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SVEIR model of an infectious disease among infected 
immigrants with nonlinear incidence rate 

 

I. O. Onwubuya* and C. E. Madubueze† 

  

Abstract 

In this paper, the effect of a saturated incidence rate and infectious immigrants on the 
transmission dynamics of an infectious disease is studied using an SVEIR model. The model 
exhibits three equilibrium states: the disease-free and endemic equilibrium states when there 
is no influx of infective immigrants and the endemic equilibrium state when there is an influx 
of infective immigrants in the population. Besides, the model shows a forward bifurcation 
when there is no entry of infective immigrants and this aid in establishing the local and global 

asymptotically stability when the basic reproduction number,  R0 < 1  and  R0 > 1 
respectively. Numerical results are performed to examine the effect of the saturated incidence 
rate and the infective immigrants on disease transmission. The results indicate that the disease 
could be controlled or eradicated if there is a strict check to ensure that the infected 
immigrants are treated before they join the population. 

Keywords: SVEIR model; Infectious disease; Non-linear incidence rate; basic reproduction number; 
global stability; infective immigrants  

 

1       Introduction 

Infectious diseases are inconveniences, disorders and a leading cause of death across the globe that 
man has been fighting to control [1]. They are deadly diseases characterized by rapid progressive 
deterioration and premature death and this includes severe acute respiratory syndrome (SARS), 
middle-east respiratory syndrome (MERS), Ebola virus disease, Lassa virus disease, and Yellow fever 
[2]. They constitute a public health burden to mankind and have profound negative effects on human 
life and socio-economic activities. These have compelled people of various fields to search for means 
of halting the spread of infectious diseases in the population. Controlling the spread of infectious 
diseases could be the administration of herbal and/or traditional remedies, surgery, vaccination, 
quarantine of infected individuals, and a thorough check on immigrants [3]. The impact of screening 
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and vaccination of immigrants on the spread of infectious diseases in any population is considered in 
this work. 

Vaccination is the administration of antigenic material called vaccine which produces 
immunity to a disease. Immunity can be temporary or permanent.  It has proven to be one of the most 
effective preventive measures of combating infectious diseases, such as smallpox, measles, hepatitis 
B, and polio [4]. Vaccines are substances used to build the body’s immune system. It produces 
responses that fight pathogens like viruses, fungi, bacteria, and protects humans from the diseases 
these pathogens cause. A vaccine can be given by oral, injection, puncture, transdermal, or intranasal. 
The effect of vaccines is either for life or temporary in the body of the vaccinated person and where 
it is temporary, the person will become susceptible to the disease again [3, 5].  

Immigration is the movement of people from their legal place of origin to another place where 
they are not native settlers which results in a permanent residence or future citizens. Immigrants are 
inspired to leave their legal place of origin for some reason, which includes socio-economic, political 
issues, education (quality of institutions), family reunion, environmental factors like conflict or natural 
disaster, and the desire of changing one’s surroundings. Thus, immigrants from areas where there are 
infectious diseases can pose a challenge to another area and this makes human migration a major 
means of spreading infectious diseases to other countries. Infectious immigrants are immigrants with 
no overt disease who harbors infectious organisms. Infectious immigrants are increasingly important 
risk factors and sometimes becomes the index case for infections to the host population. 

The mathematical modeling of infectious diseases is used to study the mechanisms of the 
transmission dynamics, the prediction of the future course of an outbreak, and the evaluation of 
strategies to control the disease. The saturated incidence rate is about the behavioural attitude of 
susceptible individuals and the crowding effects of infective individuals when there is an outbreak of 
disease [4, 6]. Significant work on compartmental models such as SEIRS, SEIQV, SIR, SEIR, SEIV 
with a saturated incidence rate has been done to examine the transmission dynamics of infectious 
diseases. The global analysis was carried out for these compartmental models except the work of 
Capasso and Serio [7] who initiated a saturated type incidence rate for generalized Kermack-
Mckendrick deterministic model. Authors like Cai and Li [8] studied a SEIV model while Khan et al. 
[9] considered an SEIRS. Both models [8, 9] incorporate the general incidence rate and a waning 

preventive vaccine.  Liu and Yang [10] used a saturated incidence rate, 
𝛽𝑆𝐼 

(1+𝑎𝐼) 
 for a SEIQV with 

vaccination and quarantine measures. Enatsu et al. [11] discussed a SIR with distributed time delay 
and found that the global dynamics are not affected by the distributed time delay. Li and Cui [12] 
incorporate different incidence rates for exposed and infected classes for an SEIR model and assumed 
permanent immunity for recovered class while Safi and Garba [13] incorporated a Holling type II 
incidence function with public health education and counseling as control measures for an SEIR. The 
effect of infected immigrants is considered by Zhang et al. [14] with bilinear incidence rate and 
temporary immunity. They developed an SEIRS model. From the aforementioned authors, none has 
considered the effect of infected immigrants on the spread of infectious disease with generalized 
incidence rate. This study investigates the impact of screening and vaccination of infected immigrants 
on disease dynamics by extending the work of Cai and Li [8].  Our model incorporates the influx of 
infected immigrants, the recovered class and mortality rate in the work of Cai and Li [8] since the 
infected immigrants become the index case to the host population as it was seen in the occurrence of 
the Ebola virus disease and the COVID-19 in Nigeria. It is also important to include the mortality 
rate because some sufferers can die from the disease itself and most times interventions in place are 
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non-pharmaceutical interventions. Our work is different from the work of Zhang et al. [14] because 
of the generalized nonlinear incidence rate and the permanent immunity of the recovered class 
considered in this paper. Thus, an SVEIR compartmental model with a generalized incidence rate and 
the proportion of infected immigrants is considered in this study. The impact of the different incidence 
rates is examined.  

Based on the above motivation, an SVEIR compartmental model with a saturated incidence 
rate and the proportion of infected immigrants is considered in this paper.  The rest of the paper is 
organized as follows: Section 2, is the formulation of the SVEIR model. The model analysis is 
presented in Section 3. In Section 4, numerical simulation is carried out to verify some analytical results 
while a brief discussion and conclusion are described in Section 5. 

 

2        Model Formulation 

We considered a non-linear saturated incidence rate of the form, 
𝛽𝑆𝐼

𝜑(𝐼)
 , which is a more general form 

of  
𝛽𝐼𝑝𝑆 

(1+∝𝐼𝑞) 
 that is used by some researchers (Liu et al. [15], Liu et al.  [16]). The incidence rate is bilinear 

when 𝜑(𝐼) = 1. The function, 𝜑(𝐼), satisfies 𝜑(0) = 1  and 𝜑̇(𝐼) ≥ 0. This implies that 𝜑(𝐼) ≥

0 for 𝐼(𝑡) ≥ 0. The function, 
1

𝜑(𝐼)
  , is used to measure the psychological or inhibition effect of the 

behavioral change of susceptible individuals when there is an increase in the number of infectious 

individuals. We develop a five compartmental model which consists of Susceptible individuals, 𝑆(𝑡), 

Vaccinated individuals, 𝑉(𝑡), Exposed individuals, 𝐸(𝑡), Infectious individuals 𝐼(𝑡), and Recovered 

individuals 𝑅(𝑡) with a general non-linear incidence rate, 
𝛽𝑆𝐼

𝜑(𝐼)
 and a waning preventive vaccine at the 

rate, 𝜔. Our model assumed that some proportion, 𝑘,  of immigrants are infected [14] while some 

proportions, 𝑝, are given vaccination at the point of entrance [9].  Infected immigrants are sometimes 
the index case to the host population as it happened in Nigeria for the Ebola virus disease and 
COVID-19 [17, 18].  Also, we assumed that the recovered class has permanent immunity as in the 
work of [13].  COVID-19 can be a good example of an SVEIR since it has not been confirmed with 
temporary immunity. This makes up the SVEIR model that is given as follows with the parameter 
description in Table 1. 

 
𝑑𝑆

𝑑𝑡
= (1 − 𝑝 − 𝑘)𝜋 −

𝐵𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉 ,      (1) 

 
𝑑𝑉

𝑑𝑡
= 𝑝𝜋 − (𝜇 + 𝜔)𝑉  ,                    (2) 

 
𝑑𝐸

𝑑𝑡
=

𝐵𝑆𝐼

𝜑(𝐼)
− (𝜇 + 𝓇)𝐸 .        (3) 

 
𝑑𝐼

𝑑𝑡
= 𝑘𝜋 + 𝓇𝐸 − (𝜇 + 𝛿 + 𝑑)𝐼,       (4) 

 
𝑑𝑅

𝑑𝑡
= 𝛿𝐼 − 𝜇𝑅,                      (5) 
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subject to the initial conditions, 𝑆(0) = 𝑆0, 𝑉(0) = 𝑉0, 𝐸(0) = 𝐸0 , 𝐼(0) = 𝐼0,   𝑅(0) = 𝑅0.   

 

 Table 1. Parameter description                             

Parameters Description 

  

𝝅 The recruitment rate of individuals including newborns and 
immigrants into the population. 
 

𝒑 A proportion of recruited individuals that are vaccinated 
 

𝒌 
 

A proportion of infected immigrants in the population 
 

𝜷 The transmission rate 
 

𝝁 Natural death rate 
 

𝒅 The mortality rate due to infection 
 

𝓻 The rate at which exposed individuals become infectious 
 

𝜹 The rate at which infected individuals are treated and 
recovered  
 

𝝎 The rate at which the vaccine wanes 

 

  

3        Model Analysis 

3.1 Boundedness of the Solutions 

The SVEIR model (1) – (5) is shown to be well-posed and makes biological sense. This is done by 
proving that the existence of a non-negative solution and its boundedness for an initial solution.  
 

Theorem 1. Let the initial solutions satisfy 𝑆(0) > 0, 𝑉(0) ≥ 0, 𝐸(0) ≥ 0, 𝐼(0) ≥ 0, 𝑅(0) ≥ 0. 
The SVEIR model of equation (1) - (5) has non-negative solutions which are contained in the feasible 

region, Ω = {(𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) ∈ ℝ+
5 ∶ 𝑁 ≤

𝜋

𝜇
}.   

Proof. First, we prove the non-negative solution set for the SVEIR model (1) – (5). It follows from 
(1) that  

 
𝑑𝑆

𝑑𝑡
= (1 − 𝑝 − 𝑘)𝜋 −

𝛽𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉 ≥ (1 − 𝑝 − 𝑘)𝜋 − 𝛽(𝑡)𝑆 ,   (6) 
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where 𝛽(𝑡) =
𝛽𝐼

𝜑(𝐼)
+ 𝜇.  

Solving (6), a first-order linear equation in 𝑆 , using the method of integrating factor on [0, 𝑡] with the 

initial condition, 𝑆(0) > 0, we have  

 𝑆(𝑡) ≥ 𝑆(0)𝑒𝑥𝑝 (∫ −𝛽(𝑠)𝑑𝑠
𝑡

0
) + 𝑒𝑥𝑝 (∫ −𝛽(𝑠)𝑑𝑠

𝑡

0
) × ∫ (1 − 𝑝 −

𝑡

0

𝑘)𝜋𝑒𝑥𝑝(∫ 𝛽(𝜔)𝑑𝜔
𝑢

0
) ≥ 0 .  

Hence, 𝑆(𝑡) ≥ 0  since 𝑆(0) > 0. 

The remaining equations are obtained in a similar way that  

  𝑉(𝑡) ≥ 𝑉(0)𝑒𝑥𝑝(−(𝜇 + 𝜔))𝑡 ≥ 0 ,        

  𝐸(𝑡) ≥ 𝐸(0) exp(−(𝜇 + 𝓇)) 𝑡 ≥ 0 ,       

  

  𝐼(𝑡) ≥ 𝐼(0) exp(−(𝜇 + 𝛿 + 𝑑)) 𝑡 ≥ 0 , 

and   

  𝑅(𝑡) ≥ 𝑅(0)exp (−𝜇𝑡) ≥ 0.     

Hence, the solution set (𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) of the SVEIR model of equations (1)-(6) is non-

negative for all 𝑡 > 0 since exponential functions and initial solutions are non-negative. 

Next, we prove that the non-negative solution set is contained in the feasible region, Ω, which 
is the boundedness of the solution. This is done by adding the equations of SVEIR model to get the 

rate of the total population, 𝑁(𝑡),  

  
𝑑𝑁

𝑑𝑡
= 𝜋 − 𝜇𝑁 − 𝑑𝐼 .        (7) 

If we ignore 𝑑,  equation (7) yields  

 
𝑑𝑁ℎ

𝑑𝑡
≤ 𝜋 − 𝜇𝑁 .          (8) 

Applying the Gronwall’s inequality to equation (8) with the initial condition, 𝑁(0) = 𝑁0,  we 
get  

  𝑁(𝑡) ≤
𝜋

𝜇
 + [𝑁0 −

𝜋

𝜇
 ] 𝑒−𝜇𝑡.        (9) 

If  𝑁0 <
𝜋

𝜇
  as 𝑡 → ∞, the trajectories approach 

𝜋

𝜇
 ; If  𝑁0 >

𝜋

𝜇
 , the solutions 𝑁(𝑡) decreases 

to 
𝜋

𝜇
  as 𝑡 → ∞. Therefore, in either case, the total population,  𝑁(𝑡) →

𝜋

𝜇
   as 𝑡 → ∞ in (9). This 
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means that 0 ≤ 𝑁(𝑡) ≤
𝜋

𝜇
  . Hence, the non-negative solution set of the SVEIR model equations (1)-

(5) enters the feasible region, Ω,  which is a positively invariant set.   

 

3.2 Existence and Stability of Disease-free Equilibrium State and Basic 
Reproduction Number 

3.2.1 Disease-free Equilibrium State 

The equilibrium state for the SVEIR model is obtained when 
𝑑𝑆

𝑑𝑡
= 0,

𝑑𝑉

𝑑𝑡
= 0,

𝑑𝐸

𝑑𝑡
= 0,

𝑑𝐼

𝑑𝑡
= 0, and  

𝑑𝑅

𝑑𝑡
= 0. This yields  

 (1 − 𝑝 − 𝑘)𝜋 −
𝐵𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉 = 0 ,      (10) 

 𝑝𝜋 − ℎ𝑉 = 0 ,                                (11) 

 
𝐵𝑆𝐼

𝜑(𝐼)
− 𝑓𝐸 = 0 ,                    (12) 

  𝑘𝜋 + 𝓇𝐸 − 𝑔𝐼 = 0 ,                      (13) 

 𝛿𝐼 − 𝜇𝑅 = 0,                      (14) 

where 

 ℎ = (𝜇 + 𝜔), 𝑓 = (𝜇 + 𝓇), and 𝑔 = (𝜇 + 𝛿 + 𝑑).      (15) 

 

Solving equations (10) – (14) when there are no infective immigrants in the population 

(𝑖. 𝑒. 𝑘 = 0 ) , we have the disease-free equilibrium (DFE) state, 𝐸0 , as 𝐸0 = (𝑆0, 𝑉0, 0, 0, 0) =

(
𝜋{(1−𝑝)𝜇+𝜔}

𝜇(𝜇+𝜔)
,

𝑝𝜋

𝜇+𝜔
, 0, 0, 0).  

This implies that when there is no exposed infective and recovery individuals in the 

population, the level of susceptible will be approaching 
𝜋{(1−𝑝)𝜇+𝜔}

𝜇(𝜇+𝜔)
 and the vaccination population 

will remain at is equilibrium state, 𝑉0 =
𝑝𝜋

𝜇+𝜔
 .   

3.2.2 Basic Reproduction Number, 𝐑𝟎 

The basic reproduction number of an infection denoted by 𝑅0, is a threshold quantity that provides 

useful information regarding the spreading and control of infectious disease in a population. If 𝑅0 <
1, the infection will fizzle out, but, if 𝑅0, > 1, the infection will be able to spread and persist in the 
population. To compute the basic reproduction number for the SVEIR model using the next 

generation operator, we follow the approach of Van den Driessche and Watmough, [19]. Let   𝑋 =
(𝐸, 𝐼), be the vector that represents the infected compartments. Then from the model (1) – (5), we 
have the rate of new infection in the infected compartments as 
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   𝐹 = [

𝛽𝑆𝐼

𝜑(𝐼) 
0

] , 

and the rate of transfer from in and out the infected compartments as 

 𝑉 = [
𝑓𝐸
 

−𝑘𝜋 − 𝓇𝐸 + 𝑔𝐼
].  

Taking the partial derivatives of 𝐹 and 𝑉 at the DFE, 𝐸0, yield  

                    𝐺 =
𝜕𝐹(𝐸0)

𝜕𝑋
= [

0 𝛽𝑆0

  
0 0

]  and  𝑈 =
𝜕𝑉(𝐸0)

𝜕𝑋
= [

𝑓 0
  

−𝓇 𝑔
].  

We have the matrix, 𝐺𝑈−1, as 

  𝐺𝑈−1 = [

𝛽𝑆0𝓇

𝑓𝑔

𝛽𝑆0

𝑔
  
0 0

] ,  

and the basic reproduction number, 𝑅0, which is the spectral radius of the matrix, 𝐺𝑈−1, given as  

  𝑅0 =
𝛽𝑆0𝓇

𝑓𝑔
 .         (16) 

Substituting, 𝑆0, and the definition (15) in (21) gives  

  𝑅0 =
𝛽𝓇𝜋 {(1−𝑝)𝜇+𝜔}

𝜇(𝜇+𝜔)(𝜇+𝓇)(𝜇+𝛿+𝑑)
 .       (17) 

 Equation (17) is the basic reproduction number, 𝑅0 , for the SVEIR model (1) – (5). The 

effect of these parameters, 𝜏, 𝛽, 𝜔, 𝛿 on 𝑅0 is illustrate numerically in Figure 1 using the parameter 

values in [7]. Figure 1 shows that increasing 𝜏, 𝛽, 𝜔, and decreasing 𝛿, increases the basic reproduction 

number, 𝑅0 while other parameters are keep constant.   
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Figure 1. The effect of 𝜏, 𝛽, 𝜔, 𝛿   on the basic reproduction number, 𝑅0 . For (a),𝑝 = 0.4, 𝛿 =
0.009, 𝜇 = 0.09, 𝑑 = 0.004, 𝜋 = 10,𝜔 = 0.05  and for (b), 𝑝 = 0.4, 𝛽 = 0.002, 𝜇 = 0.09, 𝑑 =
0.004, 𝜋 = 10, 𝜏 = 0.003. 

 

3.2.3 Local Stability of Disease-free Equilibrium (DFE) 

Here, we investigate the local stability of the disease-free equilibrium state,𝐸0 = (𝑆0, 𝑉0, 0, 0, 0) 

without the recovery class, since it does not involve other classes using linearization method by 

computing its Jacobian matrix at the DFE,   𝐽(𝐸0) , as follows 

 𝐽(𝐸0) =

[
 
 
 
 
 
−𝜇 0
  
0 
0 
0

−𝑓
 
𝓇 
0

    

−𝛽𝑆0 𝜔
  

𝛽𝑆0 
−𝑔
 
0

0 
0 

−ℎ]
 
 
 
 
 

 .       (18) 

The characteristics equation of the 𝐽(𝐸0)  in (18) is given by  

 (𝜆 + 𝜇)(𝜆 + ℎ)[𝜆2 + (𝑓 + 𝑔)𝜆 + 𝑓𝑔 − 𝛽𝑆0𝓇] = 0.     (19) 

The SVEIR model (1) – (5) has two negative real roots – 𝜇,−ℎ, and the roots of the characteristics 
equation given as   

  𝜆2 + (𝑓 + 𝑔)𝜆 + 𝑓𝑔 − 𝛽𝑆0𝓇 = 0.       (20) 

Using Routh-Hurwitz criteria, equation (20) has negative root if 𝐴 > 0, 𝐴𝐵 > 0  which implies that 

𝐵 > 0. 
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In equation (20), 𝐴 = 𝑓 + 𝑔 ; 𝐵 = 𝑓𝑔 − 𝛽𝑆0𝓇 . It is clear that 𝐴 > 0 and  𝐵 > 0 if 𝑓𝑔 > 𝛽𝑆0𝓇 

which means that  
𝛽𝑆0𝓇

𝑓𝑔
< 1. Therefore, using the definition in equation (16), we have that DFE, 𝐸0 is 

locally asymptotically stable if 𝑅0 < 1.  

 

3.3 Existence and Stability of Endemic Equilibrium State 

3.3.1 Existence of Endemic Equilibrium State  

The endemic equilibrium state is established when there is infection in the population ( 𝑖. 𝑒. 𝐼 ≠ 0).   
The endemic equilibrium state for SVEIR model (1) – (5) is obtained by solving equations (10) – (14) 
simultaneously which gives 

 𝑆⋆ =
𝑓𝐴(𝑔𝐼−𝑘𝜋)

𝓇𝛽𝐼
 , 𝐸⋆ =

𝑔𝐼−𝑘𝜋

𝓇
 , 𝑉⋆ =

𝑃𝜋

ℎ
 .       (21) 

Substituting (21) in (12) and simplifying gives 

 𝑃𝐼⋆2
− 𝑄𝐼⋆ − 𝑅 = 0 ,         (22) 

where 𝐴 = 𝜑(𝐼⋆), 𝑃 = 𝛽𝑓𝑔ℎ , 𝑄 = 𝑓𝑔ℎ𝜇 (𝑅0 +
𝛽𝜋𝑘

𝑓𝑔
− 𝐴)  , 𝑅 = 𝐴𝜋𝑓ℎ𝑘𝜇 . 

If 𝑘 = 0,  we have 𝑅 = 0 and 𝐴 = 1,  so equation (22) will becomes 

  𝑃𝐼⋆2
− 𝑄∗𝐼⋆ = 0         (23) 

with 𝑄∗ = 𝑓𝑔ℎ𝜇𝑅0. 

