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A mathematical study of effect of constriction and 
extra cellular matrix gel on aqueous humor flow and 

IOP 
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M. Iorkua‡, and S.U. Isienyi§ 

  
 
 

Abstract 
 

Increase in Intraocular Pressure (IOP) in the eye has been pointed out as a primary risk 
factor for Glaucoma and; Glaucoma is a leading cause of sight loss globally. Despite this 
knowledge, the site where this increase in pressure occurs is still under studies. The 
junction between the endothelia-cell wall of the Schlemn’s canal and the juxtacanalicular 
tissue is known to contain funnel shaped pores which are surrounded by extra cellular 
matrix gel. The flow of Aqueous Humour through these pores generates a funneling effect 
(which can be considered as a flow through constricted channel) on the TM. Furthermore, 
the extra cellular matrix may (exert) contribute some force on the flow dynamics, in the 
form of drag to Aqueous Humour flow. This study investigated the combined effect of the 
pores and extra cellular matrix gel (as a drag force) on Aqueous Humour flow dynamics 
such as Aqueous Humour flow resistance, and hydraulic conductivity respectively. Our 
results show that these structures affect the flow resistance and hydraulic conductivity, and 
might likely contribute to increase in IOP. 

 
Keywords: constricted channel flow; constriction and drag; aqueous humuor flow; intraocular 
pressure; hydraulic conductivity and resistance. 
 
 

1.  Introduction 
 

Aqueous humor (AH) is a fluid in the eyes secreted through ciliary process which leaves through the 
trabecular meshwork [9]. The conventional outflow route comprises of the trabecular meshwork 
(TM), the juxtacanalicular connectıve  tissue (JCT), the endothelial lining of Schlemm’s canal (SC) 
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and the Schlemm’s canal (SC) itself [20,29]. As a fenestrated beams and sheets of extra cellular 
matrix (ECM) covered with endothelial-like cells (TM), the TM is adjacent to SC. Its primary 
function is to regulate the bulk of the AH outflow from the anterior chamber [32], thereby 
controlling the intraocular pressure (IOP). The junction between the innermost portion of the TM 
and the inner wall endothelium cells of SC is the JCT [32]. Extracellular matrix has been discovered 
in the cells of the TM beams, JCT and SC inner wall of the eye. Basement and stromal ECM are 
found in the TM beams and JCT region [1]. The TM beam cells which have discontinuous tight 
junction strands in addition to possessing gap junctions is known to cover the ECM [ 6, 18,25]. 
ECM is implicated in outflow resistance because it is critical in maintaining outflow resistance [1] 
despite that it seems more likely a candidate for the outflow resistance [22]. The SC cells and the 
JCT ECM are also considered to be responsible for the maintenance of AH outflow resistance. The 
inner wall cells of the SC have some pores that make funneling possible [18] which creates a 
hydrostatic effect on the outflow facility [20]. The ECM has a role in the outflow facility of AH as it 
is primarily thought to cause AH outflow resistance [12, 15, 20, 21, 24, 30], because  the ECM and 
the inner wall cells of SC provides  outflow resistance [1] and contribute and control the final the 
pressure drop by forcing funneling through SC cellular pores [32]. Despite being a candidate for 
causing outflow resistance, the ECM plays a role also in regulating outflow activity and maintaining 
IOP.  About 25 to 30 pores of the SC which serve as collector channels should allow free 
circumferential flow of AH but due to segmental flow witnessed in some eyes the fluids do not flow 
freely, as expected [11, 17, 19].This outflow resistance destabilizes IOP homeostasis which its loss is 
clearly central to the progression of glaucoma [13, 32]. Glaucoma results from an increase in the 
resistance of the aqueous humor outflow, which in turn elevates the intraocular pressure (IOP) [31, 
33]. Because of this reason it will not be out of place to study the combined effect of these players 
on AH flow dynamics. See [16, 20, 24] for details. 
 

Earlier, some mathematical works have looked at this problem through different 
perspectives. These works include [3] that carried out a study of flow of aqueous humor in 
Schlemm’s canal in the eye. They treated the canal segment along which the aqueous humor flows as 
an elliptic narrow tube. Further, they considered that the inner endothelial wall in contacts with TM 
is porous and collapsible, and that the inner wall of the SC is deformable as well. By considering that 
the same quantity of aqueous humor drains through each collector channel is somehow unrealistic.  
In 2008, Fitt A.D, (2008 ) [14] also carried a similar study on the SC to determine its influence on 
Primary open angle glaucoma (POAG). In the study, he considered the flow of aqueous humor 
from the anterior chamber through the TM into the SC. This he did using lubrication theory. After a 
study of the flow dynamics of the AH through the iris-lens channel, David M. Silver and Harry A. 
Quigley, (2004) [10] agrees that there is a pressure difference between the posterior and anterior 
chambers. In 2018, the circulation of AH  through its route is considered as a flow with constriction 
in a channel [23]. The authors considered the funneling effect as a constriction in the channel of 
flow. By adjusting the stenosis length and other flow parameters they established that the stenosis 
length and height has a significant effect on the flow dynamics. Other works that studied the 
dynamics of the AH outflow activity and its effect on IOP include [2, 4, 5]. These works motivated 
us to extend [23] by incorporating into the flow a drag force term representing the effect of the 
ECM gel on the flow dynamics, which, to the best of our knowledge, has not been carried out on 
the AH flow dynamics. Therefore we here try to investigate the effect of constriction (due to the 
funneling effect of the SC) and ECM (considered as a form of drag force on the flow dynamic) on 
the AH flow through the TM and SC.  
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For ease of communication and understanding, we splited the paper into four sections. The 
first section is the introduction where a background of the study is presented in addition to review 
of some related literatures to the work. The definition of the problem and its model equations 
follows from the second section. In this section is contained some of the assumptions guiding the 
study with some explanations. The third section is where the mathematical analysis of the model is 
carried out before the last section. This last section takes care of the numerical results, findings from 
the work and its conclusion. 
 

2.    Definition and model formulation 
 

Here we consider the flow of AH in the eye as a flow through constriction with drag. Consider that 
at the point of interest (i.e. the junction between the JCT and the inner wall of SC) the channel is a 
cylindrical tube with stenosis, which is mild and symmetric. In addition, there is a drag force 
opposing the outflow of AH through the JCT since it is assumed embedded in the ECM and open 
on the surface. The flow channel is such that fluid (AH in this case) enters through the point z = 0 
and continues until it gets to the mouth of the stenosis at z = d where the funneling effect starts. 
Within the constricted region the flow is steady and continues until the point z = d + l after which 
the flow profile fills the non-constricted region. But on getting to z = d +3.5l, the effect of the gel 
manifests thereby causing a drag on the flow velocity. The flow through the ECM (we represented 
the ECM with the circle in red) is represented by an arrow around the circular region in the channel 
and signifies nothing but the effect of drag on the flow profile. This is to sya that there is no 
tangential flow. In doing so, we have assumed a one dimensional flow with a very low convective 
momentum. In addition, we assumed that the relationship between the axial velocity and axial 
direction is not significant. This is because of the nature of the channel and the fluid under 
consideration here. The geometry of flow channel is considered as shown in figure 1.  
 

R is the radius of the free channel, R  is the radius of the constricted part of the channel,   

is the radius of constriction, L is the length of the channel, a is the radius of the drag-free channel, 

aR  is the radius of the drag-filled channel, d is the distance between the entrance and the 

constriction and L is the length of the constriction. 
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Figure 1. Geometry of the flow channel. 
 
 

2.1.   Model formulation 
 

The equations governing the geometry of the flow channel is defined as presented in equations  
(1) and (2) respectively. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
In  
 
 
 
 
 

  
R 

  
Z -axis 

    

 

 

 

1 otherwise

 

 

 

1 otherwise
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In the light of the above, the equation governing the AH flow in this case is given by  
 

fUP
Dt

UD
++−= 2

 

where ( )321 ,, uuuU =  is the velocity of the flow, 
Dt

UD
 is the instantaneous accelerations, P   is 

the pressure gradient, i.e. the pressure drop across the channel length of flow and f  is the external 

body force. Since there is no external body, f = 0. (The aqueous flow is driven by the pressure drop 

in the channel, which is the difference between the flow at the entrance and exit of the channel). We 

shall assume that ( ) ( )0,0,,, 1321 uuuu = , which is to say that there is only flow along the channel. 

This in other words means that we consider only a one dimensional flow system. Because of the 
funneling effect on aqueous flow caused by the JCT on the inner wall of the SC, the dynamics of the 
flow is considered as a flow with constriction. 
 

Suppose that the channel of flow is such that the point z = d is the end of the hydrodynamic 
entrance region where the flow stooped developing. Because of this, we shall assume that the flow is 
fully developed having travelled through the entrance length where the flow was developing. As a 
result of this, we consider the equations governing the flow (see [23, 27] ) to be  

 

xP
r

U
r

rr
=
















,          (3) 

( ) 0=RU ,           (4) 

( ) 






U
DR

RU
a−

= ,         (5) 

( )
a

a UU
r

RU
−=




 ,         (6) 

 

where U  is the slip velocity at the stenosis and UrU a −=  is the drag velocity due to ECM. 

 

2.2.   Analysis of the Problem 
 

We obtain the slip velocity of the flow at the stenosis throat as equation (7) and the velocity profile 
of the flow as equation (8) below. 
 

( ) ( ) ( )2 2 2 2 2 2 2 2

2

2 ln ln ln

4
ln ln

a
a a a

x

a a aa
a

U

R R R
R R R R R R R R

R R Rp

R R D R DR R
R

R R



 
 

 



 

 

       − − + − − −       
       =

    + +    
    

 (7) 
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4
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where 
  

2 2 2 2

2

2

2 ln 1 1 ln 1 ln

ln ln

a a a
a

a a aa a

R R R RR R R
R

R R RR R R RR

R R D DR R R
R RR

  

 





 

 

 

                  − − + − − −                                            =  
      + +    

    

  
 
Next we calculate the flux of the flow but in doing so we shall consider only the flux of the region of 
constriction and that of the ECM respectively. The part of the channel without any obstruction is 
considered the standard as it is assumed that the flow in those regions is free of any resistance. To 
get the flux we use the following equation adapted from [28]: 
 

0

2

a

R R

R

Q rUdr rUdr



 

= + 
  
  .        (9) 

 
By employing equation (8) in equation (9) and simplifying we obtain the flux of the flow as 
 

4 4 2 2

4

3

2 2log 1

8
2log 1

a a a

x
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Q
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

 
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 , (10) 

 

where  

















−
















+

























−












−








−












−









=

R

R
DRR

R

R

R

R

R

R
D

R

R

D
R

R

R

R

R

R

R

R
DRR

R
a

a
aa

a

a

aa

aa

loglog

211

2

22

2












.   

 
 



                                                International Journal of Mathematical Analysis and Modelling 

       Volume 5, Issue 1, May 2022, Pages 1 – 17   
 
 

 

7                                                                  IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                                (Formerly Journal of the Nigerian Society for Mathematical Biology) 
 
 

 
From equation (10) we obtain the pressure gradient as  
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Integrating (11) with respect to the variable x  along the channel length L  yields the pressure 
gradient as  
 

==  4

0

8
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Q
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L

x
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Evaluating the first, fourth and seventh integrals yields 




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 +
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a

2
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this the flow resistance in the stenosis region becomes 
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From equation (13), we obtain the non-dimensional form of flow resistance, as described in [7, 8, 
26] from the stenosis region as 
 

( )












+


−−
==

000

121 Lal




 ,        (14) 
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Since our numeric result is in two parts we obtained the following expressions to be used in each of 
these regions. Expressions for the stenosis free region are with subscript ‘a’, whereas those for the 

ECM free regions are subscripted ‘ ’. 
 

ECM free region: 
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We also considered the hydraulic conductivity of the flow duct following the definition given in [18] 

and obtained the dimensionless hydraulic conductivity, 
pL , as  

                                
A

Lp


1
= .                              (15) 

 
 

3.  Numerical results and discussion 
 

Because of the fact that solutions for the resistance and hydraulic conductivity is not possible 
analytically, we resorted to numerical solution approach. The flow channel is partitioned into two, 

the first  is 5.00 1  z  and the second is 15.0 2  z . We assumed equal length for both 

ECM and stenosis and considered that d  which locates the stenosis in the channel is zero. The first 
two integrals are evaluated with equations 1(a) and (b) respectively whereas 2(a) and (b) are used to 
evaluate the second and fourth integrals. We followed [3, 14] closely, in simulation and the numerical 
results, and obtained different results as presented and discussed in the figures shown below.  
 
 

                                    
Figure 2: The effect of stenosis radius on Hydraulic conductivity with different varying slip 

paremeters. 
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Figure 3: The relationship between Hydraulic conductivity and the ECM. 

 
 
Figures 2 and 3 show that hydraulic conductivity increases in the presence of stenosis and ECM with 
varying slip parameter. On one hand, it increases with increasing slip parameter, gradually though, in 
the presence of stenosis until the flow starts to come just immediately after the stenosis throat when 
the hydraulic conductivity starts to decline in a reverse order with the slip parameter. This concept, 
as we think, may be due to the drag force caused by the presence of ECM in the flow profile. 

                           
Figure 4. The effect of Darcy Number on Hydraulic conductivity and ECM. 
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Figure 5. This shows how stenosis height affects Hydraulic conductivity in the presence of ECM. 

 
 
 
In Figure 4 we see that the Hydraulic conductivity varies directly with the Darcy number in the 
presence of the ECM. As shown in this figure, the hydraulic conductivity of the flow gradually 
increases with higher Darcy number despite the increase in ECM diameter. It appears from this that 
the effect of Darcy number and the ECM cancel out each other, to some extent. This is open for 
further study. As is expected, Figure 5 shows that, in the presence of ECM, the stenosis height 
affects hydraulic conductivity. If a smaller area of the flow channel is under the influence of the drag 
from the ECM, the ease with which AH moves through the channel is lower than when a larger area 
is covered by the ECM. It then means that the presence of  ECM contributes more pressure to the 
flow profile. 
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Figure 6. How Hydraulic conductivity behaves against stenosis height with varying slip parameters. 
 
 

                                  
Figure 7. Display of how stenosis height affects Hydraulic conductivity in the varying stenosis 

radius. 
 
Figure 6 shows that the slip parameters has little or no effect on the flow profile with respect to the 
Hydralc conductivity and the stenosis height. Nevertheless, it can be seen that the hadraulic 
conductivity responds directly to the stenosis with the slip parameter up to the mouth of the middle 
of the stenosis where the eefct of the slip is noticed. This is seen in the way the slip parameters 
switchs their positions, insignificantly though. From Figure 7, it is evident that the flow starts out 
with less ease due to, may be, the funneling effect caused by the pores considered as the stenosis but 
eases out as the flow moves out of the pores. It is also observable that with longer radii, the ease of 
flow through the pores increases. The effect of the stenosis is seen to delay hydraulic conductivity 
around the stenosis throat.  
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Figure 8. A display of effect of ECM on hydaraulic conductivity and stenosis radius. 

 
 

                                      
Figure 9. A plot showing the effect of stenosis height on Resistance in the presence of ECM. 

 
 
Figure 8 displays the combined effect of stenosis and ECM on hydraulic conductivity. As is 
expected increase in ECM radius affects hydraulic conductivity of the flow. On the other hand, 
presence of stenosis is seen to affect hydraulic conductivity since it declines just immediately after 
the stenosis throat. Remarkable is Fgure 9 which shows how resistance is affected by ECM. It shows 
that increase in ECM radius increases the resistance. The steepness of the resistance profile is deeper 
with increasing ECM which agrees with our expectation.  
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Figure 10. How resistance is affected by stenosis in the presence of different slip parameters. 

 
 

                                              
Figure 11. A plot of how stenosis height and radius affect resistance. 

 
 
 
Figure 10 shows that resistance is increases with increasing stenosis height. However, the result is 
different in the presence of slip parameter. As can be seen from this figure, resistance decreases with 
higher slip parameter value but reduces otherwise. İt goes on to show the the role of slip parameter 
in the resistance profile of the flow through constriction. On the other hand, we see from Figure 11 
that the height of the stenosis directly affects the resistance. İn other words, the more steep the 
constriction the more the resistance. 
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4.  Conclusion 
 

Based on these results from numeric solution and simulations we conclude that these structures 
affect the flow resistance and hydraulic conductivity, and might likely contribute to increase in IOP. 
We can then infer from the study that reducing the stenosis height can reduce resistance to AH 
flow, in addition to regulating ECM spread. 
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The transmission dynamics of Lassa fever disease 
incorporating control measures 

 
 

V. Vegha* 
 

 
 

Abstract 
 

In this work, a mathematical model to study the transmission dynamics of Lassa fever with 
control measures like public health education campaign, isolation and treatment is 
formulated. The basic properties of the model are examined and the effective reproduction 

number  𝑅𝑐 is computed. Steady states of the model were analyzed for stability, it was 

found that whenever 𝑅𝑐 is < 1, the disease dies out while when 𝑅𝑐 is > 1, the disease 
persists in the population. We found from sensitivity analysis that the most sensitive 

parameter is the natural death rate of rodents 𝜇𝑟 with a sensitivity index of -2 while the 
least sensitive parameter is Lassa fever induced death rate with a sensitivity index of -
0.0007. We carried out numerical simulation and results sows that isolation, treatment and 
public health education campaign can reduce the dynamical spread of the disease in the 
population. 

 
Keywords: Lassa fever; mathematical model; basic reproduction number; disease free equilibrium; 
stability; sensitivity analysis; endemic equilibrium; bifurcation; multimammate rat; zoonotic disease. 
 
 

1.   Introduction 
 

Lassa fever is an acute viral illness that occurs in West Africa [5]. The illness was discovered in 1969 
when two missionary nurses died in Nigeria. The virus is named after a town Lassa in Borno state of 
Nigeria where the first cases occurred [5, 16]. Lassa fever is a zoonotic disease, meaning that humans 
become infected from contact with infected animals [20]. The rodent reservoir, or host of Lassa 
virus is a rodent of genus Mastomys natalensis, commonly known as ‘‘multimammate rat’’. Mastomys rats 
infected with Lassa virus do not become ill, but can shed the virus in their urine and faeces [20]. 
Humans become infected with Lassa virus from exposure to urine or faeces of infected Mastomys rats 
[20]. Several cases of disease outbreak have been recorded in 19 states of Nigeria since it was first 
reported in 1969. The most affected states are Bauchi, Edo, Oyo and Taraba which account for 54% 
of the confirmed cases [7, 19]. The worst outbreak was recorded in 2012 where 1700 cases including 
112 deaths were reported [7, 19]. 
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A review of earlier works on Lassa fever provides the perspective of this work. In [14], 
Ogabi et al formulated a basic SIR model for the control of Lassa fever in Northern part of Edo 
State of Nigeria. The disease control was studied based on the basic reproductive number. It was 
clearly shown in his work that to control the spread of Lassa fever in the endemic areas, the basic 

reproduction number 𝑅0 must be brought below 1. If it is more than 1, the disease will not die out 
from the area. 
 

In [12], Mohammed et al in their work titled ‘sensitivity analysis in a Lassa fever deterministic 
model’ formulated a model with five mutually exclusive compartments related to Lassa fever 
transmission. The result of their sensitivity analysis showed that the most sensitive parameter is the 
human immigration, followed by human recovery rate, then person to person contact. This suggests 
that control strategies should target human immigration, effective drugs for treatment and education 
to reduced person to person contact. 
  

In [15],Onuorah et al developed a Lassa fever model using the sex structure approach. Key 

to his analysis was the basic reproductive number 𝑅0 . Sensitivity indices of 𝑅0 around the baseline 

parameter value were computed, which showed that the most sensitive parameter to 𝑅0 is human 
birth rate, followed by condom efficacy and compliance. In [8], James et al proposed a mathematical 
model for the transmission dynamics of Lassa fever incorporating treatment. The equilibrium states 
were obtained and analyzed for stability. It was discovered that the zero-equilibrium state is stable 
when the birth rate of the human population is less than the death rate and same when the birth rate 
of the mastomys natalensis (reservoir) is less than the total death rates.  

 
In [2], Adewale et al formulated a model with six compartments to gain insight into the effect 

of isolation of infected individuals and treatment of infected individuals in the dynamical spread of 
Lassa fever due to effective contact of human and infected rats. The result shows that the disease 

dies out whenever the threshold 𝑅0 < 1 but spreads when it exceeds unity i.e., 𝑅0 > 1 .  
 

  It is worthy of note that none of the models reviewed incorporated health education 
campaign as a control strategy, rather, most of the authors advised that health education campaign 
should be intensified in the affected areas in order to curb the endemic nature of the disease. 
Furthermore, most of the authors considered treatment of infected individuals without isolation. 
Our model therefore examines the effect of public health education campaign, isolation and 
treatment on the spread of Lassa fever disease (LFD) all incorporated at a time. Hence our model is 
an advanced one that seeks to provide a better study and understanding of the LFD transmission 
dynamics in a given population. 
 
 

2.    Model formulation 
  
A diagrammatic representation of the model formulation is shown in Figure 1. The total human 

population 𝑁ℎ(𝑡) is sub-divided into sub-classes as follows:  Susceptible humans 𝑆ℎ(𝑡), Exposed 

humans 𝐸ℎ(𝑡) infectious humans 𝐼ℎ(𝑡), Isolated humans 𝐽ℎ(𝑡), Recovered humans  𝑅ℎ(𝑡), so  that  
𝑁ℎ(𝑡) = 𝑆ℎ  (𝑡) + 𝐸ℎ(𝑡) + 𝐼ℎ(𝑡) +  𝐽ℎ(𝑡)  + 𝑅ℎ(𝑡), Also, the total population of rats 

 
𝑁𝑟(𝑡)  is 

subdivided into Susceptible 𝑆𝑟(𝑡),   and Infected  𝐼𝑟(𝑡), so that;  
 
𝑁𝑟(𝑡) = 𝑆𝑟  (𝑡) + 𝐼𝑟(𝑡). 
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The susceptible human population 𝑆ℎ(𝑡), increases by recruitment of individuals into the 

population by birth or immigration at the level  ᴧℎ, the group also increases as a result of loss of 

immunity by recovered individuals at a rate Φ. The population decreases by infection following 

effective contact with infectious rodents and infectious humans at the level  𝛽1 and  𝛽2  respectively. 

The population also decreases as a result of human natural death at a rate 𝜇ℎ. 
 

The population of the exposed individuals 𝐸ℎ(𝑡) consists of newly infected individuals 

following contact with infectious rodents and infectious humans at the rate 𝛽1 and  𝛽2 respectively. 

The population declines as a result of progression to infectious class at a rate 𝛼 and human natural 

death at a rate 𝜇ℎ.  
  

The population of infectious individuals  𝐼ℎ(𝑡) increases as a result of progression from the 

exposed class at the rate 𝛼. The class decreases as a result of isolation at a rate 𝜏1, treatment at a 

rate 𝜏2, natural death at a rate 𝜇ℎ and disease induced death at a rate  𝛿. The population of isolated 

individuals 𝐽ℎ(𝑡) increases as a result of isolation of the infectious individuals at a rate 𝜏1 .The 

population decreases due to natural death at the rate 𝜇ℎ, death due to disease at the rate 𝛿 and 

treatment at the rate 𝜏3. 
 

We introduce the Recovered compartment 𝑅ℎ(𝑡). The population of the individuals in this 

group increases as a result of treatment of infectious humans at a rate 𝜏2 and isolated humans at a 

rate 𝜏3. The population decreases as a result of natural death at a rate 𝜇ℎ and loss of immunity at a 

rate Φ. 
 

Susceptible rodents (𝑆𝑟) are generated at a constant recruitment level ᴧ𝑟 and acquire infection 

following effective contact with infected rodent at a rate 𝛽1. The rodents suffer death at the rate 𝜇𝑟. 
The infected class of the rodents (𝐼𝑟) has newly infected rodents and reduces by natural death at the 

rate 𝜇𝑟. 
 
 

Variable Description  

𝑆ℎ(𝑡)  Susceptible humans at time t 

𝐸ℎ(𝑡)                   Exposed humans at time t 

𝐼ℎ(𝑡)  Infectious humans at time t    

𝐽ℎ(𝑡)                       Isolated humans at time t     

𝑅ℎ(𝑡)  Recovered humans at time t       

 𝑆𝑟(𝑡)   Susceptible rats at time t 

𝐼𝑟(𝑡)   Infected rats at time t 

                       
Table 1: Variables of the model 
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Figure 1: Schematic diagram for the model 
  
 

2.1.   Model equations  
 

 

 
𝑑𝑆ℎ

𝑑𝑡
= ᴧℎ +Φ𝑅ℎ −

(𝛽1𝐼𝑟+𝛽2𝐼ℎ)(1−𝜔)𝑆ℎ

𝑁ℎ
− 𝜇ℎ𝑆ℎ                                                                                                        

 
𝑑𝐸ℎ

𝑑𝑡
=
(𝛽1𝐼𝑟+𝛽2𝐼ℎ)(1−𝜔)𝑆ℎ

𝑁ℎ
− (𝛼 + 𝜇ℎ )𝐸ℎ                                                            

 
𝑑𝐼ℎ

𝑑𝑡
=  𝛼𝐸ℎ − (𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿)𝐼ℎ                                                                    

 
𝑑𝐽ℎ

𝑑𝑡
= 𝜏1𝐼ℎ − (𝜏3 + 𝜇ℎ + 𝛿)𝐽ℎ                                                                                                 (1)                                                                     

 
𝑑𝑅ℎ

𝑑𝑡
= 𝜏3𝐽ℎ + 𝜏2𝐼ℎ  − (𝜇ℎ +Φ)𝑅ℎ                                                                        

 
𝑑𝑆𝑟

𝑑𝑡
= ᴧ𝑟− 𝛽1𝑆𝑟𝐼𝑟 − 𝜇𝑟𝑆𝑟                                                                                      

 
𝑑𝐼𝑟

𝑑𝑡
= 𝛽1𝑆𝑟𝐼𝑟 − 𝜇𝑟𝐼𝑟, 

                                                                                                
with initial condition 

 𝑆ℎ(0) = 𝑆ℎ0 ,   𝐸ℎ(0) =  𝐸ℎ0  , 𝐼ℎ(0) =  𝐼ℎ0  , 𝐽ℎ(0) =  𝐽ℎ0  𝑅ℎ(0) = 𝑅ℎ0  , 𝑆𝑟(0) = 𝑆𝑟0  ,
𝐼𝑟(0) = 𝐼𝑟0 , 

𝛽2 

  
(𝜷𝟏𝑰𝒓+𝜷𝟐𝑰𝒉)(𝟏−𝝎)𝑺𝒉

𝑵𝒉
 

ᴧℎ 

𝛼 

𝜇𝑟   

𝜇ℎ + 𝛿 

𝜇ℎ + 𝛿 

𝜇ℎ 

𝜇ℎ 

𝜇𝑟   

ᴧ𝑟 

𝜏3 

Φ 

𝐽ℎ 

𝐼ℎ  

𝑅ℎ 

𝑆ℎ  
𝐸ℎ  

𝐼𝑟  

𝑆𝑟  

𝜏2 

𝜏1 

𝜇ℎ 



                                                International Journal of Mathematical Analysis and Modelling 

      Volume 5, Issue 1, May 2022, Pages 18 – 35   
 
 

 

22                                                       IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                                (Formerly Journal of the Nigerian Society for Mathematical Biology) 
 

 𝑁ℎ(𝑡) =  𝑆ℎ(𝑡) + 𝐸ℎ(𝑡) + 𝐼ℎ(𝑡) + 𝐽ℎ(𝑡) + 𝑅ℎ(𝑡),                                                                 (2)                                
 

where 𝑁ℎ(𝑡) denotes the total human population at a given time: 
 
𝑑𝑁ℎ(𝑡)

𝑑𝑡
= 

𝑑𝑆ℎ

𝑑𝑡
+  

𝑑𝐸ℎ

𝑑𝑡
+ 

𝑑𝐼ℎ

𝑑𝑡
+ 

𝑑𝐽ℎ

𝑑𝑡
 +   

𝑑𝑅ℎ

𝑑𝑡
,  

𝑑𝑁ℎ(𝑡)

𝑑𝑡
= ᴧℎ − 𝜇ℎ𝑁ℎ(𝑡) − (𝐼ℎ + 𝐽ℎ)𝛿.                                                                                                                                                

 

 𝑁𝑟(𝑡) =  𝑆𝑟(𝑡) + 𝐼𝑟(𝑡) .                                                                                                           (3)    
                                                                            

 𝑁𝑟(t)  denotes the total population of rats at a given time: 
 
𝑑𝑁𝑟(𝑡)

𝑑𝑡
= 

𝑑𝑆𝑟

𝑑𝑡
+  

𝑑𝐼𝑟

𝑑𝑡
 , 

𝑑𝑁𝑟(𝑡)

𝑑𝑡
= ᴧ𝑟 − 𝜇𝑟𝑁𝑟(𝑡). 

                                                                                                                                                                                                

3.   Basic properties of the model 
 

3.1.   Positivity of solutions 
 

Let the initial data be {𝑆ℎ(0), 𝐸ℎ(0), 𝐼ℎ(0), 𝐽ℎ(0), 𝑅ℎ(0), 𝑆𝑟(0), 𝐼𝑟(0) ≥ 0 } ∈ 𝑅+
7 . Then the 

solution set {𝑆ℎ(𝑡) , 𝐸ℎ(𝑡), 𝐼ℎ(𝑡), 𝐽ℎ(𝑡), 𝑅ℎ(𝑡), 𝑆𝑟(𝑡), 𝐼𝑟(𝑡)} of the system (1.0) to (1.6) is positive 

for all t >0.     
 
 

3.2.   Feasibility of the model 

The closed set Ω = {(𝑆ℎ , 𝐸ℎ, 𝐼ℎ, 𝐽ℎ , 𝑅ℎ, 𝑆𝑟 , 𝐼𝑟) ∈ 𝑅+
7 : 𝑁ℎ ≤

ᴧℎ

𝜇ℎ
, 𝑁𝑟 ≤

ᴧ𝑟

𝜇𝑟
} is positively Invariant and 

attracting with respect to the basic model (1). 
 

4.   The disease-free equilibrium (DFE) 
 

The disease-free equilibrium (DFE) of a Lassa fever model is the steady state where there is no 

Lassa fever infection [3]. We denote the DFE by 𝐸0 = {𝑆ℎ0 , 𝐸ℎ0  , 𝐼ℎ0  , 𝐽ℎ0 , 𝑅ℎ0  , 𝑆𝑟0    , 𝐼𝑟0 }. 
At the disease-free equilibrium, 

𝑑𝑆ℎ
𝑑𝑡

=   
𝑑𝐸ℎ
𝑑𝑡

=  
𝑑𝐼ℎ
𝑑𝑡
=  
𝑑𝐽ℎ
𝑑𝑡
=   
𝑑𝑇ℎ
𝑑𝑡

=  
𝑑𝑆𝑟
𝑑𝑡

=  
𝑑𝐼𝑟
𝑑𝑡
= 0. 

                                        

Thus, 𝐸0 = {𝑆ℎ0 , 𝐸ℎ0  , 𝐼ℎ0  , 𝐽ℎ0 , 𝑅ℎ0  , 𝑆𝑟0    , 𝐼𝑟0 } = {
ᴧℎ

𝜇ℎ
, 0,0,0,0,

ᴧ𝑟

𝜇𝑟
, 0} represents the state of 

the system (1) in which there is no infection.   
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5.  The basic reproduction number 
 

The basic reproduction number denoted by R0 is the expected number of secondary Lassa fever 
infections produced in a completely susceptible population by a typical infective individual. It is one 
of the most useful threshold parameters in mathematical epidemiology [3]. 
 

If R0 < 1, this implies that on average an infected individual produces less than one new infection 

during the infectious period and the disease dies out. Conversely, if R0 > 1, then each infectious 
individual produces on average more than one new infection and disease spreads in the population 

[3]. For a single infected compartment, 𝑅0  is simply the product of the infection rate and the mean 

duration of the infection. But for complicated models, this simple definition of 𝑅0 is insufficient.  
 

We therefore compute the basic reproduction number 𝑅0 using the next generation method as 
follows [11]. For the model equations (1), the effective reproduction number (basic reproduction 

number with controls) is the spectra radius of the next generation matrix i.e., 𝑅𝐶 = 𝜌(𝐹𝑉
−1)  .  

 

Our model has four Infective compartments namely the Exposed humans 𝐸ℎ(𝑡), infected 

humans 𝐼ℎ(𝑡), isolated humans  𝐽ℎ(𝑡) and infected rats  𝐼𝑟(𝑡). It follows that the associated matrices 

𝐹𝑖 and 𝑉𝑖 for new infection in the infected compartments and the remaining transfer terms are given 
respectively by 
 

𝐹𝑖 =

(

 
 

(𝛽1𝐼𝑟+𝛽2𝐼ℎ)(1−𝜔)𝑆ℎ

𝑁ℎ

0
0

 𝛽1𝑆𝑟𝐼𝑟 )

 
 
,                    

                                                            

𝑉𝑖 = (

(𝛼 + 𝜇ℎ )𝐸ℎ
−𝛼𝐸ℎ + ( 𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿)𝐼ℎ
−𝜏1𝐼ℎ + (𝜏3 + 𝜇ℎ + 𝛿)𝐽ℎ

𝜇𝑟𝐼𝑟

) . 

                                                      

Next, we evaluate F and V which are the Jacobean of 𝐹𝑖 and 𝑉𝑖 respectively at 𝐸0 such that F is non-
negative and V is a non-singular matrix.  
 

 Let 𝐾1 =  (1 − 𝜔)  and  𝐾2 =
ᴧ𝑟

𝜇𝑟
 ,    then, 

 

 𝐹 = (

0
0
0
0

   

𝛽2𝐾1
0
0
0

   

0
0
0
0

  

𝛽1𝐾1
0
0
𝛽1𝐾2

) .                                                       

                       

Let 𝑎 = (𝛼 + 𝜇ℎ),  𝑏 = ( 𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿), 𝑐 = ( 𝜏3 + 𝜇ℎ + 𝛿), 𝑑 =  𝜇𝑟 , 𝑒 = 𝛼, 𝑓 = 𝜏1, then   
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 V = (

𝑎
−𝑒
0
0

   

0
𝑏
−𝑓
0

   

0
0
𝑐
0

  

0
0
0
𝑑

) , 

                                                                                 

𝐹𝑉−1 =  

(

 
 

𝛽2𝐾1𝑒

𝑎𝑏

0
0
0

   

𝛽2𝐾1

𝑏

0
0
0

   

0
0
0

0

  

𝛽1𝐾1

𝑑

0
0

𝛽1𝐾2

𝑑 )

 
 

. 

                                                                                                                                                     

We next compute |𝐹𝑉−1 − 𝜆𝐼| = 0  as follows   
 

|
|

𝛽2𝐾1𝑒

𝑎𝑏
− 𝜆

0
0
0

   

𝛽2𝐾1

𝑏

0 − 𝜆
0
0

   

0
0

0 − 𝜆

0

  

𝛽1𝐾1

𝑑

0
0

𝛽1𝐾2

𝑑
− 𝜆

|
| = 0                                                                                    (4)      

                                                         
From (4), we obtain the following characteristic equation   
 

(
𝛽2𝐾1𝑒

𝑎𝑏
− 𝜆)(0 − 𝜆)(0 − 𝜆)( 

𝛽1𝐾2

𝑑
− 𝜆) = 0.    

                                               

The Eigen values of (4) are  𝜆1 =
𝛽2𝐾1𝑒

𝑎𝑏
, 𝜆2 = 𝜆3 = 0,  𝜆4 =

𝛽1𝐾2

𝑑
 . 

 

Let 𝑅ℎ = 𝜆1 =
𝛽2𝐾1𝑒

𝑎𝑏
  and  𝑅𝑟 =  𝜆4 =

𝛽1𝐾2

𝑑
  

Then  𝑅ℎ =
𝛼𝛽2(1−𝜔)

(𝛼+ 𝜇ℎ)( 𝜏1+𝜏2+𝜇ℎ+𝛿)
 ,                                                                                                 (5)                                                               

and 𝑅𝑟 =
𝛽1ᴧ𝑟

𝜇𝑟
2  .                                                                                                                             (6)   

                                                                                      
Thus, the effective reproduction number (basic reproduction number with controls) of our model is  

𝑅𝑐 = 𝑀𝑎𝑥 (𝑅ℎ, 𝑅𝑟). 
                                                                                                                                                                                

When there are no controls  𝑖. 𝑒.  𝜔 = 𝜏1 = 𝜏2 = 0, the basic reproduction number is 

𝑅ℎ =
𝛼𝛽2

(𝛼+ 𝜇ℎ)( 𝜇ℎ+𝛿)
 .                                                                                                                     (7)   
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6.   Stability of the disease-free equilibrium 
 

Theorem 6.1: If the effective reproduction number 𝑅𝑐 < 1 ,the model (1) is locally asymptotically 
stable at the disease-free equilibrium   

 𝐸0 = {
ᴧℎ

𝜇ℎ
, 0,0,0,0,

ᴧ𝑟

𝜇𝑟
, 0} while 𝐸0 is unstable otherwise. 

