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A mathematical study of effect of constriction and

extra cellular matrix gel on aqueous humor flow and
IOP

B. A. Ngwu't, C. O. Mmaduakor®, O. E. Abolarin®, O. A. Akintunde®,
M. Iorkua#, and S.U. Isienyi®

Abstract

Increase in Intraocular Pressure (IOP) in the eye has been pointed out as a primary risk
factor for Glaucoma and; Glaucoma is a leading cause of sight loss globally. Despite this
knowledge, the site where this increase in pressure occurs is still under studies. The
junction between the endothelia-cell wall of the Schlemn’s canal and the juxtacanalicular
tissue is known to contain funnel shaped pores which are surrounded by extra cellular
matrix gel. The flow of Aqueous Humour through these pores generates a funneling effect
(which can be considered as a flow through constricted channel) on the TM. Furthermore,
the extra cellular matrix may (exert) contribute some force on the flow dynamics, in the
form of drag to Aqueous Humour flow. This study investigated the combined effect of the
pores and extra cellular matrix gel (as a drag force) on Aqueous Humour flow dynamics
such as Aqueous Humour flow resistance, and hydraulic conductivity respectively. Our
results show that these structures affect the flow resistance and hydraulic conductivity, and
might likely contribute to increase in IOP.

Keywords: constricted channel flow; constriction and drag; aqueous humuor flow; intraocular
pressure; hydraulic conductivity and resistance.

1. Introduction

Aqueous humor (AH) is a fluid in the eyes secreted through ciliary process which leaves through the
trabecular meshwork [9]. The conventional outflow route comprises of the trabecular meshwork
(TM), the juxtacanalicular connective tissue (JCT), the endothelial lining of Schlemm’s canal (SC)
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and the Schlemm’s canal (SC) itself [20,29]. As a fenestrated beams and sheets of extra cellular
matrix (ECM) covered with endothelial-like cells (TM), the TM is adjacent to SC. Its primary
function is to regulate the bulk of the AH outflow from the anterior chamber [32], thereby
controlling the intraocular pressure (IOP). The junction between the innermost portion of the TM
and the inner wall endothelium cells of SC is the JCT [32]. Extracellular matrix has been discovered
in the cells of the TM beams, JCT and SC inner wall of the eye. Basement and stromal ECM are
found in the TM beams and JCT region [1]. The TM beam cells which have discontinuous tight
junction strands in addition to possessing gap junctions is known to cover the ECM [ 6, 18,25].
ECM is implicated in outflow resistance because it is critical in maintaining outflow resistance [1]
despite that it seems more likely a candidate for the outflow resistance [22]. The SC cells and the
JCT ECM are also considered to be responsible for the maintenance of AH outflow resistance. The
inner wall cells of the SC have some pores that make funneling possible [18] which creates a
hydrostatic effect on the outflow facility [20]. The ECM has a role in the outflow facility of AH as it
is primarily thought to cause AH outflow resistance [12, 15, 20, 21, 24, 30], because the ECM and
the inner wall cells of SC provides outflow resistance [1] and contribute and control the final the
pressure drop by forcing funneling through SC cellular pores [32]. Despite being a candidate for
causing outflow resistance, the ECM plays a role also in regulating outflow activity and maintaining
IOP. About 25 to 30 pores of the SC which serve as collector channels should allow free
circumferential flow of AH but due to segmental flow witnessed in some eyes the fluids do not flow
freely, as expected [11, 17, 19].This outflow resistance destabilizes IOP homeostasis which its loss is
clearly central to the progression of glaucoma [13, 32]. Glaucoma results from an increase in the
resistance of the aqueous humor outflow, which in turn elevates the intraocular pressure (I0P) [31,
33]. Because of this reason it will not be out of place to study the combined effect of these players
on AH flow dynamics. See [106, 20, 24] for details.

Earlier, some mathematical works have looked at this problem through different
perspectives. These works include [3] that carried out a study of flow of aqueous humor in
Schlemm’s canal in the eye. They treated the canal segment along which the aqueous humor flows as
an elliptic narrow tube. Further, they considered that the inner endothelial wall in contacts with TM
is porous and collapsible, and that the inner wall of the SC is deformable as well. By considering that
the same quantity of aqueous humor drains through each collector channel is somehow unrealistic.
In 2008, Fitt A.D, (2008 ) [14] also carried a similar study on the SC to determine its influence on
Primary open angle glaucoma (POAG). In the study, he considered the flow of aqueous humor
from the anterior chamber through the TM into the SC. This he did using lubrication theory. After a
study of the flow dynamics of the AH through the iris-lens channel, David M. Silver and Harry A.
Quigley, (2004) [10] agrees that there is a pressure difference between the posterior and anterior
chambers. In 2018, the circulation of AH through its route is considered as a flow with constriction
in a channel [23]. The authors considered the funneling effect as a constriction in the channel of
flow. By adjusting the stenosis length and other flow parameters they established that the stenosis
length and height has a significant effect on the flow dynamics. Other works that studied the
dynamics of the AH outflow activity and its effect on IOP include [2, 4, 5]. These works motivated
us to extend [23] by incorporating into the flow a drag force term representing the effect of the
ECM gel on the flow dynamics, which, to the best of our knowledge, has not been carried out on
the AH flow dynamics. Therefore we here try to investigate the effect of constriction (due to the
funneling effect of the SC) and ECM (considered as a form of drag force on the flow dynamic) on
the AH flow through the TM and SC.
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For ease of communication and understanding, we splited the paper into four sections. The
first section is the introduction where a background of the study is presented in addition to review
of some related literatures to the work. The definition of the problem and its model equations
follows from the second section. In this section is contained some of the assumptions guiding the
study with some explanations. The third section is where the mathematical analysis of the model is
carried out before the last section. This last section takes care of the numerical results, findings from
the work and its conclusion.

2. Definition and model formulation

Here we consider the flow of AH in the eye as a flow through constriction with drag. Consider that
at the point of interest (i.e. the junction between the JCT and the inner wall of SC) the channel is a
cylindrical tube with stenosis, which is mild and symmetric. In addition, there is a drag force
opposing the outflow of AH through the JCT since it is assumed embedded in the ECM and open
on the surface. The flow channel is such that fluid (AH in this case) enters through the point z = 0
and continues until it gets to the mouth of the stenosis at z = d where the funneling effect starts.
Within the constricted region the flow is steady and continues until the point z = d + 1 after which
the flow profile fills the non-constricted region. But on getting to z = d +3.5], the effect of the gel
manifests thereby causing a drag on the flow velocity. The flow through the ECM (we represented
the ECM with the circle in red) is represented by an arrow around the circular region in the channel
and signifies nothing but the effect of drag on the flow profile. This is to sya that there is no
tangential flow. In doing so, we have assumed a one dimensional flow with a very low convective
momentum. In addition, we assumed that the relationship between the axial velocity and axial
direction is not significant. This is because of the nature of the channel and the fluid under
consideration here. The geometry of flow channel is considered as shown in figure 1.

R is the radius of the free channel, Ry is the radius of the constricted part of the channel, &

is the radius of constriction, L is the length of the channel, a is the radius of the drag-free channel,

R, is the radius of the drag-filled channel, d is the distance between the entrance and the

constriction and L is the length of the constriction.
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Figure 1. Geometry of the flow channel.

2.1. Model formulation

The equations governing the geometry of the flow channel is defined as presented in equations
(1) and (2) respectively.

1*@(2707); dSzSd+i
RI 2
R5
— = l—i[l+c052—ﬂ(z—d—iﬂ; d+iszsd+1 (1)
R 2R / 2 2
1-—(z-4d,): d<z<d +%
/‘ .R ] a a a 2
R(.&
=< —— 1+c052—7r zdulij ; d“+liézgd+lu (2)
2R l, 2 2
~—~ 1 otherwise
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In the light of the above, the equation governing the AH flow in this case is given by

DU < - .
— =-VP + uV?U + f
P o H

is the instantaneous accelerations, VP s

where U = (Ul U, Uy ) is the velocity of the flow,

the pressure gradient, i.e. the pressure drop across the channel length of flow and f is the external

body force. Since there is no external body, f = 0. (The aqueous flow is driven by the pressure drop
in the channel, which is the difference between the flow at the entrance and exit of the channel). We
shall assume that( u,,u, U, ) = (u1 ,0,0 ) , which is to say that there is only flow along the channel.
This in other words means that we consider only a one dimensional flow system. Because of the

funneling effect on aqueous flow caused by the JCT on the inner wall of the SC, the dynamics of the
flow is considered as a flow with constriction.

Suppose that the channel of flow is such that the point z = d is the end of the hydrodynamic
entrance region where the flow stooped developing. Because of this, we shall assume that the flow is
fully developed having travelled through the entrance length where the flow was developing. As a
result of this, we consider the equations governing the flow (see [23, 27] ) to be

U o OU _p, 3)
Tor ar
U(R) = 0, ©)
-R;+/D,
U(R(s) = bTuas ®)
dU(R,)
&2 =U; - U,, 6
or S a ( )
whereU ; is the slip velocity at the stenosis and U, = —zrul is the drag velocity due to ECM.

2.2. Analysis of the Problem

We obtain the slip velocity of the flow at the stenosis throat as equation (7) and the velocity profile
of the flow as equation (8) below.

B o o ot ) Wt ) 1
! R'n(R/) (). 8
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) ) ()

Next we calculate the flux of the flow but in doing so we shall consider only the flux of the region of
constriction and that of the ECM respectively. The part of the channel without any obstruction is
considered the standard as it is assumed that the flow in those regions is free of any resistance. To
get the flux we use the following equation adapted from [28]:

Q=2r TrUdr + jirUdr _
0

a

©)

X

By employing equation (8) in equation (9) and simplifying we obtain the flux of the flow as

-G R
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From equation (10) we obtain the pressure gradient as

: (11)

Integrating (11) with respect to the variable X along the channel length L yields the pressure
gradient as

L
81Q
Vp = dx = D, 12
p { P, Y (12)
where
d+ 1 Ed + 1
d 2 d+1 2
CI):J'de+ J.idx+ jidx+ jidx
o I g 1 I a1 T
d+—
2
§d+I+Ra §d+I+2R&1
2 2 1 L 1
+ J. —dx + j —dx + J. —dx
3 3 I 3
—d +1 —d+1+Ry —d+1+2R,
2 2
, , , | + 2R, .
Evaluating the first, fourth and seventh integrals yields L —1 =2R, = L|1- , and with
this the flow resistance in the stenosis region becomes
— L-1-2R
1=-YP_ 8“4( a+®j, (13)
Q r
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1 d+%1 d+|1 §d+I+Ral gd+|+2Ral
where ® = — I —dx + I —dx + I —dx + J. —dx|.
L| 4 T T T , r
d+§ §d+| Ed+|+Ra

From equation (13), we obtain the non-dimensional form of flow resistance, as described in |7, 8
26] from the stenosis region as

1A {MJFL@}, (14)
T, T,

b

where A, = _8u T, = &' -2s° +%{g3[log(5)—l]—g}—l,

r,zR*’
2 (.2 HE
U 6‘(6‘ —1)—2—
By _ R = R d o = 2(2uR? - 1),
R F:-Z - 827Z',Ll|Og(8) R,

Since our numeric result is in two parts we obtained the following expressions to be used in each of
these regions. Expressions for the stenosis free region are with subscript ‘a’, whereas those for the
ECM free regions are subsctipted ‘0.

5 AR,R,1°\[D, |67 —1]- a“iﬁf -1} = 25[F;§‘jy\/D_a

ECM free region: F = and

F\;;\/D_a + aelog(ijj — & RR; zu,/D, log(e)

=) (AT (T ]| )] e
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We also considered the hydraulic conductivity of the flow duct following the definition given in [18]
and obtained the dimensionless hydraulic conductivity, L, , as
1
L = —. 15
" A =

3. Numerical results and discussion

Because of the fact that solutions for the resistance and hydraulic conductivity is not possible
analytically, we resorted to numerical solution approach. The flow channel is partitioned into two,

the first is 0 < z;, < 0.5 and the second is 0.5 < 7, < 1. We assumed equal length for both

ECM and stenosis and considered that d which locates the stenosis in the channel is zero. The first
two integrals are evaluated with equations 1(a) and (b) respectively whereas 2(a) and (b) are used to
evaluate the second and fourth integrals. We followed [3, 14] closely, in simulation and the numerical
results, and obtained different results as presented and discussed in the figures shown below.

15 L L L 1
0 0.005 0.01 0.015 0.02 0.025

R
5

Figure 2: The effect of stenosis radius on Hydraulic conductivity with different varying slip
paremeters.
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Figure 3: The relationship between Hydraulic conductivity and the ECM.

Figures 2 and 3 show that hydraulic conductivity increases in the presence of stenosis and ECM with
varying slip parameter. On one hand, it increases with increasing slip parameter, gradually though, in
the presence of stenosis until the flow starts to come just immediately after the stenosis throat when
the hydraulic conductivity starts to decline in a reverse order with the slip parameter. This concept,
as we think, may be due to the drag force caused by the presence of ECM in the flow profile.

2000 T T T T

0.2 ]
0.3

1800

1600

1400 -

%1200 F

1000 -

800 |

600

400 . . . .
0 0.05 0.1 0.15 0.2 0.25
Ra

Figure 4. The effect of Darcy Number on Hydraulic conductivity and ECM.
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Figure 5. This shows how stenosis height affects Hydraulic conductivity in the presence of ECM.

In Figure 4 we see that the Hydraulic conductivity varies directly with the Darcy number in the
presence of the ECM. As shown in this figure, the hydraulic conductivity of the flow gradually
increases with higher Darcy number despite the increase in ECM diameter. It appears from this that
the effect of Darcy number and the ECM cancel out each other, to some extent. This is open for
further study. As is expected, Figure 5 shows that, in the presence of ECM, the stenosis height
affects hydraulic conductivity. If a smaller area of the flow channel is under the influence of the drag
from the ECM, the ease with which AH moves through the channel is lower than when a larger area
is covered by the ECM. It then means that the presence of ECM contributes more pressure to the
flow profile.
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Figure 6. How Hydraulic conductivity behaves against stenosis height with varying slip parameters.
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Figure 7. Display of how stenosis height affects Hydraulic conductivity in the varying stenosis
radius.

Figure 6 shows that the slip parameters has little or no effect on the flow profile with respect to the
Hydralc conductivity and the stenosis height. Nevertheless, it can be seen that the hadraulic
conductivity responds directly to the stenosis with the slip parameter up to the mouth of the middle
of the stenosis where the eefct of the slip is noticed. This is seen in the way the slip parameters
switchs their positions, insignificantly though. From Figure 7, it is evident that the flow starts out
with less ease due to, may be, the funneling effect caused by the pores considered as the stenosis but
eases out as the flow moves out of the pores. It is also observable that with longer radii, the ease of
flow through the pores increases. The effect of the stenosis is seen to delay hydraulic conductivity
around the stenosis throat.
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Figure 8. A display of effect of ECM on hydaraulic conductivity and stenosis radius.
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Figure 9. A plot showing the effect of stenosis height on Resistance in the presence of ECM.

Figure 8 displays the combined effect of stenosis and ECM on hydraulic conductivity. As is
expected increase in ECM radius affects hydraulic conductivity of the flow. On the other hand,
presence of stenosis is seen to affect hydraulic conductivity since it declines just immediately after
the stenosis throat. Remarkable is Fgure 9 which shows how resistance is affected by ECM. It shows
that increase in ECM radius increases the resistance. The steepness of the resistance profile is deeper
with increasing ECM which agrees with our expectation.
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Figure 10. How resistance is affected by stenosis in the presence of different slip parameters.
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Figure 11. A plot of how stenosis height and radius affect resistance.

Figure 10 shows that resistance is increases with increasing stenosis height. However, the result is
different in the presence of slip parameter. As can be seen from this figure, resistance decreases with
higher slip parameter value but reduces otherwise. It goes on to show the the role of slip parameter
in the resistance profile of the flow through constriction. On the other hand, we see from Figure 11
that the height of the stenosis directly affects the resistance. In other words, the more steep the
constriction the more the resistance.
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4. Conclusion

Based on these results from numeric solution and simulations we conclude that these structures
affect the flow resistance and hydraulic conductivity, and might likely contribute to increase in IOP.
We can then infer from the study that reducing the stenosis height can reduce resistance to AH
flow, in addition to regulating ECM spread.
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The transmission dynamics of Lassa fever disease
incorporating control measures

V. Vegha®

Abstract

In this work, a mathematical model to study the transmission dynamics of Lassa fever with
control measures like public health education campaign, isolation and treatment is
formulated. The basic properties of the model are examined and the effective reproduction
number R, is computed. Steady states of the model were analyzed for stability, it was
found that whenever R, is < 1, the disease dies out while when R, is > 1, the disease
persists in the population. We found from sensitivity analysis that the most sensitive
parameter is the natural death rate of rodents y, with a sensitivity index of -2 while the
least sensitive parameter is Lassa fever induced death rate with a sensitivity index of -
0.0007. We carried out numerical simulation and results sows that isolation, treatment and
public health education campaign can reduce the dynamical spread of the disease in the
population.

Keywords: Lassa fever; mathematical model; basic reproduction number; disease free equilibrium;
stability; sensitivity analysis; endemic equilibrium; bifurcation; multimammate rat; zoonotic disease.

1. Introduction

Lassa fever is an acute viral illness that occurs in West Africa [5]. The illness was discovered in 1969
when two missionary nurses died in Nigeria. The virus is named after a town Lassa in Borno state of
Nigeria where the first cases occurred [5, 16]. Lassa fever is a zoonotic disease, meaning that humans
become infected from contact with infected animals [20]. The rodent reservoir, or host of Lassa
virus is a rodent of genus Mastomys natalensis, commonly known as “wmultimammate rat”. Mastomys rats
infected with Lassa virus do not become ill, but can shed the virus in their urine and faeces [20].
Humans become infected with Lassa virus from exposure to urine or faeces of zufected Mastomys rats
[20]. Several cases of disease outbreak have been recorded in 19 states of Nigeria since it was first
reported in 1969. The most affected states are Bauchi, Edo, Oyo and Taraba which account for 54%
of the confirmed cases [7, 19]. The worst outbreak was recorded in 2012 where 1700 cases including
112 deaths were reported [7, 19].
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A review of earlier works on Lassa fever provides the perspective of this work. In [14],
Ogabi et a/ formulated a basic SIR model for the control of Lassa fever in Northern part of Edo
State of Nigeria. The disease control was studied based on the basic reproductive number. It was
clearly shown in his work that to control the spread of Lassa fever in the endemic areas, the basic
reproduction number Ry must be brought below 1. If it is more than 1, the disease will not die out
from the area.

In [12], Mohammed e 2/ in their work titled ‘sensitivity analysis in a ILassa fever deterministic
model’ formulated a model with five mutually exclusive compartments related to Lassa fever
transmission. The result of their sensitivity analysis showed that the most sensitive parameter is the
human immigration, followed by human recovery rate, then person to person contact. This suggests
that control strategies should target human immigration, effective drugs for treatment and education
to reduced person to person contact.

In [15],0Onuorah e a/ developed a Lassa fever model using the sex structure approach. Key
to his analysis was the basic reproductive number Ry . Sensitivity indices of Ry around the baseline
parameter value were computed, which showed that the most sensitive parameter to Ry is human
birth rate, followed by condom efficacy and compliance. In [8], James ¢/ @/ proposed a mathematical
model for the transmission dynamics of Lassa fever incorporating treatment. The equilibrium states
were obtained and analyzed for stability. It was discovered that the zero-equilibrium state is stable
when the birth rate of the human population is less than the death rate and same when the birth rate
of the mastomys natalensis (reservoir) is less than the total death rates.

In [2], Adewale ¢f a/ formulated a model with six compartments to gain insight into the effect
of isolation of infected individuals and treatment of infected individuals in the dynamical spread of
Lassa fever due to effective contact of human and infected rats. The result shows that the disease
dies out whenever the threshold Ry < 1 but spreads when it exceeds unity i.e., Ry > 1.

It is worthy of note that none of the models reviewed incorporated health education
campaign as a control strategy, rather, most of the authors advised that health education campaign
should be intensified in the affected areas in order to curb the endemic nature of the disease.
Furthermore, most of the authors considered treatment of infected individuals without isolation.
Our model therefore examines the effect of public health education campaign, isolation and
treatment on the spread of Lassa fever disease (LFD) all incorporated at a time. Hence our model is
an advanced one that seeks to provide a better study and understanding of the LFD transmission
dynamics in a given population.

2. Model formulation

A diagrammatic representation of the model formulation is shown in Figure 1. The total human
population Np(t) is sub-divided into sub-classes as follows: Susceptible humans Sy, (t), Exposed
humans Ej (t) infectious humans I, (t), Isolated humans Jj, (t), Recovered humans Ry (t), so that
Nh(t) =S, () +Ex(t) + I,(t) + Jo(t) + Ry(t), Also, the total population of rats Nr(t) is
subdivided into Susceptible S,-(t), and Infected I.(t), so that; N, () =S, (t)+ L.(t).
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The susceptible human population S, (t), increases by recruitment of individuals into the
population by birth or immigration at the level Ap, the group also increases as a result of loss of
immunity by recovered individuals at a rate ®@. The population decreases by infection following
effective contact with infectious rodents and infectious humans at the level f; and [, respectively.
The population also decreases as a result of human natural death at a rate yp,.

The population of the exposed individuals Ep(t) consists of newly infected individuals
following contact with infectious rodents and infectious humans at the rate f; and f3, respectively.
The population declines as a result of progression to infectious class at a rate @ and human natural
death at a rate Uy,

The population of infectious individuals I (t) increases as a result of progression from the
exposed class at the rate a. The class decreases as a result of isolation at a rate Tq, treatment at a
rate T, natural death at a rate y and disease induced death at a rate §. The population of isolated
individuals J,(t) increases as a result of isolation of the infectious individuals at a rate 71 .The
population decreases due to natural death at the rate {p, death due to disease at the rate § and
treatment at the rate T3.

We introduce the Recovered compartment Ry (t). The population of the individuals in this
group increases as a result of treatment of infectious humans at a rate T, and isolated humans at a
rate T3. The population decreases as a result of natural death at a rate y and loss of immunity at a
rate ®.

Susceptible rodents (S;) are generated at a constant recruitment level A, and acquite infection
following effective contact with infected rodent at a rate 1. The rodents suffer death at the rate ;.
The infected class of the rodents (I,-) has newly infected rodents and reduces by natural death at the
rate [y.

Variable Description
Sn(t) Susceptible humans at time t
En(t) Exposed humans at time t
I, (t) Infectious humans at time t
In 3] Isolated humans at time t
Ry (t) Recovered humans at time t
S(t) Susceptible rats at time t
I() Infected rats at time t

Table 1: Variables of the model
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Figure 1: Schematic diagram for the model

2.1. Model equations

Lt gk OR, (ﬁ11r+ﬁz;h:(1—w)sh S,

5 _ <ﬁ11r+ﬁzllvhh)(1—w)sh (at u)E,

%: aEy — (t9 + 15 + pp + 8)Iy

Sk = 1yl — (t3 + pn + ) M
% = T3Jn + T2lp — (up + PRy,

ds;

dt = Ar— B1Srly — 1y Sy
dl,
dr = 1Syl — prly,

with initial condition

Sp(0) = Spo, En(0) = Eng , 14(0) = Ino , Jn(0) = Jno Rr(0) = Rpo , S,(0) =Sy,
Ir(O) = I,
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Np(t) = Sp(t) + Ep(t) + 1, () + Jn(t) + Ry (1), 2

where Np,(t) denotes the total human population at a given time:

ANp(t) _ dSh , dEp  dlp  dJn dRp

dl\;it(t)_ dt+ dt+dt+dt+ dt’

d—ht = Ap — UpNp(t) — (I + Jn)6.

Nr(t) = Sr(t) + Ir(t) . ©)

N,.(t) denotes the total population of rats at a given time:

dNy(t) _ dS, |, dl,

p dt( ) dt dt >
N(t
drt = Ay — U N. (D).

3. Basic properties of the model
3.1. Positivity of solutions
Let the initial data be {S},(0), E;(0), I;,(0),J,(0), R,(0),S,(0),L.(0) = 0 } € R]. Then the

solution set {Sp(t) , Ep(t), I (t), Jo (t), Rp(t), Sy (t), L. (t)} of the system (1.0) to (1.6) is positive
for all t >0.

3.2. Feasibility of the model
The closed set Q = {(Sh JEn, Iy Jn Ruy Si 1)) € RT: Ny, < :—h, N, < :—r} is positively Invariant and
h T

attracting with respect to the basic model (1).

4. The disease-free equilibrium (DFE)

The disease-free equilibrium (DFE) of a Lassa fever model is the steady state where there is no
Lassa fever infection [3]. We denote the DFE by Eq = {Sho, Eno » Ino » Jro»Rro » Sro » Iro }-
At the disease-free equilibrium,

dSp,  dE, dl, dJ, dT, dS, dl,

dt  dt dt dt dt dt dt

Thus, Eq = {Sho, Eno » Ino » Jno»Rno » Sro » Lo} = {;—Z,0,0,0,0,%,O} represents the state of

the system (1) in which there is no infection.
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5. The basic reproduction number

The basic reproduction number denoted by Ry is the expected number of secondary Lassa fever
infections produced in a completely susceptible population by a typical infective individual. It is one
of the most useful threshold parameters in mathematical epidemiology [3].

If Ry <1, this implies that on average an infected individual produces less than one new infection
during the infectious period and the disease dies out. Conversely, if Ry > 1, then each infectious
individual produces on average more than one new infection and disease spreads in the population
[3]. For a single infected compartment, Rg is simply the product of the infection rate and the mean
duration of the infection. But for complicated models, this simple definition of Ry is insufficient.

We therefore compute the basic reproduction number Ry using the next generation method as
follows [11]. For the model equations (1), the effective reproduction number (basic reproduction
number with controls) is the spectra radius of the next generation matrix i.e., R = p(FV™1) .