From equation (23), it implies that  𝐼⋆ = 0  or  𝐼⋆ =
𝜇𝑅0

𝛽
 . 𝐼 = 0  corresponds to DFE, 𝐸0. So, we 

have endemic equilibrium state, 𝐸1,  when 𝑘 = 0 as 

  𝐸1 = (
𝑓𝑔

𝓇𝛽
,

𝑔𝑅0

𝓇𝛽𝑓𝑔ℎ
,

𝑅0

𝛽𝑓𝑔ℎ
,
𝜇𝑅0

𝛽
,

𝑝𝜋

ℎ
) .  

When  𝑘 > 0,  we have from equation (22) that  

                    𝐼⋆ =
𝑄+√𝑄2+4𝑃𝑅

2𝑃
 .         (24) 

Substituting equation (24) into equation (21), we have the endemic equilibrium state for 𝑘 > 0 given 
as 

𝐸1𝑘 = (
𝑓𝐴𝑔(𝑄+√𝑄2+4𝑃𝑅 )− 2𝑝𝑘𝜋𝑓𝐴

𝓇𝛽(𝑄+√𝑄2+4𝑃𝑅)
,
𝑝𝜋

ℎ
 ,

𝑔(𝑄+√𝑄2+4𝑃𝑅 )−2𝑝𝑘𝜋

2𝑝𝓇
,

𝑄+√𝑄2+4𝑃𝑅

2𝑃
,
𝛿(𝑄+√𝑄2+4𝑃𝑅)

2𝑃𝜇
 ).   

 (25) 
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Equations (24) and (25) give the endemic equilibrium state,𝐸1𝑘 , provided it satisfy the inequality 

𝑔 (𝑄 + √𝑄2 + 4𝑃𝑅 ) > 2𝑝𝑘𝜋.   

 

3.3.2 Local Stability of Endemic Equilibrium State 

We establish the local stability of endemic equilibrium using the centre manifold theorem by Castillo 

- Chavez and Song [20] which depends on the existence of bifurcation near 𝑅0 = 1. A forward 

bifurcation implies that disease-free equilibrium is locally asymptotically stable for 𝑅0 < 1 and also 

endemic equilibrium is locally asymptotically stable for 𝑅0 > 1 near one. It is possible to have the 
global asymptotical stability of the two equilibrium states and disease cannot invade the population 

when  𝑅0 < 1.  

Using the concept of Castillo - Chavez and Song [21], we choose 𝛽 = 𝛽∗  as bifurcation 

parameter so at 𝑅0 = 1 from equation (17) gives 

𝛽 = 𝛽∗ =
𝑓𝑔𝜇(𝜇+𝜑)

𝜋𝜎((1−𝑝)𝜇+𝜑)
 . 

Also, let represent 𝑆 = 𝑥1,    𝑉 = 𝑥2, 𝐸 = 𝑥3, 𝐼 = 𝑥4,     𝑅 = 𝑥5,  in equations (1) – (5). 

If we replacing 𝛽 = 𝛽∗ in the Jacobian matrix 𝐽(𝐸0) of equation (18) at 𝑅0 = 1, we have a simple 
zero eigenvalue and negative eigenvalues by solving (19) and this yields 

                 𝜆 = −𝜇, 𝜆 = −ℎ, 𝜆 = −(𝑓 + 𝑔), and 𝜆 = 0, since 𝑓𝑔 − 𝛽𝑆0𝓇 = 0 at  𝑅0 = 1.  

We derived the right and left eigenvectors associated with zero eigenvalue using the centre 

manifold theory as 𝒘 = (𝑤𝟏, 𝑤2, 𝑤3, 𝑤4) = (−
𝑓

𝜇
𝑤2, 𝑤2,

𝜎

𝑔
𝑤2, 0)  and 𝒗 = (𝑣𝟏, 𝑣2, 𝑣3, 𝑣4 ) =

(0, 𝑣2,
𝑓

𝜎
𝑣2, 0). 

Using Theorem 4.1 of [16], the coefficients 𝑎 and 𝑏 are given as  

𝑎 = −𝑣2𝑤2
2 𝛽∗𝑓𝜎

𝑔𝜇
   and   𝑏 = 𝑣2𝑤2

𝜎

𝑔
𝑆0. 

It is clear that 𝑎 < 0 and 𝑏 > 0. This shows the SVEIR model of equations (1) – (5) exhibits 
a forward bifurcation. This means that the endemic equilibrium state is locally asymptotical stability 

for 𝑅0 > 1 near one and the disease-free equilibrium state is locally asymptotical stability for 𝑅0 < 1 

when 𝑘 = 0 and there is the possibility of global stability of the equilibrium states when 𝑘 = 0.  This 
is shown graphically in Figure 2.  
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Figure 2. Forward bifurcation plot for the SVEIR model displaying 𝐼∗ as a function of 𝑅0. Here, 

𝜑(𝐼∗) = 1 + 𝐼∗2
 and the parameter values are 𝑝 = 0.4, 𝛿 = 0.09, 𝜇 = 0.09, 𝑑 = 0.004, 𝜋 =

10,𝜔 = 0.05, 𝛽 = 0.02, 𝜏 = 0.03, 𝑘 = 0.0, 𝑅0 = 2.243.  

 

3.4 Global Stability of Equilibrium States 

In this subsection, the global stability of the equilibrium states when 𝑘 = 0 is considered. This is done 
by constructing Lyapunov functions. 

3.4.1 Global Stability of Disease-free Equilibrium State 

The global stability of the disease-free equilibrium of the SVEIR model equations (1) - (5) is considered 
by constructing a Lyapunov function and applying LaSalle’s invariance principle.   

Theorem 2: The DFE, 𝐸0,  of the SVEIR model equations (1)-(5) is globally asymptotically stable if  

𝑅0 ≤ 1 in Ω. 

Proof: we construct a Lyapunov function using a matrix-theoretic method by Shuai and van Den 
Driessche [19]. The function is given by 
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  𝐿 =
𝓇

𝑓𝑔
𝐸 +

1

𝑔
𝐼 .        (26) 

Taking the time derivative of equation (26) along the solution of the SVEIR model, we get 

  𝐿′ =
𝓇

𝑓𝑔
𝐸′ +

1

𝑔
𝐼′ , 

    =
𝓇

𝑓𝑔
(

𝛽𝑆𝐼

𝜑(𝐼)
− 𝑓𝐸) +

1

𝑔
(𝓇𝐸 − 𝑔𝐼) .      (27) 

Expanding and simplifying equation (27) yields  

  𝐿′ = (
𝛽𝓇𝑆

𝑓𝑔𝜑(𝐼)
− 1) 𝐼 , 

which can be written as  

  𝐿′ = [
𝛽𝓇

𝑓𝑔
(

𝑆

𝜑(𝐼)
−

𝑆0

𝜑(𝐼0)
+

𝑆0

𝜑(𝐼0)
) − 1] 𝐼 .  

But  𝜑(𝐼0) = 1  at DFE, 𝐸0. Therefore, we have  

  𝐿′ = (
𝛽𝓇𝑆0

𝑓𝑔𝜑(𝐼0)
− 1) 𝐼 +

𝛽𝓇

𝑓𝑔
(

𝑆

𝜑(𝐼)
−

𝑆0

𝜑(𝐼0)
) 𝐼 , 

      = (𝑅0 − 1)𝐼 +
𝛽𝓇

𝑓𝑔
(

𝑆

𝜑(𝐼)
− 𝑆0) 𝐼 . 

Since 𝜑(𝐼) ≥ 1,  then   
𝑆

𝜑(𝐼)
− 𝑆0 ≤ 0.  

Hence,  

  𝐿′ ≤ (𝑅0 − 1)𝐼 .  

Therefore, it follows that 𝐿′ ≤ 0 for 𝑅0 ≤ 1 with 𝐿′ = 0, if and only if 𝐸 = 𝐼 = 0.   This shows that 

the singleton {𝐸0} is the largest compact invariant set in {(𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) ∈ Ω ∶ 𝐿′ =

0 }.  Hence, applying LaSalle’s invariance principle, the disease-free equilibrium, {𝐸0}  is globally 

asymptotically stable in Ω If 𝑅0 ≤ 1.  

 

3.4.2 Global Stability of Endemic Equilibrium State 

Theorem 3. The endemic equilibrium, 𝐸1 , of the SVEIR model equations (1)-(5) is globally 

asymptotically stable if  𝑅0 > 1 in Ω. 

Proof. The global stability of the endemic equilibrium is proved by constructing the Volterra-
Lyapunov function. 

 𝐿 = (𝑆 − 𝑆∗ − 𝑆∗𝑙𝑛
𝑆

𝑆∗
) + (𝐸 − 𝐸∗ − 𝐸∗𝑙𝑛

𝐸

𝐸∗
) +

𝑓

𝓇
(𝐼 − 𝐼∗ − 𝐼∗𝑙𝑛

𝐼

𝐼∗
) + (𝑉 − 𝑉∗ −

𝑉∗𝑙𝑛
𝑉

𝑉∗).    
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Taking the time derivatives of  𝐿 along the solutions of the equations (1) – (5), we get 

  𝐿′ = (1 −
𝑆∗

𝑆
) 𝑆′ + (1 −

𝐸∗

𝐸
) 𝐸′ +

𝑓

𝓇
(1 −

𝐼∗

𝐼
) 𝐼′ + (1 −

𝑉∗

𝑉
)𝑉′ , 

𝐿′ = (1 −
𝑆∗

𝑆
) ((1 − 𝜌)𝜋 −

𝛽𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉) + (1 −

𝐸∗

𝐸
) (

𝛽𝑆𝐼

𝜑(𝐼)
− 𝑓𝐸) +

𝑓

𝓇
(1 −

𝐼∗

𝐼
) (𝓇𝐸 − 𝑔𝐼) +

(1 −
𝑉∗

𝑉
) (𝜌𝜋 − ℎ𝑉) .                                                                                                                                                                             

(28) 

At the endemic equilibrium state, we have 

(1 − 𝜌)𝜋 =
𝛽𝑆∗𝐼∗

𝜑(𝐼)
+ 𝜇𝑆∗ − 𝜔𝑉∗ , 𝑓 =

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)𝐸∗
  , 𝜌𝜋 = ℎ𝑉∗ , 𝑔 =

𝓇𝐸∗

𝐼∗
 .                 (29)  

Substituting equation (29) into equation (28) yields 

 𝐿′ = (1 −
𝑆∗

𝑆
) (

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
+ 𝜇𝑆 − 𝜔𝑉∗ −

𝛽𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉) + (1 −

𝐸∗

𝐸
) (

𝛽𝑆𝐼

𝜑(𝐼)
−

𝛽𝑆∗𝐼∗𝐸

𝜑(𝐼∗)𝐸∗) 

   +
𝑓

𝓇
(1 −

𝐼∗

𝐼
) (𝓇𝐸 −

𝓇𝐸∗

𝐼∗
𝐼) + (1 −

𝑉∗

𝑉
) (ℎ𝑉∗ − ℎ𝑉)  .    

                                                                                                                                (30) 

Expanding equation (30) gives 

 𝐿′ =
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
+ 𝜇𝑆∗ − 𝜔𝑉∗ − 𝜇𝑆 + 𝜔𝑉 −

𝛽𝑆∗2𝐼∗

𝜑(𝐼∗)𝑆
−

𝜇𝑆∗2

𝑆
+ 𝜔𝑉∗ 𝑆∗

𝑆
+

𝛽𝑆∗𝐼

𝜑(𝐼)
+ 𝜇𝑆∗ − 𝜔𝑉

𝑆∗

𝑆
−

𝛽𝑆∗𝐼∗𝐸

𝜑(𝐼∗)𝐸∗ −
𝛽𝑆𝐼𝐸∗

𝜑(𝐼)𝐸
+

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
+

𝛽𝑆∗𝐼∗𝐸

𝜑(𝐼∗)𝐸∗ −
𝛽𝑆∗𝐼

𝜑(𝐼∗)
−

𝛽𝑆∗𝐼∗2𝐸

𝜑(𝐼∗)𝐼𝐸∗ +
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
+ ℎ𝑉∗ − ℎ𝑉 −

ℎ𝑉∗2

𝑉
+ ℎ𝑉∗, 

which is simplify to get   

  𝐿′ = 𝜇𝑆∗ (2 −
𝑆∗

𝑆
−

𝑆

𝑆∗) +
𝛽𝑆∗𝐼

𝜑(𝐼∗)
(3 −

𝑆∗

𝑆
−

𝑆

𝑆∗

𝐼

𝐼∗
𝐸∗

𝐸
−

𝐼∗

𝐼

𝐸

𝐸∗) +
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(

𝐼

𝐼∗
𝜑(𝐼∗)

𝜑(𝐼)
−

𝐼

𝐼∗
) +

ℎ𝑉∗ (2 −
𝑉

𝑉∗ −
𝑉∗

𝑉
) + 𝜔𝑉∗ (

𝑉

𝑉∗ +
𝑆∗

𝑆
−

𝑉

𝑉∗

𝑆∗

𝑆
− 1) . 

But ℎ = 𝜇 + 𝜔 in equation (15), then 

  𝐿′ = 𝐹(𝑆, 𝐼, 𝐸) + 𝜇𝑉∗ (2 −
𝑉

𝑉∗ −
𝑉∗

𝑉
) + 𝜔𝑉∗ (

𝑆∗

𝑆
−

𝑉

𝑉∗

𝑆∗

𝑆
+ 1 −

𝑉∗

𝑉
) +

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(

𝐼

𝐼∗
𝜑(𝐼∗)

𝜑(𝐼)
−

𝐼

𝐼∗
), 

where   𝐹(𝑆, 𝐼, 𝐸) = 𝜇𝑆∗ (2 −
𝑆∗

𝑆
−

𝑆

𝑆∗) +
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(3 −

𝑆∗

𝑆
−

𝑆

𝑆∗

𝐼

𝐼∗
𝐸∗

𝐸
−

𝐼∗

𝐼

𝐸

𝐸∗).  

So,  
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  𝐿′ = 𝐹(𝑆, 𝐼, 𝐸) + 𝜇𝑉∗ (2 −
𝑉

𝑉∗ −
𝑉∗

𝑉
) + 𝜔𝑉∗ (1 −

𝑉∗

𝑉
+

,𝑆∗

𝑆
−

𝑉

𝑉∗

𝑆∗

𝑆
) +

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(

𝐼

𝐼∗
𝜑(𝐼∗)

𝜑(𝐼)
−

𝐼

𝐼∗
). 

But, 1 −
𝑉∗

𝑉
+

𝑆∗

𝑆
−

𝑉

𝑉∗

𝑆∗

𝑆
≤ 2 −

𝑉∗

𝑉
−

𝑉

𝑉∗
 , and 

𝜑(𝐼∗)

𝜑(𝐼)
− 1 ≤ 0  for 𝐼∗ ≤ 𝐼  since 𝑆∗ < 𝑆 and 𝜑(𝐼) is an 

increasing function. 

Therefore,  

𝐿′ ≤ 𝜇𝑆∗ (2 −
𝑆∗

𝑆
−

𝑆

𝑆∗) +
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(3 −

𝑆∗

𝑆
−

𝑆

𝑆∗

𝐼

𝐼∗
𝐸∗

𝐸
−

𝐼∗

𝐼

𝐸

𝐸∗) + (𝜇 + 𝜔)𝑉∗ (2 −
𝑉

𝑉∗ −
𝑉∗

𝑉
) .  (31) 

Applying the arithmetic-geometric mean inequality theorem to equation (31), we have  

  2 ≤
𝑆∗

𝑆
+

𝑆

𝑆∗ ,    3 ≤
𝑆∗

𝑆
+

𝑆

𝑆∗

𝐼

𝐼∗
𝐸∗

𝐸
+

𝐼∗

𝐼

𝐸

𝐸∗ , and  2 ≤
𝑉

𝑉∗ +
𝑉∗

𝑉
 .  

Hence, 𝐿′ ≤ 0 for all (𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) in the region, Ω and 𝐿′ = 0, if and only if 𝑆∗ =

𝑆, 𝐸∗ = 𝐸, 𝑉∗ = 𝑉, 𝐼∗ = 𝐼, 𝑅∗ = 𝑅. This shows that the singleton {𝐸1}  is the largest compact 

invariant set in {(𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) ∈ Ω ∶ 𝐿′ = 0 }.  Therefore, applying LaSalle’s 

invariance principle, the endemic equilibrium state, {𝐸1} is globally asymptotically stable in Ω If 𝑅0 >
1 when 𝑘 = 0.  

 Global stability implies that with different initial conditions, the model will always converge 

to the disease-free and endemic equilibrium states when 𝑅0 < 1 and 𝑅0 > 1 respectively. This is 
shown in Figure 3 for the infected population. The Infected population is choosing to illustrate the 
global stability of the equilibrium states.  

 

4        Numerical Simulations 

In this section, the numerical simulations for the SVEIR model are implemented to quantify the 
impact of different incidence rates and proportions of infective immigrants on disease dynamics. The 
parameter values used in this simulation are mainly from Khan et al. [7] except stated otherwise. The 

saturated incidence rate, 𝜑(𝐼) = 1 + 𝐼2 is also used.  
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Figure 3. The dynamical behavior of the SVEIR model with different incidence rates. The parameter 

values are 𝛽 = 0.002, 𝑝 = 0.4, 𝑘 = 0.4, 𝜏 = 0.003, 𝛿 = 0.009, 𝜇 = 0.09, 𝑑 = 0.004, 𝜋 =
10,𝜔 = 0.05. 

 



I. O. Onwubuya and C. E. Madubueze 
                                                                                                  
                                   
 

16                                                                                 JNSMB, Vol. 4 (2021) ©NSMB; www.tnsmb.org 
 

 

Figure 4. The dynamical behavior of the SVEIR model with different proportions of infective 

immigrants. The parameter values are  𝛽 = 0.002, 𝑝 = 0.4, 𝜏 = 0.003, 𝛿 = 0.009, 𝜇 = 0.09, 𝑑 =
0.004, 𝜋 = 10,𝜔 = 0.05. 

 

5        Discussion and Conclusion 

This study investigates the transmission dynamics of infectious diseases with a saturated incidence rate 
and the influx of infected immigrants in the population. The model is a deterministic SVEIR model. 

The basic reproduction number, 𝑅0, is computed using the next-generation approach. The disease-
free and endemic equilibrium states without the influx of infected immigrants are shown to be local 
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and global asymptomatically stable when 𝑅0 < 1  and 𝑅0 > 1  respectively. Also, the endemic 
equilibrium state when there is an influx of infected immigrants in the population is established under 
certain conditions. A forward bifurcation existed when there is no infective immigrant in the 
population. Numerical results show that the saturated incidence and the standard incidence rates 
produce the same results that reduce the number of infected individuals in the population compared 
to the bilinear incidence rate (Figure 3). The important of infected immigrants is considered and the 
outcome reveals that infected immigrants do not affect exposed individuals in the population. 
However, infected individuals increase as the proportion of infected immigrants increase (see Figure 
4) and this is comparable with the work of [12] that considered the entrance of infected immigrants 
in the population for an SEIRS model.  This indicates that measures should be taken to reduce the 
influx of infected immigrants in the population. One of these measures could be screening at the entry 
point in the population especially for infectious diseases like COVID-19, SARS, MERS, Ebola virus 
disease and Lassa virus.  
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Abstract 

We constructed Goh Volterra type of Lyapunov function from the transformed model of 
our formulated mathematical model for the transmission and control of zika virus disease 
dynamics. Applying the La Salle’s invariance principle to the time derivative of the 
constructed Lyapunov function confirms the existence of global asymptotic stability of 
unique endemic equilibrium point of the model. The model is solved using differential 
transformation method based on two different levels of controls. The Graphical 
simulations of some vital solutions of the model equations showed the impact of the 
various control measures incorporated into the model. Moreover, the sensitivity analysis of 
the sensitive parameters is carried out using the effective reproduction number of the 
model equations. Various characteristics of the vital state variables and the sensitive 
parameters provide forecasting premises for any possible outbreak of zika virus disease for 
effective control measure or containment. This study provides a suitable guide for the 
containment or control measure of any possible outbreak of zika virus disease. Therefore, 
with strict adherence to the various measures incorporated into the model equations, the 
outbreak of zika virus disease can be controlled whenever the effective reproduction 
number is reduced to less than unity. 

Keywords: Endemic equilibrium point, global asymptotic stability; sensitive parameters; Zika Virus 
disease.  

 

1         Introduction 

Zika virus (ZIKV) is a microscopic infectious agent which is a member of the family called 
Flaviviridae and the genus called Flavivirus that causes zika virus fever in human and microcephaly 
(smaller head than normal) to the infants of infected pregnant women as in [3]. Zika virus has 
similar characteristic with Dengue and Chikungunya described in [16]. About 80% of the infectious 
individuals are asymptomatic in any outbreak of zika virus disease; and some symptoms of the 
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infection are similar to the mild form of Dengue, Chikungunya and that of Malaria fever. The 
incubation period of zika infection is between three to twelve days. The illness is generally mild with 
symptoms not lasting more than a week, and it rarely kill. Differential or co –clinical diagnosis with 
Dengue, Chikungunya and Malaria could be considered for an infected individual. To detect Zika 
virus, a blood or tissue sample from the first week of infection is subjected to sophisticated 
molecular testing. The four major routes of transmission of zika virus are: through female Aedes 
aegypti mosquitoes’ bite as in[11], [8], and [13]; through sexual transmission as in [5] and [9] while 
[10] worked on the effectiveness of condom in preventing sexual transmission of zika infection; 
Vertical transmission from infected pregnant women to their fetuses as in [22], during pregnancy 
and effects on childhood development,  [17] showed the potential of zika virus transmission through 
blood transfusion; [19], worked on the risk of microcephaly induced by zika virus, while [23] showed 
the possible risk factor of zika virus for autism spectrum disorder. The aim of this study is to show 
that the unique endemic equilibrium point obtained in [3] is shown to be globally asymptotically 
stable, in order to provide a valid guide for the control of any possible outbreak of zika virus disease. 
This is achieved by using the Goh Volteral type of Lyapunov function, constructed from our 
transformed model and then showed that the time derivative of the function is less or equal to zero. 
Applying La Salle’s invariance principle shows that the unique endemic equilibrium point is globally 
asymptotically stable. Moreover, the Graphical simulations of some solutions of the model equations 
are obtained and the sensitivity analysis of the sensitive parameters is carried out using the effective 
reproduction number of the model equations. 