 
Proof: To prove, we evaluate the Jacobian of the system (1) at the disease-free equilibrium and solve              

|𝐽(𝐸0) − 𝜆𝐼| = 0   as follows: 

                

|

|

|
−𝜇ℎ − 𝜆

0
0
0
0
0

0

   

0

−(𝛼 + 𝜇ℎ) − 𝜆
𝛼
0
0
0

0

   

−𝛽2(1 − 𝜔)

𝛽2(1 − 𝜔)

−(𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿) − 𝜆
𝜏1
𝜏2
0

0

   

0

0

0
−(𝜏3 + 𝜇ℎ + 𝛿) − 𝜆

𝜏3
0

0

   

Φ

0

0

0
−(Φ + 𝜇ℎ) − 𝜆

0

0

   

0

0

0

0
0

−𝜇𝑟 − 𝜆

0

   

−𝛽1(1 − 𝜔)

𝛽1(1 − 𝜔)

0

0
0

−𝛽1ᴧ𝑟

𝜇𝑟
𝛽1ᴧ𝑟

𝜇𝑟
− 𝜇𝑟 − 𝜆

|

|

|

=

0     (8) 
 

Clearly, four eigenvalues of (8) are: 𝜆1 = −𝜇ℎ, 𝜆5 = −(Φ + 𝜇ℎ) ,   𝜆6 = −𝜇𝑟 , and 𝜆7 = 𝜇𝑟(𝑅𝑟 −
1). Clearly  𝜆1 < 0, 𝜆5 < 0, 𝜆6 < 0 𝑎𝑛𝑑   𝜆7 < 0  𝑖𝑓  𝑅𝑟 < 1  .  
 
The remaining matrix is given by 
 

    𝐴 = |

−𝑎 − 𝜆 𝛽2𝐾1 0
𝑒 −𝑏 − 𝜆 0
0 𝑓 −𝑐 − 𝜆

| = 0.                                                                              (9)  

                                          

The characteristic polynomial is of (9)    𝐴0𝜆
3 + 𝐴1𝜆

2 + 𝐴2𝜆 + 𝐴3 = 0,  where,   𝐴0 = 1,   𝐴1 =
𝑎 + 𝑏 + 𝑐, 𝐴2 = 𝑎𝑏 + 𝑎𝑐 + 𝑏𝑐 − 𝑒𝛽2𝐾1 = 𝑎𝑐 + 𝑏𝑐 + 𝑎𝑏(1 − 𝑅ℎ),  and  𝐴3 = 𝑐(𝑎𝑏 − 𝑒𝛽2𝐾1) =
𝑎𝑏𝑐(1 − 𝑅ℎ). 
    
The Routh Hurwitz criterion as used in [1] and [18] will be employed to determine the nature of the 
roots, which states that all the roots of the polynomial will have negative real parts if and only if  
 

  𝐴1 > 0,   𝐴3 > 0  and   𝐴1𝐴2 > 𝐴3 . 
 

Clearly that   𝐴1 > 0,    𝐴3 > 0  if  𝑅ℎ < 1   and     𝐴1𝐴2 > 𝐴3  if  𝑅ℎ < 1. This completes the 
proof.  
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Theorem 6.2: The disease-free equilibrium is globally asymptotically stable if the effective 

reproduction number 𝑅𝑐 < 1. 
 
Proof: A comparison theorem as proposed by [10] and used in the works of [13] and [2] shall be 
used to prove the global stability of the disease-free equilibrium.   
The rate of change of variables representing the infected components of the model equations (1) can 
be re-written as; 

 𝑋′ = (𝐹 − 𝑉)𝑋 − 𝐽𝑖𝑋                                                                                                           (10)                                                                                
 
where, 

     𝑋 = (

𝐸ℎ
𝐼ℎ
𝐽ℎ
𝐼𝑟

)      ,          𝑋′ =

(

 

𝐸ℎ
′

𝐼ℎ
′

𝐽ℎ
′

𝐼𝑟
′ )

 , 

 

F =

(

 
 
0
0
0
0

   

𝛽2(1 − 𝜔)
0
0
0

   

0
0
0
0

  

𝛽1(1 − 𝜔)
0
0
𝛽1ᴧ𝑟

𝜇𝑟 )

 
 

                   

                        

𝑉 =  (

(𝛼 + 𝜇ℎ)
−𝛼
0
0

   

0
( 𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿)

−𝜏1
0

   

0
0

( 𝜏3 + 𝜇ℎ + 𝛿)
0

  

0
0
0
𝜇𝑟

)                   

 

𝐽𝑖  =

(

 
 
0
0
0
0

   

𝛽2(1−𝜔)𝑆ℎ

𝑁ℎ

0
0
0

   

0
0
0
0

  

𝛽1(1−𝜔)𝑆ℎ

𝑁ℎ

0
0
𝛽1𝑆𝑟 )

 
 

   = (1 −
𝑆ℎ

𝑁ℎ
)(

0
0
0
0

   

𝛽2(1 − 𝜔)
0
0
0

   

0
0
0
0

  

𝛽2(1 − 𝜔)
0
0
𝑄𝛽1

) , where 

   𝑄 =  
(1−

𝑆𝑟
𝑁𝑟
)

(1−
𝑆ℎ
𝑁ℎ
)
. 

 

 𝐽𝑖 is a non-negative matrix since 𝑆ℎ(𝑡) ≤ 𝑁ℎ(𝑡) ≤
ᴧℎ

𝜇ℎ
 , 𝑆𝑟(𝑡) ≤ 𝑁𝑟(𝑡) ≤

ᴧ𝑟

𝜇𝑟
 in the invariant set, it 

follows that 
 

 𝑋′  ≤ (𝐹 − 𝑉)𝑋                                                                                                                  (11)       
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𝐹 − 𝑉 =  

(

 
 
−(𝛼 + 𝜇ℎ)

𝛼
0
0

   

𝛽2(1 − 𝜔)

−( 𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿)
𝜏1
0

   

0
0

−( 𝜏3 + 𝜇ℎ + 𝛿)
0

  

𝛽1(1 − 𝜔)
0
0

𝛽1ᴧ𝑟

𝜇𝑟
− 𝜇𝑟

)

 
 

 .  

          

All the eigen values of the matrix (𝐹 − 𝑉) have negative real part whenever 𝑅𝑐 < 1. See proof of 

local stability. It follows that the linearized differential in equality (11) is stable whenever 𝑅𝑐 < 1. 

Consequently, by comparison theorem we have that (𝐸ℎ, 𝐼ℎ, 𝐽ℎ, 𝐼𝑟) → (0,0,0,0) as t→ ∞ . 

Substituting, 𝐸ℎ = 𝐼ℎ = 𝐽ℎ = 𝐼𝑟 = 0 into (2) and (3) we have that 𝑁ℎ(0) → 𝑆ℎ0 as t→ ∞ . Similarly, 

𝑁𝑟(0) → 𝑆𝑟0 as t→ ∞ . Hence, we have a positive invariant region. It follows that disease free 

equilibrium is globally asymptotically stable whenever 𝑅𝑐 < 1.   
 

7.   Sensitivity analysis 
 

Sensitivity analysis is used to determine how “sensitive” a model is to changes in the value of the 
parameters of the model and to changes in the structure of the model. If the result is negative, then 

the relationship between the parameters and 𝑅𝑐 is inversely proportional. In this case, we will take 
the modulus of the sensitivity index so that we can deduce the size of the effect of changing that 

parameter. On the other hand, a positive sensitivity index means 𝑅𝑐 varies directly with the 

parameter [17]. Thus, we use it to discover parameters that have a high impact on 𝑅𝑐 and should be 
targeted by intervention strategies [12, 17]. The sensitivity indices of the respective parameters are 

derived using the normalized sensitivity index  Sτ
Rc  defined as  Sτ

Rc  =
∂Rc

∂τ
.
τ

Rc
  [9]. 

 
 

Parameter Description Value Source  Sensitivity 
index 

𝜇𝑟  Recruitment rate of rodents 0.0038 Mohammed 
(2015) 

-2 

˄𝑟  Recruitment rate of humans 0.0250 Mohammed 
(2015) 

+1 

𝛽1  Contact rate of humans 0.8000 Mohammed 
(2015) 

+1 

𝛽2  Contact rate of rodents 0.2000 Adewale (2016) +1 

𝜔  Rate of public health education 0.5000 Assumed  -1 

𝜇ℎ  Natural death rate of humans 0.0200 CIA (2015) -0.9172 

𝛼  Rate of progression from exposed to 
infectious state 

0.3000 Assumed 0.8696 

𝜏1  Isolation rate 0.2000 Adewale (2016) -0.4759 

𝜏2  Treatment rate  0.1000 Adewale (2016) -0.4759 

𝛿  Lassa fever induced death rate 0.0003 Mohammed 
(2015) 

-0.0007 

                         
Table 2: Parameters, description, values, sources and sensitivity indices 
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8.  The endemic equilibrium 
 

In the presence of Lassa fever infection, the model equations (1) have a non-trivial equilibrium 

called the endemic equilibrium  𝐸∗(𝑆ℎ
∗ , 𝐸ℎ

∗ , 𝐼ℎ
∗ , 𝐽ℎ

∗ , 𝑅ℎ
∗ , 𝑆𝑟

∗, 𝐼𝑟
∗) where: 

 

𝑆ℎ
∗ =

ᴧℎ

[1− 
Φ𝛼𝜏2[(𝜏3+𝜇ℎ+𝛿)+𝜏1](1−𝜔)𝜆

∗

(𝛼+ 𝜇ℎ )( 𝜏1+𝜏2+𝜇ℎ+𝛿)(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
]+𝜇ℎ

      ,    

 

  𝐸ℎ
∗ =

(1−𝜔)ᴧℎ𝜆
∗

{[1− 
Φ𝛼𝜏2[(𝜏3+𝜇ℎ+𝛿)+𝜏1](1−𝜔)𝜆

∗

(𝛼+ 𝜇ℎ )( 𝜏1+𝜏2+𝜇ℎ+𝛿)(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
]+𝜇ℎ}(𝛼+ 𝜇ℎ)

 , 

                                

𝐼ℎ
∗ =

𝛼(1−𝜔)ᴧℎ𝜆
∗

{[1− 
Φ𝛼𝜏2[(𝜏3+𝜇ℎ+𝛿)+𝜏1](1−𝜔)𝜆

∗

(𝛼+ 𝜇ℎ )( 𝜏1+𝜏2+𝜇ℎ+𝛿)(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
]+𝜇ℎ}(𝛼+ 𝜇ℎ)( 𝜏1+𝜏2+𝜇ℎ+𝛿)

 , 

           

𝐽ℎ
∗ =

𝜏1𝛼(1−𝜔)ᴧℎ𝜆
∗

{[1− 
Φ𝛼𝜏2[(𝜏3+𝜇ℎ+𝛿)+𝜏1](1−𝜔)𝜆

∗

(𝛼+ 𝜇ℎ )( 𝜏1+𝜏2+𝜇ℎ+𝛿)(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
]+𝜇ℎ}(𝛼+ 𝜇ℎ)( 𝜏1+𝜏2+𝜇ℎ+𝛿)(𝜏3+𝜇ℎ+𝛿)

  ,      

 

  𝑆𝑟
∗ =

𝜇𝑟

𝛽1
 ,   𝐼𝑟

∗ =
𝜇𝑟

𝛽1
(𝑅𝑟 − 1) , 

        

𝑅ℎ
∗ =

Φ𝜏2𝛼[(𝜏3+𝜇ℎ+𝛿)+ 𝜏1]ᴧℎ𝜆
∗

{[1− 
Φ𝛼𝜏2[(𝜏3+𝜇ℎ+𝛿)+𝜏1](1−𝜔)𝜆

∗

(𝛼+ 𝜇ℎ )( 𝜏1+𝜏2+𝜇ℎ+𝛿)(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
]+𝜇ℎ}(𝛼+ 𝜇ℎ)( 𝜏1+𝜏2+𝜇ℎ+𝛿)(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)

,  

 

    𝜆∗ = 
(𝛽1𝐼𝑟+𝛽2𝐼ℎ)

𝑁ℎ
. 

     
The endemic equilibrium satisfies the equation 
 

𝑓(𝜆∗) = 𝐴𝜆∗2 + 𝐵𝜆∗ + 𝐶 = 0 ,   𝜆∗ = 
−𝐵±√𝐵2−4𝐴𝐶

2𝐴
  , where                                                                                 

𝐴 = 𝛽1[𝜇𝑟ᴧℎ(Φ + 𝜇ℎ)(𝜏3 + 𝜇ℎ + 𝛿)( 𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿) + 𝜇𝑟ᴧℎ𝛼(Φ + 𝜇ℎ)(𝜏3 + 𝜇ℎ + 𝛿) +
ᴧℎ 𝜏1𝛼(Φ + 𝜇ℎ) +   𝜇𝑟ᴧℎ 𝜏1𝜏2𝛼 +  𝛽1ᴧ𝑟Φ 𝜏1𝜏2𝛼]  
 

 𝐵 =  ᴧℎ(𝛼 + 𝜇ℎ)( 𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿)(𝜏3 + 𝜇ℎ + 𝛿)(Φ + 𝜇ℎ) [(1 − 𝑅ℎ) + (1 −

          𝑅𝑟)
𝛽1(1−𝜔)

ᴧℎ

𝜇𝑟

𝛽1
{

𝜏2Φ[(𝜏3+𝜇ℎ+𝛿)+𝜏1] 

(𝛼+𝜇ℎ)( 𝜏1+𝜏2+𝜇ℎ+𝛿)(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
− 1}],    

 

 𝐶 = − [
𝜇𝑟

𝛽1
(𝑅𝑟 − 1)𝛽1(Φ + 𝜇ℎ)(𝜏3 + 𝜇ℎ + 𝛿)( 𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿)(Φ + 𝜇ℎ) ].  

In the case of backward bifurcation, multiple endemic equilibrium points must exist. Since all 
parameter values are positive and between 0 and 1, and A is positive. There are three cases we have 

to consider of   𝑓(𝜆∗) = 0 depending on the sign of B and C. 
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Case 1:  𝐶 < 0 ⇒ 𝑅𝑟 > 1,  there exists a unique positive root. 

Case 2: 𝐵 < 0, and 𝐶 = 0  ⇔  𝐵2 − 4𝐴𝐶 = 0 , there exists a unique positive root.  

Case 3: 𝐵 < 0, 𝐶 > 0, 𝐵2 − 4𝐴𝐶 > 0, there exist two positive roots. 
 
From case 1 to case 3, we establish the following theorem. 
 
Theorem 8.1:   The Lassa fever model has:  

precisely one endemic equilibrium if 𝐶 < 0 and 𝑅𝑟 > 1  and no backward bifurcation; 

precisely one endemic equilibrium if 𝐵 < 0, 𝐶 = 0 and 𝐵2 − 4𝐴𝐶 = 0 and no backward 
bifurcation; 

two endemic equilibria if 𝐵 < 0, 𝐶 > 0 and 𝐵2 − 4𝐴𝐶 > 0 and it is possible for backward 
bifurcation; 
otherwise, there is none. 
 

8.1.  Local stability of the endemic equilibrium 
 

We will investigate the local stability of the endemic equilibrium using center manifold theorem. We 
make the following change of variables to apply the theorem: 
 

 𝑆ℎ = 𝑥1, 𝐸ℎ = 𝑥2, 𝐼ℎ = 𝑥3, 𝐽ℎ = 𝑥4, 𝑅ℎ = 𝑥5, 𝑆𝑟 = 𝑥6, 𝐼𝑟 = 𝑥7. 
 

We now use the vector 𝑋 = (𝑥1, 𝑥2, 𝑥3, 𝑥4, 𝑥5, 𝑥6, 𝑥7)
𝑇 , then, the model equations (1) can be 

written in the   form 
𝑑𝑥

𝑑𝑡
= 𝐹 = (𝑓1, 𝑓2, 𝑓3, 𝑓4, 𝑓5, 𝑓6, 𝑓7)

𝑇    giving 

 
𝑑𝑥1

𝑑𝑡
= ᴧℎ +Φ𝑥5 −

(𝛽1𝑥7+𝛽2𝑥3)(1−𝜔)𝑥1

𝑁ℎ
− 𝜇ℎ𝑥1                                                                                                  

𝑑𝑥2

𝑑𝑡
=
(𝛽1𝑥7+𝛽2𝑥3)(1−𝜔)𝑥1

𝑁ℎ
− (𝛼 + 𝜇ℎ )𝑥2                                                   

𝑑𝑥3

𝑑𝑡
=  𝛼𝑥2 − (𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿 +)𝑥3                                                                                                         

(12)                                                   
𝑑𝑥4

𝑑𝑡
= 𝜏1𝑥3 − (𝜏3 + 𝜇ℎ + 𝛿)𝑥4                                                                  

𝑑𝑥5

𝑑𝑡
= 𝜏2𝑥3 + 𝜏3𝑥4  − (Φ + 𝜇ℎ)𝑥5                                                            

𝑑𝑥6

𝑑𝑡
= ᴧ𝑟− 𝛽1𝑥6𝑥7 − 𝜇𝑟𝑥6                                                                          

𝑑𝑥7

𝑑𝑡
= 𝛽1𝑥6𝑥7 − 𝜇𝑟𝑥7                                                                                 

 

Taking 𝛽2 = 𝛽
∗ as our bifurcation constant and solving for 𝛽∗ when 𝑅ℎ = 1 gives 

       𝛽∗ = 
(𝛼+ 𝜇ℎ)( 𝜏1+𝜏2+𝜇ℎ+𝛿)

𝛼(1−𝜔)
 . 

                                                                               

The Jacobian of the system (12) when 𝛽2 = 𝛽
∗ and 𝑅ℎ = 1  at the DFE is given by  
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𝐽(𝐸0) =

|

|

|
−𝜇ℎ

0
0
0
0
0

0

   

0

−(𝛼 + 𝜇ℎ)
𝛼
0
0
0

0

   

−𝛽2(1 − 𝜔)

𝛽2(1 − 𝜔)

−(𝜏1 + 𝜏2 + 𝜇ℎ + 𝛿)
𝜏1
𝜏2
0

0

   

0

0

0
−(𝜏3 + 𝜇ℎ + 𝛿)

𝜏3
0

0

   

Φ

0

0

0
−(Φ + 𝜇ℎ)

0

0

   

0

0

0

0
0
−𝜇𝑟

0

   

−𝛽1(1 − 𝜔)

𝛽1(1 − 𝜔)

0

0
0

−𝛽1ᴧ𝑟

𝜇𝑟
𝛽1ᴧ𝑟

𝜇𝑟
− 𝜇𝑟

|

|

|

             

(13)   
                                                              

Let  𝑉 = (𝑣1, 𝑣2, 𝑣3, 𝑣4, 𝑣5, 𝑣6, 𝑣7) be the left and eigen vector of (13), then,  
 

𝑣1 = 0, 𝑣2 = 𝑣2 > 0(𝑓𝑟𝑒𝑒), 𝑣3 =   [
(𝛼+𝜇ℎ)−𝛽

∗(1−𝜔)

𝛼−(𝜏1+𝜏2+𝜇ℎ+𝛿)
] 𝑣2 , 𝑣4 = 0 , 𝑣5 = 0, 

 𝑣6 = 0 ,    𝑣7 =
𝛽1(1−𝜔)𝑣2

(𝜇𝑟−
𝛽1ᴧ𝑟
𝜇𝑟

)
. 

                         

Also, if 𝑊 = (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5, 𝑤6, 𝑤7)
𝑇  is the right eigen vector of (13), then,  

 

𝑤1 = [
Φ𝜏1𝜏2

𝜇ℎ(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
−
𝛽∗(1−𝜔)

𝜇ℎ
 ] 𝑤3 ,  𝑤2 = [

𝛽∗(1−𝜔)

𝜇ℎ
−
(𝜏1+𝜏2+𝜇ℎ+𝛿)

𝜇ℎ
]𝑤3,    

𝑤3 = 𝑤3 > 0(𝑓𝑟𝑒𝑒) ,  𝑤4 =
𝜏1𝑤3

(𝜏2+𝜇ℎ+𝛿)
  , 𝑤5 =

[𝜏3(𝜏3+𝜇ℎ+𝛿)+𝜏1𝜏3]𝑤3

(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
 , 𝑤6 = 0 , 𝑤7 = 0. 

 
After computing the right and left eigenvectors we have the theorem in [4] to establish the 
conditions for the existence of backward and forward bifurcation by determining the sign of a and b 
as indicated in the theorem which is restated as Theorem 8.2 in this work. 
 
Theorem 8.2: Consider the following general system of ordinary differential equations with a 

parameter 𝛽∗. 
 
𝑑𝑥

𝑑𝑡
= 𝑓(𝑥, 𝛽∗), 𝑓: 𝑅𝑛 × 𝑅𝑛 → 𝑅𝑛 𝑎𝑛𝑑 𝑓𝜖𝐶2(𝑅𝑛 × 𝑅𝑛),                                                         (14) 

where 0 is an equilibrium point of the system, that is 𝑓(0, 𝛽∗) ≡ 0 ⩝ 𝛽∗ and 

𝐴 = 𝐷𝑥𝑓(0,0) = [
𝜕𝑓𝑖

𝜕𝑥𝑖
(0,0)] is linearization matrix of the system evaluated around 0 and with 𝛽∗ 

evaluated at 0. 
 
Zero is a simple eigen value of A and other eigen values of A have negative real parts. 
Matrix A has a right eigen vector W and a left eigen vector V corresponding to the zero eigen value. 

Let 𝑓𝑘 be the 𝑘𝑡ℎ component of  𝑓 and 𝑎 = ∑ 𝑣𝑘𝑤𝑖𝑤𝑗
𝑛
𝑘,𝑖,𝑗=1

𝜕2𝑓𝑘

𝜕𝑥𝑖𝜕𝑥𝑗
(0,0) ,    
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  𝑏 = ∑ 𝑣𝑘𝑤𝑖
𝜕2𝑓𝑘

𝜕𝑥𝑖𝛽
∗
(0,0)𝑛

𝑘,𝑖=1  . 

                         
The local dynamics of (14) around 0 are completely governed by the signs of a and b. 

 a > 0, b > 0. When 𝛽∗ < 0 with |𝛽∗|<< 1, 0 is locally asymptotically stable, and there exists a 

positive unstable equilibrium; when 0 <  𝛽∗ << 1, 0 is unstable and there exists a negative and 
locally asymptotically stable equilibrium. 

a < 0, b < 0. When  𝛽∗ < 0 with |𝛽∗|<< 1, 0 is unstable; when 0 <𝛽∗<<1, 0 is locally asymptotically 
stable, and there exists a positive unstable equilibrium. 

        (iii)  a > 0, b < 0. When 𝛽∗< 0 with |𝛽∗|<< 1, 0 is unstable, and there exists a locally 

asymptotically stable  negative equilibrium; when 0 <  𝛽∗ << 1, 0 is stable, and a positive unstable 
equilibrium appears. 

        (iv) a < 0, b > 0. When 𝛽∗ changes from negative to positive, 0 changes its stability from stable 
to unstable. The corresponding negative unstable equilibrium becomes   positive and locally 
asymptotically stable. 
Particularly if a>0, b>0, then a backward bifurcation occurs while when a<0, b>0, there is forward 
bifurcation. 
 
Computation of a and b 
 

Since 𝑣1 = 𝑣6 = 0 for 𝑘 = 1 and 6, we consider only 𝑘 = 2,3,4,5,7. The only non-zero second 

order partial derivatives are:     
𝜕2𝑓2(0,0)

𝜕𝑥1𝜕𝑥3
= 

𝛽∗(1−𝜔)

𝑁ℎ
,      

𝜕2𝑓2(0,0)

𝜕𝑥1𝜕𝑥7
= 

𝛽1(1−𝜔)

𝑁ℎ
  

𝑎 = [
Φ𝜏1𝜏3

𝜇ℎ(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
−
𝛽∗(1−𝜔)

𝑁ℎ𝜇ℎ
 ]
𝛽∗(1−𝜔)

𝑁ℎ
𝑤3
2𝑣2                                       

Let  𝑝 =
Φ𝜏1𝜏3

𝜇ℎ(𝜏3+𝜇ℎ+𝛿)(Φ+𝜇ℎ)
     and   𝑞 =

𝛽∗(1−𝜔)

𝑁ℎ𝜇ℎ
 ,          

 
 

  𝑎 = (𝑝 − 𝑞)
𝛽∗(1−𝜔)

𝑁ℎ
𝑤3
2𝑣2 .                                                                                                       (15) 

                         
Similarly, the only non –zero second order partial derivative when calculating b is 
𝜕2𝑓2(0,0)

𝜕𝑥3𝜕𝛽∗
=
(1−𝜔)

𝑁ℎ
   ,  𝑏 = 𝑣2𝑤3

𝜕2𝑓2(0,0)

𝜕𝑥3𝜕𝛽∗
,   𝑏 = 𝑣2𝑤3

(1−𝜔)

𝑁ℎ
> 0 . 

                                                                                   

The sign of a in (15) depends on the sign of (p-q), if 𝑝 < 𝑞, then 𝑎 < 0, but if 𝑝 > 𝑞, then   𝑎 > 0. 
Thus we have established the following theorem. 
 

Theorem 8.3: (i) If 𝑝 < 𝑞,when 𝛽∗ changes from negative to positive, the disease-free equilibrium 
changes its stability from stable to unstable. Correspondently, the negative unstable endemic 

equilibrium becomes positive and locally asymptotically stable when 𝑅𝑐 > 1. 
(ii) If 𝑝 > 𝑞, when 𝛽∗< 0 with | 𝛽∗ |≪1, the disease-free equilibrium is locally asymptotically stable 

and there exists     a positive unstable endemic equilibrium; when 0 < 𝛽∗ ≪1, the disease-free 
equilibrium is unstable and there exists a   negative and locally asymptotically stable endemic 
equilibrium. 
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9.  Numerical Simulations             
 
   

                   
       

Figure 2: A graph of infectious individuals against time with varying treatment rate. 
 
 
 
          

 
 

Figure 3: A graph of susceptible individuals against time with varying rate of public health 
education 
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Figure 4: A graph of susceptible individuals against time with varying isolation rate 

 
 
 

10.  Discussion of results 
 

In Figure 2, we observed the progression of the infectious human population 𝐼ℎ(𝑡) with time in the 

presence of varying treatment rate 𝜏2. The infectious human population decreases for all treatment 
rate. We observe that the infectious human population decreases faster as treatment rate increases. 

At 𝜏2 = 0.2 and 0.4, as shown in figure 1, the infectious human population takes 15 to 20 days to 

attain its minimum while it takes 10 days to attain its minimum at 𝜏2 = 0.6. This agrees with reality 
because the more the infectious population is being treated, the lesser it becomes. 
 

Figure 3 shows the progression in susceptible human population 𝑆ℎ(𝑡) with time in the presence of 

varying public health education campaign rate 𝜔. It is observed that the number of susceptible 

individuals increases with time for all values of  𝜔  . We further observed that increased public 
health enlightenment reduces the rate at which the susceptible population is being invaded by the 

disease. When public health enlightenment 𝜔  is 0.5 and 0.7, the susceptible population  𝑆ℎ(𝑡) is less 

than when 𝜔  is 0.9. This agrees with reality because an increased public health education campaign 
will keep people aware of the dangers of the disease, its mode of transmission and preventive 
strategies there by reducing the infection rate.  
 

In Figure 4, we studied the progression of the Susceptible human population 𝑆ℎ(𝑡) with time in the 

presence of varying isolation rate 𝜏1. The susceptible population increases for all isolation rates. This 
is also in line with reality, because as infectious individuals are being isolated from the susceptible 
ones, the infection rate reduces there by leading to an increase in the susceptible population. 
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11.  Conclusion 
 

In this work, a deterministic model has been formulated to study the transmission dynamics of Lassa 

fever disease. The model incorporates three control parameters, isolation 𝜏1 , treatment 𝜏2and public 

health education campaign 𝜔. We obtained an important threshold parameter called the effective 

reproduction number 𝑅𝑐. It is known that when 𝑅𝑐 < 1 the disease dies out, and when   𝑅𝑐 > 1 the 
disease persists in the population. 
 
Because we are interested in control, we carried out a sensitivity analysis of the effective 
reproduction number, which shows that the most sensitive parameter to the effective reproduction 

number 𝑅𝑐  is the natural death rate of rodents 𝜇𝑟 followed by the human contact rate 𝛽2, rodents 

contact rate 𝛽1, recruitment level of rodents ᴧ𝑟 and the rate of public health education campaign  𝜔 

while the least sensitive parameter is the Lassa fever induced death rate 𝛿. We conducted numerical 
simulation and results shows that isolation, treatment and public health education can reduce the 
number of infections.  
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Application of open network queuing model in a 
banking system to reduce waiting time of customers 
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Abstract 
 

The need to use scientific techniques to determine optimal number of banking personnel 
(Servers) at different units of a banking system is the thrust of this work. In this paper, a 
network queuing model that determines optimal numbers of servers at different nodes of 
First City Monument Bank Minna Branch to reduce waiting time is presented. The 
relevant data were collected for a period of four (4) weeks, through direct observations and 
personal interview. The total expected waiting time of customers in the current system 
before modification was 52 minutes with total number of 11 servers in the system while 
the total new expected waiting time of the customers in the system after modification was 
reduced to 11 minutes with optimal number of 17 servers (personnel) in all the nodes. The 
study has determined optimal number of servers (personnel) at different nodes of the bank 
network system. Result from this study is important information to the management of the 
First City Monument Bank, Minna branch for efficient and better service delivery. 

 
Keywords: FCMB; nodes; servers; customers; waiting time; network of queue. 
 
 

1.   Introduction 
 

A Common situation that occurs in everyday life is that of queuing or waiting in line, when the 
demand for a service exceeds the capacity of the service, waiting is unsurprising and inevitable 
[14]. Queues or waiting lines are usually seen at hospitals, bus stops, supermarkets, traffic, airports, 
gas stations, bank counters and so on. Service delay is unavoidable as a system gets blocked [13].  
When too much service is been provided, it’s involves excessive cost and not providing enough 
service capacity causes the waiting line to become excessively long.  The ultimate goal is to achieve 
an economic balance between the cost of service and the cost associated with the waiting for that 
service. Queuing systems theories have been used to study waiting time and predict the efficiency 
of services to be provided. In queuing theory, there are three basic components of a queuing 
process which are: - Arrivals patterns, the actual waiting line and service facilities. Customers 
arrive to the facility from an infinite calling population, with a random arrival pattern following 
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poison process. Once customers arrive, they are served immediately if the server(s) is empty, or 
otherwise the customers wait in the queue for the next empty server. Mostly, the service is on a 
first come first serve (FCFS) basis although other methods like service at random order (SARO) 
can be used.  Preference service depending on the level of risk, urgency or the social, economic or 
political standing of the customers and hold on line (HL) discipline, where important arriving 
customer takes the lead of the queue is rampant in many facilities. Customers who may feel to 
have waited for long in queue can balk or renege and seek alternative equivalent services 
elsewhere, however, the queue length and waiting time depends on the traffic intensity, which is 
the ratio of arrival and service rates. The service discipline follows an exponential pattern, with 
individual service time variation due to different nature of the problems to be handled [19]. 
Successful application of queuing models has been reported in the following works: ([1], [3], [11], 
[16]). 
  
 

2.   Materials and methods 
 

The type of queuing system adopted by an organization solely dependent on the type of service 
being provided [11].  First City Monument Bank practice network type of queuing system. 
Queuing network is composed of several random queue systems, mostly limited and single queue 
systems. Diverse types of customers go by through the network in many ways and are served by 
the service nodes within the network system. A queuing network system has a set of nodes (i). 
Each node has a number of servers (s) and a single node can be regarded as a queuing system. 
customers can have access to the queuing network from any node. The arrival rate from the 
outside is   and the arrival rate of Node i is λi. After the customer queues and gets the service at a 
node (the service rate of Node i is μi), he /she can leave the network system or go to another 
node, or even return to the former node [11]. 
 

2.1.   Model formulation 
 

The First City Monument Bank Minna branch consists of five main units, they are the Meter 
Greeter Unit, Customers Service Unit, Marketing Unit, Tellers Unit, and Customers Service 
Manager Unit. In this study, each department is regarded as a node of the network system. The 
data used in this research were collected from the five different departments of the Bank and they 
were collected based on the arrival and departure rate as well as time spent at each node. The 
method adopted for the data collection was direct observation and personal interview, for a period 
of one month. The collection of the data was for a total of six (6) hours at different time of the 
day, for each node. In a day, the number of arrivals and departures together with service time were 
taken at intervals of 5 minutes arrivals of customers into a node (λ), while the departure rate was 
obtained also by the average number of five (5) minutes departures of customers at that particular 
node. 
 

2.2.   Model Assumptions 
 

The following are the model assumptions made for Network Queuing System of the First City 
Monument Bank (FCMB), Minna Branch. 

i. The First City Monument Bank in the network queuing system is considered as an 
independent queuing system. 

ii. Queuing discipline is usually first come first served in the bank. 
iii. The arrival of the customers in the bank follows a Poisson arrival process. 
iv. The service follows exponential distribution 
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v. The way customers enter the bank is not restricted. 
vi. The banking personnel are regarded as servers 
vii. All the banking personnel in the bank are working in full capacity 
viii. Service rate is independent of line length.  
 
We consider a banking network queuing system based on Jackson open network queuing model, 
the First City Monument Bank, Minna constitutes of five units. In this study, we assumed that 
customers who come in to bank for services will start by going first to the meter greeter unit and 
then move to the customer’s service unit, then some customers proceed to tellers unit or 
customers service manager until all customers depart from the bank as captured by Figure 1 
below, 
 
 
 

 
 

Figure 1 A Schematic diagram of the Bank (FCMB) Queuing Network 
 

 

where:  Is the arrival rate of the customer, for i = 1, 2,...5, 

 Is the departure rate out of the system, for i = 1, 2,…5, 

ij
  Are the weights of moving from server i to server j, 

mi for i= 1…,5, is the number servers at the various node points in the system. 
 
The following are the nodes in the network queuing system of the bank where Node1, Node2, 
Node3, Node4, Node5 are defined as follow: Meter Greeter Unit denoted by node1; Customer 
Service Unit denoted by node2; Marketing Unit denoted by node3; Tellers Unit denoted by node4; 
Customer Service Manager Unit denoted by node5. 
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From Figure1, we obtained the  following  equations 
 

5524421122  ++= ,      (1) 

 

,      (2) 
 

,      (3) 
 

.      (4) 
  
Also, 
 

,     (5) 
 

,                 (6) 
 

,             (7) 
 

,       (8) 
 

,                        (9) 
 
 
 
where, 

 
are to be determined. 
 
Equation (1 – 9) can also be represented in the following forms, thus: 
 

2 1 12 13 14 15 24 25 2 34 3

4 42 43 45 4 5 52 53 5

0 0 0 0 0 0 0 0

0 0 0 0 0

out out

out out

          

        

= + + + + + + + +

+ + + + + + +
                              (10) 

 

 

                            (11) 
 

 

                                          (12) 
 

 

                              (13) 
 

 



                                                International Journal of Mathematical Analysis and Modelling 

      Volume 5, Issue 1, May 2022, Pages 36 – 55    
 
 

 

 

40                                                IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                          (Formerly Journal of the Nigerian Society for Mathematical Biology) 
 

42 43 45 4 52 53 50 0 0 0 0 0 0out out      + + + + + + + ,                                                       (14) 

 

 

 ,                                          (15) 
 

 

,                                          (16) 
 

 

,                                  (17) 
 

  

 .                        (18) 
 
 
From model equation (10 - 18) can be represented in the matrix form as: 
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(19) 

 
Equation (19) can be represented in the form 
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                                                                                                                                                    (20) 
 
 
(Note: the “ + ”  sign above the coefficient matrix indicates that is a Pseoudo Inverse. This is 
because is a non square matrix) 
 

2.3.   Mathematical Formulation for new Departure Rate 
 

Reducing waiting time of the customers in the banking hall and increasing the efficiency of the 
bank is thrust of this research, hence we formulate new departure rate of each of the nodes in our 
network system. This is done using equation (1 – 4), thus, we have the following equations. 
 

