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Effects of quarantine and delay on transmission
dynamics of cholera model with Holling Type - II

incidence function

Ahmed Nakaka*and Adamu Shitu Hassan'

Abstract

A delay cholera model with Holling Type - II saturated incidence function and quarantine
measure as intervention is formulated and dynamically analyzed with the aim of investigating
the effects of time delay and quarantine measure. Basic properties of the model are investi-
gated, and two equilibria are found to be locally and globally asymptotically stable whenever
the control reproduction number is below and above unity, respectively. Quarantine inter-
vention is found to reduce the infectivity of cholera when fully implemented. Although time
delay does not alter the qualitative dynamics of the model, however it decreases the burden
of cholera when the delay is beyond a critical value. Numerical simulations are conducted to
illustrate all our results.

Keywords: Cholera; Holling Type -II; Delay; Quarantine; Global Stabilities.

1 Introduction

Cholera is an acute, water-borne, infectious diarrhoeal disease caused by bacterium known as
Vibrio Cholerae serogroup O1 and O139. Only toxigenic strain of serogroup O1 and 0139 have
caused widespread epidemics and are reported to the World Health Organization (WHO). Hu-
mans are one of the reservoirs for pathogenic form of Vibrio Cholerae O1 and O139. The disease
causes much havoc, especially to underdeveloped countries and massive threat to their economic
development. Without prompt treatment, an infected individual may die of dehydration within
hours especially in severe cases [5]. The incubation period of cholera range between few hours
to 5 days [21, 26]. Some of the control and intervention measures for cholera include antibi-
otics, rehydration therapy, effective sanitation, proper waste management, personal hygiene and
vaccination [4, 38]. After several years of steady increase, from 2007 the number of cholera
reported cases to WHO indicate a considerable decrease [33]. The disease is still a threat to
many countries. For instance in 2012 alone, a cumulative total of 245,393 cases, including 3,034
deaths with a case fatality of 1.2% were reported to WHO from all countries [1]. The disease
still remains a major public health problem, affecting primarily developing world populations
lacking access to adequate water and sanitation. The most recent is the September, 2018 cholera
outbreak in Yobe state, North-east Nigeria which was declared by the state’s ministry of Health.
Two weeks after, the same outbreak was declared in the neighbouring Borno state. The cumu-
lative number of recorded cases in the two states as of Thursday, 20 September, 2018 stands at
3,126 including 97 deaths. This represents a cumulative case fatality rate of 7.8% [29].
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Mathematical models have been proposed to investigate the complex epidemic and endemic
behavior of cholera using time delay as incubation period [16, 24, 32, 34] and some without delay
[5, 23]. In 2001, Codeco [5] formulated a pioneer mathematical model of cholera that incorpo-
rated an environmental reservoir of Vibrio cholerae with the objective of exploring the role of
aquatic reservoir on the persistence of endemic cholera and to define minimum conditions for the
development of epidemic and endemic cholera. In [1], Berge, et al studied a two-patch model for
the transmission of cholera using the environmental reservoir in [5] as pathogen compartment.
In their model, they categorized the mode of transmission into two, namely; fast (human-human
transmission) and slow (human-environment transmission) as reported in [5, 12]. The main aim
of the study was to investigate the impact of human population movements between two cities
(patches) in the transmission of cholera. They obtained the basic reproduction number Ry,
which defends on the rate of human movement, in addition to other model parameters. Nirwani
et al [23] analyzed SIQR — B (Susceptible, Infectious, Quarantine, Removed and Pathogen)
model for transmission of cholera with saturated incidence rate and quarantine as measure of
intervention. The study focused on effects of quarantine and incidence on the spread of cholera.
Wang and Wang [30] Studied a cholera model that incorporates human behaviour via modelling
disease prevalence depending on contact rate for direct and indirect transmissions and infec-
tious host shedding. Other related delay model is presented by Prasenjit, et al in 2007, [24] that
incorporated delay as time between infection and infectiousness for the reservoir hosts in the
model of American Cutaneous Leishmaniasis originally formulated in [9].

Quarantine is a disease control strategy that has been adopted as a mean of separating people,
animals and goods that may have been exposed to communicable diseases. The separation can
be in form of isolation, sanitary cordons, bills of health issued to ships, fumigation, disinfection
and regulation of groups of persons, amongst other strategies [20]. In [7], quarantine is defined
loosely as the temporary removal (from their immediate abode or the general population) of
people suspected of being exposed to a communicable disease. The Holling type II otherwise
called saturated incidence function is used widely in mathematical epidemiology to describe a
situation where a population is saturated with susceptibles or infectives or both - see for example
[17, 25].

In this paper, we study the transmission dynamics of cholera in human population which is
divided into four compartments, and the population of Vibrio cholerae pathogens concentration
with time delay as incubation period. Furthermore, we use a saturated incidence function of
Holling type IT and quarantine of infected individuals inform of isolation/treatment as control
measure. The main objective is to investigate the effects of quarantine and time delay on both
dynamics and infectivity on the model. This research is extension of the work in [23, 27, 31] in
the following sense.

1. In Nirwani et al [23], No time delay and global stabilities of equilibria.
2. In Sun et al [27], No time delay.

3. In Wang and Wei [31], No any control strategy.

2 Model Formulation

The human population is divided into four compartments at any time ¢ given as Susceptible
S(t), Infectious I(t), Quarantine Q(t) and Removed R(t), while the concentration of cholera
bacterium in the environment as B(t). The total human population at time t is given by
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N(t) = S(t) + I(t) + Q(t) + R(t). The susceptible humans compartment is increasing with

constant recruitment at rate (A), decrease due to infection described by Holling type II satu-
B1SW)BE) | BeSHI(t—7)
1+alB(t) 1+a21(t77—)
applicable to all human compartments. The parameters 81 and (9 are the human-environment

rated incidence rate ( ) and by natural death at rate (u1), which is also
and human-human contact rates respectively. Here, 7 is time delay representing the incubation
period of cholera, while e™#17 is the probability that infectives will survive natural death over
the period 0 < ¢t < 7. Similarly, a; and a9 are constants of the incidence rate that deter-

mine the rate of new infection. Infectious compartment is increasing due to infection at the

BLS(H)B(t) | BaSEH)I(t—T)e H17
rate (1l+o(¢1)B((t)) + = 1(—204(21@17')

(d1) and (u1), respectively, natural recovery and quarantine at rates («) and (), respectively.

), decrease by deaths due to infection and naturally at rates

Similarly, the quarantine compartment increases by the rate of infectious individuals been quar-
antined at rate (0), decreases by the rate of recovery of quarantined individuals, natural death
and disease induced at rates (€), (u) and (dz2), respectively. The removed class is increased by
the recoveries of infectious and quarantined individuals at rates («) and (€), respectively, and
decrease by the natural death of humans at rate (u1). Finally, the Vibro cholarae is increased by
the infectious human contribution to the environment at rate (n) and decreased by the natural
death of pathogens at rate (12).

(dy+p)! al
PS8 | B,SI(t-T) ,
A l+a,B ' 1+a,l(t-1) 8l (Q R
S | Q —» R ®
N J
\ \\\ (d2+#1)Q
S \ Humans

A

i, B

o

>

Pathogen

Figure 1: Schematic diagram for the model (2.1)—(2.5) illustrating movements between com-
partments for transmission of cholera.

It should be noted that in Figure 1, the solid arrows indicate movements among the human
population due to change of status (compartment) in the course of infection or recovery, while

the dotted arrows indicate interaction between human population and the cholera bacterium in
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Variable/Parameter | Description Units
S Susceptible individuals individual
1 Infectious individuals individual
Q Quarantine individuals individual
R Removed individuals individual
B Pathogen concentration in water cell mi~!
A Recruitment of susceptible individuals day™?
11 Natural death human of population day™?
12 Death rate of pathogen in the environment day™?
51 Human-environment contact rate cell™' mI=! day=!
B Human-human contact rate individual ="' day !
dy Death rate of infected individuals due to disease day™?
ds Death rate of quarantine individuals due to disease day™?
) Quarantine rate of infected individuals day™?
€ Rate of recovery of after quarantine day™?
Rate of recovery of infected individuals day™?
n Infected human contributions to the pathogen cell mi~t day™! indl.”*
o1 Determinant of new infections through Pathogen day~!
a2 Determinant of new infections through infectious humans day™?

Table 1: Descriptions of Variables and Parameters for System (2.1)—(2.5).

the environment. The model is therefore described by the flow diagram Figure 1 and represented
with the following system of delay differential equations:

as(t) _ BiSHB()  BoSH)I(t — T)e T
dt 14 aiB(t)  l+al(t—71) —mS(t),
di(t) _ BiSH)B(t) | BoSH)I(t —T)e 7

dt - 11‘1‘0&13(75) 21—|—0421(t—7') _(d1+M1+a+5)[(t),
%it) = 0I(t) — (e + 1 + d2)Q(t),
%it) = nl(t) — p2B(1).
dljl—f) = al(t) +eQ(t) — p1R(t).

The model (2.1)—(2.5) satisfy the initial conditions

S(6)

= (), 1(0) = ¢2(0), Q(0) = 3(6), B(6) = u(f), R(9) = vs(0),

(2.6)

for all § € [—7,0]. where v;(0),i =1,2,3,4,5 € C, the Banach space C([—,0],R?) of continuous

functions mapping[—7, 0] — R® with [|¢;(0)|| =

sup
—7<6<

that ;(6) > 0 for i =1, ..., 5.

3 Basic properties of the model

[il, i =1,2,3,4,5. We further assume
0

In this section, we present results for basic properties of the model such as existence, uniqueness,

positivity and boundedness of solution. We also present existence and stability of equilibria.

4
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Theorem 1 The solution (S(t),1(t), Q(t), B(t), R(t)) of system (2.1)—(2.5), exists and is bounded
for all time t > 0 under the initial conditions (2.6). Moreover, the solution is positive for all
t > 0 and the region

A K
Q:{@LQJiM€R$S+I+Q+RgﬁjB§E}
1 2

1s positive tnvariant, where K = 77%.

Proof. We first prove that the solution (S(¢), I(t), Q(t), B(t), R(t)) exists and is unique as shown
below.

Let X(t) = (S(¢), I(t), Q(t), R(t), B(t)). The system (2.1)—(2.5), can be written as

dX

dt

where X;(0) = X(t+0), for 6 € [—7,0], f is Lipschitz in X. It then follows from Theorems 2.1

and 2.3 in [11] that the system (2.1)—(2.5) has a unique solution (S(t), I(t), Q(t), R(t), B(t))
satisfying the initial data (2.6).

For the positivity of solution (S(t), I(t), Q(t), R(t), B(t)), we assume that the initial con-

dition in (2.6) hold true, then we prove that S(¢) > 0, I(¢t) > 0, R(t) > 0, B(t) > 0 for all time

t € (0,00). We proceed by contradiction by assuming that the solution is non-positive. This

= f(t’ Xt)a

will implies that the corresponding derivatives are also non-positive (< 0). Then there exists a
time ¢; > 0 such that
min{S(tl), I(tl), R(tl), B(tl)} = 0,

and
min{S(t), I(t),Q(t), R(t),B(t)} > 0 for all ¢ € [0,¢;).
B

If min{S(t1),1(t1),Q(t1), R(t1), B(t1)} = I(t1) = 0, then from (2.4),
%it) > —usB(t), for all t € [0,1],

hence
B(t1) > B(0)exp(—pzt1) >0,

which contradicts our earlier assumption. Hence there is no such time ¢; > 0, which implies
that B(t) > 0 for all ¢ > 0.
Similarly, from (2.3), we get
dQ(t)

—g 2 (et +d2)Q(), forall te[04],

so that

Q(t1) > Q(0)exp(e+ p1 + do)ty >0,

which also contradicts our earlier assumption. Hence there is no such time ¢; > 0, which implies
that Q(¢) > 0 for all ¢ > 0.

Suppose also the min{S(t1),I(t1),Q(t1), R(t1), B(t1)} = S(t1) = 0, then from (2.2) we have
di(t)

— > —(di4+m +a+0)I(t), for all te[0,t],

5 JNSMB, Vol. 3 (2020) (©)NSMB; www.tnsmb.org
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hence
[(tl) > I(O) exp((d1 +u + o+ 5)t1) > 0.

This also contradicts our assumption. Hence there is no such time ¢; > 0, hence, I(t) > 0 for all
t > 0. Similar approaches can be followed to show that S(t), R(t) are positive at all time ¢ > 0.
Thus, starting with positive initial values, all solutions of the model (2.1)—(2.5) will be
positive at all time ¢ > 0.
For boundedness of solution, we prove that the total population of humans (N(¢)) and the
pathogen concentration (B(t)) at time ¢ are bounded as shown below: Adding equations (2.1)—
(2.3) and (2.5) we have

Mgng—mNW- (3.1)

Solving (3.1) we get

Furthermore, it follows from equation (2.4) that since I(t) < N(t) < :41, it implies that
I(t) < % Then
dB(t
—di ) < K — pu2B(t) (3.2)

Using Gronwall’s Inequality [10],

K
0<B(t) < £.

This completes the proof of Theorem 1. m

4 Equilibria points and Stability Analysis

At equilibrium points, I(t) = I(t — 7) = I*. It is observed that in system (2.1)—(2.5), R(t)
appear only in equation (2.4). Therefore, without loss of generality, the dynamics of the system
can be considered by dropping (2.5).

To determine equilibria of the system, we set the right hand sides of equations (2.1)—(2.4) to
zero. Thus

_ ﬂls(t)B(t) _ ,BQS(t)[(t — 7—)6*#17

A 1+ a1 B(t) 1+ aol(t—7) —ms =0, (41)

PLS@)B(t) | BaSEI(E —T)e " _
11+ v 2 T (dy+p+a+8)I =0, (4.2)
OI(t) — (e +p1 +di1)Q(t) =0, (4.3)

nl(t) — p2B(t) =0.

From equation (4.4),
I*
B =1 (4.5)
H2

6 JNSMB, Vol. 3 (2020) (€ NSMB; www.tnsmb.org
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Similarly, from (4.3),
orx

i T 4.6
“ (e +p1 +dv) (46)
Substituting (4.5) in (4.2) we have
Bin Boe™H1T
+ S*I* — (di + 1 +a+0)I" =0. 4.7
po+ainl* 14 apl* 1+ +otd) (4.7
Adding (4.1) and (4.2) gives
A—(d o) I*
g* (d1 + 1 +a+9) . (4.8)

251
Substituting equation (4.8) into (4.7) we have

[( B1in Boe™ 1T > (A —(dy + 1 +a+9)

+ I'—(dy 4+ +a+8)I"=0. (4.9
po +oqnl* 1+ aol* M1 )} (d+ ) (4.9)

The trivial case, when I* = 0, give rise to the disease free equilibrium (DFE) denoted by
El = (SO,IO,QO’BO) given by,

A
FEi = (—,0,0,0) . (4.10)
M1

However, for non trivial solution, (I* # 0), we get

Bin Bae™HT ] [A —(di + p1 + a+ 6)I*

+ —(di+pur+a+86)=0 4.11
o +oanl* 1+ al* 1 ] (di+m ) ( )

After simplifying equation (4.11), we obtain the following quadratic equation in I*.

CL(I*)* 4+ CoI* +C3 =0, (4.12)

where Cy = [(B1aon + Baain)(di + p1 + o+ 0) + aqaonu (dy + p1 + a + 9)),
Co = [(Bin+ Papa)(di + p1 + a+6) + (2o + 1) (di + p1 + o+ 6) p1 — (Braan + Baain) A, and
C3 = —pypz(dy + p1 + a+6)[Ry — 1].

Here, we define
_ _ABin + Bapge™7)
T pape(dy + i+ a+6)’

to be the control reproduction number. The basic control reproduction number is defined as the

(4.13)

expected number of secondary cases produced by introducing one infected person and cholera
pathogens in a completely susceptible population in the presence of intervention. R, can also
be calculated using the next infection operator matrix as shown in [36, 37],

From (4.12), it can be observed that C; > 0, and C3 < 0 if R, > 1, while C5 can be > 0
or < 0. Therefore, irrespective of the sign of Cs, equation (4.12) will admit a unique positive
endemic equilibrium in I*.

Therefore, the endemic equilibrium (EF'E) is given by

E2 = (S*aI*,Q*aB*)’

7 JNSMB, Vol. 3 (2020) (€ NSMB; www.tnsmb.org
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where

S* — (d1+p1+a+d) Q* SI* « _ nl*

Bin 4 Bpe 1T ’
potajnl* 1+agl*

= femrdy B =

with I* the unique positive root of equation (4.12). Thus the endemic equilibrium exists when-
ever Ry > 1.

In order to study the stability of equilibria, we first linearize the system (2.1)—(2.4) about
an arbitrary equilibrium to have,

A
Ccli_t = le(t) —I—JQZ(t—T), (4.14)

where Z(t) = (S(t),1(t),Q(t), B(t))T is a vector while J; and J; are the Jacobian matrices
of the system given as

_ _BiB({t)  Bal(t—T)e”M1T 0 0 o181 S(t)B()—(14+a1 B(£))B15(t)
T+a1B(t) Ttazl(t—7) H1 e BT
B1B(t Bol(t—T)e 11T
1+(111J(5’2t) + 21+(a212t—7) —(dy + p1 + a+9) 0 0
J =
0 0 —(d2 + p1 +¢) 0
0 U 0 —H2

02 B2SE)I(t—7)e M7 —BoS(1+anl(t—7)eH1T)
0 (1+agl(t—7))* 00
BaS(1tagl(t—T)e”M7)—asBaSI(t—T)e” 17
0 (Fazl(t—7))? 00
Jo =
0 0 00
0 0 00

Assuming a solution of the form
Y (t) = ce,

where c is a constant vector and A is a complex eigenvalue.

For a non trivial solution (ce* # 0) therefore, we have
Ji+ Joe™ =0, (4.15)

as the transcendental equation.

8 JNSMB, Vol. 3 (2020) (€ NSMB; www.tnsmb.org
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4.1 Local stability of disease free equilibrium

To investigate the local stability of DFE FE;, we state and prove the following result.