Our model has four Infective compartments namely the Exposed humans Ep(t), infected
humans Iy, (t), isolated humans Jj (t) and infected rats I,.(t). It follows that the associated matrices
F; and V; for new infection in the infected compartments and the remaining transfer terms are given
respectively by

(B1lr+B21p)(1-w)Sh
Np

F;, = 0 )
0

ﬁlSTIT

(a+ up)En
—O_’Eh + (Tl + Ty + HUn + 6)1h
=Tyl + (13 + pup + 8)Jn
Uy

Vi:

Next, we evaluate F and V which are the Jacobean of F; and V; respectively at Ey such that F is non-
negative and V is a non-singular matrix.

LetK; = (1 —w) and K, = A—r, then,

Ur
0 ,BzK1 0 BlKl
[0 0 0 O
F= 0 0 0 O
0 0 0 pBK;

Leta=(a+ up), b=(t1+1,+pup +98),c=(t3+u,+6),d= p,, e=a,f =14, then
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a 0 00O
~(—e b 00
V=1 o —f co0]’
0 0 od

,821(19%0@

ab b 0 d

FV—1 = 0 0 o 0

\0 0 ﬁOK

1082

00 07

We next compute [FV ™1 — AI| = 0 as follows

ﬂzKle A % 0 %

ab b 0 8
0 0-40-2 =0 (4)
0
0 0 B.K
0 0 0 —1(12—1

From (4), we obtain the following characteristic equation

1K>

PR = DO-DO-H(EE-2) =0,

The Eigen values of (4) are A; = ﬁzlzle, Ay =23 =0, Ay = 31dKz .

LetRy = Ay =222 and R, = 2, =22

d
_ af,(1-w)
Then Rn = o Crat e tint®) ®)
and R, B:z\r . (6)

Thus, the effective reproduction number (basic reproduction number with controls) of our model is

R. = Max (Ry, R;).

When there are no controls i.e. w = 7; = T, = 0, the basic reproduction number is
aBs
(a+ un)(pup+é)

)

Rh:
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6. Stability of the disease-free equilibrium

Theorem 6.1: If the effective reproduction number R, < 1 ,the model (1) is locally asymptotically
stable at the disease-free equilibrium

E, = {A—h, 0,0,0,0, A—r, 0} while Ej is unstable otherwise.
HUn Ur

Proof: To prove, we evaluate the Jacobian of the system (1) at the disease-free equilibrium and solve

|J(Ey) — AI| = 0 as follows:

1 0 P 0 —f(1-w)
~Hn 0 (1~ w) 0 o Al-w
1-w) 0
0 —(a+pu)—A Bz
0 ah _(T1+T2+‘Llh+6)_l 0 0 0
0 0 T1 0 _
0 0 Ty (T3 tpr+6)—41 0 0 g
0 0 0 o —(@+u)—A 0 pa
0 0 —Ur— A iy

0 0 0 0 0 %_#r—)L

UG

Cleatly, four eigenvalues of (8) ate: Ay = —pp, As = —(P + uy), A¢ = =y, and 1, = u, (R, —
1).Clearly Al < O,AS < O, 16 < Oand 17 <0 lf RT <1.

The remaining matrix is given by

—a — A ﬁZKl 0
A=| e -b—-2 0 |=0. )
0 f —c—A

The characteristic polynomial is of (9)  AgA® + A1A% + A, + A3 = 0, where, Ay =1, A, =
a+b+c,A, =ab+ac+ bc—eB,K; =ac+ bc+ab(1—Ry), and A3 = c(ab — ef,K;) =
abC(l - Rh)

The Routh Hurwitz criterion as used in [1] and [18] will be employed to determine the nature of the
roots, which states that all the roots of the polynomial will have negative real parts if and only if

A1>0, A3>O and A1A2 >A3

Clearly that A; >0, A3>0 if Ry <1 and A;A; > A3 if Rp < 1. This completes the
proof.
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Theorem 6.2: The disease-free equilibrium is globally asymptotically stable if the effective

reproduction number R, < 1.

Proof: A comparison theorem as proposed by [10] and used in the works of [13] and [2] shall be
used to prove the global stability of the disease-free equilibrium.
The rate of change of variables representing the infected components of the model equations (1) can

be re-written as;

X'=(F-V)X-J]X
where,

Eh ()

0 0 Ur
(a+ up) 0
V= —a (114 T2+ pp+6)
0 -7,
0 0
0 B2(1-w)Sp 0 B1(1-w)Sp
0 Np 0 Np
fi=le 0 o = (
0 0 0 0
0 ﬁlsr
(-5
Q= 755
@ﬁ

0
0

0

0
0

(t3+up,+6) 0

Hy

f(1-—w) 0 f(1—w)

0 0
0 0
0 0

0
0

QPB4

, where

(10)

Ji is a non-negative matrix since S, (t) < Ny (t) < ::—h ,S-(t) < N.(t) < ;—r in the invariant set, it
h T

follows that

X <(F-V)X

(1

D
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—(a+ up) B2(1 — w) 0 p1(1— w)
F—V = a —(T1+T2+,Llh+6) 0 8
0 7, —(13+pp +96) Bin

\ 0 0 0 i - Ur

All the eigen values of the matrix (F — V') have negative real part whenever R, < 1. See proof of
local stability. It follows that the linearized differential in equality (11) is stable whenever R, < 1.
Consequently, by comparison theorem we have that (Ep, Iy, Jp, 1) — (0,0,0,0) as t— oo .
Substituting, Ep, = I, = J, = I, = 0 into (2) and (3) we have that Ny (0) — Spg as t— o . Similatly,
N,(0) = Sy9as t— oo . Hence, we have a positive invariant region. It follows that disease free
equilibrium is globally asymptotically stable whenever R, < 1.

7. Sensitivity analysis

Sensitivity analysis is used to determine how “sensitive” a model is to changes in the value of the
parameters of the model and to changes in the structure of the model. If the result is negative, then
the relationship between the parameters and R, is inversely proportional. In this case, we will take
the modulus of the sensitivity index so that we can deduce the size of the effect of changing that
parameter. On the other hand, a positive sensitivity index means R, varies directly with the
parameter [17]. Thus, we use it to discover parameters that have a high impact on R, and should be
targeted by intervention strategies [12, 17]. The sensitivity indices of the respective parameters are

derived using the normalized sensitivity index SE ¢ defined as SE ‘= % . Rl [9].
Parameter Description Value  Source Sensitivity
index

Uy Recruitment rate of rodents 0.0038 Mohammed -2
(2015)

Ay Recruitment rate of humans 0.0250 Mohammed +1
(2015)

B1 Contact rate of humans 0.8000 Mohammed +1
(2015)

B2 Contact rate of rodents 0.2000 Adewale (2016) +1

w Rate of public health education 0.5000 Assumed -1

Up Natural death rate of humans 0.0200 CIA (2015) -0.9172

a Rate of progression from exposed to 0.3000 Assumed 0.8696

infectious state

T, Isolation rate 0.2000 Adewale (2016) -0.4759

T, Treatment rate 0.1000 Adewale (2016) -0.4759

0 Lassa fever induced death rate 0.0003 Mohammed -0.0007
(2015)

Table 2: Parameters, description, values, sources and sensitivity indices

27 IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 1, May 2022, Pages 18 — 35

8. The endemic equilibrium

In the presence of Lassa fever infection, the model equations (1) have a non-trivial equilibrium
called the endemic equilibrium E*(Sy, Ep, Iy, Jn, Ry, Sy, I;7) where:

Si = -
h — [1_ @aty|(t3+pp+6)+71](1-w)A*
(a+ pup )(T1+T2+up+8)(t3+up+8)(P+up)

b

]+Hh

(1-w)apA*
{[ B @aty|(t3+up+6)+71](1-w)A*
(a+ pup )(T1+T2+up+68)(t3+up+8)(P+up)

ey
= %
Il

]+uh}(6¥+ Br) ’

a(l-w)apA”
{[1_ Daty|(t3+up+6)+71](1-w)A*
(a+ up )(t1+12+up+8)(T3+Up+8)(P+up)

+uh}(a+ up)(T1+T2+pup+6)

]* Tia(1-w)apl*
h — {[1_ Daty|(t3+up+6)+71](1-w)A*
(a+ up )(T1+12+up+8)(T3+Up+8)(P+up)

+uh}(a+ Up) (T +T2+up+6) (T3 +Up+6)

Y e
ST _ﬂl’ IT‘ Bl (RT' 1)9

R = drya[(t3+pup+8)+ 11lapd”
h — {[ B Daty[(t3+up+68)+71](1-w)A*
(a+ Up )(1'1+1'2+uh+8)(‘53+uh+6)(<b+uh)

et k) (T1 T +un ) T+ +8) (i)

A* — (.3117‘+ﬁ21h) :
Np

The endemic equilibrium satisfies the equation

fO) = AX? +BA +C =0, 11 ="2ET 0

A = Bilurap (@ + pup) (T3 + pp + )11 + 72 + pip + 6) + prapa (P + py)(t3 + pp + 6) +
Ap Ta(P + pp) + penp TiToa + B1AP T T

, where

B = an(a+m)(T1+ 72 + i+ 8) (T + i + 8)(@ + ) (1= Ry) + (1 =

R ),31(1_0))&{ T2 P[(T3+un+6)+74] _ }]
r Ap 1 Watup)(t1+7o+pp+8) (T3 +up+8)(@+up) ’

€ = — |52 (Re = DBU@ + i) x5+t + 8) (T2 + o bt + ) (@ + 1) |

In the case of backward bifurcation, multiple endemic equilibrium points must exist. Since all
parameter values are positive and between 0 and 1, and A is positive. There are three cases we have
to consider of f(4*) = 0 depending on the sign of B and C.
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Case 1: € <0 = R, > 1, there exists a unique positive root.
Case 22 B < 0,and C =0 & B?% —4AC = 0, there exists a unique positive root.
Case 3: B < 0,C >0, B> —4AC > 0, there exist two positive roots.

From case 1 to case 3, we establish the following theorem.

Theorem 8.1: The Lassa fever model has:

precisely one endemic equilibrium if € < 0 and R, > 1 and no backward bifurcation;

precisely one endemic equilibrium if B <0, C =0 and B®—4AC =0 and no backward
bifurcation;

two endemic equilibria if B <0, € >0 and B 2 _4AC >0 and it is possible for backward
bifurcation;

otherwise, there is none.

8.1. Local stability of the endemic equilibrium

We will investigate the local stability of the endemic equilibrium using center manifold theorem. We
make the following change of variables to apply the theorem:

Sh = xl!Eh = xZ!Ih = x3;]h = X4,Rh = x5JSr = x6'IT = X7.

We now use the vector X = (xq, X5, X3, X4, x5,x6,x7)T, then, the model equations (1) can be

written in the form Z— =F = (fvfofafofs fo )T giving
ax, _ Ap + Pxg — (B1x7+B2x3)(1-w)x; Ly
dt Np

dx (B1x7+P2x3)(1-w)x

L - Gt B0l (g 4y )y,
%= ax; — (11 + 75 + pp + 6 +)x3

(12)

P4 — ryx3— (T3 pp + 6

a . f1X3 (3 + un )Xy

dx

d_ts = ToX3 + 13Xy — (P + pp)xs

de

. M B1Xex7 — rXe

dx;

E BixeX7 = UrX7

Taking f, = B as out bifurcation constant and solving for f* when R, = 1 gives
g* = (a+ pp)(T1+T2+1Up+98)
- a(l-w)

The Jacobian of the system (12) when f, = B and R, = 1 at the DFE is given by
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](Eo) =
0 ® 0 -41-w)
H 0 —8,(1 — w) . , Al-o
0 —@+w) _ U ’
0 Py —(t1 + 72+ pp + 6) 0 0 0
0 0 T 0
0 0 Ty —(t3 + pp +6) 0 0 8
0 0 0 TO3 —(@+u,) O Bany
0 —HUr Hr
0 0 0 . Buny _
. 0 0 Hr T

Let V = (vq, V5, V3, Vg, Us, Vg, V7) be the left and eigen vector of (13), then,

(a+up)-p*(1-w)

Vy,, U, =0,ve=0
a—(T1+12+up+8) 2> 74 > V5 >

v; =0,v, =v, > 0(free), vy = [
_ B1(1-w)v,

v6=0, U, = (#T—‘B;—:T)'

Also, if W = (Wq, Wy, Wz, Wy, Ws, Wg, W;)T is the right eigen vector of (13), then,

_ D147, B (1-w) _ [B"(-w) (T1+72+uUp+96)
1= - 3, W = - W3,
Ur(T3+up+8)(D+up) Un Un Un
T1W3 _ [r3(zztup+8)+ri13lws

Wa = Ws > 0(free), Wa = o W T T @y e = 0 Wr =0
After computing the right and left eigenvectors we have the theorem in [4] to establish the
conditions for the existence of backward and forward bifurcation by determining the sign of aand b

as indicated in the theorem which is restated as Theorem 8.2 in this work.

Theorem 8.2: Consider the following general system of ordinary differential equations with a
parameter 5.

% = f(x,8%), f: R™ X R® » R™ and feC?(R™ x R™), (14)

where 0 is an equilibrium point of the system, thatis f(0,8*) = 0% B* and

A=D,f(0,0) = [Z—iz (0,0)] is linearization matrix of the system evaluated around 0 and with *

evaluated at O.

Zero is a simple eigen value of A and other eigen values of A have negative real parts.
Matrix A has a right eigen vector W and a left eigen vector V corresponding to the zero eigen value.
o%f
—yn k
Let f be the kth component of f and a = Y ; i=1 VgW;W; omox, (0,0),
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2

b =Yki=1 VkWigx—$ 0,0) .
The local dynamics of (14) around 0 are completely governed by the signs of a and b.

a>0,b > 0. When 8" < 0 with |f*|<< 1, 0 is locally asymptotically stable, and there exists a
positive unstable equilibrium; when 0 < f* << 1, 0 is unstable and there exists a negative and
locally asymptotically stable equilibrium.
2<0,b<0.When f*<0with |*|<< 1, 0 is unstable; when 0 <B*<<1, 0 is locally asymptotically
stable, and there exists a positive unstable equilibrium.

(iii) a > 0, b < 0. When f*< 0 with |f*|<< 1, 0 is unstable, and there exists a locally
asymptotically stable negative equilibrium; when 0 < f* << 1, 0 is stable, and a positive unstable
equilibrium appears.

(iv) a <0, b > 0. When B* changes from negative to positive, 0 changes its stability from stable
to unstable. The corresponding negative unstable equilibrium becomes  positive and locally
asymptotically stable.

Particularly if a>0, b>0, then a backward bifurcation occurs while when a<0, b>0, there is forward
bifurcation.

Computation of a and b

Since v; = vg = 0 for k = 1 and 6, we consider only k = 2,3,4,5,7. The only non-zero second
22£(00) _ B (1-w)  82/,(00) _ Bi(1-w)

order partial derivatives are:

6x16x3 Np ’ 6x16x7 Np
— [ ¢T1T3 _ ﬁ*(l—(l)) ] ﬁ*(l_w) Wzv
Ur(T3+pup+8)(P@+pup) Nppp Nhﬁ X 3 )2
D173 (1-w
L. = = —_
ctp Ur(T3+pup+8)(P+pup) and g Npup
pr(1-w)
a=(p—q)N—hW§v2. (15)

Similarly, the only non —zero second order partial derivative when calculating b is
asz(OJO) — (l_w) asz(o'o) — (1_0))
9x30B8*  Np dx308* "’ b =v,ws Ny, >0.

, b=vw;

The sign of @ in (15) depends on the sign of (p-q),if p < q, thena < 0, butif p > g, then a > 0.
Thus we have established the following theorem.

Theorem 8.3: (i) If p < q,when " changes from negative to positive, the disease-free equilibrium
changes its stability from stable to unstable. Correspondently, the negative unstable endemic
equilibrium becomes positive and locally asymptotically stable when R, > 1.

(i) If p > q, when f*< 0 with | f* | K1, the disease-free equilibrium is locally asymptotically stable

and there exists a positive unstable endemic equilibrium; when 0 < * K1, the disease-free
equilibrium is unstable and there exists a negative and locally asymptotically stable endemic
equilibrium.
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9. Numerical Simulations
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Figure 2: A graph of infectious individuals against time with varying treatment rate.
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Figure 3: A graph of susceptible individuals against time with varying rate of public health
education
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Figure 4: A graph of susceptible individuals against time with varying isolation rate

10. Discussion of results

In Figure 2, we observed the progression of the infectious human population I, (t) with time in the
presence of varying treatment rate T,. The infectious human population decreases for all treatment
rate. We observe that the infectious human population decreases faster as treatment rate increases.
At T, = 0.2 and 0.4, as shown in figure 1, the infectious human population takes 15 to 20 days to
attain its minimum while it takes 10 days to attain its minimum at T, = 0.6. This agrees with reality
because the more the infectious population is being treated, the lesser it becomes.

Figure 3 shows the progtession in susceptible human population Sy, (t) with time in the presence of
varying public health education campaign rate w. It is observed that the number of susceptible
individuals increases with time for all values of w . We further observed that increased public
health enlightenment reduces the rate at which the susceptible population is being invaded by the
disease. When public health enlightenment w is 0.5 and 0.7, the susceptible population Sy, (t) is less
than when w is 0.9. This agrees with reality because an increased public health education campaign
will keep people aware of the dangers of the disease, its mode of transmission and preventive
strategies there by reducing the infection rate.

In Figure 4, we studied the progtression of the Susceptible human population Sy, (t) with time in the
presence of varying isolation rate T,. The susceptible population increases for all isolation rates. This
is also in line with reality, because as infectious individuals are being isolated from the susceptible
ones, the infection rate reduces there by leading to an increase in the susceptible population.
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11. Conclusion

In this work, a deterministic model has been formulated to study the transmission dynamics of Lassa
fever disease. The model incorporates three control parameters, isolation T , treatment T,and public
health education campaign w. We obtained an important threshold parameter called the effective
reproduction number R.. It is known that when R, < 1 the disease dies out, and when R. > 1 the
disease persists in the population.

Because we are interested in control, we carried out a sensitivity analysis of the effective
reproduction number, which shows that the most sensitive parameter to the effective reproduction
number R, is the natural death rate of rodents p, followed by the human contact rate 8,, rodents
contact rate [, recruitment level of rodents A, and the rate of public health education campaign
while the least sensitive parameter is the Lassa fever induced death rate §. We conducted numerical
simulation and results shows that isolation, treatment and public health education can reduce the
number of infections.
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Application of open network queuing model in a
banking system to reduce waiting time of customers

E. Jocob®, L. Adamu™, E. N. Didigwu#, A. AbdullahiS, and S. D. Yakubu™

Abstract

The need to use scientific techniques to determine optimal number of banking personnel
(Servers) at different units of a banking system is the thrust of this work. In this paper, a
network queuing model that determines optimal numbers of servers at different nodes of
First City Monument Bank Minna Branch to reduce waiting time is presented. The
relevant data were collected for a period of four (4) weeks, through direct observations and
personal interview. The total expected waiting time of customers in the current system
before modification was 52 minutes with total number of 11 servers in the system while
the total new expected waiting time of the customers in the system after modification was
reduced to 11 minutes with optimal number of 17 servers (personnel) in all the nodes. The
study has determined optimal number of servers (personnel) at different nodes of the bank
network system. Result from this study is important information to the management of the
First City Monument Bank, Minna branch for efficient and better service delivery.

Keywords: FCMB; nodes; servers; customers; waiting time; network of queue.

1. Introduction

A Common situation that occurs in everyday life is that of queuing or waiting in line, when the
demand for a service exceeds the capacity of the service, waiting is unsurprising and inevitable
[14]. Queues or waiting lines are usually seen at hospitals, bus stops, supermarkets, traffic, airports,
gas stations, bank counters and so on. Service delay is unavoidable as a system gets blocked [13].
When too much service is been provided, it’s involves excessive cost and not providing enough
service capacity causes the waiting line to become excessively long. The ultimate goal is to achieve
an economic balance between the cost of service and the cost associated with the waiting for that
service. Queuing systems theories have been used to study waiting time and predict the efficiency
of services to be provided. In queuing theory, there are three basic components of a queuing
process which are: - Arrivals patterns, the actual waiting line and service facilities. Customers
arrive to the facility from an infinite calling population, with a random arrival pattern following
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poison process. Once customers arrive, they are served immediately if the server(s) is empty, or
otherwise the customers wait in the queue for the next empty server. Mostly, the service is on a
first come first serve (FCES) basis although other methods like service at random order (SARO)
can be used. Preference service depending on the level of risk, urgency or the social, economic or
political standing of the customers and hold on line (HL) discipline, where important arriving
customer takes the lead of the queue is rampant in many facilities. Customers who may feel to
have waited for long in queue can balk or renege and seeck alternative equivalent services
elsewhere, however, the queue length and waiting time depends on the traffic intensity, which is
the ratio of arrival and service rates. The service discipline follows an exponential pattern, with
individual service time variation due to different nature of the problems to be handled [19].
Successful application of queuing models has been reported in the following works: ([1], [3], [11],

[16)).

2. Materials and methods

The type of queuing system adopted by an organization solely dependent on the type of service
being provided [11]. First City Monument Bank practice network type of queuing system.
Queuing network is composed of several random queue systems, mostly limited and single queue
systems. Diverse types of customers go by through the network in many ways and are served by
the service nodes within the network system. A queuing network system has a set of nodes (7).
Each node has a number of servers (5) and a single node can be regarded as a queuing system.
customers can have access to the queuing network from any node. The arrival rate from the
outside is A and the arrival rate of Node 7is 4. After the customer queues and gets the service at a
node (the setvice rate of Node 7is ), he /she can leave the network system or go to another
node, or even return to the former node [11].

2.1. Model formulation

The First City Monument Bank Minna branch consists of five main units, they are the Meter
Greeter Unit, Customers Service Unit, Marketing Unit, Tellers Unit, and Customers Service
Manager Unit. In this study, each department is regarded as a node of the network system. The
data used in this research were collected from the five different departments of the Bank and they
were collected based on the arrival and departure rate as well as time spent at each node. The
method adopted for the data collection was direct observation and personal interview, for a period
of one month. The collection of the data was for a total of six (6) hours at different time of the
day, for each node. In a day, the number of arrivals and departures together with service time were
taken at intervals of 5 minutes arrivals of customers into a node (A), while the departure rate was
obtained also by the average number of five (5) minutes departures of customers at that particular
node.

2.2. Model Assumptions

The following are the model assumptions made for Network Queuing System of the First City
Monument Bank (FCMB), Minna Branch.
1. The First City Monument Bank in the network queuing system is considered as an
independent queuing system.
ii.  Queuing discipline is usually first come first served in the bank.
ii.  The arrival of the customers in the bank follows a Poisson arrival process.
iv.  The service follows exponential distribution
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v.  The way customers enter the bank is not restricted.

vi.  The banking personnel are regarded as servers
vii.  All the banking personnel in the bank are working in full capacity
vili.  Service rate is independent of line length.

We consider a banking network queuing system based on Jackson open network queuing model,
the First City Monument Bank, Minna constitutes of five units. In this study, we assumed that
customers who come in to bank for services will start by going first to the meter greeter unit and
then move to the customer’s service unit, then some customers proceed to tellers unit or
customers service manager until all customers depart from the bank as captured by Figure 1
below,
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Figure 1 A Schematic diagram of the Bank (FCMB) Queuing Network

where: 4; Is the arrival rate of the customer, fori =1, 2,...5,
i; Is the departure rate out of the system, fori=1,2,...5,

7ij Are the weights of moving from server i to server j,

m; for i=1...,5, is the number servers at the various node points in the system.

The following are the nodes in the network queuing system of the bank where Nodel, Node2,
Node3, Node4, Node5 are defined as follow: Meter Greeter Unit denoted by nodel; Customer
Service Unit denoted by node2; Marketing Unit denoted by node3; Tellers Unit denoted by node4;
Customer Service Manager Unit denoted by nodeb.
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From Figurel, we obtained the following equations

Ay = Viakts + Viokla + Vo Ms, M
A3 = Vil + Yazfla + Vsalls, @)
Ay = Vially + Yaallz + Vaalla, ©)
As = Vishy + Vaslo + Vasils. @
Also,

M1 = Yi2l1 + Vaalls T Vialls T Vasty, ®)
My = Yaalz T Vastz T Vaourla, ©)
Kz = YaaMa T Vaour M3, )
Mg = Vaolly T Vazlls + Vasts + Vaourla, )
Hs = ¥sals T ¥salls T Vsoutlls, ©)
where,

Y1i2:¥13: V14, V1s5: V24, ¥as:Yoouts V34 Vaout» Va2 Vaz: Vass Yaout: ¥Vs52: V53 YVsout

are to be determined.