2 12 1 2 3 42 4 52 50 0        = + + + + ,                             (21) 

 

3 13 1 2 3 43 4 53 50 0        = + + + + ,                               (22) 

 

4 14 1 24 2 34 3 4 50 0        = + + + + ,                               (23) 

 

5 15 1 25 2 3 45 4 50 0        = + + + + .                    (24) 

 
 
 
 
 
Model equation (21-24) can be transform to matrix as in equation (25): 
 

+ 

12

13

14

15

1 4 5

24

1 4 5

25

1 2 3

2

1 2 4

34

1 1 1 1

3

42

43

45

4

52

53

5

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0

out

out

out

out








  


  


  


  


   

















 
 
 
 
 
 
 
 
 
 
 
 

= 
 
 
 
 
 
 
 
 
 
 
 
 

2

3

4

5

1

2 2 2 2

3 3 3

4 4 4 4 4

5 5 5 5

0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0











   

  

    

   

+

   
   
   
   
   
   
   
   
   
   
   
   
   
   

+ 



                                                International Journal of Mathematical Analysis and Modelling 

      Volume 5, Issue 1, May 2022, Pages 36 – 55    
 
 

 

 

42                                                IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                          (Formerly Journal of the Nigerian Society for Mathematical Biology) 
 

1

12 42 52 2

2

13 43 53 3

3

14 24 34 4

4

15 25 45 5

5

0 0

0 0

0 0

0 0


   


   


   


   



 
    
    
     =
    
    
     

,      (25) 

where,  

the arrival rate for i = 1,2,...5,        (26) 

the departure rate for i= 1,2,…5,            (27) 

and  

, 1, 2, 5.i

i
for i




 = =          (28)  

         
The expected number in the queue is given as  
 

          (29) 

 
where m stands for the number of servers at the node. 
 
The expected waiting time in the queue is given as: 
 

          (30) 

          
The expected number of customers in the system is given as 

.          (31) 

           
Finally, the expected waiting time in the system for node 1-5 is given as 

 For i = 1,2,…5.       

 

3.   Results and discussion 
 

We begin this section with computation of mean arrival and departure time for all the nodes in the 
network system.  The results of the computation obtained from the raw data collected for four 
weeks is presented in Table 1 below. 
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 Node 1 Node 2 Node 3 Node 4 Node 5  

Mean arrival  1.920 1.712 1.366 1.732 1.343 

Mean departure  1.548 1.465 1.112 1.308 1.213 

 
Table 1: Showing Data analysis for the Mean arrival as well as Mean departure 

 
 

From Table 1 above, we obtained the Mean arrival and Mean departure for each node, the 
expected number of customers in the system, the expected number of customers in the queue and 
the expected waiting time in the system. 
 

For node1, the arrival rate: 1 1
1 1.920

0.52
mean number of arrival

 = = =  person per minute. 

For node2, the arrival rate: 1 1
2 1.712

0.58
mean number of arrival

 = = =  person per minute. 

For node3, the arrival rate: 1 1
3 1.366

0.73
mean number of arrival

 = = = person per minute. 

For node4, the arrival rate: 1 1
4 1.732

0.58
mean number of arrival

 = = = person per minute. 

For node5, the arrival rate: 1 1
2 1.343

0.74
mean number of arrival

 = = = person per minute. 

 
The departure rate for nodes is given as: 
 

1 1
1 1.548

0.646
mean number of departure

 = = =  

1 1
2 1.465

0.683
mean number of departure

 = = =  

1 1
3 1.112

0.899
mean number of departure

 = = =  

1 1
4 1.308

0.765
mean number of departure

 = = =  

1 1
5 1.213

0.824
mean number of departure

 = = = . 

 
Node 1: 

1

1

0.52
0.646

0.8



 = = = . 

 
The expected number of customer in the queue is given as  

0.8
1 0.8

4.0q m
l



− −
= = = , 

where m stands for the number of servers at the node1 (Meter Greeter Unit) . 
 
The expected waiting time in the queue is given as  

1

4.0
1 0.52

7.69ql

qw


= = = minutes. 

 
The expected number of customers in the system is given as 

4.0 0.8 4.8s ql l = + = + = . 
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The expected waiting time in the system for node1 is given as 

1

4.8
1 0.52

9.2slw


= = = minutes. 

 
Node 2: 

2

2

0.58
0.683

0.8



 = = = . 

The expected number of customers in the queue is given as  
0.8

2 0.8
0.7q m

l


− −
= = = , 

where m stands for the number of servers at the node2 (Customer Service Unit). 
  
The expected waiting time in the queue is given as 

2

0.7
2 0.58

1.2ql

qw


= = = minutes. 

The expected number of customers in the system is given as 

0.7 0.8 1.5s ql l = + = + = . 

The expected waiting time in the system for node 2 is given as  

2

1.5
2 0.58

26slw


= = = minutes. 

 
Node 3: 

3

3

0.73
0.899

0.8



 = = = . 

 
The expected number of customers in the queue is given as  

0.8
3 0.8

0.4q m
l



− −
= = = , 

where m stands for the number of servers at the node3 (Marketing Unit). 
  
The expected waiting time in the queue is given as  

0.4
3 0.73

3

0.54
q

q

l
w


= = = Minute 

The expected number of customers in the system is given as  

0.4 0.8 1.2s ql l = + = + =  

The expected waiting time in the system for node3 is given as  

3

1.2
3 0.73

1.6slw Minutes


= = = . 

 
Node 4: 
. 

4

4

0.58
0.765

0.8



 = = =  

The expected number of customers in the queue is given as  
0.8

4 0.8
0.3q m

l


− −
= = = , 

where m stands for the number of servers at the node4 (Tellers Unit). 
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The expected waiting time in the queue is given as  

0.3
4 0.58

4

0.52
q

q

l
w


= = = minutes. 

The expected number of customers in the system is given as 

0.3 0.8 1.1s ql l = + = + = . 

 
The expected waiting time in the system for node 4 is given as  

1.1
4 0.58

4

1.9slw


= = =  minutes. 

 
Node 5: 

5

5

0.74
0.824

0.9



 = = = . 

 
The expected number of customers in the queue is given as  

0.9
1 0.9

9.0q m
l



− −
= = = , 

where m stands for the number of servers at the node 5 (Customers Service Manager Unit). 
 
The expected waiting time in the queue is given as 

 0.3
5 0.74

5

0.41
q

q

l
w


= = = minutes. 

The expected number of customers in the system is given as 

9.0 0.9 9.9s ql l = + = + = . 

 
The expected waiting time in the system for node5 is given as  

5

9.9
5 0.74

13.4slw Minutes


= = = . 

 
However, the total expected waiting time in the system before modification is: 
 

 
 

 
Now substituting the departure rates and arrival rates calculated above into equation (20), we have: 

1 2 3 4 5 9.2 26 1.6 1.9 13.4 52.1 52mintW w w w w w utes= + + + + = + + + + = 
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34

3

42

43

45

4

52

53

5

0.65 0 0 0 0 0 0 0 0 0.77 0 0 0 0.82 0 0

0 0.65 0 0 0 0 0 0 0 0 0.77 0 0 0 0.82 0

0 0 0.65 0 0.68 0 0 0.89 0 0 0 0 0 0 0 0

0 0 0 0.65 0 0.68 0 0 0 0 0 0
out

out

out

out

































 
 
 
 
 
 
 
 
 
 
 
 

= 
 
 
 
 
 
 
 
 
 
 
 
 

1.00

0.56

0.58

.77 0 0 0 0 0.62

0.65 0.65 0.65 0.65 0 0 0 0 0 0 0 0 0 0 0 0 0.55

0 0 0 0 0.68 0.68 0.68 0 0 0 0 0 0 0 0 0 1.00

0 0 0 0 0 0 0 0.89 0.89 0 0 0 0 0 0 0 0.79

0 0 0 0 0 0 0 0 0 0.77 0.77 0.77 0.77 0 0 0 0.67

0 0 0 0 0 0 0 0 0 0 0 0 0 0.82 0.82 0.82 0.65

  
 
 
 
 
 
 
 
 
 
 
 
 
 


 
 
 
 
 
 
 
 
 
 
 
 
 

               
                                                                                                                                                  (32) 
 
 
The coefficient of the unknown in equation (20) is a rectangular matrix, to find the inverse of this 
Matrix, we use Moore-Penrose Generalized Inverse. See the following ([4], [5], [6], [7], [8], [9], [10], 
[12], [18], [20]).  
 
Hence, we obtain equation (22) 
 

12

13

14

15

24

25

2

34

3

42

43

45

4

52

53

5

0.0322 0.1548 0.1134 0.3715 0.0894 0.0774 0.0518 0.1069

0.0322 0.3529 0.1548 0.11

   0.352

3

9

4

 

0.

out

out

out

out

































− − − − − − 
 

− − −
 
 
 
 
 
 
 
 
 
 

= 
 
 
 
 
 
 
 
 
 
 
 
 

3715 0.0894 0.0774 0.0518 0.1069

0.2222 0.2222 0.3901 0.1626 0.4388 0.0758 0.195 0.1517 0.1481

0.0986 0.0986 0.0805 0.3893 0.3567 0.103 0.0402 0.048 0.0657

0.0285 0.0285 0.4256 0.095 0.0969 0.38 0.2128 0.0095 0.019

0

− −

− − − − −

− − − − −

− − − −

.1577 0.1577 0.0666 0.4824 0.1828 0.3516 0.0333 0.1995 0.1051

0.1862 0.1862 0.359 0.3874 0.2797 0.739 0.1795 0.19 0.1241

0.1405 0.1405 0.5135 0.1914 0.2465 0.235 0.305 0.1181 0.0937

0.1405 0.1405 0.5135 0.1914 0.246

− − − −

− − − −

− − − −

− − − − 5 0.235 0.8185 0.1181 0.0937

0.4789 0.0227 0.0388 0.0515 0.1222 0.0043 0.0194 0.2122 0.1672

0.0227 0.4789 0.0388 0.0515 0.1222 0.0043 0.0194 0.2122 0.1672

0.056 0.056 0.1268 0.544 0.1397 0.2236 0.0634 0.2167 0.0374

0.4

− − − −

− − − −

− − − − −

− 455 0.4455 0.2043 0.441 0.3841 0.2151 0.1022 0.6577 0.297

0.4901 0.0042 0.0863 0.1382 0.1797 0.0748 0.0431 0.1581 0.2417

0.0042 0.4901 0.0863 0.1382 0.1797 . 748 0.0431 0.1581 0.2417

0.4943 0.4943 0.1726 0.2765 0.35

o o

− − −

− − − −

− − − −

− − − −

0.58

0.73

0.58

0.74

0.65

0.68

0.89

0.77

0.82

94 0.1497 0.0863 0.3163 0.736

 
 
 
 
 
 
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 
 

 
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 
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 
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 

 
 

 
 

 
 

 
 

 
   
 
 
 
 
 
 

                                 

                                                                                                                                                 

(33) 
 
Solving equation (33) using maple 17 software, we obtain equation (34) below: 
 
 
 
 
 

+ 
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24
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2

34

3

42

43

45

4

52

53

5

0.251085

0.308850

0.113229

0.326733

0.211641

0.435043

0.353324

0.407175

0.592740

0.211245

0.279675

0.30

out

out

out

out






























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                                                                                                                                               (34) 
 
To normalize the values of the probabilities in equation (34), since we do not have negative 
probabilities, we take the absolute value of the estimates and rescaled them so that the sum of 
each node sums up to 1. Thus, we have 
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        (35) 
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From equation (35), the following deductions are made: 
 

At node 1 (Meter Greeter Unit), the weights are ,  with the values  0.251111, 

0.308882, 0.113241 and 0.326767 respectively, shows that there is a high probability of a customer 

leaving node1 (Meter Greeter Unit) to join the queue for service at node5 (Customer Service 
Manager Unit) than any other node. The least probability is that a customer leaves node1 to node4 
(Tellers Unit). 
 

At node 2 (Customer Service Unit), the weights are 24 25 2, outand    with values 0.211639, 

0.435040 and 0.353321 respectively, shows that there is a high probability that a customer leaves 
node2 (Customer Service Unit) and goes directly to node5 (Customer Service Manager Unit).  
 

At node 3 (Marketing Unit), the weights are with the values 0.407210 and 0.592790 

respectively, which shows that there is a high probability that a customer leaves node3 (Marketing 
Unit) moves out of the system. The least probability is that a customer leaves node3 (Marketing 
Unit) to join the service at the node4 (Tellers Unit). 
 

At node 4 (Tellers Unit), the weights are with the values 0.211175, 
0.279582, 0.300892 and 0.208352 respectively, which shows that, there is a high probability that a 
customer leaves node4 (Tellers Unit) to join the service at the node5 (Customers Service Manager 
Unit).  
 

At node 5 (Customers Service Manager Unit) the weights are  with the values 

0.310054, 0.382934 and 0.307012 respectively, which shows that there is a high probability that a 

customer leaves node5 (Customer Service Manager Unit) to join the queue for service either at 
node3 (Marketing Unit). The least probability here is that a customer leaves node5 (Customer 
Service Manager Unit) and goes out of the system.  
 

3.1.  Solution For New Departure Rate 
 

To obtain the new departure rate for the network system, we solve equation (25), this is done by 

substituting the values of sij '  and arrival rates obtained in the previous section into equation (25) 

then we obtain equation (36):  
 
 

1

2

3

4

5

54.732   43.8693     -0.1849 0.7306

6.2475      -5.9549      0.2033 1.4693

17.8841     14.8199 2.3845 -0.9486

69.3682 56.9901    -0.0948    0.3747

6.0785      -3.2277       0.2133 -











 
 
 
  =
 
 
  

0.58

0.73

0.58

0.74
0.8430

 
  
  
  
  
  
   

                      (36) 

 
Equation (36) becomes equation (37): 
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1

2

3

4

5

16.023

18.014

18.022

22.812

7.4242











   
   
   
   =
   
   
      

                                                                            (37) 

 
Therefore, to serve Customer with the space interval of 5 minutes, we divide the values in 
equation (37) by 5. The recommended number of servers therefore for each node is given in 
equation (38): 
  

1

2

3

4

5

4.5

3.2046 3

3.6028 4

3.6044 4

5

1.484

4

1

2

8

6











     
     
     
     = 
     
     
          

                                          (38) 

 
The result in equation (38) shows that for the Bank to work optimally and to serve customers 
within the average time frame of 5 minutes, node1 will require a total of three servers, node2 will 
require a total of four servers, node3 will require a total of four servers, node4 will require a total 
of five servers, node five will require a total of one server. With the new estimated number of 
servers at each node given by equation (38). The arrival rates for each node are assumed to remain 
the same since we do not have control over it. A new departure rates and the expected waiting 
time for each node is estimated as follow. 
 
The new departure rates for nodes are as follows: 
 

3
1 5

5 min. 0.6recommended departure rate per = = =  

4
2 5

5 min. 0.8recommended departure rate per = = =  

4
3 5

5 min . 0.8recommended departure rate per = = =  
5

4 5
5 min. 1.0recommended departure rate per = = =  

1
5 5

5 min. 0.2recommended departure rate per = = = . 

 
Finding the New Expected Waiting Time in the System. 
 
Node 1: 

 

The expected number of customers in the queue is given as  

, 0.9
3 0.9

0.4q m
l



− −
= = =  

where m stands for the number of servers at the node1 (Meter Greeter Unit). 
  
The expected waiting time in the queue is given as 

1

0.4
1 0.52

0.8ql

qw


= = = minutes 

1

1

0.52
0.6

0.9



 = = =
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The expected number of customers in the system is given as 

0.4 0.9 1.3s ql l = + = + =  

The expected waiting time in the system for node1 is given as  

1

1.3
1 0.52

2.5slw


= = = minutes. 

 
Node 2: 

2

2

0.58
0.8

0.7



 = = = . 

The expected number of customers in the queue is given as  
0.7

4 0.7
0.2q m

l


− −
= = = , 

where m stands for the number of servers at the node2 (Customer Service Unit). 
 
The expected waiting time in the queue is given as 

2

0.2
2 0.58

0.34ql

qw


= = = minutes. 

 
The expected waiting time in the system for node 2 is given as  

2

0.9
2 0.58

1.6slw


= = = minutes. 

 
Node 3: 

3

3

0.73
0.8

0.9



 = = =  

The expected number of in the queue is given as  
0.9

4 0.9
0.3q m

l


− −
= = = , 

where m stands for the number of servers at the node3 (Marketing Unit). 
 
The expected waiting time in the queue is given as 

3

0.3
3 0.73

0.41ql

qw


= = = minutes. 

The expected number of customers in the system is given as 

0.2 0.9 1.1s ql l = + = + = . 

 
The expected waiting time in the system for node3 is given as  

3

1.1
3 0.73

1.5slw


= = = minutes. 

 
Node 4: 

4

4

0.58
1.0

0.6



 = = =  

The expected number of customers in the queue is given as  
0.6

5 0.6
0.1q m

l


− −
= = = , 

where m stands for the number of servers at the node 4 (Tellers Unit). 
  
The expected waiting time in the queue is given as 

4

0.1
4 0.58

0.17ql

qw


= = = minutes 
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The expected number of customers in the system is given as 

0.1 0.6 0.7s ql l = + = + =  

The expected waiting time in the system for node1 is given as  

4

0.7
4 0.58

1.2slw


= = = minutes. 

 
Node 5: 

5

5

0.74
1.0

0.7



 = = = . 

The expected number of customers in the queue is given as  
0.7

1 0.7
2.3q m

l


− −
= = = , 

where m stands for the number of servers at the node5 (Customer Service Manager Unit). 
  
The expected waiting time in the queue is given as 

5

2.3
5 0.74

3.10ql

qw


= = = minutes. 

 
The expected number of customers in the system is given as 

2.3 0.7 3.0s ql l = + = + =  

The expected waiting time in the system for node1 is given as  

5

3.0
5 0.74

4.1slw


= = = minutes. 

 
However, the total expected waiting time in the system after modification is  

1 2 3 4 5 2.5 1.6 1.5 1.2 4.1 10.9 11tW w w w w w minutes= + + + + = + + + + =  . 

 
The summary of the computed performance measure for determination of optimal number of 
servers at network queuing nodes to reduce waiting time at the First City Monument Bank,  Minna 
branch, is given in Table 2. 
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Table 2: Showing all the results obtained before modification. 
  

Nodes i Number of Servers 
(mi) 

Probabilities  (αij) ρi Lq Ls Wq WS 

1 1 0.2511111. 
0.308882 
0.113241 
0.326767 

0.8 4.0 4.8 7.69 9.2 

2 2 0.211639. 
0.435040. 
0.353321 

0.8 0.7 1.5 1.20 26 

3 3 0.407210. 
0.592790. 

0.8 0.4 1.6 0.54 1.6 

4 4 0.211175. 
0.279582. 
0.300892 
0.208352 

0.8 0.3 1.1 0.52 1.9 

5 1 0.310054. 
0.382934. 
0.307012 

0.9 9.0 9.9 0.41 13.4 

Total 11  4.1 14.4 18.9 10.36 52.1 
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Nodes i Number of Servers (mi) ρi Lq Ls Wq WS 

1 3 0.9 0.4 1.3 0.8 2.5 

2 4 0.7 0.2    0.9 0.34 1.6 

3 4 0.9 0.3 1.1 0.41 1.5 

4 5 0.6 0.1 0.7 0.17 1.2 

5 1 0.7 2.3 3.0 3.10 4.1 

Total 17  3.8 3.3 7 4.8 10.9 

 
Table 3: Showing all the results obtained after modification 

 
 
 

Nodes Current number of servers Optimal number of servers obtained 

1 1 3 

2 2 4 

3 3 4 

4 4 5 

5 1 1 

Total 11 17 

 
Table 4: Showing the comparison between current number of servers and optimal number of 

servers obtained 
 
 

4.   Conclusion 
 

 The network queuing system of First City Monument Bank, Minna branch has been effectively 
investigated and studied. The study has determined optimal number of banking personnel at 
different nodes of the bank network system to reduce waiting time of the customers. Results from 
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the study is a vital information to the management of the bank for proper planning and efficient 
service delivery. The network model could also be applied to other banks with little modifications. 
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A Fermat polynomial method for solving optimal 
control problems 

 
 
 

M. U. Nduka*† and B. I. Oruh*‡ 
 
  

 
Abstract 

 
In this paper, we propose an efficient computational approach to solve optimal control 
problems subject to state constraints and boundary conditions. The idea is to obtain an 
approximate numerical value of the objective function. The method is based on state 
parameterization. The state variable is considered as a linear combination of Fermat 
polynomials with unknown coefficients such that the state differential equations are 
satisfied. The optimal control problem is converted to quadratic programming problem 
which we easily solved by Lagrange method. Some numerical examples are considered to 
illustrate the reliability of the method. The numerical results obtained are accurate when 
compared with the analytic solution and results obtained from literatures.  

 
Keywords: optimal control; parameterization; Fermat polynomials; optimization 
 
 

1.   Introduction  

 
Control theory is a branch of optimization theory that deals with the minimization or maximization 
of an objective function subject to some state equations and constraints. It addresses the problem 
of how best to optimize or operate a dynamic system to optimize some given criteria or 
performance. From a general viewpoint, an optimal control problem is an optimization problem. 
Ever since its emergence, optimal control theories have been applied to a wide range of areas and 
disciplines such as finance, for biological models and computational biology, Economics for 
economic models and economics of recycling, Engineering for aerospace and robotics [14], [3], [9]. 
Optimal control problems consider the optimization of dynamic system characterized by state and 
control variables.  
 

The goal of solving optimal control problems is to determine the control 𝑈(𝑡)  and the 

state 𝑋(𝑡) of a dynamic system that either minimizes or maximizes a performance index or 

functional  𝐽(𝑢(𝑡), 𝑥(𝑡)) and at the same instant satisfying the dynamic constraints and boundary 

conditions [12]. The solutions to optimal control problems can be found using two major 
techniques, analytic and numerical techniques. Analytic techniques obtain the necessary optimality 
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conditions through the maximum principle which is a generalization of classical calculus of 
variation. 

  
However, it is often difficult to obtain analytic solution of optimal control problems. 

Furthermore, as the complexity of optimal control problems increases it becomes almost 
impossible to solve optimal control problems analytically. As a result, numerical techniques for 
solving optimization problems are employed to solve optimal control problems. The availability of 
numerous nonlinear programming softwares has made numerical techniques a better alternative. 
Numerical techniques have presented an attractive field for researchers of mathematical sciences, 
which have produced different numerical computational techniques and efficient algorithms in 
solving optimal control problems. Numerical techniques are achieved by discretization or 
parameterization.  

 
Parameterization methods give a robust technique for solving optimal control problems in 

finite dimensional spaces. The method expresses the state, and/or control of a system as a function 
of some independent quantities known as parameters. State parameterization converts an optimal 

control problem to a nonlinear optimization problem and finds (𝑛 + 1) unknown polynomial 

coefficients of degree, at most𝑛, in the form ∑ 𝑎𝑖𝑡
𝑖𝑛

𝑖=0 . Polynomials have been used by many 
authors [13], [2], [15], [11], [4], [8] as approximating functions to the state and/or control variables 
of an optimal control problem, which result to different approximate values of the performance 
index. In most cases, Chebyshev polynomials and Legendre polynomials are used. [6], [5] solved 
Duffing Oscillator problem. The solution is based on state parameterization using linear 
combination of Chebyshev polynomials with unknown coefficients. This approximation converts 

an (𝑛 + 1) dimensional optimization problem into one-dimensional optimization problem which 
can then be solved easily. [10] proposed the use of Chebyshev wavelets, the state variable is 
approximated by a new hybrid based on second kind Chebyshev wavelets. subsequent iterations 
result to better accuracy. [5] proposed a numerical approach for solving optimal control problems 
using the Boubaker polynomials expansion scheme. [1] presented a technique to solve nonlinear 
optimal control problems. The method is based on using Legendre scaling functions to 
parameterize the state variable. This approach replaces the nonlinear optimal control problem by a 
sequence of time-varying linear quadratic optimal control problems which gives a better result 
when compared with some other methods. In spite of the many advantages that the state 
parameterization offer, the method has not been used extensively as there are numerous functions 
that have not been used which can give a better approximation and result than the ones in the 
literature. 

 
In this paper we present the Fermat polynomial as the approximating function. The state 

variable of an optimal control problem is considered as a linear combination of Fermat polynomials 
with unknown coefficients such that the state differential equations are satisfied. The optimal 
control problem is converted to a quadratic programming problem resulting from a linear quadratic 
optimal control problem which can easily be solved by existing optimization methods. 
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2.   Problem statement 

 

Find the optimal control 𝑢∗ and the optimal trajectory 𝑥∗ that optimizes the performance index;  

 𝐽 = ∫ 𝐿(𝑥(𝜏), 𝑢(𝜏), 𝜏)𝑑𝑡,
𝑡1

𝑡0

 (1) 

subject to the state equations:   

 𝑥̇(𝜏) = 𝑓(𝑥(𝜏), 𝑢(𝜏), 𝜏), (2) 

and boundary conditions:  

 𝑥(𝑡0) = 𝑥0, 𝑥(𝑡1) = 𝑥1𝜏 ∈ [𝑡0, 𝑡1], 
(3) 
 

where 𝑓 is a real-valued continuously differentiable function. 𝑥(𝜏): 𝐼 → ℝ𝑛, 𝑢(𝜏): 𝐼 → ℝ𝑚, 𝐼 =
[𝑡0, 𝑡1], 𝐿 is assumed to be continuously differentiable and equation (1.1) is known as Lagrangian 
problem. For easy reference we shall denote equations (1)-(3).  
 

2.1.   Material and methods 
  

We state that the parameterization involves the approximation of the state variable(s) of an optimal 
control problem using a given trial function or polynomials. 
 

2.2.1.   Fermat polynomials 
 

Polynomial expansions are broadly used in many mathematical fields to obtain results for both 
numerical and analytical analysis. Many of these polynomials are obtained from difference 
equations. Fermat polynomials are among the polynomial sequences that are generated by 
difference equations.  
 
Fermat polynomials can be generated by the difference equation:  
 

𝑓𝑖+2(𝑡) = 3𝑡𝑓𝑖+1(𝑡) − 2𝑓𝑖(𝑡),  𝑓0(𝑡) = 0, 𝑓1(𝑡) = 1,  𝑖 ≥ 0.   
           

Fermat polynomials can also be obtained by setting 𝑝(𝑡) = 3𝑡, and 𝑞(𝑡) = −2 in the Lucas 
polynomial sequence defined by:  
 

 
𝐹𝑛(𝑡) = 𝑝(𝑡)𝐹𝑛−1(𝑡) + 𝑞(𝑡)𝐹𝑛−2(𝑡). 
 

 

Fermat polynomials can be explicitly written as:  
 

 ℱ(𝑡) = {

(3𝑡+√9𝑡2−8)
𝑘

−(3𝑡−√9𝑡2−8)
𝑘

2𝑘√9𝑡2−8
,        

2
𝑘
2𝑠𝑖𝑛 (

𝜋

4
𝑘) ,        𝑡 =

2

3

𝑡 ≠
2

3
 𝑘 = 1,2 …    

           
The first few Fermat polynomials are:  
 

 ℱ1(𝑡) = 1,  ℱ2(𝑡) = 3𝑡, ℱ3(𝑡) = 9𝑡2 − 2,  ℱ4(𝑡) = 27𝑡3 − 12𝑡, ℱ5(𝑡) = 81𝑡4 − 54𝑡2 + 4.  
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It is necessary to note that  ℱ𝑘(𝑡) is a polynomial of degree (𝑘 − 1) with integer coefficients. 
 

2.2.2.   State parameterization using Fermat polynomials  
 

We approximate the system state variable by a sequence of Fermat polynomials with unknown 

coefficients. Let 𝑄 ⊂ 𝐶1([𝑡0, 𝑡1]) be set of all functions satisfying equation (3). The performance 

index in equation (1) can be expressed as a function of𝑥(𝑡). Then optimal control problem (1)-(3) 

may be considered as a minimization of equation (1) on the set 𝑄.  
 

2.2.3.   Approximation of state and control variables  
 

Let 𝑄𝑛 be a subset of 𝑄 consisting of Fermat polynomials of degree up to 𝑛 as  
 

 𝑥𝑛 = ∑ 𝑎𝑖 ℱ𝑖(𝑡)

𝑛

𝑖=1

𝑛 = 1,2 … (4) 

   

Now we consider the minimization of 𝐽 on 𝑄𝑛 with {𝑎𝑖}𝑖=0
𝑛  as unknowns.  

 
Equation (2) can be re-written as  
 

 𝑢(𝑡) = 𝜙(𝑥(𝑡), 𝑥̇(𝑡), 𝑡). (5) 

   
   
The control variable is then written as a function of the unknown parameters of the state variables 
by substituting equation (4) into equation (5)  
 

     𝑢𝑛(𝑡) = 𝜙(∑ 𝑎𝑖ℱ𝑖
𝑛
𝑖=0 (𝑡), ∑ 𝑎𝑖ℱ̇𝑖

𝑛
𝑖=0 (𝑡), 𝑡) . (6) 

 
 

  

 

2.2.4   Approximation of the performance index 
 

By substituting these approximations of state variables (4) and control variables (6) into the 
objective function (1) we get  
 
 

 𝐽(𝑎0, 𝑎1, … 𝑎𝑛) = ∫ 𝐿 (∑ 𝑎𝑖ℱ𝑖(𝑡)

𝑛

𝑖=1

, 𝜙 (∑ 𝑎𝑖ℱ𝑖

𝑛

𝑖=1

(𝑡), ∑ 𝑎𝑖ℱ̇𝑖(𝑡),

𝑛

𝑖=1

𝑡))

𝑡1

𝑡0

𝑑𝑡. (7) 

  The boundary conditions become   

 

𝑥𝑛(𝑡0) = ∑ 𝑎𝑖ℱ𝑖(𝑡0)

𝑛

𝑖=1

= 𝑥0, 

𝑥𝑛(𝑡1) = ∑ 𝑎𝑖ℱ𝑖(𝑡1)

𝑛

𝑖=1

= 𝑥1. 
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The integration of equation (7) yields an expression in terms of the unknown parameters we seek.  
The optimal control problem is converted into a mathematical programming problem of unknown 
parameters with equality constraints. 
 
The resulting problem can be stated in the form  
 

 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒   𝐽(𝑎1, 𝑎2, … 𝑎𝑛) = 𝑎′𝑀𝑎, (8) 

 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:   𝑔(𝑎1, 𝑎2 … 𝑎3) = 𝑏, (9) 

   

where 𝑎𝜖ℝ𝑛,  𝐽 is the approximate value of 𝐽, 𝑀 is an 𝑛 ⨯ 𝑛 matrix. We obtain the optimal control 

vector 𝑎∗ by using the Lagrangian multiplier method.  
 

3.    Algorithm  
 

Input: Optimal Control Problem (1)-(3).  
Output: The approximate optimal control, optimal trajectory and approximate performance index.  

Step 1. Approximate the state variable by 𝑛𝑡ℎ Fermat series.  
Step 2. Express the control variable as a function of the approximated state variable.  
Step 3. Substitute the expressions in steps 1 and 2 into the performance index to obtain the 

approximate performance index 𝐽. 
Step 4. Find the set of equality constraints from the initial and final conditions and calculate the 

matrix 𝑀.  

Step 5. Find the optimal parameters 𝑎∗ by solving the optimization problem (8)-(9).  

Step 6. Substitute 𝑎∗ into equations (4), (6), and (7) to find the approximate optimal trajectory, 
approximate optimal control and the performance index respectively. 
 
 

4.    Numerical results  
 

4.1.   Example 1 
 
We consider the minimization problem:  
 

 𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒 𝐽 =
1

2
∫ (3𝑥(𝑡)2 + 𝑢(𝑡)2)

1

0

𝑑𝑡, (10) 

 𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜    𝑢 = 𝑥̇ + 𝑥 (11) 

 𝑤𝑖𝑡ℎ 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑥(0) = 0, 𝑥(1) = 2. (12) 

   
 

4.1.1.   Analytic Approach  
 
First, we attempt the problem analytically using Pontryagin-Minimum-Principle.  We construct the 
Hamiltonian of the problem: 
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 𝐻(𝑥, 𝑢, 𝜆) = 3𝑥2 + 𝑢2 + 𝜆(𝑢 − 𝑥), (13) 
𝜕𝐻

𝜕𝑢
= 0 ⟹ 2𝑢 + 𝜆 = 0, 

 𝑢 = −
𝜆

2
. (14) 

   
Substitute equation (13) into equation (14) and simplify 
 

 𝐻 = 3𝑥2 −
𝜆2

2
− 𝜆𝑥. 

(15) 
 

 

Differentiate equation (15) with respect to 𝑥 and 𝜆 
 

𝜕𝐻

𝜕𝑥
= −𝜆̇ ⟹ 6𝑥 − 𝜆 = −𝜆̇,

𝜕𝐻

𝜕𝜆
= 𝑥̇ ⟹ −

2𝜆

4
− 𝑥 = 𝑥̇. 

 
Simplifying we have  

 𝑥̈ − 4𝑥 = 0. (16) 

   
Hence, the solution to equation (16) is  
 

 
𝑥(𝑡) = 𝐴𝑐𝑜𝑠ℎ(2𝑡) + 𝐵𝑠𝑖𝑛ℎ(2𝑡). 

 
 

Apply the boundary conditions to obtain the optimal state function  
 

 𝑥∗(𝑡) =
2sinh (2𝑡)

sinh (2)
. 

(17) 
 

 
And the optimal control function 
 

 𝑢∗(𝑡) =
4 cosh(2𝑡) + 2sinh (2𝑡)

sinh (2)
. (18) 

 
Substitute (17) and (18) into equation (10) 
 

𝐽 =
1

2
∫ (3 (

4𝑠𝑖𝑛ℎ2(2𝑡)

𝑠𝑖𝑛ℎ2(2)
) + (

16𝑐𝑜𝑠ℎ2(2𝑡) + 16 cosh(2𝑡) sinh(2𝑡) + 4𝑠𝑖𝑛ℎ2(2𝑡)

𝑠𝑖𝑛ℎ2(2)
)) 𝑑𝑡

1

0

 

 
𝐽 =

8

𝑠𝑖𝑛ℎ2(2)
∫(𝑠𝑖𝑛ℎ2(2𝑡) + 𝑐𝑜𝑠ℎ2(2𝑡) + cosh(2𝑡) sinh (2𝑡))𝑑𝑡

1

0

 

 

 

𝐽 = 6.14925721. 
 

Hence 𝐽 = 6.14925721 is the exact numerical solution of the optimal control problem (10)-(12). 
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4.1.2.   The Proposed Approach 
  

We approximate the state variable with 5th order Fermat polynomial  
 

𝑥 ≈ ∑ 𝑎𝑖ℱ𝑖

5

𝑖=1

= 𝑎1ℱ1 + 𝑎2ℱ2 + 𝑎3ℱ3 + 𝑎4ℱ4 + 𝑎5ℱ5, 

 

 𝑥̂(𝑡) = 81𝑎5𝑡4 + 27𝑎4𝑡3 + (9𝑎3 − 54𝑎5)𝑡2 + (3𝑎2 − 12𝑎4)𝑡 + 𝑎1 − 2𝑎3 + 4𝑎5 

 
     (19) 
 

and the approximate control function 
 

 
𝑢̂(𝑡) = 81𝑎5𝑡4 + (27𝑎4 + 324𝑎5)𝑡3 + (9𝑎3 + 81𝑎4 − 54𝑎5)𝑡2

+ (3𝑎2 + 18𝑎3 − 12𝑎4 − 108𝑎5)𝑡 + 𝑎1 + 3𝑎2 − 2𝑎3 − 12𝑎4 + 4𝑎5 

    
   (20) 

   
The squares of equations (19) and (20) are substituted into equation (10) to obtain the approximate 
objective function in terms of the unknown parameters  
Integrating and simplifying we have 
 

 

𝐽 = 2𝑎1
2 + 9𝑎1𝑎2 + 13𝑎1𝑎3 + 18𝑎1𝑎4 +

179𝑎1𝑎5

5
+ 15𝑎2

2 + 63𝑎2𝑎3 +
534𝑎2𝑎4

5

+ 198𝑎2𝑎5 +
929𝑎3

2

10
+

819𝑎3𝑎4

2
+

5611𝑎3𝑎5

7
+

19659𝑎4
2

35

+
4923𝑎4𝑎5

2
+

213119𝑎5
2

70
 

(21) 

   
The boundary conditions are substituted into equation (19) to obtain algebraic equations  
 

                                                       𝑎1 − 2𝑎3 + 4𝑎5 = 0, 
 

                                         𝑎1 + 3𝑎2 + 7𝑎3 + 15𝑎4 + 31𝑎5 − 2 = 0.          (22)  
 
The optimal control problem is finally reduced to an optimization problem. Our task is to minimize 
equation (21) subject to equation (22).  
 