 

2        Model Formulation 

 As in [3], the population of the study involves humans and mosquitoes respectively. Human 
population is divided into female population and male population. SEIR framework is adopted for 
the state variables (Susceptible – Expose – Infected – Removed), while SI (Susceptible – Infectious) 
framework is used for the state variables of the mosquito population.     

 

2.1    Model Equations 

  

.
1

1 1 1 1 1 3 3 21 21 21 22 22 22 1 1

1

{ (1 ) (1 )} (1)c c c c
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S I I I S
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.

22 22 2 22 2 22( ) (11)I E I  = − +  

.

2 2 2 2 2 21 21 22 22 2 2(1 ) (12)R E I I R    = −  + + + −  

 

2.2    Model Variables and Parameters 

The state variables and parameters of the model equations (1) – (12) are defined in Table 1 and 
Table 2. 

 

Table 1: Description of variables of the model 

Variable Interpretation 

1 2,S S
 

Susceptible female, male compartment 

1 2,E E
 

Exposed female, male compartment 

11 21,I I
 

Symptomatic female, male compartment 

12 22,I I
 

Asymptomatic female, male compartment 

1 2,R R
 

Removed female, male compartment 

3 3,S I
 

Mosquitoes without virus, mosquitoes with virus 
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Table 2: Description of parameters of system (1) – (12) 

Parameter Interpretation 

1 2 3, ,  
 

Recruitment rate of females, males and mosquitoes 

1 2, 
 

Proportion of female and male births without microcephaly 

1 2(1 ), (1 ) − −
 

Proportion of female and male births with microcephaly 

1 2, 
 

Proportion of susceptible female and male births without 

microcephaly 

1 2(1 ), (1 ) − −
 

Proportion of exposed female and male births without microcephaly 

1 2 3, ,  
 

Natural death rate of females, males and mosquitoes 


 

  Death rate of mosquitoes due to insecticides   

1 2, 
 

Transmission rate of ZIKV through mosquito bite to the 

susceptible females and males 

11 12 21 22, , ,   
 

Transmission rate of ZIKV through sex from symptomatic and 

asymptomatic female and males to  susceptible females and males 

3  Is measuring the reduction in effectiveness of mosquito activities in 

transmitting ZIKV by creating non conducive environment for the 

mosquitoes including the use of air conditioner 

11 12 21 22, , ,   
 

Is measuring the reduction in effectiveness of sexual transmission  

through adherence to the preventive instructions   

(1 )c c−  Reflects the impact of condom usage which is enhanced by public 

campaign (efficacy and compliance) on sexual transmission where 

0 , 1c c   

11 12 21 22

3 3 3 3, , ,   
 

Transmission rate of ZIKV from symptomatic and asymptomatic 

females and males to the susceptible mosquitoes 

11 12 21 22, , ,   
 

Progression rate of ZIKV from exposed females and males to the 

symptomatic and asymptomatic compartment  

1 2, 
 

Recovery rate from exposed females and males to the removed 
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compartment 

11 12 21 22, , ,   
 

Recovery rate from symptomatic and asymptomatic females and 

males to the removed compartment 

 

 

2.3   The Transformed Model 

In order to obtain condition for the global stability, we transformed equations (1) – (12) from 
standard incidence function to bilinear incidence function and using the substitutes in (26) and (27) 
to obtain equations (13) – (24). 

 

1 1 1 1 1 1 3 2 21 3 22 1 1( )S S I I I S     =  − + + −                                          (13) 

1 1 1 1 1 1 3 2 21 3 22 1 1(1 ) ( )E S I I I k E    = −  + + + −                                    (14) 

11 11 1 2 11I E k I= −                                                                                                      (15) 

12 12 1 3 12I E k I= −                                                                                                      (16) 

1 1 1 1 1 11 11 12 12 1 1(1 )R E I I R    = −  + + + −                                                (17) 

3 3 3 4 11 5 12 6 21 7 22 4 3( )S S I I I I k S   =  − + + + −                                     (18) 

3 3 4 11 5 12 6 21 7 22 4 3( )I S I I I I k I   = + + + −                                                 (19) 

2 2 2 2 2 8 3 9 11 10 12 2 2( )S S I I I S     =  − + + −                                          (20) 

2 2 2 2 2 8 3 9 11 10 12 5 2(1 ) ( )E S I I I k E    = −  + + + −                                (21) 

21 21 2 6 21I E k I= −                                                                                                      (22) 

22 22 2 7 22I E k I= −                                                                                                    (23) 

2 2 2 2 2 21 21 22 22 2 2(1 )R E I I R    = −  + + + −                                          (24) 

1 1 1 11 12 1

3 3 3

2 2 2 21 22 2

N S E I I R

N S I

N S E I I R

= + + + + 


= +

= + + + + 

                                                                    (25) 
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where, 
3 1 4 3 5 31 1 2 1

1 2 3 4 5

1 1 1 3 3

6 3 7 3 8 2 9 2 10 2
6 7 8 9 10

3 3 2 2 2

, , , ,

, , , ,

        
    

         
    


= = = = =     




= = = = = 
     

                                          (26) 
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21 22
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, , , ,

c c c c

c c c c

k

k

k k k k k

                  

                  

          

= = − = − = = = +
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= + + + = + = + = + = 2 21 22 2

(27)

  




+ + +   

 

3       Global Stability Analysis 

A Goh –Volterra type of Lyapunov function is constructed from equations (14) – (24) as in [12]  
and [18]. Then the constructed Lyapunov function is given by 

1 1 11 12
1 1 1 1 1 1 1 11 11 11 1 12 12 12

1 1 11 12

3 3 2 2
3 3 3 3 3 3 3 2 2 2 2 2 2

3 3 2 2

2 21

{ ln ln ( ln ) ( ln )

ln ( ln ) ln ln

(

S E I I
S S S E E E A I I I B I I I

S E I I

S I S E
G S S S B I I I S S S E E E

S I S E

A I

       

   

       

   

− − + − − + − − + − − +

= − − + − − + − − + − − +

− 21 22
21 21 2 22 22 22

21 22

ln ) ( ln )}
I I

I I B I I I
I I

   

 









− + − −


 

 The time derivative of the Lyapunov function, G now becomes 

3 31 1 11 12
1 1 1 1 1 11 11 1 12 12 3 3 3 3 3

1 1 11 12 3 3

2 2 21 22
2 2 2 2 2 21 21 2 22 22

2 2 21 22

{( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( )}

S IS E I I
S S E E A I I B I I S S B I I

S E I I S I
G

S E I I
S S E E A I I B I I

S E I I

    

   


− + − + − + − + − + − +

=


− + − + − + −
  

Substitute equations (13) –(16), (18), (19), (20) –(23) in the time derivative of the Lyapunov function 

and simplifying gives 
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Using the following assumptions:

1 1 1 1 11 11 12 12 2 2 2 2 21 21 22 22 3 3 1 5, , , , , , , , , , 1,S S E E I I I I S S E E I I I I S S k k                 

8 8 1 8 9 8 10 1 5 4, , ,k k k          =  and since the arithmetic mean exceeds the geometric 

mean, the following inequalities from G hold: 
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Thus, 0G  for 1.eR  Hence G is a Lyapunov function. It follows by LaSalle’s invariance principle 

that every solution to the equations of the model (13) – (24) at the endemic equilibrium point E is 

globally asymptotically stable as explained in [14], in the stability of the dynamical system.  
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4       Model Solution 

 Differential transformation method is used in solving the differential equations (15), (16), (19), (22) 

and (23) as used in [21] and [1]. If the model equation ( )q t be a function, then it can be expanded in 

Taylor series about a point t = 0 as   
0 0

( )
k k

k
k t

t d q
q t

k dt



= =

 
=  

 


  

(28) 

1 1 11 12 1 3 3 2 2 21 22 2, ( ) { ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( )}where q t s t e t i t i t r t s t i t s t e t i t i t r t=                 

The differential transformation of ( )q t is defined as  
0

1
( )

!

k

k

t

d q
Q t

k dt
=

 
=  

                 

(29) 

1 1 11 12 1 3 3 2 2 21 22 2, ( ) { ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( ), ( )}where Q t S t E t I t I t R t S t I t S t E t I t I t R t=
                  

 

The inverse differential transform is 
0

( ) ( )k

k

q t t Q t


=

=
                 

(30) 

With the non-negative initial condition and parameters, the recurrence relation of the variables in the 
program (31) is used for the solutions of the model equations 
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

 

 

to obtain the respective values of the vital state variables, when k = 0, k=1, k=2 and k=3. Using the 
demographic and epidemic data of zika virus disease outbreak of Cape Verde in 2016 as premises 
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for the initial values for the model solution, subject to two conditions of 99% and 70% level of the 
effectiveness at which mosquitoes transmit zika virus. 

 

Table 3: Solutions of System when k = 0 

Symbol Case one value Case two value 

111I
 

1006.4 1006.4 

112I
 

1955.0 1955.0 

13
I

 
-14511.6 -19057.6 

121I
 

998.1 998.1 

122I
 

1937.1 1937.1 

 

 

Table 4: Solutions of System when k = 1 

Symbol Case one value Case two value 

211I
 

-561.5 -564.8 

212I
 

-1571.9 -1580.4 

23I  
5709.8 5975.7 

221I
 

-558.8 -558.6 

222I
 

-1563.3 -1563.0 
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Table 5: Solutions of System when k = 2 

Symbol Case one value Case two value 

311I
 

165.6 166.8 

312I
 

513.8 517.3 

33I  
-2785.1 -2004.5 

321I
 

212.0 205.0 

322I
 

630.9 613.1 

 

 

Table 6: Solutions of System when k = 3 

Symbol Case one value Case two value 

411I
 

-48.6 -47.2 

412I
 

-147.1 -143.6 

43I  
1074.6 734.9 

421I
 

-49.4 -48.6 

422I
 

-154.2 -144.2 

The following solutions: (32) – (36) for the case one with the condition of 99%, and (37) – (41) for 
the case two with the condition of 70% when applying the inverse differential transform are 
obtained  
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 4.1     Model Solution for Case One 

2 3 4

11( ) 761 1006.4 280.8 55.2 12.2i t t t t t= + − + −      (32) 

2 3 4

12( ) 3043 1955 785 171.3 36.8i t t t t t= + − + −      (33) 

2 3 4

3( ) 250,000 14,511.6 2,854.9 928.4 268.7i t t t t t= − + − +
    

(34) 

2 3 4

21( ) 755 998.1 279.4 70.7 12.4i t t t t t= + − + −
     

(35) 

2 3 4

22( ) 3021 1937.1 781.7 210.3 38.6i t t t t t= + − + −
     

(36) 

4.2   Model Solution for Case Two 

2 3 4

11( ) 761 1006.4 282.4 55.6 11.8i t t t t t= + − + −
     

(37) 

2 3 4

12( ) 3043 1,955 790.2 172.4 35.9i t t t t t= + − + −
     

(38) 

2 3 4

3( ) 250,000 19,057.6 2,987.9 668.2 183.7i t t t t t= − + − +     (39) 

2 3 4

21( ) 755 998.1 279.3 68.3 12.2i t t t t t= + − + −      (40) 

2 3 4

22( ) 3021 1,937.1 781.5 204.4 36.1i t t t t t= + − + −      (41) 
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5       Graphical Simulation of the Solutions of the Model Equations     

 

 

Figure 1: Effect of Reduced Rate in the effectiveness of Mosquito in Transmitting Zika Virus on 
the Symptomatic Female Population 
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Figure 2: Effect of Reduced Rate in the effectiveness of Mosquito in Transmitting Zika Virus on 
the Symptomatic Male Population 

 

 

Figure 3: Effect of Reduced Rate in the effectiveness of Mosquito in Transmitting Zika Virus on 
the Asymptomatic Female Population 
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Figure 4: Effect of Reduced Rate in the effectiveness of Mosquito in Transmitting Zika Virus on 
the Asymptomatic Male Population. 

 

Figure 5: Effect of Reduced Rate in the effectiveness of Mosquitoes in Transmitting Zika Virus on 
the Population of Mosquitoes with Zika Virus. 
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6        Sensitivity Analysis of the Effective Reproduction Number 

To bring out the importance of the model parameters towards a sound prediction, sensitivity 
analysis is carried out in a similar approach to the techniques used in [6], [7], [15] and [2]. The 

sensitivity index of the system is given by 0 0

0

R R
S x

R







=


  using the derived effective reproduction 

number in [3] as given by  

2 2 2 3
2 2 2 3 3

3

; { 0.9997, 0.9982, 0.33, 0.99, 0.067, 0.05} 2.78644e eR R
   

      
 

= = = = = = = =  =
+  

The sensitive parameters’ values are derived from reported cases of zika virus outbreak in Cape 
(Capo) –Verde in 2016 as in [20] and [24] 

 

Table 7: Sensitivity Indices for the Sensitive Parameters Using the Basic (Effective) Reproduction 
Number (Re) 

Parameter    Sensitivity 

index 

2         1.000000000 

2  
       1.000000000 

3  
       

0.9999999999 

 

2  
       

0.9999999999 

3  
       -

567.1910080 


        -

567.1910080 
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Figure 6: Effect of natural death rate of mosquitoes on the effective reproduction number. 

 

Figure 7: Effect of Death of Mosquitoes due to insecticide on the effective reproduction number 



                                                           Journal of the Nigerian Society for Mathematical Biology 

                        Volume 4 (2021), pp. 19 – 38    
 
 

 

35                                                                                   JNSMB, Vol. 4 (2021) ©NSMB; www.tnsmb.org 
 

 

Figure 8: Effect of transmission rate of Zika Virus through mosquito bite on the effective 
reproduction number 

 

7       Results and Discussion 

(i) The time derivative of the constructed Lyapunov function shown to be less than or equal to zero 
implies that the endemic equilibrium point of the model (13) –(24) is globally asymptotically stable. 

(ii) Figures 1 - 4 initially show upward trends as a result of onward progression from the human 
exposed compartment including females and males,  to the infetious compartment (symptomatic 
and asymptomatic) till peaks of the curves are attained. The direction of the graphs changed from 
upward to downward because the exposed population is exhausted  as a result of reduction in the 
effectiveness of mosquitoes in transmitting zika virus. 

(iii) Figure 5 shows that 70% control of reduction in the effectiveness of mosquitoes in transmitting 
Zika Virus is more effective in reducing the population of mosquitoes with Zika Virus than 99% 
control. 

(iv) Figures 6 and 7 show that the death of mosquitoes, either natural or through application of 
insecticides reduces the size of effective reproduction number of the model which implies reduction 
in the transmission of zika virus. Moreover, if the values of the parameters with negative sensitivity 
indices increase then the transmission will fall, while increase in the variable with positive sensitivity 
indices as in Figure 8 will increase the disease but reduction in the variable will make the disease to 
fall and make the disease to die out if sustained. 
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8      Conclusion 

It is observed that the endemic equilibrium point of the model is globally asymptotically stable when 
applying LaSalle’s invariance principle to the time derivative of Goh Volterral type of Lyapunov 
function that is shown to be less or equal to zero. The epidemiological implication of the global 
stability is that the inevitable fate of the outbreak is attained and stabilized irrespective of starting 
situation. If at the start of the outbreak the number of the infected individual is less than the 
eventual endemic equilibrium point of the model, then the number of infected individuals will be on 
the increase until the equilibrium point is attained. On the other hand if the start of the outbreak is 
higher than the endemic equilibrium point of the model then with strict adherence to the various 
measures and controls incorporated into the model the size of infections will fall to the equilibrium 
point of model, which is the inevitable fate of the outbreak. Moreover if the effort is sustained and 
the effective reproduction number is made to reduce to less than unity, then the outbreak will be 
brought under control and the disease will die out.  
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Mathematical analysis of Yellow Fever transmission 
dynamics using Wolbachia and vaccination as control 

strategies 
 

A.Y. Danjuma* and G.C.E. Mbah† 

 

Abstract 

We present the mathematical analysis of yellow fever transmission dynamics using 

Wolbachia and vaccination as the control strategies. A deterministic ordinary differential 

equation model for yellow fever disease transmission dynamics within the human and 

mosquito populations is formulated. The model equilibrium points were obtained, while 

the criteria for their macrocosm and stability were investigated. Numerical simulations 

were carried out using a classical fourth order Runge-kutta method in MATLAB. From the 

simulations, we investigated and established that the disease can only be eradicated in our 

society if we encourage the populace to take the vaccines against the disease in the case of 

the disease insurgence.  This is primarily due to the fact that the vaccinated humans do not 

respond to the infectivity of the Wolbachia-free mosquitoes’ biting. Also effective, 

efficient and timely treatment of infectious persons must be carried out if we must contain 

the disease when it occurs. 

Keywords: booster dose; endemic; Wolbachia; immunity; vaccination; yellow fever; model equation. 

 

1         Introduction  

Yellow fever is an acute viral disease that is endemic and enzootic in sub-Saharan Africa and tropical 
South America, which is marked by three phases of symptoms. These include:” the infectious or 
acute phase”, characterized by fever, chills, loss of appetite, nausea, muscle pains particularly in the 
back and head ache. These symptoms ameliorate within five days and the “remission phase” set in, 
this is characterized by the sudden disappearance of the early symptoms. Within 24 hours, the 
chronic phase set in, which is characterized by the reappearance of the early symptoms along with 
new and more serious symptoms such as high fever, hemorrhage, abdominal pain and liver 
impairment begins causing jaundice i.e., yellowing of the skin and eyes which is why this disease is 
called “yellow fever” [1, 15, 19]. If this occurs, the peril of bleeding and kidney problem is increased 
[28]. It is caused by a flavivirus (peculiarly yellow fever virus of the genus Flavivirus) transmitted 
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specially by the yellow fever mosquito, and is spread by the bite of an infected female mosquito [11]. 
It infects only humans, other primates and several types of mosquitoes [21]. Particularly in the early 
stages, this disease may be difficult to differentiate from other illness [31]. For a suspected case to be 
confirmed, blood sample testing with polymerase chain reaction is needed [11]. A safe and effectual 
vaccine against yellow fever subsist, and some countries demands vaccination for travelers [3, 6, 22]. 
Other attempts to forestall transmission include reducing the population of the transmitting 
mosquitoes. In a domain where yellow fever is plebeian, early diagnosis of cases and immunization 
of large parts of the population are crucial to forestall outbreaks. Up to half of those who got to the 
severe phase of the disease die within 7-10 days [28]. 

Yellow fever resulted in about 127,000 serious infection and 450,000 deaths in 2013 [31], 
with virtually 90 percent of these happening in African nations [11]. In an area of the world where 
the disease is common, nearly a billion of people lives there. It is plebeian in tropical areas of the 
continents of south America and Africa but not in Asia [5]. The number of cases of yellow fever has 
been increasing since the 1980s [13]. This is conceived to be ascribable to fewer people being 
immuned, more people living in cities, people often moving from one geographical area to another, 
and changing climate and increasing the mosquitoes home ground. The disease is conceived to have 
sprung up in Africa and outspread to south America through the slave trade in the 17th century. 
Several major outbreaks of the disease have occurred in the America, Africa, and Europe since the 
17thcentury [14, 20, 24]]. In the 18th and 19th centuries, the yellow fever was seen as one of the lethal, 
dangerous infections diseases. And the yellow fever virus became the first human virus to be isolated 
in 1927 [22]. In 1900, Walter Reed established that it was the first sickness shown to be transmissible 
by filtered human serum and transmitted by mosquitoes [10]. 

In tropical areas of Africa and the South Americas, Yellow fever virus (YFV) infects human 
and nonhuman primates, which is transmitted between primate hosts in the saliva of infected 
mosquitoes. The natural epidemiology of yellow fever on both continents is a cycling of the virus 
between forest mosquitoes and wild primates. We have three cycles of secondary transmission to 
humans, these are sylvatic (jungle), intermediate (savannah) and urban [16]. 

Yellow fever is common in tropical and subtropical areas of South America and Africa. 
Worldwide, about 600million people live in endemic areas. The world Health Organization [WHO] 
estimates 200,000 cases of disease and 30000 deaths a year occur [26, 27, 29, 30]. An estimated 90% 
of yellow fever infections occur in African continent [11]. In 2016, a large outbreak originated in 
Angola and spread to neighboring countries before being contained by a massive vaccination 
campaign [31, 32]. 

Yellow fever is distinguished from other viral hemorrhagic fever by the characteristic severity 
of liver damage and appearance of jaundice (hence flavus; latin for yellow). Moreover, damage to the 
kidneys frequently leads to extreme albuminuria and acute renal failure. Antibodies can be detected 
at this stage, while viremia is usually absent. Late central nervous system (CNS) manifestations, such 
as confusion seizure, and coma, presage death typically follows within seven to ten days of onset [4, 
23, 25]. 