Equation (1 —9) can also be represented in the following forms, thus:

A = 1)1, +0y35 + 0y, + 0735 + 075, + 0755 + 07,0, + 073, +0p50,

10
+ 14,V 1o + 0743 + 07,45 + 070 + 15755 + 0755 +0x50, 1

Az = 0yy2 + f1¥13 + 0y1s + 015 + 0yay + Oyas + 0apue + 0¥as + 0¥z
+0¥az2 + faVaz + 0¥as + 0Vagur + 0¥s2 + Us¥sa + 0¥soue (11)

Ay =0y, + 0yy3 + i ¥aa + 0¥1s + 1oYas + 0yas + 0¥apue + Uatas + 0¥a0ue
+0y4z + 0¥z + 0¥as + 0aoue + 0¥s2 + 0¥s3 + 0¥spue (12)

As = 032 + 013 + Oyay + pa¥es + 0¥ay + oVos + 00 + 0¥as + 03,0
+0y42 + 0¥z + fyVas + 0ygpue + 0¥ + 053 + 05, (13)

H1= V12 + HiViz T aYaa F HaY1s T 0¥as + 0ya5 + 000 + 0y3s + Oyapu:
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40742 + 0743+ 0745 + 0740 + 075, + 0755 + 05041 » (14)

Pz = 0¥12 + 0y13 + 0Y1s + 015 + aVos + HaVas + HaVaour T 0Vas + 0¥a0u:
+0¥,, + 0¥43 + 0¥45 + Oyyppue + 0¥ + 0¥53 + O¥soue, (15)

pz =0y + 0y33 + 0y + 05 + 0yay + 0yas + Oyapue + UaVas + HaVaous
+0y42 + 0y43 + 05 + 0¥a0ue + 0¥s2 + 0ys3 + 0¥s0us, (16)

pg = 0y;5 + 0y33 + 014 + 0yys + 0yay + 025 + 0¥apus + 0¥as + 09340
FyYao + UaVaz + HaYas + UaVaour T 0¥s2 + 0¥s3 + 0y5,u, (17)

ps = 0y;; + 0yy3 + 0yy4 + 0yys + 0yzy + 0ya5 + 0¥apu: + 0¥ag + 093450
+0y4z + 0¥z + 05 + OYapue + Us¥sz + Hs¥sa + UsVsour. (18)

From model equation (10 - 18) can be represented in the matrix form as:

_712—

713

714
(4, 0 O 0O O O O O 0 g 0 O O x4 O O] Vs (2, ]
0O 44 0 0 OO O O O O # 0 0 0 g O Vas A
0 0 4 0 44 0 O 44 0 0 0 0 0 0 0 07>/ |4
0O 0 0 4 0 4 0 0 0 0 O 4 0 0 0 ol |4
4 4 4 o O 0O O O O O O O O 0 0 07 |=|u
0 0 0 0 u m 4, 0O 0 0 0 0 0 0 0 07| |4
0000000,u3,L130000000}/42/13
0 0 0 0 0 0 0 0 0 4w m m m 0 0 07| |u
0 0 0O0OO O O 0O 0 0 0 0 0 s u u Vas s
- | Vaow |

Vs2

V53 (19)

L 7s0ut |
Equation (19) can be represented in the form
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Y12

713

V14 + +
/s (4, 0 0 0 0 0 0O O 0 g 0 O 0 g4 0 O[[A]
Vau 0O 44 0 0 0 0 0 0O 0 0 g 0 0 0 g4 O0|]|A4
Vs 0 0 4 0 g 0 0 g 0 0 0 O O O O O0]]4
Tow! 10 0 0 g4 0 w, 0 0 0 O 0 g4 0 0 0 0|4
Pl m o o 0 0 0O 0 0 0 0 0 0 0 0 0|
T\ 0 0 0 0 w w 4, 0 0 0 O 0 0 0 0]y
Vi 0 0 00 0 0 0 x u 0 0 0 0 0 0]|pg
1 1o 0 0 0 0 0 0 0 0 4 m m 0 0 0]z
Vis 00 00 0O 0O 0O 0 0 0 0 0 0 g u iml||u
Vaout | -7
V52

Vs3

| Vsout |

(20)

(Note: the “ + 7 sign above the coefficient matrix indicates that is a Pseoudo Inverse. This is
because is a non square matrix)

2.3. Mathematical Formulation for new Departure Rate

Reducing waiting time of the customers in the banking hall and increasing the efficiency of the
bank is thrust of this research, hence we formulate new departure rate of each of the nodes in our
network system. This is done using equation (1 — 4), thus, we have the following equations.

Ay = Viokty + 0ty + 0Lty + Yoy + Vo b (21)

A3 = Viath + 0ty + 04ty + Yoty + Vol s (22)
Ay = Viakty + Y oa by + Vaatdy + 0ty + 0, (23)
A5 = Visth + Vosty + Opty + ¥4ty + 0. (24)

Model equation (21-24) can be transform to matrix as in equation (25):

41 IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 1, May 2022, Pages 36 — 55

o
72 00 0 7, 7 p A
2
e 00 0 7 ve i, |= A 25)
3 | 5
Via Ya Va 0 0 P Ay
4
Vis Vs 0 7 O A
L A5 ]
where,
the arrival rate A; = S —fori=12,.5, 26)
maen numbear of arrival
_ 1 .
the departure rate if; = meom mumber of departure fori=12,...5, 27)
and
p=:, fori=12,-5, (28)
The expected number in the queue is given as
_ P
l,= —— 29)
where m stands for the number of servers at the node.
The expected waiting time in the queue is given as:
=3, 30
Woe = (0)
The expected number of customers in the system is given as
l.=1,+p. (31)

Finally, the expected waiting time in the system for node 1-5 is given as

w;, ==, Fori=12,...5.
4

3. Results and discussion

We begin this section with computation of mean arrival and departure time for all the nodes in the
network system. The results of the computation obtained from the raw data collected for four
weeks is presented in Table 1 below.
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Node 1 Node 2 Node 3 Node 4 Node 5

Mean arrival 1.920 1.712 1.366 1.732 1.343

Mean departure 1.548 1.465 1.112 1.308 1.213

Table 1: Showing Data analysis for the Mean arrival as well as Mean departure

From Table 1 above, we obtained the Mean arrival and Mean departure for each node, the
expected number of customers in the system, the expected number of customers in the queue and
the expected waiting time in the system.

1

oo arrival M =0.52 person per minute.

For nodel, the arrival rate: A = ———0p

i . - @ __1 _
For n0d62> the arrival rate: 22 " mean number of arrival — 1.712 ~ 0.58 petrson per minute.
1

er of arrival m =0.73 person pet minute.

For node3, the atrival rate: Ay = ————

. . _ 1
For node4, the artival rate: A, = ————rte—r = 2 = 0.58 person per minute.

' )= 1 _ 1 _
For node5, the atrival rate: 4, = e = 722 = 0.74 person per minute.

The departure rate for nodes is given as:

M = mean numberlof departure m =0.646
/u2 = mean numberlof departure m - O 683
lu3 = Tmean numberlof departure T 112 - O 899
M4 = Tnean numberlof departure m =0.765
lu5 = Tmean numberlof departure =1 213 - 0 824 :

Node 1:
p=2=22-08.

The expected number of customer in the queue is given as
_ _ 08 _
Iq =2 =40,

~1-08

Where m stands for the number of servers at the nodel (Meter Greeter Unit) .

The expected waiting time in the queue is given as

Wy, = Zq = 052 =7.69 minutes.

The expected number of customers in the system is given as

|, =1,+p=4.0+08=438.
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The expected waiting time in the system for nodel is given as
|

W == % =9.2 minutes.
Node 2:

_ /% _ 058 _
p_z_o.eas_o'&

The expected number of customers in the queue is given as

__p _ 08 _
l, =+ =755 =0.7,

where m stands for the number of servers at the node2 (Customer Service Unit).

The expected waiting time in the queue is given as
_ Iq _ 07 __ :
Wy, =7 =058 =1.2 minutes.
The expected number of customers in the system is given as
|, = |q +p=0.7+08=15.

The expected waiting time in the system for node 2 is given as

_ N 15 _ :
W, —i—m—Zﬁ minutes.

Node 3:
p=-83-08.

The expected number of customers in the queue is given as

|, =2 =52 —04,

g mp  3-08

where m stands for the number of servers at the node3 (Marketing Unit).

The expected waiting time in the queue is given as
—_4 _ 04 _ ;
W3 =—=1073= 0.54 Minute

The expected number of customers in the system is given as
|, =1,+p=04+0.8=12
The expected waiting time in the system for node3 is given as

5 _ 12 _ i
Wy =3 =575 =1.6Minutes..

Node 4:

p="2=08-08

W 0.765
The expected number of customers in the queue is given as

| =2 =08 _03

q m-p ~ 4-08
where m stands for the number of servers at the node4 (Tellers Unit).
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The expected waiting time in the queue is given as

|
_ 9 _ 03 _ :
W4 = = 525 = 0.592 minutes.
4

The expected number of customers in the system is given as

l,=1,+p=03+08=L11.

The expected waiting time in the system for node 4 is given as

_ s 11 :
W, =— = ¢z =1.9 minutes.
A
Node 5:
_ % _ 074 _
P =% = 084 =09.

The expected number of customers in the queue is given as

|, = -2 = 22:,=9.0,

q m-p ~ 1-09

where m stands for the number of servers at the node 5 (Customers Service Manager Unit).

The expected waiting time in the queue is given as

_ 9 _ 03 _ '
W5 = —— =gz = 0.41minutes.

The expected number of customers in the system is given as

|, =1,+p=9.0+09=909.

The expected waiting time in the system for node5 is given as

Wy = > = g =13.4Minutes.

However, the total expected waiting time in the system before modification is:

W, =w, +W, +W; +W, +W, =9.2+26+1.6+1.9+13.4=52.1= 52 min utes

Now substituting the departure rates and arrival rates calculated above into equation (20), we have:
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Y12
N3
n
Vis
Ien
Vs
Vaout
Va
Vsout
Va2
Vas
Vas
Vaout
Vs
Vs3

LV sout |

065 O
0.65
0

0
0

0
0
0

0 0

0
0.65

0
0

0 0
0 0

0 065 0 0.68

0

0
0
0

0

6
0
0
0
0.65 0.65 0.65 0.65 0 0
0
0
0
0

0
0
0

0
0
068 0 0
0
0

0.68 0.68 0.68
0 0 0
0 0 0
0 0 0

0.89

0.

©
o
O O p © ©O ©O o o o

8
0
0
0
8
0
0

9

0

g
0
0
0
0
0
0
0.7
0

7 077 077 0.77

0 0

0 O
0
0
0
0
0
0

8
0
0
0
0
0
0
0
8

0 0.

2 0 0
082 0

0 0

0 0

0 0

0 0

0 0

0 0

2 082 08

[1.00]
0.56
0.58
0.62
0.55
1.00
0.79
0.67

2 065

(32)

The coefficient of the unknown in equation (20) is a rectangular matrix, to find the inverse of this
Matrix, we use Moore-Penrose Generalized Inverse. See the following (4], [5], [6], [7], [8], [9], [10],

[12], [18], [20]).

Hence, we obtain equation (22)

V12
713
V14
715
Vaa
Vs
V20ut
Vaa
V3out
Va2
Va3
Vas
Vaout
Vs2
Vs3

7}/50ut i

0.3529
-0.0322
-0.2222
—-0.0986

0.0285
0.1577
—0.1862
0.1405
—0.1405
0.4789
0.0227
—0.056
—0.4455
0.4901
0.0042
—-0.4943

-0.0322
0.3529
-0.2222
-0.0986
0.0285
0.1577
—-0.1862
0.1405
—-0.1405
0.0227
0.4789
—0.056
—0.4455
0.0042
0.4901
-0.4943

—-0.1548 -0.1134
-0.1548 -0.1134

0.3901 -0.1626
—-0.0805 0.3893

0.4256  —0.095
—0.0666 0.4824
-0.359 -0.3874

0.5135 0.1914
-0.5135 -0.1914
0.0388 -0.0515
0.0388 -0.0515
0.1268  0.544
-0.2043 -0.441
0.0863  0.1382
0.0863  0.1382
-0.1726 -0.2765

0.3715
0.3715
0.4388
0.3567
—0.0969
-0.1828
0.2797
—0.2465
0.2465
-0.1222
-0.1222
-0.1397
0.3841
-0.1797
-0.1797
0.3594

0.0894
0.0894
-0.0758
-0.103
0.38
0.3516
0.739
-0.235
0.235
0.0043
0.0043
—0.2236
0.2151
—-0.0748
—-0.0748
0.1497

-0.0774
0.0774
-0.195
0.0402

—0.2128
0.0333
0.1795

0.305
0.8185

-0.0194

-0.0194

—-0.0634
0.1022

—0.0431

-0.0431
0.0863

-0.0518
-0.0518
0.1517
-0.048
0.0095
—0.1995
0.19
-0.1181
0.1181
0.2122
0.2122
0.2167
0.6577
—-0.1581
-0.1581
0.3163

~0.1069 ]
-0.1069
0.1481
0.0657
-0.019
-0.1051
0.1241
-0.0937
0.0937
-0.1672
-0.1672
0.0374
0.297
0.2417
0.2417
0.736 |

[0.58]
0.73
0.58
0.74
0.65
0.68
0.89
0.77

0.82]

Solving equation (33) using maple 17 software, we obtain equation (34) below:
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Y12
Y13
V14
V15
Va4
Va5
Y 20ut
V34
7 30ut
Va2
Va3
Vs
Y sout
V52
Vs3

Vsout |

" 0.251085 |

0.308850
0.113229
0.326733
—-0.211641
0.435043
0.353324
0.407175
0.592740
0.211245
0.279675
0.300992
0.208421
0.310075
0.382960

0.307033 |

(34)

To normalize the values of the probabilities in equation (34), since we do not have negative
probabilities, we take the absolute value of the estimates and rescaled them so that the sum of
each node sums up to 1. Thus, we have

Y12
713
Y1a
Y15
Y24
Y25
Y 20ut
V3a
¥ 30ut
Va2
Va3
Vas
¥ aout
Vs2
Vs3

y50ut .

47

[ 0.251111 ]

0.308882
0.113241
0.326767
0.211639
0.435040
0.353321
0.407210
0.592790
0.211175
0.279582
0.300892
0.208352
0.310054
0.382934

| 0.307012 |

(35)
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From equation (35), the following deductions are made:

At node 1 (Meter Greeter Unit), the weights are Y13, Y13, Y14 @nd ;s with the values 0.251111,
0.308882, 0.113241 and 0.326767 respectively, shows that there is a high probability of a customer

leaving nodel (Meter Greeter Unit) to join the queue for service at node5 (Customer Service
Manager Unit) than any other node. The least probability is that a customer leaves nodel to node4
(Tellers Unit).

At node 2 (Customer Service Unit), the weights are y,,, 7, andy,,, with values 0.211639,

0.435040 and 0.353321 respectively, shows that there is a high probability that a customer leaves
node2 (Customer Service Unit) and goes directly to node5 (Customer Service Manager Unit).

At node 3 (Marketing Unit), the weights are ¥a5 and y3,,, with the values () 407210 and 0.592790

respectively, which shows that there is a high probability that a customer leaves node3 (Marketing
Unit) moves out of the system. The least probability is that a customer leaves node3 (Marketing
Unit) to join the service at the node4 (Tellers Unit).

At node 4 (Tellers Unit), the weights are ¥iz,¥az,¥as.and ¥y, with the values 0.211175,
0.279582, 0.300892 and 0.208352 respectively, which shows that, there is a high probability that a
customer leaves node4 (Tellers Unit) to join the service at the node5 (Customers Service Manager
Unit).

At node 5 (Customers Service Manager Unit) the weights are ¥57,¥s3 @nd ¥z,,. with the values
0.310054, 0.382934 and 0.307012 respectively, which shows that there is a high probability that a

customer leaves node5 (Customer Service Manager Unit) to join the queue for service either at
node3 (Marketing Unit). The least probability here is that a customer leaves node5 (Customer
Service Manager Unit) and goes out of the system.

3.1. Solution For New Departure Rate

To obtain the new departure rate for the network system, we solve equation (25), this is done by
substituting the values of y;;'s and arrival rates obtained in the previous section into equation (25)

then we obtain equation (36):

| [54.732 43.8693 -0.1849  0.7306 | 0.58

My 6.2475 -5.9549 0.2033 1.4693 0.73

My |=117.8841 14.8199 2.3845 -0.9486 0.58 (30)
Hy 69.3682 56.9901 -0.0948 0.3747

0.74
|45 | | 6.0785  -3.2277  0.2133 -0.8430 |
Equation (36) becomes equation (37):
48 IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



E. Jocob, L. Adamu, E. N. Didigwu, A. Abdullahi, and S. D. Yakubu

(1] [16.023]
1, | |18.014
1 |=|18.022 (37)
1y | | 22.812
g | | 74242 ]

Therefore, to serve Customer with the space interval of 5 minutes, we divide the values in
equation (37) by 5. The recommended number of servers therefore for each node is given in
equation (38):

1| [3.20467 [3
1, | |3.6028| |4
1t | =|3.6044 |=| 4 (38)
i, | |45624| |5
| |1.4848 | |1

The result in equation (38) shows that for the Bank to work optimally and to serve customers
within the average time frame of 5 minutes, nodel will require a total of three servers, node2 will
require a total of four servers, node3 will require a total of four servers, node4 will require a total
of five servers, node five will require a total of one server. With the new estimated number of
servers at each node given by equation (38). The arrival rates for each node are assumed to remain
the same since we do not have control over it. A new departure rates and the expected waiting
time for each node is estimated as follow.

The new departure rates for nodes are as follows:

— A _ 052 _
pP=7=%=09
The expected number of customers in the queue is given as

_ P _ 09 _
’Iq_mfp_370.9_0'4

where m stands for the number of servers at the nodel (Meter Greeter Unit).

The expected waiting time in the queue is given as
|

Wy, =7 = 55 = 0.8 minutes
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The expected number of customers in the system is given as
l,=1,+p=04+09=13

The expected waiting time in the system for nodel is given as
IS

W == 052 = 2.5 minutes.

Node 2:
— 7% _ 058 _
P = w08 0.7.
The expected number of customers in the queue is given as

_ P _ 07 _
Iq_mp 207 =02,

where m stands for the number of servers at the node2 (Customer Service Unit).

The expected waiting time in the queue is given as

Wy, = % = 058 = 0.34 minutes.

The expected waiting time in the system for node 2 is given as

J— IS —
W, == 058 =1.6 minutes.

Node 3:
p=2= 073 ~0.9
The expected number of in the queue is given as
| = L =-09--03,
q = mp 309

where m stands for the number of servers at the node3 (Marketing Unit).

The expected waiting time in the queue is given as

b _ o

Wy =5 = 073 = 0.41minutes.

The expected number of customers in the system is given as

l,=1,+p=0.2+09=11.

The expected waiting time in the system for node3 is given as

S pa—

Wy =2 = 073 =1.5minutes.

Node 4:
p=2=92£-06

The expected number of customers in the queue is given as

_ P _ 06 _
Iq_mp 5-06 =01,

where m stands for the number of servers at the node 4 (Tellers Unit).

The expected waiting time in the queue is given as

I
Wy, zi = 058 =0.17 minutes
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The expected number of customers in the system is given as
|, =1,+p=0.1+0.6=0.7

The expected waiting time in the system for nodel is given as

W, :%:%:1.2 minutes.
Node 5:

_ s _ 074 _
p=u=45=07

The expected number of customers in the queue is given as

_ P _ 07 _
Iq “m—p — 107 2.3,

where m stands for the number of servers at the node5 (Customer Service Manager Unit).

The expected waiting time in the queue is given as

I
9 _ 23 _ 1
Wq5 =T o= 3.10 minutes.

The expected number of customers in the system is given as

|, =1,+p=23+0.7=3.0

The expected waiting time in the system for nodel is given as

W, = IZS =28 = 4. 1minutes.

However, the total expected waiting time in the system after modification is
W, =W, +W, +W, +W, + W, =2.5+1.6+1.5+1.2+4.1=10.9 =11 minutes .

The summary of the computed performance measure for determination of optimal number of
servers at network queuing nodes to reduce waiting time at the First City Monument Bank, Minna
branch, is given in Table 2.
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Nodesi Number of Servers Probabilities (o) o Lq Ls Wy Ws
(my)

1 1 0.2511111. 0.8 4.0 4.8 7.69 9.2
0.308882
0.113241
0.326767

2 2 0.211639. 0.8 0.7 1.5 1.20 26
0.435040.
0.353321

3 3 0.407210. 0.8 04 1.6 0.54 1.6
0.592790.

4 4 0.211175. 0.8 03 1.1 0.52 1.9
0.279582.
0.300892
0.208352

5 1 0.310054. 0.9 9.0 9.9 0.41 13.4
0.382934,
0.307012

Total 11 41 144 189 10.36 52.1

Table 2: Showing all the results obtained before modification.
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Nodes 1 Number of Servers (m;) oi Lq Ls Wy Ws
1 3 0.9 04 1.3 0.8 2.5
2 4 0.7 0.2 0.9 0.34 1.6
3 4 0.9 03 11 0.41 1.5
4 5 0.6 0.1 0.7 0.17 1.2
5 1 0.7 23 3.0 3.10 4.1
Total 17 3.8 33 7 4.8 10.9
Table 3: Showing all the results obtained after modification

Nodes Current number of servers Optimal number of servers obtained

1 1 3

2 2 4

3 3 4

4 4 5

5 1 1

Total 11 17

Table 4: Showing the comparison between current number of servers and optimal number of

4. Conclusion

servers obtained

The network queuing system of First City Monument Bank, Minna branch has been effectively
investigated and studied. The study has determined optimal number of banking personnel at
different nodes of the bank network system to reduce waiting time of the customers. Results from
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the study is a vital information to the management of the bank for proper planning and efficient
service delivery. The network model could also be applied to other banks with little modifications.
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A Fermat polynomial method for solving optimal
control problems

M. U. Nduka*t and B. I. Oruh™

Abstract

In this paper, we propose an efficient computational approach to solve optimal control
problems subject to state constraints and boundary conditions. The idea is to obtain an
approximate numerical value of the objective function. The method is based on state
parameterization. The state variable is considered as a linear combination of Fermat
polynomials with unknown coefficients such that the state differential equations are
satisfied. The optimal control problem is converted to quadratic programming problem
which we easily solved by Lagrange method. Some numerical examples are considered to
illustrate the reliability of the method. The numerical results obtained are accurate when
compared with the analytic solution and results obtained from literatures.

Keywords: optimal control; parameterization; Fermat polynomials; optimization

1. Introduction

Control theory is a branch of optimization theory that deals with the minimization or maximization
of an objective function subject to some state equations and constraints. It addresses the problem
of how best to optimize or operate a dynamic system to optimize some given criteria or
performance. From a general viewpoint, an optimal control problem is an optimization problem.
Ever since its emergence, optimal control theories have been applied to a wide range of areas and
disciplines such as finance, for biological models and computational biology, Economics for
economic models and economics of recycling, Engineering for acrospace and robotics [14], [3], [9]-
Optimal control problems consider the optimization of dynamic system characterized by state and
control variables.

The goal of solving optimal control problems is to determine the control U(t) and the
state X(t) of a dynamic system that either minimizes or maximizes a performance index or
functional J (u(t), x(t)) and at the same instant satisfying the dynamic constraints and boundary
conditions [12]. The solutions to optimal control problems can be found using two major
techniques, analytic and numerical techniques. Analytic techniques obtain the necessary optimality
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conditions through the maximum principle which is a generalization of classical calculus of
variation.

However, it is often difficult to obtain analytic solution of optimal control problems.
Furthermore, as the complexity of optimal control problems increases it becomes almost
impossible to solve optimal control problems analytically. As a result, numerical techniques for
solving optimization problems are employed to solve optimal control problems. The availability of
numerous nonlinear programming softwares has made numerical techniques a better alternative.
Numerical techniques have presented an attractive field for researchers of mathematical sciences,
which have produced different numerical computational techniques and efficient algorithms in
solving optimal control problems. Numerical techniques are achieved by discretization or
parameterization.

Parameterization methods give a robust technique for solving optimal control problems in
finite dimensional spaces. The method expresses the state, and/or control of a system as a function
of some independent quantities known as parameters. State parameterization converts an optimal
control problem to a nonlinear optimization problem and finds (n + 1) unknown polynomial

coefficients of degree, at mostn, in the form Y1, a;t'. Polynomials have been used by many
authors [13], [2], [15], [11], [4], [8] as approximating functions to the state and/or control variables
of an optimal control problem, which result to different approximate values of the performance
index. In most cases, Chebyshev polynomials and Legendre polynomials are used. [6], [5] solved
Duffing Oscillator problem. The solution is based on state parameterization using linear
combination of Chebyshev polynomials with unknown coefficients. This approximation converts
an (n + 1) dimensional optimization problem into one-dimensional optimization problem which
can then be solved easily. [10] proposed the use of Chebyshev wavelets, the state variable is
approximated by a new hybrid based on second kind Chebyshev wavelets. subsequent iterations
result to better accuracy. [5] proposed a numerical approach for solving optimal control problems
using the Boubaker polynomials expansion scheme. [1] presented a technique to solve nonlinear
optimal control problems. The method is based on using Legendre scaling functions to
parameterize the state variable. This approach replaces the nonlinear optimal control problem by a
sequence of time-varying linear quadratic optimal control problems which gives a better result
when compared with some other methods. In spite of the many advantages that the state
parameterization offer, the method has not been used extensively as there are numerous functions
that have not been used which can give a better approximation and result than the ones in the
literature.

In this paper we present the Fermat polynomial as the approximating function. The state
variable of an optimal control problem is considered as a linear combination of Fermat polynomials
with unknown coefficients such that the state differential equations are satisfied. The optimal
control problem is converted to a quadratic programming problem resulting from a linear quadratic
optimal control problem which can easily be solved by existing optimization methods.
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2. Problem statement

Find the optimal control u* and the optimal trajectory x* that optimizes the performance index;
P P jectory P p
ty

J=| L&), u(),n)dt, )
to
subject to the state equations:

x(0) = f(x(D),u(0), 1), ©)
3)

and boundary conditions:

x(to) = x0,x(t1) = %17 € [to, t1],
where f is a real-valued continuously differentiable function. x(t):1 = R", u(r):1 - R™, | =
[to, t1], L is assumed to be continuously differentiable and equation (1.1) is known as Lagrangian
problem. For easy reference we shall denote equations (1)-(3).
2.1. Material and methods
We state that the parameterization involves the approximation of the state variable(s) of an optimal

control problem using a given trial function or polynomials.

2.2.1. Fermat polynomials

Polynomial expansions are broadly used in many mathematical fields to obtain results for both
numerical and analytical analysis. Many of these polynomials are obtained from difference
equations. Fermat polynomials are among the polynomial sequences that are generated by
difference equations.

Fermat polynomials can be generated by the difference equation:
fir2(O) = 3tfi1 (O) = 2fi (1), fo®) =0, f1(8) = 1, i20.

Fermat polynomials can also be obtained by setting p(t) = 3t, and q(t) = —2 in the Lucas
polynomial sequence defined by:

E.(t) = p(D)Fn—1(t) + q(O) F—2 (D).

Fermat polynomials can be explicitly written as:

(3t+\/9t2—8)k—(3t—\/9t2—8)k
F(t) = 2k/or?—8 Tt #l k=12..

k 3
2zsin (E k), t= 2
4 3

The first few Fermat polynomials are:

Fi(t) =1, Fp(t) = 3t, F3(t) = 9t? — 2, F,(t) = 27t3 — 12t, F<(t) = 81t* — 54t% + 4.
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It is necessaty to note that Fy(t) is a polynomial of degree (k — 1) with integer coefficients.

2.2.2. State parameterization using Fermat polynomials

We approximate the system state variable by a sequence of Fermat polynomials with unknown
coefficients. Let Q € C([ty, t1]) be set of all functions satisfying equation (3). The performance
index in equation (1) can be expressed as a function ofx(t). Then optimal control problem (1)-(3)
may be considered as a minimization of equation (1) on the set Q.