Theorem 2 The disease free equilibrium Ey is absolutely stable if Ry < 1 for all delay T > 0
and unstable otherwise.

Proof. We substitute the disease free equilibrium Fj into equation (4.15) to get the corresponding

transcendental equation as

Hi(A) = (A+p1)(A+do+ pr +€)[(A— 52;%6_” +dy 4 pr + o+ 6)(A+ p2)
—nBi£)] = 0. (4.16)

Clearly, H; has two negative real roots. Thus,
A1 = —pp and A9 = —(da + p1 + €). Hence we concentrate on the remaining part of (4.16)
defined by,

A
Ho(\) = N2 4 (dy + i + a4+ 3+ p2 — Po—e N+ (dy + 1 +a 40
H (4.17)

A A
— Ba—e o — np—.
M1 M1

Assume 7 = 0. From (4.17) we have

A A A
Hy(\) =X\2 + (dy +,u1+04+5+,u2—52E))\+(d1+M1+Oz+5—5za)uz—ﬁﬁla

=N N |dy+p+a+ S+ g —

+ po(di + p + a+9)[1 — Ry

Bopa(di + p1 + o + 5)Rq]
Bin + Bapiz

_ PapaRg
B1n + Bapiz

=N+ A | pg A+ (di 4+ p1 +a+6)(1 } + pa(dy + p1 +a +6)[1 — Ryl
This implies that, when R, < 1, the coefficient of A\ and the constant term are positive.
Therefore, by Descarte’s rule of signs, Ha(A) has no positive real roots. Hence, Hy(\) is stable
when 7 = 0.
If 7 # 0, then from (4.17), and substituting A = iy to be a root, where y € R, we have

__PapaRy 2
B1n + Bapiz

+ [(di + p1 + a4+ 0)pape + APr + p2fB2)] (di + 1+ + S)ppa [1 — Ryl .

A
Fi(y) =y* + |(da +,u1+,u2+oz+6)+ﬁzz] [M2+(d1+,u1+oz+6)(1

Thus, when R, < 1, the coefficient of y? and the constant term are positive. Therefore, by the
application of Descarte’s rule of sign, F(y) = 0 has no positive real root and there is no y € R
such that A = iy can be a root of Fj(y). Hence, the disease free equilibrium FE; is absolutely
stable when R, < 1 and unstable otherwise. m

9 JNSMB, Vol. 3 (2020) (¢ NSMB; www.tnsmb.org
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4.2 Global stability of disease free equilibrium

In order to be certain about the eradication of cholera irrespective of the initial population
started with, we prove the global attractiveness of the DFE as shown below.

Theorem 3 The DFE E; is globally asymptotically stable for all delay 7 > 0 when Ry < 1 and
unstable otherwise.

Proof. We assume a continuously differentiable Lyapunov function
V= ponl + po(dy + p1 + o+ 8)B. (4.18)
Differentiating equation (4.18) along the solution of model (2.1)—(2.5), we have
V' = ponI’ + po(dy + p1 + o+ 6)B'. (4.19)
Substituting I’, B" in (4.19) we get

651SB BoSIe H1T
1+ B 1+ ool

_ pH2nB1SB n panBaSITe T
1+ a1B 1+ ool

V' =pan —(dy + 1+ a+ 6)I| + pa(dy + p1 + a+96) [nI — paBJ,

— p3(dy + 1+ +0)B.

From Theorem 1, I(t) < &, S(t) < & and B < 222 thus
5% H1 H1pe2
B AS n ponBe ASe™ T pon(di + p + o+ 6)A
H1 M1 M1

(nB1A + p2BaAe™™7T — pypo(di + p1 + o+ 6)I)

nB1A + paBrAe 7 ) 3 1]
pipo(dy + p1 + a4+ 9) ’

<nua(di + p1 +a+0)S (Ry—1).

V' <

)

ns
M1

<nuz(dy + 1 +a+9)S [(

<

Thus,
V' <nua(di + 1 +a+68)S(Ry—1). (4.20)

All parameters and variables of the model are non-negative, therefore, V' < 0 when R, < 1
with equality if and only if S = MAN I = B = 0. Hence, V is a Lyapunov function in the
feasible region (), and it can easily be shown that F; is the largest invariant set in 2. Hence by
Lasalle’s Invariance Principle [19], the disease free equilibrium is globally asymptotically stable
when R, < 1 for all 7 > 0 and unstable if R, > 1. =

4.3 Local stability of endemic equilibrium (EE)

Here we establish the local stability of endemic equilibrium point Es as follows.

Theorem 4 The endemic equilibrium Es, is locally asymptotically stable if Ry > 1 for all T > 0
and unstable otherwise.

Proof. To investigate the local stability of EE first we substitute Fs into the Jacobian matrix
(4.15) to get the transcendental equation as

H3z(\) =(A + K7 + p1)(A + da 4 p1 + €)[(A + Kae ™ + (dy 4 pug + a+8)) (X + p2)

4.21
+nkK3] =0, (4.21)

10 JNSMB, Vol. 3 (2020) ©NSMB; www.tnsmb.org
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where
K- B1B* n BoI* Ko — a2 S*I* — B2.5*(1 + al*) _ B2S*
! 14+ 01B* 14 agl*’ 2 (1—{—@21*)2 (14 aol*)?’
Ky — (1+a1B")f15" — a1 S*B* _ BuS”
(1 + oy B*)? (1+a1B*)?

Clearly, Hs has two negative real roots: \y = —K; — u; < 0 and Ao = —(do + p1 +€) <O0.
Therefore, stability of E5 depends on the remaining part of Hs defined as

Hy(\) =A% + (dy + i1+ o + @ + 6 + Koe M)A + po(dy + pu1 + a + 6)

\ (4.22)
+ poKoe™™ + nKs.

When 7 =0,
Hy(N) = N2+ (di + p1 + p2 + oo+ 6 + Ko) A + pa(dy + p1 + a+ 6) + paKs 4+ nKs.

It can be observed that all the coeflicients of H4 are positive. By Discarte’s rule of sign,
Hy () has no positive real roots, hence, it is stable.

However, when 7 # 0, using Theorem (1) in [6], and letting A = iy for y € R as a root of
Hy, we have

S*
F(y) =y*+ [(d1+u1+uz+a+5)+ bz 2} [(d1 4 p1 + po + a4 6) + Ko] y?

(14 azl*)
nB1 1232 .
(1 —{—OélB*)z (1 —{—()421*)2

nB1 232 )2] S*] .

d 5 —
[( L+ et O+ [(HQIB*)Q T+ ol

+ [(d1+#1+a+5)#2+[

Whenever, R, > 1, the coefficient of y? and the constant term are positive values. Therefore,
by the application of Descarte’s rule of sign, F»(y) = 0 has no positive real root. Therefore there
is no y € Ry such that A = iy can be a root of Fy(y) = 0. Hence, the endemic equilibrium FE,
is locally asymptotically stable when R, > 1 for all 7 > 0 and unstable otherwise. m

4.4 Global stability of endemic equilibrium

In this section the global asymptotic stability for the endemic equilibrium Fs is shown. This
result will present the conditions for existence of endemic cholera in the population irrespective

of initial populations started with.

Theorem 5 If R, > 1, the endemic equilibrium Fs is globally asymptotically stable for all delay
7 > 0 and unstable otherwise.

Proof. Considering equations (2.1)—(2.4) of the model, it is observed that, equation (2.4) is
independent of the other equations, hence can be drop. At equilibrium, from equations (2.1)—
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(2.3), we have

A= et T tmS (4.23)

1| g5*B* B S* I e 1T

d §) = — 4.24

(di + 1+t 0) it T 1t | (4.24)
B*

n = NZ}* _ (4.25)

We follow the approach in [22] and define a Lyapunov function as
F=(8—-5"InS)+GUI—-I"Inl)+ HB—-B*InB) (4.26)

By definition F > 0, where G and H are positive constants to be determined.
Differentiating F along the solution curves of the model, we have

S* I* B*
’_ 2\ Y b /
f_<1 S)s+a<1 I>I+H<1 B)B

_ < S*> |:A BlSB _ 525167”17 —M15:|

1- 2 _
S 1+a1B 1+ aol

'\ [ BiSB  BySIe—m™
1— = _ I
—I-G( [)[1—1—041B+ 1T ool (d1+,u1+04+5)}

+H<1—%> (0] — 2B

Substituting equations (4.23)—(4.25) in F’, we have

* * B *[*o—M1T B Je—HaT
7 (1 B S_) { B1S B2S*I*e 115" p1SB BSle _MS}

S 1+ o B* 1—|-042[*) B 1+ B 14+ aol
. B Temm T “B* *[remmT
+G< I)[ pS +5256 [515 BaS*I"e ”

1 _ =
I 1—|—041B 1—|—0421 I* 1+Q1B* 1—1—@21*

B* B*I

S* . S* B15*B* S*\ [BeS*I*e—rT
p— _—— _ —_— — _— 1_ —_— N
(1-5)mes -9+ (1-5) [Fram)* (- %) e
S* 31SB S*\ [B2STe—HT I* B1SB
_ _ 2 _ _ 2 _ 1
(1 S>{1+Q1B} <1 S)[ 14+ asl MlS]—’_G( I)[l—i—OqB]

I*\ [ B STe=M7 1 51S*B* 1 BoS*[*e— T
)2 s i e S |
+G<1 [) [ 1+ asl ] G 1) {1—1—@13*} G(I* ){ 1+ aol* }

oo ()i 5]
WS (1) o(f)

o) (%) S %) ()
BT ) S (-5 () [ 2

Letx:%, yzg*, z:li* and (1 = B2 = 3, such that
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.7:/:—,[11

(S-S  BS*B* 1
S 1+ B [(1_5)_“2_1)}

,BS*B* 1 1 ,35*1*67“17 1
* 1+ B [G(l B Z):Cy -(- x):ﬂy] + 14 asl* [(1 - x) -G(z-1)
BS* Ire T 1 1 L
1+ aol [G(l_ Z)xz_(l_x)xz] + HuzB (1_y)(2 Y),
Now,
S — 5%)?
]:/:_’ul%_'—f(x’yazaﬁ), (427)
where,
RECU BB [y L !
ﬂS*I*ei‘ulT 1 ﬂs*l*eﬁum— 1 1
+ 14+ aol* [(1_33)_G(2_1)]+ 1+ gl [G(l—z)xz—(l—x)xz]
1
+ HipaB' (1= )= =),
BS*I* e 1T 1 BS*I*e—mT 1
+ 1+ ogl” [(1 x) G(z 1)] + 1T ool [G(l Z)xz xz—i—z}

z
+HpB' (142 -y =),

Now, we can choose the values of G and H such that f is non-positive for all z,y,z € R,.

Assume G=1 and H = uz%’ then

1 B* I*e=mT N B* xy, [re™H17T
] 8 [ ) ( - )

f(%%%ﬂ) ( T Z)ﬂ 1—|—OélB*+1+OCQI* 1—|—alB(y z +1+0421
z
+14+2z-—y——
( m
(4.28)

Substituting z = z = 1 in equation (4.28) implies that

ﬂ%%&ﬂ%=@+z—y—§%

which show that f(z,y,z2,5) < 0 by the arithmetic mean - geometric mean inequality, and
with equality to zero if y = 2z = 1.
Thus, F < 0, with equality if and only if S = S*. Hence, F is a Lyapunov function and it can
also be shown that the largest invariant set in €2 is Fy. Thus by LaSalle’s Invariance Principle,
the endemic equilibrium is globally asymptotically stable for all 7 > 0 when R, > 1 and unstable
otherwise. m

5 Analysis for the effect of time delay

In this section, we will investigate the effect of delay (increase or decrease) on the infectivity
of cholera in a population. To start with, we use the unique threshold quantity of the model
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(control reproduction number, R,;). The idea is to determine a critical delay value above (below)
which the number of infected individuals will decrease (increase).

Since R, = 1 is a bifurcation parameter point where stability changes, we consider it a
threshold value for infection and determine the critical delay as follows:

AP + pafae17)
pipe(dy + p1 + a + 9)
AP+ p2fee™7) = ppa(dy + p1 + a +9),

T di+p+a+9
112 o1 :,Ul,uz( 1 ;111 )—nﬁl,

ot _ pipa(di +p1+a+6)  nh

Apa B2 pafa

Thus, solving for 7, we get the critical delay as

n [uzlﬁz (muz(dlt‘eraJﬂs) _ nﬁl)]
Terit = . (51)
—H1

To determine the nature of (4.13) as either increasing or decreasing, we differentiate it with

respect to time delay parameter (7).

OBy _ [ A(nBr + paBae”7) ]
or T [ pipa(di + 1+ a+9)

> §e

Anpy ] 0

[ 9 [ Apafae 17

T | pipe(dy + p1 + a4+ 9) ot | pipa(dy + p1 + o+ 90)
_ [ ABge 7

— ( )

di+m +a+9)

QD

The negative sign of the derivative above, implies that, increasing time delay beyond the
critical delay 7..;; with fixed values of all parameters involved will lead to the decrease in number
of infectious individuals. Hence, this indicates that time delay has effect on the infectivity of

cholera in the population. This result can be summarized as follows.

Proposition 6 The increase (decrease) of time delay in the model (2.1)—(2.5) will reduce (in-
crease) the infectivity of cholera whenever the delay is greater than the threshold value Tepit.

6 Numerical simulations

In this section, numerical simulations are conducted using MATLAB (R2014a) to illustrate the
theoretical results proved in the previous sections, the effects of time delay and quarantine in the
model. Parameter values from Table 2 are used as obtained from literature and some reasonable
estimates.

Figure 2(a) illustrates that, starting with initial population close to disease free equilibrium
E,, the population will remain healthy as time progress (irrespective of the length of delay),
this implies that Ej is locally asymptotically stable as proved in Theorem 2. In Figure 2(b),
it is shown that, irrespective of the initial population started with, the population will remain
healthy as time progresses, the equilibrium F£7 is globally asymptotically stable as indicated in
Theorem 5. In both Figures 2(a) and (b), the values of basic control reproductive number R,
are 0.8725 and 0.5412, (< 1) respectively for any value of 7.
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Parameter | Value Unit Reference
A 100 day ™! Assumed
p1 0.000046 day ™ (W HO)(2016)
o 0.00046 day 1 (WHO)(2016)
By 0.0000012 individual ~*day~! [28]
B2 0.0000012 individual = day~* [28]
dy 0.4 day 1 [28]
do 0.2 day 1 [28]
) 0.0085 day ™ [28]
a 0.0085 day~* 1]
€ 0.05 day~* 1]
n 0.036 cellml™ day~Yindividual ' | Assumed
o 0.056 day ™! Assumed
162 0.06 day~? Assumed

Table 2: Numerical values for Parameters of the model

3000 _, 8000
=
%2} <
= £
£ 2 6000
2 2000 -
Q
S 5
2 £ 40007
£ =
5 1000 | s
2 é 2000
) Z
0 ‘ 0
0 10 20 30 40 0

Time(days)

(a)

50
Time (days)

(b)

100

Figure 2: Numerical simulations showing (a) local and (b) global asymptotic stability of disease

free equilibrium FE; using parameter values in Table 2, except for 7 = 3, 10 respectively.
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Time(days)

N
o
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o

Number of Infected Humans
B3
o
o

0 20 40 60 80 100
Time (days)

Figure 3: Numerical simulations showing (a) local and (b) global asymptotic stability of endemic
equilibrium F5 using parameter values from Table 2, except for 51 = 0.00012 = 55, 7 = 3, 5.
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Figure 4: Numerical simulations showing impacts of (a) time delay as a function of R, and (b)
quarantine on the model using parameter values from Table 2 with § values as indicated.

The asymptotic stabilities of endemic equilibrium FEj are shown in Figures 3 (a) and (b). It
can be seen in Figure 3(a) that with initial data close to the endemic equilibrium and parameter
values in Table 2, the subpopulations of human converge to Fy asymptotically. Using 81 =
0.00012 = f2, 7 = 3, the value of R, = 3.4175 > 1. This illustrates the result in Theorem
4. Similarly, in Figure 3 (b), the global attractiveness of Fj is shown as proved in Theorem 5.
With parameter values from Table 2 except for 81 = 0.00012 = 5, 7 = 10, using different initial
values, so that R, = 2.8317 > 1.

In Figure 4 (a), the control reproduction number R, is plotted as a function of time delay
to illustrates its impact on the infectivity of cholera in the population. It can be seen from the
figure that initially R, increases with increase in the time delay before 7., is reached. However,
after passing 7., as time delay 7 increases, the value of R, decreases drastically as stated in
Preposition 6. This result tallies with the ones in [25, 31]. Similarly, the impact of quarantine
is illustrated in Figure 4 (b). As shown in the figure, number of infected people decreases with

increase in the quarantine rate 4.

7 Conclusion

A deterministic time delay Cholera model with quarantine as control strategy is formulated and
analyzed. The main objectives are to investigate the effects of quarantine and time delay on the
model with Holling type II incidence functional. The main results are summarized as follows:

(i) Basic properties of the model are proved and a Threshold quantity (Control Reproduction
Number) R, is obtained.

(ii) The model has a unique disease free equilibrium Fj, which is absolutely and globally
asymptotically stable when R, < 1 for all delay 7 > 0. This result indicates that cholera
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(i)

(iv)

can be eradicated in the population whenever basic control reproduction number is brought
and kept below unity.

When R, > 1, there exist an endemic equilibrium F5, which is shown to be locally and
globally asymptotically stable for all delay 7 > 0. This indicates that cholera will persists

in the population.

Although time delay has no effect on the qualitative dynamics of the model, it however
have effect on the disease burden whenever the time delay is above a threshold value (the
critical delay value 7¢pit).

Quarantine intervention is also found to reduce the infectivity of cholera by increasing
the quarantine rate. Indeed, cholera can be eradicated when at least 80% of infected

individuals are quarantined in the given population.

(vi) Numerical simulations are used to illustrate our theoretical and numerical results.

In future work, we would like to investigate additional control strategies such as pulse vaccination

for speedy eradication of cholera. Double patch model for the transmission of cholera with time

delay would also be considered to investigate the effect of time delay in the presence of movement

of individuals from one patch to another during epidemic.