There is no specific treatment for yellow fever infection, only secondary, supportive care 
exists, i.e., the specialist treatment and support provided by doctors to prevent, control, or relieve 
complications and side effects and to improve the patients comfort and quality of life) [23]. 
Secondary care in an intensive care unit is required for complete care. Consequently, supportive care 
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is critical. Of course, most patients with yellow fever are unable to benefit from state-of-the-heart 
medical care [17, 18]. Ideally a severe ill patient is admitted to the intensive care unit (ICU) and 
provided with vaso-active medications, fluid resuscitation, and ventilator support. Symptoms 
including Dic, hemorrhage, renal and hepatic dysfunction, and possible secondary infection are 
treated. The use of salicylates is contraindicated in yellow fever cases because of the increased risk of 
bleeding. Although humans can’t spread yellow fever among themselves through casual contact, but 
the infection could possibly be transmitted directly into the blood through contaminated needles [4]. 
Viremic patients should be isolated with mosquito netting in areas with potential vectors 
transmission and until differential diagnoses are eliminated. Although no specific antiviral drugs are 
available, several compounds with vitro antiviral activity have been described, including ribavirin and 
interferon-α. However, trials with ribavirin in experimentally infected monkeys have yielded 
conflicting results [12]. Interferon-γ treatment of monkeys resulted in delayed onset of veremia and 
illness, but had no effect on survival [2]. 

 

2        The Model Equations 

Wolbachia is a genus of Gram-negative intracellular bacteria belonging to the order 
Rickettsiales and the family Anaplasmataceae, which infect invertebrate organisms and are found 
naturally in more than 50% of all arthropod species and in several nematodes. Nevertheless, 
wolbachia is naturally absent from Aedes aegypti (stegomyia aegypti), but can be introduced. 
Wolbachia-infected mosquitoes are not considered to be genetically modified as wolbachia is a 
naturally occurring symbiont of invertebrates. Moreover, volunteers that are bitten by wolbachia-
infected mosquitoes do not show any specific antibody production against wolbachia, which 
probably means that there is no transmission of the bacteria from mosquitoes to human. As 
wolbachia is an obligate intracellular bacterium, it cannot survive in the environment (air, soil, water 
and leaves), but horizontal transmission between arthropods does occur in nature [7].  

The principal transmission root of wolbachia is vertically inherited in-virtue-of the cytoplasm 
of the maternal line, in spite of the fact that, horizontal transmission between insect’s species also 
put up to Wolbachia prevalence [9]. Since other mechanisms of transmission are uncommon and 
may be ignored, then we consider the probability of the vertical transmission as one. The main 
rationales of using wolbachia for biological control of disease vectors is formulated on cytoplasmic 
incompatibility (CI), as a result of its infection in the reproductive organs. Mating between an 
infected male and an uninfected female leads to abnormality in embryonic development with no or 
limited numbers of viable progenies. In such a transmission cycle, males are the dead-end host of 
wolbachia and can sterilize the uninfected females. 

Mosquitoes with wolbachia have a reduced ability to transmit viruses to people, decreasing 
the risk of Zika, dengue, Chikungunya and yellow fever outbreaks [4, 8]. 

Since all the three populations i.e., the human, mosquitoes and wolbachia continuously 
varies with time, we therefore used a continuous-time model. 
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2.1       Assumptions of the Model 

The following assumptions were made in constructing the model. 

i. Death induced by an attempt to suck blood for egg fertilization by both the adult female 

wolbachia-infected and wolbachia-free mosquitoes is neglected.  

ii. The yellow fever virus cannot be transmitted from the wolbachia-infected mosquitoes (𝐼𝑤) 

to an adult wolbachia-free mosquitoes (𝐼𝑚) 

iii. Mosquitoes with wolbachia have a reduced ability to transmit viruses to humans. 

iv. The non-chronic infectious human, i.e., humans within the 1st and the 2nd phase of infection 

majorly recovered naturally. 

v. Everybody in a given at-risk country cannot be vaccinated  

vi. The yellow fever vaccine does not provide an ageless immunity. 

vii. The yellow fever disease is not contagious, i.e., cannot be spread from human to human 

through body contact.  

viii. People with weak immune system are considered  

ix. Vaccine induced mortality rate is not considered. 

Hence, we obtain the Model equations for the transmission dynamics of yellow fever disease using 
Wolbachia infected mosquitoes as control as follows: 

For the wolbachia-free mosquitoes 

𝑑𝑆𝑚

𝑑𝑡
=   Λ𝑚 − 𝛼𝑆𝑚 − 𝛿1𝑆𝑚                                                   (1) 

𝑑𝐸𝑚

𝑑𝑡
= 𝛼𝑆𝑚– 𝑏𝐸𝑚 − 𝛿1𝐸𝑚              (2) 

𝑑𝐼𝑚

𝑑𝑡
= 𝑏𝐸𝑚 − 𝛿1𝐼𝑚                                                                 (3) 

 

For the wolbachia-infected mosquitoes  

𝑑𝑆𝑤

𝑑𝑡
=   Λ𝑊 − 𝛽𝑆𝑤 − 𝛿2𝑆𝑤                                                      (4) 

𝑑𝐸𝑤

𝑑𝑡
= 𝛽𝑆𝑤 − 𝜉𝐸𝑤 − 𝛿2𝐸𝑤                                                      (5) 

𝑑𝐼𝑤

𝑑𝑡
=  𝜉𝐸𝑤 − 𝛿2𝐼𝑤                                                                   (6) 

 

For human compartment 

𝑑𝑆ℎ

𝑑𝑡
= Λℎ + 𝜃𝑆𝑣 + 𝜏𝑅ℎ − 𝑘𝑆ℎ − 𝜓𝑆ℎ − 𝜇𝑆ℎ                            (7) 
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𝑑𝑆𝑣

𝑑𝑡
= 𝑘𝑆ℎ − 𝜃𝑆𝑣 − 𝜆1𝑆𝑣 − 𝜇𝑆𝑣                                                  (8) 

𝑑𝑆𝑢𝑣

𝑑𝑡
= 𝜓𝑆ℎ − 𝜆2𝑆𝑢𝑣 − 𝜇𝑆𝑢𝑣                                                      (9) 

𝑑𝐸ℎ

𝑑𝑡
= 𝜆1𝑆𝑣 + 𝜆2𝑆𝑢𝑣 − ∅𝐸ℎ − 𝜇𝐸ℎ                                            (10) 

𝑑𝐼ℎ

𝑑𝑡
=  ∅𝐸ℎ−𝜌1𝐼ℎ−𝜌2𝐼ℎ − 𝜇𝐼ℎ                                                   (11) 

𝑑𝐼ℎ𝑁

𝑑𝑡
= 𝜌1𝐼ℎ − 𝜇𝐼ℎ𝑁 − 𝛾1𝐼ℎ𝑁                                                      (12) 

𝑑𝐼ℎ𝐶

𝑑𝑡
= 𝜌2𝐼ℎ − 𝛿3𝐼ℎ𝐶 − 𝜇𝐼ℎ𝐶 − 𝛾2𝐼ℎ𝐶                                          (13) 

𝑑𝑅ℎ

𝑑𝑡
= 𝛾1𝐼ℎ𝑁 + 𝛾2𝐼ℎ𝐶 − 𝜏𝑅ℎ − 𝜇𝑅ℎ                                            (14) 

 

The line of reasoning for the above model is as follows:  Wolbachia-infected mothers (𝑆𝑤) produced 

the first progeny carrying wolbachia that survived to maturity. Wolbachia-uninfected mothers (𝑆𝑚) 
produced the second progenies which are all uninfected. If the female is infected by wolbachia, the 
possible progenies may be inviable because of cytoplasmic incompatibility (CI).  

 

2.2      Description of the Model Variables and Parameters 
 

Table1: Parameter Description 

Parameters Description 

𝚲𝒎 The basic recruitment level for wolbachia-free mosquitoes. 

𝚲𝒘 The basic recruitment level for wolbachia-infected mosquitoes. 

𝚲𝒉 The basic recruitment level for human 

𝜶 The rate at which susceptible wolbachia-free mosquitoes are exposed to flavivirus 

              b The rate at which an exposed wolbachia-free mosquitoes are infectious 

𝜹𝟏 Natural death rate of wolbachia-free mosquitoes 

𝜷 The rate at which susceptible wolbachia-infected mosquitoes are exposed to 
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flavivirus 

𝝃 The rate at which an exposed wolbachia-infected mosquitoes are infectious. 

𝜹𝟐 Natural death rate of wolbachia-infected mosquitoes 

K The rate at which people are vaccinated 

𝝍 The rate at which people are unvaccinated  

𝝀𝟏 The force of infection of a susceptible vaccinated human 

𝝀𝟐 The force of infection of a susceptible unvaccinated human 

𝜽 The rate at which vaccinated humans becomes susceptible. 

𝝉 The rate at which recovered humans become susceptible. 

𝝓 The rate at which an exposed humans become infectious. 

𝝆𝟏 The rate which an infectious humans progressed to the non-chronic phase of the 

disease 

𝝆𝟐 The rate which an infectious human progressed to the chronic phase of the 

disease. 

𝜸𝟏 Natural recovery rate of humans at the non-chronic phase of the disease 

𝜸𝟐 The recovery rate of humans at the chronic phase of the disease. 

𝝁 The natural death rate of humans 

𝜹𝟑 Death induced by the disease 
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Table 2: Variables Description 

Variables                                              Description 

𝑺𝒎 Susceptible class of wolbachia-free mosquitoes 

𝑬𝒎 The class of exposed  wolbachia-free mosquitoes 

𝑰𝒎 The class of adult female infectious wolbachia-free mosquitoes 

𝑵𝒎 Total populations of an adult female wolbachia-free mosquitoes, 

𝑁𝑚 = 𝑆𝑚 + 𝐸𝑚 + 𝐼𝑚 

𝑺𝒘 The susceptible class of an adult wolbachia-infected mosquitoes 

𝑬𝒘 The class of exposed adult wolbachia-infected mosquitoes 

𝑰𝒘 The class of infectious adult wolbachia-infected mosquitoes 

𝑵𝒘 The total populations of an adult wolbachia-infected mosquitoes,  

𝑁𝑤 = 𝑆𝑤 + 𝐸𝑤 + 𝐼𝑤 

𝑺𝒉 The class of susceptible humans 

𝑺𝒗 The class of vaccinated humans 

𝑺𝒖𝒗 The class of unvaccinated humans 

𝑬𝒉 The class of exposed humans to flavivirus 

𝑰𝒉 The class of infectious humans 

𝑰𝒉𝑵 The class of infectious humans in the non-chronic phase of the disease 

𝑰𝒉𝑪 The class of an infectious humans in the chronic phase of the disease 

𝑹𝒉 The class of humans that recovered from the disease 

𝑵𝒉 The total populations of humans,   

𝑁ℎ = 𝑆ℎ + 𝑆𝑣 + 𝑆𝑢𝑣 + 𝐸ℎ + 𝐼ℎ + 𝐼ℎ𝐶 + 𝐼ℎ𝑁 + 𝑅ℎ 
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We have that 

𝑑𝑁ℎ

𝑑𝑡
=

𝑑𝑆ℎ

𝑑𝑡
+

𝑑𝑆𝑣

𝑑𝑡
+

𝑑𝑆𝑢𝑣

𝑑𝑡
+

𝑑𝐸ℎ

𝑑𝑡
+

𝑑𝐼ℎ

𝑑𝑡
+

𝑑𝐼ℎ𝑁

𝑑𝑡
+

𝑑𝐼ℎ𝐶

𝑑𝑡
+

𝑑𝑅ℎ

𝑑𝑡
               (15)                                           

𝑑𝑁𝑚

𝑑𝑡
= Λ𝑚 − 𝛿1𝑁𝑚                                                                        (16) 

𝑑𝑁𝑤

𝑑𝑡
= Λ𝑤 − 𝛿2𝑁𝑤                                                                                  (17) 

 

3         Analysis of the Model 

We investigate the invariant region to determine whether the model is biologically meaningful and 
that all solutions of our model equations are positive and are attracted in that region. 

Lemma 1: The region 

Let  Ω𝑚 = (𝑺𝒎,𝑬𝒎,𝑰𝒎,), Ω𝑤 = (𝑺𝒘,𝑬𝒘, 𝑰𝒘),   Ωℎ = (𝑺𝒉,𝑺𝒗,𝑺𝒖𝒗,𝑬𝒉,𝑰𝒉,𝑰𝒉𝑵,𝑰𝒉𝑪,𝑹𝒉,) 

So that 𝛀 = Ω𝑚 × Ω𝑤 ×   Ωℎ 

Then we have:     

𝛀 = (𝑺𝒎,𝑬𝒎,𝑰𝒎,𝑺𝒘,𝑬𝒘, 𝑰𝒘, 𝑺𝒉,𝑺𝒗,𝑺𝒖𝒗,𝑬𝒉,𝑰𝒉,𝑰𝒉𝑵,𝑰𝒉𝑪,𝑹𝒉,) ∈ 𝑹+
𝟏𝟒 to be a relation of the model 

system with non-negative initial conditions i.e. at t=0, we have: 

𝑺𝒉 > 0, 𝑺𝒗 ≥ 𝟎, 𝑺𝒖𝒗 ≥ 𝟎, 𝑬𝒉 ≥ 𝟎, 𝑰𝒉 ≥ 𝟎, 𝑰𝒉𝑵 ≥ 𝟎, 𝑰𝒉𝑪 ≥ 𝟎,𝑹𝒉 ≥ 𝟎,   

𝑺𝒎 ≥ 𝟎,   𝑬𝒎 ≥ 𝟎, 𝑰𝒎 ≥ 𝟎, 𝑺𝒘, > 0, 𝑬𝒘 ≥ 𝟎, 𝑰𝒘 ≥ 𝟎. 

In the absence of the disease (yellow fever) i.e., at disease free equilibrium, we have: 

𝑺𝒗 = 𝟎, 𝑺𝒖𝒗 = 𝟎, 𝑬𝒉 = 𝟎, 𝑰𝒉 = 𝟎, 𝑰𝒉𝑵 = 𝟎, 𝑰𝒉𝑪 = 𝟎,  

then equation (15) becomes: 

𝑑𝑁ℎ 

𝑑𝑡
=

𝑑𝑆ℎ 

𝑑𝑡
.                           (∗) 

But from the equation (7) under the human compartment, we now have: 

⟹
𝑑𝑆ℎ 

𝑑𝑡
= Λℎ − 𝜇𝑆ℎ .             (∗∗) 

This implies that 

𝑑𝑁ℎ 

𝑑𝑡
= Λℎ − 𝜇𝑆ℎ  ⟹

𝑑𝑁ℎ 

𝑑𝑡
= Λℎ − 𝜇𝑁ℎ . 

From the above, we have: 
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𝑑𝑁ℎ 

𝑑𝑡
+ 𝑁ℎ 𝜇 ≤ Λℎ                                                                             (18) 

 Using integrating factor, we solve this to obtain: 

 𝑁ℎ ≤
Λℎ

𝜇
+ 𝐶𝑒−𝜇𝑡.                                                                                 

Using initial conditions: t = 0,  𝑁ℎ (0) =  𝑁ℎ 0, this then becomes: 

 𝑁ℎ ≤
Λℎ

𝜇
+ [ 𝑁ℎ 0 −

Λℎ

𝜇
] 𝑒−𝜇𝑡.                                                                (19) 

At t = 0,   𝑁ℎ ≤
Λℎ

𝜇
+  𝑁ℎ 0 −

Λℎ

𝜇
  ⟹  𝑁ℎ ≤  𝑁ℎ 0 

Similarly, at t = ∞,   𝑒−𝜇𝑡 = 0 so that  𝑁ℎ ≤
Λℎ

𝜇
  

                 ⟹ 0 ≤  𝑁ℎ ≤
Λℎ

𝜇
 𝑎𝑠 𝑡 → ∞.  

Therefore, as 𝑡 → ∞, the human population (𝑁ℎ) draw close to: 

                    𝐾 ≤
Λℎ

𝜇
  i.e.,  𝑁ℎ → 𝐾 =

Λℎ

𝜇
 as 𝑡 → ∞. 

The parameter K is called the carrying capacity. Hence all the viable solution set of the human 
compartment population model enters the region. 

  Ωℎ = {(𝑺𝒉,𝑺𝒗,𝑺𝒖𝒗,𝑬𝒉,𝑰𝒉,𝑰𝒉𝑵,𝑰𝒉𝑪,𝑹𝒉,)  ∈ 𝐑+
𝟖 : 𝑺𝒉 > 0, 𝑺𝒗 ≥ 𝟎, 𝑺𝒖𝒗 ≥ 𝟎, 𝑬𝒉 ≥ 𝟎, 𝑰𝒉 ≥ 𝟎, 𝑰𝒉𝑵

≥ 𝟎, 𝑰𝒉𝑪 ≥ 𝟎,𝑹𝒉 ≥ 𝟎} 𝑁ℎ ≤
Λℎ

𝜇
 

Similarly, we can show that the viable solutions for the wolbachia-free and the wolbachia-infected 
mosquito populations enters the region: 

      Ω𝑚 = {(𝑺𝒎,𝑬𝒎,𝑰𝒎,) ∈ 𝐑+
𝟑 : 𝑺𝒎 ≥ 𝟎,   𝑬𝒎 ≥ 𝟎, 𝑰𝒎 ≥ 𝟎}𝑁𝑚 ≤

Λ𝑚

𝛿1
  

      Ω𝑤 = {(𝑺𝒘,𝑬𝒘, 𝑰𝒘) ∈ 𝐑+
𝟑 : 𝑺𝒘, > 0, 𝑬𝒘 ≥ 𝟎, 𝑰𝒘 ≥ 𝟎}𝑁𝑤 ≤

Λ𝑤

𝛿2
 . 

The solution remains positive for all time t, that is, the domain Ω  is positively invariant and the 
model equation is biologically meaningful and mathematically well posed in the domain. Therefore, 
meaningful explanation of the disease transmission mechanism can now be carried out. 
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3.1         Positivity of Solutions 

Lemma 3.   Let the initial data be: 

{𝑺𝒎(𝟎), 𝑺𝒘(𝟎), 𝑺𝒉(𝟎), (
𝑬𝒎(𝟎), 𝑰𝒎(𝟎), 𝑬𝒘(𝟎), 𝑰𝒘(𝟎), 𝑺𝒗(𝟎), 𝑺𝒖𝒗(𝟎), 𝑬𝒉(𝟎), 𝑰𝒉(𝟎),

𝑰𝒉𝑵(𝟎), 𝑰𝒉𝑪(𝟎)
) ≥ 𝟎} ∈ Ω.  

Then the solution: 

{𝑺𝒎,𝑬𝒎,𝑰𝒎,𝑺𝒘,𝑬𝒘, 𝑰𝒘, 𝑺𝒉,𝑺𝒗,𝑺𝒖𝒗,𝑬𝒉,𝑰𝒉,𝑰𝒉𝑵,𝑰𝒉𝑪,𝑹𝒉,(𝒕)}  of the system is positive for all t > 0. 

 

Proof:  

From the wolbachia-free mosquito compartment, we have: 

  
𝑑𝑆𝑚 

𝑑𝑡
=   Λ𝑚 − 𝛼𝑆𝑚 − 𝛿1𝑆𝑚  ≥ −𝛼𝑆𝑚 − 𝛿1𝑆𝑚 ≥ −(𝛼 + 𝛿1)𝑆𝑚  

⟹ 
𝑑𝑆𝑚 

𝑑𝑡
≥ −(𝛼 + 𝛿1)𝑆𝑚   

Using variable separable method, we have: 

    
1

𝑆𝑚 
.
𝑑𝑆𝑚 

𝑑𝑡
≥ −(𝛼 + 𝛿1) which on integration yields 

    𝑆𝑚 ≥ 𝐴𝑒−(𝛼+𝛿1)𝑡          where (A=𝑒𝑐1)                                                                         

At t = 0   𝑺𝒎(𝟎) = 𝑺𝒎𝟎 ≥ 𝐴   ⟹ 𝑆𝑚 ≥ 𝑺𝒎𝟎𝑒
−(𝛼+𝛿1)𝑡 ≥ 0 .  

Similarly, we can solve for all the other variables to get: 

             𝑆𝑤 ≥ 𝑺𝒘𝟎𝑒
−(𝛽+𝛿2)𝑡 ≥ 0 . 

             𝑆ℎ ≥ 𝑺𝒉𝟎𝑒
−(𝐾+𝜓 +𝜇 )𝑡 ≥ 0 . 

Similarly, it can be shown that the human, wolbachia-free and wolbachia-infected mosquito 

population compartments of the system are all positive for all t > 0 

We have thus shown that the model is invariant and has positivity of solutions. As such we can then 
investigate the existence of the disease equilibrium states and possibly the stability of the disease in 
the population. 

 

3.2         Equilibrium State 

Equilibrium analysis of a given disease model enables us to know whether there could be possible 
disease free or persistent disease presence (Endemic state) in a given population. There are two types 
of equilibrium usually studied. These are the disease-free equilibrium (DFE) and the endemic 
disease equilibrium (EE). 
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3.2.1          Disease Free Equilibrium (DFE) 

The disease-free equilibrium is defined as the point at which no disease is present in the population. 
It enables us to know how the model behaves within a short period of time.  

Now we consider the disease classes for the wolbachia-free mosquitoes, wolbachia-infected 
mosquitoes and the human compartment which can be defined as: 

       𝐸𝑚,𝐼𝑚,𝐸𝑤, 𝐼𝑤, 𝐸ℎ,𝐼ℎ,𝐼ℎ𝑁,𝐼ℎ𝐶.  

The DFE state of equations (1 - 14) is given by: 

         𝐸𝑜 = (𝑆𝑚,
0 𝐸𝑚,

0 𝐼𝑚,
0 𝑆𝑤,

0 𝐸𝑤,
0 𝐼𝑤,

0 𝑆ℎ,
0𝑆𝑣,

0𝑆𝑢𝑣,
0 𝐸ℎ,

0 𝐼ℎ,
0 𝐼ℎ𝑁,

0 𝐼ℎ𝐶
0 ).  

In the absence of the disease or at disease free state, we have: 

𝑬𝒉 = 𝑰𝒉 = 𝐸𝑚 = 𝑰𝒎 = 𝑬𝒘 = 𝑰𝒘 = 𝑰𝒉𝑵 = 𝑰𝒉𝑪, = 𝟎, which also implies that: 

𝑺𝒗 = 𝑺𝒖𝒗 = 𝑹𝒉 = 𝟎 .   