2.2.3. Approximation of state and control variables

Let Q;, be a subset of Q consisting of Fermat polynomials of degree up to n as

n

Xy = Z a, Fi(t)n=1,2 ... 4

i=1
Now we consider the minimization of | on Q, with {a;}/=, as unknowns.

Equation (2) can be re-written as

u(t) = p(x(t), x(t), 0). ®)

The control variable is then written as a function of the unknown parameters of the state variables
by substituting equation (4) into equation (5)

up(t) = ¢(Z?=o a;F; (0), Timo a;F; (D), t) . (©)

2.2.4 Approximation of the performance index

By substituting these approximations of state variables (4) and control variables (6) into the
objective function (1) we get

to =1 i=1
The boundary conditions become

t1 n n n
oy an) = [ 1 Zaﬁ(tm(Zaiﬂ (t),zafi(t),t) at. ()
i=1

n
xn(to) = Z a;Fi(to) = xo,
i=1
n
xn(t) = ) aFi(t) = 2
i=1
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The integration of equation (7) yields an expression in terms of the unknown parameters we seek.
The optimal control problem is converted into a mathematical programming problem of unknown
parameters with equality constraints.

The resulting problem can be stated in the form

minimize [(a,,a,, ..a,) = a'Ma, (8)
subject to: g(aq,a,..as) =b, )

where aeR™, [ is the approximate value of J, M is an n x n matrix. We obtain the optimal control
vector a* by using the Lagrangian multiplier method.

3. Algorithm

Input: Optimal Control Problem (1)-(3).

Output: The approximate optimal control, optimal trajectory and approximate performance index.
Step 1. Approximate the state variable by nth Fermat series.

Step 2. Express the control variable as a function of the approximated state variable.

Step 3. Substitute the expressions in steps 1 and 2 into the performance index to obtain the
approximate performance index J.

Step 4. Find the set of equality constraints from the initial and final conditions and calculate the
matrix M.

Step 5. Find the optimal parameters a* by solving the optimization problem (8)-(9).

Step 6. Substitute a* into equations (4), (6), and (7) to find the approximate optimal trajectory,
approximate optimal control and the performance index respectively.

4. Numerical results

4.1. Example 1

We consider the minimization problem:

1 1

minimize | = Ef (Bx(t)? + u(t)?) dt, (10)
0

Subjectto u=x+x (11)

with conditions x(0) = 0,x(1) = 2. (12)

4.1.1. Analytic Approach

First, we attempt the problem analytically using Pontryagin-Minimum-Principle. We construct the
Hamiltonian of the problem:
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H(x,u,A) = 3x% + u? + A(u — x), (13)
JH
—=0=2u+1=0,
ou .
== 14
u > (14)

Substitute equation (13) into equation (14) and simplify

A2 15
H=3x2—7—/1x. (15

Differentiate equation (15) with respect to x and A

oH i 6 1 i 0H 22 .
—_—— = — = — —_—= = — — — = .
ox * o YT T T
Simplifying we have
X —4x = 0. (16)

Hence, the solution to equation (16) is
x(t) = Acosh(2t) + Bsinh(2t).
Apply the boundary conditions to obtain the optimal state function

.. _ 2sinh (2t) 17)
0=

And the optimal control function

_ 4cosh(2t) + 2sinh (2t)

w(® sinh (2)

(18)

Substitute (17) and (18) into equation (10)

1

-3

0

] 4sinh?(2t) 16cosh?(2t) + 16 cosh(2t) sinh(2t) + 4sinh?(2t) p
( Sinh?(2) >+< Sinh?(2) ) ‘

1
] = Sinfwf(sinhz (2t) + cosh?(2t) + cosh(2t) sinh (2t))dt
0

J = 6.14925721.

Hence | = 6.14925721 is the exact numetical solution of the optimal control problem (10)-(12).
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4.1.2. The Proposed Approach

We approximate the state variable with 5% order Fermat polynomial
pp poly

5
szai?i=al?'l-l-azTZ+a3T3+a4T4+a5T5,

i=1
2(t) = 8last* + 27a,t3 + (9a; — 54a5)t? + (3a, — 12a,)t + a; — 2a; + 4as  (19)

and the approximate control function

2(t) = 8last* + (27a4 + 324a5)t3 + (9a; + 81la, — 54as)t?
+ (3a, + 18a; — 12a, — 108as)t + a4 + 3a, — 2a3 — 12a, + 4a:  (20)

The squares of equations (19) and (20) are substituted into equation (10) to obtain the approximate
objective function in terms of the unknown parameters
Integrating and simplifying we have

. ) 179a,as )
] = 2a1 + 9a1a2 + 13a1a3 + 18a1a4 + 5 + 15a2 + 63a2a3 +

929a;% 819asa, N 561lazas N 19659a,?

534a,a,
5

198 21
+198a,a5 + ——+—— 7 3C 21)
4923a,as5 + 213119as?
2 70
The boundary conditions are substituted into equation (19) to obtain algebraic equations
a, — 2(13 + 4‘a5 = 0,
aq + 3a2 + 7a3 + 15a4 + 31(15 —-2=0. (22)

The optimal control problem is finally reduced to an optimization problem. Our task is to minimize
equation (21) subject to equation (22).

307 2939 751 137 67
3913’ 7206’ 1488 12060’ 11917

The solution of the system of equations yields a* = ( ), and A" =

(1190 5067

—_—, = —) which is the value that minimizes J.
1079’ 824

Hence, J(a") = 6.14927031 is the approximate numerical solution of the optimal control
problem, which is an acceptable approximation for the exact numerical solution J* = 6.14925721.

The approximate optimal state and control functions are obtained by substituting the value of a*
into equations (19) and (20) as
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(0= 42T AL 27136, 12241 15433
7110170 T1340° T 180140 11259 | 34694

(6 = D427, 47925, ds224 , 81267 10118
YT 11917 T22518° T 45036 22518 93056

The graph of the state and control function are plotted below.

State trajectory
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Figure 1b.

4.2. Example 2

1
1
Minimize | = f (xz ) + Euz (t)) dt, (23)
0
1
Subject to: x(t) = Ex(t) + u(t), x(0) =1. (24)
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The optimal solution is:

2e3t 4¢3 2e3t — ¢3

(t) = , (t) = .
* (0 2e3t/2(2 + e3) w(® 2e3t/2(2 + e3)

And the exact solution for the performance index is:

_ T He 22 8641644978
/= e6+4e3+4 '
Using our approach, we approximate x(t) by Fermat polynomial of order 7

5

x%ZaiTi,

=1
x = 729a,t% + 243a4t> + (81as + 810a,)t* + (27a, — 216a,)t3
+ (9a; — 54as + 216a,)t? + (3a, — 12a, + 36a4)t + a; — 2a (25)
+ 4as; — 8a,.

From equation (24) we have:

_729a 243a
u= 7 46 (4374a7 2 6) t5 + (1215(16 - )t4
(324a5 + 3240a7> t3
26

( la, — — + 27as — 648a, — 108a7) t2 (26)
(18a3 - =4 6a, — 108as — 18a¢ + 432a7> t— ? + 3a,
a - 12(14 - 2a5 + 36(16 + 4‘a7

Then substituting equations (25) and (20) into equation (23) gives:

64 IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



M. U. Nduka and B. I. Oruh

9 , 15 9 93 171 171
J(aq,ay,...a;) = g + g Mz~ 7003~ el ~ S5 0ds ~ g
3771 45 2 4 399 639
~ 3 —a,ay +§a2 16 —ayasz + 20 ——a,ay +48a,as
16551 144267 2079
a,a; + 0 as% + 231asa,

61407 28179 454311 104499
36 Ty %7 T o)

54579 +477873 +5424159 +127665 )
a,.as 140 a,.0g 30 a,a; 13 as

805509 251430813 38100861

@t 50 3% T 3080
, 28615023 134572923999

80 ¥t 0020 Y

5 d10¢

a,’?

Qg

Minimize J (a4, ay, ... @) subject to x(tq, aq, Ay, ... a7) = Xo. The solution is

* _ (5509605 62695946 20145943 24125360 35048278 24431921 59827196) d

43424277’ 13027283’ 14474759’ 13027283’ 14474759’ 13027283’ 43424277
70048008

Ar=—
40529325’

The approximate solution is J(a*) = 0.864164498 which agtrees with the exact solution.

Method ] Error
Exact Value 0.8641644978 0
Kafash, B. and Restarted State 0.8643546452 1.9¢704
Delavarkhalafi;, A. Parameterization
Eisa, B.M. and Awadalla, Legendre 0.8641645132 1.5e79°
T.A.
This Research Fermat 0.8641644978 0

Table 1. Comparison of the optimal value with other methods

We calculate the state and control variables as:

2895 1642 7468 5174 5066 1729

x(t) = 6 — £5 4 4 _ £3 4 2 _
2882 3603 3603 1126 4504 1407

2895 1169 . 3732 , 4769 , 8741 , 6449 2551

— _ 6 _ _ —
u®) = 5765 e 1407 ‘ 1126 e 4504t 4504 e 2252 ‘ 1476
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Graph of optimal trajectory
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Figure 2a.
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Figure 2b.

5. Convergence analysis

The convergence of parameterization method is generally based on Weierstrass Approximation
Theorem, which have been rigorously proved by many researchers.

Theorem 1. (Weierstrass Approximation Theorem). Let feC([a, b], R). Then, there is a sequence
of polynomials, P, (x), that converges uniformly to f(x) on [a, b].

Proof: See [6], [15].

Theotem 2. (Kafash and Delavarkhalafi, 2014). If, a, = iann J, for n=1,2, ... then
limy, o 0ty, where a = inf J.
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Proof. Let @ > J(X(.)) be the limit of non-increasing sequence {a,}. If @ > a, then € = ? >

0, so; there exist X(.)€Q, ](X()) <eta= a%a +a= azi < @ such that @ > J(X(.)), which

contradicts the continuity of J/ and Theorem 1.

6. Conclusion

This paper proposed numerical approach to solve optimal control problems based on state
parameterization. We showed that Fermat polynomials can be used to approximate the state
variables of optimal control problems which convert optimal control problems into quadratic
programming problem. From the numerical results obtained, we can conclude that our proposed
approach gives better and reliable result when compared with other methods.

References

[1] Eisa B.M. and Awadalla T.A. (2017). Optimal state and control variables parameterization.
International Journal of Trend in Research and Development, 4(2): 2394-2433.

[2] El-Kady M. and Elbarbary E.IM.E. (2002). A Chebyshev expansion method for solving
nonlinear optimal control problems. Journal of Computational and Applied Mathematics,
129: 171-182.

[3] Highfill J. and McAsey M. (2001). An application of optimal control to the economics of
recycling. Society for Industrial and Applied Mathematics, 43(4): 679-693.

(4] Jaddu H.M. (2002). Direct solution of nonlinear optimal control problems using
quasilinearization and Chebyshev polynomials. Journal of Franklin Institute, 339: 479-498.

[5] Kafash B. and Delavarkhalafi A. (2014). Restarted state parameterization method for
optimal control problems. Journal of Mathematics and Computer Science, 14: 151-161.

[6] Kafash B., Delavarkhalafi A. and Karbassi S.M. (2012a). Application of Chebyshev
polynomials to derive efficient algorithms for the solution of optimal control problems.
Journal of Scientifica Iranica, 19(3): 795-805.

[7] Kafash B., Delavarkhalafi A. and Karbassi S.M. (2012b). Numerical solution of nonlinear
optimal control problems based on state parameterization. Iranian Journal of Science and
Technology, 36(3): 331-340.

[8] Kafash B., Delavarkhalafi A.,; Karbassi S.M. and Boubaker K. (2014). A numerical approach
for solving optimal control problems using the Boubaker polynomials expansion scheme.
Journal of Interpolation and Approximation in Scientific Computing, 2014: 1-18.

[9] Lenhart S. and John T.W. (2007). Optimal control applied to biological models.
Mathematical and Computational Biology. Chapman and Hall, CRC press, London.

[10]  Mehdi R. (2016). Numerical solution of optimal control problems using a new second kind
Chebyshev wavelet. Journal of Computational Methods for Differential Equations, 4(2),
162-169.

[11]  Mehne H.H. and Borzabadi A.H. (2006). A numerical method for solving optimal control
problems using state parameterization. Journal of Numerical Algorithm, 42: 165-169.

[12]  Patterson M. (2013). Efficient solutions to nonlinear optimal control problems using
adaptive mesh orthogonal collocation methods. Ph.d. Dissertation. University of Florida.

[13]  Phelps C. and Kaminer 1. (2014). Consistent approximation of a nonlinear optimal control
problem with uncertain parameters. Automatic, 50(12): 2987-2997.

67 IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 1, May 2022, Pages 56 — 68

[14]

[15]

68

Ping C and Sardar M.N.IL. (2005). Optimal control models in finance: a new computational
approach. Springer.

Tohidi E., Samadi O.R.N., and Farah M.H. (2011). Legendre approximation for solving
class of nonlinear optimal control problems. Journal of Mathematical Finance, 1: 8-13.

IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 1, May 2022, Pages 69 — 76

CATANOVA analysis of academic performance of
pupils in primary schools and districts - a tool for
conflict resolution

D. M. O. Omebo’, A. Y. Emmanuelf, and G. Aimufua*

Abstract

This paper is an extract of the research findings that was carried out in Ofu local
government area of Kogi state in 2021 which was used to resolve the conflict that
broke out as a result of the establishment of Government Special Science College by
the Kogi state Government. The bone of contention then was which of the three
districts of the local government should have the new special science college. This
necessitated the research to find out if performance depends on the district or not. An
analysis of variance for categorical data (CATANOVA) was used in carrying out the
test. It was discovered that performance depends on the district, and that pupils from
Igalaogba district performed better than the other two districts. Hence the new
Government Special Science College, should be sited in this particular district. All the
findings were based on the performance of pupils in primary six using common
entrance examination results for 2019 since there was no common entrance
examination for 2020 due to covid-19 pandemic.

Keywords: districts; Chi- square; catanova; performance

1. Introduction

The growth of statistics has made itself felt in almost every phase of human endeavor. Statistics
provides models that are needed to study situations involving uncertainties. One of such is that
which confronted Ofu Local government area of Kogi state in 2021.
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The Kogi state government of Nigeria established a new special science college to be
located in Ofu local government Area of the state. As usual every district began to give reasons
why it should be located in their district. All efforts to result this problem to no avail. This
necessitated a research to find out if performance is dependent on the district or not. This is
because the district that performed better will be able to feed the college with the desired quality
and quantity of students needed by the new school. There are three districts in Ofu Local
Government. These include Ugwolawo, Igalaogba and Itobe districts.

This study is therefore aimed at finding out if performance across the districts is the same
or not. Hence, this study investigates the comparative academic performances of primary six
pupils across the districts of Ofu local government area of Kogi state.

1.1. Aim and objectives of the study

1. To ascertain if performance is dependent on districts.
1. To determine which of the districts should have the school.
iii.  To resolve the conflict already created by this agitation.

1.2. Nature and scope of study

There are 53 primary schools in Ofu Local Government Area of Kogi State out of which samples
of 20 primary schools were taken. The primary schools in kogi state like their counterparts in
other states are controlled by the state primary Education Board which is now called state
universal basic Education Board (SUBEB) which in turn is controlled by the state ministry of
education. It is this state ministry of education that provides an approved syllabus to be followed
by the primary schools and at the end of the six-year programme, the pupils sit for common
entrance examination which qualify them to go to secondary schools. The examination is made
up of three papers. These are: Paper 1(English language), paper 2 (Mathematics) and Paper 3
(General paper). At the end of the examination, successful candidates are classified into five
groups — Distinction(A), Good (B), Credit (C), Fair (D) and Pass (E). Similarly, unsuccessful
candidates are awarded (I). All findings are based on the analysis of this examination results from
the sampled schools from the various districts.

1.3. Sampling techniques

Out of the 53 primary schools in Ofu Local government Area, I sampled 20 primary schools
according to the classification below.

Sampling distribution of the primary schools in Ofu local government area

Districts Number of schools
Ugwolawo 9
Igalaogba 6
Itobe 5

The researcher used stratified random sampling techniques to represent the entire Ofu Local
Government Area. The local Government has three districts so that communities were used as the
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stratifying factor. Ofu Local Government Area comprises of eighteen communities, which is
grouped into three districts forming the strata, from which simple random sampling was used.
Ugwolawo district consists of Ugwolawo, Ogegume, Ojofa, Obagwu, Umomi, Akpagidigho, Alome,
Ikagbo, and Ugbogbo, while Igalaogba district is made up of Aloma, Igah, Ejule, Ogbonicha,
Ogbulu and Ikeje. Finally, Itobe district comprises of Ojodu, Adumu, Aloji, Itobe and Ochadamu.
Also, I used proportional allocation of sample size according to the weight (number of the
communities that each group consists in terms of number of primary schools in each group).

2. Literature review

Even though many studies have been carried out to ascertain the dependence of performance on
one factor or the other, majority of them if not all were carried out using the results from
examinations such as first school leaving certificate (FSLCE), Senior school certificate examination
(SSCE), University matriculation Examinations (UME) among others as their only source of data for
the analysis which this study frown at due to gross examination malpractice usually associated with
the conduct and marking of the scripts by the authorities concern.

In order to ascertain if boys are more brilliant than girls, [5] investigated into the
performance of boys and gitls in a sample of 32 primary schools Nsukka Educational Zone. From
the report of his findings, he asserted that boys are more brilliant than girls all within primary school
age.

Another research carried out by [1] on how the shift system affects the academic
performance of primary school pupils in Enugu using qualitative data based on 1978 only, he came
up with the following results: first, that the morning session pupils performed better than the
afternoons. Secondly, that this disparity in performance was as a result of the fact that shift one had
relatively more qualified and trained teachers than shift two. [12] carried out research on school
location and academic performance of pupils in English language in primary schools. He reported
that there is a significant difference in the academic performance of pupils in urban and rural
primary schools in English language.

3. Methodological framework

The methodological framework for this study is a two-way analysis of variance for categorical data
(CATANOVA).

3.1. A two-way catanova with chi-square tests for interaction

Consider a two-way experimental situation with a k-dimensional vector of responses
{(ny) K, i=1,2,...1,j=1,2,...,J} recorded in frequencies in the (ij)* plot. We assume a multinomial
probability model, namely,

Pe({nutk/ fmd ko= nif V/ Teniik}  @ib[TeCa®
aijk = 0,1,...,0;

0= Tlijk <1

Nij = Y nijk  is held fixed
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Nijk, ni’ i’ k are independent V i# i/

The hypothesis to be tested are:

HR: [[ijk == []jk , there is no row effect.

HC: : [ijk == [l ik , there is no column effect.

HRC:: [[ijk == [l k , there is no row x column interaction.

The expectation of the sample estimate of : [[ ijk is given by the linear model

E (1" ijk) pk+Tik + Bk + Aijk,

where pk, Bjk and Aijk assume their usual meaning of constant, row effect, column effect and
interaction respectively. The hypothesis, HR, HC, and HRC will be seen to be respectively
equivalent to

Hi: Tik = 0 Vi, HB: Bjk = 0 Vjand Aijk =0 Vi,;.

The parameters: [ ijk may be considered fixed or random with probability density h( [] ijk), over
{0,1} depending on whether I and | are random or not [13,14]. Specially,

g([1ijk) if T and J are random, o< [ ijk< 1,
h([lijk) = g (1jk) ifLis fixed and ] random 0< [] jk< 1,
g([]ik) if Tis random and J fixed, 0<: [] ik < 1.

We shall now consider the sum of squates (SS) for {nijk }k. This may be obtained, [6,7,8,9,10,11]
also [2,3], as the trace of the sample variance- covariance matrix. That is

SS(nijk) = i var (nijk).

Upon further simplification, we have that

TSS = n- X, n2..k/n, as the total sum of squares

BRSS = n- ), n2i.k/ni, as the between row sum of squares
BCSS =n- ¥, n2.jk/nj, as the between column sum of squares
WUSS = n - ;; n2ijk/nij, as the within unit sum of squares,
where

N=2; ni = 3;nj X;nij
RSS =TSS - BRSS = )}, n2i.k/ni - ), n2..k/n
CSS=TSS—BCSS= =n- Xyn2jk/nj - ¥, n2.k/n
NSS = BRSS + BCSS — TSS — WUSS
=n- Y n2ijk/nij - Y, n2ik/ni - ¥ n2.jk/nj + X n2..k/n.

We may reject HR, HC and HRC respectively at specified a-level of error if

AR 2 &) angne,
where

vr = (K-1)(n-1)RSS/ TSS
Yo = (K-1)(n-1)css/TSS
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vixr = (K-1)(n-1)NSS/TSS

3.2. Materials and methods

Below is the data layout for a two — way analysis of variance for categorical data (CATANOVA).
This was given by [4]

Districts Ugwolawo Igalaogba Itobe
Responses | A | B C D E |F |T |[A|B|C|D/E/F| T A |B C D |E F T
Males n; | N2 | 0113 114 Ny (O |y |0 | n(n|ninnfnn | m3|m3 | M3 | 035 | D136 | 113,
i 11 5 6 1. 12 1 1 1 1 1 1 31
1 2 2 2 2 2 2
2|34 ]s5]6].
Females |n |n2 |[n21 |n214 |n2 |n2 |n |n|n|n|n|n|n|nln |n2 [n2 [n2 |n2 |n2 |n23.
21 (12 |3 15 |16 |2 (2 (2222|222 |32 |33 |34 |35 |36
1 1.12(2]2(2]2]2]2|3
11213[4]|5|6]. |1
n.jk n. [nl |n13|nl14 |nl |nl|n |n|n|njn|{n|n|n|n [n3 |n3 |n3 |n3|n3 |n3.
11 |2 5 6 1. ]. . 13 12 3 4 5 6
21212122221
112(3|4|5|6
Table 1: Data layout for two way catanavo
Ugwolawo Igalaogba Itobe T
sex ABC | D|IE|F|ni|A|B|C|D/E|F |ni|A|B|C|D Fln |ni ni.
1. 2. i3 |k
male [1|6(58 |1 |5 |8 |40 |71 754 |2 |3|52|30|10|5 |5 |5 713 |3 |18|1 3|12 110
3| 2 51317 51416 317 1213 51311 19 |519(3|1]47
9 707 6 610
fem- | 8548 |1 |5 |8 (323948 |2 |3 |3 (512443226 6 (1 |1 |11 |1 51275
ale 0] 1 1 10 |515 91719 3 0Ol6 418116 |9 |0 |4(1(0]7
9 |2 3 910
Total | 2 10 111 (73|11 (127 |6 |7 1054|157 |7 |1 11514 (3012192418
11116 |1 |0 2 10 |3 41|53 |6 |0 |2]9]1 3127 |8 |5]|3[5|1]04
518 91619 9 510

Table 2: Two — way catanova test on performance of male and female pupils of primary in Ofu
local Government Area of Kogi State in common entrance examination for the year 2021
DISTRICTS
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Total sum of squares (TSS) =n - X}pn2..k/n
= 1804 - (479° + 308> + 259° + 93% + 255* +410%)/ 1804
1804 — 633160/1804
= 1804 — 350.9756
TSS = 1453.0244.

Between sex sum of squares (BSSS) = n- Y n2i.k/ni
= 1804 — (317> + 189° +156> +39> +136> +210%/1047 + (162°> +119* +103°
+542 +119° +200°) / 757
= 1804 - (214.5778 + 142.78806)
= 1804 - 357.3664
BRSS = 1446.6336.

Between districts sum of squares (BDSS) = n - Y., n2. jk /nj
= 1804 - (219* +113* + 106> + 21*> +105*> +168%/ 732 + (110° + 123* +74°
+11% + 75> +139%)/526
= 1804 - (152.5355 + 96.4469 + 112.1521)
= 1804 -361.1345
BDSS = 1442.8655.

Row sum of squares (RSS) = TSS — BDSS
= 1453.0244 — 1446.6336
= 6.3908
RSS = 6.3908.

Column sum of squares (CSS) = TSS — BDSS
= 1453.0244 - 1442.8655

=10.1588
Source of variance Degree of freedom Sum of squares
Row or factor levels or sexes 1 6.3908
Districts 2 10.1588
Sex x districts 10 1.3334
Residual 1790 1435.1414
Total 1803 1453.0244

Table 3: Catanova table

Ho: Performance is independent of the districts.
H1: Performance is dependent on the districts.

The test statistic = y*ca = k — 1(n-1)CSS/ TSS
= (6-1)1804 — 1) 10.1588/ 1453.0244

= 063.0282.
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L = ey = a6 = 18.307,
Decision Rule: Reject Ho if 37 S8 ™ 52,

Conclusion:
Since y e =683 > Y = 18.307, we reject Ho and conclude that performance depends on the
districts.

To determine which of the districts perform best, we compute the proportions of students that
passed and failed in each districts as follows:
Proportion of pupils in Ugwolawo district that passed is
Pug passed = NUg pass/ Nug  0.77.

Proportion of pupils in Ugwolawo district that failed is
Py filea = nug failed/Nug = 168/732 = 0.23.

Proportion of pupils in Igalaogba district that passed is
Pig passea = 0lg passed /NIg= 443/546 = 0.81.

Proportion of pupils that failed in Igalaogba is

Pj, filea = nig failed/Nig = 103/546 = 0.19.

Proportion of pupils in Itobe that passed is

Pre passea = It passed /NIt = 387/526 = 0.74.
Proportion of pupils in Itobe that failed is

Py fuilea = 0t failed/NIt = 139/526 = 0.26.

The proportions of pupils that passed in each district in the decreasing order is as follows:
Igalaogba = 0.81

Ugwolawo = 0.77

Itobe = 0.74.

Similarly, the proportion of pupils that failed in each district in the increasing order is as follows:
Igalaogba = 0.19

Ugwolawo = 0.23

Itobe = 0.26.