Disclosure statement

The authors hereby declare that there is no conflicts of interest whatsoever.

References

18

[1]

2]

T. Berge, S. Bowong and J. M. S. Lubuma, Global stability of a two patch cholera model
with fast and slow transmissions, Maths. and Computer in simulation, 133 142-164 (2017).

E. Beretta and Y. Kuang, Geometric Stability switch criteria in delay differential system
with delay dependent parameters, STANJ, Math. Anal. 13 1144 - 1165 (2002).

F. Brauer and C. Castillo-Chavez, Mathematical Models in Population Biology and Epi-
demiology, Vol. 2. New York: Springer, 2012.

L. Cai, C. Modnak, J. Wang, An age-structured model for cholera control with vaccination,
Applied Mathematics and Computation 299 127-140 (2017)

C. T. Codeco, Endemic and epidemic dynamics of cholera: the role of the aquatic reservoir,
BMC Infec. Dis. 1 (1) 1-14 (2001).

K. L. Cooke and P. van den Driesche, On Zeroes of Some Transcendental Equations,
Funkcielaj Ekvacioj, 29 77-90 (1986).

A. Dednes, A. B. Gumel, Modeling the impact of quarantine during an outbreak of Ebola
virus disease, Infectious Disease Modelling 4 12-27 (2019).

J. Dhar, A. K. Sharma, The role of viral infection in phytoplankton dynamics with the
inclusion of incubation class, Nonlinear Analysis Hybrid Syst. 4 9-15 (2010).

JNSMB, Vol. 3 (2020) (€ NSMB; www.tnsmb.org



Journal of the Nigerian Society for Mathematical Biology
Volume 3 (2020), pp. 1 - 20

[9]

[10]

[12]

[13]

[14]

[21]

22]

23]

19

B. Gontijor and L. de-Carvalho Mde, American Cutaneous Leishmaniasis, Rev. Soc. Bras.
Med. Trop. 36 (1) 71-80 (2003).

T. H. Gronwall, Note on the derivatives with respect to a parameter of the solutions of a
system of differential equations, Anal. Math. 292-296 (1919).

J. K. Hale and S. M. Verduyn Lunel, Introduction to Functional Differential Equations,
Springer-Verlag New York Inc, 1993.

D. M. Hartleyl, J. G. Morris Jr.1, D. L. Smith, Hyperinfectivity: A Critical Element in
the Ability of V. cholerae to Cause Epidemics?, PLoS Medicine 3 (1) 0063-0069 (2006).

A. S. Hassan, Dynamical analysis and consistent numerics for a delayed model of viral
infection in phytoplankton population, Afrika Mathematika, 29 (1 - 2), 277-294 (2018).

A. S. Hassan and N. Hussaini, Analysis of an HIV - HCV simultaneous infection model
with time delay, J. Nig. Soc. Phys. Sci., 3, 1-11, 2021.

M. W. Hirsch, and S. Smale, Differential Equations, Dynamical Systems, and Linear Al-
gebra, Acad. Press, New York, (1974).

G. Huang and Y. Takeuchi, Global analysis on delay epidemiological dynamic mode with
nonlinear incidence, Journal of Mathematical Biology, 63 (1) 125-139 (2011).

A. Kaddar, Stability analysis in a delayed SIR epidemic model with a saturated incidence
rate, Nonlinear Analysis: Modelling and Control, 15 (3) 299-306, (2010).

Y. Kuang, Delay differential equations with application in population dynamics, Mathe-
matics in Science and Engineering, 191, Arizona, 1993.

J. P. LaSalle, The Stability of Dynamical Systems, Regional Conference Series in Applied
Mathematics, STAM, Philadelphia, 1976.

A. P. Lemos-Paiao, C. J. Silva, D. F. M. Torres, An epidemic model for cholera with
optimal control treatment, Journal of Computational and Applied Mathematics, 318 168
180 (2017).

A. K. Misra, S. N. Mishra, A. L. Pathak, P. Misra, R. Naresh, Modeling the effect of time
delay in controlling the carrier dependent infectious disease — Cholera, Applied Mathe-
matics and Computation 218 11547-11557 (2012).

C. C. Mccluskey, Lyapunov Functions for Turberculosis Models with Fast and Slow Pro-
gression. Mathematical Biosciences and Engineering, 3 (4), 603 (2006).

N. Nirwani, V. H. Badshah and R. Khandelwal, SIQR model for transmission of cholera,
Advances in Applied Sciences Research, 6 (6) 181-186 (2015).

D. Prasenjit, D. Mukherjee and A. K. Sarkar, Effect of Delay on the model of American
Cutaneous Leishmaniasis, Journal of Biological System, 15(2) 139-147 (2007).

M. A. Safi, A. B. Gumel, The effect of incidence functions on the dynamics of a quar-
antine/isolation model with time delay, Nonlinear Analysis: Real World Applications 12
215-235 (2011).

JNSMB, Vol. 3 (2020) (€ NSMB; www.tnsmb.org



Ahmed Nakaka and Adamu Shitu Hassan

[26]

[27]

[31]

32]

[33]

[34]

20

M. A. Safi, D. Y. Melesse, A. B. Gumel, Dynamics Analysis of a Multi-strain Cholera
Model with an Imperfect Vaccine, Bulletin of Mathematical Biology, 75(7), 1104-1137
(2013).

G. Q. Sun, J. H. Xie, S. H. Huang, Z. Jin, M. T. Li, and L. Liu. Transmission dynamics
of cholera: Mathematical modeling and control strategies, Communications in Nonlinear
Science and Numerical Simulation, 45 235-244 (2017).

L. Tiantian and Y. Xue, Global Stability Analysis of a Delayed SEIQR Epidemic model
with Quarantine and Latent. Applied Mathematics, 4 109-117 (2013).

United Nations Office for the Coordination of Humanitarian Affairs (UNOCHA)
https://www.unocha.org/ (Accessed in March 2018).

X. Wang, D. Gao and J. Wang, Influence of human behavior on cholera dynamics, Math-
ematical Biosciences, 267 41-52 (2015).

Y. Wang, J. Wei, Global dynamics of Cholera model with time delay, Int. J. Biomath. 6
(1) 1-18 (2013).

C. Wei and L. Chen, A Delay Model with Pulse Vaccination, Discrete Dynamics in Nature
and Society, Article 1D746951, doi : 10.1155/2008/746951, 1-12 (2008).

WHO :Weekly epidemiological records, August, (2013).

P. Yongzhen, L. Shaoying, G. Shujing, L. Shuping and L. changguo, A delayed SEIQR
epidemic model with pulse vaccination and the quarantine measure, Computers and Math-
ematics with Applications, 58 135-145 (2009).

Z. Zhang and H. Yang, Hopf Bifurcation of an SIQR Computer Virus Model with Time
Delay, Discrete dynamics in nature and society, 2015 1-8 (2015).

W. Zhen, Z. Xiao-Qiang, Global dynamics of a time-delayed dengue transmission model,
Canadian Applied Mathematics Quartelry, 20 (1) 89-114 (2012).

X. Zhiting, Z. Xiao-Qiang, A vector-bias malaria model with incubation period and
diffusion, Discrete and Continuous Dynamical Systems - Series B, 17 (7) doi
10.1371/journal.pone.0020891 (2012)

X. Zhou, X. Shia, J. Cui, Stability and backward bifurcation on a cholera epidemic model
with saturated recovery rate, Mathematical Methods in the Applied Sciences, 40(4),
1288—1306 (2017).

A. Zilinskas, J. Zilinskas, Adaptation of a one-step worst-case optimal university algorithm
of bi-objective Lipschitz optimization to multidimentional problems. Communication in
Nonlinear Science and Numerical simulation, 21 (1-3) 89-98 (2015).

JNSMB, Vol. 3 (2020) (€ NSMB; www.tnsmb.org



Journal of the Nigerian Society for Mathematical Biology
Volume 3 (2020), pp. 21 - 33

Mathematical model for the introduction of
Wolbachia-infected mosquitoes to stop the spread of
Yellow Fever

M. C. Anyanwu*and O. F. Anorue'

Abstract

In this paper, we model the use of wolbachia-infected aedes aegypti mosquitoes to control
the spread of yellow fever. Yellow fever is spread through bites of infected and uninfected
aedes aegypti mosquitoes. The model, which is a system of non-linear ordinary differential
equations, describes the transmission dynamics of the disease in the human population, natu-
ral aedes aegypti mosquitoes population and wolbachia-infected mosquitoes used for control.
The expression for the control reproduction number of the disease is derived through the
next generation matrix approach. In the stability analysis, the Gershgorin’s theorem is used
to obtain the condition under which the disease-free equilibrium is locally asymptotically
stable. Also, in the absence of wolbachia-infected mosquitoes, the disease-free equilibrium
is locally asymptotically stable if the basic offspring number and the basic reproduction
number are less than one. The presented numerical results show that the population of the
wolbachia-free aedes aegypti mosquitoes diminishes over time as compared to the population
of the wolbachia-infected mosquitoes. These results confirm that the use of wolbachia can
be effective in combating the spread of yellow fever.

Keywords: yellow fever; aedes aegypti; wolbachia; offspring number

1 Introduction

Yellow fever, a hemorrhagic fever caused by Flavivirus, family Flaviviridae is primarily transmit-
ted to human through the bite of an infected female aedes aegypti. This mosquito also transmits
dengue, chikungunya and zika[8, 9]. The origin of the disease is Africa, from where it spreads
to South America through the slave trade in the 17th century[12, 14]. The yellow fever was
the first human virus discovered and its family comprises approximately 70 viruses[9, 7], most
of which are transmitted through arthropod insects. For those infected, the disease incubates
in the first 3-6 days of onset, after which there is abrupt “ period of infection “ of the intense
viremia lasting for 2-4 days ( fever, weakness, headache, nausea, muscle pain)[7]. This is followed
by a period of remission in which the symptoms reduce and settle and most infected individuals
recover at this stage. Thus some 85% of yellow fever infections are asymptomatic and then 15%
of patients relapse and move to a “period of intoxication “characterized by abdominal pain,
vomiting, jaundice (yellow skin and eyes) and often culminating in death. Recent developments
in epidemiological studies have shown that mathematical modeling played a significant role in
the fight against infectious diseases and incessant disease outbreaks [6]. However, the control of
these diseases can be achieved by acting on the mosquito population and in absence of vaccine
or curative treatment, control turns out to be an important tool in the mission of reducing
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transmission. However, the traditional use of insecticides is often excessively expensive and en-
vironmentally undesirable and could lead to its resistance [20, 17].

In this work, we model the use of wolbachia bacterium which is a novel, natural and self- sustain-
ing approach to reduce arboviral diseases such as Dengue, zika virus disease, etc, transmitted
by aedes aegypti mosquitoes[4]. The symbolic Wolbachia is found naturally in over 60% of in-
sect species, but not in aedes aegypti, which lives in the testes and ovaries of their hosts and
is passed from one generation to the next through the eggs of mosquitoes[19]. Thus, they can
interfere with the reproductive process of mosquitoes causing phenomena such as cytoplasmic
incompatibility (C.I), parthenogenesis and fertilization of genetic males[4]. Appearances of these
phenotypes depend on the host species and Wolbachia types. C.I causes uninfected Wolbachia
females that mate with the infected Wolbachia males to rarely produce fertile eggs, while infected
Wolbachia females are not affected. This gives the infected Wolbachia females an advantage and
helps the bacteria to spread quickly through the mosquito population, which effectively block
the reproduction of the vector mosquitoes|2].

2 Model Formulation

The mosquito population is made up of the wild(or wolbachia-free) (N) and wolbachia-infected
aedes aegypti mosquitoes(W), with the classes Eggs(E};), adult male mosquitoes(/;), adult fe-
male mosquitoes that are not pregnant(F;), and pregnant mosquitoes, which are either suscepti-
ble mosquitoes, (S;),the exposed mosquitoes, (E;) or infectious mosquitoes,(I;), where i = N, W
and j = 1,2. We assume that only the pregnant female mosquitoes bite humans since they
need the blood to nourish their eggs after mating. Let T; = S; + E; + I;, be the total female
pregnant mosquitoes. We assume that these pregnant mosquitoes lay eggs at the rate «, to
produce the quantity of eggs, aF;(1 — %), where K is the carrying capacity of the environ-
ment. The laid eggs mature to either adult males (My) or adult females (F) in the numbers,
em(1 — ¢)E7 and €(1 — m)(1 — ¢)Eq, respectively, for wolbachia-free mosquitoes and emFEs and
€(1—m)Ey, respectively, for adult male and female wolbachia-carrier mosquitoes, where € is the
rate of maturity of eggs into adult mosquitoes, m is the proportion of eggs that mature into
adult males and c is the proportion of the eggs that are affected by cytoplasmic incompatibil-
ity (CI), hence, (1 — ¢) is the proportion of the eggs that are not affected by CI. We take ¢ = 0
for the case of wolbachia-infected mosquitoes, since their eggs are not affected by cytoplasmic
incompatibility. The eggs are assumed to die at the rate,ug. The adult female mosquitoes com-
prise the female mosquitoes that have matured from eggs and the ones that migrated into the
area at the recruitment level,my. The adult uninfected female mosquitoes become susceptible
after mating with males of both species of mosquitoes. The process of mating and becoming
pregnant is modeled through the expression pﬂ%, where p is the mating rate, and
Mg is the number of male mosquitoes other than aedes aegypti. These male mosquitoes are
assumed to interfere in the mating of aedes aegypti mosquitoes. The term % can
be regarded as the probability of mating with wild male mosquitoes,Mpy or wolbachia-infected
males mosquitoes,Myy. Therefore, in the analysis and implementation of the model, we take
m = p and m = g so that % = p+q. The susceptible mosquitoes
get exposed to the virus when they bite infectious humans at the rates, by and byapgw, re-
spectively for wolbachia-free and wolbachia-carrier mosquitoes, respectively, where b; and b
are the biting rates of wolbachia-free and wolbachia-carrier mosquitoes, respectively, and agy
and agw are the transmission probabilities of the virus from infected humans to wolbachia-free
and wolbachia-carrier mosquitoes, respectively. The susceptible mosquitoes are also recruited
through migration at the rate, m3. The mosques become infectious at the incubation rates, Sy
and By for wolbachia-free and wolbachia-carrier mosquitoes, respectively, where, Sy < On.
The infectious mosquitoes remain so until they die naturally at the rate, uy. The susceptible
class in the human population increases due to recruitment at the level, m4, and those who
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have recovered from the illness at the rate, n. This class decreases due to natural death of hu-
mans at the rate, uo and when they are infected with yellow fever through the bites of infected
wolbachia-free and wolbachia-carrier mosquitoes at the rates, byayn and boayy 7, respectively,
where ayyg and ap g are the transmission probabilities of the virus from infected wolbachia-
free and wolbachia-carrier mosquitoes, respectively to humans such trhat aw g <« ayg. After
contracting the virus, humans become infectious at the expiration of the incubation period,BLH7
where, By is the incubation rate of the virus in humans. The infected humans are assumed to
recover from the disease at the rate, «y. while the disease-induced death occurs at the rate, 6.

The associated system of ordinary differential equations based on the interactions amongst the

three populations is given by

dE EW+E
L —ary(1- St B e(l—c)(1—=m)Ey —em(1 —c)E1 — poFEr
dt K
dM
TN =em(l —c)Ey — piMy

F M M
N:7r1+e(1—c)(1—m)E1—pFN N+ M

—p1Fn

dt My + M, + My
dSn My + M,
— = F ) SnIlg — u1S
I T + p NMN+Mw+M9 1XHNONIH — 1OoN
dF
d—tN =biagnSnIg — (BN + m1)EN
dln
CN _ gy Ey -l
dt BNEN — piln
dE E E
d—t2 = oTw <1 — %) —€e(1—=m)Ey — emFEy — u1 Es
dMyy
SEW By — M,
i eEmrtiy — ppMw (1)
FW MN +Mw
W 1 — m)Ey — pF — P
7 73 + €(1 — m)Es pNMN+Mw+Mg w1 Fw
dSw My + M,
— = pF; —b Swlg — 1S
at pWMN—i—Mw—i-Mg 20WOWALH — H1OW
dE
d—tW = byagwSwig — (Bw + 1) Ew
Al
YW By Ew —
7 Bw Ew — p1lw
dSy
g +nRy —biangSuln — b2ownySulw — p2Su
dF
d—tH =bianagSuIN + baawaSalw — (Bu + p2)Enx
dl
i = BB — (40 + p)ln
dR
d—tH =Ig — (n+ p2) Ry

with the initial condition Xo = (EY, M$, FY, S, ES, IS, ES, MY, FS,, SO, BV, 1Y, 8%, B9 19, RY,)
which are all nonnegative quantities. The domain of existence of solution to the IVP can be
described as D = Dy U Dy U D3, where
D) ={(Ey\,Mn,Fn,SN,EN,IN) € Ri!E1 +My+Fy+Sy+Exn+Inv<Ti}
Dy = {(E2, M, Fw, Sw, Ew, Iw) € R} |Ey + My + Fw + Sw + Ew + Iy < Ty}
Ds ={(Su, En, In, Ry) € RY|Sy + Ep + Iy + Ry < T3}
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where T (t), T>(t) and T3(t) are respectively, the total population of normal mosquitoes, wolbachia-
infected mosquitoes and humans, at any time t.

2.1 Model Properties
2.1.1 Existence and Uniqueness of Model Solution

All functions in the right-hand of the model equation (1) have continuous partial derivatives
with respect to the state variables on D. Therefore, the model IVP possesses a unique solution.

