation into an equation. This can then be converted into an ordinary differential equation, where
the dependent variable is the average temperature and the independent variable is time. The steps
are applied to the dimensionless governing equation [1].

The present work deals with the analytical solution of parabolic equations in different
geometries using Olayiwola’s generalized polynomial approximation method (OGPAM).

"Department of Mathematics, Federal University of Technology, Minna, Nigeria.
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2 Olayiwola’s generalized polynomial approximation method

In this section, Olayiwola’s generalized polynomial approximation method (OGPAM) for the
solution of parabolic partial differential equations with constant or variable coefficients in different
geometries is presented.

The parabolic equations are defined by

op k 0 ,0¢ 1 b2nr o3

L =— I r" = |+F(rt¢), t>0, Q (Qc=R,RrR°), 1
e ar(r arj+ (r.t,¢) >0, re ( - or ) 1)
with the initial condition

#(r,0)= f(r), @)

and the boundary conditions

0
@

+ﬂ1¢|r:a = gl(t)’ QZ%

o Bl = 9,(t), 3)

r=b

r=a

where F(I’,t, ¢) are the other terms in equation (1), N =0 for a slab, N =1 for cylinder, N =2 for

sphere, f(l’), gl(t), gz(t) are three known functions, n,K,a,,a,, f,, f, ate constants, and
a<r <b is the boundary of Q.

To obtain an approximate solution of the partial differential equation (1) satisfying (2) and (3), the
following steps are involved:

Case 1: When o, #0 and a, #0
Step 1: Compare the equation to be solved with equations (1) — (3) and obtain A, B, C and
F(I’,t, ¢), where

L. DB {(Z(b—a)az—(Zab—(szraz)) z)alJ_b(Za—b) 2}

(20— ake, (" +a")- 2a0)3 b, ) 22l
)( ap, b, ((2(b ~a)a, —(2ab—(b? +a%))B, Jo, D N
" (b-a), (b-a)y|(2b-a) -(b?+a®)-2ab)s J,
)
|

B ((Z(b—a)az —(2ab - (b? +a2)),82)a1j_ B, J
(2(b-a)e, —((b? +a?)-2ab)s, J, ) 2(

b-a)a,
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(2ab—(b? +a?)) j_ ( b? ]+

2(b—a)a1( 2(b-a)e, —((b? +a?)-2ab)s,)) 2(b-a)e,

|

. En+1 b2 — a”*z)[ bal bbﬂl [(( (2ab- (b2 +a?)) ))]}
(
(

n+2)b" —a"™ a)e, | (2(b—a)a, —((b? +a2)-2

) (b
n+1)b" - a”*3)( B, ( (2ab—(b? +a?)) 1 J
a™ )| 2( (2(b-a)r, —((b? +a?)-2ab)s,)) 2(b-a),

n+l

b-a)a,

(2(b - a)ar, —((b? +a%)-2ab)B, Jr, | 2(b-a)e,

[ b2, ( (2ab—(b? +a% ), J+ b(2a—b)J_
(
(

n+l

3 (b—a)a, ( (2(b—a)a, —((b? +a?)-2ab)B, Ja,
3;[ B ( (2ab - (b? + a2 e, ]+( 1 J

2(b-a)a, ( (2(b-a)a, —((b? +a?)-2ab)B, r, | 2(b-a)e,

Step 2: Assume Olayiwola’s generalized polynomial solution:

—a
n+ ( n+l an+l
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LY [(Z(b—a)az—(Zab—(b2+a2)) 2)alj_
2(b-a)a, ( (2(b-a)e, —((b? +a?)-2ab)s, o, y

b(2a—b)a,

2(b-a)a,

A (2ab- (b2 +a?) b’
2(b-a)a, ((Z(D—a)al —((b2 +a2)—2ab) 1)} Z(b—a)angl + |+
b2, [( ( (2ab— b +a° ), ] b(2a—b) )gz

2(b—a), | 20— a), — (b2 +a2)-2ab)s, Jr, ) 2(b—a)e,

ag,  bp [(Z(b—a)az—(Zab—(szraz)) Z)QID¢| X
-k, (o-a | (2o-ale, (672} a0, |

ol bp (2ab—b* +2*) -
A= | oak, <b_a>al((2<b—a>a1—((b2 +a?)-2ab) JJ]gl

a____bp [ (2ab— (b2 + a? ), Dg
b-a)e, (b-a)e | (2(b—a)e, —((b>+a?)-2ab)B, ), ))°*

ﬂl (Z(b_a)az_(zab_(b2+a2)) 2)“1]_ ( ﬂz) ]¢|rb+

2(b-a)er, | (2(b-a)er, —((b? +a?)-2ab)g, J, | 2(b-a)a,

—

+

—_

B (2ab—(b2+a ) J_ 1 Jg N
2(b-a)a, | (2(b-a)a, —((b? +a?)-2ab)s,)) 2(b-a)a, )™
B, (2ab- (b2 + a? ), ] 1 }92

2(b-a)r, | 20— a), (b2 +a2)-2ab) o, ) 2(b—a)er,

)

where

(( e 233 b e e )P
( 2(b - ajlab bEZ:aa 2ab) e, ng
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Step 3: By using (4), evaluate

n+1

(b”*l_”*l)j r"F(r,t,gpr

and express the result in the form:

p1¢|r:b + ql(t)
Step 4: Obtain p, and q,(t)

Step 5: Obtain

fa =" falcp!™

where

P ax + f(r)e_j ple)e

p(t)=1A[( ﬁnfl) {bnﬂz

n+l) a

2
k(n+1) (a ,Bl (2a b2+a
( n+l n+1 bz +a’ 2ab :Bl
(t)—l k(n+1) (a ,Bl 2ab b2+a ))al
A b e b2+a J-2ab)p e, ), )2
@91 592
t)-p3L _c%Ze
Ch() ot ot

Case 2: When o; =0 and a, #0

Step 1: Compare the equation to be solved with equations (1) —

F(I’,t,¢),where

2
+a,82 +
20,b

+(bz—az)ﬂzj_

2a,b

( n+2 n+2

A Egil)( —Z ; 2b 2 (1
( )
( )

a ,Bl((Zb a)a, - (2ab- (b2 +a?))3,

(2(b-a)er, - ((b2+a) 2ab)p

1)
o

®)

©)

)

(3) and obtain A, B, C and

n +1)( n+3 _an+3 1 (b2 _az)ﬂz ﬂz
1+ +
n+3)b™* —a")| (a(a-2b)+b?) 2a,b 2a,b
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1 ( ala-2b) (n+1)o™? —a"?) 2b
5 B [( (a-2b)+b?)s ) (n+2) ”*l—a"”)[(a(a—Zb)+b2),81]+
BRI
(n+3)b™ —a" )| (a(a—2b)+b?)s,
.. (( (a(ng i)b2)£(b;;;2)j_ 2Zib}g:112))(&”;:2:?;(a(a—§2)+ b2)£(b;;222)j
(n+1)( n+3 an+3) 1 L ( 2 _az)
(n+3)p™ a””)(Zazb[ (a(a—2b)+b2)B