This is to say that, in the absence of the disease, there won’t be need for vaccination, infectious rate 
is trivial and recovery rate is highly immaterial. 

Considering the wolbachia-free mosquito’s compartment and setting the equations to zero, we 
have: 

  Λ𝑚 − 𝛼 𝑆𝑚
0 − 𝛿1𝑆𝑚

0   = 0         (i) 

   𝛼𝑆𝑚
0 – 𝑏𝐸𝑚

0 − 𝛿1𝐸𝑚
0 =0           (ii)     

    𝑏𝐸𝑚
0 − 𝛿1𝐼𝑚

0 = 0                     (iii) 

Recall that 𝐸𝑚 = 𝑰𝒎= 0 

Then, from  equation (i) we have:                    

                (𝑆𝑚,
0  𝐸𝑚,   

0 𝐼𝑚,
0 ) = (

  Λ𝑚

𝛼+𝛿1
, 0,0)      [A]                     

Similarly we can obtain those of the wolbachia-infected mosquitoes and the humans as:: 

               (𝑆𝑤,
0 𝐸𝑤,

0 𝐼𝑤
0 ) = (

  Λ𝑊

𝛽+𝛿2
, 0,0)                   [B] 

               (𝑆ℎ,
0𝑆𝑣,

0𝑆𝑢𝑣,
0 𝐸ℎ

0, 𝐼ℎ
0, 𝐼ℎ𝑁

0 , 𝐼ℎ𝐶
0 , 𝑅ℎ

0) = (
Λℎ

𝜇
, 0,0,0,0,0,0,0)   [C] 

From equation A,B,C we have: 
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              𝑆𝑚,
0 =

  Λ𝑚

𝛼+𝛿1
                                  (20) 

              𝑆𝑤
0 =

  Λ𝑊

𝛽+𝛿2
                                   (21) 

               𝑆ℎ
0 =

Λℎ

𝜇
                                      (22)  

The above equations (20 - 22) represents the rate at which there is no infection in the society. 
Therefore, the disease-free equilibrium state of the model equation (1- 14) is given by: 

               𝐸𝑜 = (𝑆𝑚,
0 𝐸𝑚,

0 𝐼𝑚,
0 𝑆𝑤,

0 𝐸𝑤,
0 𝐼𝑤

0 , 𝑆ℎ,
0𝑆𝑣,

0𝑆𝑢𝑣,
0 𝐸ℎ

0, 𝐼ℎ
0, 𝐼ℎ𝑁

0 , 𝐼ℎ𝐶
0 , 𝑅ℎ

0)  

                     = (
  Λ𝑚

𝛼+𝛿1
, 0,0,

  Λ𝑊

𝛽+𝛿2
, 0,0,

Λℎ

𝜇
, 0,0,0,0,0,0,0). 

 

3.2.2        Endemic Equilibrium State 

From the Wolbachia-free mosquitoes’ compartment, we solve for the endemic point(s). However, 
note that in the endemic case, the derivates on the left-hand side of equations (1 – 14) are still zero 
but since the disease is endemic, at least some(all) of the disease compartments are non-zero. Thus, 
we solve the equations to obtain the following: 

𝑺𝒎
∗ =

  𝚲𝒎

𝜶+𝜹𝟏
                                              (23) 

𝑬𝒎
∗ =

𝜶 𝚲𝒎

𝜶𝒃+𝜹𝟏(𝒃+𝜶+𝜹𝟏)
                              (24) 

𝑰𝒎
∗ =

𝜶𝐛 𝚲𝒎

𝜹𝟏[𝜶𝒃+𝒃𝜹𝟏+𝜶𝜹𝟏+𝜹𝟏
𝟐]

                        (26) 

𝑺𝒘
∗ =

  𝚲𝑾

𝜷+𝜹𝟐
                                               (27) 

𝑬𝒘
∗ =

𝜷𝑺𝒘
∗

𝝃+𝜹𝟐
                                               (28)  

𝑬𝒘
∗ =

𝜷𝚲𝑾

𝝃𝜷+𝜹𝟐(𝝃+𝜷+𝜹𝟐)
                                        (29) 

𝑰𝒘
∗ =

𝝃𝜷𝚲𝑾

𝜹𝟐[𝝃𝜷+𝝃𝜹𝟐+𝜹𝟐
𝟐]

                                         (30) 

𝑺𝒗
∗ =

 𝒌(𝚲𝒉+𝝉𝑹𝒉
∗ )

𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)
                         (31)                                                                                                                                           

𝑺𝒖𝒗
∗ =

𝝍[(𝚲𝒉+𝝉𝑹𝒉
∗ )(𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)+𝒌𝜽)]

(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]
                  (32) 

𝑬𝒉
∗ =

(𝚲𝒉+𝝉𝑹𝒉
∗ )[[𝝀𝟏𝒌(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )]+𝝀𝟐𝝍(𝒌𝜽+𝜽(𝝍+𝝁))]+𝝀𝟐𝝍[(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]

(𝜽+𝝁 )(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]
            (33)                                                    
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  𝑰𝒉
∗ =

𝜽(𝚲𝒉+𝝉𝑹𝒉
∗ )[[𝝀𝟏𝒌(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )]+𝝀𝟐𝝍(𝒌𝜽+𝜽(𝝍+𝝁))]+𝝀𝟐𝝍𝜽[(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]

(𝝆𝟏+𝝆𝟐+𝝁 )(𝜽+𝝁 )(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]
         (34)                                                      

𝑰𝒉𝑵
∗ =

𝝆𝟏𝜽(𝚲𝒉+𝝉𝑹𝒉
∗ )[[𝝀𝟏𝒌(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )]+𝝀𝟐𝝍(𝒌𝜽+𝜽(𝝍+𝝁))]+𝝆𝟏𝝀𝟐𝝍𝜽[(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]

(𝝁 +𝜸𝟏)(𝝆𝟏+𝝆𝟐+𝝁 )(𝜽+𝝁 )(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]
          (35)                                                                             

𝑰𝒉𝑪
∗ =

𝝆𝟐𝜽(𝚲𝒉+𝝉𝑹𝒉
∗ )[[𝝀𝟏𝒌(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )]+𝝀𝟐𝝍(𝒌𝜽+𝜽(𝝍+𝝁))]+𝝀𝟐𝝍𝜽[(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]

(𝜹𝟑 +𝝁 +𝜸𝟐)(𝝆𝟏+𝝆𝟐+𝝁 )(𝜽+𝝁 )(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]
          (36)                                                               

 𝑹𝒉
∗ =

(𝚲𝒉[𝝀𝟏𝒌(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )+𝝀𝟐𝝍(𝒌𝜽+𝜽(𝝍+𝝁))]+{(𝝀𝟐𝝍)(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)}){(𝜹𝟑 +𝝁 +𝜸𝟐)(𝝆𝟏𝜸𝟏𝜽)+(𝝁 +𝜸𝟏)(𝝆𝟐𝜸𝟐𝜽)}

[(𝝉+𝝁 )(𝝁 +𝜸𝟏)(𝜹𝟑 +𝝁 +𝜸𝟐)(𝝆𝟏+𝝆𝟐+𝝁 )(𝜽+𝝁 )(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]]

.[{𝝉(𝜹𝟑 +𝝁 +𝜸𝟐)(𝝆𝟏𝜸𝟏𝜽)+𝝉(𝝁 +𝜸𝟏)(𝝆𝟐𝜸𝟐𝜽)}[𝝀𝟏𝒌(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )+𝝀𝟐𝝍(𝒌𝜽+𝜽(𝝍+𝝁))]]  

 (37)     

𝑺𝒉
∗ =

𝚲𝒉([𝜽𝒌+𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)])

(𝒌 +𝝍 +𝝁 )[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]
+

𝝉(𝜽𝒌+[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)])

(𝒌 +𝝍 +𝝁 )[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]
  

 
(𝚲𝒉[𝝀𝟏𝒌(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )+𝝀𝟐𝝍(𝒌𝜽+𝜽(𝝍+𝝁))]+{(𝝀𝟐𝝍)(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)}){(𝜹𝟑 +𝝁 +𝜸𝟐)(𝝆𝟏𝜸𝟏𝜽)+(𝝁 +𝜸𝟏)(𝝆𝟐𝜸𝟐𝜽)}

[(𝝉+𝝁 )(𝝁 +𝜸𝟏)(𝜹𝟑 +𝝁 +𝜸𝟐)(𝝆𝟏+𝝆𝟐+𝝁 )(𝜽+𝝁 )(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )[𝜽(𝝍+𝝁)+(𝝀𝟏+𝝁)(𝒌+𝝍+𝝁)]]

.[{𝝉(𝜹𝟑 +𝝁 +𝜸𝟐)(𝝆𝟏𝜸𝟏𝜽)+𝝉(𝝁 +𝜸𝟏)(𝝆𝟐𝜸𝟐𝜽)}[𝝀𝟏𝒌(𝜆2+𝜇)(𝒌 +𝝍 +𝝁 )+𝝀𝟐𝝍(𝒌𝜽+𝜽(𝝍+𝝁))]]

  

        (39) 

 

From these computations, we can write the endemic equilibrium state as: 

         𝐸∗ = (𝑆𝑚
∗ , 𝐼𝑚

∗ , 𝐸𝑚,
∗ 𝐼𝑚,

∗ 𝑆𝑤,
∗ 𝐸𝑤,

∗ 𝐼𝑤
∗ , 𝑆ℎ,

∗ 𝑆𝑣,
∗ 𝑆𝑢𝑣,

∗ 𝐸ℎ
∗ , 𝐼ℎ

∗ , 𝐼ℎ𝑁
∗ , 𝐼ℎ𝐶

∗ , 𝑅ℎ
∗) ,    (40) 

with the values of the variables as obtained above. 

 

4           Stability Analyses 

Stability analysis is a basic analysis of a dynamical system which is used to study and predict the 
variability or instability characteristics of the system. It can also be defined as an analysis indicating 
how a model reacts to perturbation or changes in any of the compartments of the disease population 
such as the infectious compartments or in the interaction or contact rate of the susceptible and the 
infectious classes. We shall consider stability at the disease-free equilibrium and endemic equilibrium 
respectively. 

4.1          Local Stability of Disease-Free Equilibrium  

The local stability of a disease-free equilibrium enables us to study the short-term dynamics of the 

disease. The disease-free equilibrium (DFE) is locally asymptotically stable (LAS) if 𝑹𝟎<1 and 

unstable if 𝑹𝟎>1”. The above theorem simply implies that: if 𝑹𝟎<1, then on the average, an infected 
individual produces less than one new infected individual over the course of its infectious period, 
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and the infection cannot grow. Conversely, if 𝑹𝟎>1, then each infected individual produces on the 
average, more than one new infection, and the disease can invade the population. 

However, to carry out the analysis this local stability of the disease-free equilibrium, we shall use the 
Jacobian matrix method. Thus, we obtain from the model equations (1 - 14)) as shown below: 
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𝐽

=

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
𝜕𝑆𝑚

′

𝜕𝑆𝑚

𝜕𝑆𝑚
′

𝜕𝐸𝑚

𝜕𝑆𝑚
′

𝜕𝐼𝑚

𝜕𝑆𝑚
′

𝜕𝑆𝑤

𝜕𝑆𝑚
′

𝜕𝐸𝑤

𝜕𝑆𝑚
′

𝜕𝐼𝑤

𝜕𝑆𝑚
′

𝜕𝑆ℎ

𝜕𝑆𝑚
′

𝜕𝑆𝑣

𝜕𝑆𝑚
′

𝜕𝑆𝑢𝑣

𝜕𝑆𝑚
′

𝜕𝐸ℎ

𝜕𝑆𝑚
′

𝜕𝐼ℎ

𝜕𝑆𝑚
′

𝜕𝐼ℎ𝑁

𝜕𝑆𝑚
′

𝜕𝐼ℎ𝐶

𝜕𝑆𝑚
′

𝜕𝑅ℎ

𝜕𝐸𝑚
′

𝜕𝑆𝑚

𝜕𝐸𝑚
′

𝜕𝐸𝑚

𝜕𝐸𝑚
′

𝜕𝐼𝑚

𝜕𝐸𝑚
′

𝜕𝑆𝑤

𝜕𝐸𝑚
′

𝜕𝐸𝑤

𝜕𝐸𝑚
′

𝜕𝐼𝑤

𝜕𝐸𝑚
′

𝜕𝑆ℎ

𝜕𝐸𝑚
′

𝜕𝑆𝑣

𝜕𝐸𝑚
′

𝜕𝑆𝑢𝑣

𝜕𝐸𝑚
′

𝜕𝐸ℎ

𝜕𝐸𝑚
′

𝜕𝐼ℎ

𝜕𝐸𝑚
′

𝜕𝐼ℎ𝑁

𝜕𝐸𝑚
′

𝜕𝐼ℎ𝐶

𝜕𝐸𝑚
′

𝜕𝑅ℎ

𝜕𝐼𝑚
′

𝜕𝑆𝑚

𝜕𝐼𝑚
′

𝜕𝐸𝑚

𝜕𝐼𝑚
′

𝜕𝐼𝑚

𝜕𝐼𝑚
′

𝜕𝑆𝑤

𝜕𝐼𝑚
′

𝜕𝐸𝑤

𝜕𝐼𝑚
′

𝜕𝐼𝑤

𝜕𝐼𝑚
′

𝜕𝑆ℎ

𝜕𝐼𝑚
′

𝜕𝑆𝑣

𝜕𝐼𝑚
′

𝜕𝑆𝑢𝑣

𝜕𝐼𝑚
′

𝜕𝐸ℎ

𝜕𝐼𝑚
′

𝜕𝐼ℎ

𝜕𝐼𝑚
′

𝜕𝐼ℎ𝑁

𝜕𝐼𝑚
′

𝜕𝐼ℎ𝐶

𝜕𝐼𝑚
′

𝜕𝑅ℎ

𝜕𝑆𝑤
′

𝜕𝑆𝑚

𝜕𝑆𝑤
′

𝜕𝐸𝑚

𝜕𝑆𝑤
′

𝜕𝐼𝑚

𝜕𝑆𝑤
′

𝜕𝑆𝑤

𝜕𝑆𝑤
′

𝜕𝐸𝑤

𝜕𝑆𝑤
′

𝜕𝐼𝑤

𝜕𝑆𝑤
′

𝜕𝑆ℎ

𝜕𝑆𝑤
′

𝜕𝑆𝑣

𝜕𝑆𝑤
′

𝜕𝑆𝑢𝑣

𝜕𝑆𝑤
′

𝜕𝐸ℎ

𝜕𝑆𝑤
′

𝜕𝐼ℎ

𝜕𝑆𝑤
′

𝜕𝐼ℎ𝑁

𝜕𝑆𝑤
′

𝜕𝐼ℎ𝐶

𝜕𝑆𝑤
′

𝜕𝑅ℎ

𝜕𝐸𝑤
′

𝜕𝑆𝑚

𝜕𝐸𝑤
′

𝜕𝐸𝑚

𝜕𝐸𝑤
′

𝜕𝐼𝑚

𝜕𝐸𝑤
′

𝜕𝑆𝑤

𝜕𝐸𝑤
′

𝜕𝐸𝑤

𝜕𝐸𝑤
′

𝜕𝐼𝑤

𝜕𝐸𝑤
′

𝜕𝑆ℎ

𝜕𝐸𝑤
′

𝜕𝑆𝑣

𝜕𝐸𝑤
′

𝜕𝑆𝑢𝑣

𝜕𝐸𝑤
′

𝜕𝐸ℎ

𝜕𝐸𝑤
′

𝜕𝐼ℎ

𝜕𝐸𝑤
′

𝜕𝐼ℎ𝑁

𝜕𝐸𝑤
′

𝜕𝐼ℎ𝐶

𝜕𝐸𝑤
′

𝜕𝑅ℎ

𝜕𝐼𝑤
′

𝜕𝑆𝑚

𝜕𝐼𝑤
′

𝜕𝐸𝑚

𝜕𝐼𝑤
′

𝜕𝐼𝑚

𝜕𝐼𝑤
′

𝜕𝑆𝑤

𝜕𝐼𝑤
′

𝜕𝐸𝑤

𝜕𝐼𝑤
′

𝜕𝐼𝑤

𝜕𝐼𝑤
′

𝜕𝑆ℎ

𝜕𝐼𝑤
′

𝜕𝑆𝑣

𝜕𝐼𝑤
′

𝜕𝑆𝑢𝑣

𝜕𝐼𝑤
′

𝜕𝐸ℎ

𝜕𝐼𝑤
′

𝜕𝐼ℎ

𝜕𝐼𝑤
′

𝜕𝐼ℎ𝑁

𝜕𝐼𝑤
′

𝜕𝐼ℎ𝐶

𝜕𝐼𝑤
′

𝜕𝑅ℎ

𝜕𝑆ℎ
′

𝜕𝑆𝑚

𝜕𝑆ℎ
′

𝜕𝐸𝑚

𝜕𝑆ℎ
′

𝜕𝐼𝑚

𝜕𝑆ℎ
′

𝜕𝑆𝑤

𝜕𝑆ℎ
′

𝜕𝐸𝑤

𝜕𝑆ℎ
′

𝜕𝐼𝑤

𝜕𝑆ℎ
′

𝜕𝑆ℎ

𝜕𝑆ℎ
′

𝜕𝑆𝑣

𝜕𝑆ℎ
′

𝜕𝑆𝑢𝑣

𝜕𝑆ℎ
′

𝜕𝐸ℎ

𝜕𝑆ℎ
′

𝜕𝐼ℎ

𝜕𝑆ℎ
′

𝜕𝐼ℎ𝑁

𝜕𝑆ℎ
′

𝜕𝐼ℎ𝐶

𝜕𝑆ℎ
′

𝜕𝑅ℎ

𝜕𝑆𝑣
′

𝜕𝑆𝑚

𝜕𝑆𝑣
′

𝜕𝐸𝑚

𝜕𝑆𝑣
′

𝜕𝐼𝑚

𝜕𝑆𝑣
′

𝜕𝑆𝑤

𝜕𝑆𝑣
′

𝜕𝐸𝑤

𝜕𝑆𝑣
′

𝜕𝐼𝑤

𝜕𝑆𝑣
′

𝜕𝑆ℎ

𝜕𝑆𝑣
′

𝜕𝑆𝑣

𝜕𝑆𝑣
′

𝜕𝑆𝑢𝑣

𝜕𝑆𝑣
′

𝜕𝐸ℎ

𝜕𝑆𝑣
′

𝜕𝐼ℎ

𝜕𝑆𝑣
′

𝜕𝐼ℎ𝑁

𝜕𝑆𝑣
′

𝜕𝐼ℎ𝐶

𝜕𝑆𝑣
′

𝜕𝑅ℎ

𝜕𝑆𝑢𝑣
′

𝜕𝑆𝑚

𝜕𝑆𝑢𝑣
′

𝜕𝐸𝑚

𝜕𝑆𝑢𝑣
′

𝜕𝐼𝑚

𝜕𝑆𝑢𝑣
′

𝜕𝑆𝑤

𝜕𝑆𝑢𝑣
′

𝜕𝐸𝑤

𝜕𝑆𝑢𝑣
′

𝜕𝐼𝑤

𝜕𝑆𝑢𝑣
′

𝜕𝑆ℎ

𝜕𝑆𝑢𝑣
′

𝜕𝑆𝑣

𝜕𝑆𝑢𝑣
′

𝜕𝑆𝑢𝑣

𝜕𝑆𝑢𝑣
′

𝜕𝐸ℎ

𝜕𝑆𝑢𝑣
′

𝜕𝐼ℎ

𝜕𝑆𝑢𝑣
′

𝜕𝐼ℎ𝑁

𝜕𝑆𝑢𝑣
′

𝜕𝐼ℎ𝐶

𝜕𝑆𝑢𝑣
′

𝜕𝑆𝑚

𝜕𝐸ℎ
′

𝜕𝑆𝑚

𝜕𝐸ℎ
′

𝜕𝐸𝑚

𝜕𝐸ℎ
′

𝜕𝐼𝑚

𝜕𝐸ℎ
′

𝜕𝑆𝑤

𝜕𝐸ℎ
′

𝜕𝐸𝑤

𝜕𝐸ℎ
′

𝜕𝐼𝑤

𝜕𝐸ℎ
′

𝜕𝑆ℎ

𝜕𝐸ℎ
′

𝜕𝑆𝑣

𝜕𝐸ℎ
′

𝜕𝑆𝑢𝑣

𝜕𝐸ℎ
′

𝜕𝐸ℎ

𝜕𝐸ℎ
′

𝜕𝐼ℎ

𝜕𝐸ℎ
′

𝜕𝐼ℎ𝑁

𝜕𝐸ℎ
′

𝜕𝐼ℎ𝐶

𝜕𝐸ℎ
′

𝜕𝑅ℎ

𝜕𝐼ℎ
′

𝜕𝑆𝑚

𝜕𝐼ℎ
′

𝜕𝐸𝑚

𝜕𝐼ℎ
′

𝜕𝐼𝑚

𝜕𝐼ℎ
′

𝜕𝑆𝑤

𝜕𝐼ℎ
′

𝜕𝐸𝑤

𝜕𝐼ℎ
′

𝜕𝐼𝑤

𝜕𝐼ℎ
′

𝜕𝑆ℎ

𝜕𝐼ℎ
′

𝜕𝑆𝑣

𝜕𝐼ℎ
′

𝜕𝑆𝑢𝑣

𝜕𝐼ℎ
′

𝜕𝐸ℎ

𝜕𝐼ℎ
′

𝜕𝐼ℎ

𝜕𝐼ℎ
′

𝜕𝐼ℎ𝑁

𝜕𝐼ℎ
′

𝜕𝐼ℎ𝐶

𝜕𝐼ℎ
′

𝜕𝑅ℎ

𝜕𝐼ℎ𝑁
′

𝜕𝑆𝑚

𝜕𝐼ℎ𝑁
′

𝜕𝐸𝑚

𝜕𝐼ℎ𝑁
′

𝜕𝐼𝑚

𝜕𝐼ℎ𝑁
′

𝜕𝑆𝑤

𝜕𝐼ℎ𝑁
′

𝜕𝐸𝑤

𝜕𝐼ℎ𝑁
′

𝜕𝐼𝑤

𝜕𝐼ℎ𝑁
′

𝜕𝑆ℎ

𝜕𝐼ℎ𝑁
′

𝜕𝑆𝑣

𝜕𝐼ℎ𝑁
′

𝜕𝑆𝑢𝑣

𝜕𝐼ℎ𝑁
′

𝜕𝐸ℎ

𝜕𝐼ℎ𝑁
′

𝜕𝐼ℎ

𝜕𝐼ℎ𝑁
′

𝜕𝐼ℎ𝑁

𝜕𝐼ℎ𝑁
′

𝜕𝐼ℎ𝐶

𝜕𝐼ℎ𝑁
′

𝜕𝑅ℎ

𝜕𝐼ℎ𝐶
′

𝜕𝑆𝑚

𝜕𝐼ℎ𝐶
′

𝜕𝐸𝑚

𝜕𝐼ℎ𝐶
′

𝜕𝐼𝑚

𝜕𝐼ℎ𝐶
′

𝜕𝑆𝑤

𝜕𝐼ℎ𝐶
′

𝜕𝐸𝑤

𝜕𝐼ℎ𝐶
′

𝜕𝐼𝑤

𝜕𝐼ℎ𝐶
′

𝜕𝑆ℎ

𝜕𝐼ℎ𝐶
′

𝜕𝑆𝑣

𝜕𝐼ℎ𝐶
′

𝜕𝑆𝑢𝑣

𝜕𝐼ℎ𝐶
′

𝜕𝐸ℎ

𝜕𝐼ℎ𝐶
′

𝜕𝐼ℎ

𝜕𝐼ℎ𝐶
′

𝜕𝐼ℎ𝑁

𝜕𝐼ℎ𝐶
′

𝜕𝐼ℎ𝐶

𝜕𝐼ℎ𝐶
′

𝜕𝑅ℎ

𝜕𝑅ℎ
′

𝜕𝑆𝑚

𝜕𝑅ℎ
′

𝜕𝐸𝑚

𝜕𝑅ℎ
′

𝜕𝐼𝑚

𝜕𝑅ℎ
′

𝜕𝑆𝑤

𝜕𝑅ℎ
′

𝜕𝐸𝑤

𝜕𝑅ℎ
′

𝜕𝐼𝑤

𝜕𝑅ℎ
′

𝜕𝑆ℎ

𝜕𝑅ℎ
′

𝜕𝑆𝑣

𝜕𝑅ℎ
′

𝜕𝑆𝑢𝑣

𝜕𝑅ℎ
′

𝜕𝐸ℎ

𝜕𝑅ℎ
′

𝜕𝐼ℎ

𝜕𝑅ℎ
′

𝜕𝐼ℎ𝑁

𝜕𝑅ℎ
′

𝜕𝐼ℎ𝐶

𝜕𝑅ℎ
′

𝜕𝑅ℎ ]
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𝐽0 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
−𝛿1 0 0 0 0 0 0 0 0 0 0 0 0 0

