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Effects of quarantine and delay on transmission

dynamics of cholera model with Holling Type - II

incidence function

Ahmed Nakaka∗and Adamu Shitu Hassan†

Abstract

A delay cholera model with Holling Type - II saturated incidence function and quarantine

measure as intervention is formulated and dynamically analyzed with the aim of investigating

the effects of time delay and quarantine measure. Basic properties of the model are investi-

gated, and two equilibria are found to be locally and globally asymptotically stable whenever

the control reproduction number is below and above unity, respectively. Quarantine inter-

vention is found to reduce the infectivity of cholera when fully implemented. Although time

delay does not alter the qualitative dynamics of the model, however it decreases the burden

of cholera when the delay is beyond a critical value. Numerical simulations are conducted to

illustrate all our results.

Keywords: Cholera; Holling Type -II; Delay; Quarantine; Global Stabilities.

1 Introduction

Cholera is an acute, water-borne, infectious diarrhoeal disease caused by bacterium known as

Vibrio Cholerae serogroup O1 and O139. Only toxigenic strain of serogroup O1 and O139 have

caused widespread epidemics and are reported to the World Health Organization (WHO). Hu-

mans are one of the reservoirs for pathogenic form of Vibrio Cholerae O1 and O139. The disease

causes much havoc, especially to underdeveloped countries and massive threat to their economic

development. Without prompt treatment, an infected individual may die of dehydration within

hours especially in severe cases [5]. The incubation period of cholera range between few hours

to 5 days [21, 26]. Some of the control and intervention measures for cholera include antibi-

otics, rehydration therapy, effective sanitation, proper waste management, personal hygiene and

vaccination [4, 38]. After several years of steady increase, from 2007 the number of cholera

reported cases to WHO indicate a considerable decrease [33]. The disease is still a threat to

many countries. For instance in 2012 alone, a cumulative total of 245, 393 cases, including 3, 034

deaths with a case fatality of 1.2% were reported to WHO from all countries [1]. The disease

still remains a major public health problem, affecting primarily developing world populations

lacking access to adequate water and sanitation. The most recent is the September, 2018 cholera

outbreak in Yobe state, North-east Nigeria which was declared by the state’s ministry of Health.

Two weeks after, the same outbreak was declared in the neighbouring Borno state. The cumu-

lative number of recorded cases in the two states as of Thursday, 20 September, 2018 stands at

3, 126 including 97 deaths. This represents a cumulative case fatality rate of 7.8% [29].
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Mathematical models have been proposed to investigate the complex epidemic and endemic

behavior of cholera using time delay as incubation period [16, 24, 32, 34] and some without delay

[5, 23]. In 2001, Codeço [5] formulated a pioneer mathematical model of cholera that incorpo-

rated an environmental reservoir of Vibrio cholerae with the objective of exploring the role of

aquatic reservoir on the persistence of endemic cholera and to define minimum conditions for the

development of epidemic and endemic cholera. In [1], Berge, et al studied a two-patch model for

the transmission of cholera using the environmental reservoir in [5] as pathogen compartment.

In their model, they categorized the mode of transmission into two, namely; fast (human-human

transmission) and slow (human-environment transmission) as reported in [5, 12]. The main aim

of the study was to investigate the impact of human population movements between two cities

(patches) in the transmission of cholera. They obtained the basic reproduction number R0,

which defends on the rate of human movement, in addition to other model parameters. Nirwani

et al [23] analyzed SIQR − B (Susceptible, Infectious, Quarantine, Removed and Pathogen)

model for transmission of cholera with saturated incidence rate and quarantine as measure of

intervention. The study focused on effects of quarantine and incidence on the spread of cholera.

Wang and Wang [30] Studied a cholera model that incorporates human behaviour via modelling

disease prevalence depending on contact rate for direct and indirect transmissions and infec-

tious host shedding. Other related delay model is presented by Prasenjit, et al in 2007, [24] that

incorporated delay as time between infection and infectiousness for the reservoir hosts in the

model of American Cutaneous Leishmaniasis originally formulated in [9].

Quarantine is a disease control strategy that has been adopted as a mean of separating people,

animals and goods that may have been exposed to communicable diseases. The separation can

be in form of isolation, sanitary cordons, bills of health issued to ships, fumigation, disinfection

and regulation of groups of persons, amongst other strategies [20]. In [7], quarantine is defined

loosely as the temporary removal (from their immediate abode or the general population) of

people suspected of being exposed to a communicable disease. The Holling type II otherwise

called saturated incidence function is used widely in mathematical epidemiology to describe a

situation where a population is saturated with susceptibles or infectives or both - see for example

[17, 25].