The solution of the system of equations yields 𝑎∗ = (
307

3913
,

2939

7206
,

751

1488
,

137

12060
,

67

11917
), and 𝜆∗ =

(
1190

1079
, −

5067

824
) which is the value that minimizes 𝐽.  

 

Hence, 𝐽(𝑎∗) = 6.14927031 is the approximate numerical solution of the optimal control 

problem, which is an acceptable approximation for the exact numerical solution 𝐽∗ = 6.14925721. 
 

The approximate optimal state and control functions are obtained by substituting the value of 𝑎∗ 
into equations (19) and (20) as  
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𝑥(𝑡) =
5427

11917
𝑡4 +

411

1340
𝑡3 +

27136

18014
𝑡2 +

12241

11259
𝑡 +

15433

34694
 

𝑢(𝑡) =
5427

11917
𝑡4 +

47925

22518
𝑡3 +

48224

45036
𝑡2 +

31267

22518
𝑡 +

10118

93056
 

 
 
The graph of the state and control function are plotted below.  
 

 
Figure 1a. 

 
 

 
Figure 1b. 

 
 
 

4.2.   Example 2  

 𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒       𝐽 = ∫ (𝑥2(𝑡) +
1

2
𝑢2(𝑡))

1

0

𝑑𝑡, (23) 

 𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜:  𝑥̇(𝑡) =
1

2
𝑥(𝑡) + 𝑢(𝑡),   𝑥(0) = 1. (24) 
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The optimal solution is:  
 

𝑥∗(𝑡) =
2𝑒3𝑡 + 𝑒3

2𝑒3𝑡/2(2 + 𝑒3)
,         𝑢∗(𝑡) =

2𝑒3𝑡 − 𝑒3

2𝑒3𝑡/2(2 + 𝑒3)
. 

 
And the exact solution for the performance index is:  
 

𝐽 =
𝑒6 + 𝑒3 − 2

𝑒6 + 4𝑒3 + 4
= 0.8641644978. 

 

Using our approach, we approximate 𝑥(𝑡) by Fermat polynomial of order 7  
 

𝑥 ≈ ∑ 𝑎𝑖ℱ𝑖

5

𝑖=1

, 

 
𝑥 = 729𝑎7𝑡6 + 243𝑎6𝑡5 + (81𝑎5 + 810𝑎7)𝑡4 + (27𝑎4 − 216𝑎6)𝑡3

+ (9𝑎3 − 54𝑎5 + 216𝑎7)𝑡2 + (3𝑎2 − 12𝑎4 + 36𝑎6)𝑡 + 𝑎1 − 2𝑎3

+ 4𝑎5 − 8𝑎7. 

(25) 

   
From equation (24) we have:  
 

 

𝑢 = −
729𝑎7

2
𝑡6 + (4374𝑎7 −

243𝑎6

2
) 𝑡5 + (1215𝑎6 −

81𝑎5

2
− 405𝑎7) 𝑡4

+ (324𝑎5 −
27𝑎4

2
+ 108𝑎6 + 3240𝑎7) 𝑡3

+ (81𝑎4 −
9𝑎3

2
+ 27𝑎5 − 648𝑎6 − 108𝑎7) 𝑡2

+ (18𝑎3 −
3𝑎2

2
+ 6𝑎4 − 108𝑎5 − 18𝑎6 + 432𝑎7) 𝑡 −

𝑎1

2
+ 3𝑎2

+ 𝑎3 − 12𝑎4 − 2𝑎5 + 36𝑎6 + 4𝑎7 

(26) 

 
 
Then substituting equations (25) and (26) into equation (23) gives:  
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𝐽(𝑎1, 𝑎2, … 𝑎7) =
9

8
𝑎1

2 +
15

8
𝑎1𝑎2 −

9

4
𝑎1𝑎3 −

93

16
𝑎1𝑎4 −

171

20
𝑎1𝑎5 −

171

8
𝑎1𝑎6

−
3771

28
𝑎1𝑎7 +

45

8
𝑎2

2 +
399

16
𝑎2𝑎3 +

639

20
𝑎2𝑎4 + 48𝑎2𝑎5

+
16551

140
𝑎2𝑎6 +

144267

32
𝑎2𝑎7 +

2079

40
𝑎3

2 + 231𝑎3𝑎4

+
61407

140
𝑎3𝑎5 +

28179

32
𝑎3𝑎6 +

454311

20
𝑎3𝑎7 +

104499

280
𝑎4

2

+
54579

32
𝑎4𝑎5 +

477873

140
𝑎4𝑎6 +

5424159

80
𝑎4𝑎7 +

127665

56
𝑎5

2

+
805509

80
𝑎5𝑎6 +

251430813

1540
𝑎5𝑎7 +

38100861

3080
𝑎6

2

+
28615023

80
𝑎6𝑎7 +

134572923999

40040
𝑎7

2. 

 

 
 

Minimize 𝐽(𝑎1, 𝑎2, … 𝑎7) subject to  𝑥(𝑡0, 𝑎1, 𝑎2, … 𝑎7) = 𝑥0. The solution is 
 
 

𝑎∗ = (
5509605

43424277
, −

62695946

13027283
,

20145943

14474759
, −

24125360

13027283
,

35048278

14474759
, −

24431921

13027283
,

59827196

43424277
) and 

𝜆∗ = −
70048008

40529325
.  

 

The approximate solution is 𝐽(𝑎∗) = 0.864164498 which agrees with the exact solution. 
 
 

 Method J Error 

Exact Value  0.8641644978 0 
Kafash, B. and 

Delavarkhalafi, A. 
Restarted State 

Parameterization 
0.8643546452 1.9𝑒−04 

Eisa, B.M. and Awadalla, 
T.A. 

Legendre 0.8641645132 1.5𝑒−09 

This Research Fermat 0.8641644978 0 
 

Table 1.  Comparison of the optimal value with other methods 
 
 
 
We calculate the state and control variables as:  
 

𝑥(𝑡) =
2895

2882
𝑡6 −

1642

3603
𝑡5 +

7468

3603
𝑡4 −

5174

1126
𝑡3 +

5066

4504
𝑡2 −

1729

1407
𝑡 + 1 

𝑢(𝑡) = −
2895

5765
𝑡6 +

1169

1407
𝑡5 −

3732

1126
𝑡4 +

4769

4504
𝑡3 −

8741

4504
𝑡2 +

6449

2252
𝑡 −

2551

1476
. 
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Figure 2a. 
 
 

          
 

Figure 2b. 
 
 

 

5.    Convergence analysis  
 

The convergence of parameterization method is generally based on Weierstrass Approximation 
Theorem, which have been rigorously proved by many researchers. 
 

Theorem 1. (Weierstrass Approximation Theorem). Let 𝑓𝜖𝐶([𝑎, 𝑏], ℝ). Then, there is a sequence 

of polynomials, 𝑃𝑛(𝑥), that converges uniformly to 𝑓(𝑥) on [𝑎, 𝑏].  
 
Proof: See [6], [15]. 
 

Theorem 2. (Kafash and Delavarkhalafi, 2014). If, 𝛼𝑛 = 𝑖𝑛𝑓𝑄𝑛 𝐽, for 𝑛 = 1,2,   .  .  ., then 

𝑙𝑖𝑚𝑛→∞𝛼𝑛, where 𝛼 = 𝑖𝑛𝑓𝑄 𝐽. 
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Proof. Let 𝛼̂ > 𝐽(𝑋(. )) be the limit of non-increasing sequence {𝛼𝑛}. If  𝛼̂ > 𝛼, then 𝜀 =
𝛼̂−𝛼

2
>

0, so; there exist 𝑋(. )𝜖𝑄,  𝐽(𝑋(. )) < 𝜀 + 𝛼 =
𝛼̂−𝛼

2
+ 𝛼 =

𝛼̂+𝛼

2
< 𝛼̂ such that 𝛼̂ > 𝐽(𝑋(. )), which 

contradicts the continuity of 𝐽 and Theorem 1. 
 
 

6.   Conclusion 
 

This paper proposed numerical approach to solve optimal control problems based on state 
parameterization. We showed that Fermat polynomials can be used to approximate the state 
variables of optimal control problems which convert optimal control problems into quadratic 
programming problem. From the numerical results obtained, we can conclude that our proposed 
approach gives better and reliable result when compared with other methods. 
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CATANOVA analysis of academic performance of 
pupils in primary schools and districts - a tool for 

conflict resolution 
 

 

D. M. O. Omebo*, A. Y. Emmanuel†, and G. Aimufua‡ 
 
 
 

 
Abstract 

 
This paper is an extract of the research findings that was carried out in Ofu local 
government area of Kogi state in 2021 which was used to resolve the conflict that 
broke out as a result of the establishment of Government Special Science College by 
the Kogi state Government. The bone of contention then was which of the three 
districts of the local government should have the new special science college. This 
necessitated the research to find out if performance depends on the district or not. An 
analysis of variance for categorical data (CATANOVA) was used in carrying out the 
test. It was discovered that performance depends on the district, and that pupils from 
Igalaogba district performed better than the other two districts. Hence the new 
Government Special Science College, should be sited in this particular district. All the 
findings were based on the performance of pupils in primary six using common 
entrance examination results for 2019 since there was no common entrance 
examination for 2020 due to covid-19 pandemic. 

 
Keywords: districts; Chi- square; catanova; performance 
 
 

1.   Introduction 
 

The growth of statistics has made itself felt in almost every phase of human endeavor. Statistics 
provides models that are needed to study situations involving uncertainties. One of such is that 
which confronted Ofu Local government area of Kogi state in 2021.  
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 The Kogi state government of Nigeria established a new special science college to be 
located in Ofu local government Area of the state. As usual every district began to give reasons 
why it should be located in their district. All efforts to result this problem to no avail. This 
necessitated a research to find out if performance is dependent on the district or not. This is 
because the district that performed better will be able to feed the college with the desired quality 
and quantity of students needed by the new school. There are three districts in Ofu Local 
Government. These include Ugwolawo, Igalaogba and Itobe districts.  
 
 This study is therefore aimed at finding out if performance across the districts is the same 
or not. Hence, this study investigates the comparative academic performances of primary six 
pupils across the districts of Ofu local government area of Kogi state. 
 

1.1.  Aim and objectives of the study 
 

i. To ascertain if performance is dependent on districts.  
ii. To determine which of the districts should have the school. 
iii. To resolve the conflict already created by this agitation. 

 

1.2.   Nature and scope of study 
 

There are 53 primary schools in Ofu Local Government Area of Kogi State out of which samples 
of 20 primary schools were taken. The primary schools in kogi state like their counterparts in 
other states are controlled by the state primary Education Board which is now called state 
universal basic Education Board (SUBEB) which in turn is controlled by the state ministry of 
education. It is this state ministry of education that provides an approved syllabus to be followed 
by the primary schools and at the end of the six-year programme, the pupils sit for common 
entrance examination which qualify them to go to secondary schools. The examination is made 
up of three papers. These are: Paper 1(English language), paper 2 (Mathematics) and Paper 3 
(General paper). At the end of the examination, successful candidates are classified into five 
groups – Distinction(A), Good (B), Credit (C), Fair (D) and Pass (E). Similarly, unsuccessful 
candidates are awarded (F). All findings are based on the analysis of this examination results from 
the sampled schools from the various districts. 
 

1.3.   Sampling techniques 
 

Out of the 53 primary schools in Ofu Local government Area, I sampled 20 primary schools 
according to the classification below. 
 

Sampling distribution of the primary schools in Ofu local government area 
 

Districts  Number of schools 

Ugwolawo 9 

Igalaogba 6 

Itobe 5 

  
 
The researcher used stratified random sampling techniques to represent the entire Ofu Local 
Government Area. The local Government has three districts so that communities were used as the 
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stratifying factor. Ofu Local Government Area comprises of eighteen communities, which is 
grouped into three districts forming the strata, from which simple random sampling was used. 
Ugwolawo district consists of Ugwolawo, Ogegume, Ojofa, Obagwu, Umomi, Akpagidigbo, Alome, 
Ikagbo, and Ugbogbo, while Igalaogba district is made up of Aloma, Igah, Ejule, Ogbonicha, 
Ogbulu and Ikeje. Finally, Itobe district comprises of Ojodu, Adumu, Aloji, Itobe and Ochadamu. 
Also, I used proportional allocation of sample size according to the weight (number of the 
communities that each group consists in terms of number of primary schools in each group). 
 

2.  Literature review 
 

Even though many studies have been carried out to ascertain the dependence of performance on 
one factor or the other, majority of them if not all were carried out using the results from 
examinations such as first school leaving certificate (FSLCE), Senior school certificate examination 
(SSCE), University matriculation Examinations (UME) among others as their only source of data for 
the analysis which this study frown at due to gross examination malpractice usually associated with 
the conduct and marking of the scripts by the authorities concern. 
 In order to ascertain if boys are more brilliant than girls, [5] investigated into the 
performance of boys and girls in a sample of 32 primary schools Nsukka Educational Zone. From 
the report of his findings, he asserted that boys are more brilliant than girls all within primary school 
age.  
 Another research carried out by [1] on how the shift system affects the academic 
performance of primary school pupils in Enugu using qualitative data based on 1978 only, he came 
up with the following results: first, that the morning session pupils performed better than the 
afternoons. Secondly, that this disparity in performance was as a result of the fact that shift one had 
relatively more qualified and trained teachers than shift two. [12] carried out research on school 
location and academic performance of pupils in English language in primary schools. He reported 
that there is a significant difference in the academic performance of pupils in urban and rural 
primary schools in English language. 
  

3.   Methodological framework 
 

The methodological framework for this study is a two-way analysis of variance for categorical data 
(CATANOVA). 
 

3.1.   A two-way catanova with chi-square tests for interaction 
 
 

Consider a two-way experimental situation with a k-dimensional vector of responses         
{(nijk) K, i=1,2,…I, j=1,2,…,J} recorded in frequencies in the (ij)th plot. We assume a multinomial 
probability model, namely, 
 

Pr({nijk}k/{πijk} k,nij)=  nij  !/ ∏ {𝑛𝑖𝑗𝑘!}𝑘          (πijk)∏ (𝑘 nijk 

nijk = 0,1,…,nij 
0 ≤  πijk  ≤ 1 

Nij = ∑ 𝑛𝑖𝑗𝑘𝑘       is held fixed 
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Nijk, ni/ j/ k are independent   Ɐ  i≠ i/ 

 
The hypothesis to be tested are:  

HR: ∏ 𝑖𝑗𝑘 == ∏ 𝑗𝑘 , there is no row effect.  

HC: : ∏ 𝑖𝑗𝑘 == ∏ 𝑖𝑘 , there is no column effect.  

HRC: : ∏ 𝑖𝑗𝑘 == ∏ 𝑘 , there is no row x column interaction. 
 

The expectation of the sample estimate of : ∏ 𝑖𝑗𝑘  is given by the linear model  

E (∏ 𝑖𝑗𝑘ʌ )   𝛍k + Tik  +  Bjk  +  𝝀ijk, 

where 𝛍k, Bjk and 𝝀ijk assume their usual meaning of constant, row effect, column effect and 
interaction respectively. The hypothesis, HR, HC, and HRC will be seen to be respectively 
equivalent to  

Hi: Tik = 0  Ɐi, HB: Bjk = 0 Ɐj and  𝝀ijk = 0   Ɐi,j. 
 

The parameters: ∏ 𝑖𝑗𝑘 may be considered fixed or random with probability density h( ∏ 𝑖𝑗𝑘), over 
{0,1} depending on whether I and J are random or not [13,14]. Specially, 
 

   g( ∏ 𝑖𝑗𝑘) if I and J are random, o≤ ∏ 𝑖𝑗𝑘≤ 1,     

   h( ∏ 𝑖𝑗𝑘)  =  g (∏ 𝑗𝑘)  if I is fixed and J random 0≤ ∏ 𝑗𝑘≤ 1, 

   g(∏ 𝑖𝑘) if I is random and J fixed, 0≤ : ∏ 𝑖𝑘 ≤ 1. 
 
We shall now consider the sum of squares (SS) for {nijk }k. This may be obtained, [6,7,8,9,10,11] 
also [2,3], as the trace of the sample variance- covariance matrix. That is  
 

SS(nijk) = Σk var (nijk). 
 

Upon further simplification, we have that  

TSS = n -  ∑ n2. . k/n𝑘  , as the total sum of squares 

BRSS = n -  ∑ n2i. k/ni𝑖𝑘  , as the between row sum of squares  

BCSS = n -  ∑ n2. jk/nj𝑗𝑘  , as the between column sum of squares  

WUSS = n - ∑ n2ijk/nij𝑖𝑗𝑘 , as the within unit sum of squares,  

where  
 

N = ∑ ni𝑖      =  ∑ nj𝑗    ∑ ni𝑖𝑗 j       

RSS = TSS – BRSS =  ∑ n2i. k/ni𝑘    -    ∑ n2. . k/n𝑘  

CSS = TSS – BCSS =   = n -  ∑ n2. jk/nj𝑗𝑘     -    ∑ n2. . k/n𝑘  

NSS = BRSS + BCSS – TSS – WUSS  

       = n - ∑ n2ijk/nij𝑖𝑗𝑘     -   ∑ n2i. k/ni𝑖𝑘   -  ∑ n2. jk/nj𝑗𝑘     +   ∑ n2. . k/n𝑘 . 
 
We may reject HR, HC and HRC respectively at specified ά-level of error if  
χ2

R    ≥  χ2
(ά) (I-1)(J-1)(K-1), 

where  
χ2

R    =   (K-1)(n-1)RSS/ TSS 
χ2

C     = (K-1)(n-1)css/TSS 
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χ2
NT  =  (K-1)(n-1)NSS/TSS 

 
 

3.2.  Materials and methods 
 

Below is the data layout for a two – way analysis of variance for categorical data (CATANOVA). 
This was given by [4] 
 
 

 Districts 
 

Ugwolawo  Igalaogba  Itobe  

 
 
i 

Responses A B C D E F T A B C D E F T A B C D E F T 

Males n1

11 
n112 n113 n114 n11

5 
n11

6 
n1

1. 
n

12

1 

n

1

2

2 

n

1

2

3 

n

1

2

4 

n

1

2

5 

n

1

2

6 

n

1

2

. 

n1

31 
n132 n133 n134 n135 n136 n13. 

Females n
21
1 

n2
12 

n21
3 

n214 n2
15 

n2
16 

n
2
1. 

n
2
2
1 

n
2
2
2 

n
2
2
3 

n
2
2
4 

n
2
2
5 

n
2
2
6 

n
2
2
. 

n
2
3
1 

n2
32 

n2
33 

n2
34 

n2
35 

n2
36 

n23. 

n.jk n.
11 

n.1
2 

n.13 n.14 n.1
5 

n.1
6 

n.
1. 

n
.
2
1 

n
.
2
2 

n
.
2
3 

n
.
2
4 

n
.
2
5 

n
.
2
6 

n
.
2
. 

n.
3
1 

n.3
2 

n.3
3 

n.3
4 

n.3
5 

n.3
6 

n.3. 

 
Table 1: Data layout for two way catanavo 

  

 Ugwolawo  Igalaogba  Itobe T        

sex A B C D E F ni
1. 

A B C D E F ni
2. 

A B C D E F n
i3
. 

ni.
k 

     ni.
. 

male 1
3
9 

6
2 

58 1
0 

5
5 

8
3 

40
7 

71 75 4
5 

2
4 

3
6 

52 30
3 

10
7 

5
2 

5
3 

5 4
5 

7
5 

3
3
7 

3
1
7 

18
9 

1
5
6 

3
9 

1
3
6 

2
1
0 

10
47 

fem-
ale 

8
0 

5
1 

48 1
1 

5
0 

8
5 

32
5 

39 48 2
9 

3
7 

3
9 

51 24
3 

43 2
0 

2
6 

6 3
0 

6
4 

1
8
9 

1
6
2 

11
9 

1
0
3 

5
4 

1
1
9 

2
0
0 

75
7 

Total  2
1
9 

1
1
3 

10
6 

2
1 

1
0
5 

1
6
8 

73
2 

11
0 

12
3 

7
4 

6
1 

7
5 

10
3 

54
6 

15
0 

7
2 

7
9 

1
1 

7
5 

1
3
9 

5
2
6 

4
7
9 

30
8 

2
5
9 

9
3 

2
5
5 

4
1
0 

18
04 

 
Table 2: Two – way catanova test on performance of male and female pupils of primary in Ofu 
local Government Area of Kogi State in common entrance examination for the year 2021 
DISTRICTS 
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Total sum of squares (TSS)  = n  -      ∑ 𝑛2. . 𝑘/𝑛𝑘    
  =  1804  -  (4792  + 3082  + 2592  + 932  + 2552  +4102)/ 1804  
         =  1804 – 633160/1804 
  =  1804 – 350.9756 
 TSS = 1453.0244. 
 

Between sex sum of squares (BSSS) =  n -   ∑ 𝑛2𝑖. 𝑘/𝑛𝑖𝑘 𝑖   
             = 1804 – (3172  +  1892  +1562  +392  +1362  +2102)/1047  + (1622  +1192  +1032  
+542  +1192  +2002) / 757    
  = 1804  -  (214.5778 + 142.7886) 
  =  1804  -  357.3664 
 BRSS = 1446.6336. 
 

Between districts sum of squares (BDSS) = n - ∑ 𝑛2. 𝑗𝑘/𝑛𝑗𝑗𝑘    

  =  1804  -  (2192  +1132 + 1062 + 212 +1052  +1682)/ 732  +  (1102 + 1232 +742 
+112  + 752  + 1392)/526   
  = 1804  -  (152.5355 + 96.4469 + 112.1521) 
  = 1804  - 361.1345 
 BDSS = 1442.8655. 
 
Row sum of squares (RSS) = TSS – BDSS  
      = 1453.0244 – 1446.6336 
     = 6.3908 
  RSS = 6.3908. 
 
Column sum of squares (CSS) = TSS – BDSS 
     = 1453.0244  -  1442.8655 
     = 10.1588 
 

Source of variance Degree  of freedom Sum of squares 

Row or factor levels or sexes 1 6.3908 

Districts  2 10.1588 

Sex x districts 10 1.3334 

Residual  1790 1435.1414 

Total  1803 1453.0244 

 
Table 3: Catanova table 

 
 

Ho: Performance is independent of the districts. 
H1: Performance is dependent on the districts. 
 
The test statistic =  χ2 

cal  = k – 1(n-1)CSS/ TSS 
 = (6-1)1804 – 1) 10.1588/  1453.0244 
 =  63.0282. 
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 χ2

 tab  =  χ2 (0.05)
(J-1)(K-1)   =    χ2 (0.05) 

(3-1)(6-1)  = 18.307. 
 
Decision Rule: Reject Ho if  χ2 

cal 
 is greater than  χ2 

tab 
 

Conclusion:  
Since  χ2 

cal   = 63.0283 > χ2
 tab   = 18.307, we reject Ho and conclude that performance depends on the 

districts. 
 
To determine which of the districts perform best, we compute the proportions of students that 
passed and failed in each districts as follows:  
Proportion of pupils in Ugwolawo district that passed is  
Pug  passed = nug pass/ Nug     0.77. 
Proportion of pupils in Ugwolawo district that failed is  
Pug failed = nug failed/Nug = 168/732 = 0.23. 
Proportion of pupils in Igalaogba district that passed is  
Pig passed = nIg passed/NIg= 443/546 = 0.81. 
Proportion of pupils that failed in Igalaogba is  
Pig failed = nig failed/Nig = 103/546 = 0.19. 
Proportion of pupils in Itobe that passed is  
PIt passed = nIt passed/NIt = 387/526 = 0.74. 
Proportion of pupils in Itobe that failed is  
Pit failed = nIt failed/NIt = 139/526 = 0.26. 
 
The proportions of pupils that passed in each district in the decreasing order is as follows:  
Igalaogba   =  0.81 
Ugwolawo =   0.77 
Itobe  = 0.74. 
 
Similarly, the proportion of pupils that failed in each district in the increasing order is as follows:  
Igalaogba  = 0.19 
Ugwolawo  = 0.23 
Itobe =  0.26. 
 
 

4.   Conclusion 
 
From the foregoing, it shows that performance depends on the district. This means that 
performance of any chosen pupil depends on which district the pupil comes from. From the result 
obtained, pupils from Igalaogba district performed better than the other two districts with the Itobe 
district having the poorest. The researcher therefore recommended that the government special 
science college should be located at Igalaogba district.  
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Numerical solutions of higher-order second kind 
Fredholm integro-differential equations with modified 

homotopy analysis method 
 
 

M. D. Aloko*, J. A. Osilagun†, and Johnson D. Audu‡ 

                                   

 
 

Abstract 
 

We present a modified Homotopy Analysis Method (MHAM) for solving higher-order 
nonlinear Fredholm integro-differential equations. This approach utilizes the homotopy 
principles but introduces two auxiliary parameters to construct a modified homotopy. The 
Parameters make it easier to analyze linear and strongly nonlinear problems without 
linearizing the problems directly. The series solution including the recurrence relations are 
carefully developed and presented explicitly without the need of applying any discretization. 
The error estimates are tabulated while the solution plots are graphically displayed. When 
compared with exact solutions and other traditional methods, our scheme proved reliable, 
efficient, and cost-effective. 

 
Keywords: homotopy; higher order; Fredholm- integro-differential equations; decomposition. 
 
 

1.   Introduction 
 

Nonlinear Fredholm equations naturally serve as model equations for many memory-dependent 
dynamical systems. These include population dynamics, epidemiology, and diffusion [20]. As a result, 
a lot of research has been directed towards approximating different kinds of Nonlinear Fredholm 
equations. Cubic spline collocation methods have recently been used for Integro-Differential equation 
systems [18], convolution integral approach [12], application of Legendre polynomials [18], Taylor 
collocation [18,6], and method of Chebyshev’s polynomials [14]. Maleknejadel et al applied Berstein 
Operation Matrix to solve higher order-Volterra-Fredholm Integral-Differential equations [17]. More 
recent, high-order approximations techniques are employed in [4, 5]. Parameter variation approach 
for different problems related to Integro-differential equation systems is presented in [16].  In [18], a  
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new modified Adomian method is presented while a numerical solution for the Taylor expansion 
method for Fredholm integral equations is contained in [19]. 
 

In this paper, we propose and implement an iterative scheme modified Homotropy Analysis 
Method (MHAM) to approximate the following integro-differential equation. 
 

u(m)(𝑥) = β(𝑥) + μ∫ G(𝑥, s)u(𝑛)(s)
g(x)

a
ds,      (1) 

 
subject to the initial conditions 
 

u(𝑘)(0) = 𝑐𝑘,            

where 𝑐𝑘, 𝑘 = 0, 1, … (𝑚 − 1) , 𝑘, 𝑛 , 𝑎𝑛𝑑  𝑚  are   integers with 𝑛 < 𝑚. 
 
It is worthy to note that some complicated problems   that cannot be handled with our classical 
method are covered in [13, 3, 9]. 
 

In the remainder of this section, we present a general framework of the problem. In Section 2, the 
main ideas of homotopy including the series solutions and recurrence equations are presented while 
our modified homotopy scheme is provided in Section 3. In Section 4, we numerically implemented 
our scheme on some higher-order integro-differential equations and compared our approximate 
solution with the exact solution and conventional HAM. 

                   
 

2.   Homotopy analysis method (HAM) 
 

The Homotopy analysis method employs the concepts of homotopy from topology to generate a 
convergent series solution from nonlinear systems, however, instead of using the traditional 

homotopy, a nonzero auxiliary parameter ℎ, referred to as the convergence –control parameter was 

introduced and nonzero auxiliary function 𝐻(𝑥) is used to construct the homotopy Analysis Method. 
We consider the following differential equation 
 

                         ℵ𝑢(𝑥) = 0,                                                                                               (2) 
 

where, ℵ is non-linear operator, 𝑢(𝑥) is an unknown function of independent variable 𝑥. Let 𝑢0(𝑥) 
denotes an initial approximation of 𝑢(𝑥) and ℒ denotes an auxiliary linear operator with the property: 
 

ℒ[β(𝑥)] = 0 when   β(𝑥) = 0.       (3) 
 

Using equation (1), we define the non-linear operator as 
 

     ℵ[𝑢(𝑥)] = 𝑢(𝑚)(𝑥) − β(𝑥) − μ∫ G(𝑥, s)u(𝑛)(s)
g(x)

a
ds .                                              (4)           

                           

Let ℒ = 𝐼 𝑎𝑛𝑑 𝐻(𝑥) = 1, then to construct the so- called homotopy method, the following family 
of equation is used 
 

(1 − 𝑟)ℒ[𝜑(𝑥; 𝑟, ℎ) − 𝑢0(𝑥)] = 𝑟ℎ𝐻(𝑥)ℵ[𝜑(𝑥; 𝑟, ℎ)],   (5) 
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where, 𝑟 ∈ [0,1] is an embedding parameter, 𝜑(𝑥, 𝑟) is a function of 𝑥 𝑎𝑛𝑑 𝑟, ℎ is a non-zeros 

auxiliary parameter and 𝐻(𝑥) is a non-zero auxiliary function. When 𝑟 = 0, from equation (5), we 
have  

ℒ[𝜑(𝑥; 0, ℎ) − 𝑢0(𝑥)] = 0.                           (6) 

 

It follows that 

𝜙(𝑥; 0, ℎ) = 𝑢0(𝑥),
𝑟 = 1,
ℵ[(𝜙(𝑥; 1, ℎ)] = 0; 𝑥 ≥ 0,
𝑠𝑢𝑏𝑗𝑒𝑐𝑡
𝜙(𝑥; 1, ℎ) = 0. }

 
 

 
 

       (7) 

Since ℎ ≠ 0,𝐻(𝑥) ≠ 0 and from the definition in equation (4), equations (7) are equivalent 

provided 𝜑(𝑥; 1, ℎ) = 𝑢(𝑥). 

As the embedding parameter 𝑟 increases from 0 to 1, the solution 𝜑(𝑥; 𝑟) of equation (2) 

depends upon the embedding parameter 𝑟 and varies from the initial approximation 𝑢0(𝑥) to the 

solution 𝑢(𝑥) of equation (2), see [3]. In topology, such a kind of continuous variation is called 
deformation. The zeroth-order deformation for equation (1) is constructed as 

ℵ[𝑢(𝑥)] = 𝑢(𝑛)(𝑥) − β(𝑥) − μ∫ k(𝑥, s)u(𝑚)(s)
h(x)

a

ds .                                                                (8) 

     

(1 − 𝑟)[𝜑(𝑥; 𝑟, ℎ) − 𝑢(𝑥; 0, ℎ)] = 𝑟ℎ(𝑥) [
𝜕𝑛𝜑(𝑥;𝑟,ℎ)

𝜕𝑥𝑛
− β(𝑥) − μ∫ k(𝑥, s)u(𝑛)(s)

h(x)

a
ds] ,

𝑜𝑟
(1 − 𝑟)[𝜑(𝑥; 𝑟, ℎ) − 𝑢0(𝑥)] = 𝑟ℎ(𝑥)ℵ[𝜑(𝑥; 𝑟, ℎ)].

}    (9)       

              

Expand 𝜑(𝑥; 𝑟, ℎ) in Taylor series with respect to 𝑟 , we get  

𝜑(𝑥; 𝑟, ℎ) = 𝜑(𝑥; 0, ℎ)

+ ∑
𝑟𝑚

𝑚!

∞

𝑚=1

𝜕𝑚

𝜕𝑟𝑚
𝜑(𝑥; 𝑟, ℎ)|

𝑟=0
.                                                                                   (10) 

 

Let 𝑢𝑚(𝑥, ℎ) =
1

𝑚!

𝜕𝑚𝜑(𝑥;𝑟,ℎ)

𝜕𝑟𝑚
|𝑟=0 .  Using equations (5) and (6), if the auxiliary linear operator, the 

initial approximation, the auxiliary parameter ℎ and the auxiliary function are properly chosen, the 
series equation (9) converges at r=1, then we have 

𝜙(𝑥; 𝑟, ℎ) = 𝑢0(𝑥) + ∑ 𝑢𝑚(𝑥, ℎ)𝑟
𝑚 .                                                                                         ∞

𝑚=1 (11) 
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Equation (11) provide a relationship between the initial approximation 𝑢0(𝑥)) and the exact solution 

𝑢(𝑥) by means of the terms 𝑢𝑚(𝑥) (𝑚 = 1, 2, … ) which are unknown and defining the vector 𝑢⃗ 𝑛 =
{𝑢0(𝑥), 𝑢1(𝑥),… 𝑢𝑛(𝑥)}.  

Differentiating equation (9) with respect to 𝑟  yields 

(1 − 𝑟)
𝜕𝜑(𝑥;𝑟,ℎ)

𝜕r
− 𝜑(𝑥; 𝑟, ℎ) − 𝑢0(𝑥) = ℎℵ[𝜑(𝑥; 𝑟, ℎ)] + 𝑟ℎ

𝜕ℵ(𝜑(𝑥;𝑟,ℎ))

𝜕r
.                    (12) 

 

Setting 𝑟 = 0, equation (12) yields  
 

𝜕𝜑(𝑥;𝑟)

𝜕r
|𝑟=0 = ℎℵ[𝜑(𝑥; 𝑟)]|𝑟=0.                        (13) 

 

Differentiating equation (11) with respect to 𝑟, gives  
 
𝜕𝜑(𝑥;𝑟,ℎ)

𝜕𝑟
= ∑ 𝑚𝑢𝑚(𝑥, ℎ)𝑟

𝑚−1∞
𝑚=1  ,  

= 𝑢1(𝑥, ℎ) + ∑ 𝑚𝑢𝑚(𝑥, ℎ)𝑟
𝑚−1∞

𝑚=2 .             (14) 

 

Using equation (14) and equation (13), the deformation equation of first-order is obtained as: 
 

𝑢1(𝑥, ℎ) = ℎℵ(𝑢0(𝑥, ℎ)),

𝑢1(𝑥, ℎ) = ℎ (𝑢0(𝑥) − β(𝑥) − μ∫ (k(𝑥, s)𝑢0
(𝑛)(s)

h(x)

a
𝑑𝑠) .

.

}      (15) 

Differentiating equation (12) with respect to 𝑟  and setting  𝑟 = 0, 
 

−2
𝜕𝜑(𝑥;𝑟,ℎ)

𝜕r
+ (1 − 𝑟)

𝜕𝜑(𝑥;𝑟,ℎ)

𝜕r
= 2ℎ

𝜕ℵ(𝜑(𝑥;𝑟,ℎ))

𝜕r
+ 𝑟ℎ

𝜕2ℵ(𝜑(𝑥;𝑟,ℎ))

𝜕r2
 . 

                                     
Using equation (14) and equation (15), to obtain 
 

−2𝑢1(𝑥, ℎ) + ∑ 𝑚𝑢𝑚(𝑥, ℎ)𝑟
𝑚−1

∞

𝑚=2

+ (1 − 𝑟)[2𝑢2(𝑥, ℎ) + ∑ 𝑚(𝑚 − 1)𝑢𝑚(𝑥, ℎ)𝑟
𝑚−2

∞

𝑚=2

 

          = −2ℎ[𝑢1(𝑥, ℎ) + ∑ 𝑚𝑢𝑚(𝑥, ℎ)𝑟
𝑚−1∞

𝑚=2 ] − 2ℎℵ(𝑢0(𝑥, ℎ) + 𝑞ℎ
𝜕2ℵ(𝜑(𝑥,𝑟)

𝜕𝑟2
. 

Setting  𝑟 = 0, the second-order deformation equation is also obtained as 
 

𝑢2(𝑥, ℎ) = (1 + ℎ)𝑢1(𝑥, ℎ) − hμ(∫ (k(𝑥, s)𝑢0
(𝑛)(s)

h(x)

a
)𝑑𝑠).  

   

To determine the 𝑚𝑡ℎ -order deformation, differentiating equation (11)  𝑚 –times with respect to 𝑟 

and then setting 𝑟 = 0, using equations (13)-(15), we have  
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𝜕𝑚

𝜕𝑟𝑚
(1 − 𝑟)[𝜑(𝑥; 𝑟, ℎ) − 𝑢0(𝑥)]

=
𝜕𝑚

𝜕𝑟𝑚
(𝑟ℎℵ[𝜑(𝑥; 𝑟, ℎ)] − β(𝑥) − μ∫ k(𝑥, s)u(𝑛)(𝑥; 𝑟, ℎ)

h(x)

a

)𝑑𝑠. 