2.1.2 Positivity of Model Solution and positive invariance

Here, we follow the method described in [5] to show that all the components of the solution are
nonnegative V¢ > 0, and that all the trajectories enter and remain in D at all times, ¢ > 0. Let
(Ef(t), M} (t)--- ,Rj;(t)) be a fixed solution to the IVP(1) through the initial solution, X, on
[0,7), for a real 7. By continuity of the solution on [0, 7), there exists a 71, 0 < 71 < 7, such
that Ef(¢) > 0, M} (') >0--- ,R};(t') > 0 for any ¢’ € [0,71]. So on [0,71], we have

WO 5 _(e(1—¢) + po)Ef (1) = Ei(t) > By (0)e(€-e)tmo)t 5 q

%f}’@ > —p My (t) = My (t) > My(0)e #* > 0. In this manner, all other components of
the solution can be shown to be positive on [0, 71]. Since the solution is continuous on [0, 7), we
have that the solution is positive on [0,7). So all the components of the solution are bounded
below by a positive number on [0,7). So, lim; .- (Ef(t), M (t)---, R};(t)) > 0. This shows
that all the solution components can be continuously extended to [0, 7], and D is invariant with
respect to the semi-flow defined by the model system on [0,7]. Consequently, [0,00) is the
maximal interval of existence of the solution[11]. Hence, the solution is nonnegative at all times,
and D is positively invariant.

3 Effective Reproduction Number

The effective reproduction number of a disease infection gives on average, the number of sec-
ondary infections that would be recorded when an index case is introduced in a purely susceptible
population in the presence of any control measure applied to stop the spread of the disease. The
control measure is effective if the effective reproduction number is less than one. Otherwise,
the control measure is ineffective, and should be discarded. The method of determining the
effective reproduction number, R,y of the disease is based on the next generation matrix ap-
proach where the reproduction number is given by the spectral radius of the next generation
matrix:Rerr = p(FV '), where FV ! is called the next generation matrix. Tthe matrices F
and V are easily calculated from the model system as described in[1] and in other articles on
infectious disease modeling.

Theorem 1 Given the disease-free equilibrium I'° = (E}, M7, F%, N, 0,0, E5, My, Fy3,,0,0,0,5%,0,0,0),

. x (K—E3)aSy « _ em(l—c)E7 x _ mite(l—c)(1—m)E7 « _ mtp(p+q) Fp
with By = aSy+Ke(l—c)(1-m)+puo’ My = m1 , Py = p(p+a)+p1 YN T o
B — (K—ET)asSy, x _ emBg K m3te(1-m)E3 ko PP+ Iy, ox _ T4
27 aSj+Ke(l-m)fpe” W p 0 TW plp+a)+pe * "W pr P H T
the model has a next generation matriz of the form
0 Kyw Kwnu
K=|Kuny 0 0 ; (2)
Kow 0 0
and the effective reproduction number is
2
Rers = KnuKun + KwaKuw 3)
Bnbianu S Bwb2aw u Sk Brbiap NSy Brbaagw Sy,

where Knn = 2t Kwn = “ige - KEN = Gomm) @ tm) KHW = 55677m) B0 i)
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proof: the size and the elements of the next generation matrix (2) are due to the three pop-
ulations involved in the yellow fever dynamics as assumed in the model. Moreover, for the model,

0 0 0 blOéNHS}k{ 0 bQCYWHS}k;I
0 0 0 0 0 0
F= 0 blocHNS}‘V 0 0 0 0
10 0 0 0 0 0 ’
0 bgaHWS;V 0 0 0 0
0 0 0 0 0 0
Bu + w2 0 0 0 0 0
—Bu v+ 0+ po 0 0 0 0
v _ 0 0 By +p1 O 0 0
B 0 0 BN 1 0 0
0 0 0 0 Bw+pwur 0
0 0 0 0 —Bw m
so that the next generation matrix becomes
0 0 Bybianu Sy banaSy  BwbawuSE  bawn Sy
1 (BN+p1) M1 w1 (Bw+u1) 1
0 0 0 0 0 0
Babiagn S} biagnSi
K= | OForm)Grta OrAotm) 0 0 0 0
0 0 0 0 0 0
Brb20ogrw ST baa S
(7+5+u2)(BHJVrVu2) (7+5+u;)v 0 0 0 0
0 0 0 0 0 0

10000 0\
The multiplication of the form AT/KCA, where A= [0 0 1 0 0 0] isan auxiliary matrix,
000O0T1O0
e

gives the desired structure(2). The largest eigenvalue of (2) is the effective reproduction number
(3) of the model..J

4 Stability Analysis

In this section, we discuss the local asymptotic stability of the disease-free equilibrium for the
complete system and in the absence of wolbachia-infected mosquitoes.

4.1 Local Stability of I'° for the Complete System

The local asymptotic stability of the disease-free equilibrium is determined by the eigenvalues
of the Jacobian matrix of the right-hand side of (1), evaluated at the disease-free equilibrium,
[o. Let J(I'?) be the Jacobian matrix of the right-hand side of (1), evaluated at the disease-free
equilibrium, T°. If all the eigenvalues of J(I'°) are negative or have negative real part, then
I'Y is locally asymptotically stable. The disease-free equilibrium, I'? is unstable if at least one
eigenvalue of J(I') is positive or have positive real part. From (1). we have that
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—al 0 0 a9 as ayq —as 0 0 0 0 0 0 0
ag —ay O 0 0 0 0 0 0 0 0 0 0 0
c1 0 —c O 0 0 0 0 0 0 0 0 0 0
0 0 d —dy O 0 0 0 0 0 0 0 0 0
0 0 0 0 —e O 0 0 0 0 0 0 0 0
0 0 0 0 fi —fo O 0 0 0 0 0 0 0
-9 0 0 0 0O 0 -9 0 0 93 94+ g5 0 0
J(T0) = 0 0 0 0 0 0 h1 —he 0 0 0 0 0 0
0 0 0 0 0 0 k1 0 —ko 0 0 0 0 0
0 0 0 0 0 0 0 0 —m;y —-mg O 0 0 0
0 0 0 0 0 0 0 0 0 0 -n; 0 0 0
O 0 0 0 0 0 —-¢ 0 0 0 0 —p, 0 0
O 0 0 0 0 —¢ 0 0 0 0 0 —qg —g3 O
0 0 0 0 0 51 0 0 0 0 0 52 0 —s3
0 0 0 0 0 0 0 0 0 0 0 0 0 t
0 0 0 0 0 0 0 0 0 0 0 0 0 0
where a; = %—i—e(l—c)(l—m)—i—uo), 0/2:0/32014:04(1—%)’ a5 = af(fv

c1=e(l—c)(1-=m), ca=p(p+q)+p1, di =p(p+q), d2=p1, d3 =bragnSy, e1 = By + 1
S S
e = biagnSy, fi =By, fo=pm1, g1 = &, go = 2 +e(1—m) + po,
Ef+E}
93:94:95:04(1—%), hi =em, ez = p1, k1 = e(1 —m), ko = p(p+ q) + po,
m1 = p(p+q), ma = p1, mz = baagwSyy, n1 = Pw + w1, n2 = baagw Sy, p1 = Bw,
p2 = p1, q1 = biangSy, g2 = bawpgSyy, q3 = p2, q1 =1, s1 =bianySy,
so = boow Sy, s3=Bu + p2, t1 = 0N, ta= (7 +06+ p2), u1 =7, ug =1+ po.
The eigenvalues of J(I'’) are a7 < 0, ho < 0, g3 < 0, uz < 0 and the eigenvalues of the
submatrix

—aq 0 a9 as a4 —as 0 0 0 0 0 0
ci —cg 0 0 0 0 0 0 0 0 0 0
0 di —dy O 0 0 0 0 0 0 0 —ds
0 0 0 —e O 0 0 0 0 0 0 e
0 0 0 fi —f» O 0 0 0 0 0 0
170 -0 0 0 0 0 —g2 O 95 94 g5 O 0
T = 0 0 0 0 0 Kk -k 0 0 0 0 0 (4)
0 0 0 0 0 0 —-m; —mg O 0 0 —mg
0 0 0 0 0 0 0 0 —-n; O 0 —no
0 0 0 0 0 -q¢ 0 0 0 -p2 O 0
0 0 0 0 s 0 0 0 0 s —s3 0
0 0 0 0 0 0 0 0 0 0 t —to

The theorem below gives the condition under which all the eigenvalues of J'(I'") are negative.

Theorem 2 (Gershgorin) Let A = a;; be a complex n x n matric with eigenvalues, X. For
i€mn, let Ry =% ., lai;| be the sum of the absolute values of the non-diagonal entries in the ith
row. Let D(ai, R;) := |A — ai| < R; be a closed disc centered at a;; with radius R;. Then, the
eigenvalues of A belong to the union of the discs, D(a;, R;).
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From the Gershgorin’s theorem, we have that all the eigenvalues, A of J/(I'Y) lie in the union of
the closed disc [A — ai| < 37, lail, 4,5 = 1,2,3- -+ 12. Hence, we have

—(a1 +az +3a3) < XA < ap + 3az — ay,
—(c14+c2) A< e — e,

—(dy +dy +d3) <A< dy +d3z —da,
—(er1+e) <A< ex—ey,
—(fi+ fo) AL fi— fo,

—(g1+ 92 +393) <A< g1+ 393 — g2 %)
— (k1 4 ko) S A< ki — ko,

—(m1 +ma +m3) <A <my +m3 —ma,
—(n1 +n2) <A <ng —nyq,
—(p1+p2) <A< p1—po,

—(s51 4+ 52+ 53) <X <514 59 — 83,

—(t1 +1t2) S A<ty — 1y

Therefore, if J'(I'°) is strictly diagonally dominant, then Gershgorin’s theorem ensures that
A € [-01,—03], where —0; and —0O; are respectively, the minimum and maximum of the left-
hand and right-hand sides of the inequalities in (5). Therefore, the disease-free equilibrium I'°
is locally asymptotically stable if J'(T"?) is strictly diagonally dominant(SDD).

4.2 Local Stability of I'° in the wolbachia-free mosquito system

We consider the stability of I' when the wolbachia-infected mosquitoes have not been introduced

in the population. In this case, the disease-free equilibrium is (E, M%, Fx, Sy, Ex, Iy, St Efp, Ly, Ryp),
and the associated Jacobian matrix is

—al 0 0 a9 as aq 0 0 0 0

as —ay 0 0 0 0 0 0 0 0

c1 0 —c2 O 0 0 0 0 0 0

0 0 d —do 0 0 0 0 —d3 O
11 /10 0 0 0 0 —e O 0 0 €2 0
FT=19 0o o o fi —fp 0 0 0 0 (6)

0 0 0 0 0 q1 —q2 0 0 qs

0 0 0 0 0 S1 0 —s2 O 0

0 0 0 0 0 0 0 t1, —ta2 O

0 0 0 0 0 0 0 0 Uy —ug

Eliminating the rows and columns containing the entries a7 < 0, g3 < 0, us < 0, and transforming
the remaining submatrix to an upper traingular matrix, we find that all the eigenvalues of .J”(I'°)

are negative if
KoffN <1 and R% <1

where

(1 - —) €1 =) —m)pp
20t e(1 = )1 —m) + o) (pp + )i

Koppn = <

is the basic offspring number of the mosquito, and

bifnannSy Brnbianu S
(Br + p2) (v + 0 + p2) pa(By + 1)

RE =
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is the basic reproduction number of the disease in the absence of wolbachia-infected mosquitoes
used for control, Therefore, the disease-free equilibrium in the absence of wolbachia-infected
mosquitoes is locally asymptotically stable if K,;rny < 1 and Rg < 1, simultaneously. This
shows that ther disease-free equilibrium is locally asymptotically stable if the average number of
mosquito offspring produced by each adult female mosquito is less than one, and if the average
number of persons infected by a single index case of yellow fever in a purely susceptible human
and mosquito population is less than one.

5 Numerical Simulations

The simulation of the model is carried out with the following initial solution and the param-
eter values in Table 1. EY = 1000, MY = 1000, Fy = 1200, 5% = 10000, ES, = 1000,1% =
12000, B9 = 0, M3, = 100, F3, = 1000, Sy = 10000, EY), = 0,I% = 0,Sy = 10000, EY, =
1300, 1% = 1500, R}, = 50,11; = 150,72 = 150, m3 = 10000, 74 = 100, K = 20000.In table 1, we
chose parameters of the wolbachia-infected mosquitoes based on the parameters of the normal
mosquitoes. For example, the incubation period of yellow fever virus in the normal mosquitoes is
12 days. Hence, we choose the incubation period of the virus in the wolbachia-infected mosquito
to be double that of the normal mosquito, which is 24 days.This is because wolbachia increases
the incubation period of the virus in its host mosquito. Also, the probability of transmission
aw g of the virus from wolbachia-infected mosquitoes is chosen so that it is much smaller than
that of the normal mosquitoes, since wolbachia reduces the ability of the mosquitoes to transmit
the virus to humans. The result of the numerical experiment is given in Figures 1-6. In the
graphs, "N’ represents normal aedes aegypti mosquitoes, while "W’ represents wolbachia-infected
aedes aegypti mosquitoes.

Parameter | Value | Source | Parameter Value Source
m 0.6 3] 2 3.5 x107° [13]
140 0.0005 [10] e 1/6.67 [10]

aHN 0.175 [21] 5 0.143 [13]
apw 0.175 [21] aw i 0.0005 assumed
11 0.09 [13] QONH 0.175 [21]
B 1/5 8] q 0.25 assumed
b1 0.004 | assumed i 0.015 assumed
by 0.7 [21] D 0.58 assumed

BN 1/12 [19] ) 3.5 x 1074 [13]
Bw 1/24 % of By o 0.15 assumed
p 0.075 | assumed c 0.6 assumed

Table 1: Parameter Values used in this model

6 Results and Discussion

The graphs depict the impact of wolbachia-infected mosquitoes on the population of wolbachia-
free mosquitoes. Figure 1 shows the quantity of eggs produced by the normal mosquitoes(N) and
the wolbachia-infected mosquitoes(W) in a given period of time. From the graph, we see that
the quantity of eggs produced by the normal mosquitoes rises slightly and begins to decrease
as the eggs produced by the wolbachia-infected mosquitoes increase. The reduction in the
quantity of eggs produced by the normal mosquitoes is attributed to cytoplasmic incompatibility,
which prevents eggs produced by the normal female mosquitoes from hatching, when mated by

28 JNSMB, Vol. 3 (2020) ©NSMB; www.tnsmb.org



Journal of the Nigerian Society for Mathematical Biology
Volume 3 (2020), pp. 21 - 33

number of eggs

29

16000

14000

12000

10000

8000

6000

4000

2000

14

12

10

adult female mosquitoes

——[\|

- LR\

60 80 100

time

Figure 1: Quantity of Eggs produced by the mosquitoes

x 10
“----__---—N L
—" - - o\
L 'a _
L 4
'
¢
L 4 i
4
V4
’
,
L ’ 4
|
]
_' -
|
[}
|
7 4
v
| 1 1 T T
0 20 40 60 80 100

time

Figure 2: Number of adult female mosquitoes

JNSMB, Vol. 3 (2020) (€ NSMB; www.tnsmb.org



M. C. Anyanwu and O. F. Anorue

30

exposed mosquitoes

infectious mosquitoes

14

12

10

18

16

x 10
——[\|
- o om\\/ |
i = - b
PR
P
¢
L s i
X4
L4
L4
L ¢ i
L4
L4
V4
L ’ i
/4
V4
L q i
’
4
U4
L ¢ i
V4
l ' 1 1
0 20 40 60 80 100
time
Figure 3: Number of exposed mosquitoes
X 104
—— [\
| -m o -W |
4}
’
¢
L ¢ i
*
4
P
L . i
4
X4
L ¢ i
L4
L4
- ' .
4
L ¢ i
Vs
Y 4
- ' .
L4
L4
L 4 i
o
- B - ! 1 1 1
0 20 40 60 80 100
time

Figure 4: Number of infectious mosquitoes

JNSMB, Vol. 3 (2020) (€ NSMB; www.tnsmb.org



Journal of the Nigerian Society for Mathematical Biology
Volume 3 (2020), pp. 21 - 33

31

exposed humans

infectious humans

12000

10000

8000 f

6000 |

4000

2000

20 40 60 80 100
time

Figure 5: Number of exposed humans

9000

8000

7000

6000

5000

4000

3000

2000

1000
0

20 40 60 80 100
time

Figure 6: Number of infectious humans

JNSMB, Vol. 3 (2020) (€ NSMB; www.tnsmb.org



M. C. Anyanwu and O. F. Anorue

wolbachia-infected male mosquitoes. The reduction in the number of eggs produced by the
normal mosquitoes leads to reduction in the emerging normal adult female mosquitoes as shown
in figure 2, figure 3 and figure 4. In figure 5 and figure 6, we notice an initial increase in
the exposed and infectious human classes, which later decrease as time increases. The period
of increase in the size of exposed and infectious humans can be regarded as the period when
wolbachia-infected mosquitoes have not fully established in the population. In this case, more
normal infectious mosquitoes are available to bite and infect humans with yellow fever.