In this paper, we study the transmission dynamics of cholera in human population which is

divided into four compartments, and the population of Vibrio cholerae pathogens concentration

with time delay as incubation period. Furthermore, we use a saturated incidence function of

Holling type II and quarantine of infected individuals inform of isolation/treatment as control

measure. The main objective is to investigate the effects of quarantine and time delay on both

dynamics and infectivity on the model. This research is extension of the work in [23, 27, 31] in

the following sense.

1. In Nirwani et al [23], No time delay and global stabilities of equilibria.

2. In Sun et al [27], No time delay.

3. In Wang and Wei [31], No any control strategy.

2 Model Formulation

The human population is divided into four compartments at any time t given as Susceptible

S(t), Infectious I(t), Quarantine Q(t) and Removed R(t), while the concentration of cholera

bacterium in the environment as B(t). The total human population at time t is given by
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N(t) = S(t) + I(t) + Q(t) + R(t). The susceptible humans compartment is increasing with

constant recruitment at rate (A), decrease due to infection described by Holling type II satu-

rated incidence rate (β1S(t)B(t)
1+α1B(t) + β2S(t)I(t−τ)

1+α2I(t−τ) ) and by natural death at rate (µ1), which is also

applicable to all human compartments. The parameters β1 and β2 are the human-environment

and human-human contact rates respectively. Here, τ is time delay representing the incubation

period of cholera, while e−µ1τ is the probability that infectives will survive natural death over

the period 0 ≤ t ≤ τ . Similarly, α1 and α2 are constants of the incidence rate that deter-

mine the rate of new infection. Infectious compartment is increasing due to infection at the

rate
(

β1S(t)B(t)
1+α1B(t) + β2S(t)I(t−τ)e−µ1τ

1+α2I(t−τ)

)

, decrease by deaths due to infection and naturally at rates

(d1) and (µ1), respectively, natural recovery and quarantine at rates (α) and (δ), respectively.

Similarly, the quarantine compartment increases by the rate of infectious individuals been quar-

antined at rate (δ), decreases by the rate of recovery of quarantined individuals, natural death

and disease induced at rates (ǫ), (µ) and (d2), respectively. The removed class is increased by

the recoveries of infectious and quarantined individuals at rates (α) and (ǫ), respectively, and

decrease by the natural death of humans at rate (µ1). Finally, the Vibro cholarae is increased by

the infectious human contribution to the environment at rate (η) and decreased by the natural

death of pathogens at rate (µ2).

Figure 1: Schematic diagram for the model (2.1)–(2.5) illustrating movements between com-

partments for transmission of cholera.

It should be noted that in Figure 1, the solid arrows indicate movements among the human

population due to change of status (compartment) in the course of infection or recovery, while

the dotted arrows indicate interaction between human population and the cholera bacterium in
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Variable/Parameter Description Units

S Susceptible individuals individual

I Infectious individuals individual

Q Quarantine individuals individual

R Removed individuals individual

B Pathogen concentration in water cell ml−1

A Recruitment of susceptible individuals day−1

µ1 Natural death human of population day−1

µ2 Death rate of pathogen in the environment day−1

β1 Human-environment contact rate cell−1 ml−1 day−1

β2 Human-human contact rate individual−1 day−1

d1 Death rate of infected individuals due to disease day−1

d2 Death rate of quarantine individuals due to disease day−1

δ Quarantine rate of infected individuals day−1

ǫ Rate of recovery of after quarantine day−1

α Rate of recovery of infected individuals day−1

η Infected human contributions to the pathogen cell ml−1 day−1 indl.−1

α1 Determinant of new infections through Pathogen day−1

α2 Determinant of new infections through infectious humans day−1

Table 1: Descriptions of Variables and Parameters for System (2.1)–(2.5).

the environment. The model is therefore described by the flow diagram Figure 1 and represented

with the following system of delay differential equations:

dS(t)

dt
= A−

β1S(t)B(t)

1 + α1B(t)
−
β2S(t)I(t− τ)e−µ1τ

1 + α2I(t− τ)
− µ1S(t), (2.1)

dI(t)

dt
=

β1S(t)B(t)

1 + α1B(t)
+
β2S(t)I(t− τ)e−µ1τ

1 + α2I(t− τ)
− (d1 + µ1 + α+ δ)I(t), (2.2)

dQ(t)

dt
= δI(t) − (ǫ+ µ1 + d2)Q(t), (2.3)

dB(t)

dt
= ηI(t)− µ2B(t). (2.4)

dR(t)

dt
= αI(t) + ǫQ(t)− µ1R(t). (2.5)