0 −(𝑏 + 𝛿1) 0 0 0 0 0 0 0 0 0 0 0 0
0 𝑏 −𝛿1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 −𝛿2 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −(𝜉 + 𝛿2) 0 0 0 0 0 0 0 0 0
0 0 0 0 𝜉 −𝛿2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −(𝑘 + 𝜓 + 𝜇) 𝜃 0 0 0 0 0 𝜏
0 0 0 0 0 0 𝑘 −(𝜃 + 𝜇) 0 0 0 0 0 0
0 0 0 0 0 0 𝜓 0 −𝜇 0 0 0 0 0
0 0 0 0 0 0 0 0 0 −(𝜃 + 𝜇) 0 0 0 0

0 0 0 0 0 0 0 0 0 𝜃 −(𝜌1+𝜌2 + 𝜇 ) 0 0 0
0 0 0 0 0 0 0 0 0 0 𝜌1 −(𝛾1 + 𝜇) 0 0

0 0 0 0 0 0 0 0 0 0 𝜌2 0 −(𝛿3 + 𝜇 + 𝛾2 ) 0

0 0 0 0 0 0 0 0 0 0 0 𝛾1 𝛾2 −(𝜏 + 𝜇)]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

  
 

From the above, we have |𝐽0 − 𝜆𝐼|=0, and using rows and column transformation, the above matrix 
is reduced to obtain the following eigen values: 

 𝜆1 = 𝜆2 = −𝛿1, 𝜆3 = −(𝑏 + 𝛿1), 𝜆4 = 𝜆5 = −𝛿2, 𝜆6 = −(𝜉 + 𝛿2), 𝜆7 = −𝜇. 

After the reduction of the matrix, MAPLE is further used to obtain the remaining eigenvalues as 
shown below: 

𝜆8 = −(𝜃 + 𝜇), 𝜆9 = −(𝜌1+𝜌2 + 𝜇 ), 𝜆10 = −(𝛾1 + 𝜇), 𝜆11= −(𝛿3 + 𝜇 + 𝛾2 ), 𝜆11= −(𝜏 +

𝜇), 𝜆12= −(𝜏 + 𝜇), 

𝜆13=  −(
𝜃

2
+ 𝜇 −

𝑘

2
+

𝜓

2
− √(𝑘2 + 2𝑘𝜓 + 2𝑘𝜃 − 2𝜓𝜃 + 𝜃2)), 

𝜆14= −(
𝜃

2
+ 𝜇 −

𝑘

2
+

𝜓

2
+ √(𝑘2 + 2𝑘𝜓 + 2𝑘𝜃 − 2𝜓𝜃 + 𝜃2)). 

Since all the eigen values are negative, we conclude that the disease-free equilibrium (DFE) is locally 
stable. 

  

4.2           Local Stability of Endemic Equilibrium (EEP) 

The local stability of an endemic equilibrium enables us to study the long-term dynamics of the 
disease. 

To analyse the local stability of the endemic equilibrium, we consider the Jacobian matrix of the 
model equations (1- 14) above, we use the Jacobian matrix method to obtain: 
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𝐽∗ =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
−(𝛼 + 𝛿1) 0 0 0 0 0 0 0 0 0 0 0 0 0

𝛼 −(𝑏 + 𝛿1) 0 0 0 0 0 0 0 0 0 0 0 0
0 𝑏 −𝛿1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 −(𝛽+𝛿2) 0 0 0 0 0 0 0 0 0 0
0 0 0 𝛽 −(𝜉 + 𝛿2) 0 0 0 0 0 0 0 0 0
0 0 0 0 𝜉 −𝛿2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −(𝑘 + 𝜓 + 𝜇) 𝜃 0 0 0 0 0 𝜏

0 0 0 0 0 0 𝑘 −(𝜃 + 𝜆1 + 𝜇) 0 0 0 0 0 0
0 0 0 0 0 0 𝜓 0 −(𝜆2 + 𝜇) 0 0 0 0 0
0 0 0 0 0 0 0 𝜆1 𝜆2 −(𝜃 + 𝜇) 0 0 0 0

0 0 0 0 0 0 0 0 0 𝜃 −(𝜌1+𝜌2 + 𝜇 ) 0 0 0
0 0 0 0 0 0 0 0 0 0 𝜌1 −(𝛾1 + 𝜇) 0 0

0 0 0 0 0 0 0 0 0 0 𝜌2 0 −(𝛿3 + 𝜇 + 𝛾2 ) 0

0 0 0 0 0 0 0 0 0 0 0 𝛾1 𝛾2 −(𝜏 + 𝜇)]
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

and by row and column transformation, we have the following eigenvalues thereby reducing the 
matrix to 8 by 8 matrix as shown below: 

𝜆1 = −(𝛼 + 𝛿1), 𝜆2 = −(𝑏 + 𝛿1), 𝜆3 = −𝛿1, 𝜆4 = −𝛿2, 𝜆5 = −(𝜉 + 𝛿2), 𝜆6 = −(𝛽+𝛿2) 

[
 
 
 
 
 
 
 
 
−(𝑘 + 𝜓 + 𝜇) 𝜃 0 0 0 0 0 𝜏

𝑘 −(𝜃 + 𝜆1 + 𝜇) 0 0 0 0 0 0

𝜓 0 −(𝜆2 + 𝜇) 0 0 0 0 0

0 𝜆1 𝜆2 −(𝜃 + 𝜇) 0 0 0 0

0 0 0 𝜃 −(𝜌1+𝜌2 + 𝜇 ) 0 0 0
0 0 0 0 𝜌1 −(𝛾1 + 𝜇) 0 0

0 0 0 0 𝜌2 0 −(𝛿3 + 𝜇 + 𝛾2 ) 0

0 0 0 0 0 𝛾1 𝛾2 −(𝜏 + 𝜇)]
 
 
 
 
 
 
 
 

 

Simplifying the above matrix using MAPLE, the following eigenvalues were obtained: 

𝜆7 = −(𝜌1+𝜌2 + 𝜇 ),𝜆8 = −(𝜆2 + 𝜇),𝜆9 = −(𝛿3 + 𝜇 + 𝛾2 ),𝜆10 = −(𝜃 + 𝜇),𝜆11 = −(𝛾1 + 𝜇),  

𝜆12 = −(𝜏 + 𝜇) , 
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𝜆13 = −
𝑘

2
− 𝜇 −

𝜓

2
−

𝜃

2
−

𝜆1

2

+
1

2
√(𝑘2 + 2𝑘𝜓 + 2𝑘𝜃 − 2𝑘𝜆1 + 𝜓2 − 2𝜓𝜃 − 2𝜓𝜆1 + 𝜃2 + 2𝜃𝜆1 + 𝜆1

2) 

=−[
𝑘

2
+ 𝜇 +

𝜓

2
+

𝜃

2
+

𝜆1

2
−

1

2
√(𝑘2 + 2𝑘𝜓 + 2𝑘𝜃 − 2𝑘𝜆1 + 𝜓2 − 2𝜓𝜃 − 2𝜓𝜆1 + 𝜃2 + 2𝜃𝜆1 + 𝜆1

2)], 

𝜆14 = −
𝑘

2
− 𝜇 −

𝜓

2
−

𝜃

2
−

𝜆1

2

−
1

2
√(𝑘2 + 2𝑘𝜓 + 2𝑘𝜃 − 2𝑘𝜆1 + 𝜓2 − 2𝜓𝜃 − 2𝜓𝜆1 + 𝜃2 + 2𝜃𝜆1 + 𝜆1

2) 

= − [
𝑘

2
+ 𝜇 +

𝜓

2
+

𝜃

2
+

𝜆1

2
+

1

2
√(𝑘2 + 2𝑘𝜓 + 2𝑘𝜃 − 2𝑘𝜆1 + 𝜓2 − 2𝜓𝜃 − 2𝜓𝜆1 + 𝜃2 + 2𝜃𝜆1 + 𝜆1

2)]. 

If all the eigenvalues are negative, we conclude that the endemic equilibrium is locally stable and 
unstable if otherwise. 

 

5            Simulation of the Model Equations 

A numerical simulation of the model equations is conducted using Runge-kutta method of order 4 
in MATLAB and MAPPLE software in other to find out the dynamics of the disease in both 
human, wolbachia-free and wolbachia-infected mosquitoes’ populations.  
 
The initial conditions for the three populations are:  

𝑺𝒉(𝟎) =4200,𝑺𝒗(𝟎) =3200, 𝑺𝒖𝒗(𝟎) =2000, 𝑬𝒉(𝟎) =1000, 𝑰𝒉(𝟎) =1070, 𝑰𝒉𝑵(𝟎) =1200, 𝑰𝒉𝑪(𝟎) =450, 

𝑺𝒎(𝟎) =300, 𝑬𝒎(𝟎) =5000, 𝑰𝒎(𝟎) =4000, 𝑺𝒘(𝟎) =600, 𝑬𝒘(𝟎) =4000, 𝑰𝒘(𝟎) =3000, 𝑹𝒉(𝟎) =300. 

 
 
Table3: Parameter values for model 

Parameter Description Base 

Value 

Source 

𝚲𝒎 The basic recruitment level for wolbachia-free 

mosquitoes. 

3000 Assumed  

  𝚲𝒘 The basic recruitment level for wolbachia-

infected mosquitoes. 

1500 Assumed 
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𝚲𝒉 The basic recruitment level for human 2000 Assumed 

𝜶 The rate at which susceptible wolbachi-free 

mosquitoes are exposed to flavivirus 

0.02 [8] 

         b The rate at which an exposed wolbachia-free 

mosquitoes are infectious 

0.1000 [8] 

𝜹𝟏 Natural death rate of wolbachia-free mosquitoes 0.061 [15] 

𝜷 The rate at which susceptible wolbachia-infected 

mosquitoes are exposed to flavivirus 

0.004 Assumed 

𝝃 The rate at which an exposed wolbachia-infected 

mosquitoes are infectious. 

0.51  

𝜹𝟐 Natural death rate of wolbachia-infected 

mosquitoes 

0.068 [24] 

         k The rate at which people are vaccinated 0.01 [32] 

𝝍 The rate at which people are unvaccinated 0.99 [32] 

𝝀𝟏 The force of infection of a susceptible vaccinated 

humans 

0.05 [27] 

𝝀𝟐 The force of infection of a susceptible 

unvaccinated human 

0.2 Assumed  

𝜽 The rate at which vaccinated humans becomes 

susceptible. 

0.005 Assumed 

𝝉 The rate at which recovered humans become 

susceptible. 

0.89 Assumed 

𝝓 The rate at which an exposed humans become 

infectious. 

0.31 [27] 

𝝆𝟏 The rate at which infectious humans progress to 

the non-chronic phase of the disease 

0.85 [27] 

𝝆𝟐 The rate at which infectious humans progress to 0.25 [27] 
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Here, the effect of interaction between human, Wolbachia-free and Wolbachia-infected mosquitoes 
were investigated. Since interaction occurs on a faster timescale, the dynamics of an outbreak can be 
affected. Thus, we present the following graphical results: 
 

the chronic phase of the disease. 

𝜸𝟏 Natural recovery rate of humans at the non-

chronic phase of the disease 

0.9 Assumed 

𝜸𝟐 The recovery rate of humans at the chronic 

phase of the disease. 

0.143 [21] 

𝝁 The natural death rate of humans 0.000035 [21] 

𝜹𝟑 Death induced by the disease 0.068 [21] 

𝒖𝟏 The rate of contact between an infectious 

wolbachia-free mosquitos and vaccinated human 

0.05 Assumed 

𝒖𝟐 The rate of contact between an infectious 

wolbachia-free mosquitos and unvaccinated 

human 

0.04 Assumed 

𝒗𝟏 The rate of contact of an infectious wolbachia-

infected mosquitoes and vaccinated human 

0.003 Assumed 

𝒗𝟐 The rate of contact of an infectious wolbachia-

infected mosquitoes and unvaccinated human 

0.002 Assumed 

𝒎𝟏 The rate of contact of a non chronic infectious 

human and a susceptible wolbachia-free 

mosquitoes 

0.00025 Assumed 

𝒎𝟐 The rate of contact of a chronic infectious 

human and a susceptible wolbachia-free 

mosquitoes 

0.00031 Assumed 

𝒏𝟏 The rate of contact of a non chronic infectious 

human and a susceptible wolbachia-infected 

mosquitoes 

0.000011 Assumed 

𝒏𝟐 The rate of contact of a chronic infectious 

human and a susceptible wolbachia-infected 

mosquitoes 

0.00021 Assumed 
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                                              Figure 1. 

 

Figure 1 above shows that, the increasing biting rate of the wolbachia-free infectious mosquitoes on 

vaccinated human, does not in any way change the trend of the infection in the population since the 

susceptible is pretected against the disase. We can equally see that the population of the exposed 

persons does not change irrespective of the level of contact of the Wolbachia-free mosquito with 

susceptible human population. This now confirm the fact in our assumption of this model that “the 

population of the vaccinated humans only decreases as the average daily biting rate of the 

mosquito increases if the vaccination effect wanes with time in the susceptible. 
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     Figure 2. 

 

From Figure 2, we can see that as more vaccinated persons loose their immunity, the population of 

vaccinated compartment reduces while the population of the exposed class increases. What this 

shows is that as we loose immunity due to the wanning of the vaccine, people  become more 

exposed to the disease because they are no longer protwcted. This is the reason for asking persons 

even though vaccinated, to be careful about exposing oneself to yellow fever by carefully avoided 

any interactions with yellow-fever infectious individuals. 
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Figure 3 above clearly shows that if there is increment in the rate at which infectious persons move 

to the remission stage, that is the non-chronic stage, then the population of the infectious 

compartment reduces while that of the non-chronic compartment increases. A look at the second 

graph shows that the population decreased first before increasing. Practically, this explains that it 

takes more time for infectious individual to remain in the non-chronic stage than for the non-

chronic persons to remain in the non-chronic stage. This implies that the domicility time in this 

stage is transient, that is very small, and so people must have moved more to the chronic stage 

before the mass movement from the infectious class dominates the movement from the non-

chronic stage or compartment and so the cause of the increment in the population of the non-

chronic compartment. 

 

6         Conclusion 

This work is basically centered on a mathematical model consisting of three compartmental 

populations  i.e. the human population, wolbachia-free mosquitoes and wolbachia-infected mosquito 

populations. The dynamical system was studied using a classical fourth order Runge-Kutta method 

in MATLAB for the ordinary differential equation model,. We investigated the stability analysis of 

both disease free and endemic equilibrium states and found that its locally and asymptotically stable. 

Numerical simulations were  presented for various values of parameters which aid us  in sensitivity 

analysis. From these analyses we found that in other to completely eradicate yellow fever disease, 

there is need for vaccination against the disease. Futhermore, we needed to ensure that the rate at 

which people move from infectious class to the non-chronic stage must be effectively controlled if 

the yellow fever disease has to be eradicated. This means that appropriate and early detection and 

treatment of yellow fever disease must be handled appropriately, timely and efficiently . 
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Sensitivity analysis of the parameters of a co-infection 

model of Malaria and Dengue Fever disease  
 

T.J. Oluwafemi*†‡, N.I. Akinwande*, R.O. Olayiwola* and D. Bako* 

 

 
Abstract 

In the paper, we present a mathematical model of malaria and dengue fever co-infection. 

We state the Disease Free and Endemic Equilibrium of the model equations. We compute 

the reproduction number using the next generation matrix method. Sensitivity analysis of 

the reproduction number was carried out. Our results shows that the disease vectors death 

rate is the most sensitivity parameters which further imply that eliminating or reducing the 

disease vector is the most effective control measure in controlling the transmission of 

malaria-dengue co-infection. 

Keywords: Malaria; Dengue Fever; co-infection; sensitivity analysis  

 

1  Introduction 

Malaria and Dengue Fever (DF) are common vector-borne diseases that pose major public health 

challenges [1, 2].  

  Malaria is vector-borne disease caused by protozoan parasites belonging to Plasmodium 

species. The parasites are transmitted through the bites of an infected female Anopheles mosquitoes 

[3, 4, 5]. According to the 2018 World Malaria Report, 219 million cases of malaria occurred globally 

in 2017 resulting into 435, 000 death. African region having the highest cases of 92%, South-East Asia 

5% and Eastern Mediterranean 2%. Nigeria, Democratic Republic of Congo (DRC), Mozambique, 

India and Uganda are the countries with almost half of the malaria reported cases globally. Nigeria, 

DRC, Burkina Faso, United Republic of Tanzania, Sierra Leone, Niger and India has more than half 

of malaria recorded death. 

Dengue Fever (DF) is a viral infection transmitted by the bites of an infected Aedes aegypti 

mosquitoes. It is prevalent in subtropical and tropical regions. The disease is threatening about 40% 

of the world’s population [6, 7]. Over 3 billion people are at risk of been infected with Dengue fever 
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annually in over 125 endemic countries, and it is estimated to cause the death of about 10,000 people 

annually. Factors that account for the global transmission of dengue includes rapid population growth, 

increased international travel, and development of the agricultural sector, unplanned urbanization and 

global climate change. Ineffective mosquito control and inadequate health facilities also contribute to 

the global transmission [8, 9]. 

Dengue Fever and Malaria co-infection is rising in the tropics causing high morbidity and 

mortality globally [10]. The co-infection of Dengue Fever and Malaria is possible in an area where 

dengue and malaria vectors co-exist. The co-infection was first reported in 2005. Dengue Fever and 

Malaria co-infection exhibit clinical features of both dengue and malaria mono-infection resulting in 

misdiagnosis. Dengue and Malaria co-infection has been reported in 44 locations spread across 20 

countries. The co-infection varies ranging between 0.1 – 23 % from south Asia, 0.01 – 9% from Africa, 

0.5 – 2.5 % from South East Asia and 1 – 3 % from South America [11]. The high rate of the mobility 

of today’s population and increased activities associated with movement of goods and services from 

one location to another is likely to increase the incidences of dengue and malaria co-infection [12]. 

Sensitivity Analysis is used to determine how a model response to changes in the value of the 

parameters of the model. Sensitivity Analysis is extremely important for mathematical models. It 

studies the variation of a model caused by variations in the inputs [13]. Atokolo and Omale [13] 

investigated the sensitivity analysis of typhoid fever transmission, the result shows that increase in 

enlightenment, campaign will lead to reduction in prevalence. Sirajo et al. (14) carried out a sensitivity 

analysis of parameters of Hepatitis B Model, the result revealed that vaccination, condom use and 

reduced-average sexual partner can reduce and control the spread of Hepatitis B. Marsudi et al. [15] 

studied the sensitivity analysis of the parameters of HIV/AIDS model with condom campaign and 

Antiretroviral Therapy (ARV).  