4. Conclusion

From the foregoing, it shows that performance depends on the district. This means that
performance of any chosen pupil depends on which district the pupil comes from. From the result
obtained, pupils from Igalaogba district performed better than the other two districts with the Itobe
district having the poorest. The researcher therefore recommended that the government special
science college should be located at Igalaogba district.
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Numerical solutions of higher-order second kind
Fredholm integro-differential equations with modified
homotopy analysis method

M. D. Aloko®, J. A. Osilagun’, and Johnson D. Audu?

Abstract

We present a modified Homotopy Analysis Method (MHAM) for solving higher-order
nonlinear Fredholm integro-differential equations. This approach utilizes the homotopy
principles but introduces two auxiliary parameters to construct a modified homotopy. The
Parameters make it easier to analyze linear and strongly nonlinear problems without
linearizing the problems directly. The series solution including the recurrence relations are
carefully developed and presented explicitly without the need of applying any discretization.
The error estimates are tabulated while the solution plots are graphically displayed. When
compared with exact solutions and other traditional methods, our scheme proved reliable,
efficient, and cost-effective.

Keywords: homotopy; higher order; Fredholm- integro-differential equations; decomposition.

1. Introduction

Nonlinear Fredholm equations naturally serve as model equations for many memory-dependent
dynamical systems. These include population dynamics, epidemiology, and diffusion [20]. As a result,
a lot of research has been directed towards approximating different kinds of Nonlinear Fredholm
equations. Cubic spline collocation methods have recently been used for Integro-Differential equation
systems [18], convolution integral approach [12], application of Legendre polynomials [18], Taylor
collocation [18,6], and method of Chebyshev’s polynomials [14]. Maleknejadel et al applied Berstein
Operation Matrix to solve higher order-Volterra-Fredholm Integral-Differential equations [17]. More
recent, high-order approximations techniques are employed in [4, 5]. Parameter variation approach
for different problems related to Integro-differential equation systems is presented in [16]. In [18], a
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new modified Adomian method is presented while a numerical solution for the Taylor expansion
method for Fredholm integral equations is contained in [19].

In this paper, we propose and implement an iterative scheme modified Homotropy Analysis
Method (MHAM) to approximate the following integro-differential equation.

u™(x) = B(x) + Hfag(x) G(x, s)u™(s) ds, 1)
subject to the initial conditions

u®(0) = ¢,
where ¢, k =0,1,...(m—=1), k,n, and m are integers withn < m.

It is worthy to note that some complicated problems that cannot be handled with our classical
method are covered in [13, 3, 9].

In the remainder of this section, we present a general framework of the problem. In Section 2, the
main ideas of homotopy including the series solutions and recurrence equations are presented while
our modified homotopy scheme is provided in Section 3. In Section 4, we numerically implemented
our scheme on some higher-order integro-differential equations and compared our approximate
solution with the exact solution and conventional HAM.

2. Homotopy analysis method (HAM)

The Homotopy analysis method employs the concepts of homotopy from topology to generate a
convergent series solution from nonlinear systems, however, instead of using the traditional
homotopy, a nonzero auxiliary parameter h, referred to as the convergence —control parameter was
introduced and nonzero auxiliary function H(x) is used to construct the homotopy Analysis Method.
We consider the following differential equation

Ru(x) =0, 2

where, X is non-linear operator, u(x) is an unknown function of independent variable x. Let uy(x)
denotes an initial approximation of u(x) and £ denotes an auxiliary linear operator with the property:

L[B(x)] =0 when B(x)=0. 3)

Using equation (1), we define the non-linear operator as
Ru()] = u™@) - B — 1 [£¥ Gl HuM(s) ds @)

Let L =1 and H(x) = 1, then to construct the so- called homotopy method, the following family
of equation is used

(1 =7r)Lle(x; 1, h) —up(x)] = rhH()R[@(x; 7, B)], ®)
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where, 7 € [0,1] is an embedding parameter, @(x,7) is a function of x and r, h is a non-zeros
auxiliary parameter and H(X) is 2 non-zero auxiliary function. When 7 = 0, from equation (5), we
have

Llp(x; 0,h) — up(x)] = 0. ©)

It follows that

¢(x;0,h) = ug(x), ]
r=1,

XI($Cc 1] = 0520, .
subject J
¢(x;1,h) = 0.

Since h # 0, H(x) # 0 and from the definition in equation (4), equations (7) are equivalent
provided @ (x; 1, h) = u(x).

As the embedding parameter 1 increases from 0 to 1, the solution @(x; 1) of equation (2)
depends upon the embedding parameter 7 and varies from the initial approximation uy(x) to the
solution u(x) of equation (2), see [3]. In topology, such a kind of continuous variation is called
deformation. The zeroth-order deformation for equation (1) is constructed as

h(x)
R[u()] = u™(x) - Bx) — f k(x,s)u™(s) ds. )

T — B0 -, k(e Hu™(s) ds|,

or €)
(1 =1)[p(x; 7, h) —up(x)] = rh()XR[@(x; T, h)].

1 =) [e(x;r,h) —ulx;0,h)] = rh(x) [

Expand @ (x; 7, h) in Taylor series with respect to 7, we get
¢OT,h) = @(x;0, h)

+Z m! or mgo(xrh) r=0 (10

Let Uy, (x, h) = il—a (zgfnr :h)

initial approximation, the auxiliary parameter h and the auxiliary function are propetly chosen, the
series equation (9) converges at r=1, then we have

¢ 7, h) = up(x) + L= Um (x, )T™. (1n

|r=0 . Using equations (5) and (6), if the auxiliary linear operator, the
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Equation (11) provide a relationship between the initial approximation ug(x)) and the exact solution
u(x) by means of the terms U, (x) (m = 1, 2, ...) which are unknown and defining the vector t,, =

{uo (1), u1 (%), . up (¥)}-

Differentiating equation (9) with respect to 1 yields

(1 =) 225 ;7 ) — ug(x) = hX[g(x; 7, )] + rh ZEET) (12)
Setting 7 = 0, equation (12) yields

2 | o = hR[p(x )] lr—o. (13)
Differentiating equation (11) with respect to 7, gives
PO = Ty Mt (6, A)T™

= uy(x, h) + Yoo, muy, (x, ) r™ 1, (14)
Using equation (14) and equation (13), the deformation equation of first-order is obtained as:

u; (x, h) = hX&(uy(x, h)),

(e, ) = (10 () = BG) = [ (KCx, o™ (s) ds ) 13

Differentiating equation (12) with respect to r and setting r = 0,

dp(x;r,h)
ar

6<p(x 7,h) aR(p(x;1,h)) L 92X (¢ (x;1,R))

—2 ar ar2

+(1-r) = 2h

Using equation (14) and equation (15), to obtain

—2uy(x, h) + Z My, (x, A)r™ 1 + (1 — r)[2uy(x, h) + Z m(m — D)y, (x, )r™ 2

m=2 m=2

Setting 7 = 0, the second-order deformation equation is also obtained as

h(x)

up (2, h) = (1 + hyuy(x, h) —hp(f, " (k(x, $)ue™ (s))ds).

To determine the m*™ -order deformation, differentiating equation (11) m —times with respect to 7
and then setting = 0, using equations (13)-(15), we have
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m

0
ey (1 —=7r)[e(x;r,h) —uy(x)]

m h(x)
<rhN[<p(x; r,h)] — B(x) — uf k(x, s)u®™ (x; 1, h)) ds.

:ar—m

Substituting the homotopy seties and dividing by m!, then m — order deformation equation is
obtained as

h fh(X) 0™ 1o(x;r)
(m-1)!7a grm-1

Un(,h) = (1 + Dupy_1(x) — k(x, s, )u™ (x; 1) |,zds.  (16)

A partition of [a, h(x)], can be chosen as follows:

a=x <x;<--<x, =h(x)=band uy,(x;) is computed as
U (x, h) = (1 + w1 (x, h)
1 J‘h(xi) 0™ p(x;7,h)
(m—-1)!J, arm-1

k(xi S)u(n) (xl r’ h) |T'=O, x=xid5'

Using equations (6) and (7), taking inverse £7%, (9) yields
uy = u(x; 0,h) = L7Y(B(x)) = b;
and . (17)
u(x; 1,h) = u(x)

Also equation (16) can be expressed as

Lty () = XqUm-1(X)] = ARyl 1 (X). (18)

- 1 ™M IR[p(x;1,h)] oOom<1
where RpyUpm—q = p— ppr— ly=0 and x,,, = {1’ m>1" (19)
Using equation (18)
U () = (1 — xp) U1 (x) + hﬁ_lH(x)Rmam—l(x)- (20)

3. Derivation of modified homotopy analysis method (MHAM)

A new recursion algorithm is obtained for u,,(x) such that the initial approximant uy(x) =
b; obtained is decomposed into two parts b;(x) = bg;(x) + b1;(x) and replacing the two
components by a series say b; of infinite component expressed as: by (x) = Yo— bin ().
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Taking L™ of equation (18) and using equation (17).
The scheme for the Modified Homotopy Analysis Method (MHAM) is constructed as

Uy = byo(x), )
u; = by (x) + hL7IR, U, (%),
Uy = by (x) + hL 'Ry, (%),
U = by3(x) + hL 1R, (%), ( @)

U = by m(x) = RLTIR U1 (X),m = 2,3, ... )

It easy to obtain where the m — th approximation of u(x) for m > 1, that is given by
k
U(X) = Uy + ) U (X). 22)
m=1

Equation (21) reduces the number of terms involved in each component, and hence the size of
calculations is minimized compated to the conventional Homotopy Analysis method only. When k —
00, an accurate approximate of equation (21) can be obtained with the series solution of equation (2)
by using the initial conditions [7, 8, 1, 6]. Thus, the Modified Homotopy Analysis Method (MHAM)
provides a numerical method for solving integro-differential classes of problems and overcome the

difficulty of decomposing u(x) with an efficient improvement over the traditional Homotopy
Analysis Method.

4. Numerical experiment

In order to analyze the results, three numerical examples are given to illustrate the accuracy and
effective properties of the method and MAPLE- 17 package on Window 2010 is used to carry-out the
calculation. Results are displayed in tables and graphical plots.

Example 1 [21].

Consider the third order Non-linear Fredholm integro differential equation of the second kind.

" —_ X 1079 » , 1 1 (x—25),,2
u'" (x) = xe +o et + Joe u?(s)ds, (23)

for x € [0,1] with the initial condition u(0) = 2,u’'(0) = 1,u''(0) = 2, and the exact solution
u(x) = xe”*.

Using the MHAM algorithm (21), the zero deformation equation, and the Taylor series expansion:

() =x+x02+— 2 02 (r - )e¥ = x4l — o x — Tox? 4
360 360 720 360 360 360 720
(x—L)(l +x+x?+x3 +—x2 +O(x5) = x4 a2 4y 4 0 1 yS
360 2 6 24 2160 8640 24
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1

1079 1439
Let blo(X) =x+ xZ = uO(X), bll(x) =+ 2160x3 + 8640 x4’ blz(x) = sz

Setting h = —1 for each approximation,

Uy () = byy (¥) — h— [ [¥ [X(J exp(§ — 2r) u?o(r)dr)dEdEd,

120
2

_ 7 3 22 7 x2 3 x-22,3
U(x) =— 5 — — - —
1() 480x 328 X 480ex~|—32ee X +x

U(X) =
2(%) 922699  x -2 2 6130109 922699 02,2

36864000 © © T 552960000 © " 36864000
2943 _4 15739 -3 » 63 -6 2

T 63840 © ¥ T 30720 ¢ Y T Te3sa0 ©
219709 -1 2 -5 2 15739 3 1 2
t 2764800 © ¥ T 3006 © Y T 30720 ¢ ©
63 .« 62, 6130109 L, 2943 . 4,
* 163840 € ¢ ° T 3552060000 €~ Te38a0 € ¢ ¥
219709 c1x2 39 s x2 3 x -23
2764800 © Y T 4096 ¢ Y T g F
+ 7 X —6x + T it — 3 et + Lx5
120 480 32 24

3 )
n (%) = bin () = h [ [ Jy (§rI05-1 (1) drdlgd
The approximation solution by MHAM for the same Example 1 is written in the form:

u(x) = up(x) + ug (x) + up(x) + - +upy(x) =
3, 1 5 7 %3 2943 .4 o 15739 -3 2
X At T Y T Te3s40 © ¥ T 30720 € F
219709 -1 2 63 6 2 39 59

2764800 © © " Te3sa0 © ¥ T 2096 ¢ F

7T x4 3 x-23, 15739 352 39 542

T a0 S T Y T 30720 T 2096 & ¢
2533301 . -2 5 63 . -6 o 554893891 ,
36364000 < ¢ ¥ T 163820 € ¥ T 552960000

2533301 5 5 1933891 o 219709 . 2
36864000 552960000 2764800
x 2.4 2943 1 -4

3
T 32 %% Y T e3840

83 IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



M. D. Aloko, J. A. Osilagun, and J. D. Audu

x; | Exact Sol | HAM MHAM
uSMHAM‘ ABS-E uSMHAM‘ ABS-E
APR Sol APR Sol

0.1 | 0.110517 0.110517 1.51E-07 0.110517 5.12E-11

0.2 | 0.244281 0.244279 1.24E-06 0.244281 3.82E-10

0.3 | 0.404958 | 0.404953 4.29E-06 0.404958 | 1.31E-09

0.4 | 0.596730 | 0.596719 1.04E-05 0.596730 | 3.17E-09

0.5 | 0.824361 0.824340 2.09E-05 0.824361 6.36E-09

0.6 |1.093271 1.093234 3.72E-05 1.093271 1.13E-08

0.7 | 1.409627 1.409566 6.06E-05 1.409627 1.84E-08

0.8 | 1.780433 1.780340 9.31E-05 1.780433 2.83E-08

0.9 |2.213643 | 2.213506 1.36E-04 2.213643 4.14E-08

1.0 | 2.718282 | 2.718089 1.93E-04 2.718282 5.85E-08

Table 1: Comparison of Absolute Error Table for Example 1
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Graphical representaion of the Exact solution of the corrvolution third order FIDE
Graphical representaion of the Approximate sohition of the comvobition third order FID]

Figure 1: Graphical representation using 3-iterate of FIDE Example 1

Example 2: Consider the initial value problem [10]
u"'(x) = eX — i (e*+ 1)+ fol xs(u'")?(s)ds, 24)

u(0) =u'(0) =u"(0) = 1.

Using the MHAM algorithm (21), the zero deformation using equation, and Taylor series expansion
for
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b()_1+x+x2+3x x3

W) =3T3 T g T "
=1+ +x2+x3+x4+x I I S
= TETS T 327 160 960 6720 53760 483840 4838400

5 6 7 8 9 10

xll x X13
0 15
+ 53222400 + 6386688000 + 8302694400 + 116237721600 +0(x™)
x6 x7 x8 x9 xlO

X
=ltxtodt 32 160 960 ' 6720 5376011_ 483840 ' 4838400

13

xt X X X

* 53222400 * 6386688000 * 8302694400 * 116237721600

xS 8

160

x7 x

6
X

+ 2, by3(X) = —— + ——
960’ 13(%) 6720 ' 53760’

2 3
Let bip(x) =1+ x = uy(x), by1(x) = x? + :—2, bi,(x) =

9

X X
bia(x) = .
14(%) 483840 ' 4838400’

10

"

Setting h = —1 for each approximation,

W@ = by () —h [} [ (f @@ ©dr) dedgag =1 2 L

12
() = bio (@) = h fy fy 3 Uy €r) (w')*(drydédgds =L ¢ o L5 8y

160 © 1152
us (%) = bys () — h [ [ [ (&) (u'2)? (1) dr)dédEde =

1 6 1 7 139 4+ 43 2 4 1849 h3x4

960 © T 6720 © T 8eo16 " T 14336 © Y T 1327104

U (%) = bya () — h [ [ [ (67) (W'5)? (1) dr)dédEde =

1 g 1 9 461 4 3015977 4 4
53760 © T 483840 © 81100800 "° T Ts7280916480 "
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1 144
us(x) = bys(x) — h [ [ [0 (Jy (€r) (" )?(r)dr)dédEdE =
1 10 1 1 _ 461 4
4838400 53222400 81100800
3015977 44, _ 7367 2 4

187280916480 "~ 990904320

202367 34 _ 3418801 7.4
12331253760 1761205026816

_ 5393533 5 4 79507 6 4
399532621824 " %t 9512681472 " ¥

;moo = B () — fo ' fo ' fo ' fo ) () ()dr) dEdEde =

The approximation solution by MHAM for the same Example 2 is written in the form:

u(x) = ug(x) + uy (%) + up (%) + -+ + up (x)

MHAM [10]
u” ypam- APR | ABS-E
X Exact Sol APR Sol n=7 | ABS-E Sol
0.0 1.00000 1.00000 0.00E+00 1.00000 0.00E+00
0.1 1.10517 1.10517 2.51E-13 1.10517 2.22E-08
0.2 1.22140 1.22140 6.49E-11 1.22140 7.58E-07
0.3 1.34986 1.34986 1.68E-09 1.34985 6.12E-06
0.4 1.49182 1.49182 1.70E-08 1.49180 2.74E-05
0.5 1.64872 1.64872 1.03E-07 1.64863 8.85E-05
0.6 1.82212 1.82212 4.46E-07 1.82189 2.33E-04
0.7 2.01375 2.01375 1.55E-06 2.01322 5.31E-04
0.8 2.22554 2.22554 4.56E-06 2.22445 1.09E-03
0.9 2.45960 2.45959 1.18E-05 2.45753 2.08E-03
1.0 2.71828 2.71825 2.79E-05 2.71458 3.70E-03

Table 2: Results and Comparison of Absolute Error Table for FIDE Example 2
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5. Conclusion

In this paper, we provided a modified Homotopy Analysis (MHAM) approach for approximating
strongly nonlinear physical models in engineering and applied sciences that are governed by higher-
order Fredholm integro -differential equation of the second kind.

The implementation and the numerical examples both show that our technique is efficient. The
scheme is simple to implement, it reduces the computational difficulty associated with other traditional
methods.

Acknowledgement: The authors would like to thank National Agency for Science and Engineering
Infrastructure (NASENI), University of Lagos (UNILAG), and King Fahd University of Petroleum
and Minerals (KFUPM) for their support.
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On the performance of Nigerian security agencies: a
learning rate and learning curve perspective

A. O. Abam® and E. F. Nsienf

Abstract

Effective management of workforce is one of the most critical functions affecting the
performance of security agencies. The development of an agency is dependent on the degree
of performance of the workforce. The performance of workforce is the resultant effect of
the learning curves, learning rates and level of teamwork of the personnel. Considering that
security is key in the wellbeing of any economy and bearing in mind that learning curves and
rates of Corps affects the performances of the agency, this work seeks to assess the
Performance of security agencies considering their learning differences. A conceptual
framework model for security agencies’ workforce was proposed and formulated for
assessing the learning differences of personnel. The findings reveal that the higher the rank
of Personnel, the lesser the amount of time required to recover as a result of experience
compared to the low rank Corps. That, Corps have a chance to observe breaks which is
always stated in the Corps condition of service like off duty, annual leave, tea breaks.
Performance depends on Corps’ traits and skills acquired, on-the-job trainings, different
learning rates, learning curves and the operational strategies employed for recruitments,
trainings, identification of Corps’ experiences and productivity.

Keywords: learning curve; process; rate; performance.

1. Introduction

The growth and development of any organization or industry is dependent on the degree of
performance or productivity of the workforce. Meanwhile, the performance of a workforce or
productivity of any industry is measured based on the learning curves, learning rates and level of
teamwork of the personnel. Considering the different operations regarding airlines, Wright in 1936
brought to limelight the development of learning curves by assembling the costs of airlines’
decrement through repeated operations ([32], [4]). The work of [11] cited in [4] defined a learning
curve as a mathematical description of workers’ performances in repetitive tasks while [1] revealed
that learning curves, rates and skills of personnel contributes to the efficient operations and
performance of security agencies. Research conducted by [29], [16], [10] defined learning curve as
an efficient weapon that assesses workers’ performance in repetitive tasks, leading to reduced
process loss due to workers’ inability in the first production cycle [4]. That
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learning curves depend on some variables like the time of the first operations, unit numbers
produced at each time interval, production costs and the percent of non-conforming units [12].
In another development, [10] revealed that repetition leads to less time demand because of due
familiarity with working tools, strategies and operational procedures or processes. The work
carried out by [17] as cited in [28] opined that there exist a binding force and relationship between
workers’ personality characteristics/traits and their academic motivation with different effective
teaching strategies. The workers’ experiences, forgetting processes, workers’ assignment strategy
and trainings contribute to the wellbeing and productivity of any industry or security agency. In
the light of the above, this paper seeks to assess the performance of Corps of the Nigerian Security
Agencies using their learning rates and learning curves.

Effective management of labor resources and workforce is one of the most critical
functions affecting performance of manufacturing systems. An agency or industries’ growth and
development is hinged on the performance and productivity of her workers. Inefficient skills
regarding learning rates, learning curves and teamwork had contributed to the poor performances
of security agencies. This further reveal that the security agencies are either not been equipped or
prepared to cope with the demanding technological changes, trends and developments of the
present economy and security challenges. Different security agencies have failed in performing or
exercising their duties to the citizens and the nation generally. This is owing to the fact that Corps’
individual differences in terms learning curves, rates and lack of teamwork is not adequate to bring
desired performance. In the light of the above, the aim of the study is to formulate and propose a
conceptual framework model for security agencies’ learning differences, learning curves and
learning rates.

Objectively, this will be achieved by:
i.  Assessing the factors that contribute to the differences in learning curves of the personnel.
ii.  Identifying the determinants of learning rates of Corps that motivate their agility and top
performances.
iii.  Formulate a Conceptual framework model for learning curves and learning rates of the
Nigerian Security Agencies’ workforce using the determinant factors of learning curves
and rates.

Different scholars have studied Learning processes which generally, are used in choice menu
configuration, job scheduling, job rotation, production development, estimation of lot conclusion
time, evaluation of production cost reduction, optimization of tasks allocation to workers based
on learning profiles, mitigating or checking of production losses after interruptions, breaks and
fatigues. [8], [30] states that learning processes are affected by some factors like structure of the
training programs. Workers” motivations in performing their duties or tasks given to them were
assessed by [21], [3] as another teething problem of learning processes. [23], [24] [22] revealed that
ptior or previous experiences gained in the duty or assighment given to a worker affects his/her
learning process. However, [22] added that the respective task or assignment complexities affect
the workers’ learning processes. The research of [5] states that mass customization popularity, a
production strategy in manufacturing, service industry is an advantage of workers’ learning curves.
[9], [15], [7] believes that learning curves are used in analyzing and controlling the companies
productivity and operations. Learning curves are
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also seen as a way to allocate responsibilities or tasks to workers according to their experiences or
histories of learning profiles ([23], [6]). Research conducted by [20] sees learning curves as a means
of measuring production costs as workers gain experiences while [26], [27] believes that learning
curves estimates cost consulting and technology implementation.

2. Brief history of learning curves

The Wright (19306) log-linear model was the first organizational learning curve given as

y = it (1)
where, y is the average time or cost needed per unit production; C is the time (cost) for the first
unit production; x is the number of units and b is the slope of the learning curve that describes the

learning rates of workers ([10], [31]). [14] modified Wrights model by monitoring the process with
high percentage of non-conforming and reworked units as:

y=Ci(x+B)° (2)

where B is the number of units of prior experiences. [23] developed the exponential learning curve
as

y = Clxh edx [3]

where d is a second constant; e is the exponential value and other parameters are as defined above.
In another development, [4] modified equation (3) above resulting to a multivariate learning curve
analyzed using surface graphs stated as:

y = k[I;_, Cix;® (4)

where C; is the coefficient for the independent variable x;; k is the performance cost to producing
the first unit.

Recall that:

Total Factor Productivity = % (5)
age xInpu

The power form or traditional model for experience and performance by [18] is given as

Cp=Cig™° (6)

where Cp is the cost of performance or production; C; is the unit cost to produce first units; b
represents the learning rates and q is the number of units.
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3. Proposed models

3.1. Proposed model for learning curves of Nigerian security agencies
workforce

According to [23], the support for counter terrorism operations is sustained and effectively
maintained with the help of understanding the learning abilities and capabilities of the workforce.
From (4) above, modifying [4] model by introducing other parameters of Nigerian Security
Agencies we have the following proposed model.

miny = » k| [UxtU =t cd k) @
i=1 i=1

Y = kﬂfxfa[ -+ kl:'fxfa[ -+ kdeff’i -+ kffxff’i -+ k hfxff’i(ﬁ}
v = kla;x;" + c;x;% + dyx® + g + P (9)

From equations (9) and (10), “y” is the average time or cost needed per unit performance or
production. “k” is the performance cost of producing the first unit; “U” is a multi-objective
function comprising of the learning curve, learning rate, fatigue, interruptions and breaks. “U” is
the coefficient for the independent variable x;; “a” is the learning rate deviation; “c” is the learning
curve deviation; “d” is the breaks deviation; “f” is the fatigue deviation; “h” is the interruptions
deviation; “x” is the independent variable representing the number of units in the production
process; “b” is the slope of the learning curve that describes the learning rates of workers.

3.2. Proposed conceptual model for learning curves and learning rates of
Nigerian security agencies workforce

In order to develop the conceptual model for the learning curves and rates of Nigerian Security
Agencies’ Workforce, the [19] organizational learning curve was modified. [2] defined the learning
curve of a workforce as the constituent of the performance, capabilities, learning abilities and
responses of a security agency’s workforce. Meanwhile, learning curve consists of the movement
from an individual action (personal experiences got) to organizational action (actions taken by
Corps dependent on the agencies’ vision and mission statements) to environmental responses and
finally individual beliefs. This is represented in a circular form below.
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Individual Individual
Beliefs Actions

Environmental Organizational
Response < Action

Figure 1: Organizational Learning cycle (Adopted from [19]).

Recall that, “Organizations can differ in terms of the amount of experience, the nature of
experience, the ability to learn from experience, the amount of deliberate learning activities, the
nature of deliberate learning activities, the ability to learn from deliberate activities, the ability to
translate learning into better organizational knowledge, the ability to change behavior in response
to better organizational knowledge, and the ability to obtain better organizational performance as
a result of changed behavior” [18]. [13] revealed that, resources allocation is a proponent of the
learning process since the personnel awareness contributes to the learning curves, rates and
learning processes of an organization. Meanwhile, the elements of organizational learning
processes include: the vision and mission of the organization, better knowledge acquired (on-the-
job training or refresher courses), improving actions resulting from the experiences got from the
in-house training or refresher courses and on-going efforts (the continuous objective processes,
activities of achievements obtained from the agencies’ set goals and objectives).