Step 2: Assume Olayiwola’s generalized polynomial solution:
a2ﬂ2+ a(a—2b) 1+(2—a2)ﬁz g+
2a,b | a(a—2b)+b? 2a,b r=b
n
1 a(a-2b) o+ a(a-2b) Ya’-b’) a’ o,
B, a(a—2b)+b? a(a-2b)+b? \ 2a,b ] 2a,b
(O G| e
4 t)= ala—2b)+ a, B \ala-2b)+ - @
2b a’-b’
(a(a—Zb)erzJ( 20,0 ]gz
- ; (bz_az)ﬂz
&a(a—zb)mzj(“ 2a,b j 2a b]¢|'b
1 1 N 1 a’ —b?
B, a(a—2b)+b? o 2a,b |a(a-2b)+b* | 2a,b J:

Step 3: By using (8), evaluate
n+1 b .
(—)bngl _a)m L r"F(rt,¢)r, )

and express the result in the form:

P4, +a,(t) (10)

r2

Step 4: Obtain p; and Q, (t)
Step 5: Obtain

4, = e_j pley J:q(x)ej P g+ f(r)e_j pley (11)
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where

oft) = 1( k(n+1) ((bnﬂ -a")g, a'(b-a)2ab+(p? ~a’) 2))_ pl]

Al (o™ —a™) a,b a,b(a(a—2b)+b?)

e ((b"“—an+1)+ a"(b-a)b® —a*J2a,b + (b2 —a?) z)jg

1 briam)l b wblala. 20)+07) :
A n k(n+12) ( a"(b—a)

(bn+l_an+l) azb(a(a—Zb)+b

q(t)

9] 9]
o val)-a -

Case 3: When a; #0 and a, =0

Step 1: Compare the equation to be solved with equations (1) — (3) and obtain A, B, C and
F(I’,t, ¢), where

oo )
(%beia)f_i‘b(b—izwaz [1_(%—2‘))/3}]

o b B )

TL 3)b" —2“” (b(b—2a)+a? o, [H (b —a2a)J (b- :ZLa)al J
1)b™? _ZM; 2a (1_ a’ J+

(b(b-2a)+a?)

(h+1)b™ -a™) 1 ~ a’
a "

(n+3)b"™* —a"")b(b - 2a),
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Step 2: Assume Olayiwola’s generalized polynomial solution:

ab

b(b - 2a)jﬁlj¢lr=a - a%[“

( b(b-2a)

| [“0%[“

o

b-2a)p,
ab

b(b—zaﬂﬂlj‘ y

2a

b(b— 2a) ( b(l:? (—bz_ajj)az j[l ’ ail(“

_l_

r=a

2a0,

A

(b - 2a)e,

1 2a 2a’

a,

b(b-2a)

ab

a, (b-2a)y, bb—2a),
2a

£

b-2a)+a’ ](“ b(b

2

a

2a

—m)Dgl

+[b(b - Za)[b( oo~ 22)

b, b(b-2a)

b-2a)+ aZJ[b(

a,

1 blb-2a) )a
b(b - 2a) {b(b —2a)+a’ Ja_l
b(b - 2a)

_(b(b—Za)+ a’

b- Za)ﬂz

Jos
15

m]‘a—

a

a,

ab

1
ﬁ’_z_(b(b—Za)+ a’

Step 3: By using (12), evaluate
(n+1)

J.br”F(r,t,¢)jr,

and express the result in the form:

p.g., +a,(t)

Step 4: Obtain p, and 0, (t)

31

|

b(b—2a)p,

o

b

1

P

bh-2a

)

]gl +

5. Dg
o

—_

(12)

(13)

(14)
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Step 5: Obtain

g, =e P oo a1 (e T (15
where
(b" -a")s, L2"(a=b)  2b°(b-a)
1 a, (b-2a)a, (b(b-2a)+a?)
0=l o a"+l b™ —a™)| 2ab" (b - a)b(b - 2a)+ a)3, R
b(b ~2a)+a’ p(b-2a),
k(n+1) —a”)+2b“(a—b)+ 2ab"(b—a)(b(b—2a)+a)J
1 b“+1 “*1 a,  (b—2a)e, (b(b—2a)+a’p(b-2a), )

Al k(n+1) 2b"(b-a) a’ g g
1 t)-B=L-C=2
b“+l “*1 blb—2a)3, | (blb—2a)+a?))? +a() a ot

Case 4: When o =0 and o, =0

In this case, no polynomial approximation solution to equation (1) exists. This assertion is proved
by the following theorem:

Theorem 1: Let &, =0 and &, =0. Then no polynomial approximation solution of (1) that
satisfies (2) and (3) exists.

Proof: Substitute ¢, =0 and &, =0 into (4), (8), and (12), gives #(r,t) = 0
Hence, ¢(r,t) does not exists. This completes the proof.

3 Application of OGPAM

This section provides the results obtained when solving partial derivatives equations in time-
dependent (parabolic), using the OGPAM as proposed in this paper. Three sets of examples (the
first one corresponding to slab, the second one corresponding to cylindrical geometry, and the
third one corresponding to spherical geometry) are given.

3.1 Set 1: Slab

Here, two examples are considered.
3.1.1 Problem 1 (Kewat and Verma [3]):

Let us consider (in dimensionless form) the equation

or  ox\ ox
with the initial condition

0(x,0)=1 a7
and the boundary conditions

% =V, % - —B* 0 4 (1 8)
OX |y—o OX |yq X=
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Compare (16) — (18) with (1) — (3), we have
k=1,n=0,F(rt¢)=0¢=06, f(r)=1, o, =1 B, =0,0,()=0, o, =1, B, =B, g,(t)=0,
a=0 b=1r=x, t=r

Then

A=3+B | B=_1, C=_1,
3 6 3

Assume a polynomial solution of the form (4) as

B B
9(X,T)=[1+7]9|X_l —79|X:1x2. (19)

Then p, =0 and ql(t)z 0 since F(r,t,¢)=0. So,

B 3B”
= — = , = O .
p(7) N 3.8 a(z)

*

Then
38"
9| —p 38

x=1 4

(20)
as obtained by the authors in [3].

Thus,

* 38" x  3B"
H(X’T):(l-i_%je 3+B” _B7e 34+B” XZ, (21)

3.1.2 Problem 2:

Let us consider (in dimensionless form) the equation

oh o0 (oh

— = = |- A4@0+x)e ™ 22
o [ axj AL+ x)e @2
with the initial condition

h(x,0)=1 23)
and the boundary conditions

oh

h(0,t)=1, = =0 24

x=1
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Compare (22) — (24) with (1) — (3), we have
k=1,n=0, F(rt¢)=-4@0+xe ™, g=h, f(r)=1, &, =0, B, =1 9,(t)=1, o, =1,
B,=0,0,(t)=0,a=0,b=1 r=x

Then

A:E, B =

1 c22
3 3 6

Assume a polynomial solution of the form (8) as

h(x,t)=1+2(h _ ~1)—(h _, ~1}*. (25)
3 R

Then p, =0 and q,(t)= —Eﬂ,le . So,

9,
p=0,  alt)= 2z

Then
MM=G+%%@@M—%. 26)
Thus,

h(x,t)=1+ 2((1+ Z—iﬂi(e‘ﬂ“‘ —1)}—1}x—[(1+ j—iﬂl(e—%t —1)]—1]%. @7)