The model (2.1)–(2.5) satisfy the initial conditions

S(θ) = ψ1(θ), I(θ) = ψ2(θ), Q(θ) = ψ3(θ), B(θ) = ψ4(θ), R(θ) = ψ5(θ), (2.6)

for all θ ∈ [−τ, 0]. where ψi(θ), i = 1, 2, 3, 4, 5 ∈ C, the Banach space C([−τ, 0],R5) of continuous

functions mapping[−τ, 0] → R
5, with ‖ψi(θ)‖ = sup

−τ≤θ≤0
|ψi|, i = 1, 2, 3, 4, 5. We further assume

that ψi(θ) ≥ 0 for i = 1, ..., 5.

3 Basic properties of the model

In this section, we present results for basic properties of the model such as existence, uniqueness,

positivity and boundedness of solution. We also present existence and stability of equilibria.

4 JNSMB, Vol. 3 (2020)©NSMB; www.tnsmb.org
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Theorem 1 The solution (S(t), I(t), Q(t), B(t), R(t)) of system (2.1)–(2.5), exists and is bounded

for all time t ≥ 0 under the initial conditions (2.6). Moreover, the solution is positive for all

t > 0 and the region

Ω =

{

(S, I,Q,B,R) ∈ R
5
+ : S + I +Q+R ≤

A

µ1
, B ≤

K

µ2

}

is positive invariant, where K = η A
µ1
.

Proof. We first prove that the solution (S(t), I(t), Q(t), B(t), R(t)) exists and is unique as shown

below.

Let X(t) = (S(t), I(t), Q(t), R(t), B(t)). The system (2.1)–(2.5), can be written as

dX

dt
= f(t,Xt),

where Xt(θ) = X(t+ θ), for θ ∈ [−τ, 0], f is Lipschitz in X. It then follows from Theorems 2.1

and 2.3 in [11] that the system (2.1)–(2.5) has a unique solution (S(t), I(t), Q(t), R(t), B(t))

satisfying the initial data (2.6).

For the positivity of solution (S(t), I(t), Q(t), R(t), B(t)), we assume that the initial con-

dition in (2.6) hold true, then we prove that S(t) > 0, I(t) > 0, R(t) > 0, B(t) > 0 for all time

t ∈ (0,∞). We proceed by contradiction by assuming that the solution is non-positive. This

will implies that the corresponding derivatives are also non-positive (≤ 0). Then there exists a

time t1 > 0 such that

min{S(t1), I(t1), R(t1), B(t1)} = 0,

and

min{S(t), I(t), Q(t), R(t), B(t)} > 0 for all t ∈ [0, t1).

If min{S(t1), I(t1), Q(t1), R(t1), B(t1)} = I(t1) = 0, then from (2.4),

dB(t)

dt
≥ −µ2B(t), for all t ∈ [0, t̂],

hence

B(t1) > B(0) exp(−µ2t1) > 0,

which contradicts our earlier assumption. Hence there is no such time t1 > 0, which implies

that B(t) > 0 for all t > 0.

Similarly, from (2.3), we get

dQ(t)

dt
≥ −(ǫ+ µ1 + d2)Q(t), for all t ∈ [0, t1],

so that

Q(t1) > Q(0) exp(ǫ+ µ1 + d2)t1 > 0,

which also contradicts our earlier assumption. Hence there is no such time t1 > 0, which implies

that Q(t) > 0 for all t > 0.

Suppose also the min{S(t1), I(t1), Q(t1), R(t1), B(t1)} = S(t1) = 0, then from (2.2) we have

dI(t)

dt
≥ −(d1 + µ1 + α+ δ)I(t), for all t ∈ [0, t1],

5 JNSMB, Vol. 3 (2020)©NSMB; www.tnsmb.org
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hence

I(t1) > I(0) exp((d1 + µ1 + α+ δ)t1) > 0.

This also contradicts our assumption. Hence there is no such time t1 > 0, hence, I(t) > 0 for all

t > 0. Similar approaches can be followed to show that S(t), R(t) are positive at all time t > 0.

Thus, starting with positive initial values, all solutions of the model (2.1)–(2.5) will be

positive at all time t > 0.

For boundedness of solution, we prove that the total population of humans (N(t)) and the

pathogen concentration (B(t)) at time t are bounded as shown below: Adding equations (2.1)–

(2.3) and (2.5) we have

dN(t)

dt
≤ A− µ1N(t). (3.1)

Solving (3.1) we get

N(t) ≤ A
µ1

+
[

N(0) − A
µ1

]

e−µ1t.