Learning Learning Laerning
Curve Process Rate

Agencies/

Agencies/Companies

productivity Companies
Operations

Figure 2: Proposed Conceptual framework model for the Learning Process of Security Agencies
Workforce
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From Figure 2, above each of the stages is represented in a conceptual model framework as shown
below.

Corps Production
Experience Cost

Corps History Task/Duty
of Learning Allocation

Learning
Curve

Figure 3: Proposed determinants of the Learning Curve of the Security Agencies’ workforce.

Productio Teaching
n Strategy Strategy

Mass Nature of
Communicatio Services
n Popularity Learning rendered

Process

Figure 4: Proposed determinants of the Learning Process of the Security Agencies’” workforce.
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Figure 5: Proposed determinants of the Learning Rate of the Security Agencies’ workforce.
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Figure 6: Conceptual Framework/Model of the Learning Curves of Personnel
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4. Discussion

Task or schedules allotted to personnel on the first phase of the conceptual framework depends
on their provenness, tacitness and personal observable traits. The second phase (the learning
curves) handles the corps history of learning, performances, experience and demands in the course
of carrying out their duties. Meanwhile, the third phase (learning rates) has proponent factors of
the corps’ beliefs, actions, level/degree of assimilations and environmental responses while the
fourth phase called the learning process involves the nature of services rendered, teaching and
production strategies with impacts of communication skills. However, the service delivery (final
phase) uses the corps’ vision and mission statements with operational structures to achieve the
agencies’ set objectives. At this stage, each personnel thrive to meet the standards of the operations
of the corps, thereby evaluating the agency as either being productive (personnel is awarded) or
unproductive (personnel is withdrawn from the task or service).

Generally, at every planning stage, Corps on-the-job training, skills acquired, overtime task
carried out, availability to a task or scheduled duty, tea breaks or off-duties given, different
interruptions, personality traits/ranks and fatigue are considered so as to inform decision makers
on what, how, when to employ (hire), dismiss, sack or retrench (fire) and train personnel
(induction/refresher courses and on-the-job trainings). This research work reveals that corps
differences in terms of ranks, skills and handling of machines (arms) aid predictions in
recruitment/employment, retrenchment (retitement /dismissal), training as well as the nature of
breaks given. However, Corps on off duty (not working at regular times) do not have breaks. The
findings posit that the higher the rank of Personnel (Corps) the lower or the lesser the amount of
time required to recover as a result of experience gathered compared to the low ranking Corps.
Morte Corps employed/rectruited and trained at the entry point seems to have very low skills and
personality level regarding the job.

5. Conclusion

From the findings, every Corp has a chance to observe break time as stated in the Corps condition
of service regarding off duty, annual leave, tea breaks etc. That, Corps performance depends on
the traits or skills acquired, on-the-job trainings, different learning rates and learning curves and
the operational strategies employed by agencies in recruitments, trainings, identification of
different Corps’ experiences and productivity. The research work proposed conceptual model of
learning curves, and rates of personnel of the Nigerian Security Agencies.
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Sensitivity analysis of Nipah virus Malaysian variant
(NiV,,) with transmission dynamics
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Abstract

In this paper, we established the basic reproductive number of the Nipah virus disease, the
DFE and endemic equilibrium of the SIR disease model. We deploy the next generation
matrix approach to obtain sufficient conditions under which the basic reproductive number
was obtained. We then perform a sensitivity analysis of the model, which helped us come
up with some proposed policies to assist stake holders on the right policies to apply. The
study aimed at analyzing the sensitivity of the parameters in relations to the basic
reproductive number of the proposed disease model; to achieve this we use the following
objectives: (1) obtain the basic reproductive number of the model (2) perform sensitivity
analysis of the model. From our analysis, some of the followings were drawn as conclusions.
It was discovered that some parameters were found to be positively contributing to the
spread of the disease, parameters like Ay, which is the recruitment parameter for the model,

B, this parameter is the effective contact rate, while some other parameters reduce the

spread of the disease, parameters like 7;, which is the proportion of infected that goes for
treatment, while fty;, natural death.
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1. Introduction

Nipah virus (NiV) infection is an emerging pathogen endemic to Southeast Asia that can be
transmitted from its reservoir (wild animals, fruit bats, pigs etc) to human. NiV is a zoonotic virus
(that is, it is transmitted from animals to humans) and can also be transmitted through contaminated
food or directly between people [13]. It was first detected in the 1998-1999 outbreaks in Kampung
Sungai Nipah, Malaysia and then Singapore, with seasonal outbreaks in Bangladesh and India since
2001, and a suspected 2014 outbreak in the Philippines. It derived its name from Sungai Nipah, a
village in Malaysia where the virus was first detected in 1998 [1]. In Africa there has been an outbreak
in Madagascar, which shows that Africa is not spear of this new deadly zoonotic virus [5].

In the 1998-99 Malaysia outbreak, NiV spillover occurred from bats to pigs, which led to pig-
to-pig, pig-to-human, and suspected, although limited, human-to-human NiV transmission [11]. After
the first noticeable outbreak in Malaysia, NiV infection has subsequently been recognized in
Bangladesh in 2001 and nearly annual outbreaks have occurred in this country ever since, with disease
also identified periodically in eastern India; case fatality rates during outbreaks in these countries have
ranged from 75% to 100%. Other regions may be at risk for NiV infection, as serologic evidence for
NiV has been found in the known natural reservoir (Pteropus bat species) and several other bat species
in a number of other countries, including Cambodia, Thailand, Indonesia, Madagascar, Ghana, and
the Philippines [12]; [8].

2. Model formulation

2.1. Model assumption
The development of the model is based on the following assumptions:

i.  Those recruited into the system are not infected or contacted the disease.
i.  We focus on the Malaysia (N1Vy) strain.
iii.  There is an Intensive supportive care for those infected with the virus that goes for treatment.
iv.  The treatment given to those infected is the combinational therapy method, because as the
time of this study there is no single specific approach or method for treating Nipah virus

disease.

v.  Nipah virus is seen to be a highly emerging disease and no single drug is available yet for its
treatment.

vi.  Humans can contact the disease by contact with infected bats, infected pigs or infected
humans.

vii.  The infected individual can recover either by care giving/combinational therapy or naturally.
viii.  One can recover from the infection without treatment.

ix.  Once recovered a person or animal cannot get the virus again.

x.  We assume the latent class is merge with the infectious class.

xi.  Pigs get infected by contact with infectious pigs or infectious bats.
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xii.  People or pigs can die naturally or as a result of the disease.
xiii.  Bats are natural carrier of Nipah virus disease.
xiv.  The pigs are caged so that they do not roam to eat defecations from humans that are infected.

Now, putting these assumptions together we have a model flow diagram and thus the model equations
for the transmission dynamics of the Nipah virus and its control.

Model variables for the Nipah virus model

Sy - susceptible humans

Iy - infectious humans

Iyr- infectious humans receiving treatment

Ry - recovered humans

Sp - susceptible pigs

Ip - infectious pigs

Ipr- infectious pigs receiving treatment

Rp - recovered pigs

Sp - Susceptible bats, with strong immune response capable of controlling the infection.
Ig - infectious bats

Parameters and their interpretations for the Nipah virus model

Ay - Constant recruitment of human through birth and migration

Ap - Constant recruitment of pig through birth and purchase of new pigs into the animal society
Ap - Constant recruitment of bats by births and migration of bats into the bat population.
Ny — Total human population

Np — Total pig population

Np — Total bat population

Uy - Natural death rate for humans

pp - Natural death rate for pigs

Up — Natural death rate for bats.

P - Effective contact rate for humans

f2- Effective contact rate of pigs

B3 - Effective contact rate of bats

T, — Proportion of infected human that goes for treatment

T,- Proportion of infected pigs taken for treatment

§; -rate at which humans die as a result of the disease in the infectious human class

- rate at which humans die as a result of the disease in the infectious treated human class undergoing
treatment.

03 -rate at which pigs die as a result of the disease in the infectious pig class not undergoing treatment.
04~ rate at which pig dies as a result of the disease in the infectious pig class undergoing treatment.
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§s -rate at which bats die as a result of human activities.

Y1 - rate at which infectious human recovers

Y,- rate at which infectious human undergoing treatment recovers

Y3 - rate at which infectious pigs recovers

Y4- rate at which infectious treated pigs recovers

Ny - modification parameter associated with reduced infectiousness of infected humans, 0 < ny <1
n, - modification parameter associated with reduced infectiousness of infected pigs as compared to
infected humans, 0 <n; <1

N, - - modification parameter associated with reduced infectiousness of infected pigs as compared
to infected humans, 0 < n, < 1.
A — this is the force of infection

2.2. Model equations on NiV infection without inhibiting parameters

dditl-l = Ay — ,31[7101H+711$1P+ n2lplSy 1S | )
H
% = ﬁl[nOIHH;IPJr nalalin _ [y1 + 71 + pu + 6111n, @)
H

di

dZT = Tyly — [v2 + g + 8:11ur, 3
dR

d_tH= Yily + V2lur — unRy, “4)
ds Bllp+nylgls

d_: = Ap— % — UpSp, ©)
ddL: = —HZ[IPJ;VnZIB]SP — [ys + 72+ up + 83]1p, ©)

P

dI
% = Tolp — [ya + tip + S4llpr, (7
dR
d_tp =y3lp + Valpr — UpRp, ®)
ds Balg S
d_f=/13_%_#353’ ©)
dl Balg S
praieell [ 1 S (10)

3. Positivity of solutions

Since there is a portion of the system of equations in (4.1) to (4.10) represents the non-inhibitor
populations, it is necessary to reflect on the fact that the associated population sizes can never be
negative. Thus, we establish the positive invariance of €, to be given as:

Q; = { (Sy), (), Iur(t), Ry (), Sp(t), Ip(t), Ipr(t), Rp(t), Sp(t), Ip(t) ) € RY° }then
S (@), 1y (@), Iyr(®), Ry (@), Sp(), Ip(t), Ipr(t), Rp(t), Sp(t), Ip(t) and N;()} = 0,Vt =0
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There is need for all the variables to be non-negative for all time. This analysis ensures that the model
is well posed and that it is realistic in representing the populations with non-negative values. A
Mathematical equation is said to be well posed, if it has a solution and that solution should be unique
and the solution must depend continuously on the data and parameters [9]; [2].

Theorem 1: The solutions set for the non-inhibitor sub-model

Sy ), Iy(®), Iyr(), Ry(t), Sp(t), [p(t), Ipr(t), Rp(t),Sp(t), I5(t) ) € R0, are contained in the
feasible solution (). We describe the feasible solution to be such a state, where at the origin of the
disease, the (Sy(t), Iy (t), Iyr(t), Ry(t),Sp(t), Ip(t), Ipr(t), Rp(t), Sp(t), [5(t)) are non-zero;

Proof: Let {Sy (t), Iy (), Iyr (£), Ry (), Sp(t), 1p(t), 1pr (), Rp(t), Sp(t), Ip(t) and Ny(£)} = 0,Vt =
0.

We show that £ is positively invariant so that it is sufficient to consider the dynamics of the model
system

From (1):
das Ig+n1lp+ nyIg|S
H:AH_Bl[IIOH Nilp+n2lplSy 1S
dt Ny
dSy Bilnolg+nilp+ n21p]
= = N + | Su -
H

Next, we integrate both sides

deH > _ f[ﬁ1[1101H+1111P+ N2l

Su Ny

InS, >— 31[%1H+1;L11P+11213]+ .UH]t+ S
H

]+ MH] dt

Take exponential of both sides

_ 51[1101H+1111P+112131: MH]t
SH > SHl(t)e Ny .

At t=0,

Sy =S5(0).
This implies that

Sy = 0.

Similarly, we do this approach for the other variables, by this we have shown that all the solutions of
(1 to 10) are inR1°, provided that the initial conditions are positive. Thus, our feasible region, ; is
positively invariant. Therefore, the model is mathematically well posed and epidemiologically
reasonable. Hence, it is sufficient to consider the dynamic of the model (1 to 10) in Q; [7].
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4. Disease free equilibrium (DFE)

Using the sub-model for the human without inhibitor as control, the force of infection for the non-
Bilnolg+nylp+ nylglSy
Ny

inhibitor sub-model is given to be Ay =

Before we go further into the analysis, we must first determine the equilibrium points of the modelled
system of equations.

To find the equilibrium point(s) for the non-inhibitor human compartment, we need to set the above
equations (1), (2), (3), and (4) to zero, that is:

dﬂ=0’dﬁ=0,dﬂ= ,‘“‘J=0,

dt dt dt dt
we have the following:
0 — AH _ ﬂl[nOIH'i_r;:IP'i_nZIB]SH _ MHSH, (11)

[nolg+nqlp+ nylglS

0= Bal ol 7;,1: "2 BH [y1 + 71 + py + 6111y, (12)
0= tyly— [y, +uy + 8:1lyr, (13)
0= vily + v2lur — UuRy (14

From (11), we replace B, with g4Iy, then solve for Sy

Sy = L N (15)

Ny pg+ q1lg[nolg+nqlp+ nyig]

From (12), we let 1 = g1y , then solve for Iy

g1l nolg+niIp+ nyIgls
O=(1 = IJHP 2BH_[)’1‘|‘T1‘|‘#H‘|'51])IH (16)
g1l nolp+n,lp+ nylplSy
Ny
this result from (16), it shows us that we would have two equilibrium points.

From (16), we found Iy = 0 or ( —[y1+t1+uy+ 51]) =0, considering

- (CI17101H5H + q1M11pSH + q1M2IBSH [vy + Ty + py + 61]) =0
Ny Ny Ny

_ ([ Nulyitti+ug+81]-[nilp+n,Iplq:Sy
Iy = .
qinoSH

Now, substitute the new value of Sy in (15) into (12).
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NH[Y1+T1+ﬂH+51]—[7111P+71213]Q1/1H)

= Iy =00rl; = ok

Now we input Iy = 0 into (13), (14) and (15) to get the values for Iy, Ry and Sy respectively.

For (13),

0= nly _I[Vz + uy + 821y
_ T1lH

lur = [YZ+M€I;L62] ’
_ T1 0 —

lar = [V2+una+62] 0

o IHT - 0 .

For (14), we solve for Ry and then substitute Iy = 0 and Iy = 0 into the result

0= vily+ v2luyr — unRy
R, = Y1ily+ v2lgr
g = 2T

UH
> R, = BOrO _
UH
ThenRH=0.

Next, we substitute I; = 0 into (15)

S _ Ay Ny
H Ny up+ qlglnolg+n,lp+ nalp]
S — AH NH
B ™ Ny up+ q(0)[n(0)+nq1p+ n,lg]
A
= SH =
UH

Thus, we have the values for Sy, Iy, Iy, and Ry .

Hence the first equilibrium point (which is popularly referred to as the DFE), to be given as:
— (A
(SH ) IHJ IHT; RH) - ( s y O, 0, 0)

For the second equilibrium point, we substitute the value Iy =
(NH[Y1+T1+MH+21];[TIP+nZIB]Q1n0AH) into the following (13), (14), and (15) to get new values for
1"o4H

IHT) RH, and SH

« _ [ Nulyi+ti+pg+81]-[nilp+n,lplqinody\ _
IH — - WZ
q1nody
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For (13),

0 =1yl — [y + uy + 61157

I* — TII;I
HT V2 +up+82]

| T1(Nyly1+T1+up+61]=[n1Ip+n,1glqinody) w.
HT — - 3

qinoAy [y2+up+382]

Nylyi+t1+ug+81]-[nilp+n,Iplqinedy x
and I =

For (14), we solve for Ry and then substitute I5; = ( P
17t04H

T1(Nglya1+T1+up+81]-[n1lp+n,lplqingdy) .
into (14).
qi1noAy [y2+up+83]

_ * * *
0= yilg+ vaolur — uuRy

« _ nlg+vaIyr
Ry = —/—————

UH
* —

Ry =

Y1i(Ngly1+T1+pp+61]-[n11p+n21p]q1nody) [Voa+un+82]+ v2(T1(Nyly1 +T1+ug+81]-[n11p+n,151q1104k))
un(q1noly) [y2+up+62]

R;il = W4.
. Nylyi+t1+ug+81]-[nilp+n,iglqinody .
For (15), we substitute I; = ( 1 s=lnlptnalpldanotn 5, (15):
qinody

S* _ AH NH
H = Nylyi+t1+ug+61]-[nilp+nalglqinedy Nylyi+ti+ug+81]-[ni1lp+nalplqinedy

P Tl T

HHHT 9 q1m0ly 0 d1imodn 11p 2{B

Sy =

Ay Ny qinody

(Ny pn )q1noAn + a,(Ng[y1+T1+pa+61]-[n1lp+nalplqinodn) [ no(Nuly1+T1+up+61]—[n1lp+nalglqinody)+(nalp+ nalp) q1Modu]
We then let Si; = W, . Now, we have the values for Sy, Iy, Ir, and Ry .

Hence the second equilibrium point (that is the EE), which is given as:
St Iw Inr, Ry) = (Wy, Wy, W3, W,).

We call the first equilibrium point the disease free equilibrium (DFE), while the second equilibrium
point is called the endemic equilibrium (EE).

Since we have gotten the equilibrium points for our non-linear system of equation for the uncontrolled
disease sub-model for human, we will then analyze these equilibrium points, as they are necessary for
our study, because it is at these points, that we will discuss the stability of the modelled system.
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Next, we find the equilibrium for the pig compartment of the non-inhibitor compartment:

ds BlIp+nylgls

d_tp = Ap — % — UpSp, 5)
dI Ballp+ n2lgls

d_tp = % = [ys + 12+ up + 83]ip, (©6)
dI

f = Tolp — [ya + tip + S4llpr, (7
dR

d_tp =V3lp + Valpr — UpRp . ©)

At this point of our discussion, we replace f, with glp, which is the rate at which susceptible pigs
become exposed to the disease.

To find the equilibrium point, we need to set the above equations (5), (6), (7), (8) to zero, that is:

daSp dlp _ dRp __

—f=9g,=2L , 0,
dt dt at
0= Ap — ﬁz[n11PN+PlelB]SP _ .uPSPa (17)
[nilp+ n21BlS
0= BZ”“?VPHZB == [ys + 12+ up + 85llp, (18)
0= TZIP — []/4_ + Up + 64]1PT> <19)
0 =vy3lp + valpr — UpRp. 20)

From (17) we solve for Sp:

Ap Np
Np pup+ Bz2[nilp+nyipg]

Sp=

(21)

We let f, = q,Ip , then we solve for Ip

0= (et lBle _ 1yt 7, 4+ + 63]) . (22)
Np

For (qZ[nﬂP; olslSe _ [ys + 12+ up + 53]) =0,
P

= (QanlPSH + d2n2lpSH [vy + 74 + py + 51]) -0
Np Np
I, = (NP[Y3+T2+MP+53]—[n11P+n21B]Q2n1SP)

q2n41Sp
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92[n1lp+ n2lplSp
Np
result from (38), it shows us that we would have two equilibrium points, one for Ip = 0 and the other
_ [ Nplys+tatup+683]—[nilp+n,iplqaniSp
when Ip = .
qz2n1Sp

From (38), we found Ip = 0or 0 = ( — |ys+t+up+ 63]) considering this

Now, substitute the new value of Sp in (21) into the other value for Ip:

gy [niIp+nyIgldp —[y3+To+up+63] N
1;2 2 LNlp 2ipldp Y3tT2+Up+03] Np Up — W6' (23)
qz [n1lp+n3ig]

Now we input Ip = 0 into (19), (20) and (21) to get the values for Iy, Ry and Sy respectively.

For (19),
0= 1to0p — [ys + up + 841lpr,
I mle
PT [V4+ﬂ(PW)L§4] ’
e @ _
PT Yatup+34] 0’
‘. IPT = O .

For (20), we solve for Rp and then substitute [p = 0 and Ipr = 0 into the result

0= y3lp + Valpr — UpRp,
R, = Y3lp+ valpr
p = A PT
“p

= RP — V3(0);PY4(0) — O

Then RP = 0

Next, we substitute Ip = 0 into (15):

Ap Np
SP ==
Np pp+ qzlp[nilp+ n,ip]
Ap Np
Sp =
Np pp+ q2(0)[n1(0)+ n,ip]
A
= SP = L.
up

Thus, we have the values for Sp, Ip, Ipr, and Rp . Hence the first equilibrium point (that is the DFE),
which is given as:

A
(Sp,Ip,Ipr,Rp) = (i ,0,0,0) .
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For the second equilibrium point, we substitute (23) into the following (19), (20), and (21) to get new
values for Ipy, Rp, and Sp

For (19),

0 =10p — [ya+up + 84llpr

I* — TZI;’
PT [Vatup+84]

jr— 72(qz [nylp+nylpldy —lys+To+up+84 Np up) W
PT = = Wy

qz [n1lp+ nalg] [ya+up+64]

qz [nIp+nyIpldp —[y1+T1+ug+81] Ny uy
qz [nolg+nilp+ nyip]

For (20), we solve for Ry and then substitute Ip = and

j T2(qz2 [n1lp+ naIplAp —[ys+To+up+63] Np up)
HT qz [nqlp+ nalg] [ya+up+84]
_ * * *
0= y3lp+ Valpr — UpRp
Ip+ Yalp
R;S — ¥slp YalpT
up

into the result

Rp =
¥2(qz [n1lp+ nalgldp —[ys+Ta+up+83] Ny up) [V2+ug+821+ v2(t1(qz [nilp+ nydgldp —[ys+T,+up+83] Np up))
up(qz [n1lp+ nalp] [vatup+84])

R;:I: WS'

qz [n1lp+nylpldp —[ys+7,+up+83] Np up

For (21), we substitute Ip = into (21):
( )’ P qz [nq1Ip+ nylp] ( )
* Ap Np
SP ==
Np up+ qzlp[nilp+ n;ip]
. _ Ap Np ([nqIp+nyig])
Sp =
Np pp ([n1lp+nyIg] )+ (qz [n1lp+nalpldp —[y3+t2+up+83] Np up)[ nqlp+ n,lp]
Ap N
= S; = PP = W5 .

Np pp + (qz2 [n1lp+nyigldp —[ys+t2+up+83]1 Np up)

Now, we have the values for Sp, Ip, Ipr, and Rp . Hence the second equilibrium point (that is the EE),
which is given as:

(Sp . Ip, Ipr, Rp) = (Ws, We, Wy, We).

Similarly, we find the equilibrium point for the bat compartment. Recall

Ag = % = FOI for bats

P

das Bslg S
d_f=/1p—% — USk ©)
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dl Banz Ig S
d_f=% — [up + 85]lp . (10)

At this point of our discussion, we replace ff3 with g3lp, which is the rate at which susceptible bats
become exposed to the disease.

To find the equilibrium point or fixed point, we need to set the above equations (9), (10) to zero, that
1s:

ass _ o dls _ g 4B _

dt dt dt

0= fy— L2830 _ s, 24

0= FelelaSs PR 25
= TN [tp + 5]lp - (25)

From (24) we have the following:
B3n2lp Sp
0=Ap —————
Agp Np
Np up+ B3nzlp

Sp = (26)

Now, we let f3 = q3lp , then we solve for Ip in (25)

q3lpnylp Sp

0 = LI [ + 5]l
Ipn,S
0=(q3§1;2p_ [MB+55]) Ip
= Ig=0and 0 = (M— [,uB+65]).
Np

For (222 — [, + 65]) =0

Np

q3lpn4S
= (BEE [y 1 65]) =0
= (Nelkp+s]
IB - ( Q3n253 ) ’
From (25), we found [z = 0 or 0 = (@ — [up + 55]) considering this result from (25),
B
it shows us that we would have two equilibrium points, one for Ig = 0 and when Ip = Nplup+ds)
q3n2Sp
Now, substitute (20) into the other value for Ip:
111 IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.thsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)


http://www.tnsmb.org/

International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 1, May 2022, Pages 100 — 120

I = (NB([#B+55]NB up+[up+ds] Q3Tl213))
B q3nzAp Np

= Wi. 27)

Now we input Ip = 0 into (20) to get the value for Sy. For (20),

Agp Np

SB =

Np up+qsz Ipn;lp

Ap Np

SB =

NBA#B"' q3 (0)n2(0)
— SB = = .

Up

Hence the first equilibrium point is given as (Sg,Ip) = (2—3 ,0). Next, we compute the second
B

equilibrium point

Put Iz = (NB([#BJFSS]NB tp* 15+ 0] anZIB)) into (26) to find the endemic value for Sp
qznzdpg Np

S — Ap Np (qanadp Np)?
B

Np up(qsnzAp Np)?+ q3 np(Np(lup+65]INp up+lup+6s] qzn,ip))? -

Therefore, the second equilibrium point the bat compartment is:

(Sg.Ip) =
( Ap Np (qsnaAp Np)? (NB([HB+55]NB up+[up+6s] Q3n213)) )
Np up(qsnzAp Np)2+ qz np(Np([up+8s5INg up+lup+68s] aznaip))? ’ qsnyAg Np |

Hence, the disease free equilibrium, E®, (DFE) for the non-inhibitor Niv model are:

(S1(0)°, 1, (0)°, [7(0)°, Ry (0)°, Sp(0)°, I5(0)°, Ip7(0)°, Rp(0)°, S5(0)°, [5(0)° ) =
(A—H ,0,0,0,%2,0,0,0,%2 |0 )
Hy Hp Hp

where, the endemic equilibrium, E*, (EE) for the non-inhibitor Niv model are:
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(Su(0)", Iy (0)", Iyr(0)*, Ry (0), Sp(0)*, Ip(0)", 1pr(0)*, Rp(0)*, Sp(0)*, Ip(0)" ) =
( [yi+T1+uy+81INy  Apglnoly+nilp+ nalpl—[y +t1+uy+61 Ny ©1 (Apq[ noly+nilp+ nalp|=[y,+t1+py+81|Np)
q[ noly+nilp+ 71213] ! qnoly+nilp+ nylp] ! qlnoly+nilp+ nylp] [)/2+MH+52]

)

AHq[n01H+n11P+ nZIB]_[y1+T1+‘HH+61]NH [}/3+T2+/1P+53]Np Apg[1p+ QZIB]_[V3+T2+MP+63] Tp Apg[n11P+ 11213]—[}/3+T2+#P+83]Np

1 qlnoly+nailp+ nalpl puy * o glmlp+malg]l glnilp+naip] ’ glnilp+nalp] [y4+up+84]
Apg[nqIp+ nZIB]—[y3+TZ+;4P+53]Tp [ﬂ3+55]NB [ Ap —Sp ug @ )
3 glnilp+nalpl up ’ B3 ’ Sp B3

5. The basic reproductive number (Ry) for the study

Epidemiologists calculate R using various approaches, like individual-level contact tracing data
obtained at the beginning of the pandemic. Once a person is diagnosed, his/her contacts ate traced
and tested. Ry is then figured out by averaging over the number of secondary cases of all diagnosed
individuals. If one or more infected person(s), is introduced into the community, the disease could
either spread or die out [10]. This approach is based upon the definition of Ry, but it does not ensure
that the calculated Ry is also an epidemic doorstep parameter.