3.2 Set 2: Cylindrical Shape
Here, two examples are considered.
3.2.1 Problem 1.

Let us consider (in dimensionless form) the equation

% = %g(r %) +oy ¢’ (1+(e—2)0)-ow(l+(e-2)0)" (28)
with the initial condition

0(r,0)=0 (29)
and the boundary conditions

%9 _ : 00 =-Nud| | (30)
orl o ol f

Compare (28) — (30) with (1) — (3), we have
k=Le,n=1 F(r,t,¢)= Sy ¢’ (1+(—-2)9)-syl+(e-2)9)", ¢=0, f(r)=0, a, =1,
ﬂ1 =0, gl(t):()’ a, =1, 182 = Nu, gz(t)ZO, a=0,b=1
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Assume a polynomial solution of the form (4) as

o(r,t)= (1+ %)ﬂrﬂ —%9 T (31)
Then p, =(e— 2)(1+Tj(5'/’ #* —mSy) and q,(t)= Sy 4" —Sw) . So
Nu
2LeNu—(e—-2) 1+ — (Sy“¢” —m&
_ enNu (e { + 4 j( 4 ¢ m lW) B 5l//a¢ﬂ_5ll//
plt)- 4 )=
1+ — 1+ —
4 4
Then
a(t) [ o-sten
0 —=\l-e 32
| = p(t)( ) (32)
Thus,
q(t) Nuqt) o per).2
o(r,t (1+—jL1 g P ) = () Ptk )2, (33)
=1+ 290 er) N A0
3.2.2 Problem 2
Let us consider (in dimensionless form) the equation
2826 L 2f), L 2 "
ot ror Pemror\ or) Pemr or
with the initial condition
p(r,0)=1 (33)
and the boundary conditions
Pl _y =-Shp(Lt) (36)
or r=0 r=1
Compare (34) — (36) with (1) — (3), we have
1 1 dp uo
k=——,n=1 F(r,t,¢)= ———I(rp),¢o=p, 1lr)=1 o, =1 B, =0, g,(t)=
S N=L ()= o2 == —(tp) ¢ = p, f(r)=1 @ =1 =0, g,()
a, =1 3,=5h, g,(t)=0,a=0, b=1
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Then
Sh 1 1

A=[1+2| B=-—, C=--.
4 12 4

Assume a polynomial solution of the form (4) as

Sh Sh
plr0)=(1+ 5ol .- 5ol e o7
Then p, = —(ZU +%j and ql(t): 0 . So,
[2u + iSh j
em
p(t) = . at)=0
Sh
1+ —
4
Then
A= 38)
Thus,
p(rt)= (1+ S—hj iox _ SN o-pion 2 (39)
2 2
3.3 Set 3: Spherical Shape
Here, four examples are considered.
3.3.1 Problem 1 (Mohanty and Dalai [4]):
Let us consider (in dimensionless form) the equation
1
% = _22 NG % (40)
or X° OX OX
with the initial condition
0(x,0)= (x) (41)
and the boundary conditions
00 00 .
I =_Q, bl IR 42
OX |y, ° OX |\ = 2
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Compare (40) — (42) with (1) — (3), we have
k=Ln=2 F(rt¢)=0,¢=0, f(r)=f(x), o, =1 B, =0,0,)=-Q, a, =1 B, =B,
9,(t)=0,a=¢, b=1 r=x, t=7

Then

A £1+ B*[%e(l— 84)_i3211: j)()f_ 2503(}_ 20 )j]

5 (30(1—54)—12(1—55)— 20(1—53)} c_ [12(1—55)—305(1—84)— 20(1— 25)(1—53)J

40(1-¢)1-&°) 40— ¢)1-&°)

Assume a polynomial solution of the form (4) as

)= [ 2 oo g (e

8" o (43)
Then p, =0 and ql(t)zo since F(r,t,¢):0. So,
p(r)= 1_353 o Q(r)ji%gﬁ-
Then
= M+ X —M g P
o)
Thus,
X,7)= +(1_28)B q(r)+ X _dlr) S P
oter)={ 1+ 22 1003 e
G2l M+ X _al) e P |- Q |-
a6 )
B’ M+ X—Me‘p _Q X2
ol a1 ai)
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3.3.2 Problem 2 (Prakash and Mahmood [7]):

Let us consider (in dimensionless form) the equation

o0 1 o( _,00

or x> 8x(x 8xj+Q 40
with the initial condition

0(x,0)=1 47)
and the boundary conditions

9 _o, 99 __gg (48)
OX [, o X |y =

Compare (46) — (48) with (1) — (3), we have
k=1,n=2 F(rt,¢)=Q, =0, f(r)=1 o, =1, ,=0, 9,(t)=0, a, =1, B, =B", g,(t)=0,
a=0, b=1 r=x, t=71

Then
A=(1+B—j=(8 +5], B,  c=-1
5 5) 20 5
Assume a polynomial solution of the form (4) as
0(x,7)= LA 0| Bl ke (49)
! 2 x=1 2 x=1 :
Then p, =0 and q,(t)=Q . So,
_£: 15B” :9: 5Q
p(e)="4 (B*+5]’ a@)="% (B*+5j'
Then
_ C](Z') ( q(z—)j p(r)rJ
0  =|—=+1-——= 50
s (p(r)+ o(z) € (30)
Thus,
8"\ alr) ( q(r)] pme B*[Q(r) ( q(r)J wj :
Ox7)=1+— | —=<+|1-—=< e -——|—=%+|1-—=< e X 51
g CEu o A e e o

3.3.3 Problem 3 (Pradhan et al. [6]):

Let us consider (in dimensionless form) the equation

@:%E(XZ@) (52)
ot X~ OX 154

with the initial condition

0(x,0)= f (x) 3

and the boundary conditions
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00 00
— =B,6 , — =-B,0 .. 54
x),, ~Ble 5 20 64

x=1

Compare (52) — (54) with (1) — (3), we have
k=1n=2 F(r,t,¢)=0,¢=0, f(r)=f(x), o, =1 B, =-B,, 9,(t)=0, @, =1, B, =B,,
9,(t)=0,a=¢, b=1 r=x, t=7

Then

30e(l—&*)-12(1—&° )+ 201 - 2s )1 - &°
=

81(30(1_ £*)-121- £°)-20f1— 53)]((2((1_ o)-(e—fis 522)52 )j ,

40(1—5)(1—83)

30(1—*)-12(1-£°)-20(1- £°)
8- [ 40(1—8)(1—83)) j+
30(1—&*)-12(1-£°)- 201 £°) (25— (1+£2)) |
B{ 40— ¢)1-&°) j[(Z(l—S)-F((1+82)—28)81)J
121 - £°)-30&(1- £*)- 2001 25 1 - £°)
8 e j+< <
30(1—&*)-12(1-£°)- 20(1- £*) 26 —(1+£2))
Bl( 40(L-£)i-°) j((2(1—8)+((1+82)—28)Bl)j