 

Substituting the homotopy series and dividing by 𝑚!, then  𝑚 − 𝑜𝑟𝑑𝑒𝑟 deformation equation is 
obtained as 
 

𝑢𝑚(𝑥, ℎ) = (1 + ℎ)𝑢𝑚−1(𝑥) −
h

(𝑚−1)!
∫

𝜕𝑚−1𝜑(𝑥;𝑟)

𝜕𝑟𝑚−1

h(x)

a
k(𝑥, s, )u(𝑛)(𝑥; 𝑟)|𝑟=0𝑑𝑠. (16) 

 

A partition of [a, ℎ(𝑥)], can be chosen as follows: 
 

𝑎 = 𝑥1 < 𝑥2 < ⋯ < 𝑥𝑛 = ℎ(𝑥) = 𝑏 and 𝑢𝑚(𝑥𝑖) is computed as 

𝑢𝑚(𝑥𝑖, ℎ) = (1 + ℎ)𝑢𝑚−1(𝑥𝑖, ℎ)

−
1

(𝑚 − 1)!
∫

𝜕𝑚−1𝜑(𝑥; 𝑟, ℎ)

𝜕𝑟𝑚−1

h(𝑥𝑖)

a

k(𝑥, s)u(𝑛)(𝑥; 𝑟, ℎ)|𝑟=0,   𝑥=𝑥𝑖𝑑𝑠.  

 

Using equations (6) and (7), taking inverse  ℒ−1,  (9) yields  
 

𝑢0 = 𝑢(𝑥; 0, ℎ) = ℒ−1(β(𝑥)) = 𝑏𝑖
𝑎𝑛𝑑

𝑢(𝑥; 1, ℎ) = 𝑢(𝑥)
}.       (17) 

 
Also equation (16) can be expressed as 
 

ℒ[𝑢𝑚(𝑥) − 𝑥𝑚𝑢𝑚−1(𝑥)] = ℎ𝑅𝑚𝑢⃗ 𝑚−1(𝑥).         (18) 
 

where  𝑅𝑚𝑢⃗ 𝑚−1 =
1

(𝑚−)!

𝜕𝑚−1ℵ[𝜑(𝑥;𝑟,ℎ)]

𝜕𝑟𝑚−1
|𝑟=0 and 𝑥𝑚 = {

0, 𝑚 ≤ 1
1, 𝑚 > 1  

.                                   (19) 

   
Using equation (18) 
 

𝑢𝑚(𝑥) = (1 − 𝑥𝑚)𝑢𝑚−1(𝑥) + ℎℒ
−1𝐻(𝑥)𝑅𝑚𝑢⃗ 𝑚−1(𝑥).      (20) 

 
 

3.   Derivation of modified homotopy analysis method (MHAM) 
 

A new recursion algorithm is obtained for 𝑢𝑚(𝑥) such that the initial approximant 𝑢0(𝑥) =
𝑏𝑖 obtained is decomposed into two parts 𝑏𝑖(𝑥) = 𝑏0𝑖(𝑥) + 𝑏1𝑖(𝑥) and replacing the two 

components by a series say 𝑏𝑙 of infinite component expressed as: 𝑏𝑙(𝑥) = ∑ 𝑏𝑖𝑛(𝑥)
∞
𝑛=0 .  
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Taking ℒ−1 of equation (18) and using equation (17). 
 
The scheme for the Modified Homotopy Analysis Method (MHAM) is constructed as 
 

𝑢0 = 𝑏10(𝑥),

𝑢1 = 𝑏11(𝑥) + ℎℒ
−1𝑅𝑚𝑢⃗ 0(𝑥),

𝑢2 = 𝑏12(𝑥) + ℎℒ
−1𝑅𝑚𝑢⃗ 1(𝑥),

𝑢3 = 𝑏13(𝑥) + ℎℒ
−1𝑅𝑚𝑢⃗ 2(𝑥),

∷
∷

𝑢𝑚 = 𝑏𝑖,𝑚(𝑥) − ℎℒ
−1𝑅𝑚𝑢⃗ 𝑚−1(𝑥),𝑚 = 2,3, … }

  
 

  
 

         (21) 

 

It easy to obtain where the 𝑚 − 𝑡ℎ  approximation of 𝑢(𝑥) for 𝑚 ≥ 1, that is given by 
  

.)()(

1

0 
=

+

k

m

m xuuxu           (22) 

 
Equation (21) reduces the number of terms involved in each component, and hence the size of 

calculations is minimized compared to the conventional Homotopy Analysis method only. When 𝑘 →
∞, an accurate approximate of equation (21) can be obtained with the series solution of equation (2) 
by using the initial conditions [7, 8, 1, 6]. Thus, the Modified Homotopy Analysis Method (MHAM) 
provides a numerical method for solving integro-differential classes of problems and overcome the 

difficulty of decomposing 𝑢(𝑥) with an efficient improvement over the traditional Homotopy 
Analysis Method. 

 
4.    Numerical experiment 
 

In order to analyze the results, three numerical examples are given to illustrate the accuracy and 
effective properties of the method and MAPLE- 17 package on Window 2010 is used to carry-out the 
calculation.  Results are displayed in tables and graphical plots. 
 
Example 1 [21]. 
 

Consider the third order Non-linear Fredholm integro differential equation of the second kind. 

 𝑢′′′(𝑥) = 𝑥𝑒𝑥 +
1079

360
𝑒𝑥 +

1

120
∫ 𝑒(𝑥−2𝑠)u2(s)ds
1

0
,                           (23) 

for x ∈  [0,1] with the initial condition 𝑢(0) = 2, 𝑢′(0) = 1, 𝑢′′(0) = 2 , and the exact solution 

𝑢(𝑥) = 𝑥𝑒𝑥.  
 
Using the MHAM algorithm (21), the zero deformation equation, and the Taylor series expansion: 
 

 𝑏𝑙(𝑥) = 𝑥 + 𝑥2 +
1

360
−

359

360
𝑥 −

719

720
𝑥2 + (𝑥 −

1

360
)𝑒𝑥 ≡ 𝑥 + 𝑥2 +

1

360
−

359

360
𝑥 −

719

720
𝑥2 +

(𝑥 −
1

360
) (1 + 𝑥 +

1

2
𝑥2 +

1

6
𝑥3 +

1

24
𝑥2 + Ο(𝑥5) ≡ 𝑥 + 𝑥2 +

1079

2160
𝑥3 +

1439

8640
𝑥4 +

1

24
𝑥5 
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Let 𝑏10(𝑥) = 𝑥 + 𝑥
2 = 𝑢0(𝑥),  𝑏11(𝑥) = +

1079

2160
𝑥3 +

1439

8640
𝑥4,  𝑏12(𝑥) =

1

24
𝑥5 

Setting h = −1 for each approximation, 
 

𝑢1(𝑥) = 𝑏11(𝑥) − ℎ
1

120
∫ ∫ ∫ (∫ 𝑒𝑥𝑝(𝜉 − 2𝑟)

1

0
u20(r)𝑑𝑟)𝑑𝜉𝑑𝜉𝑑𝜉

x

0

x

0

x

0
,  

𝑢1(𝑥) =  

 

𝑢2(𝑥) =  

::: 

𝑢𝑛(𝑥) = 𝑏𝑖,𝑛(𝑥) − ℎ ∫ ∫ ∫ (𝜉r)u𝑛−1
2 (r)drdξdξ

1

0

𝑥

0

x

0
  

 
The approximation solution by MHAM for the same Example 1 is written in the form:  
 

𝑢(𝑥) = 𝑢0(𝑥) + 𝑢1(𝑥) + 𝑢2(𝑥) + ⋯+ 𝑢𝑛(𝑥) =  
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𝐱𝒊 Exact Sol HAM MHAM 

𝑢5𝑀𝐻𝐴𝑀- 
APR  Sol 

ABS-E 𝑢5𝑀𝐻𝐴𝑀- 
APR  Sol 

ABS-E 

0.1 0.110517 0.110517 1.51E-07 0.110517 5.12E-11 

0.2 0.244281 0.244279 1.24E-06 0.244281 3.82E-10 

0.3 0.404958 0.404953 4.29E-06 0.404958 1.31E-09 

0.4 0.596730 0.596719 1.04E-05 0.596730 3.17E-09 

0.5 0.824361 0.824340 2.09E-05 0.824361 6.36E-09 

0.6 1.093271 1.093234 3.72E-05 1.093271 1.13E-08 

0.7 1.409627 1.409566 6.06E-05 1.409627 1.84E-08 

0.8 1.780433 1.780340 9.31E-05 1.780433 2.83E-08 

0.9 2.213643 2.213506 1.36E-04 2.213643 4.14E-08 

1.0 2.718282 2.718089 1.93E-04 2.718282 5.85E-08 

 
Table 1: Comparison of Absolute Error Table for Example 1 
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Figure 1: Graphical representation using 3-iterate of FIDE Example 1 

 

 

Example 2: Consider the initial value problem [10] 

𝑢′′′(𝑥) = 𝑒x −
1

4
(𝑒x + 1) + ∫ xs(𝑢′′)2(s)ds

1

0
,     (24) 

𝑢(0) = 𝑢′(0) = 𝑢′′(0) = 1. 

 
Using the MHAM algorithm (21), the zero deformation using equation, and Taylor series expansion 
for 
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𝑏𝑙(𝑥) =
1

4
+
𝑥

4
+
𝑥2

8
+
3

4
𝑒𝑥 −

𝑥3

24

≡ 1 + 𝑥 +
𝑥2

2
+
𝑥3

12
+
𝑥4

32
+
𝑥5

160
+
𝑥6

960
+

𝑥7

6720
+

𝑥8

53760
+

𝑥9

483840
+

𝑥10

4838400

+
𝑥11

53222400
+

𝑥12

6386688000
+

𝑥13

8302694400
+

𝑥14

116237721600
+ Ο(𝑥15)

≡ 1 + 𝑥 +
𝑥2

2
+
𝑥3

12
+
𝑥4

32
+
𝑥5

160
+
𝑥6

960
+

𝑥7

6720
+

𝑥8

53760
+

𝑥9

483840
+

𝑥10

4838400

+
𝑥11

53222400
+

𝑥12

6386688000
+

𝑥13

8302694400
+

𝑥14

116237721600
 

 

Let 𝑏10(𝑥) = 1 + 𝑥 = 𝑢0(𝑥),  𝑏11(𝑥) =
𝑥2

2
+
𝑥3

12
,  𝑏12(𝑥) =

𝑥5

160
+

𝑥6

960
, 𝑏13(𝑥) =

𝑥7

6720
+

𝑥8

53760
, 

𝑏14(𝑥) =
𝑥9

483840
+

𝑥10

4838400
, …, 

 

Setting h = −1 for each approximation, 
 

𝑢1(𝑥) = 𝑏11(𝑥) − ℎ ∫ ∫ ∫ (∫ (𝜉𝑟)(𝑢′′0)
21

0
(r)𝑑𝑟) 𝑑𝜉𝑑𝜉𝑑𝜉

x

0

x

0

x

0
=  

𝑢2(𝑥) = 𝑏12(𝑥) − ℎ ∫ ∫ ∫ (∫ (𝜉𝑟)
1

0
(𝑢′′1)

2(r)𝑑𝑟)𝑑𝜉𝑑𝜉𝑑𝜉
x

0

x

0

x

0
=  

𝑢3(𝑥) = 𝑏13(𝑥) − ℎ ∫ ∫ ∫ (∫ (𝜉𝑟)
1

0
(𝑢′′2)

2(r)𝑑𝑟)𝑑𝜉𝑑𝜉𝑑𝜉
x

0

x

0

x

0
=

 

𝑢4(𝑥) = 𝑏14(𝑥) − ℎ ∫ ∫ ∫ (∫ (𝜉𝑟)
1

0
(𝑢′′3)

2(r)𝑑𝑟)𝑑𝜉𝑑𝜉𝑑𝜉
x

0

x

0

x

0
=
 

 
 
 
 



                                                  International Journal of Mathematical Analysis and Modelling 

      Volume 5, Issue 1, May 2022, Pages 77 – 89       
 
 

 
 

87                                                      IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                                (Formerly Journal of the Nigerian Society for Mathematical Biology)  
 

𝑢5(𝑥) = 𝑏15(𝑥) − ℎ ∫ ∫ ∫ (∫ (𝜉𝑟)
1

0
(𝑢′′4)

2(r)𝑑𝑟)𝑑𝜉𝑑𝜉𝑑𝜉
x

0

x

0

x

0
=
 

:: 

𝑢𝑚(𝑥) = 𝑏𝑖𝑚(𝑥) − ℎ∫ ∫ ∫ (∫ (𝜉𝑟)
1

0

(𝑢′′𝑚−1)
2(r)𝑑𝑟)𝑑𝜉𝑑𝜉𝑑𝜉

x

0

x

0

x

0

= 

 
The approximation solution by MHAM for the same Example 2 is written in the form:  
 

𝑢(𝑥) = 𝑢0(𝑥) + 𝑢1(𝑥) + 𝑢2(𝑥) + ⋯+ 𝑢𝑛(𝑥)  
 
 

𝒙𝒊 Exact Sol 

MHAM [10] 

APR Sol n=7 ABS-E 
𝒖𝟕𝑴𝑯𝑨𝑴- APR  
Sol 

ABS-E 

0.0 1.00000 1.00000 0.00E+00 1.00000 0.00E+00 

0.1 1.10517 1.10517 2.51E-13 1.10517 2.22E-08 

0.2 1.22140 1.22140 6.49E-11 1.22140 7.58E-07 

0.3 1.34986 1.34986 1.68E-09 1.34985 6.12E-06 

0.4 1.49182 1.49182 1.70E-08 1.49180 2.74E-05 

0.5 1.64872 1.64872 1.03E-07 1.64863 8.85E-05 

0.6 1.82212 1.82212 4.46E-07 1.82189 2.33E-04 

0.7 2.01375 2.01375 1.55E-06 2.01322 5.31E-04 

0.8 2.22554 2.22554 4.56E-06 2.22445 1.09E-03 

0.9 2.45960 2.45959 1.18E-05 2.45753 2.08E-03 

1.0 2.71828 2.71825 2.79E-05 2.71458 3.70E-03 

 
Table 2: Results and Comparison of Absolute Error Table for FIDE Example 2 
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5.    Conclusion 
 

In this paper, we provided a modified Homotopy Analysis (MHAM) approach for approximating 
strongly nonlinear physical models in engineering and applied sciences that are governed by higher-
order Fredholm integro -differential equation of the second kind. 
The implementation and the numerical examples both show that our technique is efficient.  The 
scheme is simple to implement, it reduces the computational difficulty associated with other traditional 
methods. 
 
Acknowledgement: The authors would like to thank National Agency for Science and Engineering 
Infrastructure (NASENI), University of Lagos (UNILAG), and King Fahd University of Petroleum 
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On the performance of Nigerian security agencies: a 
learning rate and learning curve perspective 

 
 

 

A. O. Abam* and E. F. Nsien† 
 

 
 

Abstract 
 

Effective management of workforce is one of the most critical functions affecting the 
performance of security agencies. The development of an agency is dependent on the degree 
of performance of the workforce. The performance of workforce is the resultant effect of 
the learning curves, learning rates and level of teamwork of the personnel. Considering that 
security is key in the wellbeing of any economy and bearing in mind that learning curves and 
rates of Corps affects the performances of the agency, this work seeks to assess the 
Performance of security agencies considering their learning differences. A conceptual 
framework model for security agencies’ workforce was proposed and formulated for 
assessing the learning differences of personnel. The findings reveal that the higher the rank 
of Personnel, the lesser the amount of time required to recover as a result of experience 
compared to the low rank Corps. That, Corps have a chance to observe breaks which is 
always stated in the Corps condition of service like off duty, annual leave, tea breaks. 
Performance depends on Corps’ traits and skills acquired, on-the-job trainings, different 
learning rates, learning curves and the operational strategies employed for recruitments, 
trainings, identification of Corps’ experiences and productivity. 

  
Keywords: learning curve; process; rate; performance. 
 
 

1.   Introduction 
 

The growth and development of any organization or industry is dependent on the degree of 
performance or productivity of the workforce. Meanwhile, the performance of a workforce or 
productivity of any industry is measured based on the learning curves, learning rates and level of 
teamwork of the personnel. Considering the different operations regarding airlines, Wright in 1936 
brought to limelight the development of learning curves by assembling the costs of airlines’ 
decrement through repeated operations ([32], [4]). The work of [11] cited in [4] defined a learning 
curve as a mathematical description of workers’ performances in repetitive tasks while [1] revealed 
that learning curves, rates and skills of personnel contributes to the efficient operations and 
performance of security agencies. Research conducted by [29], [16], [10] defined learning curve as 
an efficient weapon that assesses workers’ performance in repetitive tasks, leading to reduced 
process loss due to workers’ inability in the first production cycle [4]. That 
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learning curves depend on some variables like the time of the first operations, unit numbers 
produced at each time interval, production costs and the percent of non-conforming units [12]. 
In another development, [10] revealed that repetition leads to less time demand because of due 
familiarity with working tools, strategies and operational procedures or processes. The work 
carried out by [17] as cited in [28] opined that there exist a binding force and relationship between 
workers’ personality characteristics/traits and their academic motivation with different effective 
teaching strategies. The workers’ experiences, forgetting processes, workers’ assignment strategy 
and trainings contribute to the wellbeing and productivity of any industry or security agency. In 
the light of the above, this paper seeks to assess the performance of Corps of the Nigerian Security 
Agencies using their learning rates and learning curves. 
 

Effective management of labor resources and workforce is one of the most critical 
functions affecting performance of manufacturing systems. An agency or industries’ growth and 
development is hinged on the performance and productivity of her workers. Inefficient skills 
regarding learning rates, learning curves and teamwork had contributed to the poor performances 
of security agencies. This further reveal that the security agencies are either not been equipped or 
prepared to cope with the demanding technological changes, trends and developments of the 
present economy and security challenges. Different security agencies have failed in performing or 
exercising their duties to the citizens and the nation generally. This is owing to the fact that Corps’ 
individual differences in terms learning curves, rates and lack of teamwork is not adequate to bring 
desired performance. In the light of the above, the aim of the study is to formulate and propose a 
conceptual framework model for security agencies’ learning differences, learning curves and 
learning rates. 

  
Objectively, this will be achieved by: 

i. Assessing the factors that contribute to the differences in learning curves of the personnel.  
ii. Identifying the determinants of learning rates of Corps that motivate their agility and top 

performances. 
iii. Formulate a Conceptual framework model for learning curves and learning rates of the 

Nigerian Security Agencies’ workforce using the determinant factors of learning curves 
and rates. 
 

Different scholars have studied Learning processes which generally, are used in choice menu 
configuration, job scheduling, job rotation, production development, estimation of lot conclusion 
time, evaluation of production cost reduction, optimization of tasks allocation to workers based 
on learning profiles, mitigating or checking of production losses after interruptions, breaks and 
fatigues. [8], [30] states that learning processes are affected by some factors like structure of the 
training programs. Workers’ motivations in performing their duties or tasks given to them were 
assessed by [21], [3] as another teething problem of learning processes. [23], [24] [22] revealed that 
prior or previous experiences gained in the duty or assignment given to a worker affects his/her 
learning process. However, [22] added that the respective task or assignment complexities affect 
the workers’ learning processes. The research of [5] states that mass customization popularity, a 
production strategy in manufacturing, service industry is an advantage of workers’ learning curves. 
[9], [15], [7] believes that learning curves are used in analyzing and controlling the companies 
productivity and operations. Learning curves are  
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also seen as a way to allocate responsibilities or tasks to workers according to their experiences or 
histories of learning profiles ([23], [6]). Research conducted by [20] sees learning curves as a means 
of measuring production costs as workers gain experiences while [26], [27] believes that learning 
curves estimates cost consulting and technology implementation. 
 
 

2.    Brief history of learning curves 
 

The Wright (1936) log-linear model was the first organizational learning curve given as  
 

   
 
where, y is the average time or cost needed per unit production; C is the time (cost) for the first 
unit production; x is the number of units and b is the slope of the learning curve that describes the 
learning rates of workers ([10], [31]). [14] modified Wrights model by monitoring the process with 
high percentage of non-conforming and reworked units as: 
 

 
 
where B is the number of units of prior experiences. [23] developed the exponential learning curve 
as  
 

 
 
where d is a second constant; e is the exponential value and other parameters are as defined above. 
In another development, [4] modified equation (3) above resulting to a multivariate learning curve 
analyzed using surface graphs stated as: 
 

 
 
where Ci is the coefficient for the independent variable xi; k is the performance cost to producing 
the first unit. 
 
Recall that: 
 

 
 
The power form or traditional model for experience and performance by [18] is given as  
 

 
 
where Cp is the cost of performance or production; C1 is the unit cost to produce first units; b 
represents the learning rates and q is the number of units. 
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3.    Proposed models 
 

3.1.    Proposed model for learning curves of Nigerian security agencies 
workforce 
 

According to [23], the support for counter terrorism operations is sustained and effectively 
maintained with the help of understanding the learning abilities and capabilities of the workforce. 
From (4) above, modifying [4] model by introducing other parameters of Nigerian Security 
Agencies we have the following proposed model. 
 

 
 

 
 

 
 
From equations (9) and (10), “y” is the average time or cost needed per unit performance or 
production. “k” is the performance cost of producing the first unit; “U” is a multi-objective 
function comprising of the learning curve, learning rate, fatigue, interruptions and breaks. “U” is 
the coefficient for the independent variable xi; “a” is the learning rate deviation; “c” is the learning 
curve deviation; “d” is the breaks deviation; “f” is the fatigue deviation; “h” is the interruptions 
deviation; “x” is the independent variable representing the number of units in the production 
process; “b” is the slope of the learning curve that describes the learning rates of workers. 
 

3.2.  Proposed conceptual model for learning curves and learning rates of 
Nigerian security agencies workforce 
 

In order to develop the conceptual model for the learning curves and rates of Nigerian Security 
Agencies’ Workforce, the [19] organizational learning curve was modified. [2] defined the learning 
curve of a workforce as the constituent of the performance, capabilities, learning abilities and 
responses of a security agency’s workforce. Meanwhile, learning curve consists of the movement 
from an individual action (personal experiences got) to organizational action (actions taken by 
Corps dependent on the agencies’ vision and mission statements) to environmental responses and 
finally individual beliefs. This is represented in a circular form below. 
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Figure 1: Organizational Learning cycle (Adopted from [19]). 
 
 
Recall that, “Organizations can differ in terms of the amount of experience, the nature of 
experience, the ability to learn from experience, the amount of deliberate learning activities, the 
nature of deliberate learning activities, the ability to learn from deliberate activities, the ability to 
translate learning into better organizational knowledge, the ability to change behavior in response 
to better organizational knowledge, and the ability to obtain better organizational performance as 
a result of changed behavior” [18]. [13] revealed that, resources allocation is a proponent of the 
learning process since the personnel awareness contributes to the learning curves, rates and 
learning processes of an organization. Meanwhile, the elements of organizational learning 
processes include: the vision and mission of the organization, better knowledge acquired (on-the-
job training or refresher courses), improving actions resulting from the experiences got from the 
in-house training or refresher courses and on-going efforts (the continuous objective processes, 
activities of achievements obtained from the agencies’ set goals and objectives). 
 
 
                              

                    
Figure 2: Proposed Conceptual framework model for the Learning Process of Security Agencies 
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From Figure 2, above each of the stages is represented in a conceptual model framework as shown 
below. 
 
 
 
                                              

 
 

Figure 3: Proposed determinants of the Learning Curve of the Security Agencies’ workforce. 
 
 
 

                                
Figure 4: Proposed determinants of the Learning Process of the Security Agencies’ workforce. 
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Figure 5: Proposed determinants of the Learning Rate of the Security Agencies’ workforce. 

 
 

 
 

Figure 6: Conceptual Framework/Model of the Learning Curves of Personnel 
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4.   Discussion 
 

Task or schedules allotted to personnel on the first phase of the conceptual framework depends 
on their provenness, tacitness and personal observable traits. The second phase (the learning 
curves) handles the corps history of learning, performances, experience and demands in the course 
of carrying out their duties. Meanwhile, the third phase (learning rates) has proponent factors of 
the corps’ beliefs, actions, level/degree of assimilations and environmental responses while the 
fourth phase called the learning process involves the nature of services rendered, teaching and 
production strategies with impacts of communication skills. However, the service delivery (final 
phase) uses the corps’ vision and mission statements with operational structures to achieve the 
agencies’ set objectives. At this stage, each personnel thrive to meet the standards of the operations 
of the corps, thereby evaluating the agency as either being productive (personnel is awarded) or 
unproductive (personnel is withdrawn from the task or service).    
 

Generally, at every planning stage, Corps on-the-job training, skills acquired, overtime task 
carried out, availability to a task or scheduled duty, tea breaks or off-duties given, different 
interruptions, personality traits/ranks and fatigue are considered so as to inform decision makers 
on what, how, when to employ (hire), dismiss, sack or retrench (fire) and train personnel 
(induction/refresher courses and on-the-job trainings). This research work reveals that corps 
differences in terms of ranks, skills and handling of machines (arms) aid predictions in 
recruitment/employment, retrenchment (retirement /dismissal), training as well as the nature of 
breaks given. However, Corps on off duty (not working at regular times) do not have breaks. The 
findings posit that the higher the rank of Personnel (Corps) the lower or the lesser the amount of 
time required to recover as a result of experience gathered compared to the low ranking Corps. 
More Corps employed/recruited and trained at the entry point seems to have very low skills and 
personality level regarding the job.  

 
 

5.   Conclusion 
 

From the findings, every Corp has a chance to observe break time as stated in the Corps condition 
of service regarding off duty, annual leave, tea breaks etc. That, Corps performance depends on 
the traits or skills acquired, on-the-job trainings, different learning rates and learning curves and 
the operational strategies employed by agencies in recruitments, trainings, identification of 
different Corps’ experiences and productivity. The research work proposed conceptual model of 
learning curves, and rates of personnel of the Nigerian Security Agencies.  
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Abstract 
 

In this paper, we established the basic reproductive number of the Nipah virus disease, the 
DFE and endemic equilibrium of the SIR disease model. We deploy the next generation 
matrix approach to obtain sufficient conditions under which the basic reproductive number 
was obtained. We then perform a sensitivity analysis of the model, which helped us come 
up with some proposed policies to assist stake holders on the right policies to apply. The 
study aimed at analyzing the sensitivity of the parameters in relations to the basic 
reproductive number of the proposed disease model; to achieve this we use the following 
objectives: (1) obtain the basic reproductive number of the model (2) perform sensitivity 
analysis of the model. From our analysis, some of the followings were drawn as conclusions. 
It was discovered that some parameters were found to be positively contributing to the 

spread of the disease, parameters like , which is the recruitment parameter for the model, 

, this parameter is the effective contact rate, while some other parameters reduce the 

spread of the disease, parameters like 𝜏1, which is the proportion of infected that goes for 

treatment, while , natural death. 
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1.   Introduction 
 

Nipah virus (NiV) infection is an emerging pathogen endemic to Southeast Asia that can be 
transmitted from its reservoir (wild animals, fruit bats, pigs etc) to human. NiV is a zoonotic virus 
(that is, it is transmitted from animals to humans) and can also be transmitted through contaminated 
food or directly between people [13]. It was first detected in the 1998–1999 outbreaks in Kampung 
Sungai Nipah, Malaysia and then Singapore, with seasonal outbreaks in Bangladesh and India since 
2001, and a suspected 2014 outbreak in the Philippines. It derived its name from Sungai Nipah, a 
village in Malaysia where the virus was first detected in 1998 [1]. In Africa there has been an outbreak 
in Madagascar, which shows that Africa is not spear of this new deadly zoonotic virus [5]. 
 

In the 1998-99 Malaysia outbreak, NiV spillover occurred from bats to pigs, which led to pig-
to-pig, pig-to-human, and suspected, although limited, human-to-human NiV transmission [11]. After 
the first noticeable outbreak in Malaysia, NiV infection has subsequently been recognized in 
Bangladesh in 2001 and nearly annual outbreaks have occurred in this country ever since, with disease 
also identified periodically in eastern India; case fatality rates during outbreaks in these countries have 
ranged from 75% to 100%. Other regions may be at risk for NiV infection, as serologic evidence for 
NiV has been found in the known natural reservoir (Pteropus bat species) and several other bat species 
in a number of other countries, including Cambodia, Thailand, Indonesia, Madagascar, Ghana, and 
the Philippines [12]; [8]. 

 
 

2.   Model formulation 
 

2.1.  Model assumption 
 

The development of the model is based on the following assumptions: 
 

i. Those recruited into the system are not infected or contacted the disease.  
ii. We focus on the Malaysia (NiVM) strain.  
iii. There is an Intensive supportive care for those infected with the virus that goes for treatment. 
iv. The treatment given to those infected is the combinational therapy method, because as the 

time of this study there is no single specific approach or method for treating Nipah virus 
disease. 

v. Nipah virus is seen to be a highly emerging disease and no single drug is available yet for its 
treatment.  

vi. Humans can contact the disease by contact with infected bats, infected pigs or infected 
humans.  

vii. The infected individual can recover either by care giving/combinational therapy or naturally. 
viii. One can recover from the infection without treatment. 
ix. Once recovered a person or animal cannot get the virus again. 
x. We assume the latent class is merge with the infectious class. 
xi. Pigs get infected by contact with infectious pigs or infectious bats.  
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xii. People or pigs can die naturally or as a result of the disease. 
xiii. Bats are natural carrier of Nipah virus disease. 
xiv. The pigs are caged so that they do not roam to eat defecations from humans that are infected. 

 
Now, putting these assumptions together we have a model flow diagram and thus the model equations 
for the transmission dynamics of the Nipah virus and its control. 
 
Model variables for the Nipah virus model 
 
𝑆𝐻 - susceptible humans                 
𝐼𝐻  - infectious humans      

𝐼𝐻𝑇-  infectious humans receiving treatment 
 𝑅𝐻 - recovered humans          
𝑆𝑃 - susceptible pigs                 
𝐼𝑃  - infectious pigs      

𝐼𝑃𝑇-  infectious pigs receiving treatment 
 𝑅𝑃 - recovered pigs           
𝑆𝐵 - Susceptible bats, with strong immune response capable of controlling the infection. 
𝐼𝐵 - infectious bats      
  
Parameters and their interpretations for the Nipah virus model 
 

ʌ𝐻 -  Constant recruitment of human through birth and migration 

ʌ𝑃 -  Constant recruitment of pig through birth and purchase of new pigs into the animal society    

ʌ𝐵 -  Constant recruitment of bats by births and migration of bats into the bat population.  
𝑁𝐻 – Total human population 
𝑁𝑃 – Total pig population 
𝑁𝐵 – Total bat population                 

𝜇𝐻 - Natural death rate for humans         
𝜇𝑃 - Natural death rate for pigs         
µ𝐵 – Natural death rate for bats. 

𝛽1 - Effective contact rate for humans    

𝛽2- Effective contact rate of pigs 

𝛽3 - Effective contact rate of bats 

𝜏1 – Proportion of infected human that goes for treatment 

𝜏2-  Proportion of infected pigs taken for treatment   

𝛿1  -rate at which humans die as a result of the disease in the infectious human class 
 

𝛿2- rate at which humans die as a result of the disease in the infectious treated human class undergoing 
treatment.   

𝛿3  -rate at which pigs die as a result of the disease in the infectious pig class not undergoing treatment. 

𝛿4- rate at which pig dies as a result of the disease in the infectious pig class undergoing treatment.   
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𝛿5  -rate at which bats die as a result of human activities. 

 𝛾1   - rate at which infectious human recovers    
 𝛾2- rate at which infectious human undergoing treatment recovers   

𝛾3   - rate at which infectious pigs recovers   

𝛾4- rate at which infectious treated pigs recovers    

𝑛0 - modification parameter associated with reduced infectiousness of infected humans, 0 ≤ 𝑛0 ≤ 1   

𝑛1 - modification parameter associated with reduced infectiousness of infected pigs as compared to 

infected humans, 0 ≤ 𝑛1 ≤ 1    

𝑛2 -   - modification parameter associated with reduced infectiousness of infected pigs as compared 

to infected humans, 0 ≤ 𝑛2 ≤ 1. 
𝜆 – this is the force of infection 
 
 

2.2.   Model equations on NiV infection without inhibiting parameters 

 
 
𝑑𝑆𝐻

𝑑𝑡
= 𝛬𝐻 −

𝛽1[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
− 𝜇𝐻𝑆𝐻 ,        (1)          

𝑑𝐼𝐻

𝑑𝑡
=

 𝛽1[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
− [𝛾1 + 𝜏1 + 𝜇𝐻 + 𝛿1]𝐼𝐻,        (2)         

𝑑𝐼𝐻𝑇

𝑑𝑡
=    𝜏1𝐼𝐻 − [𝛾2 + 𝜇𝐻 + 𝛿2]𝐼𝐻𝑇,                                                   (3)           

 
𝑑𝑅𝐻

𝑑𝑡
= 𝛾1𝐼𝐻 + 𝛾2𝐼𝐻𝑇  −  𝜇𝐻𝑅𝐻 ,                                                         (4) 

𝑑𝑆𝑃

𝑑𝑡
= 𝛬𝑃 −

 𝛽2[𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝑃

𝑁𝑃
− 𝜇𝑃𝑆𝑃,                                      (5)      

𝑑𝐼𝑃

𝑑𝑡
=

 𝛽2[𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝑃

𝑁𝑃
− [𝛾3 + 𝜏2 + 𝜇𝑃 + 𝛿3]𝐼𝑃,                     (6) 

𝑑𝐼𝑃𝑇

𝑑𝑡
=    𝜏2𝐼𝑃 − [𝛾4 + 𝜇𝑃 + 𝛿4]𝐼𝑃𝑇,                                                     (7)                

𝑑𝑅𝑃

𝑑𝑡
= 𝛾3𝐼𝑃 + 𝛾4𝐼𝑃𝑇  − 𝜇𝑃𝑅𝑃,                                                              (8) 

𝑑𝑆𝐵

𝑑𝑡
= 𝛬𝐵 −

 𝛽3𝐼𝐵 𝑆𝐵

𝑁𝐵
 − 𝜇𝐵𝑆𝐵 ,                                                                (9) 

𝑑𝐼𝐵

𝑑𝑡
=

 𝛽3𝐼𝐵 𝑆𝐵

𝑁𝐵
 −   [𝜇𝐵 + 𝛿5]𝐼𝐵 .                                                              (10) 

 
 

3.   Positivity of solutions 
 

Since there is a portion of the system of equations in (4.1) to (4.10) represents the non-inhibitor 
populations, it is necessary to reflect on the fact that the associated population sizes can never be 
negative. Thus, we establish the positive invariance of  Ω1  to be given as:  
 

 Ω1 = { (𝑆𝐻(𝑡), 𝐼𝐻(𝑡), 𝐼𝐻𝑇(𝑡), 𝑅𝐻(𝑡),𝑆𝑃(𝑡), 𝐼𝑃(𝑡), 𝐼𝑃𝑇(𝑡),𝑅𝑃(𝑡),𝑆𝐵(𝑡), 𝐼𝐵(𝑡) ) ∈  ℜ+
10  }then                 

  {𝑆𝐻(𝑡), 𝐼𝐻(𝑡), 𝐼𝐻𝑇(𝑡), 𝑅𝐻(𝑡),𝑆𝑃(𝑡), 𝐼𝑃(𝑡), 𝐼𝑃𝑇(𝑡),𝑅𝑃(𝑡),𝑆𝐵(𝑡), 𝐼𝐵(𝑡)  𝑎𝑛𝑑 𝑁1(𝑡)} ≥ 0, ∀ 𝑡 ≥ 0    
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There is need for all the variables to be non-negative for all time.  This analysis ensures that the model 
is well posed and that it is realistic in representing the populations with non-negative values. A 
Mathematical equation is said to be well posed, if it has a solution and that solution should be unique 
and the solution must depend continuously on the data and parameters [9]; [2].  
 
Theorem 1:  The solutions set for the non-inhibitor sub-model 
(𝑆𝐻(𝑡), 𝐼𝐻(𝑡), 𝐼𝐻𝑇(𝑡), 𝑅𝐻(𝑡), 𝑆𝑃(𝑡), 𝐼𝑃(𝑡), 𝐼𝑃𝑇(𝑡),𝑅𝑃(𝑡),𝑆𝐵(𝑡), 𝐼𝐵(𝑡) ) ∈  ℜ+

10, are contained in the 

feasible solution Ω1. We describe the feasible solution to be such a state, where at the origin of the 
disease, the (𝑆𝐻(𝑡), 𝐼𝐻(𝑡), 𝐼𝐻𝑇(𝑡), 𝑅𝐻(𝑡),𝑆𝑃(𝑡), 𝐼𝑃(𝑡), 𝐼𝑃𝑇(𝑡),𝑅𝑃(𝑡),𝑆𝐵(𝑡), 𝐼𝐵(𝑡)) are non-zero;  
 
Proof:  Let {𝑆𝐻(𝑡), 𝐼𝐻(𝑡), 𝐼𝐻𝑇(𝑡), 𝑅𝐻(𝑡),𝑆𝑃(𝑡), 𝐼𝑃(𝑡), 𝐼𝑃𝑇(𝑡),𝑅𝑃(𝑡),𝑆𝐵(𝑡), 𝐼𝐵(𝑡)  𝑎𝑛𝑑 𝑁1(𝑡)} ≥ 0, ∀ 𝑡 ≥
0. 
    