7 Conclusion

We have modeled the introduction of wolbachia into aedes argypti mosquitoes in order to curb
the spread of yellow fever. An application of Gershgorin’s theorem gives the condition under
which the disease-free equilibrium of the model is locally asymptotically stable. In the absence of
the wolbachia-infected mosquitoes used for control, we derived that the disease-free equilibrium
is locally asymptotically stable if the basic offspring number of the normal mosquitoes and the
basic reproduction number of the disease are simultaneously less than one. This agrees with the
use of wolbachia-infected mosquitoes as control since it reduces the basic offspring number of the
wild mosquitoes through the action of cytoplasmic incompatibility and reduces the basic repro-
duction number through reduction in the incubation rate of the virus in the wolbachia-infected
mosquitoes. Numerical simulations of the model also show that the population of the normal
mosquitoes, including its eggs is reduced compared to the population of the wolbachia-infected
mosquitoes which increases. This shows that the wolbachia-infected mosquitoes gradually re-
places the normal mosquitoes in the area where yellow fever is endemic. In this case, less number
of normal mosquitoes would be available to bite and transmit yellow fever virus to humans, and
the more abundant wolbachia-infected mosquitoes would have less ability to transmit the disease
to humans. We therefore conclude that releasing wolbachia-infected aedes aegypti mosquitoes
in the area where yellow fever is endemic has the ability to prevent the disease from spreading
in the population.
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Dynamical analysis of a two-strain treatment model for
Anthrax in a population where it is deployed as bio-
terrorism weapon

"P.O. Ameh, B.I. Omede and B. Bolajit

Abstract

The major short coming associated with the use of antibiotics to combat anthrax in a
population under the siege of its attack, is the emergence and transmission of anthrax that
are resistant to these drugs. Consequently, our focus in this work is the formulation of a
new deterministic treatment model which incorporates a wild (drug-sensitive) and drug-
resistant strain for gaining insight into the dynamical features of the two strains of anthrax,
with a view to determining result-oriented, and effective ways to control the spread of the
disease and its treatment in this circumstance. Discoveries from both the qualitative and
numerical analysis of the model, is that the model has two equilibria: the disease free
equilibrium (DFE) which is locally asymptotically stable when a certain epidemiological

threshold R (the associated reproduction number) is not up to unity, that is, Ry <land
the disease will persist in the community when the threshold exceeds unity, thatis, Rj =1

. In addition, for the case whete Ré > 1, itis shown that the model can have two co-existing
endemic equilibria and there is occurrence of a phenomenon, competitive exclusion
whenever the associated reproduction number of the drug-resistant strain ( R,; ) is greater
than that of the wild strain (R},). On the other hand, unlike in the treatment model, it is
shown that the model without treatment can have a family of infinitely many endemic

equilibria when its associated epidemiological threshold (R,) exceeds unity. Whenever

R\;v - R; and R\;v >1, it is shown that widespread application of treatment regimen of

combination of prophylaxis and antibiotics against the wild strain of the disease can lead to
its elimination from the community if the associated reduction in infectiousness of infected
individuals who were treated for the wild strain infection does not exceed a certain

threshold value, which in this case, is the use of treatment expected to make R\;v =< R; .
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1 Introduction

Bacillus anthracis is the bacteria causing an acute infectious disease referred to as Anthrax. Anthrax
causative bacterium, a non-motile, spore-forming bacterium, produces spores, small resistant cells that
are capable of surviving for many years in the environment [1, 2]. The disease which commonly occur
in wild or domesticated animals has an occurrence in humans due to exposure to infected animals or
tissue from animals that have been infected with the disease or expose directly to Bacillus anthracis.
There are basically three forms of occurrence: coetaneous, gastrointestinal, and inhalation [3]. The
time between becoming infected and developing symptoms of the disease, - incubation period - is
usually one to seven days, commonly but can be up to two months at times. The neurological
symptoms of anthrax at prodromal stage are non-headache, such as fever, fatigue, and muscle aches.
Strict adherence to prophylaxis during incubation stage will not lead to illness. The veterinary vaccine
that is currently in use in the U.S. is a spore suspension from a virulent non-encapsulated strain [5, 6].
Original human anthrax vaccine have been developed in the 1950s. From the examination of the safety
of the vaccine, [7] concluded that there is relatively minor individual reactions to it. Antibiotics such
as Penicillin G., Amoxicillin, Doxycyline and Ciproflaxacin have been found to be effective for the
treatment of anthrax [6, 7]. However, there is report that 20% of untreated people may die of the
disease. A large numbers of humans and animals were killed by the disease in the middle ages when it
swept across Europe [8]. With the industrialization of Europe, however, smaller outbreaks of anthrax
began to occur in factories where imported animal hides and hair were processed [9]. It is pertinent
to note that anthrax is a potential agent for use in biological warfare due to the fact that it has virulent
characteristics that have made it attractive as a bio-weapon. Cases of use of anthrax as a bio-terrorism
weapon has been reported by many researchers, which include [14-16, 34]. It should be noted that
although, the scourge of anthrax can be combatted with vaccine and effective treatment with
ciprofloxacin and doxycycline; however, with low dosage of antibiotics, treatment can fail [17]. There
now abound evidences of development of resistance to Penicillin G., and Amoxicillin and other
antibiotics used in the treatment of anthrax [18-20].

Mathematical models have been found to provide key insights into the causes of an outbreak
of disease and help the management in the allocation of healthcare resources optimally by investigating
the impact of alternative interventions [31]. In literature, there exist several attempts to study the
dynamics of the transmission of anthrax in a population. [21] formulated a model considering only
the susceptible animals, the environmental contamination and the number of carcasses of
animals that may have died of anthrax. [22, 23] in their models investigated the contamination of
environment and the contact between animal and infected carcasses, they discovered that if there is
early and effective treatment, the infected animals can be cured. [24] formulated epidemic models on
anthrax transmission in animals; they do not consider anthrax as a zoonotic disease. As a result of the
renewed interest in anthrax, other researchers such as [24-28] provided comprehensive and
complementary perspectives on this disease.

Arising from the reported cases of the deployment of anthrax as bio-terrorism weapon in
literature, then the objective of this study, therefore, is to design a new deterministic treatment model
which incorporates the drug-sensitive and drug-resistant strain into the transmission dynamics of
anthrax in a population where it is deployed as bio-terrorism weapon such that the two strains of the
disease are co circulating. We shall undergo rigorous analysis of the resulting deterministic system of
non-linear differential equations with a view to gaining insight into its dynamical features towards
exploring the strategies for its control and cure.
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2 Model formulation

We split the total population of the people in the community at time t, denoted by N (t), into
mutually exclusive compartments of Susceptible people that are not on prophylactic treatment (usually

called Prophylaxis) within 48 hours of case detection in their household §; (t) , susceptible people
that are on eatly Prophylaxis Sgp (t) , susceptible people that are on late Prophylaxis S, (t) , exposed
people with wild strain of the disease E, (t), exposed people with resistance strain of the disease
(= (t) , asymptomatic infectious people with the wild strain |, (t) , symptomatic infectious people
with the wild strain lg, (t) , asymptomatic infectious people with the resistance strain |4 (t) ,
symptomatic infectious people with the resistance strain lgq (t), the treated class Ty (t) of the wild

strain, and the recovered people R (t) , so that we have:

N (t) =Sy (t)+Sep (t)+Sip (t)+Ey (1) + Eg (t)+ Loy (1) + gy () + g (1) + 1 (1) + Ty (1) +R(Y)

We generated the population of Susceptible people that are not on prophylaxis within 48 hours of
case detection in their household § (1’), by the birth of children at a rate 7 and diminished by

individuals who acquire infection following contact with infected individuals at the rate A, , primary

infection with wild strain and Ag, primary infection with resistant strain. There is a further reduction

in this population by individuals who progressed at rate @ to the class of susceptible on early
prophylaxis and natural death (at a rate  ; natural death occur in all epidemiological compartments at

this rate), so that we have:

ds,
dt

=7 —(Ay +25)Sy —(a+ u)S,

We generated the population of susceptible people that are on eatly Prophylaxis Sgp (t) , following the

prophylaxis of the fraction, Kk, where 0 <k <1 of susceptible individuals not on prophylaxis at the
rate Kar. This population is diminished by susceptible individuals who are on early prophylaxis who

came in contact with infected individuals at the rate (1—81)ﬂw and (1—81)2,R (where & is the

efficacy of the early prophylaxis) and natural death, so that we have:

dSep

=kaS, —(1-&)(Ay + ) Sep — HSep
We generated the population of susceptible people that are on late prophylaxis S, p (t) , following the

prophylaxis of the fraction, k, where 0 < k < 1 of susceptible individuals not on prophylaxis at the

rate (1— k)a . This population is diminished by susceptible individuals who are on late prophylaxis
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who came in contact with infected individuals at the rate (1-¢,) A4, and (1-¢,) 4z (where &, is the

efficacy of the late prophylaxis) and 0 < &, < &) and natural death, so that:

dSp
dt

= (1-K)aSy —(1-&,)(Ay + 25 ) Sip — 4S1»

We generated the population of exposed individuals to the wild strain of the disease E, (t) by
susceptible individuals not on prophylaxis who came in contact with those who are infected by the
wild strain at the rate A, and susceptible individuals on early prophylaxis who came in contact with
those who are infected by the wild strain of the disease at the rate (1—81)ZW and susceptible
individuals on late prophylaxis who came in contact with those who are infected by the wild strain of
the disease at the rate (l—SZ)ZW. This population is diminished by exposed individuals who
progressed to infected class with the wild strain of the disease at the rate o, and natural death, so
that we have:

¢,

dt :{SU +(1—€1)SEP +(1—82)SLP}2W +(GW +,u)EW

Likewise, we generated the population of exposed individuals to the resistance strain of the disease
which is given by:

dE,
dt

={SU +(1-&) S +(1—52)SLP}/1R +(oq + 1) Eq

We generated the population of the asymptomatic infected class with the wild strain of the disease
I (t) by the fraction, f,, where 0< f, <1 of individuals that progressed from exposed with wild
strain to asymptotically infected with the wild strain at the rate (1— fl)O'W. This population is
diminished by those who progressed to symptomatic infected class with the wild strain at the rate y,

. This population is further reduced by disease-induced death at the rate &, and natural death, so that:

dlaw _

dt (1_ fl)O-WEvv_(7w+5vv+ﬂ)|AW

We generated the population of the symptomatic infected class with the wild strain of the disease
low (t) by the remaining fraction of those individuals that progressed from exposed wild strain to
symptomatic infected individuals with the wild strain at the rate f,0;, and individuals who progressed

from infected asymptomatic wild strain to symptomatic infected individuals with the wild strain at the

rate 7, . This population is diminished by those who progressed to treatment class at the ratez,, .
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There is a further reduction in this population by disease-induced death at the rate &, and natural

death, so that we have:

dlg,
dt

= fow By + 7w Law _(TW +0y +,u)|sw

We generated the population of the asymptomatic infected class with the resistance strain of the
disease |, (t) by the fraction, f, , where 0< f, <1 of individuals that progressed from exposed with
resistance strain to asymptotically infected with the resistance strain at the rate (1— fz)GR; the
population is further increased by the fraction f,, where 0< f; <1 of individuals who resisted
treatment in the treatment class at the rate fyy, . This population is diminished by those who
progressed to the class of symptomatic infected with resistance strain at the rate 7. This class is

further reduced by disease-induced death at the rate d; and natural death, so that:

dl g
dt

:(l_ fZ)GRER + f T _(7/R +0p +lu)IAR

We generated the population of the symptomatic infected class with the resistance strain of the disease
I (t) by the remaining fraction of those individuals that progressed from exposed resistance strain
to symptomatic infected individuals with the resistance strain at the rate f,0p;this population is
further increased by the remaining fraction (1— f3) of individuals who resisted treatment in the

treatment class at the rate (1— f3)l//w that progressed to this class. There is further increment in this

population by the individuals who progressed to this class from the asymptomatic infected class at the
rate ¥5. This population is diminished by disease-induced death at the rate 0 and natural death, so

that we have:

dl
iR = f,oq +(1_ fs)l//WTW +7rlar _(5R +/U) s

We generated the population of the treated class T, (t) following the individuals who are symptomatic
infected with the wild strain of the disease and progressed to the treatment class at the rate 7, ; but
this population is diminished by those individuals who resist treatment at the rate ¥, and progression

from treated class to recovered class at the rate V. There is a further reduction in population by

disease-induced death at slower rate 86,, and natural death, so that the treated class is given by:

dT.
d—r’:rwlsw —(py +V+68, + 1T,
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We generated the population of the recovered class R(t) by those who recovered from the disease

due to treatment at the rateV ; while the population of the class is diminished by natural death; so that
we have:

drR
E:VTW —IUR

Based on the above formulations and assumptions, the model for the transmission dynamics of the
two strains of anthrax is given by the following deterministic system of non-linear differential

equations:
djtu =7 —(Ay + 2 )Sy —(a+ u)S,
ds
TEP = (1— k)aSU —(1—81)(/1\,\, + /1R)SEP — USgp
ds,,

=kas, _(1_82)(ﬂw +/1R)SLP —HSp

dﬂ:{su +(1—81)SEP +(1_82)SLP}2W _(O-W +'U)EW

dt
ddEtR ={S, +(1-£,)Sep +(1-,)Sip | & —(0n + 1) Eq )
d:j%:(l_ f) O B = (% + S +44) Law
d:jstw = f.00 Ew + 2w law — (7w + 8y + 1) lgy
%:(1— f,)orEr + Ty —(7a + 05 + 1) L e
d(lj;R = 1,00 B + (1= £y Ty +7plar = (6 + 1) 1
CLLE[N=TWISW—(1//W+V+49QN + 1) Ty
?j—?:vTW—yR
where A\N:AN(IAVKI+ISW)and ﬂR:ﬁR(IAKI‘HSR)
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It should be noted that the effective contact rate with infected individuals having the wild strain and

resistant strain of the disease is £, and [ respectively.

Below is the itemization of some of the main assumptions made in the formulation of the model:

(i) The disease-induced death rate in all the infected compartments and natural death rate in all

the compartments are the same.

(i) In the treatment class, infection takes place.

(iii) There cannot be natural recovery from the infection [17].

It is pertinent to note that model (1) is an extension of models for transmission of anthrax in the
literature such as those in [11, 12, 16, 21, 22, 23] by inter alia:

M

2

3)

40

As against the transmission dynamics of anthrax in literature, including those in [11, 12, 16,
21, 22, 23], we considered the two strains of the disease that can co-circulate in a given
population where anthrax is endemic, the drug-sensitive and drug-resistance strain. It should
be noted that this was not done in any of the afore-mentioned works; they only considered a
single strain of the disease. The motivating factor for incorporating the two strains into our
model is the community — wide impact of the two strains of the disease co circulating in the
community that now abounds [18, 19]; and there is need to qualitatively assess them;

Including the dynamics of Exposed individuals to the dynamics of the disease by incorporating

classes E, & E. This is not included in any of the afore-mentioned models;

Including a compartment for the treated individuals against the infection of anthrax, since
there exist treatment for the disease as obtained in literature (see [6, 7]); however, it should be
noted that this is not included in any of the afore-mentioned models.
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Figure 1: Schematic diagram of the model
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Table 1. Description of variables and parameters for model (1)

Variables Interpretation
Sy Population of susceptible individuals not on prophylaxis
Sep Population of susceptible individuals on early prophylaxis
Sip Population of susceptible individuals on late prophylaxis
Ey Population of exposed individuals to wild strain
Eg Population of exposed individuals to resistance strain
Ly Population of asymptomatic infectious individuals with the wild strain
Lsw Population of symptomatic infectious individuals with the wild strain
Lig Population of asymptomatic infectious individuals with the resistance strain
Isg Population of symptomatic infectious individuals with the resistance strain
Tw Population of treated individuals who are infected with the wild strain
R Population of the recovered individuals
Parameters Interpretation
T Recruitment rate
a Progression rate of susceptible people not on prophylaxis to the class of susceptible

people on eatly/late prophylaxis

Aw (AR) Force of infection for wild (resistance) strain
£1/&; Efficacy of prophylaxis drug for eatly/late treatment respectively
U Natural death rate
ow (og) Progression rate of people in exposed class of wild (resistance) strain to infectious

class of wild (resistance) strain
Sw(6R) Disease-induced death rate due to wild (resistance) strain of the disease

Yw ¥r) Progression rate from asymptomatic infected people with wild (resistant) strain to
symptomatic infected wild (resistant) strain

Yy Progression rate of people who resist treatment (fail) to symptomatic or
asymptomatic infected class

Tw Rate of treatment of symptomatic infected people with the wild strain of the disease
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6 Modification factor for progression to death by treated individuals

f Fraction of people in exposed class of wild (resistance) strain who progressed to
infectious classes

k Fraction of people who are susceptible but not on prophylaxis who progressed to
class of susceptible on early or late prophylaxis

Bw (Br) The effective contact rate with infected individuals having the wild strain (resistant
strain) of the disease

v Rate of progression from treatment class to recovery class

2.1 Basic Properties

In order for the model (1) to be meaningful epidemiologically, there is the need to prove that all the
state variables of the model are non-negative for all time (#). So to say that the solution with positives
of the model (1) with positive initial data will remain positive for all t>0. We do this as follows:

Note that, initially,

Sy (1) +Sep (1) +S,p (0) + Eyy (1) + Eq (1) + 1y () + 1y (©) + 1og () + 1o (0) + T, (£) + R = N(t).
Thus, at any time 4 Sy, (t) < N(t), S (1) < N (1), S5 (£) < N(t), E,, (t) < N(t), Eq (t) < N (1),

e © < N, Ty (©) < N, 1 (1) < N(D), 1 (8) < N (), T, (£) < N(t),and R < N(t), so that

ds,
dt

=7 = AySy — A4Sy —aSy — Sy 2 Ay Sy — A4Sy —aSy — 1Sy

2 =255, =25y —aS, — 1S,

From here, it is clear that
S(t) = S(0)e P4t o, for t>0 and S(0) > 0.

By using similar approach, it can equally be shown that Sg, (t) >~ 0,S - (t) > 0,E,, (t) = 0, E;(t) >0,
Faw (1) =0, 1g, (1) =0, 1,5(t) = 0,1 (t) >=0,T, (t) =0, and R > 0, respectively. Hence the solution

of the model remains non-negative for all non-negative initial conditions.

Lemma 2.1

The region D={(SU,SEP,SLP,EW,ER, L s Lo s L ars ISR,TW,R)E Ril: N Sz} is positively-
u
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invariant and attracts all the solution in Ril.

Proof: By adding the equations in the model system, we have:

dN
E:ﬂ_ﬂN_é‘W(IAW+ISW)_5R(IAR+ISR)_65WTW @

In the absence of disease, J,, and J; equals zero; therefore equation (2) becomes:

N
—<m7—uN
dt H

N
Thus, whenever N > z then—— < 0. Hence, since it follows from the right hand side of the
Y7,
inequality that — is bounded by 7 — N | a standard compatison theorem can be used to show that:

N(t)<N(0)e™ +;(1—e”t).

If N (O) < ,then N (t) < Thus, D is a positively-invariant set under the flow described by model
7

(1) so that no solution path leaves through the boundary of region D. Hence, it is sufficient to consider
the dynamics of the model in region D. Thus, in this region, the model can be considered as been
epidemiologically and mathematically well-posed [29].

This ends the proof.