Assume a polynomial solution of the form (4) as

B, ((21-¢)-(2c-[+s%)B,)) (1-2:)B,

(1_2(1—5)[(2(1—g)+((1+g 2)-2¢)B,) o=y J9|X_1+

0(x,7)= ((16?25 )+(1Blg (EZ(l £)- Eflig(l;g )))BZ;J]9|X_IX— (55)

[2(18—3)*2(8—1 >£E (é 3+(((1+e - s)Bl)D‘g'“XZ
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Then p, =0 and ql(r)zo since F(r,t,¢)=0. So,

3 (2(1—8)—(28—(1+82))B )
= B ’B 271, =0
Ple) L-¢° iA( 2 e 1((2(1—g)+((1+ £%)-2¢)B,) ()
Then
g _, = f(xpePr (56)
Thus,
B (2(1—,9)—(25—(§+ &’ )B,)), L-2)8, (e 4
20-e) (20-¢)+(1+6%)-2¢)B,)) 20-¢)
B, B ((20-&)-(26-{1+£%)B,) )
0 ’ — 2 1 2 f p(r)r _
(x7) [(1—g)+ (1—5)[(2(1—g)+((1+ ¢’)-2¢)B,) (e G
B, n B, (2(1_5)_(2‘9_(3-"82 )BZ) f(x)efp(r)fXZ
20-¢) 20-¢) 20-2)+(1+¢%)-25)B,)
3.3.4 Problem 4 (Olayiwola et al. [5]):
Let us consider (in dimensionless form) the equation
ou__1 ., 4 E(QJ_LE(G_U_EJ
ot DaRe 3Reor\or) 3Rerlor r
%:Lizﬁﬁrz%j (58)
ot Pemr*or or
%ziii(rz%)+i%%+@ (a_u_gf
ot Per®or\ or) Pemor or 3Re \or r
with the initial condition
u(r,0)=1, #(r,0)= % (r,0)= % (59)
and the boundary conditions
al al
or|,_, or|,
o¢ o¢
— =0, —| =-Sh
orl . o, I (60)
2 _ 2 _ ~Nu | _
ar r=0 ar r=1 i
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Compare (58) — (60) with (1) — (3), we have

For the first equatio

4

k=——,n=0, F(r,t¢)=

3Re

nin (58):

1 2 1(8u u

u-— “|l——-—=\|¢=u, f(r)=1 a, =1,
DaRe 3Rer\or rj¢ (r)=1 e,

ﬁl =0, gl(t)ZO’ a, =1 :Bz =0, gz(t):% a=0 b=1

For the second equation in (58):

kzi,nzz, F
Pem

9,(t)=0,a=0, b

(r.t.¢)=0 ¢=4¢, f(r)=§, a, =1, =0,9,(t)=0, @, =1, B, =Sh,

=1

For the third equation in (58):

1

Pemor or 3Re™\or r

k=2-n=2, F(rt,9)= L2090 4Ec g(a—“—ﬂj L $=0, f(r)=%, =1,

B =0, gl(t)zo, a, =1 B, =Nu, gz(t)zo, a=0,b=1

Then, for

First equation: A=1, B= %, C=-=

Second equation: A= (1+

Third equation: A

Assume polynomial

1

3
sh 1 1
?)’ - 20’ 5
R
5 20 5

solutions of the form (4) as

u(r 1) = u|r_l—%j+%r2 1)
#r=(105 - @
o(r,t)= 1+%J9|r_1‘%‘9r_1r2~ (63)
Then, for

First equation: =(§B§E§J and ql(t):_sDZ ~

Second equation: P, =0 and ¢,(t)=0

Third equation: P,

41

_ AShNu _2Ecg (. 7
~ Pem ..y and y(t)= 3Re 7(1 3)
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So, for
. . 1(2Da-3 1(4Da+y
F : t)=— , ===
irst equation:  plt) A(SDaRej 1) A(SDaRe)
Second equation: p(t) = %[%} q(t) =0
. : 1(3Nu SShNu 2Ecg y
Third : t)=—| —— t)= 1--1.
ird equation:  plt) A( Pe  Pem ¢|r=1j’ ) 3ReA7( 3)
Then
|r—1 — it) + (1_@jep(t)t (64)
< plt) p(t)
1
=5 (65)
l[e(cupc(ltep(t)tj _1] ~
c
(et & goton "
0, =e (i) g TR (66)
> e
¢ CI\/; erf _Clp(t) (e’t—l)
J-c.p(t) p(t)
where
_3Nu _ fShNu
"~ PeA’ ' 2PemA
Thus,
u(r,t)= @4— 1—@ e Pt _ L | 7 o (67)
el p(t) 2) 2
Sh\1 Sh1l
)= 1+ |= -ptr _ 2L —p(t) .2 68
#(rt)=| 1+ zj S > (68)
o(r.t)= 1+%j0|r_1—%9|r_1 2. (69)

4 Discussion

Readers should note that:

The P, as used in this paper could be a constant or a function. For cases 1 and 2, b # 2 and case

3, a#2. When b=2 in cases 1 and 2 or a=2 in case 3, a new space vatiable needs to be

introduced.
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¢|r:a as used in this paper, means ¢(a,t). It meant ¢(r,t) at r=a.
¢|r:b as used in this paper, is the same as ¢(b,t). It meant ¢(r,t) at r=b.

¢(r, t) * ¢(a, t) and ¢(r, t) # ¢(b, t) as being used by some authors in the literature. Most especially

those that worked on the lumped model for transient heat conduction using the polynomial
approximation method.

5 Conclusion

The use of Olayiwola’s generalized polynomial approximation method (OGPAM) is important
for solving partial differential equations. Also, the derivation of the generalized polynomial
approximation method for solving hyperbolic equations by the author is ongoing and it will be
made available to readers as soon as is ready.

Different examples have been solved using OGPAM in different geometries. The simplified
relations obtained in this study can be used for science and engineering calculations in many
conditions.
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A series solution to asset valuation and pricing of linear
evolution equations with stochastic partial derivatives

I.U. Amadi’, I. Daviesf, and B.O. Osu*

Abstract

The achievement of any investment depends mainly on the value of asset which impels the
entire financial power of every company and differential equations are well known prevailing
mathematical tool used for the prediction of stock prices. Therefore, this paper, considered
four investment equations with stochastic and stock return rates parameters in the model.
Detailed conditions are achieved which govern asset price return rates through multiplicative
effects, additive invers effects, multiplicative inverse effects, stock volatility and asset
growth-rates of assets parameter respectively. Consequently, the impacts on the value of
asset prices of investors in capital market were analyzed; and graphical results of stock
variables and the effect of relevant parameters were discussed for the purpose of investment
plans.