Now, rewriting the inhibitor free model, starting with the disease compartment, we have:

dl Bilnolg+n,lp+ nyigls
d_f: o 1\;HP 2 [yp+ T+ + 6]y,

dI

dZT = Ty — [y + ug + 821y,

ddL: = —ﬁZ[IPJ;VnZIB]SP — [yas+ 12 +up +83]lp

P

dI

d};T = Tolp — [ya + up + S4llpr ,
dl Bsnalp S
d_f = % — [up +85]lp
dSH _ A — Bilnolu+nilp+ nalplSu S
dt — 4H Ny HYH >
dsp _ __ Ballp+nalglSp

ar Ap Ny UpSp
asg _ ,  BsmalpSp

- — s T UBSE

dRy

ar Yilu + V2lur — UuRy

dR

d_tp =V¥3lp + Valpr — UpRp.

From the above model of our study, we have:

X = vector of the infected classes, such as exposed, carrier, infectious etc.
Y = vector of uninfected classes, such as susceptible, recovered etc.
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Iy SH
InT Sp
Therefore, X=|I |, Y=|5B
Ipr Ry
Ip Rp
f1 V1
f2 V2
f =|f3 LU= |V
fa Vg
fs Vs
[ B1[nolg+nalp+nalp|SyT
N
é{ [yi+Ti+tup+61liy
Ba[nalp+ nalglsp —T1lg+ly2+ug+821lnT
f= Np , V= [va+T2+up+d3]ip
0 —T2lp+[yatup+84llpT
B3nzlp Sp [up+85]ip
Np
0f1 0f1 9f1 d0f1 0f17 -0V, 0V, 0V oV, 0Vq-q
9f2 0f2 90f2 af> af2 aV, 0Vy 9V Vo avo
dly dlIyr dlp dlpr 0dlg dly olyr Odlp dlpr dlg
af3 af3 m af3 af3 dvy 0Vz 0dV3 Vs Vs
= |0dIy Odlyr Odlp dlpr 0dlp ,V: dly olyr Odlp dlpr dIp|.
Ofs Ofsa Ofa 0fa O0f4 V4 0Vy 0V4 dV,y 0Vy
dly dlIyr dlp dlpr O0lp dly olyr Odlp dlpr dlp
0fs 9fs Ofs dfs Ofs dVs 0Vg 0dVg Vs 0dVg
dly dlIyr dlp dlpr Odlp dly olyr Odlp dlpr dlp
Therefore, we have
[ B1no SH Bini Sy 0 Banz Sy
0 N
Ny Ny H
0 0 0 0
BaniSp BanaSp
— 0 0 —— N
Np P 5
0 0 0 0
0 0 0 B3naSp
Np
[Vi+T1+un+64] 0 0 00
0 —T11H+[)/2+[1H+62] 0 0 0
V — 0 0 [)/3+T2+[J,p+63] 0 0
0 0 -1, [Va+up+84] 0
0 0 © 0 [up+85]
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Next, we evaluate F at DFE. Therefore, we have

[Bino 4, Bimady o Linaduy
Ny#n NHuH Nuky
0 0 0 0 p 0 |
Banidp o £2n2dp
F = 0 0 Npup Np up >
0 0 0 0 0
00 0 B3naAp
Npup
[y1+T1+pp+81] 0 0 00
0 [V2+ug+62] 0 0 0
V = 0 0 [)/3+T2+[.lp+53] 0 0
0 0 -1 [Vatup+64] 0
0 0 0 0 [up+8s]

We then compute V', using Maple 2019:

! ,0,0,0,0],
vl + 1l + uH + 41

,—1 ,0,0,0,
| Y2 +uH+ 82

0,0, ! ,0,0],
I Y3+ 12+ uP+ 83
[ (v 1

b 503
(B+2+uP+83) (#+uP+84) w+uP+ &4

0,0,0,0, —
o000 |

’0’

Since we have gotten V' and we also have F, then, we can then compute the Next Generation Matrix

(NGM) for the uncontrolled disease model.

115 IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.thsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)


http://www.tnsmb.org/

International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 1, May 2022, Pages 100 — 120

H BI(n0) AH BI(nl) AH 0
(yl +tl +uH + 81) NH(uH) " (vl + ©l + pH + 81) NH(uH) ~
Bl(n2) AH
(y1 + ©I + pH + 81) NH(uH) |
0,0,0,0,0},
-0 . B2(nl) AP BI(n2) AP
U (BH++uP+8B)NP(uP) T (BB + 24 uP + 83) NP(uP) |
2 B2(nl) AP 0
U (BH++uP+83) (¢ +uP+ 84) NP(uP) T
2 BI(n2) AP
(B+2+uP+ 8) (¢ + pP + 84) NP(uP) |
’0 0.0.0 BI(n2) AB ”
|77 (uB + 85) NB(uB)

Next, we determine the eigenvalues of our non-inhibitor model. Now we compute |[FV ™t — A4;]| =
0, where 4; is given as the Eigen values.

The eigenvalues for the non-inhibitor model is given as:

0
0

B2(nl) AP

(3 + 2 + uP + 83) NP(uP)
BI(n0) AH

(yl + I + uH + 81) NH(uH)
BI(n2) AB

(uB + 85) NB(uB)

ng A .. . . R
Therefore, Ry = Bano Ay . This is the basic Reproductive number for our non-inhibitor
[Vi+T1+up+61] Nupy

model. Result for Ro, was first recognized by [10], many other works have been done on R, such as

[6].

In practice, Ro does not depend on the assumptions about immunity subsequent to the
infectious period. The Ry concept is based on an assumed situation where one infective is introduced
into a large susceptible population [4] In reality, such situations hardly ever occur, such that one has
to base estimates of Ro on data available in endemic situations where the infection is present for a
long time. However, this requires detailed knowledge about the density-dependent regulation of the
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transmission process which determines the equilibrium endemic level. It also assumes knowledge
about the heterogeneities in transmission patterns, as it is obvious that estimates of Ro based on
equilibrium data are highly dependent on the availability of this required information or on the degree
to which the assumed mechanisms reflect reality.

6. Sensitivity indices of NiV infection model parameters

In this section, we try to determine how changes in each of the parameters affect the transmission and
spread of the disease. In order to achieve this, a sensitivity analysis of the non-inhibitor model is
carried out. This is also done in order for us to see the response of the model output (in this case Ro)
to parameter(s) variation.

In 2017, [3], gave us a clear succinct definition of sensitivity analysis where he stated that the
normalized forward- sensitivity index of a variable, vV, depends on a parameter of interest, p, which is
defined as:

P

ov
vV P
P op v
In particular, the sensitivity indices, of the basic reproduction number, R, , with respect to the model

parameters are examined.

The positive sign of sensitivity indices of Rjto the model parameters illustrates that an
increase (or decrease) in the value of each of the parameter in the model, may lead to an increase (or
decrease) in R, of the model (1-10) and asymptotically result into persistency (or elimination) of the
disease in the community. On the contrary, the negative sign of S.I of R;to the model parameter

indicates that an increase (or decrease) in the value of each of the parameter in each case leads to a
corresponding decrease (or increase) in R of the model (1-10). Hence, with sensitivity analysis, one

can get insight on the appropriate intervention strategies to prevent and control the spread of the
disease described in model (1-10).

Recall that

R. = Bing A
0o - 5 5
[vi+T1+un+81] Ngun

and that ng > 0.

Hence:

Ro _ _aRO X HH
HH Ouy Ro

— _ Bino An Bino An ) x [Y1+T1+up+81] Nupy®
[v1+T1+up+61]Nguy? [va+T1+up+6112Nyuy Bino Ay
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— _ ( Bino Ayly1+ta+up+81] +B1no AH#H) % ( [Yi+Ta+un+64] NH.U'HZ)

[ [V1+T1+PLH'+]'61]2NHI1H2 B1no An
— Y1+T1+ug+641] +uy 5
T ( [V1+Tl+ﬂH+61]2NHIiHZ) X ([y1 + 71+ py + 61] Nupw®)
- ( T +#H) (negative)

[yit+ti+ug+81luy g

Summarily, the table below shows the signs of S.I. of R,:

B1 — positive
Ay — positive
ny — positive
6, — negaive
Ny — negative
T, — negative
y1 — negative
Uy — negative

Thus, if we increase (decrease) any of the parameters 51, Ay, ng, then Rowill increase (decrease). Also,
if we increase (decrease) any of Ny, Uy, ¥1,T1, 01, then Rowill decrease (increase). Sensitive index of
other parameters that did not appear in Ry are zero, that is, the increase or decrease of such parameter
has no influence on the reproductive number.

6. Conclusion

The periodic outbreaks of deadly Nipah virus infections in Malaysia have become the most public
health concerns because of the highly mortality rates. Once an outbreak occurs in any region of the
countty, the virus can be transmitted to the whole family and/or even in the community. The study
derives an estimate of Ry based on Nipah virus epidemic and endemic situations to interpret Ro, from
our assumptions and theories of existing researches. During the last twenty years Ro has emerged as a
basic concept in infectious disease epidemiology, but it has also become apparent how difficult it is to
apply in actual field situations [4]. It was discovered that some parameters were found to be positively
contributing to the spread of the disease, parameters like 4, which is the recruitment parameter for

the model, By, this parameter is the effective contact rate, while some other parameters reduce the

spread of the disease, parameters like 7,, which is the proportion of infected that goes for treatment,
while ftg, natural death. It is our hope that this survey will motivate further research in this direction.
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Analysis of drought and flood occurrence using
markov chain

0. K. Musa*, L. Adamu*t, E. N. Didigwu*, A. AbdullahiS, and S. D.
Yakubu™*

Abstract

Flood and drought are among the most common natural disasters affecting the world. In
this paper, Markov model has been used to analyse and predict flood and drought
occurrences in Birnin Kebbi, Nigeria. The Standardized Precipitation index(SPI) was used
to classify the annual rainfall of Birnin Kebbi into three states (flood, normal and drought).
After some successful iterations of the model, the model stabilized to equilibrium
probabilities, revealing that in the long-run 20% of the years in Birnin Kebbi will
experience flood, 60% will experience normal rainfall and 20% will experience drought. It
was also observed that, a drought year cannot be followed by a flood year and the
probability of a drought year to be followed by a normal year is high while the probability
of a normal year to be followed by a drought year and a drought year to be followed by
another drought year is extremely small. Results from this research is an important
information to the government and people of Kebbi state for better understanding of
rainfall dynamics in their locality.

Keywords: markov model; annual rainfall, standardized precipitation index, transition probability,
equilibrium probabilities.

1. Introduction

Floods and droughts are among the most disastrous natural hazards in the world ([1] and [4]).
Drought occurs when there is significant rainfall deficit that causes hydrological imbalances and
affects the land productive systems. Drought practically occurs in all climatic regions with both high
and low mean rainfalls [11]. It can result in damaging agricultural production and the natural
environment [2].
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Drought is often seen as a “creeping” phenomenon with slow onset and cessation. As a
result, an effective drought monitoring system is the most important tool for developing and
implementing efficient mitigation strategies. However, not only can the onset of drought conditions
be rapid, an indication of how long drought conditions may continue will enable improved planning
and resource allocation. For this reason, a capability to accurately forecast the onset, persistence and
cessation of drought conditions will enable more effective drought mitigation strategies to be
developed [10]. [12] defines flood as significant rise of water level in a stream, lake, reservoir or
coastal region. Also, [8] defined flood as excessive water run-off or the rise in water level in a
particular area which is more than what the particular environment can absorb. Flood and drought
are one of the most devastating natural disasters in the world. In Nigeria, the story is not different as
these has caused serious havoc to our environment and the economy. However, little or nothing can
be done to avoid its occurrence but prior information such as prediction of flood and drought can
assist the farmers, stakeholders and the general public to take adequate proactive measure in order to
mitigate their effects. Hence, the result from this model will provide adequate information about
flood and drought in some upcoming years for the studied areas. According to NEMA, in 2012
alone, floods caused more than N2.6 trillion in economic damage, much of which could be
attributed to large-scale transboundary floods (from rivers Niger and Benue). In 2019, about 126
deaths were recorded, over 48,000 people were displaced and property worth millions of Naira
destroyed across the country (Nigeria Hydrological Services Agency, 2020).The Standard
Precipitation Index (SPI) was introduced by [7] as measure of the precipitation deficit that is
uniquely related to probability. It can be calculated for any accumulation timescale, usually from
monthly precipitation observations, and is typically expressed as SPI-n, where n is the number of
months of accumulation. The time series is analogous to a moving average in the sense that a new
value is calculated each month and is auto-correlated to previous months depending on the
accumulation timescale [10].

2. Materials and method

Birnin Kebbi is the capital city of Kebbi state, is located in north-western Nigeria on (12° 27" N and

4° 11" E).The data used for this research work were obtained from the National Oceanic and
Atmospheric Administration (NOAA) for the period of thirty years (1991 to 2020). After which the
SPI was used to classify the rainfall into states

2.1. Model formulation

Suppose that the SPI rainfall classification for a year is considered as a random variable X, the
collection of these random vatiables over the years constitute a stochastic process ¥, n=0,1,2,3,...,

We assume that this stochastic process satisties Markov property. Let the annual rainfall be modelled
by a three-state Markov model based on the SPI classification

State 1: Flood (SPI Value =1)
State 2: Normal (-0.99<SPI Value <0.99)

State 3: Drought (SPI Value = -1)
The transition probability matrix is represented by
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P, Py, Pi
P=1P, P» Paxl @

p3l Psz P33

Following [5], let P(n) be the probability state vectors of the Markov chain, where n=0,1,23,...

and let Pi(n) be the probability that the annual rainfall is in the i"state at the n™ year. P(O) is the

initial state vector of the Markov chain and p™ is the state vector at the n™ year. Then, by induction
we have that

P(n) _ P(n—1+l) _ P(nfl).P: P n (2)

On iteration we have,

P"=P"P". ©

That is, the initial state vector P( ) and the transition matrix P determine the state vector P(n) at

the n™ year. If we now let

P” =[P P, PiJ. @

Denote the probabilities of finding the annual rainfall in any of the three states at the n® year and
also let

P”= [P P. P ®)

Denote the initial state vector and its elements, the Markov chain model for annual rainfall based on
SPI classification in the study area can be represented by

0 0 0 Pll PlZ P13 n
|:P::'1 P; P;j|: |:P1 P2 P3:| PZl PZZ P23 (6)
P31 P32 P33

Limiting State Probability
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The limiting state probability is represented by equation (7) below and is obtained when n — ©0 in
equation (3).

T=nP, (7
where T = [72'1 /D ﬁs]

7= 7,-1. ®

i=1

These equations will be use to find the limiting state probabilities for our model.

3. Results and discussion

SPI classification frequency State

SPI value = 1 6 Flood
-0.99< SPI value= 0.99| 18 Near normal
SPI value = -1 6 Drought

Table 1: A summary of SPI annual rainfall classification of BerninKebbi.

From Table 1, we obtained the transition count presented in equation (9)

2 2 2
C=|4 10 3]|. ©)
0 51

The probability transition matrix obtained from equation (9) is presented below

0.333 0.333 0.333
P={0.235 0.588 0.176 . (10)
0 0.833 0.167

. n . .
Calculating P, on iteration we have

124 IIMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)


http://www.tnsmb.org/

International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 1, May 2022, Pages 121 — 127

0.189 0584 0.225
P°=|0216 0571 0.211 (1)
0196 0.629 0.174

[0.206 0.585 0.205
P*=|0.205 0584 0.206 (12)
0.207 0582 0.207

[0.206 0583 0.205
P =|0.205 0.583 0.205 (13)
10.206 0.583 0.206

10.204 0.577 0.204]
P~ =|0.204 0577 0.203 (14
10.203 0578 0.203]

0.202 0.573 0.202]
P =/0.202 0.572 0.202 (15)
10.202 0.573 0.202

(0199 0563 0.199]
P*=|0.199 0563 0.199 (16)
0199 0563 0.199 |

Limiting State Probabilities
. n . . .. g . .qe
As n increases, P gets closer to equation (16) that is, n250 the transition probabilities stabilise to

equation (16), and from equation (3) with the initial state probability vector

PO:[l 0 0]
0.199 0563 0.199
P”=P'P"=[1 0 0]|0.199 0563 0.199
0.199 0563 0.199

P” =1[0199 0563 0.199]. (16)
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Correcting to one decimal place, we have:

P”=102 06 02

This is the probability of finding the annual rainfall based on SPI classification fall in any of three
states for large n (1.e n = 50).

From equation (3), we obtained the limiting state probability vector that is equation (7).
Thus: T = mP (0.2 0.6 0.2).

The interpretation of this result is that, in the long-run 20% of the years during rainy season in
BirninKebbi will experience flood, 60% will experience normal rainfall while 20% will experience
drought.As it can be seen from equation (10) (transition probability matrix) a drought year cannot be
followed by a flood yearand the probability of a drought to be followed by a normal year is high
while the probability of a normal year to be followed by a drought and a drought year to be
followed by another drought year is extremely small.

4. Conclusion

The rainfall pattern of Birnin Kebbi, Kebbi state has been analysed using Markov Chain with the
help of Standardized Precipitation Index (SPI). Results from the research is an important
information to the government and people of Kebbi state for better understanding of rainfall
dynamics and viable agricultural production.
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Simulation of the optimal control strategies to mitigate
smartphone virus infection transmission dynamics
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I. V. Udegbe?

Abstract

In this study, a mathematical model of the optimal control strategies of Smartphone virus
infection transmission dynamics incorporating vaccination, quarantine and treatment as
the control parameters is presented. Pontryagin’s maximum principle is used to
characterize the optimal controls and the optimality system is solved by an iteration
method. We performed some numerical simulations to verify the theoretical analysis with
Runge-Kutta method of order four in MATLAB. The numerical simulation of the model
shows that effective vaccination, quarantine and treatment as control strategies can
eradicate Smartphone virus infection form the population. Finally, our findings strongly
suggest that high coverage of vaccination, quarantine and treatment are critical to the
success of Smartphone virus infection control.

Keywords: smartphone virus; optimal control; vaccination; quarantine; treatment; pontryagin’s
maximum principle

1. Introduction

The Smartphone enable users to have a device with a good processing power, internet access and
functions of traditional mobile phones in one device, small enough to fit in a pocket. However, the
wealth of private information which is stored on those devices made them an interesting target for
malicious users and cyber criminals [18], who then invade these Smartphone with virus. Smartphone
virus is a mischief program written to proliferate from one phone to another and it takes control of
Smartphone devices by exploiting its vulnerability. Continuous improvement in Smartphone device
hardware and Smartphone communication technologies has led to a highly interconnected world,
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but also a world grown highly vulnerable. Cyber criminals have proven significantly efficient in
uncovering new vulnerabilities in popular applications (apps)[14]. As a result, more and more

Smartphone malware families are introduced every year [19]. Just in 2017, more than 20 million
malware samples have been detected [17], while other studies show that the chances for
monetization is a key factor responsible for the rise of Smartphone malware [12][23].

The cyber attacker who was able to install malware on some system can install or delete
programs, modify files, download sensitive information and use them to impersonate the uset’s
action and keystrokes, capture users screen, use camera and retrieve photos or videos, use the
infected system as a source of DDoS attack [18][22]. Smartphone can become infected either
through downloading infected files using the phone internet browser, transferring files between
phones using Bluetootth interface, synchronizing with an infected computer, assessing an infected
physical memory card, opening infected files attached to multimedia message service (MMS) or
email [4][5]. Zhang [28] discovered that Smartphone virus can also propagate through multi-layered
network. He concluded that Smartphone viruses can use any network (3G, 4G, Wi-Fi or Bluetooth).
When an unsuspected user accepts the infected attachment file, using a phone susceptible to the
virus, then the virus is installed and infects the target phone which then begins to perform as an
attacked phone [6][25]. Smartphone virus can seize the victim’s mobile device by running malicious
exploit and this infected device will in turn, scan and infect other Smartphones in the mobile
network [25].

Some response mechanisms completely stop further virus propagation, but others simply
slow the propagation rate of the virus. Both types of response can be used. Ideally, the response
mechanism would always quickly and completely stop Smartphone virus propagation. However,
some viruses spread so quickly that a first response mechanism that slows the spread could buy time
to enable activation of a second response mechanism that completely halts the propagation process.
Actually, in phone user education response, the consent of the phone user to accept the message
and infect the phone is required, therefore, a user not accepting an infected message has a direct
effect on virus propagation. Also, other response mechanism such as immunization can prevent
infection even if the user accepts the MMS message attachment [9]. A virus scans of all MMS
attachments as they pass through an MMS gateway is completely effective against viruses with
known virus signature. For that reason, after the new virus signature is added to the list of known
viruses, the gateway virus scan is able to completely halt virus propagation [24].

The immunization response mechanism operates using software placed directly on each
Smartphone [21]. After a Smartphone service provider detects virus that exploits a vulnerable
Smartphone, the service provider begins developing a patch to fix that vulnerability [26]. Once the
patch is developed, the immunization software resident in each Smartphone automatically installs
any immunization patch available [28]. Bandwidth constraint prevents most Smartphones from
receiving the patch simultaneously, so the patch is rolled out to the entire Smartphone population
uniformly over a period of time [16]. The more servers that are dedicated to distributing these
patches, the faster the deployment to susceptible Smartphones in the network [2]. When the patch
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arrives at a particular Smartphone, it becomes immunized from virus if not infected, or the patch
stops further propagation attempts from Smartphone if it is already infected [24].

Because Smartphone viruses have potential to attack in many different ways, an optimal
response strategy must incorporate mechanisms to counteract a wide variety of virus behaviors. The
hope of stopping Smartphone virus before it degrades the utility and value of Smartphones is quick
and concerted action on the part of all universal mobile telecommunications service (UMTS) data
networksthat their mobile devices use; Wi-Fi networks have no such protection. And while some

carriers already filter their MMS streams to remove messages bearing malicious attachments, all
should do so [12].

Some of the manufacturers have joined the trusted computing group, which has been
hammering on industry standards micro circuiting inside phones that will make it harder for malware
to get a sensitive data in the devices memory or to hijack its payment mechanism. Symbian released
a version of its operating system that does an improved job of protecting key files which requires
software to obtain digital certificate from the company. This Symbian system refuses to install
programs not accompanied by a certificate. Unless disabled by a user the system effectively excludes
all mobile malware discovered [12].

2. Related literature

Virus attack is a serious threat in Smartphone network environment and is still multiplying as time
continues to pass. Controlling these virus attacks in Smartphone is very necessary. Several
mathematical models have been developed to simulate, analyze and understand Smartphone virus
propagation and its control strategies, in related works, Guillen et al [11] used the theory of optimal
control that is associated to systems of ordinary differential equations to find a new function to
control malware epidemic through time, while Liu and Zhong [15] employed the optimal control
theory to study malware immunization strategies, aiming to keep the total economic loss of security
investment and infection loss as low as possible.

Van Ruitenbeek and Stevens [24] proposed response mechanisms for mobile phone viruses
and used their model to obtain insight on the effectiveness of the virus mitigation technique. To
study the fundamental spreading patterns that characterize a mobile virus outbreak, Wang et al [25]
modeled the mobile benign worm based on two stages of repairing mechanisms. Chinebu et al [6]
proposed an SVEIQRS model that control virus attack through vaccination and quarantine. Their
model has a globally asymptotically stable virus free equilibrium when Rg < 1 and a unique endemic
equilibrium when Rg > 1 . Yang et al [27] proposed two different propagation models of mobile
phone viruses under the complex network.

Our aim in this paper is to highlight the seriousness of Smartphone virus propagation,
particulatly exposed (E(t)) Smartphone that is infected without symptom which can transmit the
infection to susceptible(S(t)) Smartphone. Likewise, there can be transmission from infected
Smartphone (I(t)) to susceptible. In addition, we included complication with virus infected
Smartphone (C(t)) Furthermore, we have the quarantined Smartphone (Q(t)) and finally the
recovered Smartphone (R(t))
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A continuous mathematical model was proposed in this paper and it describes the dynamics
of a population infected by Smartphone virus. Moreover, we gave the optimal control model in

section 3. We presented the optimal control problem for the model where various results regarding
the existence and characterization of the optimal control using Potryagin’s Maximum Principle was
given in section 4. Matlab was used for the Numerical Simulation and is presented in section 5.
Lastly, the conclusion was presented in section 0.

3. Mathematical model formulation

We consider a mathematical model that describes the Sensitivity analysis of Smartphone virus
infection transmission dynamics as proposed in Chinebu et al [8]. The entire Smartphone population
denoted by N(t) was divided into six compartments.

3.1. Description of the smartphone model compartments

The schematic diagram of the proposed Smartphone virus transmission dynamics is shown in Figure

1
E(t I(t 1)
550 (e + 20 — ’
() & NO/ [E@® ¢ 1(t) T
l R(®)
u
Figure 1: Schematic diagram of the model.
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Let us denote the force of infection by

A=p (W) 1)

where B is the Smartphone virus infection transmission rate and 1 is the modification factor for the
exposed Smartphones.

The susceptible compartment is increased by p, which denotes the incidence of susceptible
BnS(E(L)

— N (the
number of Smartphone that are infected with the virus by contact with the exposed Smartphone)
BSMI(D)

N

infected Smartphone). @, is the number of Smartphones that become infectious, andTt is the number
of Smartphones that have upgraded to the development of rapid and dangerous virus, thereby,
having complications due to antivirus deficiency. Smartphones that have severe complications such

Smartphone. All the compartments is decreased by the amount P (natural Death),

and (the number of Smartphone that were infected with the virus by communication with

as Apps crashing over and over again is denoted by a. & is death rate due to virus infection and ¢,
progression rate from infected to quarantine. Death rate due to vitus infection is denoted by §; and
progression rate from infected with complications to quarantine by 0.  represent the movement
from quarantined to recovered Smartphones and quarantined Smartphones that cannot be repaired
again is represented by 8,. The natural death rate is denoted by L.