We show that Ω1 is positively invariant so that it is sufficient to consider the dynamics of the model 
system      
 
From  (1): 

                            
𝑑𝑆𝐻

𝑑𝑡
= 𝛬𝐻 −

𝛽1[ ɳ0𝐼𝐻+ɳ1𝐼𝑃+ ɳ2𝐼𝐵]𝑆𝐻

𝑁𝐻
− 𝜇𝐻𝑆𝐻   

                                  ⇒ 
𝑑𝑆𝐻

𝑑𝑡
≥ −[

𝛽1[ ɳ0𝐼𝐻+ɳ1𝐼𝑃+ ɳ2𝐼𝐵]

𝑁𝐻
+ 𝜇𝐻] 𝑆𝐻  . 

      
Next, we integrate both sides 
 

                            ∫
𝑑𝑆𝐻

𝑆𝐻
 ≥ − ∫ [

𝛽1[ ɳ0𝐼𝐻+ɳ1𝐼𝑃+ ɳ2𝐼𝐵]

𝑁𝐻
+ 𝜇𝐻]  𝑑𝑡              

                               ln 𝑆𝐻  ≥ − [
𝛽1[ ɳ0𝐼𝐻+ɳ1𝐼𝑃+ ɳ2𝐼𝐵]

𝑁𝐻
+ 𝜇𝐻] 𝑡 +  𝑆(𝑡)     

    
Take exponential of both sides 
 

                                 𝑆𝐻  ≥ 𝑆𝐻1(𝑡)𝑒
−[

𝛽1[ ɳ0𝐼𝐻+ɳ1𝐼𝑃+ ɳ2𝐼𝐵]

𝑁𝐻
+ 𝜇𝐻]𝑡

 .     
    
At t=0, 

                                         𝑆𝐻  ≥ 𝑆(0) . 
This implies that 

                                         𝑆𝐻  ≥  0.  
 
Similarly, we do this approach for the other variables, by this we have shown that all the solutions of 

(1 to 10) are inℜ+
10, provided that the initial conditions are positive. Thus, our feasible region, Ω1 is 

positively invariant. Therefore, the model is mathematically well posed and epidemiologically 
reasonable. Hence, it is sufficient to consider the dynamic of the model (1 to 10 ) in Ω1 [7].       
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4.   Disease free equilibrium (DFE) 
 

Using the sub-model for the human without inhibitor as control, the force of infection for the non-

inhibitor sub-model is given to be 𝜆𝐻 = 
 𝛽1[𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
   

 
Before we go further into the analysis, we must first determine the equilibrium points of the modelled 
system of equations. 
 
To find the equilibrium point(s) for the non-inhibitor human compartment, we need to set the above 
equations (1), (2), (3), and (4) to zero, that is: 
 

                                      
𝑑𝑆𝐻

𝑑𝑡
= 0, 

𝑑𝐼𝐻

𝑑𝑡
= 0, 

𝑑𝐼𝐻𝑇

𝑑𝑡
= 0, 

𝑑𝑅𝐻

𝑑𝑡
=  0, 

      
we have the following: 
 

0 = 𝛬𝐻 −
 𝛽1[𝑛0𝐼𝐻+𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
− 𝜇𝐻𝑆𝐻,                                              (11)          

0 =
 𝛽1[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
− [𝛾1 + 𝜏1 + 𝜇𝐻 + 𝛿1]𝐼𝐻,                           (12)   

0 =    𝜏1𝐼𝐻 − [𝛾2 + 𝜇𝐻 + 𝛿2]𝐼𝐻𝑇,                                    (13)           

0 =  𝛾1𝐼𝐻 + 𝛾2𝐼𝐻𝑇  −  𝜇𝐻𝑅𝐻                                   (14) 
 

From (11), we replace 𝛽1 with 𝑞1𝐼𝐻, then solve for 𝑆𝐻     
 

 𝑆𝐻 =  
𝛬𝐻  𝑁𝐻 

𝑁𝐻 𝜇𝐻+ 𝑞1𝐼𝐻[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
        (15)    

  

From (12), we let 𝛽1 = 𝑞1𝐼𝐻 , then solve for 𝐼𝐻    
 

0 = (
 𝑞1[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
− [𝛾1 + 𝜏1 + 𝜇𝐻 + 𝛿1]) 𝐼𝐻       (16) 

 

From (16), we found 𝐼𝐻 = 0 or   (
 𝑞1[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
− [𝛾1 + 𝜏1 + 𝜇𝐻 + 𝛿1]) = 0 ,    considering 

this result from (16), it shows us that we would have two equilibrium points. 
 

                         ⇒ (
 𝑞1𝑛0𝐼𝐻𝑆𝐻

𝑁𝐻
+

 𝑞1𝑛1𝐼𝑃𝑆𝐻

𝑁𝐻
+

 𝑞1𝑛2𝐼𝐵𝑆𝐻

𝑁𝐻
− [𝛾1 + 𝜏1 + 𝜇𝐻 + 𝛿1]) = 0         

                                                      𝐼𝐻 = (
 𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑆𝐻

 𝑞1𝑛0𝑆𝐻
). 

 

Now, substitute the new value of 𝑆𝐻 in (15) into (12).  
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                            ⇒ 𝐼𝐻 = 0 𝑜𝑟 𝐼𝐻 = (
 𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝛬𝐻

 𝑞1𝑛0𝛬𝐻
). 

      

Now we input 𝐼𝐻 = 0   into (13), (14) and (15) to get the values for 𝐼𝐻𝑇, 𝑅𝐻 and  𝑆𝐻 respectively. 
 
For (13), 
 

0 =    𝜏1𝐼𝐻 − [𝛾2 + 𝜇𝐻 + 𝛿2]𝐼𝐻𝑇    

 𝐼𝐻𝑇 = 
    𝜏1𝐼𝐻   

 [𝛾2+𝜇𝐻+𝛿2]  
  ,  

 𝐼𝐻𝑇 = 
 𝜏1 (0)   

 [𝛾2+𝜇𝐻+𝛿2]  
= 0    

 ∴  𝐼𝐻𝑇 =  0 . 
  

For (14), we solve for 𝑅𝐻  and then substitute 𝐼𝐻 = 0  and 𝐼𝐻𝑇 = 0  into the result   
  

 0 =  𝛾1𝐼𝐻 + 𝛾2𝐼𝐻𝑇  −  𝜇𝐻𝑅𝐻     

  𝑅𝐻 = 
𝛾1𝐼𝐻+ 𝛾2𝐼𝐻𝑇

𝜇𝐻
    

 ⇒  𝑅𝐻 = 
𝛾1(0)+ 𝛾2(0)

𝜇𝐻
= 0       

Then 𝑅𝐻 = 0 . 
  

Next, we substitute 𝐼𝐻 =  0 into (15) 
 

 𝑆𝐻 =  
𝛬𝐻  𝑁𝐻 

𝑁𝐻 𝜇𝐻+ 𝑞𝐼𝐻[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
   

 𝑆𝐻 =  
𝛬𝐻  𝑁𝐻 

𝑁𝐻 𝜇𝐻+ 𝑞(0)[ 𝑛0(0)+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
  

 ⇒ 𝑆𝐻 =  
𝛬𝐻   

 𝜇𝐻
 

 
 

Thus, we have the values for 𝑆𝐻, 𝐼𝐻, 𝐼𝐻𝑇, and 𝑅𝐻 . 
 
Hence the first equilibrium point (which is popularly referred to as the DFE), to be given as: 

  (𝑆𝐻 , 𝐼𝐻, 𝐼𝐻𝑇 , 𝑅𝐻) = ( 
𝛬𝐻

𝜇𝐻
 , 0, 0, 0). 

 

For the second equilibrium point, we substitute the value 𝐼𝐻
∗ =

 (
 𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻

 𝑞1𝑛0𝛬𝐻
)  into the following (13), (14), and (15) to get new values for 

𝐼𝐻𝑇, 𝑅𝐻, and 𝑆𝐻. 
 

                                    𝐼𝐻
∗ =  (

 𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻

 𝑞1𝑛0𝛬𝐻
) =   𝑊2 . 

http://www.tnsmb.org/


S. I. S. Abang, A. L. Ozioko, O. N. Nze, G. C. E. Mbah, and  
C. T. Onyia 

 

 

 

107                                              IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                              (Formerly Journal of the Nigerian Society for Mathematical Biology)  

 

   
For (13), 
 

0 = 𝜏1𝐼𝐻
∗ − [𝛾2 + 𝜇𝐻 + 𝛿2]𝐼𝐻𝑇

∗     

 𝐼𝐻𝑇
∗ = 

 𝜏1𝐼𝐻
∗    

 [𝛾2+𝜇𝐻+𝛿2]  
  ,  

 𝐼𝐻𝑇
∗ = 

 𝜏1(𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻)   

𝑞1𝑛0𝛬𝐻  [𝛾2+𝜇𝐻+𝛿2]  
=  𝑊3. 

   

For (14), we solve for 𝑅𝐻  and then substitute 𝐼𝐻
∗ = (

 𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻

 𝑞1𝑛0𝛬𝐻
)   and 𝐼𝐻𝑇

∗ =

 
 𝜏1(𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻)   

𝑞1𝑛0𝛬𝐻  [𝛾2+𝜇𝐻+𝛿2]  
    into (14). 

     

 0 =  𝛾1𝐼𝐻
∗ + 𝛾2𝐼𝐻𝑇

∗  −  𝜇𝐻𝑅𝐻
∗      

  𝑅𝐻
∗ = 

𝛾1𝐼𝐻
∗ + 𝛾2𝐼𝐻𝑇

∗

𝜇𝐻
    

   𝑅𝐻
∗ =

 
𝛾1(𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻) [𝛾2+𝜇𝐻+𝛿2]+ 𝛾2( 𝜏1(𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻))

𝜇𝐻(𝑞1𝑛0𝛬𝐻)  [𝛾2+𝜇𝐻+𝛿2]
     

𝑅𝐻
∗ =   𝑊4. 

   

For (15), we substitute 𝐼𝐻
∗ = (

 𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻

 𝑞1𝑛0𝛬𝐻
) into (15): 

𝑆𝐻
∗ =  

𝛬𝐻  𝑁𝐻 

𝑁𝐻 𝜇𝐻+ 𝑞1(
 𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻

 𝑞1𝑛0𝛬𝐻
)[ 𝑛0(

 𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻

 𝑞1𝑛0𝛬𝐻
)+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  

  

 
 
 
 
𝑆𝐻

∗ =    

  
𝛬𝐻  𝑁𝐻 𝑞1𝑛0𝛬𝐻

(𝑁𝐻 𝜇𝐻 )𝑞1𝑛0𝛬𝐻 + 𝑞
1
(𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻)[ 𝑛0( 𝑁𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞1𝑛0𝛬𝐻)+(𝑛1𝐼𝑃+ 𝑛2𝐼𝐵) 𝑞1𝑛0𝛬𝐻]  

          

        

We then let 𝑆𝐻
∗ = 𝑊1  . Now, we have the values for 𝑆𝐻

∗ , 𝐼𝐻
∗ , 𝐼𝐻𝑇

∗ , and 𝑅𝐻
∗  . 

 
Hence the second equilibrium point (that is the EE), which is given as: 

𝑆𝐻
∗  , 𝐼𝐻

∗ , 𝐼𝐻𝑇
∗ , 𝑅𝐻

∗ ) = ( 𝑊1,  𝑊2,  𝑊3,  𝑊4). 
     
We call the first equilibrium point the disease free equilibrium (DFE), while the second equilibrium 
point is called the endemic equilibrium (EE). 
 
Since we have gotten the equilibrium points for our non-linear system of equation for the uncontrolled 
disease sub-model for human, we will then analyze these equilibrium points, as they are necessary for 
our study, because it is at these points, that we will discuss the stability of the modelled system.    
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Next, we find the equilibrium for the pig compartment of the non-inhibitor compartment: 
 
 
𝑑𝑆𝑃

𝑑𝑡
= 𝛬𝑃 −

 𝛽2[𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝑃

𝑁𝑃
− 𝜇𝑃𝑆𝑃,                                        (5)      

𝑑𝐼𝑃

𝑑𝑡
=

 𝛽2[𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝑃

𝑁𝑃
− [𝛾3 + 𝜏2 + 𝜇𝑃 + 𝛿3]𝐼𝑃,                     (6) 

𝑑𝐼𝑃𝑇

𝑑𝑡
=    𝜏2𝐼𝑃 − [𝛾4 + 𝜇𝑃 + 𝛿4]𝐼𝑃𝑇,                                                      (7)                

𝑑𝑅𝑃

𝑑𝑡
= 𝛾3𝐼𝑃 + 𝛾4𝐼𝑃𝑇  − 𝜇𝑃𝑅𝑃 .                                                              (8) 

 

At this point of our discussion, we replace 𝛽2 with 𝑔𝐼𝑃, which is the rate at which susceptible pigs 
become exposed to the disease. 
 
To find the equilibrium point, we need to set the above equations (5), (6), (7), (8) to zero, that is: 
 

 
𝑑𝑆𝑃

𝑑𝑡
= 0, 

𝑑𝐼𝑃

𝑑𝑡
= 0, 

𝑑𝑅𝑃

𝑑𝑡
=  0,      

0 =  𝛬𝑃 −
 𝛽2[𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝑃

𝑁𝑃
− 𝜇𝑃𝑆𝑃,                                             (17)      

0 =
 𝛽2[𝑛1𝐼𝑃+ ɳ2𝐼𝐵]𝑆𝑃

𝑁𝑃
− [𝛾3 + 𝜏2 + 𝜇𝑃 + 𝛿3]𝐼𝑃,                           (18) 

0 =    𝜏2𝐼𝑃 − [𝛾4 + 𝜇𝑃 + 𝛿4]𝐼𝑃𝑇,                                                (19)          
 
 
 

0 = 𝛾3𝐼𝑃 + 𝛾4𝐼𝑃𝑇  − 𝜇𝑃𝑅𝑃.                                                        (20) 
 

From (17) we solve for 𝑆𝑃:      
 

 𝑆𝑃 =  
𝛬𝑃  𝑁𝑃 

𝑁𝑃 𝜇𝑃+ 𝛽2[ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
          (21)  

     

We let 𝛽2 = 𝑞2𝐼𝑃 , then we solve for 𝐼𝑃    
 

0 = (
 𝑞2[𝑛1𝐼𝑃+ ɳ2𝐼𝐵]𝑆𝑃

𝑁𝑃
− [𝛾3 + 𝜏2 + 𝜇𝑃 + 𝛿3]) 𝐼𝑃.          (22) 

 
 

For  (
 𝑞2[𝑛1𝐼𝑃+ ɳ2𝐼𝐵]𝑆𝑃

𝑁𝑃
− [𝛾3 + 𝜏2 + 𝜇𝑃 + 𝛿3]) = 0 ,      

 ⇒ (
 𝑞2𝑛1𝐼𝑃𝑆𝐻

𝑁𝑃
+

 𝑞2𝑛2𝐼𝐵𝑆𝐻

𝑁𝑃
− [𝛾1 + 𝜏1 + 𝜇𝐻 + 𝛿1]) = 0  

  𝐼𝑃 = (
 𝑁𝑃[𝛾3+𝜏2+𝜇𝑃+𝛿3]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞2𝑛1𝑆𝑃

 𝑞2𝑛1𝑆𝑃
) . 
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 From (38), we found 𝐼𝑃 = 0 or   0 =  (
 𝑞2[𝑛1𝐼𝑃+ ɳ2𝐼𝐵]𝑆𝑃

𝑁𝑃
− [𝛾3 + 𝜏2 + 𝜇𝑃 + 𝛿3])     considering this 

result from (38), it shows us that we would have two equilibrium points, one for 𝐼𝑃 = 0 and the other 

when 𝐼𝑃 = (
 𝑁𝑃[𝛾3+𝜏2+𝜇𝑃+𝛿3]−[𝑛1𝐼𝑃+𝑛2𝐼𝐵]𝑞2𝑛1𝑆𝑃

 𝑞2𝑛1𝑆𝑃
) .  

 

 Now, substitute the new value of 𝑆𝑃 in (21) into the other value for 𝐼𝑃:  
 

𝐼𝑃
∗ = 

𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝛬𝑃    −[𝛾3+𝜏2+𝜇𝑃+𝛿3] 𝑁𝑃 𝜇𝑃   

𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
=  𝑊6  .        (23)  

 

Now we input 𝐼𝑃 = 0   into (19), (20) and (21) to get the values for 𝐼𝐻𝑇, 𝑅𝐻 and  𝑆𝐻 respectively. 
 
For (19), 
 

0 =    𝜏2𝐼𝑃 − [𝛾4 + 𝜇𝑃 + 𝛿4]𝐼𝑃𝑇,    

 𝐼𝑃𝑇 = 
    𝜏2𝐼𝑃   

 [𝛾4+𝜇𝑃+𝛿4]  
  ,  

 𝐼𝑃𝑇 = 
 𝜏2 (0)   

 [𝛾4+𝜇𝑃+𝛿4]  
= 0,    

 ∴  𝐼𝑃𝑇 =  0 . 
  
 

For (20), we solve for 𝑅𝑃 and then substitute 𝐼𝑃 = 0  and 𝐼𝑃𝑇 = 0  into the result    
 

 0 =  𝛾3𝐼𝑃 + 𝛾4𝐼𝑃𝑇  −  𝜇𝑃𝑅𝑃,     

  𝑅𝑃 = 
𝛾3𝐼𝑃+ 𝛾4𝐼𝑃𝑇

𝜇𝑃
    

 ⇒  𝑅𝑃 = 
𝛾3(0)+ 𝛾4(0)

𝜇𝑃
= 0       

Then 𝑅𝑃 = 0 . 
  

Next, we substitute 𝐼𝑃 =  0 into (15): 
 

 𝑆𝑃 =  
𝛬𝑃  𝑁𝑃 

𝑁𝑃 𝜇𝑃+ 𝑞2𝐼𝑃[ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
   

 𝑆𝑃 =  
𝛬𝑃  𝑁𝑃 

𝑁𝑃 𝜇𝑃+ 𝑞2(0)[𝑛1(0)+ 𝑛2𝐼𝐵]  
  

 ⇒ 𝑆𝑃 =  
𝛬𝑃   

 𝜇𝑃
. 

 

Thus, we have the values for 𝑆𝑃, 𝐼𝑃, 𝐼𝑃𝑇, and 𝑅𝑃 . Hence the first equilibrium point (that is the DFE), 
which is given as: 

  (𝑆𝑃 , 𝐼𝑃, 𝐼𝑃𝑇 , 𝑅𝑃) = ( 
𝛬𝑃

𝜇𝑃
 , 0, 0, 0) . 
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For the second equilibrium point, we substitute (23) into the following (19), (20), and (21) to get new 

values for 𝐼𝑃𝑇, 𝑅𝑃, and 𝑆𝑃 
 
For (19), 
 

0 = 𝜏2𝐼𝑃
∗ − [𝛾4 + 𝜇𝑃 + 𝛿4]𝐼𝑃𝑇

∗     

 𝐼𝑃𝑇
∗ = 

 𝜏2𝐼𝑃
∗    

 [𝛾4+𝜇𝑃+𝛿4]  
  ,  

 𝐼𝑃𝑇
∗ = 

 𝜏2(𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝛬𝐻    −[𝛾3+𝜏2+𝜇𝑃+𝛿4] 𝑁𝑃 𝜇𝑃)   

𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵] [𝛾4+𝜇𝑃+𝛿4]   
=  𝑊7. 

   

For (20), we solve for 𝑅𝐻  and then substitute 𝐼𝑃
∗ = 

𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝛬𝑃    −[𝛾1+𝜏1+𝜇𝐻+𝛿1] 𝑁𝐻 𝜇𝐻   

𝑞2 [ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
   and 

𝐼𝐻𝑇
∗ = 

 𝜏2(𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝛬𝑃    −[𝛾3+𝜏2+𝜇𝑃+𝛿3] 𝑁𝑃 𝜇𝑃)   

𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵] [𝛾4+𝜇𝑃+𝛿4]  
    into the result     

 0 =  𝛾3𝐼𝑃
∗ + 𝛾4𝐼𝑃𝑇

∗  −  𝜇𝑃𝑅𝑃
∗      

  𝑅𝑃
∗ = 

𝛾3𝐼𝑃
∗+ 𝛾4𝐼𝑃𝑇

∗

𝜇𝑃
    

   𝑅𝑃
∗ =

 
𝛾2(𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝛬𝑃    −[𝛾3+𝜏2+𝜇𝑃+𝛿3] 𝑁𝐻 𝜇𝐻) [𝛾2+𝜇𝐻+𝛿2]+ 𝛾2(𝜏1(𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝛬𝑃    −[𝛾3+𝜏2+𝜇𝑃+𝛿3] 𝑁𝑃 𝜇𝑃))

𝜇𝑃(𝑞2 [𝑛1𝐼𝑃+ 𝑛2𝐼𝐵] [𝛾4+𝜇𝑃+𝛿4] )
  

𝑅𝐻
∗ =   𝑊8 . 

  

For (21), we substitute 𝐼𝑃
∗ =  

𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝛬𝑃    −[𝛾3+𝜏2+𝜇𝑃+𝛿3] 𝑁𝑃 𝜇𝑃   

𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
 into (21): 

 

 𝑆𝑃
∗ =  

𝛬𝑃  𝑁𝑃  

𝑁𝑃 𝜇𝑃+ 𝑞2𝐼𝑃[ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
   

 𝑆𝑃
∗ =  

𝛬𝑃  𝑁𝑃 ([ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵] )

𝑁𝑃 𝜇𝑃 ( [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵] )+ (𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝛬𝑃    −[𝛾3+𝜏2+𝜇𝑃+𝛿3] 𝑁𝑃 𝜇𝑃)[ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]  
  

 ⇒ 𝑆𝑃
∗ =   

𝛬𝑃  𝑁𝑃 

𝑁𝑃 𝜇𝑃 + (𝑞2 [ 𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝛬𝑃    −[𝛾3+𝜏2+𝜇𝑃+𝛿3] 𝑁𝑃 𝜇𝑃)  
= 𝑊5 . 

 
 

Now, we have the values for 𝑆𝑃
∗ , 𝐼𝑃

∗ , 𝐼𝑃𝑇
∗ , and 𝑅𝑃

∗  . Hence the second equilibrium point (that is the EE), 
which is given as: 

(𝑆𝑃
∗  , 𝐼𝑃

∗ , 𝐼𝑃𝑇
∗ , 𝑅𝑃

∗ ) = ( 𝑊5,  𝑊6,  𝑊7,  𝑊8). 
    
Similarly, we find the equilibrium point for the bat compartment. Recall 
 

𝜆𝐵  =  
 𝛽3 𝐼𝐵 𝑆𝑃

𝑁𝑃
 = FOI for bats   

 
𝑑𝑆𝐵

𝑑𝑡
= 𝛬𝑃 −

 𝛽3𝐼𝐵 𝑆𝐵

𝑁𝐵
 − 𝜇𝐵𝑆𝐵                                                              (9) 
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𝑑𝐼𝐵

𝑑𝑡
=

 𝛽3𝑛2 𝐼𝐵 𝑆𝐵

𝑁𝐵
 −  [𝜇𝐵 + 𝛿5]𝐼𝐵  .                                                   (10) 

 

At this point of our discussion, we replace 𝛽3 with 𝑞3𝐼𝐵, which is the rate at which susceptible bats 
become exposed to the disease. 
 
To find the equilibrium point or fixed point, we need to set the above equations (9), (10) to zero, that 
is: 
 

 
𝑑𝑆𝐵

𝑑𝑡
= 0, 

𝑑𝐼𝐵

𝑑𝑡
= 0, 

𝑑𝐵

𝑑𝑡
=  0      

0 =  𝛬𝐵 −
 𝛽3𝑛2 𝐼𝐵 𝑆𝐵

𝑁𝐵
− 𝜇𝐵𝑆𝐵                                               (24)      

0 =
 𝛽3𝑛2𝐼𝐵 𝑆𝐵

𝑁𝐵
− [𝜇𝐵 + 𝛿5]𝐼𝐵 .                                             (25) 

 
From (24) we have the following: 
 

 0 = 𝛬𝐵 −
 𝛽3𝑛2𝐼𝐵 𝑆𝐵

𝑁𝐵
− 𝜇𝐵𝑆𝐵    

  𝑆𝐵 =  
𝛬𝐵  𝑁𝐵 

𝑁𝐵 𝜇𝐵+ 𝛽3𝑛2𝐼𝐵  
  .            (26) 

 
 

Now, we let 𝛽3 = 𝑞3𝐼𝐵 , then we solve for 𝐼𝐵  in (25) 
 

 0 =
 𝑞3𝐼𝐵 𝑛2𝐼𝐵 𝑆𝐵

𝑁𝐵
− [𝜇𝐵 + 𝛿5]𝐼𝐵   

 0 = (
 𝑞3𝐼𝐵𝑛2𝑆𝑃

𝑁𝐵
− [𝜇𝐵 + 𝛿5]) 𝐼𝐵  

⇒  𝐼𝐵 = 0 𝑎𝑛𝑑 0 =   (
 𝑞3𝐼𝐵𝑛2𝑆𝑃

𝑁𝑃
− [𝜇𝐵 + 𝛿5]) . 

     

 For (
 𝑞3𝐼𝐵𝑛2𝑆𝑃

𝑁𝐵
− [𝜇𝐵 + 𝛿5])      = 0       

 ⇒ (
 𝑞3𝐼𝐵𝑛1𝑆𝑃

𝑁𝐵
− [𝜇𝐵 + 𝛿5])      = 0    

 𝐼𝐵 = (
 𝑁𝐵[𝜇𝐵+𝛿5]

 𝑞3𝑛2𝑆𝐵
) .  

    

From (25), we found 𝐼𝐵 = 0 or   0 =  (
 𝑞3[ 𝑛2𝐼𝐵]𝑆𝐵

𝑁𝐵
− [𝜇𝐵 + 𝛿5])   considering this result from (25), 

it shows us that we would have two equilibrium points, one for 𝐼𝐵 = 0 and when 𝐼𝐵 = (
 𝑁𝐵[𝜇𝐵+𝛿5]

 𝑞3𝑛2𝑆𝐵
)   

 

Now, substitute (26) into the other value for  𝐼𝐵: 
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 𝐼𝐵
∗ = (

 𝑁𝐵([𝜇𝐵+𝛿5]𝑁𝐵 𝜇𝐵+[𝜇𝐵+𝛿5] 𝑞3𝑛2𝐼𝐵)

 𝑞3𝑛2𝛬𝐵  𝑁𝐵
) =   𝑊10 .         (27) 

  

Now we input 𝐼𝑃 = 0   into (26) to get the value for  𝑆𝐻.  For (26), 
 

 𝑆𝐵 =  
𝛬𝐵  𝑁𝐵 

𝑁𝐵 𝜇𝐵+ 𝑞3 𝐼𝐵𝑛2𝐼𝐵  
      

  𝑆𝐵 =  
𝛬𝐵  𝑁𝐵 

𝑁𝐵 𝜇𝐵+ 𝑞3 (0)𝑛2(0)  
  

⇒ 𝑆𝐵 = 
𝛬𝐵

𝜇𝐵
   . 

 

Hence the first equilibrium point is given as (𝑆𝐵 , 𝐼𝐵) = ( 
𝛬𝐵

𝜇𝐵
 , 0). Next, we compute the second 

equilibrium point 
 

Put 𝐼𝐵
∗ = (

 𝑁𝐵([𝜇𝐵+𝛿5]𝑁𝐵 𝜇𝐵+[𝜇𝐵+𝛿5] 𝑞3𝑛2𝐼𝐵)

 𝑞3𝑛2𝛬𝐵  𝑁𝐵
)  into (26) to find the endemic value for 𝑆𝐵   

   

 𝑆𝐵
∗ =  

𝛬𝐵  𝑁𝐵 (𝑞3𝑛2𝛬𝐵  𝑁𝐵)2 

𝑁𝐵 𝜇𝐵(𝑞3𝑛2𝛬𝐵  𝑁𝐵)2+ 𝑞3 𝑛2(𝑁𝐵([𝜇𝐵+𝛿5]𝑁𝐵 𝜇𝐵+[𝜇𝐵+𝛿5] 𝑞3𝑛2𝐼𝐵))2  
. 

 
  
 Therefore, the second equilibrium point the bat compartment is:   
 

( 𝑆𝐵
∗  , 𝐼𝐵

∗) = 

(
𝛬𝐵  𝑁𝐵 (𝑞3𝑛2𝛬𝐵  𝑁𝐵)2 

𝑁𝐵 𝜇𝐵(𝑞3𝑛2𝛬𝐵  𝑁𝐵)2+ 𝑞3 𝑛2(𝑁𝐵([𝜇𝐵+𝛿5]𝑁𝐵 𝜇𝐵+[𝜇𝐵+𝛿5] 𝑞3𝑛2𝐼𝐵))2  
, (

 𝑁𝐵([𝜇𝐵+𝛿5]𝑁𝐵 𝜇𝐵+[𝜇𝐵+𝛿5] 𝑞3𝑛2𝐼𝐵)

 𝑞3𝑛2𝛬𝐵  𝑁𝐵
) ). 

 
 

Hence, the disease free equilibrium, 𝐸0, (DFE) for the non-inhibitor Niv model are:  
 

  (𝑆𝐻(0)0, 𝐼𝐻(0)0, 𝐼𝐻𝑇(0)0, 𝑅𝐻(0)0,𝑆𝑃(0)0, 𝐼𝑃(0)0, 𝐼𝑃𝑇(0)0,𝑅𝑃(0)0,𝑆𝐵(0)0, 𝐼𝐵(0)0 ) =

( 
𝛬𝐻

𝜇𝐻
 , 0, 0, 0,

𝛬𝑃

𝜇𝑃
 , 0, 0, 0,

𝛬𝐵

𝜇𝐵
 , 0  )     

 
where, the endemic equilibrium, 𝐸∗, (EE) for the non-inhibitor Niv model are:  
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  (𝑆𝐻(0)∗, 𝐼𝐻(0)∗, 𝐼𝐻𝑇(0)∗, 𝑅𝐻(0)∗,𝑆𝑃(0)∗, 𝐼𝑃(0)∗, 𝐼𝑃𝑇(0)∗,𝑅𝑃(0)∗,𝑆𝐵(0)∗, 𝐼𝐵(0)∗ ) =

( 
[𝛾1+𝜏1+𝜇𝐻+𝛿1]𝑁𝐻 

𝑞[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]
 ,

𝛬𝐻𝑞[𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]−[𝛾1+𝜏1+𝜇𝐻+𝛿1]𝑁𝐻 

𝑞[𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]
 ,

𝜏1 ( 𝛬𝐻𝑞[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]−[𝛾1+𝜏1+𝜇𝐻+𝛿1]𝑁𝐻)

𝑞[𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵] [𝛾2+𝜇𝐻+𝛿2]
 ,

𝛾1

𝛬𝐻𝑞[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]−[𝛾1+𝜏1+𝜇𝐻+𝛿1]𝑁𝐻 

𝑞[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵] 𝜇𝐻
 ,

[𝛾3+𝜏2+𝜇𝑃+𝛿3]𝑁𝑃  

𝑔[𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]
 ,

𝛬𝑃𝑔[ 𝐼𝑃+ ɳ2𝐼𝐵]−[𝛾3+𝜏2+𝜇𝑃+𝛿3] 𝑇𝑃 

𝑔[𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]
, 𝜏2

𝛬𝑃𝑔[𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]−[𝛾3+𝜏2+𝜇𝑃+𝛿3]𝑁𝑃 

𝑔[𝑛1𝐼𝑃+ 𝑛2𝐼𝐵] [𝛾4+𝜇𝑃+𝛿4] 
 ,

𝛾
3

𝛬𝑃𝑔[𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]−[𝛾3+𝜏2+𝜇𝑃+𝛿3]𝑇𝑃 

𝑔[𝑛1𝐼𝑃+ 𝑛2𝐼𝐵] 𝜇𝑃

,
 [𝜇𝐵+𝛿5]𝑁𝐵

 

 𝛽3
, [ 

 𝛬𝐵 −𝑆𝐵 𝜇𝐵

𝑆𝐵
 ] 

𝑁𝐵

 𝛽3
  ) 

 
 

5.   The basic reproductive number (R0) for the study 
 

Epidemiologists calculate R0 using various approaches, like individual-level contact tracing data 
obtained at the beginning of the pandemic. Once a person is diagnosed, his/her contacts are traced 
and tested. R0 is then figured out by averaging over the number of secondary cases of all diagnosed 
individuals. If one or more infected person(s), is introduced into the community, the disease could 
either spread or die out [10]. This approach is based upon the definition of R0, but it does not ensure 
that the calculated R0 is also an epidemic doorstep parameter. 
 
Now, rewriting the inhibitor free model, starting with the disease compartment, we have: 
 
𝑑𝐼𝐻

𝑑𝑡
=

 𝛽1[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
− [𝛾1 + 𝜏1 + 𝜇𝐻 + 𝛿1]𝐼𝐻 ,                

𝑑𝐼𝐻𝑇

𝑑𝑡
=    𝜏1𝐼𝐻 − [𝛾2 + 𝜇𝐻 + 𝛿2]𝐼𝐻𝑇 ,                                                              

  
𝑑𝐼𝑃

𝑑𝑡
=

 𝛽2[𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝑃

𝑁𝑃
− [𝛾3 + 𝜏2 + 𝜇𝑃 + 𝛿3]𝐼𝑃  ,                   

𝑑𝐼𝑃𝑇

𝑑𝑡
=    𝜏2𝐼𝑃 − [𝛾4 + 𝜇𝑃 + 𝛿4]𝐼𝑃𝑇 ,         

𝑑𝐼𝐵

𝑑𝑡
=

 𝛽3𝑛2𝐼𝐵 𝑆𝐵

𝑁𝐵
 −   [𝜇𝐵 + 𝛿5]𝐼𝐵                                                                

𝑑𝑆𝐻

𝑑𝑡
= 𝛬𝐻 −

𝛽1[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
− 𝜇𝐻𝑆𝐻 ,      

 
𝑑𝑆𝑃

𝑑𝑡
= 𝛬𝑃 −

 𝛽2[𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝑃

𝑁𝑃
− 𝜇𝑃𝑆𝑃                                                                                       

𝑑𝑆𝐵

𝑑𝑡
= 𝛬𝐵 −

 𝛽3𝑛2𝐼𝐵 𝑆𝐵

𝑁𝐵
 − 𝜇𝐵𝑆𝐵          

 
𝑑𝑅𝐻

𝑑𝑡
= 𝛾1𝐼𝐻 + 𝛾2𝐼𝐻𝑇  −  𝜇𝐻𝑅𝐻                                                           

 
𝑑𝑅𝑃

𝑑𝑡
= 𝛾3𝐼𝑃 + 𝛾4𝐼𝑃𝑇  − 𝜇𝑃𝑅𝑃. 

                                                        
From the above model of our study, we have:   
 

 𝑋 = vector of the infected classes, such as exposed, carrier, infectious etc. 