Keywords: stock price; asset pricing; series solution; stochastic analysis; return rates

1 Introduction

Making short or long term business plans needs financial assets which is geared towards bringing
returns to the investors over time. Financial assets are the basis with through which individual or
group of persons generate wealth to become comfortable in life. In any time-varying investment, cash
flows acquired by the investor as cash dividends over the period as the rate of return is expected to
cover-up unforeseen risks of the investments. More so, an investor must take into account on par the
safety and investment rates of returns to avoid event risks; like market crashes, flood disasters and
political crisis which may directly or indirectly impact on investments. However, without capital
investment human needs may be difficult to actualize but, even the most secure stocks can encounter
losses for investors or other stakeholders, therefore an investor may need to rebalance his portfolio
of investment or diversify his asset allocation in order to reduce overall portfolio risk and improve
expected returns to cover-up loop-holes in the investment.
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It is worthy of note that, in modeling the value of the rate of return on stocks and other relevant
stochastic parameters involved in making investment decisions that accounts for certain level of
unpredicted randomness, an accurate analytical method of solution is to be adopted based on the
specifics of the problem in order to stimulate realistic stock quantities or variables; that is why
differential equation models with stochastic parameters are most frequently adopted to capture other
environmental effects.

A differential equation [11] is an important tool for harnessing different components into a single
system and analyzing the inter-relationships that exists between these components which otherwise
would continue to be independent of each other. Differential equations are one of the most frequently
used tools for mathematical modeling in engineering and sciences [8-9]. Thus, differential equations
have been used in different ways and independent results obtained. For instance,[10] considered the
unstable nature of stock market forces using proposed differential equation model. [13] studied the
variation in capital market changes where they developed a differential equation with stochastic
parameter in the model obtaining an analytical solution which determined the equilibrium prices.

However, [16] considered a set of simultaneous differential equations of stock prices of the share
in both A and H stock markets. They applied iteration method and results were obtained. [2] Studied
the application of differential equation on stock market prices where they modeled two competing
growth rates and there carrying capacity on stock market prices which was chosen based on minimum
variance criteria. Similarly, [11] investigated a problem using differential equation in stock market
analysis; the two competing growth rates and it’s carrying capacity were considered. In [12], ordinary
differential equations with variable coefficients problem were determined; the Elzaki transform was
applied and results obtained. See for example [3],[4],[6],[7],[14],[15], and [18] for more research works
on stock market price modeling.

This research work considers four systems of second order ordinary differential equations in time
varying investments with stochastic parameter whose rate of returns is assumed to follow:
multiplicative effects, additive inverse effects, multiplicative inverse effects; all having quadratic
functions over time. These investment equations were solved analytically by adopting series solution
of Ferobenius method and four solutions were obtained. To verify the validity of the analytical
solutions, the value of assets and relevant parameters in the model were assed using detailed conditions
of predicting stock returns and asset valuations; and the effects of rate of returns, asset valuation and
stock volatility displayed graphically. This paper extends the works of [5] by solving the problem in
second order ordinary differential equation domain.

This paper is organized as follows: Section 2.1 presents the Mathematical framework, problem
formulation is seen in Subsection 2.1.1, method of solution is seen in Subsection 2.1.2, Results and
discussion are seen in Section 3.1 and paper is concluded in Section 4.1.

2 Mathematical framework
Thus, let S (t) be the price of some risky asset at time t ,and x, an expected rate of returns on the

stock and dt as a relative change during the trading days such that the stock follows a random walk
which is govern by a stochastic differential equation
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dS(t) = xS(t)dt+oS(t)dw, ©)

where, 1 is drift and o the volatility of the stock,W, is a Brownian motion or Wiener’s process on a

probability space(Q, ¢, go) ,& isa o —algebra generated by W,,t >0 .

Theotem 1: (Ito’s formula) Let (Q, B 1, F(B ) be a filtered probability space X = {X 2 0} be an

adaptive stochastic process on (Q, ﬂ,a,F(ﬁ) possessing a quadratic variation()() with SDE
defined as:

dX (t) =g(t, X (t))dt+ f (t, X (t))dW (t) 2
te% and for u=u(t, X (t)e C** (IIxL))
du(t X (t)) = {gttugg_: —fzgx }d fa—udW() o)

The solution to stochastic differential equation (1) can be obtained easily using Theorem 1 and is given

by:

S(t)=5, exp{odW (t)+(0{—%02jt},Vt €[0,1].

From (1) Black-Scholes Partial Differential Equation (PDE) is given as:

A 2szazv SZ_\S/_N 0. 4)

ot 2 0S°

Following the method of [14]
dS(t)=aS(t)dt+oS(t)dW (t),a=a+1 ©)

where A is the market price of risk. The equation governing stock option is backward Black-Scholes
partial differential equation given (in one variable) as Osu (2008), Osu, et al. (2009).

azv oV

8V 1 .
oS —-A)S—-ru=0. 6

ot 2

Assume A =0, (0) gives

2
1 2szaV+ s =N (7)
2 aS? 0S ot
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From (7)V #V (t) hence V is a function of S alone and we arrived at the following 2nd order

nonhomogeneous differential equation by also defining the index price of the form: —p — GR, which
replaces RHS of (7) below.

1 ,,dV  _dv
1525290V L sV o G 8
27 sz T4 s v -GR, ®)

where ¢ represents constant and GR, is growth of the underlying asset.

Suppose the interest rate I =1 in the left hand side of (8) becomes:

1 ,,dV  _dv
152529V s v, GR. 9
27 45z "% 4s 9 -CR ©)

2

Dividing homogeneous part of (9) by g gives

as? " o dS So?

V. 2edv 21V _

S (10)

Suppose the trading of shares or adjustment of portfolio is allowed to take place. We therefore adjust
the stock variables following the method of [13] by setting:

20 2r ) . .
—=1 F =S80V, Since the rate of change of investment output value depends on the
(o2 (o2

investment output at present time t ,[7] (10) becomes

2
S%+i—\s/—SO'ZV=O 11)

The last term of LHS of (11) is the aggregate intrinsic value of stock, [7] hence it comprises the
volatility of the underlying asset throughout the trading days. Secondly, risk factors S describe any
kind of risk and uncertainty present in the financial market such as stock prices, interest rate, strike
price etc. So, combining (11) and (LHS) of (10) gives a complete 2™ non-homogenous ordinary
differential equation below:

2
dv+d—V—SUZV=—¢—GR. (12)

S 2
ds? ' ds
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2.1 Problem Formulation

Now, we consider capital investment plans where investors will be faced with some decisions on how
to value assets and its return rates. So, investors at all seasons receive its wages at different time
intervals. So, considering four different investments selected stocks (companies) to be represented as
S,.S,,S;andS, be defined in the system of variable coefficient differential equations, the factors

underlying price changes are very uncertain and are described in probability terms. Hence the rate of
returns is defined following the method of [3] and [5] respectively:

R =(44) ,..where t=1,2.. (13)
R =(4 +22)2, ., Where t=1,2... (14)
R = {(ﬂ1 +2,) } ,..,Where t=12... (15)
R = {(Ah) 1} .., Where t=12... (16)

Using (13)-(16) in (12) independently gives the following investment equations for four different
stocks (companies):

1 2V1('l) d l(t) (21242) S O_ o = O (17)
o|sl2 ds,
d 2V2(t) de(t) 2

27452 | ds, {(% +4,) } S,0Vy( =0 (49
d?v. av,

Syt {(/11 +4) } $:0°Va =—¢—GRV, =

ds, ds,
d?V,q dV4(t)

o Tas, (AR '} i =0, ~

With the following boundary conditions

V.,

1(t) =Via, V2(t) =V,a, V3(t) = O’V4(t) =V,a

Vg _ @V _ oy _ Wiy _ @1)
ds, ds, dS, dS,
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2.2 Method of Solution
The propose model (17)-(20) consist of a system of variable coefficient differential equations whose
solutions are not trivial. We adopts the method of Ferobenius in solving for

Vig (S),Vz(t) (S) Vi (S) and Vi (S), Firstly, we solve equation (17) and (18), then solve (20)
and substituting the result in equation (19) to obtain following stock quantities. To tackle this problems
adequately we note that V,, (S), Vo) (S), V) (S), V,, (S) <o for all Se[0,1).