If N(0) ≤ A
µ1
, then

0 ≤ N(t) ≤ A
µ1
.

Furthermore, it follows from equation (2.4) that since I(t) ≤ N(t) ≤ A
µ1
, it implies that

I(t) ≤ A
µ1
. Then

dB(t)

dt
≤ K − µ2B(t) (3.2)

Using Gronwall’s Inequality [10],

0 ≤ B(t) ≤ K
µ2
.

This completes the proof of Theorem 1.

4 Equilibria points and Stability Analysis

At equilibrium points, I(t) = I(t − τ) = I∗. It is observed that in system (2.1)–(2.5), R(t)

appear only in equation (2.4). Therefore, without loss of generality, the dynamics of the system

can be considered by dropping (2.5).

To determine equilibria of the system, we set the right hand sides of equations (2.1)–(2.4) to

zero. Thus

A−
β1S(t)B(t)

1 + α1B(t)
−
β2S(t)I(t− τ)e−µ1τ

1 + α2I(t− τ)
− µ1S = 0, (4.1)

β1S(t)B(t)

1 + α1B(t)
+
β2S(t)I(t− τ)e−µ1τ

1 + α2I(t− τ)
− (d1 + µ1 + α+ δ)I = 0, (4.2)

δI(t) − (ǫ+ µ1 + d1)Q(t) = 0, (4.3)

ηI(t)− µ2B(t) = 0. (4.4)

From equation (4.4),

B∗ =
ηI∗

µ2
. (4.5)

6 JNSMB, Vol. 3 (2020)©NSMB; www.tnsmb.org
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Similarly, from (4.3),

Q∗ =
δI∗

(ǫ+ µ1 + d1)
. (4.6)

Substituting (4.5) in (4.2) we have

[

β1η

µ2 + α1ηI∗
+
β2e

−µ1τ

1 + α2I∗

]

S∗I∗ − (d1 + µ1 + α+ δ)I∗ = 0. (4.7)

Adding (4.1) and (4.2) gives

S∗ =
A− (d1 + µ1 + α+ δ)I∗

µ1
. (4.8)

Substituting equation (4.8) into (4.7) we have

[(

β1η

µ2 + α1ηI∗
+
β2e

−µ1τ

1 + α2I∗

)(

A− (d1 + µ1 + α+ δ)

µ1

)]

I∗ − (d1 + µ1 + α+ δ)I∗ = 0. (4.9)

The trivial case, when I∗ = 0, give rise to the disease free equilibrium (DFE) denoted by

E1 = (S0, I0, Q0, B0) given by,

E1 =

(

A

µ1
, 0, 0, 0

)

. (4.10)

.

However, for non trivial solution, (I∗ 6= 0), we get

[

β1η

µ2 + α1ηI∗
+
β2e

−µ1τ

1 + α2I∗

] [

A− (d1 + µ1 + α+ δ)I∗

µ1

]

− (d1 + µ1 + α+ δ) = 0 (4.11)

.

After simplifying equation (4.11), we obtain the following quadratic equation in I∗.

C1(I
∗)2 + C2I

∗ + C3 = 0, (4.12)

where C1 = [(β1α2η + β2α1η)(d1 + µ1 + α+ δ) + α1α2ηµ1(d1 + µ1 + α+ δ)],

C2 = [(β1η+β2µ2)(d1+µ1+α+ δ)+ (µ2α2+α1η)(d1 +µ1+α+ δ)µ1− (β1α2η+β2α1η)A], and

C3 = −µ1µ2(d1 + µ1 + α+ δ)[Rq − 1].

Here, we define

Rq =
A(β1η + β2µ2e

−µ1τ )

µ1µ2(d1 + µ1 + α+ δ)
, (4.13)

to be the control reproduction number. The basic control reproduction number is defined as the

expected number of secondary cases produced by introducing one infected person and cholera

pathogens in a completely susceptible population in the presence of intervention. Rq can also

be calculated using the next infection operator matrix as shown in [36, 37],

From (4.12), it can be observed that C1 > 0, and C3 < 0 if Rq > 1, while C2 can be > 0

or < 0. Therefore, irrespective of the sign of C2, equation (4.12) will admit a unique positive

endemic equilibrium in I∗.

Therefore, the endemic equilibrium (EE) is given by

E2 = (S∗, I∗, Q∗, B∗),
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where

S∗ = (d1+µ1+α+δ)
[

β1η

µ2+α1ηI
∗
+

β2e
−µ1τ

1+α2I
∗

] , Q∗ = δI∗

(ǫ+µ1+d2)
, B∗ = ηI∗

µ2
,

with I∗ the unique positive root of equation (4.12). Thus the endemic equilibrium exists when-

ever Rq > 1.