 

In this study, analyze the parameters of the co-infection model of malaria-dengue fever to 

determine which is most sensitive.   

 
 

2 Model Formulation 

In this model, the total human population at time t denoted by hN is divided into eight sub-classes 

which are susceptible humans ( )
h

S , individuals exposed to malaria only ( )
hm

E , individuals infected 

with malaria only ( )
hm

I , individuals exposed to dengue fever only ( )
hd

E , individuals infected with 

only dengue fever ( )
hd

I , individuals exposed to malaria and dengue fever co-infection ( )
md

E , 

individuals infected with malaria and dengue fever co-infection ( )
md

I , individuals that recovered from 

malaria and dengue fever ( )
h

R . The vector population includes the Malaria Parasite non-carrier 

vectors ( )
m

S , Malaria parasite carrier vectors ( )
m

I , Dengue virus non-carrier vectors ( )
d

S  and 

Dengue fever carrier vectors ( )
d

I . 
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2.1 Model Assumptions 

The following Assumptions are made in formulating the model: 

1. Recruitment into the population is into the susceptible class only 

2. The recovered class includes those who recover from malaria only, dengue only and co-

infection of both 

3. Those who recover from malaria can be re-infected with malaria or dengue 

4. Both the Exposed and Infected classes are involved in the transmission of the diseases. 

 

 

                Figure 2.1: Schematic Diagram of the Model  
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Based on the assumptions, the equations governing the co-infection dynamics is given as, 

hhhmmddhmhh
h SSIIR

dt

dS
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             Table 1: Model Variables  

Symbols Description 

hS  Susceptible Humans 

hmE  Exposed Humans with Malaria 

hmI  Humans infected with Malaria only 

hdE  Exposed Humans with Dengue Fever 

hdI  Humans infected with Dengue Fever only 

mdE  Exposed Humans jointly infected with Malaria and Dengue 
Fever 

mdI  Humans jointly infected with Malaria and Dengue Fever 

h
R

 
Humans Recovered from Malaria and Dengue Fever 

mS
 

Malaria Parasite carrier vectors 

mI
 

Malaria Parasite non-carrier vectors 

dS
 

Dengue virus non-carrier vectors 

dI
 

Dengue virus carrier vectors 

 

 

              Table 2: Model Parameters 

Symbols Description 

h  Recruitment rate of Human Population 

m  Recruitment rate of Malaria Parasite Vectors 

d  Recruitment rate of Dengue Virus Vectors 

1  Recovery rate for Humans infected with Malaria only 

2  Recovery rate for Human infected with Dengue only 

3  Recovery rate for Human jointly infected with Malaria and Dengue 

h  Rate at which recovered becomes susceptible 

1  Rate at which 
hmE becomes 

hmI  

2  Rate at which
hdE becomes 

hdI  

3  Rate at which
mdE becomes 

mdI  

m
 

Transmission rate from Human to Malaria Parasite Vectors  

d
 

Transmission rate from Human to Dengue Virus Carrier Vectors  

vm
 

Probability for Malaria Parasite Vectors to be infected 

vd


 
Probability for Dengue Virus Vectors to be infected 

1  
Malaria  Induced Death  
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2  Dengue Induced Death 

3  
Co-infection Induced Death  

h  
Natural death rate for Humans 

m  
Natural death rate of Malaria Parasite Vectors 

d  
Natural death rate of Dengue Virus Vectors 

 

 

3 Model Analysis 
 

3.1 Model Equilibria Points  

The Disease-Free Equilibrium (DFE) of the co-infection Model is given by  
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while the Endemic Equilibrium point (EEP) is given by  
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3.2 Reproduction Number ( )0R  

We apply the next generation method to compute the Reproduction Number. This is the expected 

number of secondary infections produced when one infected individual is introduced into a 

susceptible population. So ( )1
0

−= FVR   where F is the matrix of new infections and V is the 

matrix consisting of the transition terms. The matrices are given by 
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So  

( )  dm RRRFV 000
1 ,max==− , 

where  
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4 Sensitivity Analysis 

In this section, sensitivity analysis is carried out to identify the most influential parameter(s) on the 

reproduction number. The techniques in [16] is applied. Given a parameter, say  the sensitivity 

index of 0R with respect to  is given by  

0

00

R

RR 







= . 

Since  dm RRR 000 ,max= , we obtain the analysis for mR0  and dR0 separately, using values in Table 

3 below. 

  

             Table 3: Parameter Values  

Symbols Values Source 

1  0.99 Calculated  

2  2.5 Garba et al. (2008) 

1  
0.058 Olaniyi et al. (2018) 

2  0.074 Assumed 

m
 

0.75 Olaniyi and Obabiyi (2013) 

d
 

0.833 Garba et al. (2008) 

vm
 

0.5 Labadin et al. (2009) 

vd


 
0.09 Garba et al. (2008) 

1  
0.015 Calculated 

2  0.36 James and Eguda (2017) 

h  
0.0116 Calculated 

m  
0.75 Labadin et al. (2009) 

d  
0.365 Blayneh et al. (2009) 
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The Sensitivity indices is given in Table 4 below. 

 

Table 4: Sensitivity Indices 

  Parameter                                          Sensitivity Index 

     mR0                                                        Basic Reproduction number of Malaria 

     m                                                          1.000000001 

      vm                                                         1.000000000 

       1                                                           -0.002632231 

      1                                                            -0.249184537 

     1                                                             -0.561160644 

    h                                                             -1.187022586 

      m                                                           -2.00000000 

      dR0                                                          Basic Reproduction number of Dengue         

      d                                                          1.000000000  

      vd                                                         1.000000000 

      2                                                           -0.003149462 

      2                                                          -0.021871270 

      2                                                       -0.839363765 

      h                                                         -1.135615500 

     d                                                        -2.000000000 
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5 Discussion and Conclusion 

As outline in Table 4 the parameters have negative or positive effects as indicated by the signs. 

Parameters with negative signs ( )dmh  ,,,,,,,, 212121 when increased with other 

parameters remaining constant will reduce the value of 0R . Otherwise, increasing any of the indices 

with positive signs will increase the value of the reproduction number ( )0R . It is observed that the 

most sensitive parameters are the vectors death rate ( )dm  , . This implies that control strategies 

that concentrate on eliminating or reducing the disease vectors will be most effective in reducing the 

transmission of malaria and dengue fever disease. 
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Sensitivity analysis of Smartphone Virus infection 

transmission dynamics 
 

T.I. Chinebu*, G.C.E. Mbah†, E.A. Jooda*,  

E.O. Ezennorom‡ and I.V. Udegbe‡ 

 

Abstract 

We proposed in this paper, a mathematical model for the sensitivity analysis of the 

Smartphone virus infection transmission dynamics using SEICQR. First, the model was 

well-posed as we proved that all its state variables are nonnegative for all time and then we 

determine a unique Smartphone virus infection free equilibrium state and indicate 

possibility of control of Smartphone virus infection. The basic Smartphone virus infection 

reproduction number, 𝑅0, as a threshold parameter, in terms of the given model parameter 

was computed using the next generation method. Also, the sensitivity analysis of 𝑅0 was 

determined to see parameters that positively contribute to the dynamics of Smartphone 

virus infection. The numerical simulation of the model was done using Runge-Kutta 

Fourth order (RK4) method in MATLAB to evaluate the effect of these parameters of the 

basic Smartphone reproduction number on the dynamics of the infection. The numerical 

results confirm the theoretical results of the sensitivity indices. Finally, these findings 

suggest that Smartphone virus infection will only be eradicated from the population with 

proper control strategies.     

Keywords: smartphone virus; sensitivity analysis; basic reproduction number; infection transmission 

dynamics. 

 

1          Introduction 

The Smartphone is small enough to fit in a pocket and it enable users to have a device with a good 

processing power, internet access and functions of traditional mobile phones in one device. 

However, the wealth of private information which is stored on those devices made them an 
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interesting target for malicious users and cyber criminals [1], who then invade these Smartphone 

with virus. Smartphone virus is a mischief program written to proliferate from one phone to another 

and it takes control of Smartphone devices by exploiting its vulnerability. Continuous improvement 

in Smartphone device hardware and Smartphone communication technologies has led to a highly 

interconnected world, but also a world grown highly vulnerable. Cyber criminals have proven 

significantly efficient in uncovering new vulnerabilities in popular applications (apps) [2]. As a result, 

more and more Smartphone malware families are introduced every year [3]. Just in 2017, more than 

20 million malware samples have been detected [4], while other studies show that the chances for 

monetization is a key factor responsible for the rise of Smartphone malware [5, 6]. 

The cyber attacker who was able to install malware on some system can install or delete 

programs, modify files, download sensitive information and use them to impersonate the user’s 

action and keystrokes, capture users screen, use camera and retrieve photos or videos, use the 

infected system as a source of Distributed denial of service (DDoS)) attack [1, 7]. It’s a method 

where cyber criminals flood a network with so much malicious traffic that it cannot operate or 

communicate as it normally would. This causes the site’s normal traffic, also known as legitimate 

packets, to come to a halt.  Smartphone can become infected either through downloading infected 

files using the phone internet browser, transferring files between phones using Bluetooth interface, 

synchronizing with an infected computer, assessing an infected physical memory card, opening 

infected files attached to multimedia message service (MMS) or email [8, 9]. Zhang [10] discovered 

that Smartphone virus can also propagate through multi-layered network. He concluded that 

Smartphone viruses can use any network (3G, 4G, Wi-Fi or Bluetooth). 

When an unsuspected user accepts the infected attachment file, using a phone susceptible to 

the virus, then the virus is installed and infects the target phone which then begins to perform as an 

attacked phone [9]. Smartphone virus can seize the victims mobile device by running malicious 

exploit and this infected device will in turn, scan and infect other Smartphones in the mobile 

network [11]. 

Some response mechanisms completely stop further virus propagation, but others simply 

slow the propagation rate of the virus [12]. Both types of response can be used. Ideally, the response 

mechanism would always quickly and completely stop Smartphone virus propagation. However, 

some viruses spread so quickly that a first response mechanism that slows the spread could buy time 

to enable activation of a second response mechanism that completely halts the propagation process. 

Actually, in phone user education response, the consent of the phone user to accept the message 

and infect the phone is required, therefore, a user not accepting an infected message has a direct 

effect on virus propagation. Also, other response mechanism such as immunization can prevent 

infection even if the user accepts the MMS message attachment [12]. A virus scans of all MMS 

attachments as they pass through an MMS gateway is completely effective against viruses with 

known virus signature. For that reason, after the new virus signature is added to the list of known 

viruses, the gateway virus scan is able to completely halt virus propagation [13].   
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The immunization response mechanism operates using software placed directly on each 

Smartphone [14]. After a Smartphone service provider detects virus that exploits a vulnerable 

Smartphone, the service provider begins developing a patch to fix that vulnerability [15]. Once the 

patch is developed, the immunization software resident in each Smartphone automatically installs 

any immunization patch available [10]. Bandwidth constraint prevents most Smartphone from 

receiving the patch simultaneously, as the patch is rolled out to the entire Smartphone population 

uniformly over a period of time [16]. The more servers that are dedicated to distributing these 

patches, the faster the deployment to susceptible Smartphones in the network [17]. When the patch 

arrives at a particular Smartphone, it becomes immunized from virus if not infected, or the patch 

stops further propagation attempts from Smartphone if it is already infected [18]. 

Because Smartphone viruses have potential to attack in many different ways, an optimal 

response strategy must incorporate mechanisms to counteract a wide variety of virus behaviors. The 

hope of stopping Smartphone virus before it degrades the utility and value of a Smartphone is quick 

and concerted action on the part of all universal mobile telecommunications service (UMTS) data  

networks that their mobile devices use; Wi-Fi networks have no such protection. And while some 

carriers already filter their MMS streams to remove messages bearing malicious attachments, all 

should do so [6]. 

Some of the manufacturers have joined the trusted computing group, which has been 

hammering on industry standards micro circuiting inside phones that will make it harder for malware 

to get a sensitive data in the devices memory or to hijack its payment mechanism. Symbian released 

a version of its operating system that does an improved job of protecting key files which requires 

software to obtain digital certificate from the company. This Symbian system refuses to install 

programs not accompanied by a certificate. Unless disabled by a user the system effectively excludes 

all mobile malware discovered to date [6].  

 

2          Related Literature 

In Smartphone network environment, virus attack is a serious threat and is still multiplying as time 

continues to pass and it is very necessary to control these virus attacks in Smartphone. A number of 

mathematical models have been formulated to simulate, analyze and understand Smartphone virus 

propagation and its control strategies. In related works, Guillen et al [19] used the theory of optimal 

control that is associated to systems of ordinary differential equations to find a new function to 

control malware epidemic through time, while Liu and Zhong [20] employed the optimal control 

theory to study malware immunization strategies, aiming to keep the total economic loss of security 

investment and infection loss as low as possible.  

Ruitenbeek and Stevens [13] proposed response mechanisms for mobile phone viruses and 

used their model to obtain insight on the effectiveness of the virus mitigation technique. To study 

the fundamental spreading patterns that characterize a mobile virus outbreak, Wang et al [11] 
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modeled the mobile benign worm based on two stages of repairing mechanisms. Chinebu et al [21] 

proposed an SVEIQRS model that control virus attack through vaccination, quarantine and 

treatment. Their model has a globally asymptotically stable virus free equilibrium when 𝑅0 < 1 and a 

unique endemic equilibrium when 𝑅0 > 1 . Yang et al [22] proposed two different propagation 

models of mobile phone viruses under the complex network. 

Our aim in this paper is to highlight the seriousness of Smartphone virus propagation, 

particularly exposed(𝐸(𝑡))Smartphone that is infected without symptom which can transmit the 

infection to susceptible(𝑆(𝑡)) Smartphone. Likewise, there can be transmission from infected 

Smartphone(𝐼(𝑡)) to susceptible. In addition, we included complication with virus infected 

Smartphone (𝐶(𝑡)). Furthermore, we have the quarantined Smartphone(𝑄(𝑡)) and finally the 

recovered Smartphone(𝑅(𝑡)).  

A continuous mathematical model we proposed in this paper and it describes the dynamics of a 

population infected by Smartphone virus. Moreover, we gave the model in section 3 and some basic 

properties of the model in section 4. Lastly, we presented the discussion and conclusion in section 5. 

 

3         Mathematical Model Formulation 

We consider a mathematical model SEICQR that describe the Smartphone virus infection 

transmission dynamics. The entire Smartphone population denoted by 𝑁(𝑡) was divided into six 

compartments. 

 

3.1        Description of the Smartphone Model Compartments  

The schematic diagram of the proposed Smartphone virus transmission dynamics is shown in Figure 

1: 
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Figure 1: Schematic Diagram of the Model for Smartphone virus infection transmission dynamics. 

 

Let us denote the force of infection by 

𝜆 = 𝛽 (
𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
),                                                                    (1) 

where, 𝛽 is the Smartphone virus infection transmission rate and 𝜂 is the modification factor for the 

exposed Smartphones.  

Compartment (𝑆(𝑡)) represents the number of Smartphone infected with virus. This compartment 

is increased by  𝜌, which denotes the incidence of susceptible Smartphone. The compartment is 

decreased by the amount 𝜇 (natural Death, i.e., Smartphones that can never be repaired again), 
𝛽𝜂𝑆(𝑡)𝐸(𝑡)

𝑁
 (The number of Smartphone that are infected with the virus by contact with the exposed 

Smartphone) and  
𝛽𝑆(𝑡)𝐼(𝑡)

𝑁
  (The number of Smartphone that were infected with the virus by 

communication with infected Smartphone). Thus, we have  

𝑑𝑆(𝑡)

𝑑𝑡
= 𝜌 − 𝜇𝑆(𝑡) − 𝛽 (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡)                                  (2𝑖) 

Compartment (𝐸(𝑡)) represents the number of exposed Smartphones, that is, those that are 

infected without symptoms but can transmit the infection. The compartment (𝐸(𝑡)) is increased by 

the amount of  
𝛽𝜂𝑆(𝑡)𝐸(𝑡)

𝑁
 and 

𝛽𝑆(𝑡)𝐼(𝑡)

𝑁
. It is decreased by natural death, denoted with 𝜇, the number 

of Smartphones that become infectious, 𝜑, and also by number of Smartphones that have upgraded 

to the development of rapid and dangerous  virus, thereby, having complications due to antivirus 

deficiency  and is denoted by 𝜋. This gives 

𝑆(𝑡) 

𝛿1 

𝜇 

𝛿 

𝜋 

𝐸(𝑡) 

𝜓 

𝜇 

𝑄(𝑡) 

𝛼 

𝜎 

𝑅(𝑡) 

𝜌 
𝛽𝑆(𝑡) (

𝐸(𝑡)

𝑁(𝑡)
+
𝜂𝐼(𝑡)

𝑁(𝑡)
) 

𝜇 

𝜇 

𝜙 

𝛿2 

𝜇 

𝜑 
𝜇 

𝐼(𝑡) 

𝐶(𝑡) 
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𝑑𝐸(𝑡)

𝑑𝑡
= 𝛽 (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡) − (𝜇 + 𝜑 + 𝜋)𝐸(𝑡)                               (2𝑖𝑖) 

Compartment (𝐼(𝑡)) represents the number of infected Smartphones. The compartment (𝐼(𝑡)) is 

increased by the number of exposed Smartphones that becomes infectious and is denoted by 𝜑. 

This compartment is decreased by 𝛼, that is, Smartphones that have severe complications such as 

Apps crashing over and over again. It is also decreased by, 𝜇, natural death rate, 𝛿, death rate due to 

virus infection and 𝜙, progression rate from infected to quarantine. Therefore, we obtain 

𝑑𝐼(𝑡)

𝑑𝑡
= 𝜑𝐸(𝑡) − (𝜇 + 𝛼 + 𝜙 + 𝛿)𝐼(𝑡)                               (2𝑖𝑖𝑖) 

Compartment (𝐶(𝑡)) represents the number of infected Smartphones with complications. This 

compartment is increased by 𝜋 and 𝛼, that is, progression rate from exposed and infected 

respectively to infected with complications. It is decreased by natural death, 𝜇, death rate due to 

virus infection with complication 𝛿1 and progression rate from infected with complications to 

quarantine, 𝜎. Then, we get 

𝑑𝐶(𝑡)

𝑑𝑡
= 𝜋𝐸(𝑡) + 𝛼𝐼(𝑡) − (𝜇 + 𝛿1 + 𝜎)𝐶(𝑡)                               (2𝑖𝑣) 

Compartment (𝑄(𝑡)) represents the number of Quarantined Smartphones with follow-up 

treatment. This compartment is increased by 𝜙 and 𝜎, that is, progression rate from infected and 

infected with complications respectively to quarantined. It is decreased by the movement from 

quarantined to recovered Smartphones, 𝜓,  natural death rate, 𝜇 and quarantined Smartphones that 

cannot be repaired again, 𝛿2. This, provides us with 

𝑑𝑄(𝑡)

𝑑𝑡
= 𝜙𝐼(𝑡) + 𝜎𝐶(𝑡) − (𝜇 + 𝛿2 + 𝜓)𝑄(𝑡)                               (2𝑣) 

Compartment (𝑅(𝑡)) represents the number of recovered Smartphones. This is increased by 

recovery rate, 𝜓 and is decreased by natural death rate, 𝜇. Thus, we have 

𝑑𝑅(𝑡)

𝑑𝑡
= 𝜓𝑄(𝑡) − 𝜇𝑅(𝑡)                                                                      (2𝑣𝑖) 

Based on the above formulations from equations (2𝑖)𝑡𝑜 (2𝑣𝑖) and the schematic diagram, we thus 

present the Smartphone virus infection transmission dynamics model by the following systems of 

differential equation: 
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𝑑𝑆(𝑡)

𝑑𝑡
= 𝜌 − 𝜇𝑆(𝑡) − 𝜆𝑆(𝑡)                                 

𝑑𝐸(𝑡)

𝑑𝑡
= 𝜆𝑆(𝑡) − (𝜇 + 𝜑 + 𝜋)𝐸(𝑡)                   

𝑑𝐼(𝑡)

𝑑𝑡
= 𝜑𝐸(𝑡) − (𝜇 + 𝛼 + 𝜙 + 𝛿)𝐼(𝑡)            

𝑑𝐶(𝑡)

𝑑𝑡
= 𝜋𝐸(𝑡) + 𝛼𝐼(𝑡) − (𝜇 + 𝛿1 + 𝜎)𝐶(𝑡)  

𝑑𝑄(𝑡)

𝑑𝑡
= 𝜙𝐼(𝑡) + 𝜎𝐶(𝑡) − (𝜇 + 𝛿2 + 𝜓)𝑄(𝑡) 

𝑑𝑅(𝑡)

𝑑𝑡
= 𝜓𝑄(𝑡) − 𝜇𝑅(𝑡)                                     }

 
 
 
 
 
 

 
 
 
 
 
 

                              (3) 

where the initial state are 𝑆(0) ≥ 0, 𝐸(0) ≥ 0, 𝐼(0) ≥ 0, 𝐶(0) ≥ 0, 𝑄(0) ≥ 0, 𝑅(0) ≥ 0. 

 

4        Basic Properties of the Model 

4.1        Positivity of Solutions 

For Smartphone virus infection transmission dynamics model system (3) to be epidemiologically and 

mathematically meaningful, it is important to prove that all its state variables are positive for all time. 

Therefore, solution of model system (3) with non negative initial data remains non-negative for all 

time 𝑡 ≥ 0. Thus, the total Smartphone population can be defined as 

𝑁(𝑡) = 𝑆(𝑡) + 𝐸(𝑡) + 𝐼(𝑡) + 𝐶(𝑡) + 𝑄(𝑡) + 𝑅(𝑡)                                         (4) 

Theorem 1: If 𝑆(0) ≥ 0, 𝐸(0) ≥ 0, 𝐼(0) ≥ 0, 𝐶(0) ≥ 0, 𝑄(0) ≥ 0 𝑎𝑛𝑑 𝑅(0) ≥ 0, the solutions 

𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝐶(𝑡), 𝑄(𝑡) 𝑎𝑛𝑑 𝑅(𝑡) of system (3) are non negative for all 𝑡 ≥ 0. 