Solving Investment Equation when stock returns follow multiplicative effects:

From the homogenous part of (17)

Let V,y = > a,5™° =S°> a,S" 22)
m=0 m=0
Vi =D a, (m+¢)S™e =8> a (m+c)S" (23)
m=0 n=0
Vigy =S2 ) a (m+c)(m+c-1)S," =S > a (m+c)(m+c—1)S" (24)
m=0 m=0
substituting (18)-(20) into (17) after long algebraic simplifications gives

L (21/1?)20'282 +(/11/12)40'4S4 +(/ll/12)60_656 N (/11/12)80_888

22 22 x 4? 22 x 4% x 6° 2% x4 x 6° x 82
Vl(t) (S) = vl = al 10 1010
(A4) oS
2% x 4% x 6% x 82 x10°

(25)

A . _ dVl(t)

nother is given by V, =
dc
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%=aoscmr{1+<wz oS, () o'S | (A) e
de (c+2) (c+2) (c+4) (c+2) (c+4) (c+6)
(2112)8 0'888 . (ﬂlﬂg)m 0_10810 }

(c+2)*(c+4)*(c+6) (c+8)° (c+2)"(c+4) (c+6) (c+8)°(c+10)°

+6108°i 1+(/U2)2 oS’ + (h%) 08" + (4:4) 0"S°
dc (c+2)2 (c+2)2 (c+4)2 (c+2)2 (c+4)2 (c+6)2
. (/11/12) 0888 N (ﬂ'ﬁfz) Gloslo Y }

(c+2)(c+4) (c+6) (c+8)" (c+2) (c+4) (c+6) (c+8) (c+10)

dVy,
—— =a,5°InS{1+
dc %

(Ak) 0*S* () 0'S' (%) o"S°

(c+2)° (c+2)°(c+4)" (c+2)° (c+4) (c+6)
(A%)" 0s" N (A%)" s" e

(c+2)°(c+4)" (c+6) (c+8)" (c+2)°(c+4) (c+6) (c+8) (c+10)

3

+a0rc{02(21/12)202524(/11/12)“0434(“3) 8(44,) o°S° N 16(44, ) o°S°®
(c+2)3 (c+2)3(c+4)3 (c+2)3(c+4)3(c+6)3 (c+2)3(c+4)3(c+6)3(c+8)
C 32(A4) 0" s .

(c+2)3(c+4)?’(c+6)e‘(c+8)3

(1 +2 )_1}2 o’s} (4 + %)_1}4 o's;' {(h+4 )‘1}6 0°s? {(h+4 )‘1}8 oS
2 ' 2 x4 " 2% x 4% x 6° i 22 x 4° x 6% x 8
{(/11 ‘A )71 }10 6105210
+ +
2% x 4% x 6% x 8% x10?

1+

VZ(t) (Sz) =V, = ¢1
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2 4 6 8
1+ (/11/12) O-2812 +(/?1ﬂ”z) 0-4814 +(ﬂ1ﬂ’z) 66816 + (%ﬂq) 08818
Ins 2? 22 x 42 22 x4*x 6%  2°x4° x6°x8°
1 (1122)10 S5 10
1
Vo —v. —g 22 x 4% x 6% x 82 x10?
u — 2 T2 2 4 6 8
_(/11%) N _(/11)'2) o's’ _(/11}'2) oS’ +(/11/12) oS’
tase 22 2% x 42 4% x 6° 2°x6° x8?
0™1 10 100 10
(hA) oS,
-~ +
4% x 6° x 8% x10°

(26)

A linear combination (25) and (20) gives the complete solution
4 6 8
(Ah) 0’S? (hh)' 0's! (W4) 0%’  (44,) oS!
+ + +
2° 22 x 4? 22 x 4% x6° 22 x4 x6%x8?
()»12'2 )10 O_lO 8110
2% x 4% x 6° x 8% x10?
2 4 6 8
(Zlﬂz) 02812 (2,1/12) 0'4814 (/11/12) 06516 (11/12) 0'8518
2? i 22 x 4? i 2% x 4% x 6° +22><42><62><82
InS
1 ( )10 105 10
+a2 + /11/12 o 1
2% x 4% x 6° x 8% x10?
(21/12 )2 o S12 (21/12 )4 o S14 (21/12 )6 o S16 + (/112“2 )8 ‘78818 (2112 )2 o Sllo N
22 23X42 43X63 25X63X83 42X63X83X103
27)

1+

Vl(t) (S) =

1+

Applying the boundary conditions in (21) and setting «, =0 givesa, = 1—3)
Y1
(4h) o*a® (Ah) o'a® (A4,) 6%  (44,) o'a’
1+ 2 + 2 _ 12 T 7 a7 T2 2 AZa?
2 2°x4 2°x4°x6 2°x4°x6°x8
( ﬂi /12 )10 010 alo N
22 x 4% x 6% x 82 x10°

¥, (@) =
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1+ (ﬂlﬂ? )2 02812 + (/1112 )4 0-4814 + (Alﬂ‘z )6 0-6816 + (Alﬂ'z )6 o-8818
V (S):Vl_a 2? 2% x 47 22 x4* x6°  2°x4°x6°x8°
1(t) 1 yl (a) (lez )10 O_]_Osllo
+
2% x 4% x 6% x 8% x10°
(28)

Solving Investment Equation when stock returns follow additive effects:

Solving (18) from left hand side using Frobenius method

Let V,,, = iamsz"1+C =S,° iamsz'“ (29)
m=0 m=0
Vo =D a, (m+c)S,m* =8, a (m+c)S," (30)
m=0 m=0
Vi = SZ‘""ziam (m+c)(m+c-1)S," = Szc‘liam (m+c)(m+c-1)S," (31)
m=0 m=0

substituting (29)-(31) into (18) and after long algebraic expressions gives

) (A + AQ)‘l}2 o’s;” (4 +/12)‘1}4 'S, {(h+2% )‘1}6 °S,°
Ins ’ 2° ! 22 x 4 LT NON
? 1% sa 8 N 106 10
+{(/11+ﬁ'2) }O'Sz +{(ﬂ'1+/12) } oS,
V. =V, = 2> x 4 x 6° x 8 2% x 4% x6” x 8% x 107
2t — V2 — P2 2 4 16
(+2) 087 {(A+a)'] o't {(a+a)'} oS
+a.S.c 2° 23 x 4° 4 x 6°
%%z 1% sas N 106 10
(+2)") o' {(+2)"] s,
+ 5 _~3_ 03 o 2 303 3 T
2°x6° x8 4° x6° x8° x10

(32)