3 Treatment-free model

For convenience we first study a version of model (1) in the absence of treatment by setting

Ty =7y =0 =y, =0 before we proceed to analyze the treatment model (1); thus, we obtain a

treatment-free model:

djtu =7Z-_(AW +/1R)SU _(OH‘,U)SU

ds

52 = (1-K)aS, —(1-5) (s + /) Sen — e
djtw —KkaS, —(1-8,) (A + 4 )i — S0
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dﬂ:{su +(1-£)Ser +(1-5,)Sip | Ay —(ow + 1) Ey

dt
dE
- ={Sy +(1-£)Se +(1-5,) S } A4 —(0r + 1) Eq ©)
dl
%:(1_ f,)ow By = (i + 0 +2) Law
dl
dStW = fiowEw + 70l aw _(§W +/u)|sw
dl
d—/;R :(1_ fZ)O-RER _(7R + 0 +/u)IAR
dl
diR = f00Er + 7w law _(5R +:u)ISR
dR
— =—uR
dt HR
I +1 I+ 1
where ﬂW=AN( AV|<| SW)and ﬂR:—ﬂR( Alij SR).
For the treatment-free model (3), it can be shown that the following region is positively, invariant and
attracting: D, ={(sU SerSipr B B L T Lo 1  R)€ R EN sﬁ}
Y7

So that it is sufficient to consider the dynamics of the treatment-free model (3) in D, .

3.1 Local stability of disease-free equilibrium

For the treatment-free model (3), the disease-free equilibrium (DFE) is given by:

o am ak x w e e o ko w Ka  wll-k
&y :{(SU’SEP’SLP'EW’ER’IAW’ISW’IAR’ISR’R ):(af,u',u(af,u)’Z((a—i—;)ja)'oyo,oyo,o’o’oj}

)
By using the notations in [30], using next generation operator method on the system (3), we establish
the linear stability of &, by obtaining the matrices F and V, for the new infection terms and the

remaining transfer terms respectively, given by:
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00 A 0 0 0
Sy +Se +Sp Sy +Se +Sip
00 0 0 - Q'*BR - - Q'*BR — 0
Sy +Se +S1p Sy +Sg +5p
F-|0 O 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
00 0 0 0 0 0
B 0 0 0 0 0 O
0 B 0 0 0 0 O
- B, 0 e 0 0 0 O
And V =|-f0, 0 —7w By O 0 0
0 - B, 0 o B, 0 O
0 -f,on O 0 —yx B; O
0 0 0 0 0 -v u
Where B, =a+ 4, B,=(1-k)a, B,=(1-¢), B,=(1-¢,), Bi=o0y +u,

—~

Bi=ogx+u, B =(1-f)oy,, By=py+8 +u By=1,+6, +u
By=(1-f,)oq, By=rg+5+u B,=(1-1)wy,
By =0z + 1, and Q=9 +B,S, +B,S,,
It follows that the reproduction number, denoted by R, = p(FV ™), is given by:
R, =max{R.,R, },

By (B,B, +kaB, + u)( f,0,,B; + B,By + 7, B, )

With =
" B,B;B;B,
And R, = 'BR(BZBS +kaB, +:u)( f,0:B,; + BBy +7RB10)
B,BsB.1By

By subtituting back the values of By, B, e.t.c as defined eatlier into each of the reproduction numbers

above, we obtain:

R — ﬂw[/1+(1_‘91)ka+(1_‘92)(1_k)0‘][f10'w (7W + 0y +ﬂ)+(1_ fl)aw (Tw + 0y +/U)+7vv (1_ fl)o'vv]
" (a+ﬂ)(aw+/'l)(7w+5w+/u)(rw+5W+/U)
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R, = Belp+ Q- )ka+1-&, JL-K)a] f00 (e + s + 1)+ LT, Jore (8 + 1)+ 7e (L= f, )0 ]
(0{ + /‘)(O_R + /‘)(VR +0g + /1)(5R + /J)
where R, and Ry ate the basic Reproduction number for wild and drug-resistant strain of the disease.

We define the basic reproduction number as the expected number of secondary cases of infection
which would occur due to a primary case in a completely susceptible population [23]. This is a
parameter useful in determining the stability of the disease-free equilibrium towards measuring the

peak and final size of an epidemic. If R;< 1, then a few infected individuals introduced into a
completely susceptible population will, on average, fail to replace themselves, and the disease will not
spread. On the other hand, when R;> 1, then the number of infected individuals will increase with

each generation and ultimately, the disease will spread.
3.11 Interpretation of the reproduction number

In this section, we proceed to give interpretation of the reproduction numbers computed above so
that the heathcare practitioners can have a good understanding of what it stands for and how to apply
them in their work on the curtailment and control of the disease.

For the reproduction number Ry for the wild strain, given as:

R — ﬁw[/l+(1_51)ka+(1_‘92)(1_k)a][flo'w (7/W +0y +ﬂ)+(1_ fl)O-W (Tw + 0y +ﬂ)+7w (1_ fz)o'w]
" (a+/‘)(aw+ﬂ)(7w+5w+:u)(7w+5w+/‘)
Observe that at DFE,

B [Slj +(1_51)SEP +(1_81)SEP]: B [,u+(1—gl)ka+(1—52)(l—k)a,u]

N a+ i
Thus,
R, [S +1 gl)SEP+(1 51 SLP] [fo'w(7/W+5 +/1)+(1 f)o'w(fw+5 +,u)+7w(1 f)o'vv]
N" (ow + frw + S + ey + 6y +p1)
R — lSlj +(1_81)SI;P +(1_‘91)SIPJ
w = Pu N
x{ fiow + (- f,)o n ull=f,)oy
(O-W +:u)(TW + 8y + 1) (GW +ﬂ)(7w + 0y +,u) (O-W +/U)(7W + 0y +,U)(TW + 0y +/1)

Ry = [Infection rate at DFE] [(FractionthatsurvivesE,, & movesto I ,, class)(durationin| ,, class)
+ (Fraction that survives E, and moves to lg,, class)(Duration in |, class) +
(Fraction that survives By, and moves to | 5, class)(fraction that survives |,, and

moves to lg, )(Duration in |y, class)].

47 JNSMB, Vol. 3 (2020) ©NSMB; www.tnsmb.org



Journal of the Nigerian Society for Mathematical Biology
Volume 3 (2020), pp. 34 - 77

Likewise, we interprete the reproduction number for the drug-resistant strain, given as:

R — Bl +Q-g ka + Q-5 J1-K)a]f,00 (g + s + 1)+ L= f,)ow (S + 1)+ 7 (L= T, o]
" (@ + u)og + u)re +6x + 1)0x + 1)

Observe that at DFE,
. [ +-z)See +(1-2)50p ] _ Bulu+ -2 )ka+ (-2, )J1-K)a]
" N a+ i
Thus,

R, = [SG +(1_51)SEP +(l_81)S:P [fzo'R(7R + 8 + 1)+ (L= F, )0 (5 + 1)+ yp(l- fZ)O-R]

N (O-R+/J)(7/R+5R+IUX5R+/U)
R, = [Slj +(1_81)SEP +(1_€1)S:P]
R = Pr NE
y f,oq n (1_ fZ)GR + 7R(1_ fZ)O-R

(GR +,U)(§R +,u) (O-R +4”)(7R + 6 +,u) (O-R +/u)(7R + O +,U)(5R +,u)

Rk = [Infection rate at DFE ][(Fraction that sutvives Ejand moves to | 55 class)(Duration in | 55
class )+ (fraction that survives E; class and moves to | class )(Duration in lg; class) +

(fraction that survives Eg class and moves to | 5z )(fraction that survives | 45 class and

moves to | class)(Duration in | class )]

By using theorem 2 in [30], we establish the following result:
Lemma 2: The Disease-Free Equilibrium (DFE) of the treatment-free model (3), given by equation
(4), is Locally Asymptotically Stable (LAS) if Ry< 1, & unstable if Ry >1.

It should be noted that Ry is the basic reproduction number of the wild strain of the disease while
Ry is the basic reproduction number of the resistance strain of the disease. It is worth stating that
Ry and Rp measures respectively, the average number of new infections brought about by the
introduction of a single infected individual with the wild or resistance strain of the disease to a
completely susceptible population.

The meaning of Lemma 2 epidemiologically, is that the disease, anthrax (Anthraces Bacillus) can be
eliminated from the community when Ry< 1, if the initial sizes of the subpopulations of the model
are in the basin of attraction of &.

Remark:

However, in order to ensure that the elimination of the disease is independent of the initial sizes of
the subpopulations, it is necessary to show that the DFE is Globally Asymptotically Stable (GAS) in
D;. This is as established below:
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3.2 Global stability of Disease Free Equilibrium (DFE)

Theorem 1: The DFE of the model (3) given by equation (4) is Globally Asymptotically Stable
(GAS) in D; wheneverR; <1.

Proof: we consider the following Lyapunov function:

(12+kaB, +B,B,)
a+u

= :{(ﬂ+ka83 + BzBs)(

f,on B + BB, +7/WB7):|EW "{
a+u

Bs(7w + BQ):|IAW +

+kaB, +B,B +kaoB, +B,B
{(ﬂ 3 2 3)BSBS:|ISW +{('u £ 2 3)(f20RBll+BIOBl3+}/RBlo)i|ER+
a+u a+pu

{(y+ka83 + BZBs)BG(yR . Bls)}lm +[(,u+kaBS +B,B,)

BGBll:|ISR
o+ u a+ u

With Lyapunov derivative (where a dot represents differentiation with respect to time)

F :[(,u+k(xB3 b BZBg)(flo'wBs + B, B, +7/WB7)}E.W+{(IU+I<0{B3 : BZBa)Bs(‘//W + Bg)}“""*’
a+u a+pu

kaB, + B, B - kaB, +B,B '
{(/‘H' s+ 5 3)BSBS}|sw+{(ﬂ+ 27 22 3)(f26RBll+BlOBl3+7RBlO):|ER+
a+u atu

{(M kaB, +B,B,) B.(r. + BB)} i AR{(M kaB, +B,B,)

B, Bn} | sr
a+ u a+u

By putting the values of E,, | ,, , e.t.cinto this we obtained:

e (y+kaB3+BzB3)(
a+u

f,owBg +B;By + 7y BJ}[(SG +(1_€l)SI;P +(1._81)S|ip)/1w - BSEW]+

(12 +kaB, +B,B,)
a+u

Bs(7w + Bg)}[flaw Ew —Bglaw ]+

+koB, +B,B
{(ﬂ ab, 2 3)3538}[BNEW+l//WIAW—BQISW]+
a+
+koB, +B,B
{(ﬂ aj” 2 3)(810813 + f,0:By, +7R810)}[(SU +(1—81)SEP +(1—51)SLP)1R _BGER]+
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+kaB, +B,B .
|:(lu ab, 2 3>B@(7R +Bls)}[fZO'RER _BlllAR]+
a+u
+kaoB, +B,B
|:(lu ab, 2 3)BSBll:|[fZO-RER +7:l g _BlalsR]
a+u
+KkaB, +B,B '
:|:(’u a-i/u 2 3):|[flo'w Bg+B7Bg+B7}/W ][(Su +(1_81)SEP+(1_81)SLP)]2W B

[(,u+kaB3 + BZB3)BngBg(IAW . ISW)}{(/thaBs +B,B,)

:|[f20_w Bi + BBy + Bm?’R]
a+u a+u

1 +kaB, + B,B,)
a+u

><[(Su +(1_51)SE.P +(1_51)SLP)];LR _[( BsBy1Bs(l e + I )}

- (1 +kaB, +B,B,)
B a+ i

BSBBBQ(IAW + ISW ):|

y B [flo-W By +.B7Bg + By ](Su +(1_gl)SEP +(1_51)S|_P)_1 +
B.ByB,N

(,u"'kaBa"'BzBs)B B.B (l 1 )x ﬁR[fZO-RBll+BlOBl3+BlO7/R](sU +(1_51)SEP+(1_‘91)SLP)_1
P 6P B\ ar T g B,B, BN

For Sy +(L—5)Se +([L-5)S5 <1
N <

Then

: {(;H kaB, + B,B,)

F< atH
a+ u

R, -1+
u+kaB, +B,B;) " }

BB, B, (I +ISW)L

(1 +kaB, +B,B,) a+u
BsB.:B;ll I Rg -1
|: a +ﬂ 611 13( AW + SW) (ﬂ+ kaB3 + BzBs) R

a+
i R, 1|+
1 +kaB, +B,B,)

E o (12 +kaB, +B,B,)
B a+u

BB, B, (I u +|SW)L

(12+kaB, + B,B,) a+u
B,B,, B, | Ry —1
|: a+lu 611 13( AW + SW) (lLl+kC(B3 + Bng) R

We rewrite this as follows:

: 1 1
F < PB.B,B, (I 5y + I ){E Ry, —1} PBB,B,;(I ;x + ){E R, —1}
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where P — (y+kaB3+BzB3),
a+u
- 1 1
F<0 IfP<L, —Ry<land SR, <1

Since all the model parameters are non-negative, it follows that F <0 for R, <1 with F =0 ifand
only if E, =E; =1,, =1, =13 =1 =0. Hence, F is a Lyapunov function on D,.Therefore,
by LaSalle’s invariance principle [35], every solution to the equations in the treatment-free model (3),

with initial conditions in D,, approaches ¢, as t — .

Thus, theorem 1 shows that the necessary and sufficient condition for the elimination of the disease

from the community is the classical requitement that R, <1.

Epidemiologically, the implication of this theorem is that both strains will be eliminated from the
community if the use of prophylaxis/antibiotics treatment can lead to a reduction of the maximum of
the reproduction numbers of the two strains below unity.

3.3  Existence and local stability of boundary equilibria

The non-trivial equilibria of the treatment-free model (3) occur when at least one of the infected
variables there in it is non-zero; as these cannot be cleanly expressed in closed form, we use the
approach in [31] to explore the possibility of the existence and stability of the non-trivial equilibria.
By inspection, the possible equilibria of the model (3) are as stated below:

(1)No resistance strain boundary equilibrium, wild strain-only

e =(85.5t.515 En 0.y 154 00.R’)

(2)No wild strain boundary equilibrium, drug-resistant strain-only

&R = (Su v SeprS1p 0, ERl0,0, I 4r, 155, R )
(3) Co-existence equilibrium, that is, the two strains co-exist,
Ewr :(Su +SepsSip Bw Erilaw i Tsw s Tars 0 R )

By solving the treatment-free model (3) at steady state, we obtained:

g™ _ T g™ _ ﬂ(l—k)a

YA+ A ra+p Foola-e )y A7 )+ u)(ay + 25 )+ o+
g™ _ Ko £~ :Aﬂ T

ol [(1—32)(1;’; +i:)+yl(ﬂv”; +I§)+a+y]’ W By | Ay +An +a+ul|
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£ = ate il 1~ = B d

i By | Ay +An +ax+u| M BBy | Ay A vt |
15— AL f,owBs + B,y T ™ :ABlOﬂ: T

W B:ByBy | Ay +An tatu M UBBy | Ay +An vt
17 = A/i**[ f20u B + B | 7 } and R™ =0 5)
. " B:B.B, | Ay +An ta+u

Note that at endemic state, the expressions for Ay, and Az denoted by Ay and AR" are given by:

o PV Iy . | + o
ﬂW:IBIAm:ISW and A =ﬁ<*:s'?) ©6)

By substituting the expressions in equation (5) into (6) we obtained:

By AL T B,B, + f,0,,Bg + B,y
- H): v Aoy +An +a+u B,B,B,

ﬂ;\; _¢1(/1W’A’R N**
B AL T BioBis + f,0:B;; + By
- . R R ﬂ\:+i:+a+ﬂ 86811813
/1R :¢2(ﬂw’/1R)_ N~ (7)

Where

B:B;B,

} C +{,uBBBg + u(l- f,)o, B, + tf 0, By + 1B, 7, }A/ﬁ; N

N**_ T
Ay + A +a+pu

1By, By; + 1B ;B + 1,00 By + 1By o
Adg
B:B.1Bis

Aol (1—81)(1—k)(1 N (1—82)ka
-y + 20 )+ (=2, N + 47 )+ 1

b

(1K) ka
A d C:]. o o ok ok )
" R s PPN (Y Py P

The equilibria of the model can then be obtained by finding the fixed points of the system:

x=@(x)= ((él(jw e )] where X = [jﬁ} )

6,2 27 ;

as follows:
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3.3.1. Existence and stability of wild strain-only equilibrium (gw )

We claim the following:

Theorem 2: The treatment-free model (3) has a unique positive wild strain-only boundary
equilibrium &, , whenever Ry <1< R, . This equilibrium is locally asymptotically stable whenever it

exists.

Proof: Let Ry <1. it can easily be shown that for Ry <1, (I 4,1 )= (0,0)t — co. In addition, it
is clear from equation (7) that ¢, (ﬂ:; ,0)= 0. Thus a fixed point of ¢l(ﬂ:; ,ﬂ:)= Ois obtained by
solving equation ¢, (/7:; ,O): Ay - Hence, it follows that A, is the root of equation:

Gl(ﬂvﬁvg)+G2(ﬂv*\72)+Ga(ﬂ1*/\7)+ﬂ2[l_RW]:0 ©)
Where
G, =(-¢ )1-¢, BB, + 1B, f,0, + 1B, |0

G, = [(1_‘91)(1_‘92)"'/1(1_51)"'/1(1_82)][!’8889 +1Bg fioy + 1B, 7y +/1(1_51X1_‘92)]
[BSBBBQ = Pu (B7B9 +BgBy + By )]

Gy =|u” + ull— 2, Ka + par(L- £, Y1~ K)[(1By By + 1By Ty, + 1By )
‘*‘ﬂBsBng[a(l_k)(1_51)+ﬂ(1_52)+ak(l_gz)_ﬂw [0‘(1_k)(l_gl)"‘ﬂ(1_81)+ﬂ(1_52)]]
[B,B, + B, f,o, + B, ]

From the polynomial above, regardless of the sign of G,, the polynomial has a unique positive solution
whenever R, ~1. Furthermore, for the equilibrium &, to exist alone, it is necessary that the drug
resistant strain of the disease does not exist, (that is R, <1). Thus, by putting all these together, it

shows that a unique wild strain-only boundary equilibrium, &, exists, whenever R, <1<R,,.