 𝑌 = vector of uninfected classes, such as susceptible, recovered etc. 
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Therefore,                             𝑋 = (

𝐼𝐻
𝐼𝐻𝑇
𝐼𝑃
𝐼𝑃𝑇
𝐼𝐵

),  𝑌 = (

𝑆𝐻
𝑆𝑃
𝑆𝐵
𝑅𝐻
𝑅𝑃

)   

 

                                                𝑓 = [

𝑓1
𝑓2
𝑓3
𝑓4
𝑓5

]  , 𝑣 = [

𝑣1
𝑣2
𝑣3
𝑣4
𝑣5

]   

 
 

                        𝑓 =

[
 
 
 
 
 
 𝛽1[ 𝑛0𝐼𝐻+𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝐻

𝑁𝐻
0

 𝛽2[𝑛1𝐼𝑃+ 𝑛2𝐼𝐵]𝑆𝑃
𝑁𝑃
0

 𝛽3𝑛2𝐼𝐵 𝑆𝐵
𝑁𝐵

]
 
 
 
 
 

   ,   𝑣 = [

[𝛾1+𝜏1+𝜇𝐻+𝛿1]𝐼𝐻  

  −𝜏1𝐼𝐻+[𝛾2+𝜇𝐻+𝛿2]𝐼𝐻𝑇

 [𝛾3+𝜏2+𝜇𝑃+𝛿3]𝐼𝑃
−𝜏2𝐼𝑃+[𝛾4+𝜇𝑃+𝛿4]𝐼𝑃𝑇

  [𝜇𝐵+𝛿5]𝐼𝐵

] , 

    

               𝐹 =

[
 
 
 
 
 
 
 
𝜕𝑓1
𝜕𝐼𝐻

𝜕𝑓1
𝜕𝐼𝐻𝑇

𝜕𝑓1
𝜕𝐼𝑃

𝜕𝑓2
𝜕𝐼𝐻

𝜕𝑓2
𝜕𝐼𝐻𝑇

𝜕𝑓2
𝜕𝐼𝑃

𝜕𝑓3
𝜕𝐼𝐻

𝜕𝑓3
𝜕𝐼𝐻𝑇

𝜕𝑓3
𝜕𝐼𝑃

𝜕𝑓4
𝜕𝐼𝐻

𝜕𝑓4
𝜕𝐼𝐻𝑇

𝜕𝑓4
𝜕𝐼𝑃

𝜕𝑓5
𝜕𝐼𝐻

𝜕𝑓5
𝜕𝐼𝐻𝑇

𝜕𝑓5
𝜕𝐼𝑃

      

   
𝜕𝑓1
𝜕𝐼𝑃𝑇

𝜕𝑓1
𝜕𝐼𝐵

𝜕𝑓2
𝜕𝐼𝑃𝑇

𝜕𝑓2
𝜕𝐼𝐵

𝜕𝑓3
𝜕𝐼𝑃𝑇

𝜕𝑓3
𝜕𝐼𝐵

         

𝜕𝑓4
𝜕𝐼𝑃𝑇

𝜕𝑓4
𝜕𝐼𝐵

𝜕𝑓5
𝜕𝐼𝑃𝑇

𝜕𝑓5
𝜕𝐼𝐵]

 
 
 
 
 
 
 

  , 𝑉 =

[
 
 
 
 
 
 
 
𝜕𝑉1
𝜕𝐼𝐻

𝜕𝑉1
𝜕𝐼𝐻𝑇

𝜕𝑉1
𝜕𝐼𝑃

𝜕𝑉2
𝜕𝐼𝐻

𝜕𝑉2
𝜕𝐼𝐻𝑇

𝜕𝑉2
𝜕𝐼𝑃

𝜕𝑉3
𝜕𝐼𝐻

𝜕𝑉3
𝜕𝐼𝐻𝑇

𝜕𝑉3
𝜕𝐼𝑃

𝜕𝑉4
𝜕𝐼𝐻

𝜕𝑉4
𝜕𝐼𝐻𝑇

𝜕𝑉4
𝜕𝐼𝑃

𝜕𝑉5
𝜕𝐼𝐻

𝜕𝑉5
𝜕𝐼𝐻𝑇

𝜕𝑉5
𝜕𝐼𝑃

      

   
𝜕𝑉1
𝜕𝐼𝑃𝑇

𝜕𝑉1
𝜕𝐼𝐵

𝜕𝑉2
𝜕𝐼𝑃𝑇

𝜕𝑉2
𝜕𝐼𝐵

𝜕𝑉3
𝜕𝐼𝑃𝑇

𝜕𝑉3
𝜕𝐼𝐵

         

𝜕𝑉4
𝜕𝐼𝑃𝑇

𝜕𝑉4
𝜕𝐼𝐵

𝜕𝑉5
𝜕𝐼𝑃𝑇

𝜕𝑉5
𝜕𝐼𝐵]

 
 
 
 
 
 
 

. 

 
Therefore, we have  
    

                                      𝐹 =

[
 
 
 
 
 
 𝛽1𝑛0 𝑆𝐻

𝑁𝐻
0

 𝛽1𝑛1 𝑆𝐻
𝑁𝐻

0 0 0

0 0
 𝛽2𝑛1𝑆𝑃

𝑁𝑃
0 0 0
0 0 0

      

   0
 𝛽1𝑛2 𝑆𝐻

𝑁𝐻
0 0

0
 𝛽2𝑛2𝑆𝑃

𝑁𝑃

         
0 0

0
 𝛽3𝑛2𝑆𝐵

𝑁𝐵
]
 
 
 
 
 

,   

 

               𝑉 = [

[𝛾1+𝜏1+𝜇𝐻+𝛿1] 0 0

0   −𝜏1𝐼𝐻+[𝛾2+𝜇𝐻+𝛿2] 0
0 0 [𝛾3+𝜏2+𝜇𝑃+𝛿3]

0 0 −𝜏2
0 0 0

      
   0 0
0 0
0 0

         
[𝛾4+𝜇𝑃+𝛿4] 0

0 [𝜇𝐵+𝛿5]

] . 
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Next, we evaluate 𝐹 at DFE. Therefore, we have    
  

                                         𝐹 =

[
 
 
 
 
 
 𝛽1𝑛0 𝛬𝐻
 𝑁𝐻𝜇𝐻

0
 𝛽1𝑛1 𝛬𝐻
𝑁𝐻𝜇𝐻

0 0 0

0 0
 𝛽2𝑛1𝛬𝑃
𝑁𝑃𝜇𝑃

0 0 0
0 0 0

      

   0
 𝛽1𝑛2𝛬𝐻
𝑁𝐻𝜇𝐻

0 0

0
 𝛽2𝑛2𝛬𝑃
𝑁𝑃 𝜇𝑃

         
0 0

0
 𝛽3𝑛2𝛬𝐵
𝑁𝐵𝜇𝐵

]
 
 
 
 
 

,  

 
 
 

                          𝑉 = [

[𝛾1+𝜏1+𝜇𝐻+𝛿1] 0 0

0 [𝛾2+𝜇𝐻+𝛿2] 0
0 0 [𝛾3+𝜏2+𝜇𝑃+𝛿3]

0 0 −𝜏2
0 0 0

      
   0 0
0 0
0 0

         
[𝛾4+𝜇𝑃+𝛿4] 0

0 [𝜇𝐵+𝛿5]

] . 

    
 
We then compute V-1, using Maple 2019: 
 
                         

       
Since we have gotten V-1 and we also have F, then, we can then compute the Next Generation Matrix 
(NGM) for the uncontrolled disease model. 
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Next, we determine the eigenvalues of our non-inhibitor model. Now we compute |𝐹𝑉−1 − 𝐴𝑖𝐼| =
0,  where 𝐴𝑖 is given as the Eigen values. 

 
The eigenvalues for the non-inhibitor model is given as: 
 

                                                  

 
 

Therefore, 𝑅0   =   
 𝛽1𝑛0 𝛬𝐻

 [𝛾1+𝜏1+𝜇𝐻+𝛿1] 𝑁𝐻𝜇𝐻
. This is the basic Reproductive number for our non-inhibitor 

model. Result for R0, was first recognized by [10], many other works have been done on R0, such as 
[6]. 
 

In practice, R0 does not depend on the assumptions about immunity subsequent to the 
infectious period. The R0 concept is based on an assumed situation where one infective is introduced 
into a large susceptible population [4] In reality, such situations hardly ever occur, such that one has 
to base estimates of Ro on data available in endemic situations where the infection is present for a 
long time. However, this requires detailed knowledge about the density-dependent regulation of the 
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transmission process which determines the equilibrium endemic level. It also assumes knowledge 
about the heterogeneities in transmission patterns, as it is obvious that estimates of Ro based on 
equilibrium data are highly dependent on the availability of this required information or on the degree 
to which the assumed mechanisms reflect reality. 

 
 

6.     Sensitivity indices of NiV infection model parameters 
 

In this section, we try to determine how changes in each of the parameters affect the transmission and 
spread of the disease. In order to achieve this, a sensitivity analysis of the non-inhibitor model is 
carried out. This is also done in order for us to see the response of the model output (in this case R0) 
to parameter(s) variation. 
 

In 2017, [3], gave us a clear succinct definition of sensitivity analysis where he stated that the 
normalized forward- sensitivity index of a variable, v , depends on a parameter of interest, p, which is 
defined as: 

                                                            
v

p

p

vv
p





=r

.

 

In particular, the sensitivity indices, of the basic reproduction number,
0

R , with respect to the model 

parameters are examined. 
 

The positive sign of sensitivity indices of 
0

R to the model parameters illustrates that an 

increase (or decrease) in the value of each of the parameter in the model, may lead to an increase (or 

decrease) in 
0

R  of the model (1-10) and asymptotically result into persistency (or elimination) of the 

disease in the community. On the contrary, the negative sign of S.I of 
0

R to the model parameter 

indicates that an increase (or decrease) in the value of each of the parameter in each case leads to a 

corresponding decrease (or increase) in 
0

R  of the model (1-10). Hence, with sensitivity analysis, one 

can get insight on the appropriate intervention strategies to prevent and control the spread of the 
disease described in model (1-10).  
 
Recall that 

                                               𝑅0   =   
 𝛽1𝑛0 𝛬𝐻

 [𝛾1+𝜏1+𝜇𝐻+𝛿1] 𝑁𝐻𝜇𝐻
, 

  

and that  𝑛0  > 0 . 
 
Hence: 
 

𝒓𝜇𝐻

𝑅0 = 
𝜕𝑅0

𝜕𝜇𝐻
 ×  

𝜇𝐻

𝑅0
    

   = −( 
𝛽1𝑛0 𝛬𝐻

[𝛾1+𝜏1+𝜇𝐻+𝛿1]𝑁𝐻𝜇𝐻
2
+  

𝛽1𝑛0 𝛬𝐻

[𝛾1+𝜏1+𝜇𝐻+𝛿1]2𝑁𝐻𝜇𝐻 
) × 

[𝛾1+𝜏1+𝜇𝐻+𝛿1] 𝑁𝐻𝜇𝐻
2

𝛽1𝑛0 𝛬𝐻
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  = −( 
𝛽1𝑛0 𝛬𝐻[𝛾1+𝜏1+𝜇𝐻+𝛿1] +𝛽1𝑛0 𝛬𝐻𝜇𝐻

[𝛾1+𝜏1+𝜇𝐻+𝛿1]2𝑁𝐻𝜇𝐻
2

) × ( 
[𝛾1+𝜏1+𝜇𝐻+𝛿1] 𝑁𝐻𝜇𝐻

2

𝛽1𝑛0 𝛬𝐻
)   

    = −( 
[𝛾1+𝜏1+𝜇𝐻+𝛿1] +𝜇𝐻

[𝛾1+𝜏1+𝜇𝐻+𝛿1]2𝑁𝐻𝜇𝐻
2
) × ([𝛾1 + 𝜏1 + 𝜇𝐻 + 𝛿1] 𝑁𝐻𝜇𝐻

2)    

    = −( 
[𝛾1+𝜏1+𝜇𝐻+𝛿1] +𝜇𝐻

[𝛾1+𝜏1+𝜇𝐻+𝛿1]𝜇𝐻
)        (𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒) 

 

Summarily, the table below shows the signs of S.I. of  
0

R : 

 

 𝛽1 − 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒  
 𝛬𝐻 − 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒    

 𝑛0 − 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒   

 𝛿1 − 𝑛𝑒𝑔𝑎𝑖𝑣𝑒   
 𝑁𝐻 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 
 𝜏1 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒      
 𝛾1 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 
 𝜇𝐻 − 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒     
 
 

Thus, if we increase (decrease) any of the parameters 𝛽1, 𝛬𝐻, 𝑛0,  then R0 will increase (decrease). Also, 

if we increase (decrease) any of 𝑁𝐻, 𝜇𝐻, 𝛾1,𝜏1, 𝛿1, then R0 will decrease (increase). Sensitive index of 
other parameters that did not appear in R0 are zero, that is, the increase or decrease of such parameter 
has no influence on the reproductive number.  
 
 

6.   Conclusion 
 

The periodic outbreaks of deadly Nipah virus infections in Malaysia have become the most public 
health concerns because of the highly mortality rates. Once an outbreak occurs in any region of the 
country, the virus can be transmitted to the whole family and/or even in the community. The study 
derives an estimate of R0 based on Nipah virus epidemic and endemic situations to interpret R0, from 
our assumptions and theories of existing researches. During the last twenty years R0 has emerged as a 
basic concept in infectious disease epidemiology, but it has also become apparent how difficult it is to 
apply in actual field situations [4]. It was discovered that some parameters were found to be positively 

contributing to the spread of the disease, parameters like , which is the recruitment parameter for 

the model, , this parameter is the effective contact rate, while some other parameters reduce the 

spread of the disease, parameters like 𝜏1, which is the proportion of infected that goes for treatment, 

while , natural death. It is our hope that this survey will motivate further research in this direction. 
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Abstract 

 
Flood and drought are among the most common natural disasters affecting the world. In 
this paper, Markov model has been used to analyse and predict flood and drought 
occurrences in Birnin Kebbi, Nigeria. The Standardized Precipitation index(SPI) was used 
to classify the annual rainfall of Birnin Kebbi into three states (flood, normal and drought). 
After some successful iterations of the model, the model stabilized to equilibrium 
probabilities, revealing that in the long-run 20% of the years in Birnin Kebbi will 
experience flood, 60% will experience normal rainfall and 20% will experience drought. It 
was also observed that, a drought year cannot be followed by a flood year and the 
probability of a drought year to be followed by a normal year is high while the probability 
of a normal year to be followed by a drought year and a drought year to be followed by 
another drought year is extremely small. Results from this research is an important 
information to the government and people of Kebbi state for better understanding of 
rainfall dynamics in their locality. 

 
Keywords: markov model; annual rainfall, standardized precipitation index, transition probability, 
equilibrium probabilities. 
 

 
1.    Introduction 
 

Floods and droughts are among the most disastrous natural hazards in the world  ([1] and [4]). 
Drought occurs when there is significant rainfall deficit that causes hydrological imbalances and 
affects the land productive systems. Drought practically occurs in all climatic regions with both high 
and low mean rainfalls [11].  It can result in damaging agricultural production and the natural 
environment [2]. 
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Drought is often seen as a “creeping” phenomenon with slow onset and cessation. As a 
result, an effective drought monitoring system is the most important tool for developing and 
implementing efficient mitigation strategies. However, not only can the onset of drought conditions 
be rapid, an indication of how long drought conditions may continue will enable improved planning 
and resource allocation. For this reason, a capability to accurately forecast the onset, persistence and 
cessation of drought conditions will enable more effective drought mitigation strategies to be 
developed [10].   [12] defines flood as significant rise of water level in a stream, lake, reservoir or 
coastal region. Also, [8]  defined flood as excessive water run-off or the rise in water level in a 
particular area which is more than what the particular environment can absorb. Flood and drought 
are one of the most devastating natural disasters in the world. In Nigeria, the story is not different as 
these has caused serious havoc to our environment and the economy. However, little or nothing can 
be done to avoid its occurrence but prior information such as prediction of flood and drought can 
assist the farmers, stakeholders and the general public to take adequate proactive measure in order to 
mitigate their effects. Hence, the result from this model will provide adequate information about 
flood and drought in some upcoming years for the studied areas. According to NEMA, in 2012 
alone, floods caused more than N2.6 trillion in economic damage, much of which could be 
attributed to large-scale transboundary floods (from rivers Niger and Benue). In 2019, about 126 
deaths were recorded, over 48,000 people were displaced and property worth millions of Naira 
destroyed across the country (Nigeria Hydrological Services Agency, 2020).The Standard 
Precipitation Index (SPI) was introduced by [7]  as measure of the precipitation deficit that is 
uniquely related to probability. It can be calculated for any accumulation timescale, usually from 
monthly precipitation observations, and is typically expressed as SPI-n, where n is the number of 
months of accumulation. The time series is analogous to a moving average in the sense that a new 
value is calculated each month and is auto-correlated to previous months depending on the 
accumulation timescale [10]. 

 
 

2.   Materials and method 
 

Birnin Kebbi is the capital city of Kebbi state, is located in north-western Nigeria on (12˚ 27ʹ N and 

4˚ 11ʹ E).The data used for this research work were obtained from the National Oceanic and 
Atmospheric Administration (NOAA) for the period of thirty years (1991 to 2020). After which the 
SPI was  used to classify the rainfall into states 
 

2.1.  Model formulation 
 
Suppose that the SPI rainfall classification for a year is considered as a random variable x , the 

collection of these random variables over the years constitute a stochastic process 
nx , n=0,1,2,3,…, 

We assume that this stochastic process satisfies Markov property. Let the annual rainfall be modelled 
by a three-state Markov model based on the SPI classification 
 
State 1: Flood (SPI Value ≥1) 
State 2: Normal (-0.99≤SPI Value ≤0.99) 
 
 

State 3: Drought (SPI Value ≤ -1) 
The transition probability matrix is represented by 
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11 12 13

21 22 23

32 3331

P

P P P
P P P
p P P

 
 
 =
 
  

.        (1) 

 
 

Following [5], let 
(n)

P  be the probability state vectors of the Markov chain, where n=0,1,2,3,…  

and let 
(n)

iP  be the probability that the annual rainfall is in the ithstate at the nth year. 
(0)

P is the 

initial state vector of the Markov chain and p(n) is the state vector at the nth year. Then, by induction 
we have that  
 

 
(n) (n 1 1) (n 1)

. nPP P P P
− + −

= = =       (2) 

 
On iteration we have,  
 

 
(n) (0) n

P P P= .        (3) 

 

That is, the initial state vector 
(0)

P  and the transition matrix P   determine the state vector 
(n)

P  at 

the nth year. If we now let  
 

(n)

P  =
1 2 3

n n n

P P P 
 

.          (4) 

 
Denote the probabilities of finding the annual rainfall in any of the three states at the nth year and 
also let  
 

(0)

P  =
0 0 0

1 2 3P P P 
 

.        (5)   

       
Denote the initial state vector and its elements, the Markov chain model for annual rainfall based on 
SPI classification in the study area can be represented by           
 

1 2 3

n n n

P P P 
 

= 
0 0 0

1 2 3P P P 
 

11 12 13

21 22 23

31 32 33

n

P P P
P P P
P P P

 
 
 
 
 

     (6) 

 

 

 

 
 
Limiting State Probability 
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The limiting state probability is represented by equation (7) below and is obtained when n → ∞ in 
equation (3). 
 

                                                           P = ,              (7) 

where π = 
1 2 3      

 
 

3

1

1
i

i

 
=

= = .                                                                          (8) 

 
These equations will be use to find the limiting state probabilities for our model. 
 
 

3.    Results and discussion 
 
 

SPI classification  frequency State 

SPI value ≥ 1 6 Flood 

-0.99≤ SPI value≤ 0.99 18 Near normal 

SPI value ≤ -1 6 Drought 

  
 

Table 1: A summary of SPI annual rainfall classification of BerninKebbi. 
 
 

From Table 1, we obtained the transition count presented in equation (9)  
 

2 2 2

4 10 3

0 5 1

C

 
 

=
 
  

.             (9) 

 
The probability transition matrix   obtained from equation (9) is presented below 
 

0.333 0.333 0.333

0.235 0.588 0.176

0 0.833 0.167

P

 
 

=
 
  

.       (10) 

 

Calculating 
n

P  , on iteration we have 
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2

0.189 0.584 0.225

0.216 0.571 0.211

0.196 0.629 0.174

P

 
 

=
 
  

      (11) 

 
 
 
 

4

0.206 0.585 0.205

0.205 0.584 0.206

0.207 0.582 0.207

P

 
 

=
 
  

      (12) 

 

8

0.206 0.583 0.205

0.205 0.583 0.205

0.206 0.583 0.206

P

 
 

=
 
  

       (13) 

 

20

0.204 0.577 0.204

0.204 0.577 0.203

0.203 0.578 0.203

P

 
 

=
 
  

       (14) 

 

30

0.202 0.573 0.202

0.202 0.572 0.202

0.202 0.573 0.202

P

 
 

=
 
  

        (15) 

 

50

0.199 0.563 0.199

0.199 0.563 0.199

0.199 0.563 0.199

P

 
 

=
 
  

        (16) 

 
Limiting State Probabilities 

As n increases, 
n

p gets closer to equation (16) that is, n≥50 the transition probabilities stabilise to 

equation (16), and from equation (3) with the initial state probability vector 
 

0

P  1 0 0=  

 
(n) 0

0.199 0.563 0.199

1 0 0 0.199 0.563 0.199

0.199 0.563 0.199

n

P P P

 
 

= =
 
  

 

 
(n)

P  = [0.199    0.563    0.199].    (16) 
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Correcting to one decimal place, we have: 
 

(n)

P = [0.2    0.6    0.2]. 

 
 
This is the probability of finding the annual rainfall based on SPI classification fall in any of three 
states for large n (1.e n ≥ 50). 
 
From equation (3), we obtained the limiting state probability vector that is equation (7). 

Thus: π =  πP (0.2  0.6  0.2). 
 
The interpretation of this result is that, in the long-run 20% of the years during rainy season in 
BirninKebbi will experience flood, 60% will experience normal rainfall while 20% will experience 
drought.As it can be seen from equation (10) (transition probability matrix) a drought year cannot be 
followed by a flood yearand the probability of a drought to be followed by a normal year is high 
while the probability of   a normal year to be followed by a drought and a drought year to be 
followed by another drought year is extremely small. 
 

4.   Conclusion 
 

The rainfall pattern of Birnin Kebbi, Kebbi state has been analysed using Markov Chain with the 
help of Standardized Precipitation Index (SPI). Results from the research is an important 
information to the government and people of Kebbi state for better understanding of rainfall 
dynamics and viable agricultural production. 
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Abstract 

 
In this study, a mathematical model of the optimal control strategies of Smartphone virus 
infection transmission dynamics incorporating vaccination, quarantine and treatment as 
the control parameters is presented. Pontryagin’s maximum principle is used to 
characterize the optimal controls and the optimality system is solved by an iteration 
method. We performed some numerical simulations to verify the theoretical analysis with 
Runge-Kutta method of order four in MATLAB. The numerical simulation of the model 
shows that effective vaccination, quarantine and treatment as control strategies can 
eradicate Smartphone virus infection form the population. Finally, our findings strongly 
suggest that high coverage of vaccination, quarantine and treatment are critical to the 
success of Smartphone virus infection control. 

 
Keywords: smartphone virus; optimal control; vaccination; quarantine; treatment; pontryagin’s 
maximum principle 
 
 

1.   Introduction 
 

The Smartphone enable users to have a device with a good processing power, internet access and 
functions of traditional mobile phones in one device, small enough to fit in a pocket. However, the 
wealth of private information which is stored on those devices made them an interesting target for 
malicious users and cyber criminals [18], who then invade these Smartphone with virus. Smartphone 
virus is a mischief program written to proliferate from one phone to another and it takes control of 
Smartphone devices by exploiting its vulnerability. Continuous improvement in Smartphone device 
hardware and Smartphone communication technologies has led to a highly interconnected world, 
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but also a world grown highly vulnerable. Cyber criminals have proven significantly efficient in 
uncovering new vulnerabilities in popular applications (apps)[14]. As a result, more and more 
 
Smartphone malware families are introduced every year [19]. Just in 2017, more than 20 million 
malware samples have been detected [17], while other studies show that the chances for 
monetization is a key factor responsible for the rise of Smartphone malware [12][23]. 
 

The cyber attacker who was able to install malware on some system can install or delete 
programs, modify files, download sensitive information and use them to impersonate the user’s 
action and keystrokes, capture users screen, use camera and retrieve photos or videos, use the 
infected system as a source of DDoS attack [18][22]. Smartphone can become infected either 
through downloading infected files using the phone internet browser, transferring files between 
phones using Bluetootth interface, synchronizing with an infected computer, assessing an infected 
physical memory card, opening infected files attached to multimedia message service (MMS) or 
email [4][5]. Zhang [28] discovered that Smartphone virus can also propagate through multi-layered 
network. He concluded that Smartphone viruses can use any network (3G, 4G, Wi-Fi or Bluetooth). 
When an unsuspected user accepts the infected attachment file, using a phone susceptible to the 
virus, then the virus is installed and infects the target phone which then begins to perform as an 
attacked phone [6][25]. Smartphone virus can seize the victim’s mobile device by running malicious 
exploit and this infected device will in turn, scan and infect other Smartphones in the mobile 
network [25]. 
 

Some response mechanisms completely stop further virus propagation, but others simply 
slow the propagation rate of the virus. Both types of response can be used. Ideally, the response 
mechanism would always quickly and completely stop Smartphone virus propagation. However, 
some viruses spread so quickly that a first response mechanism that slows the spread could buy time 
to enable activation of a second response mechanism that completely halts the propagation process.  
Actually, in phone user education response, the consent of the phone user to accept the message 
and infect the phone is required, therefore, a user not accepting an infected message has a direct 
effect on virus propagation. Also, other response mechanism such as immunization can prevent 
infection even if the user accepts the MMS message attachment [9]. A virus scans of all MMS 
attachments as they pass through an MMS gateway is completely effective against viruses with 
known virus signature. For that reason, after the new virus signature is added to the list of known 
viruses, the gateway virus scan is able to completely halt virus propagation [24].   

 

The immunization response mechanism operates using software placed directly on each 
Smartphone [21]. After a Smartphone service provider detects virus that exploits a vulnerable 
Smartphone, the service provider begins developing a patch to fix that vulnerability [26]. Once the 
patch is developed, the immunization software resident in each Smartphone automatically installs 
any immunization patch available [28]. Bandwidth constraint prevents most Smartphones from 
receiving the patch simultaneously, so the patch is rolled out to the entire Smartphone population 
uniformly over a period of time [16]. The more servers that are dedicated to distributing these 
patches, the faster the deployment to susceptible Smartphones in the network [2]. When the patch 

http://www.tnsmb.org/


                                                  International Journal of Mathematical Analysis and Modelling 

                                                                                 Volume 5, Issue 1, May 2022, Pages 128 – 161       
 

 

130                                                IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                              (Formerly Journal of the Nigerian Society for Mathematical Biology) 

 

arrives at a particular Smartphone, it becomes immunized from virus if not infected, or the patch 
stops further propagation attempts from Smartphone if it is already infected [24]. 
 

Because Smartphone viruses have potential to attack in many different ways, an optimal 
response strategy must incorporate mechanisms to counteract a wide variety of virus behaviors. The 
hope of stopping Smartphone virus before it degrades the utility and value of Smartphones is quick 
and concerted action on the part of all universal mobile telecommunications service (UMTS) data 
networksthat their mobile devices use; Wi-Fi networks have no such protection. And while some 
carriers already filter their MMS streams to remove messages bearing malicious attachments, all 
should do so [12]. 
 

Some of the manufacturers have joined the trusted computing group, which has been 
hammering on industry standards micro circuiting inside phones that will make it harder for malware 
to get a sensitive data in the devices memory or to hijack its payment mechanism. Symbian released 
a version of its operating system that does an improved job of protecting key files which requires 
software to obtain digital certificate from the company. This Symbian system refuses to install 
programs not accompanied by a certificate. Unless disabled by a user the system effectively excludes 
all mobile malware discovered [12].    

     
2.   Related literature 
 

Virus attack is a serious threat in Smartphone network environment and is still multiplying as time 
continues to pass. Controlling these virus attacks in Smartphone is very necessary. Several 
mathematical models have been developed to simulate, analyze and understand Smartphone virus 
propagation and its control strategies, in related works, Guillen et al [11] used the theory of optimal 
control that is associated to systems of ordinary differential equations to find a new function to 
control malware epidemic through time, while Liu and Zhong [15] employed the optimal control 
theory to study malware immunization strategies, aiming to keep the total economic loss of security 
investment and infection loss as low as possible.  
 

Van Ruitenbeek and Stevens [24] proposed response mechanisms for mobile phone viruses 
and used their model to obtain insight on the effectiveness of the virus mitigation technique. To 
study the fundamental spreading patterns that characterize a mobile virus outbreak, Wang et al [25] 
modeled the mobile benign worm based on two stages of repairing mechanisms. Chinebu et al [6] 
proposed an SVEIQRS model that control virus attack through vaccination and quarantine. Their 

model has a globally asymptotically stable virus free equilibrium when R0 < 1 and a unique endemic 

equilibrium when R0 > 1 . Yang et al [27] proposed two different propagation models of mobile 
phone viruses under the complex network. 

 

Our aim in this paper is to highlight the seriousness of Smartphone virus propagation, 

particularly exposed (E(t)) Smartphone that is infected without symptom which can transmit the 

infection to susceptible(S(t)) Smartphone. Likewise, there can be transmission from infected 

Smartphone (I(t)) to susceptible. In addition, we included complication with virus infected 

Smartphone (C(t)). Furthermore, we have the quarantined Smartphone (Q(t)) and finally the 

recovered Smartphone (R(t)). 
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A continuous mathematical model was proposed in this paper and it describes the dynamics 

of a population infected by Smartphone virus. Moreover, we gave the optimal control model in  
 

section 3. We presented the optimal control problem for the model where various results regarding 
the existence and characterization of the optimal control using Potryagin’s Maximum Principle was 
given in section 4. Matlab was used for the Numerical Simulation and is presented in section 5. 
Lastly, the conclusion was presented in section 6.    
 
 

3.    Mathematical model formulation 
 

We consider a mathematical model that describes the Sensitivity analysis of Smartphone virus 
infection transmission dynamics as proposed in Chinebu et al [8]. The entire Smartphone population 

denoted by N(t) was divided into six compartments. 
 

3.1.   Description of the smartphone model compartments  
 

The schematic diagram of the proposed Smartphone virus transmission dynamics is shown in Figure  
1 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 1: Schematic diagram of the model. 
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Let us denote the force of infection by 
 

λ = β(
ηE(t) + I(t)

N
),                                                                   (1) 

 
 
 

where β is the Smartphone virus infection transmission rate and η is the modification factor for the 
exposed Smartphones.  
 

The susceptible compartment is increased by ρ, which denotes the incidence of susceptible 

Smartphone. All the compartments is decreased by the amount μ (natural Death), 
βηS(t)E(t)

N
 (the 

number of Smartphone that are infected with the virus by contact with the exposed Smartphone) 

and  
βS(t)I(t)

N
  (the number of Smartphone that were infected with the virus by communication with 

infected Smartphone). φ, is the number of Smartphones that become infectious, andπ is the number 
of Smartphones that have upgraded to the development of rapid and dangerous virus, thereby, 
having complications due to antivirus deficiency.  Smartphones that have severe complications such 

as Apps crashing over and over again is denoted by α. δ is death rate due to virus infection and ϕ, 

progression rate from infected to quarantine. Death rate due to virus infection is denoted by δ1 and 

progression rate from infected with complications to quarantine by σ. ψ represent the movement 
from quarantined to recovered Smartphones and quarantined Smartphones that cannot be repaired 

again is represented by δ2. The natural death rate is denoted by μ.  
 
Based on the above assumptions and the schematic diagram, we thus present the 

Smartphone virus infection transmission dynamics model by the following systems of differential 
equation as proposed in Chinebu et al [8]: 

 
 

dS(t)

dt
= ρ − μS(t) − λS(t),                                

dE(t)

dt
= λS(t) − (μ + φ + π)E(t),                   

dI(t)

dt
= φE(t) − (μ + α + ϕ + δ)I(t),            

dC(t)

dt
= πE(t) + αI(t) − (μ + δ1 + σ)C(t),

dQ(t)

dt
= ϕI(t) + σC(t) − (μ + δ2 + ψ)Q(t),

dR(t)

dt
= ψQ(t) − μR(t),                                      }

 
 
 
 
 
 

 
 
 
 
 
 

(2) 
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where the initial states are S(0) ≥ 0, E(0) ≥ 0, I(0) ≥ 0, C(0) ≥ 0, Q(0) ≥ 0, R(0) ≥ 0. 

 
 

4.   Formulation as an optimal control problem 
 

The goal of this study is to use three control strategies τ1(t), τ2(t) and τ3(t) in terms of combined 

effort of vaccination, quarantine and treatment (repair) for t ∈ [0, tf] that would minimize the 
number infected Smartphones which will subsequently be destroyed (When there is less/no 
possibility of the Smartphone being repaired) due to virus infection and its complications. And at 
the same time, also minimize the cost of vaccination, quarantine and treatment of the population.  

First control is the proportion of Smartphones that are subjected to vaccination. Therefore, τ1 

denotes vaccination strategy to susceptible Smartphones at time t. Second control is the proportion 

of Smartphones that were quarantined and is denoted by τ2(I(t) + C(t)) which are infected and 

complicated Smartphones that are quarantined at time t. The third control is denoted by τ3Q(t) 
which represents quarantined Smartphones that underwent treatment (repair) at time t. Thus, we 
obtain 
 
 
 

dS(t)

dt
= ρ − μS(t) − β [(1 − τ1(t)) (

ηE(t) + I(t)

N
)] S(t),                                              

dE(t)

dt
= β [(1 − τ1(t)) (

ηE(t) + I(t)

N
)] S(t) − (μ + φ + π)E(t),                                 

dI(t)

dt
= φE(t) − (μ + α + ϕ + δ)I(t) − τ2(t)I(t),                                                            

dC(t)

dt
= πE(t) + αI(t) − (μ + δ1 + σ)C(t) − τ2(t)C(t),                                                 

dQ(t)

dt
= ϕI(t) + σC(t) − (μ + δ2 + ψ)Q(t) + τ2(t)I(t) + τ2(t)C(t) − τ3(t)Q(t),

dR(t)

dt
= ψQ(t) − μR(t) + τ3(t)Q(t).                                                                                     }

 
 
 
 
 
 

 
 
 
 
 
 

        (3)  

 
 
The problem is to minimize the objective functional 
 

J(τ1, τ2, τ3) = E(tf) + I(tf) + C(tf) + Q(tf)

+ ∫ (E(tf) + I(tf) + C(tf) + Q(tf) +
B1
2
τ1
2(t) +

B2
2
τ2
2(t) +

B3
2
τ3
2(t)) dt ,    (4)

tf

0
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where B1 ≥ 0, B2 ≥ 0 and B3 ≥ 0 are the cost coefficients of τ1(t), τ2(t) and τ3(t) at time t, tf 
being the final time. Hence, we seek the optimal controls τ1

∗ , τ2
∗  and τ3

∗  such that 
 
 
 

J(τ1
∗ , τ2

∗ , τ3
∗) = min

τ1,τ2,τ3∈W
J (τ1, τ2, τ3),                                                                        (5) 

 

where W is the set of admissible control defined by  
 

W = {τ1, τ2, τ3: 0 ≤ τ1min ≤ τ1(t) ≤ τ1max ≤ 1,  
                               0 ≤ τ2min ≤ τ2(t) ≤ τ2max ≤ 1,  
                               0 ≤ 𝜏3𝑚𝑖𝑛 ≤ 𝜏3(𝑡) ≤ 𝜏3𝑚𝑎𝑥 ≤ 1,  

                                                                           𝑡 ∈ [0, 𝑡𝑓]}                                       (6) 
 
 

4.1.  The optimal control: existence and characterization 
 

We shall first show the existence of solutions of system (3), after which we shall prove the existence 
of optimal control [10]. 
 

4.2.  Existence of an optimal control 
 

Theorem 4: Consider the control problem with system (3).  There exists an optimal control 

(𝜏1
∗, 𝜏2

∗, 𝜏3
∗) ∈ 𝑊 such that 

𝐽(𝜏1
∗, 𝜏2

∗, 𝜏3
∗) = 𝑚𝑖𝑛

𝜏1,𝜏2,𝜏3∈𝑊
𝐽 (𝜏1, 𝜏2, 𝜏3).   

 
Proof:  We can prove the existence of the optimal control through the following four conditions as 
was discussed in [7]: 
 
Proof of Condition 1. 
The theorems 3 and 4 indicate that the set of controls and corresponding state variables is not 
empty. We shall use Boyce and DiPrima [3] simplified version of an existence result to prove that 

the set of controls and the corresponding state variables are non empty. Let 𝑦𝑖
′ =

𝐹𝑦𝑖(𝑡, 𝑦1, 𝑦2, … , 𝑦6) with 𝑖 = 1, 2, … ,6 where (𝑦1, 𝑦2 , 𝑦3, 𝑦4, 𝑦5,𝑦6) = (𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡),

𝐶(𝑡), 𝑄(𝑡), 𝑅(𝑡)) where 𝑦1, 𝑦2 , 𝑦3, 𝑦4, 𝑦5, 𝑦6 form the right hand side of the system of equation (3). 