A linear combination (32) and (33) then applying the boundary conditions (21) and setting o, =0

gives the complete solution
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V2(t) (Sz) = ¢1

2? 2% x 42 43 x 6°
110
{(Ai"'ﬂz) } 68828 {(ﬂi"'ﬂz) 1} 6105210 )
2°x6°x8? 42 x6° x 8% x10°
33)
B V,a
% yz(a),
where
_1)2 118
1+{(21+/12)l} oot {(ﬂﬁr%) } o‘a’ {(ﬂl+ﬂ,2) } 66a6+{(ﬂl+ﬂz)l} ota®
v, (@) = 2° 22 x 4* 2’ x 4% x 6° 22 x 4% x 6% x 87
, =
{(11"'2'2) } 10,10
2% x 4% x 6% x 8% x10°
1) 2 20 2 4o 4 -1)6 6o 6
(2 +2)"} o%s, {(zlmz) } o's;' {(n+%)"} o',
S,) = V,a i 2? 22 x 42 " 22 x 4% x6°
2(t) B
V) Az ors {(aea)'otst
22 x 4% x6° x 8° 2% x 4% x 6 x 8% x10?
(34
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1+

{(zimz)‘l}zazsz {(ziuq) }0454 {(/114-22) }

(2]

{(214_22) } 0_888 {(ﬂl'i'ﬂq)_} 0_108210
+ +
2% x 4% x 6% x 82 2% x 4% x 6% x 82 x10?

1+

22 22 x 42 22 x 42 x 62

{(zlmz)‘l} 28,2 {(zlm) } o*s,’ {(zﬁﬂ?) } °S,°

InS,
{(aﬁz) }0858 {(21+}t) } 505 10
22 x4° x6° x 82 Jr22><42><62><82><102

. {(n+2)" } o’s;’ (4 +/12)’1}4 o's;' {(h+ 4 )1}6 °S,°

22 22 x 42 22 x 4% x 62

(Formerly Journal of the Nigerian Society for Mathematical Biology)




International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 3, October 2022, Pages 44 — 64

Solving investment equation when stock returns follows additive inverse effects :

Let V3(t) _ iamsgmﬂ — Ssciamssm (35)
iy = 3o, (m40) =57 S, (meo)s,” 69
Vit = SCZZa (m+c)(m+c-1)S," =S i m+c)(m+c—1)S,", (37)

m=0 m=0

substituting (35)-(37) into (19) and long algebraic simplifications gives

«4+@ffa%2 «&+%)}0%4 K&+%)}a%£
2° 22 x 42 2% x 4* x 6°
{(A1 +/12)—1}8 0_8838 {(Al +/12)_ } 0'103310
+ + +
22 x 4% x 62 x 82 2% x 4% x 6% x 8% x10?

1+

V3(t) (S;))=v, =

(38)

2
1+«4+4y}a%2 ((h+2)" o', ﬂ4+@)}a%;
NS 2? 2% x 42 2% x 4% x 6°
3
{(ﬂl_l_iz) } 0888 {(ﬂ1+ﬂrz)_} 0108310
2% x 4% x 6% x 8° +22><42><62><82><102
V3(t) =V, =q, 4 6
((A+a)) 022 {(h+a) ] o'st ((A+2)"] o'
18,57 2? 28 X4j0 43 x6°
{(21"‘12) } 68838 {(%4‘22)_1} (7108310
2° x6° %8 - 4% x6° x8% x10°
39
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A linear combination (38) and (39) then applying the boundary conditions (21) and setting o, =0

gives the complete solution

{(31+ﬂ,2)’1}20232 {(ﬂi—i-ﬂz) } oS, {(zlm) } o°S,’

1+
2? 22 x 42 22 x 42 x6°
V3(t) (Ss) = (40)

.18

{(ﬂq"'iz) 1} 0_8838 {(ﬂl"'ﬂz) } 10,10
+

" 22 x 4% x 6> x 8° +2 x 42 x 6% x 82 x10°

Solving investment equation when stock returns follow multiplicative inverse effects:

From (20)
Let V,,, = Zams4m+° = S4°Zams4m @1)
Vi = Za (m+c)s,™** =S “Zam (m+c)s,” (42)
V4’Et)—S°22a (m+c)(m+c-1)S," =S “iam m+c)(m+c-1)S,", 43)

m=0 m=0

substituting (41)-(43) into (21) and after long algebraic simplificatins gives

{(2122)’1}2 0—252 {(ﬂl/l) } 844 {(11%)71}6 5556

1+ 2? 2% x 4? " 2% x 42 x 6°
Vi (S)=vi=a (44

{(ﬂqﬂz) }O_ssa {(ﬂ’lﬂ?)_} 0_108410
22 x 4% x 6° x 8? +22><42><62><82x102+m
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_1)2 2e 2 14 4o a 116 e 6
) ((22)'] 0?87 {(an)'] o't {(an)"] o',
+ + +
Ins 2 2° x4 27 x 4 % 67
4 {(1127)1}8 %5 8 {(2112)1}10 05 10
4 4
! 2° x 4% x 6% x 8 ’ 2° x 4* x6° x 8% x10°
Vig =Vo =, ) ) i (45)
()} os2 )] o'se {(an)] o*s:
8,8, 2 28 4 #x6’
' 1° sce N 10010
(W)} o'l {(ah)'} o"s,
T8 X6 xB X1
A linear combination (44) and (45) then applying the boundary conditions in(21) and setting a, =0
gives the complete solution @, = Vaat
Y3 (@)
where
_1)2 4 Y 18
N R N e SN R AN R
1+ 2 + 2 2 + 2 2 2 + 2 2 2 2
ys(a) = 2 2" x4 2° x4 %6 2°x 4" x6°x8
10
{(21/12 )—1} JRLPED
+ +
22 x 4% x 6° x 8° x10°
_1)2 4 16
. ()"} 082 {(ah)'] o's! {(ah)"} oS
+ 2 + 2 2 + 2 2
V4(t)(S4)=V4—a 2 2° x4 2° x4 x6 (46)

Y; @ {(AMQ )*1}6 0_8848 {(212’2 )*1}10 0105410
A X6 xB  xdExG xBx10E

Non-homogenous part of investment equation when stock returns follow additive inverse effects
To get the particular solution of (19) which is the non-homogenous part of the problem, we solve

using the method of undetermined coefficients.