Based on the above assumptions and the schematic diagram, we thus present the
Smartphone virus infection transmission dynamics model by the following systems of differential
equation as proposed in Chinebu et al [8]:

ds(y) )
O _ 280 - (1 + ¢ + MEQ,
dt

i) _ QE(®) — (u+ a+ ¢ + 8)I(D),

dt + (2)
dc(t)

5 = TE) + al(®) = (n+ 8, + 0)C(D),

d

% = ¢I(t) + oC(t) — (u+ 8, + Y)Q(D),
drR(t)
— = YQ® — kR, y
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where the initial states are S(0) = 0, E(0) > 0,1(0) = 0,C(0) > 0,Q(0) = 0,R(0) = 0.

4. Formulation as an optimal control problem

The goal of this study is to use three control strategies T, (t), T (t) and t3(t) in terms of combined
effort of vaccination, quarantine and treatment (repair) for t € [0,t¢] that would minimize the
number infected Smartphones which will subsequently be destroyed (When there is less/no
possibility of the Smartphone being repaired) due to virus infection and its complications. And at
the same time, also minimize the cost of vaccination, quarantine and treatment of the population.
First control is the proportion of Smartphones that are subjected to vaccination. Therefore, Ty
denotes vaccination strategy to susceptible Smartphones at time t. Second control is the proportion
of Smattphones that were quarantined and is denoted by T, (I(t) + C(t)) which are infected and
complicated Smartphones that are quarantined at time t. The third control is denoted by T3Q(t)
which represents quarantined Smartphones that underwent treatment (repair) at time t. Thus, we
obtain

ds E I
59 -0 (B |
dE E |
ﬁ - [(1 — 1, (t )) (M)l S(t) — (u+ @ + ME(L),
dl(t) E &I I

0 = CEO — (it at ¢+ IO — (DI, s (3)
dd_(t) = nE() + al(t) — (n+ 8; + 6)C(D) — T (DC(D),
d

(cliit) = ¢I(t) + oC(t) — (u + 82 + Y)Q(D) + T2 (OI(D) + T2 (DC(H) — T3 (DQD),
dR(t)
— 0 = ¥QM — KR() + 3 (OQ. ’

The problem is to minimize the objective functional

J(tq, T2, t3) = E(tg) + I(tg) + C(te) + Q(te)
t B, B,
+ j (E(tf) + I(tg) + C(te) + Q(tp) + 7T%(t) + —Tz(t) + —13(t)> (4)
0
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where B; = 0,B, = 0 and B3 = 0 are the cost coefficients of T,(t), T,(t) and t5(t) at time t,t¢
being the final time. Hence, we seek the optimal controls T3, T, and T3 such that

](T;,T;,T;) = min ] (T1)T2;T3); (5)
T]_,Tz,TgEW

where W is the set of admissible control defined by

W = {Tl,Tz,T3: 0< T1min < Tl(t) < T1max < 1,
0< T2min < Tz(t) < Tomax < 1'
0 < T3min < 73(t) < Tamaxr < 1,

t € [0,t]} (6)

4.1. The optimal control: existence and characterization

We shall first show the existence of solutions of system (3), after which we shall prove the existence
of optimal control [10].

4.2. Existence of an optimal control

Theorem 4: Consider the control problem with system (3). There exists an optimal control
(7, 75,73) € W such that
](TII T;I T;) = min ] (T11T21T3)'
T1,T2,T3EW

Proof: We can prove the existence of the optimal control through the following four conditions as
was discussed in [7]:

Proof of Condition 1.

The theorems 3 and 4 indicate that the set of controls and corresponding state variables is not
empty. We shall use Boyce and DiPrima [3] simplified version of an existence result to prove that
the set of controls and the corresponding state variables are non empty. lLet Y| =

Fyi(t,y1,Y2, . ¥e) ~ with  1=12,...6where  (¥1,¥2,¥3Y1Y5s) = (SO, E@®),1(8),
C(t),Q(t), R(t)) where ¥1,Y2,¥3, Y1, Vs, Ve form the right hand side of the system of equation (3).
Let 74,7T,and 13 for some constants and since all parameters ate constant with
Y1, Y2,Y3, Ya Ys andye being continuous, then, it implies that Fg, Fg, Fy, F¢, Fy and Fp are also

. . . . 0Fy; . . .
continuous. More so, the partial derivatives a—yl ithi=1,2,...,6 are all continuous. Therefore,

there exists a unique solution (S(t),E(t),I(t), C(t),Q(t),R(t)) that satisfies the initial
conditions. Consequently, the set of control and the control variables is non-empty, hence,
condition 1 is satisfied.
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Proof of Condition 2.
The control space of equation (4)

](Tl, TZ,T3) = E(tf) + I(tf) + C(tf) + Q(tf)
+ f ! <E(tf) +1(tr) + C(tr) + Q(tf) + 1 22(t) +— B T3() + = B §(t)> dt
0

is convex in W and closed by definition. Take any controls 71,7, € W and 2 € [0, 1]. Then, 0 <
N1, + (1 — 2)7,. Furthermore, we observe that 27; < 2 and(1 — 2)7, < (1 — 2), then, 7, +
1-2D1, <0+ (1 —-02)=1. Therefore, 0 < N7, + (1 —N)7, <1, for all 74,7, €W and
0 € [0,1]. So, W is convex and therefore, condition 2 is satisfied.

Proof of Condition 3.

All the right hand sides of the equations in system (4) are continuous, bounded above by a sum of
bounded control and state, and can be written as a linear function of Tq,7T,, T3 with coefficients
depending on time and state. The control space W = {T4,T5,73: 0 < Tyjmin < 71 (1) < Tymax <

1,0 < Tomin < T2(0) < Tomax < 1,0 < Tapmin < T3(1) < Tamax < 1,6 € [0,¢4]} is convex and
closed by definition.

From system (3), we have
an(t) N

ac PTH f;

. <P

fi’ii Sup N(t) < "

Therefore, all solutions of system (3) are bounded. So, there exists y1,¥2,Y¥3, V4, V5 and yg such
thatV t € [0, tf]: St) Sy, E@) <y,,I(t) Sy3,C(t) Sy, Q(t) <ysand R(t) < ye. If we

consider

(Fs=S@t)<p

Fy = E(t) < D,E

F, =1(t) < @ — Dyl

Fc=C(t) < mE(t) + al(t) — t,(t)y,

Fo = Q) < ¢I(t) + aC(t) + 12(1)(y3 + y4) — T3(D)Ys
\Fr = R(t) < 9Q(t) + 13(D)ys

So, we can rewrite system (3) in matrix form as

F(t,S(t),E(t),I(t), Cc(t), Q(t),R(t)) <p+VY(t)— FW(t)
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where F(t,S(t), E(t),1(£), C(t), Q(£), R(t)) = [Fs, Fg, F;, Fe, Fy, FR]T

Y(t) = [S@®),E®),1(t),C(), (), R(D]"
W) = [14, 72, 13]"

and

o O o
o Q o O o o
O O O O O o

<
1]
O o o o o o
E]
o e 2 o o o
€ o o o o o

ES + I

~ (n S+ s) 0

N
B(nES+ |sj o o

N
Fi= 0 a0
0 -C 0
0 I+C —Q
0 0 Q

which gives the linear function of the control vector defined by time and state variables. Then we
find out the bound of the right hand side. It is noted that all parameters are constant and greater
than or equal to zero. Therefore, we can write

F(t,S(®),E@®),1(),C(®),Q(0),R(®) < llpll + IVINY @Il + IF W O]
<O +yUlY®OI + [IW®ID
where O < p and y = max(||V]||, ||FI]) .

Hence, we say that the right hand side is bounded by a sum of the state and control. Therefore,
condition 3 is satisfied.

Proof of Condition 4.
. . . . By > By 2
The integrand in the objective functional E(tf) + I(tf) + C(tf) + Q(tf) + < T () + S T2 () +

B . .
=72(t) is clearly convex in W.
2 3
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We then show that there exists constants £1,8,,83,8, >0, and & such that E(tf) + I(tf) +
C(tf) +0(t) + —r1 2(t) + —Tz(t) + —r3 2(t)  sadsfies  E(ty) +1(tr) +C(¢r) +Q(t) +
Z(t) + _Tz(t) + _Ts 3(0) = & + &lrld + &lrald + &)l

The state variable being bounded, let &; = inf E(tf) + I(tf) + C(tf) + Q(tf) € = ﬂ, é3 =

& == and & =2, then it follows that E(tf) + I(tf) + C(tf) + Q(tf) + —Tl 2(0) +
_Tz 10) + —Ts(t) > &+ &lnlf + &Glal + &l

Therefore, condition 4 is also satisfied. From the above discussion the existence of the objective
functional has been established. Then from Fleming and Rishel [10], we conclude that there exists an

optimal control.

4.3. Characterization of the optimal control

In order to derive the necessary conditions for the optimal control, we apply Pontryagin’s Maximum
Principle (PMP)[26] to the Hamiltonian H.

Theorem 5: Given optimal controls (77,73,73) and solutionsS™, E*,I*,C*,Q* and R* of the
corresponding system (3), there exist adjoint variablesAy, A5, A3, 44, A5 and Ag satisfying

A <ll + ,3(1 - T1(t)) <77E(t)N—+I(t)>> - (5(1 - T1(t)) <w>>

Ay =—1+X4 <ﬂ(1 -0 (t)) (nS(t))) Az <ﬁ(1 - T1(t)) w - A) — A3 — A4

o,
=
Il

. S S
Ay =—=14+1 (ﬁ(l —7,(0)) <%)> -2, <,8(1 —7,(0) %) + 23(B + 12(0)) — Mg — A5(p + 75(D))

Ay,=—-1- /'l4(G + Tz(t)) —15(0 +T2(t))

As=—1+ /15(1( + T3(t)) — 16(111 + Tg(t))
/16 = Aglt

With transversality conditions at time tf:/ll(tf) =0, ﬂz(tf) =-1,13 (tf) = —1,/14(15]:) =
-1, AS(tf) = -1, /16(tf) = 0. Moreover, the optimal controls 77, T, and T3 are given by
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N

71 = min| 1, max 0’/123— et (,8 (nE(t)N+ I(t)> S(t))
1

0 A31(t) + 2,C () — As(I (D) + C(t)))) > (8)
, Z

T3 = min <1, max <0, —(AS _ A6)Q(t)>>
B3

Proof: The Hamiltonian H is defined as follows:

H(E) = E(ty) +1(tr) + C(t) + Q(ty) + 272(0) + 272(0) + 273() + 11 S(t) + LE(®) +

A31(t) + 1,C(6) + 15Q(t) + AgR(L). i

The adjoint variables /11, /12, /13, /14, /15, /16 are obtained by the following system:

0H . 0H . 0H . 0H . 0H . 0H

/11 = —g,/lz = —a—E,/13 = —5,14 = —%,/15 = —%,/16 = _a_R

9)

For t € [O, tf], the adjoint equations and transversality conditions can be obtained by using
Pontryagin’s Maximum Principle [20][13][1], such that
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M= _E;_I; =M <u + ﬁ(1 - T1(t)) <77E(t)N—+I(t)>> -2, (ﬁ(l — Tl(t)) (M
Ay = ZIE-I =-1+4 (ﬁ(l —7,(1)) (77 4 )>> Az (ﬁ(l - 1(t))n—()—z4> Az — 44Tt

: )
Ag = —a—lj =—1+4 <5(1 - rl(t))< ( )>> -, <ﬁ(1 = Tl(t))sl(v_t)> +23(B +12(0)

—a — As5(p + 75(1))

. J0H

/14 = _% =—-1- 14(6 + Tz(t)) _/15(0- + Tz(t))
. J0H

As = —% =—-1+ 15(1( + T3(t)) - A6(¢ + T3(t))
. J0H

e = “ 3R = Aelt

The optimal control 77, T, and 73 detived from the optimality condition

OH 9H __OH

N

)

r (10)

o Van, Var
oH nE(t) + I(t) )
_6_‘[1 =—-Bi7:(1) + (A — A1) <ﬁ (T S@|)=0
oH
2
0H
_6_1'3 = —B3T3(t) + (AS - A6)Q(t) = O y
Then, we have
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(o) = 2 ( 5 <7YE(t) + 1(t>> S(t)> )

B, N
o O+ A4c<t)B—zzs(z<t) +e@|
(o = Y5 =100

B, )

By substituting the optimal control 77, T, and 73 ino the state system (3) and the adjoint system (9),
we obtain the corresponding S*, E*, I*,C*,Q*,R*and A;,i =1,2,...,6, with the help of the
transversality condition A:(tf), i=12..,6

5. Numerical simulations

In this section, we present the result obtained by solving the optimal control system numerically
having the initial conditions for the state variables. Thus, the optimal control system is a two-point
boundary value problem with separate boundary conditions at time steps i = 0 and i = t;. We
solve the optimality system by using Runge Kutta method of order four (RK4). The numerical
simulations were carried out with the parameters in Table 1.

Paramete Description Value
p Incidence of Smartphone 100
U Natural death rate 0.057
B Contact rate of infected Smartphones with susceptible 0.85
n Modification factor for the exposed Smartphones 0.0002
[7) The rate at which exposed Smartphones become infectious 0.045
T The rate at which exposed Smartphones develop complication due to 0.04

virus infection
a The rate at which infected Smartphones develop complication due to 0.21
virus infection
o) Quarantine rate of infected Smartphones before treatment 0.083
) Disease induced death rate of infected Smartphones 0.01
&y Disease induced death rate of infected with complication Smartphones 0.01
5, Disease induced death rate of quarantined Smartphones 0.01
o Quarantine rate of infected with complication Smartphones before 0.02
treatment
Y The rate at which quarantined Smartphones recover from virus 0.017
infection after treatment.

Table 1: Parameter value for the simulation
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For the optimality of the model, we have the initial value for the susceptible, exposed, infected,
infected with complication, quarantined and recovered as S(0) = 100,E(0) = 10,1(0) =
4,C(0) = 2,Q(0) =3 and R(0) = 5.

800 |

w— Susoeptible without Control
— E xposed without contro
—infected without control
s infected with Complication without Control
Quarantined without Control -
== = = Recovered without Control

Compartments

Figure 2: The Dynamics of Susceptible, Exposed, Infected, Infected with Complication,
Quarantined and Recovered Smartphones without Vaccination, quarantine and treatment Control

strategies (T1(t), = 7,(t) = 75(t) = 0).
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Figure 3: The Dynamics of Susceptible, Exposed, Infected, Infected with Complication,
Quarantined and Recovered Smartphones with Vaccination, quarantine and treatment Control
strategies (0 < 75(t), 73(t), T3(t) < 1).
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Figure 4: The Dynamics of Exposed Smartphones without Vaccination, quarantine and treatment
Control strategies (71(t), = 7,(t) = 73(t) = 0).
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Figure 5: The Dynamics of Infected Smartphones without Vaccination, quarantine and treatment
Control strategies (t1(t), = 7,(t) = 73(t) = 0).
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Figure 6: The Dynamics Infected with Complication Smartphones without Vaccination, quarantine
and treatment Control strategies (71(t), = 7,(t) = 13(t) = 0).
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Figure 7: The Dynamics of Exposed Smartphones with vaccination Control strategy only (0 <
7,(t) < 1,and 7,(t) = 15(t) = 0).
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Figure 8: The Dynamics of Infected Smartphones with vaccination Control strategy only (0 <
7,(t) < 1,and 1,(t) = 15(t) = 0).
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Figure 9: The Dynamics of Infected with Complication Smartphones with vaccination Control
strategy only (0 < 74(t) < 1,and 7,(t) = 73(t) = 0).

Without and with control 74 (t) after t = 150

Without control

With control

Percentage of

decreasing
Exposed 637.8093 369.1904 42.12
Infected 79.7262 46.1296 42.14
Infected with Complication 637.8093 369.1904 41.70

Table 2: Percentage of the decreasing number of Exposed, Infected and Infected with

Complication without and with control 741 (t)
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Figure 10: The Dynamics of Exposed Smartphones with quarantine control strategy only (0 <
7,(t) < 1,and t,(t) = 75(t) = 0).
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Figure 11: The Dynamics of Infected Smartphones with quarantine control strategy only (0 <
7,(t) < 1,and t,(t) = 75(t) = 0).
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Figure 12: The Dynamics of Infected with Complication Smartphones with quarantine control
strategy only (0 < 7,(t) < 1,and 7,(t) = 75(t) = 0).

Without and with control T,(t) after t = | Without control | With control | Percentage of
150 decreasing
Exposed 637.8093 490.9569 23.04
Infected 79.7262 19.0457 76.11
Infected with Complication 637.8093 26.6492 94.51

Table 3: Percentage of the decreasing number of Exposed, Infected and Infected with
Complication without and with control 7, (t)
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Figure 13: The Dynamics of Exposed Smartphones with treatment control strategy only (0 <

73(t) < 1,and t,(t) = 7,(t) = 0).

Irfected

s infected without control

— lected with contro

140

80
Time=t
Fig 14

Figure 14: The Dynamics of Infected Smartphones with treatment control strategy only (0 <

75(t) < 1,and t,(t) = 7,(t) = 0).
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Figure 15: The Dynamics of Infected with Complication Smartphones with treatment control
strategy only (0 < 73(t) < 1,and 7,(t) = 7,(t) = 0).

Without and with control T3(t) after t = | Without control

With control

Percentage of

150 decreasing
Exposed 637.8093 635.2779 0.87
Infected 79.7262 77.2635 3.09
Infected with Complication 637.8093 429.2418 1.16

Table 4: Percentage of the decreasing number of Exposed, Infected and Infected with

Complication without and with control 73(t)
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Figure 16: The Dynamics of Exposed Smartphones with vaccination and quarantine Control
strategies only (0 < 74(t),7,(t) <1land t5(t) =0).
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Figure 17: The Dynamics of Infected Smartphones with vaccination and quarantine Control
strategies only (0 < 71(t),7,(t) <land t3(t) =0).
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Figure 18: The Dynamics of Infected with Complication Smartphones with vaccination and
quarantine Control strategies only (0 < 7,(t),7,(t) < 1land t5(t) =0).

Without and with control 74 (t)and t,(t)

Without control

With control

Percentage of

after t = 150 decreasing
Exposed 637.8093 122.5242 80.79
Infected 79.7262 5.3701 93.26
Infected with Complication 637.8093 7.9962 98.35

Table 5: Percentage of the decreasing number of Exposed, Infected and Infected with
Complication without and with control 74 (t)and t,(t).
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Figure 19: The Dynamics of Exposed Smartphones with vaccination and treatment Control
strategies only (0 < 74(t),73(t) < 1and t,(t) =0).

Infected

—nfocted without Control
— e et e

Fig 20

Figure 20: The Dynamics of Infected Smartphones with vaccination and treatment Control
strategies only (0 < 7,(t),73(t) <1land t,(t) =0).
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Figure 21: The Dynamics of Infected with Complication Smartphones with vaccination and
treatment Control strategies only (0 < 7,(t),73(t) < 1land 7,(t) =0).

Without and with control 74 (t)and t3(t)

Without control

With control

Percentage of

after t = 150 decreasing
Exposed 637.8093 369.1904 42.12
Infected 79.7262 46.0457 42.14
Infected with Complication 637.8093 283.1645 41.70

Table 6: Percentage of the decreasing number of Exposed, Infected and Infected with
Complication Without and with control 7, (t)and 3(t).
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Figure 22: The Dynamics of Exposed Smartphones with quarantine and treatment Control
strategies only (0 < 7,(t),73(t) < land 7,(t) =0).
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Figure 23: The Dynamics of Infected Smartphones with quarantine and treatment Control
strategies only (0 < 7,(t),73(t) < land 7,(t) =0).
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Figure 24: The Dynamics of Infected with Complication Smartphones with quarantine and
treatment Control strategies only (0 < 7,(t),73(t) < 1 and 7,(t) = 0).

Without and with control T,(t)and t5(t)

Without control

With control

Percentage of

after t = 150 decreasing
Exposed 637.8093 490.9569 23.02
Infected 79.7262 19.0457 76.11
Infected with Complication 637.8093 26.6492 94.51

Table 7: Percentage of the decreasing number of Exposed, Infected and Infected with
Complication without and with control T, (t)and 7, (t).
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Figure 25: The Dynamics of Exposed Smartphones with vaccination, quarantine and treatment
Control strategies (0 < 7,(t), T,(t), 73(t) < 1).

Infacted

Figure 26: The Dynamics of Infected Smartphones with vaccination, quarantine and treatment
Control strategies (0 < 74(t), T,(t), 73(t) < 1).
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Figure 27: The dynamics of Infected with Complication Smartphones with vaccination, quarantine
and treatment Control strategies (0 < 71(t), 7(t), 73(t) < 1) .

Without and with control | Without control | With control Percentage of
7,(t), 75 (t)and t5(t) after t = 150 decreasing
Exposed 637.8093 0.0029371 99.9995
Infected 79.7262 0.00011848 99.9995
Infected with Complication 637.8093 0.00016898 99.9999

Table 8: Percentage of the decreasing number of Exposed, Infected and Infected with
Complication without and with control 71 (t), T, (t)and 7, (t).

Figures 2 and 3 reveal the dynamics of the six compartments without and with optimal control
respectively. From Figure 2, the population of exposed, infected and infected with complication
were seen to be increasing because of lack of optimal control strategies. Also, we shall observe from
figure 3 that the population of exposed, infected and infected with complication were drastically
reduced whereas susceptible and recovered population increases due to the effectiveness of the
optimal control strategies. The result of the individual compartments of exposed, infected and
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infected with complications were respectively displayed in Figures 4, 5 and 6 and it shows that
without optimal control strategies, the Smartphone virus infection will continuously be transmitted
from one Smartphone to another.

When we used only the optimal control 74(t), (Vaccination), there is an increase in the
population of Smartphones protected from virus and the result were shown in Figures 7 (Exposed
Smartphones), figure 8 (Infected Smartphones) and figure 9 (Infected with Complication
Smartphones). This simply means that if Smartphones are adequately and effectively installed with
antivirus, there will be a decrease in the exposed, infected and infected with complication
Smartphones in the population. The percentage decrease is represented in table 2. In Figures 10, 11
and 12, we use only the optimal control T,(t). Here, the quarantine strategy was adopted for all
Smartphones in the compartments of infected and infected with complication. The result of this
optimal control strategy, indicates a slight decrease in the population of the exposed as in Figure 10,
and a greater percentage decrease in the population of the infected and infected with complication
Smartphones as shown in Figure 11 and Figure 12 respectively, which implies that the strategy is
effective. Also, the percentage decreases in the required compartments were given in Table 3. Table
4 displayed the result of only the optimal control T3(t), which is treatment (repair). We observe that
treatment only as an optimal control strategy for Smartphone virus is not strong enough to reduce
the population of exposed, infected and infected with complication Smartphones. From Figure 13,
we observe that treatment (repair) does not have effect on exposed Smartphones, and similar results
were displayed in Figure 14 and Figure 15.

In Table 5, we show the result of combined optimal control strategies for 71(t) and 7,(t),
(vaccination and quarantined). Figure 16 displayed the effect of vaccination and quarantine on the
exposed Smartphone population, Figure 17 shows the effect of vaccination and quarantine on the
infected Smartphone population whereas Figure 18 displayed the effect of vaccination and
quarantine on the infected with complication. From these figures, we observe that vaccination and
quarantine have a great effect by decreasing the population of the exposed, infected and infected
with complication Smartphones. Also, table 6 presents the effect of combined optimal control
strategies for  71(t) and 13(t) (Vaccination and treatment). The outcome of vaccination and
treatment on the exposed Smartphones is demonstrated in Figure 19. More so, the outcome of
vaccination and treatment on the infected Smarphone population is presented in Figure 20 while the
outcome of the same vaccination and treatment on infected with complication is shown in Figure
21. Examining these figures, we notice that the combined optimal control strategies of vaccination
and treatment does not have much effect on the exposed, infected and infected with complication
Smartphones. In the same way, we displayed the result of the combined optimal control strategies
for 7,(t) and 153(t) (quarantine and treatment) on the exposed, infected and infected with
complication Smartphones in table 7. In Figure 22, we demonstrated that quarantine and treatment
does not have much effect on the exposed Smartphone population. it was presented in Figure 23,
that quarantine and treatment have much effect on infected Smartphone population and also Figure
24 showed that it has great effect on infected with complication. From the results of these
combinations, we observed that 71(t) and t,(t), (vaccination and quarantined) optimal control
strategy is more effective than the other two combinations. Since the main objective of this model is
to minimize Smartphone virus infection in the population, we merged the three optimal control
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strategies Ty (t), T,(t), and t3(t), that is, vaccination, quarantine and treatment. Based on Table 8
which shows the percentage of the decreasing number of exposed, infected and infected with
complication Smartphones, we observe that the combination of the three optimal control strategies
(vaccination, quarantine and treatment) has the greatest decreasing effect on the exposed
Smartphones as in Figure 25, infected Smartphones as in Figure 26 and infected with complication
Smartphones as in Figure 27. From these outcomes, we noticed that combined intervention of
71(t), T,(t), and t3(t) is a better control strategy for Smartphone virus infection and need to be
deployed early in order to reduce Smartphone virus infection to the barest minimum.

6. Conclusion

In this study, we proposed the optimal control strategies to mitigate Smartphone virus infection
transmission dynamics. In order to minimize the number of infected and infected with complication,
we introduced three control strategies Tq(t),T,(t),and t3(t), which respectively represents
Vaccination, quarantined and treatment (repair). We also obtained the characterization of the
optimal controls by applying the results of the control theory. The model was solved numerically by
Runge — Kutta method of order four in MATLAB. Numerical simulation of the model shows the
effectiveness of vaccination, quarantine and treatment, combination of any of the two control
strategies and even the three control strategies. However, the results revealed that a combination of
vaccination, quarantine and treatment is a better control strategy for Smartphone virus infection.
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