We now explore the local stability property of &, ; we note that the Jacobian of the system (8) is given
by:

dk Rk

AT A

ok

. B 62:; 0Aq 10
W 2)=| g (2 22) anlic o) o
o o
1 ol A7)
So that (25 .0)= Ru O igo)
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- R
From this equation, observe that the eigen values of J (ﬂw ,O) are A, = i and 4, = R—R , Then, if

W W

Rz <1, from here, then it implies that the wild strain-only equilibrium , &, , is locally asymptotically

R
stable whenever |—| <1, (that is R, =1) and | =<1, (thatis Ry < R, ). Hence, &, , is locally

R W

asymptotically stable whenever Rz <1< R,

3.3.2. Existence and stability of drug resistant strain-only equilibrium (ER)

We claim the following result.

Theorem 3: The treatment-free model (3) has a unique positive drug-resistant strain-only
boundary equilibrium &5, whenever R, <1< Ry. This equilibrium is locally asymptotically stable
whenever it exists.

Proof: Let R, <1. so that (I,,1g,)— (0,0) as t — oo, In addition, it is clear from equation (7) that
@, (0, /1:): 0. Thus a fixed point of ¢ (/1;\,* , ﬂ:)= 0 is obtained by solving equation ¢, (O,i:)z s

Hence, it follows that A, is the root of equation:

Gll(/fl:g)Jr Glz(/fsz )+ Gla(ﬂ,:)+/u2 [1_ RR]:O (11)
Where
G, = (1_ & )(1_ & )[/1811 Bs + 1BBy, By + 1By, fro ] >0

1B, B+ uBB,,B,; +
Glz=[a(l—gl)(1—82)+,u(l—8l)+/1(1—82){( nos 6710713
1By, 00 + 1Bioyy

[Be Bi1Bis — B (Blo Bis + By f,o0 + By )]

Gy = BBy B, [0!(1— e utka)+pull-g)+all-e, N1~ k)]"' [/'12 + pa(l-e N1- k)]
(/’lBllBl3 + uBg By, By + By fioy + 1Biry )_ Br (Ot(l— ‘91)(1_ 52)"' ,u(l— & ))[Blo Bis + By, fon + Blo7R]

j+y(1—gl)(l—gz)}

It follows from the polynomial above, that regardless of the sign of G,;, the polynomial has a unique
positive solution whenever Ry > 1. Furthermore, for the equilibrium &5 to exist alone, it is necessary
that the wild strain of the disease does not exist, (thatis R, <1). Thus, by putting all these together,

it shows that a unique drug resistant strain-only boundary equilibrium, &g exist, whenever

Ry <1<R;.

By evaluating J at (0, /1:) we have:
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R

W 0
_ R
05 apl i) 1|
% os) R

1 <1, (that

From here it follows that the local asymptotic stability of the equilibrium &g, requires

R

Ry

is Ry =1) and <1, (R, <Ry). Thus, the drug resistant strain-only boundary equilibrium &g, is

R

locally asymptotically stable provided that R, <1<R, .

3.4 Existence and local stability of co-existence equilibria

We rewrite the expressions in equation (7) as follows:

Bl +15) AR,
N~ 1+ D+ A, L, + A4 L,

Dy =

o Bl 15 iR,

Hok

N 1+D+ A, L, + A4 L,

r ) (1—k)a ko
Where D = (1_81)(/1\*; +,1:)+y " (1—82)(/1\*; +ﬂ«:)+“

L = 4Bg By +ﬂ(1_ fl)o'w B, + uf,0, By + 1B,y A
=
B;B;B,

and (12)

L — {,UBnBls + 1B3 By + 1,0 By, + 1By }A
, =
BsB11Bis

It follows from equation (12) that
Al + AL, =Ry -1
Juby + AL, =R =1 (13)

Since the left-hand sides of the expressions in equation (13) are always positive, it is necessary that
Ry =1 and Ry =1.1If R, # Ry, then the system (13) is inconsistent, and there is no positive co-
existence equilibrium in this case. Consequently, for equation (13) to be consistent, it is necessary that
Ry = Rg >=1. There is a need to state that in this case, infinitely many equilibria (otherwise called a

continuum of endemic equilibria) will arise. It should be noted that this phenomenon was observed
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in a study of multi-strains model of HIV dynamics [31]. The implication of this is, is that by setting
Ry =Rx =R>1

AgL + AL, =R -1, (14)

So that 0-<ﬂ:; -<% and 0-</1:-<(RL_1).

2

We summarize the results below:

Theotrem 4: There is a continuum of positive co-existence endemic equilibria, &yr (N € Z,), for the

treatment-free model (3), whenever the following conditions hold:

@  Ry=Ry=R>1 o) 0%@%,

- - « R-1-ATL
©) 0</1R<(R 1), d =—)“R 2
L, L,

And no co-existence endemic equilibria otherwise.

It should be noted that conditions (b) — (d) are needed to preserve the non-negativity of Ay and Ay

in equation (13).

We then consider the stability of the continuum of positive co-existence endemic equilibria, &yg , is

considered. For computational convenience, let

Let Rjr = , heZ,,
2
With T, =[a¢j +5(ij _+R
O O N )

and T, =| S0 0000 00
oX Ok AN on

(% .4) R

With R, = R; = R. We claim the following result.

Theorem 5: The continuum of positive co-existence endemic equilibria, &yg is neutrally stable

whenever R >=1.
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Proof: It can be shown that the eigenvalues of the Jacobian of ¢ at Aw and A in the region (b) to

(0), given by equation (10), satisfy the following characteristics polynomial:

/- —x[ op, 8192J {8401 op, _ 0, G%J o
O O J ) \Oay O O Oy )
Which is equivalent to:
p —Z(—lJ;Rj+%:O 15

1
The roots of the quadratic equation (15) are y =1 and y = R’ so that the family of co-existence
endemic equilibrium, &5 is neutrally stable (since y =1is an eigenvalue).

Itis worthy of note that for the case R=1, #he solution of the system (13) is the trivial solution (/ﬁ , ﬂ:) = (0,0)
corresponding to the disease-free equilibrium.

It is necessary to offer the following conjectures on competitive exclusion:

CONJECTURE 1: The treatment-free model (3) has a unique and locally asymptotically stable
positive wild strain-only boundary equilibrium, &, , whenever Ry, <R, ,and R, >1.

CONJECTURE 2: The treatment-free model (3) has a unique and locally asymptotically stable

positive drug-resistant strain-only boundary equilibrium, &g, whenever R, < Ry, and Ry > 1.

4 Analysis of Treatment model

4.1 Local stability of the Disease Free Equilibrium (DFE)

For the treatment-free model (1), it can be shown that the following region is positively, invariant and
attracting:

D, :{(SU,SEP,SLP,EW,ER,IAW,ISW,IAR,ISR,T,R)GR+”:N s%}

So that it is sufficient to consider the dynamics of the treatment-free model (1) in D, .

The treatment-free model (1) has a disease-free equilibrium (DFE) given by:

ok ki x iwx ok Ka  mll-k
g(t) :{(SU7SEP7SLP’EW’ER1IAW7ISW'IAR’ISR’TW’R ):(azﬂ.ﬂ((lfﬂ)’z((a-i-zg

,0,0,0,0,0,0,0,0j}

(16)
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Likewise, as we did for the treatment-free model, the next generation matrices are given by:

0 0 — Q'ﬁ” - = Q'*&N < 0 0 00
Sy+Sep+Sp Sy +Se;+S,
0 0 0 0 % %
Su+Se +Sp Sy +Se+S5,
e 0 0 0 0 0 0 00
|00 0 0 0 0 00
00 0 0 0 0 00
0 0 0 0 0 0 00
0 0 0 0 0 0 00
0 0 0 0 0 0 00
B 0 0 0 0 0 0 0
0 B; 0 0 0 0 0 0
B 0O B O 0 O 0 0
y_|~few 0 % B 0 0 0 0
/' o -B, 0 0 B, 0 -fy, O
0 foon 0 0 -7 By -B, O
0 o 0 -z 0 0 B, O
0 O 0 0 0 0 —v u
Whete B, =a+ 4, B, =(1-k)a, B, =(1-¢)
Bu :(1_52)’
Bis = ow + 4, By =0r + 4, By, = (1_ 1El)o-w’
Bis = 7w t6w + 44
By =7y +0y + 4, Bzoz(l_ fz)O-R’ B, =7r +0g + 44, Bzzz(l_ fa)‘//Wv
B, =0; + 4, B,, =y, +v+60, +u, and Q=S5 +B;;S. +B,S,;,

It follows that the reproduction number, denoted by R; = p(FV _1), is given by:

Ry =max{Ry ., Re J,

_ P (ﬂ +kaB,, + B, Bls)( f100 B + BBy + 74 B17)

With Ry, =
B.1BisBisBig
And R! = Br (/U +kaB,, + B, BlB)(fZZGR By + BBy + 7k Bzo)
L=
B11BisB,: By
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By subtituting back the values of B,;, B}, e.t.c as defined eatlier into each of the reproduction numbers

above, we obtain:

R ::Bw[fl+(1_51)ka+(1_52)(1_k)a][flaw(Vw + Oy +ﬂ)+(1_ fl)o'w(Tw + 0y +/l)+7/w(l_ fl)GW]
" (a+/1)(o-w +/U)(7/W + 0y +ﬂ)(7w + 0y +ﬂ)

Rt — ﬁR[/’l_'_(l_gl)ka+(1_82X1_k)a][f20-R(7/R +0¢ +,u)+(1— fZ)O-R(é‘R +/J)+7R(l_ f2)O-R]
" (a"‘ﬂ)(o_R+:U)(7/R+5R+,U)((5R+;U))

R}, and R} are the basic Reproduction number for wild and drug-resistant strain of the disease.

4.11 Interpretation of the reproduction number

We proceed to give interpretation of the reproduction numbers computed above so that the heath
care practitioners can have a good understanding of what it stands for and how to apply them in their
work on the curtailment and control of the disease, this we do in this section, as follows:

For the reproduction number R}, for the wild strain, given as:

Rl — B [,u+(1—gl)ka +(1_82)(1_ k)a][flaw (7W + Oy +/u)+ (1_ fl)o_w (Tw + 0y +;u)+7w (1_ fz)aw]
W (a + ,u)(O'W + ,u)(}/w + Oy + u)(rw +0y + ,u)
Observe that at Disease Free Equilibrium (DFE),

[Slj +(1_81)SEP +(1_‘91)SEP] _ B [,u+(1—81)k05+(1—82)(1—k)aﬂ]
N - a+u

Bu
Thus,

R - A [Slj +(1_81)S;P +(1_£1)S:PJX [flaw (7W + Sy +/u)+(1_ fl)o-w(fw + Sy +,u)+7w(1_ fz)aw]
" " i (O-W+ﬂ)(7w+5w+,u)(rw+5w+;u)

N

t [SJ +(1_‘91)SEP +(1_81)SEP]
Rw = Bu N

><|: fon n (1_ fl)GW " Yw (l_ fZ)O-W :|
(GW +,u)(TW + 0y +,u) (GW +,u)(7w + 0y +,u) (UW +,u)(7w + 0y +y)(z’w + 0y +,u)

Ry = [Infection rate at DFE] [(FractionthatsurvivesE, &movestol ,, class)(durationinl ,, class)
+ (Fraction that survives E, and moves to lg,, class)(Duration in |, class) +
(Fraction that survives By, and moves to | 5, class)(fraction that survives |,, and

moves to lg, )(Durationin lg, class)]

Likewise, we interprete the reproduction number for the drug-resistant strain, given as:
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Rt — ﬂR[fH' (1_‘91)ka + (1_‘92)(1_ k)a][fzo_R (7R +0g + /U)+ (1_ f2)O-R (5R +,u)+ VR (1_ fz)O_R]
" (a+pdow + )re +q + u)(5: + 1))
Observe that at Disease Free Equilibrium DFE,

5 [ +-z)se +-2)50 ] _ Aulu+ e ke + -z, Y1-K)a]
Y N - a+u
Thus,

R! — ﬂR[(l_k)a(l_gl)+ ka(l_gz)"‘ﬂ][fzo'rz(ﬂ/rz + 05 +ﬂ)+(1_ fz)O'R(5R +,U)+7R(1_ fZ)O-R]
" (a+lu)(0R +/U)(7R +0g +/U)(5R +,u)

R! ) [Slj +(1_81)SEP +(1_‘91)SEP]
R R NE

{( fow . O-f)ow vl f,)on }

ORr +,U)(5R +,U) (O-R +/J)(7R + 6y +,U) (O-R +/4)(7R + 6y +ﬂ)(5R+/1)

R}, = [Infection rate at DFE ][(Fraction that survives E;and moves to | 4 class)(Duration in
| 5 class) + (fraction that survives Ej class and moves to | class )(Duration in 14

class ) + (fraction that survives Ey class and moves to | ;3 )(fraction that survives | 55

class and moves to | class) (Duration in | class )]

By using theorem 2 in [30], we establish the following result:

Lemma 3: The Disease-Free Equilibrium (DFE) of the treatment model (1), given by equation (16)
is locally asymptotically stable (LAS) if Ri <0 and unstable if Ry =0

The implication of the above Lemma is that the use of antibiotics for treatment of the disease anthrax
(Anthraces Bacillus) can be eliminated from the community when Ry <0, if the initial sizes of the
subpopulations of the model are in the basin of attraction of & .

However, in order to ensure that the elimination of the disease is independent of the initial sizes of
the subpopulations, it is necessary to show that the DFE of the model (1) is Globally Asymptotically
Stable (GAS) in D;. This is as established below:

4.2  Global stability of Disease Free Equilibrium (DFE)

Theorem 6: The DFE of the model (1) given by equation (106) is Globally Asymptotically Stable
(GAS) in Dy whenever Ry <0.
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Proof: the proof of this theorem is based on comparison theorem. We first rewrite the equations for
the infected components in model (1) in compact form as follows:

dEy(t)

dEdt(t) 0 0 PGy PBy O 0 0
R0 Ew (t) 0 0 O 0 PBr PBr O Ew ()
daw® Er(®) o0 0 0 0 0 o0 |]FfFO
dt _ Law (1) 1 Law (t)
dsw® |= (F—V> Isw(t) | - (1 —ﬁ) 0 0 0 0 0 0 0 Isw(t)
dLiit) I4R(t) 0 0 O 0 0 0 0 I4R(t)
—AR= Isgp(t) 0 0 0 0 0 0 0 Isgr(t)
dIgp(t) R(t) R(t)
dt 0 0 0 0 0 v —u
dR(t)
at
Where matrices IF and V are as defined initially in section 4.1, and
P— [Stj +(l_‘gl)S;;P + (1_81)S:P
N * b
Since S(t) < N(t) forall t > N(t) in D, it follows that:
dEy (t)
dt
R0 Ew (®
A aw (®) Er()
dt | Taw(t) 1
asw® | < EV) | i | 17)
d,:;(t) I4R(t)
T Isr(t)
dIsR(t) R(t)
dt
dR(t)
at

By using the fact that the eigen values of the matrix F - [ all have negative real parts (see local stability
result in lemma 3, where p(FV") < 1, if R; <1, which is equivalent to F-I” having eigen values with

negative real parts when R; <1, then it implies that the linearized differential inequality system (17)

is stable whenever Ré =<1. Consequently,
(Ey (), Eq () 1 (t) Tgyy ()10 (t) 15 (1), R(t)) = (0,0,0,0,0,0,0) as t-—>00. Hence, by comparison
theorem (see for instance [31,32]) that (E, (t), E(t), 1y () Igy () 14 (1) 1 (1), R(t)) > (0,0,0,0,0,0,0),

By substituting E,, (t)= Eg(t) =1, (t)= g, )=

equation (1) we have: (S, (t) + Sgp (t) + S, (1)) > % as t —oo. Thus,

( )— I (t)— R(t)z Oin the first expression of

(5o 05 05 0).E, <t>.ER(t>,IAW@).ISW«),IARa),|SR<t),T<t>,R<t»»( 7| _rka .”(1‘k)“,o,o,o,o,o,o,o,o]

a+p’ o+ ) plo+ )
as t—o0 for R} <1, so that &, is globally asymptotically stable in D, if Ry <1.
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Epidemiologically, the implication of this theorem is that if the use of prophylaxis and treatment can
lead to a reduction of the maximum of the reproduction numbers of the two strains of the disease
below unity, then both strains will be eliminated from the community.

4.3 Existence and local stability of boundary equilibria

For model (1), we investigate the existence and stability of the equilibria associated with it here; we
take note of the following points:

(i) The only way individuals are generated into the infected wild strain classes | ,, and lg, is

when susceptibles individuals acquire primary infection with the wild strain of the disease at
the rate A, .