12 2e2 N\? _4g s 1% 6c 6
((42)7) o®s8 {(A%)7) o's’ |(4%)"] o's,
1+ 2° " 2% x 47 i 2% x 4% x 6°
V4(t)(84):al 1% sas 0" _10e 10
@z ost {(an)') ofst
22 x 42 x6° x8 22 x4*x62 x8 x10*
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From the complementary function for (19)

'1+ [(h+2) o)) (i a) o8] {(h+4) 08 |
2° 2x4)° 2x4x6)
V3(t)c (53) =C, 8 ( ) 10 ( ) (47)
+{(ﬂl+ﬂz)*los3)} +{(ﬂﬁﬂa)*lase,)} .
| (2><4><6><8)2 (2><4><6><8><:|.0)2 |
Consider the particular solution
V,(S)=A +AS*+AS" +AS® +AS" + ASY (48)
V. (S)=2AS+4AS° +6A,S° +8A,S" +10AS° 49)
V)(S)=2A +12A,5% +30A,S* +56A,S° +90AS° (50)

Putting (48)-(50) into (19) gives the following:

= 4A +16A,S” +36A,S* +64A,S° +100AS° - {(4, +,12)-1a}2 A -{(4 +ﬁ,2)'10}2 AS?
A+ ) o) AS (A + ) o) ASE (A +4) o) ASE (4 +4,) o) ASE =

N {(W2) oS} ) {(W2) o8} ) (W2 oS} ) {(WA,) oS
2 2 x 4)? 2x4x6)° 2x4x6x8)?
—¢ =GRV, 10 ( ) ( ) ( )
. {(LA) eS|
(2x 4x6x8x10)?
(1)
Taking like terms and simplifying after some algebraic expressions gives
Vi(S)=c+ A {CM Yoy, A]sf +(C‘“1(2+ jz);"y i Az]s;‘
NGO S N P = A R N NP = R i
(2x4x6) (2x4x6x8) (2x4x6x8x10)
(52)
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where Aj, A, A,, A,A, and A; are constants which is seen in appendix 1

3 Results and Discussion

In this Section, we present the computational results for the problem formulated in (17)-(21) whose
solution is in (28), (34), (46) and (52). These solutions are implemented in a mathematica programming
language. However, the following parameter values were explicitly used in the simulation study:
c=10,4 =180,4, =120, =1.0,V,, =0.1andV, =0.1 . The non-linear 27 order differential

equations governing the problem are solved analytically for four different investment equations.

— ag=0.2

/r" ] og=04

a=06

— o=028

100 |

NPT
LAREL

50 F

Figure 1: Stock (1) (S,) stock return profiles against different values S of volatility(O')
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Figure 2: Plot of Multiplicative effects stock returns for assessing the value of assets for company (1)
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Figure 3: Stock (2) (S,) stock return profiles against different values S of volatility(G)
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Figure 4: Plot of Additive inverse stock returns for assessing the value of assets for company (2)
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Figure 5: Stock (3) (S;) stock return profiles against S with different values of Volati]ity(a)
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Figure 6: Stock (3) (S;) stock return profiles against S with different values of volatility(GRt )
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Figure 7: Stock (4) (S,) stock return profiles against S with different values of volatility
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Figure 8: Plot of Multiplicative inverse stock returns for assessing the value of assets for company (4)

Figure 1 shows the variation of Stock (1) rate of return with volatility parameter. It can be seen that
Stock (1) return reduces with increasing stock volatility. This is absolutely correct, because when
there’s high volatility in the market price, investors find it difficult to invest; thereby causing low rate
of return in an investment. There will be no investor who will like to maximize loss in an investment;
causing a kind of panic buying, tensions everywhere in stock trading. Visual inspection of the plot
shows high levels of price changes in the capital investment.

Figure 2 shows the variation of Stock (1) rate of return which follows multiplicative effects. In this
situation the results indicate increase in return rates decreases the gain of asset. This remark shows
that, there are some stochastic bubbles in financial market which affected the investments. For
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instance, selling an auction price due to products expiring dates etc, one will be compelled to dispose
the commodities on any amount in order to avoid expired products. So, in that case the levels of profit
cannot be compared to the original amount of the investments. Also, the issue of over- staff in
managerial cadre of the investments may causes the rate of return to decrease. This could also mean
there is a serious crash worth of millions in any of the currency for capital investment. A crash simply
implies a substantial droplet in the overall value of a market, creating unnecessary situation where lots
of investors will not invest in capital market as a result of massive losses. The disadvantage of the
scenario is that it results to panic buying, selling and deteriorating of markets which of course affects
the entire masses.

Figure 3 shows the variation of Stock (2) rate of return with volatility parameter. A little increase in
stock volatility parameter reduces stock return rates. That is, to say that volatility affects trading
business over time in the investment which might be indexed with millions of naira. This situation
informs investors on the activities of volatility in the capital investment hence it measures the price
changes.

Figure 4 shows the variation of Stock (2) rate of return parameter. It is clear that increasing return
rates when stock return rates follow additive inverse effect also increases the value of asset pricing
throughout the stipulated trading days. It implies that additive inverse effect is profit maximizing in
terms of long- and short-term investment plans.

Figure 5 shows the variation of Stock (3) rate of return with volatility parameter. It can be seen that
Stock (3) rate of returns is pararrel; hence an increase in stock volatility decreases rate of returns.
Therefore, profit making may not be possible due to the uniqueness of horizontal trend lines.

Figure 6 shows the variation of Stock (3) return with growth rate parameter. It is observed that a little
increase in the growth-rate parameter increases the return rate of the capital investment over the
trading days. This situation is quite obvious because when an investor increases its turn-over, the
financial strength of the business will rise to a certain level.

Figure 7 shows the variation of Stock (4) return with volatility parameter. It is observed that increase
in stock volatility reduces the rate of return of an investment. This is correct because when there’s a
high volatility in price formation of a commodity; investors will not be willing to invest, even up to
final consumers will not also be eager to buy from the investors thereby causing low rate of return in
the investment. In another scenario, the plot has an upward trend which moves separately and
converges to a point during the trading days. This remark shows that rate of return in multiplicative
inverse has a limit of how it can yield profit to an investor; this also describes the formative of random
walk-in stochastic process.

In Figure 8, increasing return rate when stock returns follow multiplicative inverse effect also increases
the value of asset pricing which is beneficial to every investor in terms of profit making. These remarks
showing such pattern of trend implies high levels of progress during the period of an investments.
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4  Conclusion

This paper, considered four investment equations with stochastic and stock return rates parameters in
the model. Detailed conditions are achieved which govern asset price return rates through
multiplicative effects, additive invers effects , multiplicative inverse effects ,stock volatility and asset
growth-rates of assets parameter respectively .Therefore, the impacts on the value of asset prices of
investors in capital market were analyzed; which shows: (i) Stock (1) return reduces with increasing
stock volatility(ii) increasing growth rates in an investment automatically grows the financial strength
of the investment over time (iii) A little increase in stock volatility parameter reduces stock return
rates.(iv) increasing return rates when stock return rates follows additive inverse effect also increases
the value of asset pricing throughout the stipulated trading days.(v) an increase in stock volatility
decreases rate of returns(vi) a little increase in the growth-rate parameter increases the return rate of
the capital investment over the trading days.

APPENDIX 1

Constants of coupled investment equations

A= 1 — ((14) o) GRtVztz(t) A= 1 ——|100 +((/71/12)_ o) GR12V4(1>
((h+%)"0) | (2x4x6x8x10) (4 +4)"0) (2x4x6x8)

3%2—% 64A4—((/1M?)7 0) G?Vm) = A =- 1 — 36A3—((/1M'Z)7 G) ?Rtvm)
((h+2)"0) | (2x4x6) ((h+4)" o) (2x4)

1| ((Ak)'e) GRY,, 1

:>A1=——Jr = 16/.\2_( 4) ® ,:%:_ﬁ[4ﬁﬁ+(p—GRIV4(t)]
((h+2)"e) | (2 +2)"0)
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