Let 𝜏1, 𝜏2 𝑎𝑛𝑑 𝜏3 for some constants and since all parameters are constant with  

𝑦1, 𝑦2 , 𝑦3, 𝑦4, 𝑦5 𝑎𝑛𝑑𝑦6  being continuous, then, it implies that  𝐹𝑆, 𝐹𝐸 , 𝐹𝐼 , 𝐹𝐶 , 𝐹𝑄  𝑎𝑛𝑑 𝐹𝑅  are also 

continuous. More so, the partial derivatives 
𝜕𝐹𝑦𝑖

𝜕𝑦𝑖
 with 𝑖 = 1, 2, … , 6 are all continuous. Therefore, 

there exists a unique solution (𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝐶(𝑡), 𝑄(𝑡), 𝑅(𝑡)) that satisfies the initial 

conditions. Consequently, the set of control and the control variables is non-empty, hence, 
condition 1 is satisfied. 

http://www.tnsmb.org/


T. I. Chinebu, G. C. E. Mbah, E. A. Jooda, E. O. Ezennorom, and  
I. V. Udegbe 
 

 
 

135                                                IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                              (Formerly Journal of the Nigerian Society for Mathematical Biology) 

 
 

 
Proof of Condition 2. 
The control space of equation (4) 
 

𝐽(𝜏1, 𝜏2, 𝜏3) = 𝐸(𝑡𝑓) + 𝐼(𝑡𝑓) + 𝐶(𝑡𝑓) + 𝑄(𝑡𝑓)

+ ∫ (𝐸(𝑡𝑓) + 𝐼(𝑡𝑓) + 𝐶(𝑡𝑓) + 𝑄(𝑡𝑓) +
𝐵1
2
𝜏1
2(𝑡) +

𝐵2
2
𝜏2
2(𝑡) +

𝐵3
2
𝜏3
2(𝑡)) 𝑑𝑡     

𝑡𝑓

0

 

 

is convex in 𝑊 and closed by definition. Take any controls 𝜏1, 𝜏2 ∈ 𝑊 𝑎𝑛𝑑 𝛺 ∈ [0, 1]. Then, 0 ≤
𝛺𝜏1 + (1 − 𝛺)𝜏2. Furthermore, we observe that 𝛺𝜏1 ≤ 𝛺 𝑎𝑛𝑑(1 − 𝛺)𝜏2 ≤ (1 − 𝛺), then, 𝛺𝜏1 +
(1 − 𝛺)𝜏2 ≤ 𝛺 + (1 − 𝛺) = 1. Therefore, 0 ≤ 𝛺𝜏1 + (1 − 𝛺)𝜏2 ≤ 1, for all  𝜏1, 𝜏2 ∈ 𝑊 and 

𝛺 ∈ [0, 1]. So, 𝑊 is convex and therefore, condition 2 is satisfied. 
 
Proof of Condition 3. 
All the right hand sides of the equations in system (4) are continuous, bounded above by a sum of 

bounded control and state, and can be written as a linear function of 𝜏1, 𝜏2, 𝜏3 with coefficients 

depending on time and state. The control space 𝑊 = {𝜏1, 𝜏2, 𝜏3: 0 ≤ 𝜏1𝑚𝑖𝑛 ≤ 𝜏1(𝑡) ≤ 𝜏1𝑚𝑎𝑥 ≤

1, 0 ≤ 𝜏2𝑚𝑖𝑛 ≤ 𝜏2(𝑡) ≤ 𝜏2𝑚𝑎𝑥 ≤ 1, 0 ≤ 𝜏3𝑚𝑖𝑛 ≤ 𝜏3(𝑡) ≤ 𝜏3𝑚𝑎𝑥 ≤ 1, 𝑡 ∈ [0, 𝑡𝑓]} is convex and 

closed by definition. 
 
From system (3), we have 

𝑑𝑁(𝑡)

𝑑𝑡
= 𝜌 − 𝜇𝑁,  

𝑙𝑖𝑚
𝑡→∞

𝑆𝑢𝑝 𝑁(𝑡) ≤
𝜌

𝜇
. 

 

Therefore, all solutions of system (3) are bounded. So, there exists 𝑦1, 𝑦2 , 𝑦3, 𝑦4, 𝑦5 𝑎𝑛𝑑 𝑦6 such 

that∀ 𝑡 ∈ [0, 𝑡𝑓]: 𝑆(𝑡) ≤ 𝑦1, 𝐸(𝑡) ≤ 𝑦2, 𝐼(𝑡) ≤ 𝑦3, 𝐶(𝑡) ≤ 𝑦4, 𝑄(𝑡) ≤ 𝑦5 𝑎𝑛𝑑 𝑅(𝑡) ≤ 𝑦6. If we 

consider 
 

{
  
 

  
 
𝐹𝑆 = 𝑆(𝑡) ≤ 𝜌                                                                               

𝐹𝐸 = 𝐸(𝑡) ≤ 𝐷1𝐸                                                                         

𝐹𝐼 = 𝐼(𝑡) ≤ 𝜑𝐸 − 𝐷2𝐼                                                                 

𝐹𝐶 = 𝐶(𝑡) ≤ 𝜋𝐸(𝑡) + 𝛼𝐼(𝑡) − 𝜏2(𝑡)𝑦4                                  

𝐹𝑄 = 𝑄(𝑡) ≤ 𝜙𝐼(𝑡) + 𝜎𝐶(𝑡) + 𝜏2(𝑡)(𝑦3 + 𝑦4) − 𝜏3(𝑡)𝑦5
𝐹𝑅 = 𝑅(𝑡) ≤ 𝜓𝑄(𝑡) + 𝜏3(𝑡)𝑦5                                                

 

 
So, we can rewrite system (3) in matrix form as  
 

𝐹(𝑡, 𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝐶(𝑡), 𝑄(𝑡), 𝑅(𝑡)) ≤ 𝜌 + 𝑉𝑌(𝑡) − 𝐹𝑊(𝑡) 
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where 𝐹(𝑡, 𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝐶(𝑡), 𝑄(𝑡), 𝑅(𝑡)) = [𝐹𝑆, 𝐹𝐸 , 𝐹𝐼 , 𝐹𝐶 , 𝐹𝑄 , 𝐹𝑅]
𝑇
 

𝑌(𝑡) = [𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝐶(𝑡), 𝑄(𝑡), 𝑅(𝑡)]𝑇 

𝑊(𝑡) = [𝜏1, 𝜏2, 𝜏3]
𝑇 

 
and 
 

                                                    

 
 

                                               

 
 
which gives the linear function of the control vector defined by time and state variables. Then we 
find out the bound of the right hand side. It is noted that all parameters are constant and greater 
than or equal to zero. Therefore, we can write 
 

𝐹(𝑡, 𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝐶(𝑡), 𝑄(𝑡), 𝑅(𝑡)) ≤ ‖𝜌‖ + ‖𝑉‖‖𝑌(𝑡)‖ + ‖𝐹‖‖𝑊(𝑡)‖ 

≤ 𝔒+ 𝛾(‖𝑌(𝑡)‖ + ‖𝑊(𝑡)‖) 
𝑤ℎ𝑒𝑟𝑒  𝔒 ≤ 𝜌 𝑎𝑛𝑑 𝛾 = 𝑚𝑎𝑥(‖𝑉‖, ‖𝐹‖) . 

. 
Hence, we say that the right hand side is bounded by a sum of the state and control. Therefore, 
condition 3 is satisfied. 
 
Proof of Condition 4.   

The integrand in the objective functional 𝐸(𝑡𝑓) + 𝐼(𝑡𝑓) + 𝐶(𝑡𝑓) + 𝑄(𝑡𝑓) +
𝐵1

2
𝜏1
2(𝑡) +

𝐵2

2
𝜏2
2(𝑡) +

𝐵3

2
𝜏3
2(𝑡) is clearly convex in 𝑊. 
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 We then show that there exists constants 𝜉1, 𝜉2, 𝜉3, 𝜉4 > 0, and 𝜉 such that 𝐸(𝑡𝑓) + 𝐼(𝑡𝑓) +

𝐶(𝑡𝑓) + 𝑄(𝑡𝑓) +
𝐵1

2
𝜏1
2(𝑡) +

𝐵2

2
𝜏2
2(𝑡) +

𝐵3

2
𝜏3
2(𝑡) satisfies 𝐸(𝑡𝑓) + 𝐼(𝑡𝑓) + 𝐶(𝑡𝑓) + 𝑄(𝑡𝑓) +

𝐵1

2
𝜏1
2(𝑡) +

𝐵2

2
𝜏2
2(𝑡) +

𝐵3

2
𝜏3
2(𝑡) ≥ 𝜉1 + 𝜉2|𝜏1|

𝜉 + 𝜉3|𝜏2|
𝜉 + 𝜉4|𝜏3|

𝜉 . 

 

The state variable being bounded, let 𝜉1 = 𝑖𝑛𝑓
𝑡∈[0,𝑡𝑓]

𝐸(𝑡𝑓) + 𝐼(𝑡𝑓) + 𝐶(𝑡𝑓) + 𝑄(𝑡𝑓) , 𝜉2 =
𝐵1

2
, 𝜉3 =

𝐵2

2
, 𝜉4 =

𝐵3

2
 𝑎𝑛𝑑 𝜉 = 2, then it follows that: 𝐸(𝑡𝑓) + 𝐼(𝑡𝑓) + 𝐶(𝑡𝑓) + 𝑄(𝑡𝑓) +

𝐵1

2
𝜏1
2(𝑡) +

𝐵2

2
𝜏2
2(𝑡) +

𝐵3

2
𝜏3
2(𝑡) ≥ 𝜉1 + 𝜉2|𝜏1|

𝜉 + 𝜉3|𝜏2|
𝜉 + 𝜉4|𝜏3|

𝜉 . 

 
Therefore, condition 4 is also satisfied. From the above discussion the existence of the objective 
functional has been established. Then from Fleming and Rishel [10], we conclude that there exists an 
optimal control. 
 

4.3.   Characterization of the optimal control 
 

In order to derive the necessary conditions for the optimal control, we apply Pontryagin’s Maximum 

Principle (𝑃𝑀𝑃)[26] to the Hamiltonian 𝐻. 
 

Theorem 5: Given optimal controls (𝜏1
∗, 𝜏2

∗, 𝜏3
∗) and solutions𝑆∗, 𝐸∗, 𝐼∗, 𝐶∗, 𝑄∗ 𝑎𝑛𝑑 𝑅∗ of the 

corresponding system (3), there exist adjoint variables𝜆1, 𝜆2, 𝜆3, 𝜆4, 𝜆5 𝑎𝑛𝑑 𝜆6 satisfying 
 
 

𝜆̇1 = 𝜆1 (𝜇 + 𝛽(1 − 𝜏1(𝑡)) (
𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
)) − 𝜆2 (𝛽(1 − 𝜏1(𝑡)) (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
))                                          

𝜆̇2 = −1 + 𝜆1 (𝛽(1 − 𝜏1(𝑡)) (
𝜂𝑆(𝑡)

𝑁
)) − 𝜆2 (𝛽(1 − 𝜏1(𝑡))

𝜂𝑆(𝑡)

𝑁
− 𝐴) − 𝜆3𝜑 − 𝜆4𝜋                                      

𝜆̇3 = −1 + 𝜆1 (𝛽(1 − 𝜏1(𝑡)) (
𝑆(𝑡)

𝑁
)) − 𝜆2 (𝛽(1 − 𝜏1(𝑡))

𝑆(𝑡)

𝑁
) + 𝜆3(𝐵 + 𝜏2(𝑡)) − 𝜆4𝛼 − 𝜆5(𝜙 + 𝜏2(𝑡))

𝜆̇4 = −1 − 𝜆4(𝐺 + 𝜏2(𝑡)) − 𝜆5(𝜎 + 𝜏2(𝑡))                                                                                                                     

𝜆̇5 = −1 + 𝜆5(𝐾 + 𝜏3(𝑡)) − 𝜆6(𝜓 + 𝜏3(𝑡))                                                                                                                    

𝜆̇6 = 𝜆6𝜇                                                                                                                                                                                    }
 
 
 
 
 
 

 
 
 
 
 
 

(7) 

 
 

With transversality conditions at time 𝑡𝑓: 𝜆1(𝑡𝑓) = 0, 𝜆2(𝑡𝑓) = −1, 𝜆3(𝑡𝑓) = −1, 𝜆4(𝑡𝑓) =

−1, 𝜆5(𝑡𝑓) = −1, 𝜆6(𝑡𝑓) = 0.  Moreover, the optimal controls 𝜏1
∗, 𝜏2

∗ 𝑎𝑛𝑑 𝜏3
∗ are given by 
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𝜏1
∗ = 𝑚𝑖𝑛(1,𝑚𝑎𝑥 (0,

𝜆2 − 𝜆1
𝐵1

(𝛽 (
𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡))))

𝜏2
∗ = 𝑚𝑖𝑛 (1,𝑚𝑎𝑥 (0,

𝜆3𝐼(𝑡) + 𝜆4𝐶(𝑡) − 𝜆5(𝐼(𝑡) + 𝐶(𝑡))

𝐵2
))

𝜏3
∗ = 𝑚𝑖𝑛 (1,𝑚𝑎𝑥 (0,

(𝜆5 − 𝜆6)𝑄(𝑡)

𝐵3
))                                      

}
 
 
 

 
 
 

(8) 

 
 

Proof: The Hamiltonian 𝐻 is defined as follows: 
 

𝐻(𝑡) = 𝐸(𝑡𝑓) + 𝐼(𝑡𝑓) + 𝐶(𝑡𝑓) + 𝑄(𝑡𝑓) +
𝐵1

2
𝜏1
2(𝑡) +

𝐵2

2
𝜏2
2(𝑡) +

𝐵3

2
𝜏3
2(𝑡) + 𝜆̇1𝑆(𝑡) + 𝜆̇2𝐸(𝑡) +

𝜆̇3𝐼(𝑡) + 𝜆̇4𝐶(𝑡) + 𝜆̇5𝑄(𝑡) + 𝜆̇6𝑅(𝑡). 
 

The adjoint variables 𝜆̇1, 𝜆̇2, 𝜆̇3, 𝜆̇4, 𝜆̇5, 𝜆̇6 are obtained by the following system: 
 
 

𝜆̇1 = −
𝜕𝐻

𝜕𝑆
, 𝜆̇2 = −

𝜕𝐻

𝜕𝐸
, 𝜆̇3 = −

𝜕𝐻

𝜕𝐼
, 𝜆̇4 = −

𝜕𝐻

𝜕𝐶
, 𝜆̇5 = −

𝜕𝐻

𝜕𝑄
, 𝜆̇6 = −

𝜕𝐻

𝜕𝑅
(9) 

 
 

For 𝑡 ∈ [0, 𝑡𝑓],  the adjoint equations and transversality conditions can be obtained by using 

Pontryagin’s Maximum Principle [20][13][1], such that 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

http://www.tnsmb.org/


T. I. Chinebu, G. C. E. Mbah, E. A. Jooda, E. O. Ezennorom, and  
I. V. Udegbe 
 

 
 

139                                                IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                              (Formerly Journal of the Nigerian Society for Mathematical Biology) 

 
 

 
 
 

𝜆̇1 = −
𝜕𝐻

𝜕𝑆
= 𝜆1 (𝜇 + 𝛽(1 − 𝜏1(𝑡)) (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
)) − 𝜆2 (𝛽(1 − 𝜏1(𝑡)) (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
))       

𝜆̇2 = −
𝜕𝐻

𝜕𝐸
= −1 + 𝜆1 (𝛽(1 − 𝜏1(𝑡)) (

𝜂𝑆(𝑡)

𝑁
)) − 𝜆2 (𝛽(1 − 𝜏1(𝑡))

𝜂𝑆(𝑡)

𝑁
− 𝐴) − 𝜆3𝜑 − 𝜆4𝜋  

𝜆̇3 = −
𝜕𝐻

𝜕𝐼
= −1 + 𝜆1 (𝛽(1 − 𝜏1(𝑡)) (

𝑆(𝑡)

𝑁
)) − 𝜆2 (𝛽(1 − 𝜏1(𝑡))

𝑆(𝑡)

𝑁
) + 𝜆3(𝐵 + 𝜏2(𝑡))        

−𝜆4𝛼 − 𝜆5(𝜙 + 𝜏2(𝑡))

𝜆̇4 = −
𝜕𝐻

𝜕𝐶
= −1 − 𝜆4(𝐺 + 𝜏2(𝑡)) − 𝜆5(𝜎 + 𝜏2(𝑡))                                                                                

𝜆̇5 = −
𝜕𝐻

𝜕𝑄
= −1 + 𝜆5(𝐾 + 𝜏3(𝑡)) − 𝜆6(𝜓 + 𝜏3(𝑡))                                                                                

𝜆̇6 = −
𝜕𝐻

𝜕𝑅
= 𝜆6𝜇                                                                                                                                               }

 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 

(10) 

 
 

The optimal control 𝜏1
∗, 𝜏2

∗ 𝑎𝑛𝑑 𝜏3
∗ derived from the optimality condition 

 
𝜕𝐻

𝜕𝜏1
= 0,

𝜕𝐻

𝜕𝜏2
= 0,

𝜕𝐻

𝜕𝜏3
= 0 

 

−
𝜕𝐻

𝜕𝜏1
= −𝐵1𝜏1(𝑡) + (𝜆2 − 𝜆1) (𝛽 (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡)) = 0

−
𝜕𝐻

𝜕𝜏2
= −𝐵2𝜏2(𝑡) + 𝜆3𝐼(𝑡) + 𝜆4𝐶(𝑡) − 𝜆5(𝐼(𝑡) + 𝐶(𝑡)) = 0

−
𝜕𝐻

𝜕𝜏3
= −𝐵3𝜏3(𝑡) + (𝜆5 − 𝜆6)𝑄(𝑡) = 0                                      

}
  
 

 
 
 

 

 
Then, we have  
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𝜏1(𝑡) =
𝜆2 − 𝜆1
𝐵1

(𝛽 (
𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡))   

𝜏2(𝑡) =
𝜆3𝐼(𝑡) + 𝜆4𝐶(𝑡) − 𝜆5(𝐼(𝑡) + 𝐶(𝑡))

𝐵2

𝜏3(𝑡) =
(𝜆5 − 𝜆6)𝑄(𝑡)

𝐵3
                                       

}
 
 
 

 
 
 

 

 

By substituting the optimal control 𝜏1
∗, 𝜏2

∗ 𝑎𝑛𝑑 𝜏3
∗ ino the state system (3) and the adjoint system (9), 

we obtain the corresponding 𝑆∗, 𝐸∗, 𝐼∗, 𝐶∗, 𝑄∗, 𝑅∗and 𝜆𝑖
∗, 𝑖 = 1, 2, … , 6, with the help of the 

transversality condition 𝜆𝑖
∗(𝑡𝑓), 𝑖 = 1, 2, … , 6 

 
5.    Numerical simulations 
 
In this section, we present the result obtained by solving the optimal control system numerically 
having the initial conditions for the state variables. Thus, the optimal control system is a two-point 

boundary value problem with separate boundary conditions at time steps    𝑖 = 0 𝑎𝑛𝑑 𝑖 = 𝑡𝑓. We 

solve the optimality system by using Runge Kutta method of order four (RK4). The numerical 
simulations were carried out with the parameters in Table 1. 
 
 

𝑃𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟 𝐷𝑒𝑠𝑐𝑟𝑖𝑝𝑡𝑖𝑜𝑛 𝑉𝑎𝑙𝑢𝑒 

𝜌 Incidence of Smartphone 100 

𝜇 Natural death rate 0.057 

𝛽 Contact rate of infected Smartphones with susceptible  0.85 

𝜂 Modification factor for the exposed  Smartphones 0.0002 

𝜑 The rate at which exposed Smartphones become infectious 0.045 

𝜋 The rate at which exposed Smartphones develop complication due to 
virus infection 

0.04 

𝛼 The rate at which infected Smartphones develop complication due to 
virus infection 

0.21 

𝜙 Quarantine rate of infected Smartphones  before treatment 0.083 

𝛿 Disease induced death rate of infected Smartphones 0.01 

𝛿1 Disease induced death rate of infected with complication Smartphones 0.01 

𝛿2 Disease induced death rate of quarantined Smartphones 0.01 

𝜎 Quarantine rate of infected with complication Smartphones  before 
treatment  

0.02 

𝜓 The rate at which quarantined Smartphones recover from virus 
infection after treatment. 

0.017 

 
Table 1: Parameter value for the simulation 
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For the optimality of the model, we have the initial value for the susceptible, exposed, infected, 

infected with complication, quarantined and recovered as 𝑆(0) = 100, 𝐸(0) = 10, 𝐼(0) =
4, 𝐶(0) = 2, 𝑄(0) = 3 𝑎𝑛𝑑 𝑅(0) = 5. 

Figure 2: The Dynamics of Susceptible, Exposed, Infected, Infected with Complication, 
Quarantined and Recovered Smartphones without Vaccination, quarantine and treatment Control 

strategies (𝜏1(𝑡), = 𝜏2(𝑡) = 𝜏3(𝑡) = 0). 
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Figure 3: The Dynamics of Susceptible, Exposed, Infected, Infected with Complication, 
Quarantined and Recovered Smartphones with Vaccination, quarantine and treatment Control 

strategies (0 < 𝜏3(𝑡), 𝜏3(𝑡), 𝜏3(𝑡) < 1). 
 
 

 
Figure 4: The Dynamics of Exposed Smartphones without Vaccination, quarantine and treatment 

Control strategies (𝜏1(𝑡), = 𝜏2(𝑡) = 𝜏3(𝑡) = 0). 
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Figure 5: The Dynamics of Infected Smartphones without Vaccination, quarantine and treatment 

Control strategies (𝜏1(𝑡), = 𝜏2(𝑡) = 𝜏3(𝑡) = 0). 
 

 
Figure 6: The Dynamics Infected with Complication Smartphones without Vaccination, quarantine 

and treatment Control strategies (𝜏1(𝑡), = 𝜏2(𝑡) = 𝜏3(𝑡) = 0). 
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Figure 7: The Dynamics of Exposed Smartphones with vaccination Control strategy only (0 <
𝜏1(𝑡) < 1, 𝑎𝑛𝑑 𝜏2(𝑡) = 𝜏3(𝑡) = 0). 
 
 

 
Figure 8: The Dynamics of Infected Smartphones with vaccination Control strategy only  (0 <
𝜏1(𝑡) < 1, 𝑎𝑛𝑑 𝜏2(𝑡) = 𝜏3(𝑡) = 0). 
 
 
 
 

http://www.tnsmb.org/


T. I. Chinebu, G. C. E. Mbah, E. A. Jooda, E. O. Ezennorom, and  
I. V. Udegbe 
 

 
 

145                                                IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                              (Formerly Journal of the Nigerian Society for Mathematical Biology) 

 
 

 

Figure 9: The Dynamics of Infected with Complication Smartphones with vaccination Control 

strategy only  (0 < 𝜏1(𝑡) < 1, 𝑎𝑛𝑑 𝜏2(𝑡) = 𝜏3(𝑡) = 0). 
 
 
 
 
 
 

Without and with control 𝜏1(𝑡) after 𝑡 = 150 Without control With control Percentage of 
decreasing 

Exposed 637.8093 369.1904 42.12 
Infected 79.7262 46.1296 42.14 
Infected with Complication 637.8093 369.1904 41.70 
 
Table 2: Percentage of the decreasing number of Exposed, Infected and Infected with 

Complication without and with control 𝜏1(𝑡) 
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Figure 10: The Dynamics of Exposed Smartphones with quarantine control strategy only (0 <
𝜏2(𝑡) < 1, 𝑎𝑛𝑑 𝜏1(𝑡) = 𝜏3(𝑡) = 0). 
 
 

 
Figure 11: The Dynamics of Infected Smartphones with quarantine control strategy only (0 <
𝜏2(𝑡) < 1, 𝑎𝑛𝑑 𝜏1(𝑡) = 𝜏3(𝑡) = 0). 
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Figure 12: The Dynamics of Infected with Complication Smartphones with quarantine control 

strategy only (0 < 𝜏2(𝑡) < 1, 𝑎𝑛𝑑 𝜏1(𝑡) = 𝜏3(𝑡) = 0). 
 
 
 
 
 

Without and with control 𝜏2(𝑡) after 𝑡 =
150 

Without control With control Percentage of 
decreasing 

Exposed 637.8093 490.9569 23.04 
Infected 79.7262 19.0457 76.11 
Infected with Complication 637.8093 26.6492 94.51 
 
Table 3: Percentage of the decreasing number of Exposed, Infected and Infected with 

Complication without and with control 𝜏2(𝑡) 
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Figure 13: The Dynamics of Exposed Smartphones with treatment control strategy only (0 <
𝜏3(𝑡) < 1, 𝑎𝑛𝑑 𝜏1(𝑡) = 𝜏2(𝑡) = 0). 
 
 

 
Figure 14: The Dynamics of Infected Smartphones with treatment control strategy only (0 <
𝜏3(𝑡) < 1, 𝑎𝑛𝑑 𝜏1(𝑡) = 𝜏2(𝑡) = 0). 
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Figure 15: The Dynamics of Infected with Complication Smartphones with treatment control 

strategy only (0 < 𝜏3(𝑡) < 1, 𝑎𝑛𝑑 𝜏1(𝑡) = 𝜏2(𝑡) = 0). 
 
 
 
 
 

Without and with control 𝜏3(𝑡) after 𝑡 =
150 

Without control With control Percentage of 
decreasing 

Exposed 637.8093 635.2779 0.87 
Infected 79.7262 77.2635 3.09 
Infected with Complication 637.8093 429.2418 1.16 
 
Table 4: Percentage of the decreasing number of Exposed, Infected and Infected with 

Complication without and with control 𝜏3(𝑡) 
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Figure 16: The Dynamics of Exposed Smartphones with vaccination and quarantine Control 

strategies only (0 < 𝜏1(𝑡), 𝜏2(𝑡) < 1 𝑎𝑛𝑑 𝜏3(𝑡) = 0 ) . 
 
 
 
 
 

 
Figure 17: The Dynamics of Infected Smartphones with vaccination and quarantine Control 

strategies only (0 < 𝜏1(𝑡), 𝜏2(𝑡) < 1 𝑎𝑛𝑑 𝜏3(𝑡) = 0 ) . 
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Figure 18: The Dynamics of Infected with Complication Smartphones with vaccination and 

quarantine Control strategies only (0 < 𝜏1(𝑡), 𝜏2(𝑡) < 1 𝑎𝑛𝑑 𝜏3(𝑡) = 0 ) . 
 
 
 
 

Without and with control 𝜏1(𝑡)𝑎𝑛𝑑 𝜏2(𝑡) 
after 𝑡 = 150 

Without control With control Percentage of 
decreasing 

Exposed 637.8093 122.5242 80.79 
Infected 79.7262 5.3701 93.26 
Infected with Complication 637.8093 7.9962 98.35 
 
Table 5: Percentage of the decreasing number of Exposed, Infected and Infected with 

Complication without and with control 𝜏1(𝑡)𝑎𝑛𝑑 𝜏2(𝑡). 
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Figure 19: The Dynamics of Exposed Smartphones with vaccination and treatment Control 

strategies only (0 < 𝜏1(𝑡), 𝜏3(𝑡) < 1 𝑎𝑛𝑑 𝜏2(𝑡) = 0 ). 
 
 
 

 
Figure 20: The Dynamics of Infected Smartphones with vaccination and treatment Control 

strategies only (0 < 𝜏1(𝑡), 𝜏3(𝑡) < 1 𝑎𝑛𝑑 𝜏2(𝑡) = 0 ) . 
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Figure 21: The Dynamics of Infected with Complication Smartphones with vaccination and 

treatment Control strategies only (0 < 𝜏1(𝑡), 𝜏3(𝑡) < 1 𝑎𝑛𝑑 𝜏2(𝑡) = 0 ) . 
 
 
 
 
 

Without and with control 𝜏1(𝑡)𝑎𝑛𝑑 𝜏3(𝑡) 
after 𝑡 = 150 

Without control With control Percentage of 
decreasing 

Exposed 637.8093 369.1904 42.12 
Infected 79.7262 46.0457 42.14 
Infected with Complication 637.8093 283.1645 41.70 
 
Table 6: Percentage of the decreasing number of Exposed, Infected and Infected with 

Complication Without and with control 𝜏1(𝑡)𝑎𝑛𝑑 𝜏3(𝑡). 
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Figure 22: The Dynamics of Exposed Smartphones with quarantine and treatment Control 

strategies only (0 < 𝜏2(𝑡), 𝜏3(𝑡) < 1 𝑎𝑛𝑑 𝜏1(𝑡) = 0 ) . 
 
 

 
Figure 23: The Dynamics of Infected Smartphones with quarantine and treatment Control 

strategies only (0 < 𝜏2(𝑡), 𝜏3(𝑡) < 1 𝑎𝑛𝑑 𝜏1(𝑡) = 0 ) . 
 
 
 
 

http://www.tnsmb.org/


T. I. Chinebu, G. C. E. Mbah, E. A. Jooda, E. O. Ezennorom, and  
I. V. Udegbe 
 

 
 

155                                                IJMAM, Vol. 5, Issue 1 (2022) ©NSMB; www.tnsmb.org 
                                              (Formerly Journal of the Nigerian Society for Mathematical Biology) 

 
 

 
 

 
Figure 24: The Dynamics of Infected with Complication Smartphones with  quarantine and 

treatment Control strategies only (0 < 𝜏2(𝑡), 𝜏3(𝑡) < 1 𝑎𝑛𝑑 𝜏1(𝑡) = 0 ). 
 
 
 
 
 
 

Without and with control 𝜏2(𝑡)𝑎𝑛𝑑 𝜏3(𝑡) 
after 𝑡 = 150 

Without control With control Percentage of 
decreasing 

Exposed 637.8093 490.9569 23.02 
Infected 79.7262 19.0457 76.11 
Infected with Complication 637.8093 26.6492 94.51 
 
Table 7: Percentage of the decreasing number of Exposed, Infected and Infected with 

Complication without and with control 𝜏2(𝑡)𝑎𝑛𝑑 𝜏2(𝑡). 
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Figure 25: The Dynamics of Exposed Smartphones with vaccination, quarantine and treatment 

Control strategies (0 < 𝜏1(𝑡), 𝜏2(𝑡), 𝜏3(𝑡) < 1). 
 
 
 
 
 

 
Figure 26: The Dynamics of Infected Smartphones with vaccination, quarantine and treatment 

Control strategies (0 < 𝜏1(𝑡), 𝜏2(𝑡), 𝜏3(𝑡) < 1). 
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Figure 27: The dynamics of Infected with Complication Smartphones with vaccination, quarantine 

and treatment Control strategies (0 < 𝜏1(𝑡), 𝜏2(𝑡), 𝜏3(𝑡) < 1) . 
 
 
 
 
 
 

Without and with control 

𝜏1(𝑡), 𝜏2(𝑡)𝑎𝑛𝑑 𝜏3(𝑡) after 𝑡 = 150 

Without control With control Percentage of 
decreasing 

Exposed 637.8093 0.0029371 99.9995 
Infected 79.7262 0.00011848 99.9995 
Infected with Complication 637.8093 0.00016898 99.9999 
 
Table 8: Percentage of the decreasing number of Exposed, Infected and Infected with 

Complication without and with control 𝜏1(𝑡), 𝜏2(𝑡)𝑎𝑛𝑑 𝜏2(𝑡). 
 
 
 
Figures 2 and 3 reveal the dynamics of the six compartments without and with optimal control 
respectively. From Figure 2, the population of exposed, infected and infected with complication 
were seen to be increasing because of lack of optimal control strategies. Also, we shall observe from 
figure 3 that the population of exposed, infected and infected with complication were drastically 
reduced whereas susceptible and recovered population increases due to the effectiveness of the 
optimal control strategies. The result of the individual compartments of exposed, infected and  
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infected with complications were respectively displayed in Figures 4, 5 and 6 and it shows that 
without optimal control strategies, the Smartphone virus infection will continuously be transmitted 
from one Smartphone to another.    
 

When we used only the optimal control 𝜏1(𝑡), (Vaccination), there is an increase in the 
population of Smartphones protected from virus and the result were shown in Figures 7 (Exposed 
Smartphones), figure 8 (Infected Smartphones) and figure 9 (Infected with Complication 
Smartphones). This simply means that if Smartphones are adequately and effectively installed with 
antivirus, there will be a decrease in the exposed, infected and infected with complication 
Smartphones in the population. The percentage decrease is represented in table 2. In Figures 10, 11 

and 12, we use only the optimal control  𝜏2(𝑡).  Here, the quarantine strategy was adopted for all 
Smartphones in the compartments of infected and infected with complication. The result of this 
optimal control strategy, indicates a slight decrease in the population of the exposed as in Figure 10, 
and a greater percentage decrease in the population of the infected and infected with complication 
Smartphones as shown in Figure 11 and Figure 12 respectively, which implies that the strategy is 
effective. Also, the percentage decreases in the required compartments were given in Table 3. Table 

4 displayed the result of only the optimal control 𝜏3(𝑡), which is treatment (repair). We observe that 
treatment only as an optimal control strategy for Smartphone virus is not strong enough to reduce 
the population of exposed, infected and infected with complication Smartphones. From Figure 13, 
we observe that treatment (repair) does not have effect on exposed Smartphones, and similar results 
were displayed in Figure 14 and Figure 15. 

 

In Table 5, we show the result of combined optimal control strategies for 𝜏1(𝑡) 𝑎𝑛𝑑 𝜏2(𝑡), 
(vaccination and quarantined). Figure 16 displayed the effect of vaccination and quarantine on the 
exposed Smartphone population, Figure 17 shows the effect of vaccination and quarantine on the 
infected Smartphone population whereas Figure 18 displayed the effect of vaccination and 
quarantine on the infected with complication. From these figures, we observe that vaccination and 
quarantine have a great effect by decreasing the population of the exposed, infected and infected 
with complication Smartphones. Also, table 6 presents the effect of combined optimal control 

strategies for   𝜏1(𝑡) 𝑎𝑛𝑑 𝜏3(𝑡) (Vaccination and treatment). The outcome of vaccination and 
treatment on the exposed Smartphones is demonstrated in Figure 19. More so, the outcome of 
vaccination and treatment on the infected Smarphone population is presented in Figure 20 while the 
outcome of the same vaccination and treatment on infected with complication is shown in Figure 
21. Examining these figures, we notice that the combined optimal control strategies of vaccination 
and treatment does not have much effect on the exposed, infected and infected with complication 
Smartphones. In the same way, we displayed the result of the combined optimal control strategies 

for 𝜏2(𝑡) 𝑎𝑛𝑑 𝜏3(𝑡) (quarantine and treatment) on the exposed, infected and infected with 
complication Smartphones in table 7. In Figure 22, we demonstrated that quarantine and treatment 
does not have much effect on the exposed Smartphone population. it was presented in Figure 23, 
that quarantine and treatment have much effect on infected Smartphone population and also Figure 
24 showed that it has great effect on infected with complication. From the results of these 

combinations, we observed that 𝜏1(𝑡) 𝑎𝑛𝑑 𝜏2(𝑡), (vaccination and quarantined) optimal control 
strategy is more effective than the other two combinations. Since the main objective of this model is 
to minimize Smartphone virus infection in the population, we merged the three optimal  control  
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strategies 𝜏1(𝑡), 𝜏2(𝑡), 𝑎𝑛𝑑 𝜏3(𝑡), that is, vaccination, quarantine and treatment. Based on Table 8  
which shows the percentage of the decreasing number of exposed, infected and infected with 
complication Smartphones, we observe that the combination of the three optimal control strategies 
(vaccination, quarantine and treatment) has the greatest decreasing effect on the exposed 
Smartphones as in Figure 25, infected Smartphones as in Figure 26 and infected with complication 
Smartphones as in Figure 27.  From these outcomes, we noticed that combined intervention of 

𝜏1(𝑡), 𝜏2(𝑡), 𝑎𝑛𝑑 𝜏3(𝑡) is a better control strategy for Smartphone virus infection and need to be 
deployed early in order to reduce Smartphone virus infection to the barest minimum. 
 
 

6.   Conclusion 
 

In this study, we proposed the optimal control strategies to mitigate Smartphone virus infection 
transmission dynamics. In order to minimize the number of infected and infected with complication, 

we introduced three control strategies 𝜏1(𝑡), 𝜏2(𝑡), 𝑎𝑛𝑑 𝜏3(𝑡), which respectively represents 
Vaccination, quarantined and treatment (repair). We also obtained the characterization of the 
optimal controls by applying the results of the control theory. The model was solved numerically by 
Runge – Kutta method of order four in MATLAB. Numerical simulation of the model shows the 
effectiveness of vaccination, quarantine and treatment, combination of any of the two control 
strategies and even the three control strategies. However, the results revealed that a combination of 
vaccination, quarantine and treatment is a better control strategy for Smartphone virus infection. 
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