(ii) For the infected drug-resistant classes | 5 and |, individuals are generated there only by
these two ways:
(a) When Susceptible individuals acquire primary infection with the drug-resistant strain of the
disease at the rate Ag.
(b) When treated individuals infected with the wild strain of the disease develop resistant to
treatment (that is, they fail treatment) at the rate 7, .
Therefore, the possible equilibria of the model (1) by taking into account (i) and (ii) above are as
follows:
(1) Drug resistant strain-only boundary equilibria EFL = (SG*, S;; , Sf;, ,0, E:,0,0, | :;, |;*R .0, R**)
(no wild strain).
(2) Low endemicity co-existence equilibrium, that is the two strains co-exist, which is denoted
by ngle Z(S:,S;:,,S:;, E\;\,*, E:, I:s» |;\:\,,|:R, |;*R,TH,R**). There is occurrence of this
equilibrium since there is no primary transmission of the resistant strain which is obtained by
setting Az =0 in model (1). It should however be noted that, even in the class, the sub
populations | ,5 and | are non-zero, since treated individuals will develop resistance at a

e =0

and lim_,_ Iy, =0 even if A; =0. In order to distinguish it from the other co-existence

rate7,, (exceptif lim_,_ T, =0)and move to the class | . In other words, lim

t—ow t—oo

equilibrium for which primary transmission of the drug resistance strain of the disease occurs,
this equilibrium is so called: low endemicity co-existence equilibrium.
(3)High endemicity co-existence equilibrium, meaning both strains co-exist, which is denoted

I *k *k *k *k *k *k *k *k *k *k ok .
by Ehee = (S0 StmrSim Eur En Ui Vo Vi 152, T R™). Here we set Ag =0 in model
(1), that is, primary transmission of the drug-resistant strain occurs.
However, it is important to emphasize that there cannot be a wild strain-only boundary equilibrium,

for model (1), except lim,_, T, =0, note that this is not feasible here since treatment is a must for

t—oo
infected individuals.
As we did before, by solving model (1) at steady state, in terms of the force of infection:
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ﬂx:ﬁorwilgm) and A::ﬁ('failé;) (18)
N N
We obtain:
- r - -k . A n |
SU = Sgp = o o o o y By =A~| —m |
Ay + Az +a+u l(l—el)(ﬂw +AR)+,ul(ZW +AR)+0¢+,uJ Tr [ Aw +Ar ta+ i
o Ka - A zr 1
SLP = ok ok ok ok ’ ER = Ai T B
[(l—gz)(ﬂw +AR)+,ul(/1W +/1R)+a+yJ By | Ay +4g ta+u |
- B, Ay T o pm| fiowBig + By % |
law = = = ) Isw = A/iw - = )
BisBig | Ay +4g ta+u B1sBisBio Aw + A5 ta+ u |
A BooAn V4 1™ = AL f20w B +Byore 4
. BBy | Aw + g +a+ , * " BisB11Bys ﬂ:;"'/i:"'a"'ﬂ_
T = Aﬂ;v* I fldW BISBZ4 + By Bosrw T
" B16B2Baosrw ﬂx +/1: ta+pu ,
& R™ = Al - H” }K fi0w ByBis + BBy Jﬂv*; +[ f10w BosBiy + BysBroye }1:} (19)
H _Aw +Ag ta+pu BisBisBigBys BisB19B,1Bos

By substituting the expressions in equation (19), the components of the equilibrium at steady state
into the expressions in (18), by taking note that

N™ =S7,S; +S,p +Ey +Ep + 1l +1lgy +l g +1ee +T +R”

we obtained a fixed point problem of the form:

o [8027) where +_ (%
o=l e o[ o

Where 191 and 192 are defined as the right-hand sides of the equations for /?;V* and l:: in equation
(18) respectively.

4.4 Existence and stability of drug resistant strain-only equilibrium (gtR)
Theorem 7: The model (1) has a unique and locally asymptotical stability drug-resistant strain-

only boundary equilibrium &f, , whenever R}, <1< Ry, , and no boundary equilibrium otherwise.

Proof: The proofis as in section 3.4. We set & (0, l:): 0, so that the fixed point of 9, (ﬂ:; , /1:)= 0

is obtained by solving the equation 4, (0, /1:): An . It follows that A, satisfies the equation:
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Gsl(ﬂxs)+ Gs, (}L\i;v*2 )+ Gy (ﬂ\jv* )+ 7 [1_ Rr ] =0
Where G, = (1_ & )(1_ & )[/1521 Bys + 1B1sBBys + 1B, fr0 ] ~0

1B, B, + 1B, B,,B,; +
Gsz:[06(1—81)(1—52)+,u(1—51)+,u(1—32){( ame 16720723
1By F200 + 1By

[816 BZlBZ3 - ﬂR (BZO BZS + BZl fZO-R + B207/R )]

Gy, = 1BysBygByg[a(l—&, Nu+ ka)+ pll- &)+ all-¢, N1-K)|+ Luz + pa(l-g J1- k)J
(£B51Bys + 11B1Byy By + By, fioy, + 1By ) — Brlall-&, 1—&, )+ ull-¢,))
[Bzo By + By frop + Bzo7R]

+ul-e)i-¢,)
Jos-at-a

It follows from the polynomial above, that regardless of the sign of G,;, the polynomial has a unique
positive solution whenever Ry = 1. Furthermore, for the equilibrium & to exist alone, it is necessary

that the wild strain of the disease does not exist, (that is Ry, <1.).

For the local stability of this equilibrium, &5 ; we note that the Jacobian of the system (20) is given by:

o9 a7) o9 (4. 47)

>k

. o oAy
R ool ) ool i)
o oAy
Fszttv 0
So that 34 .0)= 09,17 1
oA (2.0) Ry

Thus, the local stability of drug-resistant strain-only, &g, is stable if 1 _4 (thatis R >=1) and
t

R

t
R

Ry _ 1(thatis R}, <R}). By putting all these together, it shows that a unique drug-resistant strain-only

boundary equilibrium, &, is locally asymptotically stable provided R}, <1< R}. Note that, as eatlier
Ty =0.

mentioned, a wild strain-only equilibtium is not feasible in this case except if lim,_

4.5 Existence and stability of co-existence equilibria
4.5.1. Existence and stability of the low-endemicity co-existence equilibtium (gyz, )

We claim the following:
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T+ Tlg — 4Ty
2

with T, = (g% . Z‘jg]
R

Theorem 8: Let Ry =

and T _[0% 09, 08 08,
2 oxy axr oxy oAy,

(2 0) (% 0)

The model (1) has a low-endemicity co-existence equilibrium, denoted by EJVRl, whenever R;, =1 in
the absence of primary infection with the drug resistant strain (/1R = 0), This equilibrium is locally

asymptotically stable whenever Rj, <1.

Proof: By Letting Az =0 in equation (19), accounting for the absence of the primary transmission

of the drug resistant strain of the disease, we obtain:

Sy = d S = ﬂ(l—k)a S™ — Ko
P a0 @)l rar ] T e XAl v al]
EV*J:A@#, E;*:A’l_R_**” ; |:W:ABMW o |
Tr [Aw ta+u By | Ay +tax+u BB | Ay +a+u
|: :AA\:—V*|:fIO-WBl8+Bl77W j||: T :| |;; =A/1:|: fZO-W BZl+BZOj/R :||: T :|
W = , _ ,
BisBisBig Ay ta+u B1sB,:Bys Ay Ta+u
T = Aﬂ\’;{ f,0w BisBas + By Bout }{ 4 :| - B, 1" { ﬁ }
W *k y _ _ l
816821823]/\,\/ ﬂW + (04 + ,Ll AR Bm le ﬂ,w +a+/u
& R” = Al{ 42 :| ( fiowBy,Bis + By By Jﬂ;v* o
M Ay tatp Bi5BigBigBys

With A as previously defined in section 3.3. by substituting the expressions in equation (21) into the

expression for Ay in equation (18) and simplifying, we obtain the non-zero equilibrium of the model

(1) satisfies:

G41( **3)+G42(;i\7\/*2)+643( **)+ﬂ2[1_ RR]:O (22)

Where

G, = (1_ é, )(1_ g, {ﬂBls BioByy + 4B, BgB,, + 1B, B,, f,0% + ByBy; By + .0

BisBys fzo-w + By B1gBys + By BigByy + By BigBys + B, BigByy |
(ﬂBan Bos + #BsB1oByy + £B,,B,, f,0% + BBy +]
G, = [/12 (1_ 51)‘*' a,u(l— & )(1_ 52) B11Bi3Bys + BigBioByy + B,Bi3B,, + B, B B3 By,
+ (1—81)(1— 6‘2)
[Bls BBy — ﬂzﬂw (B].O B13By + BBy, f0q + By Biore )]
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G43 — [,U3 +ﬂ2a(1_82 )(1_ k)+ quka(l_gl){zm Zlg 224 + BlSBlE) BZ4 + BlSBl4 BZA + BlSBlﬁ BZ4 +j|
151823 + BlS BllBZ3 + Bl3 BlB BZ4 + BlS B19 BZ4

[y(l— & ) + ﬂ(l_ & )][Bls BisBigBa — ﬂzﬂw (Bl7 B1oBys + BBy, fiow + By Boyyy )]

It follows from the polynomial in (22) above that regardless of the sign of G,;, the polynomial has a
unique positive solution whenever Ry, =1 (so that 4 ~0). With this, the existence of the low-

endemicity co-existence equilibrium is proved.

To obtain the local stability of &g, , we evaluate the Jacobian of the system at (4.0), to obtain:

o9 2 ) 28l An)
o) _ Oy (7 .0) Olg (%:.0)
1W5.0)- 0%, ) aslm ) |
M igo) % g

With eigenvalues satisfying:

, [089 a4,
X —X T
oAy o

oAy 04 OAn OAy

+[agl 09, 084 aszJ
(i 0)

(4 0)

It is not difficult to show that the dominant eigenvalue of J(ﬂx,O) is Ry. It follows that, the low-

endemicity equilibrium, Egra 15 locally asymptotically stable whenever Ry . <1.

4.5.2 Existence and stability of the high-endemicity co-existence equilibrium (g,)

We rewrite the expressions in equation (18) as follows:

m:ﬁ(lrw"‘I;v)E A Ru
N™ 1+E+ Ay H, + Ao H,
and Pl 1g) 25 Re 23)
f N 1+E+ A H, + Ao H,
Where E = (1= K)or + Ker

(1—81)(/7.:; +}t:)+/1 (1—82)(/1;,* +/1;*)+/1

1BgBg + /1(1_ f) )Gw By, + uf 0y, Big + 1By + 1B, By, n
H, = BisBigBig A
fow BigBas + By B yw i f,ow By, Big + By Byyw

BlG BZl BZS Yw BlS BlB BlQ BZS
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H. = {,UBnst + 1B By + ;05 B,y + 1By 7k }A
, =
B1sB21Bys

It follows from equation (23) that
AgH, +H, =R, -1, (24)
AgH, +AiH, =R, -1, (25)

Since the left-hand sides of the expressions in equations (24) and (25) are always positive, it is necessary
that R}, =1 and Ry >1 for consistency. It should be noted that for consistency of the two strains, the

forces of infection 47 and A, at steady state, must ne non-zero. Consequently, we establish the

following results:

Theorem 9: The model (1) has a positive high-endemicity co-existence endemic equilibrium, g,

whenever RJV - R; and RJV =1.

Theorem 10: The positive high-endemicity co-existence endemic equilibrium of the model (1), given
by &,,18 locally asymptotically stable whenever R|, ~ R} and R}, ~1.

Proof: By evaluating the Jacobian of equation (20) at (ﬂv*\; , /1:), we have:

ool ) o9 Ar)
J(ﬂv*;,ﬂ:): a’i” ) 8/1{‘ ) | (26)
R 7 I N ¥
With eigenvalues satisfying:
7 —x[ 29, . aszJ +(asg 09, 09 ang _
Oy OF oy \ Oy OF 05 Oy )
From equation (20), it follows that the dominant eigenvalues of J(gx , 1‘;) is given by:
R! — T11 + \/Tﬁ _4T21
WR T 2 ’
t
Where Tll=[%+%] :1+R;, & T21:(a¢),i 5(/)j_a¢i 8(0’3(} _ RRZ,
O O Ny R Ody 02 O O i oy (RY)

By substituting the expressions of T, and T, into R|,,, shows that the roots of the quadratic equation

(20) are % _and R% . - Thus, the required result follows.
W W

A major revelation from the analysis of the two models (1) and (3) done so far, is that model (1)
exhibits some dynamical features that are not present in the treatment-free model (3). While there is
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exhibition of a continuum of co-existence equilibria when the reproduction numbers of the wild strain
and that of drug resistant strain of the disease is greater than unity, for the treatment-free model (3),
on the other hand, it is revealed that the treatment model (1) has a co-existence equilibrium of the two
strains only when the reproduction number of the wild strain is greater than unity and exceeds that of
the drug resistant strain of the disease.

A cursory look at equation (24), reveals that whenever R| =R} =1 then 27 =0 and equation (24)

reduces to:
= Ay =0.

Take note that H, is as previously defined in section 4.5.2. Consequently, if both the reproduction

AxH, =0

numbers are the same and equal to unity, then A, =0 and Ay =0, corresponding to disease free

equilibrium. By and large, in summary, while the treatment-free model (3) has a continuum of co-
existence endemic equilibria, the treatment model (1) has a low-endemicity and high-endemicity co-
existence equilibria.

5 Numerical simulations and discussions.

In this section, we carry out simulations whose main objective is to illustrate some of the theoretical
results obtained in this work as done earlier in the analysis of the models. We carefully chose from
literature a set of parameter values depicted in table 2 below, for this purpose for a population where
anthrax is deployed as bio-terrorism weapon, where about one hundred million people (that is 7 =
100 million) inhabits.

Table 2: Parameter values for the models.

parameters nominal values source
s 1000 Assumed
a 0.1 [16]
Bw (Br) 0.2 (0.1) [11]
&1/& %O Variable
U 0.0001 [11]
6w (6r) 0.102 (0.2) Inferred from [16]
oy (o) 0.2(0.1) [16]
Yw (V) 0.1(0.12) [11]
Uy 0.102 [11]
Tw 0.2 Assumed
6 0.1 Assumed
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Assumed
fi(f: 2) % (%)
k 0.42 Assumed

v 0.5 Assumed

We carried out the simulations as follows:

Treatment-free model: we first simulated the treatment —free model (3). By using the parameters in
table 2 above with B, = Sz =0.05, it follows that the reproduction number for the wild (drug-
resistant) strain of the disease is given by R, =0.7164 (R; =0.2469), so that R, =0.7164 < 1. This

confirms theorem 1, that the disease-free equilibrium of the model is globally asymptotically stable.
Under this scenario, with various initial conditions, figure 3 (a) depicts the simulation of the model,
and this confirms the global asymptotic stability property of the model as initially proved qualitatively

in section 3.2. We carried out additional simulations of the model for R; > R; with R; >1 where

(i, j =W,R andi # j), these simulations are as shown in figures 3(b),(c) and (d) where we sce that

the strain with higher reproduction number drives out the other, a phenomenon commonly refers to
as competitive exclusion. Note that this is in line with theorems 2 and 3 and conjectures 1 and 2.

Treatment model: we simulated the treatment model (1) next. By using the parameters in table 2
above with f, = Bz = 0.05, figure 4(a) shows that the two strains of the disease dies out since the

reproduction numbers are each less than one, confirming the global asymptotic stability of the
treatment model (1). Further simulations as shown in figure 4(b), illustrate the fact that for

Ry, = Ry =1 the drug-resistant strain dies out while for figure 4(c) for Ry = Ry, =1, the wild strain

of the disease dies out. In other words, the wild strain of the disease will be eliminated from the
community suffering from bio-terrorism attack via competitive exclusion if the use of prophylaxis and

antibiotics can reduce Ry, below Rgwith Ry 1. However, as can be seen from figure 4(d) for

R; <1< R\;v , both strain co-exist in the community with the system converging to low-endemicity

steady state.
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Figure 3.  Prevalence given by total number of infected individuals divided by the total
population of the community under the bio-terrorism attack as a function of time (years) for

treatment-free  model(3).3(a) B, = Bz =0.05,R, =0.7164& R; =0.2469;3(b) R,, > R; >1,
By =08,8,=033(c)R, - R, =1,8, =0.2,5; =0.8;3(d)R, ~R.,R, <1 5, =0.4,5; =0.1.
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Figure 4.  Prevalence given by total number of infected individuals divided by the total
population of the community under bio-terrorism attack as a function of time (years) for
treatment model (1).

4(a) R}, <RY<1B, =Pz =005; 4(b) R,>R,-1, B, =0878,=03; 4(c) R;=R} ~1,
B =02, =08; Hd)RY, = RY,RL <1; 8, =0.4, B, =0.1.
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Figure 6. Cumulative number of new cases of anthrax by varying administration of

prophylaxis plotted as a function of time (in years) for treatment model. 6(a) R < R, <1-

varying early administration of prophylaxis (&;) represented by E on the graph; 6(b)

Ry, <R, <1-varying late administration of prophylaxis (&, ) represented by E on the graph.
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The effect of efficacy of early administration of prophylaxis, &, on the cumulative number of new
cases of anthrax in the community under reference, is assessed by simulating the model using various

values of &;. The results obtained, depicted in Figure 6 (a) show a decrease in the cumulative number
of new cases with increasing values of &, for both strains of the disease. Similar conclusions were

arrived at when examining the effect of late administration of prophylaxis, &,, on the cumulative

number of new cases in the community, this is as depicted in Figure 6 (b). In both cases, we plotted
cumulative number of new cases of the disease by varying early and late administration of prophylaxis

g, and &, in the interval 0.2 for [0,1].

6 Conclusions

Summarily, from the qualitative analysis of the treatment-free model (3) and treatment model (1)
and the numerical results, the main findings in this work are as follows:

(1) There exists a global asymptotical stable disease-free equilibrium whenever the maximum of

the two reproduction numbers for each of the models (1) and (3) is less than unity, which implies that
effective control or elimination of the bio-terrorism attack of the disease in the community under
reference is feasible by applying a combination of prophylaxis and antibiotic treatment of individuals
under attack of anthrax, if the application of this combination of regimen of treatment can make the
maximum of the reproduction numbers less than unity.

(2) It is shown for the treatment-free model that the strain with higher reproduction number is
always dominant of the other at steady state while the other strain dies out in the community.
(3) For the treatment-free model, there exists continuum of co-existence endemic equilibria when

the two reproduction numbers are equal and greater than unity, while this feature is missing in the
treatment model.

(4) Tor the treatment model, there exist competitive exclusion only when Rg =1 and R§ = R}, .

(5) Quite unlike the treatment-free model, the treatment model, exhibits a low-endemicity and
high-endemicity co-existence equilibria under some certain conditions.
(6) There can be elimination of wild strain of the disease from the community under the attack of

anthrax as bio-terrorism weapon when there is wide spread use of treatment involving a combination
of prophylaxis and antibiotics in the case when the reproduction number for the wild strain exceeds
that of the drug resistant strain (and greater than unity) if infectiousness of infected individuals does
not exceed a certain threshold.

Conclusively, this study reveals that the widespread use of treatment involving a combination of
prophylaxis and antibiotics, despite the risk of the emergence and transmission of drug-resistant strain
of the disease, can ultimately lead to a significant reduction in the disease burden or even complete
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elimination of anthrax in the community under the siege of bio-terrorism attack, when certain
conditions are met. To mitigate the effects of resistant to drug in the treatment of anthrax, it is hereby
recommended that further study be focused on discovery and use of alternative drugs for treating the
resistant strain of the disease.
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