Proof: It follows from equation (2i) that 

𝑑𝑆(𝑡)

𝑑𝑡
= 𝜌 − 𝜇𝑆(𝑡) − 𝛽 (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁(𝑡)
) 𝑆(𝑡) 

≥ −𝜇𝑆(𝑡) − 𝜆𝑆(𝑡) 

𝑑𝑆(𝑡)

𝑑𝑡
+ (𝜇 + 𝜆)𝑆(𝑡) ≥ 0                       

Let 𝜇 + 𝜆 = 𝐹(𝑡), then we have 
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𝑑𝑆(𝑡)

𝑑𝑡
+ 𝐹(𝑡)𝑆(𝑡) ≥ 0 

Multiplying both sides of this inequality by exp (∫ 𝐹(𝑠)𝑑𝑠
𝑡

0
) we get 

exp(∫ 𝐹(𝑠)𝑑𝑠
𝑡

0

) .
𝑑𝑆(𝑡)

𝑑𝑡
+ 𝐹(𝑡) exp (∫ 𝐹(𝑠)𝑑𝑠

𝑡

0

) 𝑆(𝑡) ≥ 0 

Then, 

𝑑

𝑑𝑡
(𝑆(𝑡) exp (∫ 𝐹(𝑠)𝑑𝑠

𝑡

0

)) ≥ 0 

Integrating this inequality from 0 to 𝑡 we obtain: 

∫
𝑑

𝑑𝑡

𝑡

0

(𝑆(𝑠) exp(∫ (𝜇 + 𝜆)𝑑𝑠
𝑡

0

))𝑑𝑠 ≥ 0 

Therefore, 

𝑆(𝑡) ≥ 𝑆(0) exp (∫ (𝜇 + 𝜆)𝑑𝑠
𝑡

0

) 

This implies that 𝑆(𝑡) > 0  ∀ 𝑡 > 0. Similarly, it can be proved that 𝐸(𝑡) ≥ 0, 𝐼(𝑡) ≥ 0, 𝐶(𝑡) ≥

0, 𝑄(𝑡) ≥ 0 𝑎𝑛𝑑 𝑅(𝑡) ≥ 0 and this is done using the remaining sub equations of (3) and we have 

𝐸(𝑡) ≥ 𝐸(0) exp(∫ (𝜇 + 𝜑 + 𝜋)𝑑𝑒
𝑡

0

) 

𝐼(𝑡) ≥ 𝐼(0) exp (∫ (𝜇 + 𝛼 + 𝜙 + 𝛿)𝑑𝑖
𝑡

0

) 

𝐶(𝑡) ≥ 𝐶(0) exp(∫ (𝜇 + 𝛿1  + 𝜎)𝑑𝑐
𝑡

0

) 

𝑄(𝑡) ≥ 𝑄(0) exp(∫ (𝜇 + 𝛿2  + 𝜓)𝑑𝑞
𝑡

0

) 

𝑅(𝑡) ≥ 𝑅(0) exp(∫ (𝜇)𝑑𝑟
𝑡

0

) 

This completes the proof. It is important to note that system (3) will be analyzed in a feasible region  
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Φ = {(𝑆, 𝐸, 𝐼, 𝐶, 𝑄, 𝑅) ∈ ℝ+
6 : 𝑆 + 𝐸 + 𝐼 + 𝐶 + 𝑄 + 𝑅 ≤

𝜌

𝜇
}                (5) 

which can easily be verified to be positively invariant with respect to model system (3). Therefore, 

model system (3) is epidemiologically and mathematically well posed in Φ [23]. 

 

4.2       The Basic Smartphone Virus Infection Reproduction Number, 𝑹𝟎 

To compute the basic Smartphone virus infection reproduction number, we first calculate the 

Smartphone virus infection free equilibrium state of the model by setting the left hand side of 

system (3) to zero and obtain the Smartphone virus infection free equilibrium state as follows   

Η0
∗ = (𝑆0(𝑡), 𝐸0(𝑡), 𝐼0(𝑡), 𝐶0(𝑡), 𝑄0(𝑡), 𝑅0(𝑡)) = (

𝜌

𝜇
, 0, 0, 0, 0, 0) 

The rate of appearance of new virus infection in the population is given by the new infection terms 

in the exposed compartment [24][25][26]. Then new infections in compartments𝐸(𝑡) 𝐼(𝑡) 𝑎𝑛𝑑 𝐶(𝑡) 

is given by  

 

 

 

While the remaining transmission terms in compartments𝐸(𝑡) 𝐼(𝑡) 𝑎𝑛𝑑 𝐶(𝑡) is given by    

 

 

𝑤ℎ𝑒𝑟𝑒 𝐴 = 𝜇 + 𝜑 + 𝜋, 𝐵 = 𝜇 + 𝛼 + 𝜙 + 𝛿,   𝐺 = 𝜇 + 𝛿1 + 𝜎 

The inverse of the transmission terms in compartments𝐸(𝑡) 𝐼(𝑡) 𝑎𝑛𝑑 𝐶(𝑡)  and 𝐹𝑉−1 are 

respectively given by    

 

 

 

 

Therefore the basic Smartphone virus infection reproduction number 𝑅0 is given by: 

and
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𝑅0 =
𝛽𝜂𝜌

𝜇𝐴
+
𝜑𝛽𝜌

𝜇𝐴𝐵
=

𝛽𝜂𝜌

𝜇(𝜇 + 𝜑 + 𝜋)
+

𝜌𝜑𝛽

𝜇(𝜇 + 𝜑 + 𝜋)(𝜇 + 𝛼 + 𝜙 + 𝛿)
 

𝑅0 =
𝛽𝜌

𝜇(𝜇 + 𝜑 + 𝜋)
(𝜂 +

𝜑

(𝜇 + 𝛼 + 𝜙 + 𝛿)
)                                                      (6) 

 

4.3        Endemic Equilibrium Point 

Here we discuss the point at which the virus infection cannot be totally eradicated from the 

population. We therefore let Η1
∗∗ be the Smartphone virus infection endemic equilibrium of the 

model. Thus, we have 

Η1
∗∗ = (𝑆1(𝑡), 𝐸1(𝑡), 𝐼1(𝑡), 𝐶1(𝑡), 𝑄1(𝑡), 𝑅1(𝑡)) 

𝑆1(𝑡) =
ρ

μ + λ∗∗
                                                  

𝐸1(𝑡) =
λ∗∗ρ

A(μ + λ∗∗)
                                            

𝐼1(𝑡) =
λ∗∗φρ

AB(μ + λ∗∗)
                                          

𝐶1(𝑡) =
λ∗∗ρ

AG(μ + λ∗∗)
(π +

αφ

B
)                     

𝑄1(𝑡) =
λ∗∗ρ

AK(μ + λ∗∗)
(
ϕφ

B
+
σπ

G
+
σαφ

BG
)   

𝑅1(𝑡) =
λ∗∗ψρ

μAK(μ + λ∗∗)
(
ϕφ

B
+
σπ

G
+
σαφ

BG
)
}
 
 
 
 
 
 

 
 
 
 
 
 

                        (7) 

But the force of infectionλ∗∗ = 𝛽 (
𝜂𝐸(𝑡)+𝐼(𝑡)

𝑁
), substituting (7) into the force of infection gives 

𝜆∗∗(𝑎2(𝜆
∗∗)2 + 𝑎1𝜆

∗∗ + 𝑎0) = 0                                           (8) 

𝑎2 = 𝜇𝐴𝐵2𝐺𝐾 + 𝜇𝐴𝐵𝐺𝐾 + 𝜇𝜋𝐴𝐵2𝐺𝐾 + 𝜇𝛼𝜑𝐴𝐵𝐾 + 𝜇𝜑𝐴𝐵𝐺 + 𝜇𝜎𝜋𝐴𝐵2 + 𝜇𝜎𝛼𝜑𝐴𝐵

+𝜙𝜑𝜓𝐴𝐵𝐺𝐾 + 𝜎𝜋𝜓𝐴𝐵2𝐺𝐾 + 𝜎𝜑𝜓𝛼𝐴𝐵

𝑎1 = 𝜇2𝐴𝐵2𝐺𝐾 + 𝜇2𝜑𝐴𝐵𝐺𝐾 + 𝜇2𝜋𝐴𝐵2𝐾 + 𝜇2𝜑𝛼𝐴𝐵 + 𝜇2𝜑𝐴𝐵𝐺 + 𝜇2𝜎𝜋𝐴𝐵2 + 𝜇2𝜑𝐴𝐵𝐺𝐾

+𝜇𝜙𝜑𝜓𝐴𝐵𝐺𝐾 + 𝜇𝜎𝜋𝜓𝐴𝐵2𝐺𝐾 + 𝜇𝜎𝜑𝜓𝛼𝐴𝐵2

𝑎0 = 𝜇
2𝐴2𝐵2𝐺𝐾(1 − 𝑅0) }

 
 

 
 

 

The root 𝜆∗∗ = 0  of (8) correspond to Smartphone virus infection free equilibrium Η0
∗ . It is 

important to know that the coefficient 𝑎0 is always positive if and only if 𝑅0 < 1 and negative if and 

only if 𝑅0 > 1. 

 



                                                          Journal of the Nigerian Society for Mathematical Biology 

                        Volume 4 (2021), pp. 76 – 95      
 
 

86                                                                    JNSMB, Vol. 4 (2021) ©NSMB; www.tnsmb.org 
 

4.4         Boundedness of Solution 

Theorem 2: Assume that the initial condition of Smartphone virus transmission dynamics of model 

system (3) 𝑆(0) ≥ 0, 𝐸(0) ≥ 0, 𝐼(0) ≥ 0, 𝐶(0) ≥ 0, 𝑄(0) ≥ 0 𝑎𝑛𝑑 𝑅(0) ≥ 0 with the set Φ =

{(𝑆, 𝐸, 𝐼, 𝐶, 𝑄, 𝑅) ∈ ℝ+
6 : 𝑆 + 𝐸 + 𝐼 + 𝐶 + 𝑄 + 𝑅 ≤

𝜌

𝜇
} satisfying 𝑁(0) ≤

𝜌

𝜇
. Then, whenever the 

solution exists on an interval Φ, it satisfies the following bundedness 

𝑁(𝑡) ≤
𝜌

𝜇
 

Proof: From equation (4) we obtain the total Smartphone population as 

𝑁(𝑡) ≤ 𝜌 − 𝜇𝑁 − 𝛿𝐼 − 𝛿1𝐶 − 𝛿2𝑄                                                            (9) 

Applying Barkhoff and Rota [29] theorem to equation (9) and having in mind that in the absence of 

virus infection, 𝛿 = 𝛿1 = 𝛿2 = 0, then we have  

0 ≤ 𝑁(𝑡) ≤
𝜌

𝜇
 𝑎𝑠 𝑡 → ∞                                                                              (10) 

Since 𝐼(𝑡) ≥ 0 we have from (5) that 

𝑁(𝑡) ≤ 𝜌 − 𝜇𝑁 

Using comparison theorem by Lakshmikanthan et al [30], Zhang [31], it can be shown that   

𝑁(𝑡) ≤ 𝑁(0)𝑒−𝜇𝑡 +
𝜌

𝜇
(1 − 𝑒−𝜇𝑡)                                                           (11) 

Whenever  (0) ≤
𝜌

𝜇
, we have 𝑁(𝑡) ≤

𝜌

𝜇
, and Consequently, 𝐼(𝑡) ≤

𝜌

𝜇
. 

 

4.5        Existence of Solution 

Theorem 3: The system (3) that satisfies a given initial condition 

𝑆(0), 𝐸(0), 𝐼(0), 𝐶(0), 𝑄(0), 𝑅(0) has a unique solution. 
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Proof: Let 

𝑌 =

[
 
 
 
 
 
𝑆(𝑡)

𝐸(𝑡)

𝐼(𝑡)

𝐶(𝑡)

𝑄(𝑡)

𝑅(𝑡)]
 
 
 
 
 

 𝑎𝑛𝑑 𝔒(𝑌) =

[
 
 
 
 
 
 
 
 
 
 
 
 
𝑑𝑆(𝑡)

𝑑𝑡
𝑑𝐸(𝑡)

𝑑𝑡
𝑑𝐼(𝑡)

𝑑𝑡
𝑑𝐶(𝑡)

𝑑𝑡
𝑑𝑄(𝑡)

𝑑𝑡
𝑑𝑅(𝑡)

𝑑𝑡 ]
 
 
 
 
 
 
 
 
 
 
 
 

 

So that system (11) can be written in the following form: 

𝔒(𝑌) = 𝑉𝑌 + 𝐹(𝑌)                                                                                                (12) 

Where 

 

 

and 

 

𝐹(𝑌) =

[
 
 
 
 
 
 
 
 −𝛽 (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡)

+𝛽 (
𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡)

0
0
0
0 ]

 
 
 
 
 
 
 
 

 

𝑤ℎ𝑒𝑟𝑒 𝐴 = 𝜇 + 𝜑 + 𝜋, 𝐵 = 𝜇 + 𝛼 + 𝜙 + 𝛿,   𝐺 = 𝜇 + 𝛿1 + 𝜎 𝑎𝑛𝑑  𝐾 = 𝜇 + 𝛿2 + 𝜓 

 V

−

0

0

0

0

0

0

A−





0

0

0

0

B−





0

0

0

0

G−



0

0

0

0

0

K−



0

0

0

0

0

−



















=


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𝐹(𝑌1) − 𝐹(𝑌2) =

[
 
 
 
 
 
 
 
 −𝛽 (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡)

+𝛽 (
𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡)

0
0
0
0 ]

 
 
 
 
 
 
 
 

−

[
 
 
 
 
 
 
 
 −𝛽 (

𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡)

+𝛽 (
𝜂𝐸(𝑡) + 𝐼(𝑡)

𝑁
) 𝑆(𝑡)

0
0
0
0 ]

 
 
 
 
 
 
 
 

               (13) 

|𝐹(𝑌1) − 𝐹(𝑌2)|

= |−𝛽 (
𝜂𝐸1(𝑡) + 𝐼1(𝑡)

𝑁
) 𝑆1(𝑡) + 𝛽 (

𝜂𝐸2(𝑡) + 𝐼2(𝑡)

𝑁
) 𝑆2(𝑡)|

+ |𝛽 (
𝜂𝐸1(𝑡) + 𝐼1(𝑡)

𝑁
) 𝑆1(𝑡) − 𝛽 (

𝜂𝐸2(𝑡) + 𝐼2(𝑡)

𝑁
) 𝑆2(𝑡)| 

≤ 2𝛽 (|𝜂𝑆1(𝑡)| |
𝐸1(𝑡) − 𝐸2(𝑡)

𝑁
| + |𝑆1(𝑡) − 𝑆2(𝑡)| |

𝜂𝐸2(𝑡) + 𝐼1(𝑡)

𝑁
| + |𝑆2(𝑡)| |

𝐼1(𝑡) − 𝐼2(𝑡)

𝑁
|) 

≤ 2𝛽 (|
𝜂𝐸1(𝑡)𝑆1(𝑡) + 𝐼1(𝑡)𝑆1(𝑡)

𝑁
| − |

𝜂𝐸2(𝑡)𝑆2(𝑡) + 𝐼2(𝑡)𝑆2(𝑡)

𝑁
|) 

≤ Γ(|𝑌1 + 𝑌2|) 

By letting equation (10) be equal to Π0 ∈ ℝ+
6  𝑎𝑛𝑑 lim

𝑡→∞
𝑆𝑢𝑝 𝑁(𝑡) ≤ Π0, which concludes that 

𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝐶(𝑡), 𝑄(𝑡), 𝑅(𝑡) ≤ Π0 𝑎𝑠 𝑡 → ∞, where 

Γ = 2𝑔Π0 

|𝔒(𝑌1) − 𝔒(𝑌2)| ≤ ‖V‖|𝑌1 − 𝑌2| + Γ|𝑌1 − 𝑌2| ≤ Π|𝑌1 − 𝑌2| 

𝑤ℎ𝑒𝑟𝑒        Π = 𝑀𝑎𝑥(Γ, ‖𝑉‖) < ∞ 

Therefore,it follows that the function 𝔒 is uniformly Lipschitz continuous and with the restriction 

on 𝑆(0) ≥ 0, 𝐸(0) ≥ 0, 𝐼(0) ≥ 0, 𝐶(0) ≥ 0, 𝑄(0) ≥ 0 𝑎𝑛𝑑 𝑅(0) ≥ 0, we see that a solution of 

system (12) exists [27].    

4.6          Sensitivity Analysis of the Model 𝑹𝟎 

Let the normalized forward sensitivity index of the basic reproduction number of the model 𝑅0, 

which is differentiable with respect to a given parameter 𝜔, be defined by 
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Γ𝜔
𝑅0 =

𝜕𝑅0
𝜕𝜔

.
𝜔

𝑅0
 

Thus, we compute an analytical expression for the sensitivity of 𝑅0, with the value of 𝑅0 =

0.627using equation (6), to each parameter that it includes. The value of the parameters and the 

sensitivity indices obtained are represented in table 1. Remember that the Sensitivity index may 

depend on many parameters of the system, but also can be constant, independent of any parameter 

[28]. 

 

Table 1: The effect of the parameters on  𝑅02. 

Parameters Value  Effect on 𝑅02 

ρ 100 +1 

μ 0.057 −14.301887 

β 0.0065 +1 

𝜂 0.0002 +0.046864 

𝜑 0.0045 +0.906593 

𝜋 0.04 −0.375563 

𝛼 0.21 −0.010300 

𝜙 0.83 −0.040708 

𝛿 0.01 −0.000490 
 

 

 
Figure 2: Impact of 𝜙 (progression from infected to quarantine) on the Smartphone virus 

infection transmission dynamics in the population   
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Figure 3: Impact of 𝛼 (Smartphones with severe complications such as Apps crashing over 

and over again) on the Smartphone virus infection transmission dynamics in the population   

 

 
Figure 4: Impact of 𝛽 (Smartphone virus infection transmission rate) on the Smartphone 

virus infection transmission dynamics in the population. 
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Figure 5: Impact of ϕ (progression from infected to quarantine) and 𝛼 (Smartphones with 

severe complications such as Apps crashing over and over again) on the dynamics of 

Smartphone virus infection in the population.   

 

 

Figure 6: Impact of 𝛽  (Smartphone virus infection transmission rate) and 𝜂  (modification factor 

for the exposed Smartphone) on the dynamics of Smartphone virus infection in the population. 
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Figure 7: Simulation of the dynamic behavior of model system (3) (Exposed, Infected and Infected 

with complication) generated in Matlab. 

 

5         Discussion and Conclusion  

5.1       Discussion 

From Table 1 above, we observe that Γ𝛽
𝑅0 = Γ𝜌

𝑅0 = +1. This implies that increasing (decreasing) 𝛽 

or 𝜌 or both by a certain percentage always increases (decreases) 𝑅0 by the same percentage. Thus, 

sensitivity indices with positive sign show that the value of 𝑅0 increases as these values increase, 

while the remaining indices that are negative, indicates that the value 𝑅0 decreases as they increase. 

The estimation of a sensitive parameter should be carefully done, since a small perturbation in such 

parameter leads to relevant quantitative changes. On the other hand, the estimation of a parameter 

with a small value for the sensitivity index does not require as much attention to estimate, because a 

small perturbation in that parameter leads to small changes [29]. This simply means that Smartphone 

will be infected, repaired (disinfected with antivirus) and eventually recover and retain the infection 

or obtain immunity. These parameters with negative index reduce the rate at which the infection 

multiplies in Smartphone population and the virus may eventually be eradicated. 

In this work, the analytic results obtained are discussed as follows. The basic Smartphone virus 

infection reproduction number, 𝑅0,which is the threshold parameter that predicts whether an 

infection can spread were used as a guide to Smartphone manufacturers and antivirus software 
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developers on the amount of effort needed to control or eradicate virus infection in Smartphone. 

The results of the numerical simulation of the sensitivity analysis of the basic Smartphone virus 

infection reproduction number were discussed in this section. The parameter values and sensitivity 

indices are shown in table 1. The main aim is to assess the feasibility of the dynamics of Smartphone 

virus infection for different value of the parameters of the basic reproduction number. 

Figures 2, 3 and 5 confirm our theoretical analysis that negative sensitivity indices contribute in 

decreasing 𝑅0 as their value increases. Similarly, figures 4 and 6 represents positive sensitivity indices 

and it shows that as the value of these parameters increases, 𝑅0 is also increased. Figure 7 shows that 

the prevalence of Smartphone virus infection increases to a climax, decreases and remains almost 

stable through the horizon at an alarming rate. Actually the climax indicates the maximum point of 

the epidemic and the almost stable horizon indicates endemicity of Smartphone virus infection. 

Therefore, the study confirms that without adequate control measure, Smartphone virus will 

continuously invade and destroy Smartphones and the virus cannot be eradicated in the population. 

 

5.2         Conclusion 

In this work, we computed the sensitivity analysis of the basic reproduction number to study 

Smartphone virus infection transmission dynamics. The model parameters are given in section (3) 

and the model equations was derived with the aid of the schematic diagram in figure 1. The 

Smartphone virus free equilibrium state of the model was determined. The basic Smartphone virus 

infection reproduction number 𝑅0, for the model was computed using next generation method. The 

model showed that the stable Smartphone virus infection free equilibrium coexists with the 

Smartphone virus infection endemic equilibrium in the population. The model suggests that without 

adequate control measure, Smartphone virus will continuously invade and destroy Smarphones and 

the virus cannot be eradicated in the population.  
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