In order to study the stability of equilibria, we first linearize the system (2.1)–(2.4) about

an arbitrary equilibrium to have,

dZ

dt
= J1Z(t) + J2Z(t− τ), (4.14)

where Z(t) = (S(t), I(t), Q(t), B(t))T is a vector while J1 and J2 are the Jacobian matrices

of the system given as

J1 =































− β1B(t)
1+α1B(t) −

β2I(t−τ)e−µ1τ

1+α2I(t−τ) − µ1 0 0 α1β1S(t)B(t)−(1+α1B(t))β1S(t)

(1+α1B(t))2

β1B(t)
1+α1B(t) +

β2I(t−τ)e−µ1τ

1+α2I(t−τ) −(d1 + µ1 + α+ δ) 0 0

0 δ −(d2 + µ1 + ǫ) 0

0 η 0 −µ2































,

J2 =

































0 α2β2S(t)I(t−τ)e−µ1τ−β2S(1+α2I(t−τ)e−µ1τ )

(1+α2I(t−τ))2
0 0

0 β2S(1+α2I(t−τ)e−µ1τ )−α2β2SI(t−τ)e−µ1τ

(1+α2I(t−τ))2
0 0

0 0 0 0

0 0 0 0

































Assuming a solution of the form

Y (t) = ceλt,

where c is a constant vector and λ is a complex eigenvalue.

For a non trivial solution (ceλt 6= 0) therefore, we have

J1 + J2e
−λτ = 0, (4.15)

as the transcendental equation.
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4.1 Local stability of disease free equilibrium

To investigate the local stability of DFE E1, we state and prove the following result.

Theorem 2 The disease free equilibrium E1 is absolutely stable if Rq < 1 for all delay τ ≥ 0

and unstable otherwise.

Proof. We substitute the disease free equilibrium E1 into equation (4.15) to get the corresponding

transcendental equation as

H1(λ) = (λ+ µ1)(λ+ d2 + µ1 + ǫ)[(λ− β2
A
µ1
e−λτ + d1 + µ1 + α+ δ)(λ+ µ2)

−ηβ1
A
µ1
)] = 0. (4.16)

Clearly, H1 has two negative real roots. Thus,

λ1 = −µ1 and λ2 = −(d2 + µ1 + ǫ). Hence we concentrate on the remaining part of (4.16)

defined by,

H2(λ) = λ2 + (d1 + µ1 + α+ δ + µ2 − β2
A

µ1
e−λτ )λ+ (d1 + µ1 + α+ δ

− β2
A

µ1
e−λτ )µ2 − ηβ1

A

µ1
.

(4.17)

Assume τ = 0. From (4.17) we have

H2(λ) =λ
2 + (d1 + µ1 + α+ δ + µ2 − β2

A

µ1
)λ+ (d1 + µ1 + α+ δ − β2

A

µ1
)µ2 − ηβ1

A

µ1

=λ2 + λ

[

d1 + µ1 + α+ δ + µ2 −
β2µ2(d1 + µ1 + α+ δ)Rq

β1η + β2µ2

]

+ µ2(d1 + µ1 + α+ δ)[1 −Rq]

=λ2 + λ

[

µ2 + (d1 + µ1 + α+ δ)(1 −
β2µ2Rq

β1η + β2µ2

]

+ µ2(d1 + µ1 + α+ δ)[1 −Rq].

This implies that, when Rq < 1, the coefficient of λ and the constant term are positive.

Therefore, by Descarte’s rule of signs, H2(λ) has no positive real roots. Hence, H2(λ) is stable

when τ = 0.

If τ 6= 0, then from (4.17), and substituting λ = iy to be a root, where y ∈ R+, we have

F1(y) = y4 +

[

(d1 + µ1 + µ2 + α+ δ) + β2
A

µ1

] [

µ2 + (d1 + µ1 + α+ δ)(1 −
β2µ2Rq

β1η + β2µ2

]

y2

+ [(d1 + µ1 + α+ δ)µ1µ2 +A(ηβ1 + µ2β2)] (d1 + µ1 + α+ δ)µ1µ2 [1−Rq] .

Thus, when Rq < 1, the coefficient of y2 and the constant term are positive. Therefore, by the

application of Descarte’s rule of sign, F1(y) = 0 has no positive real root and there is no y ∈ R+

such that λ = iy can be a root of F1(y). Hence, the disease free equilibrium E1 is absolutely

stable when Rq < 1 and unstable otherwise.
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4.2 Global stability of disease free equilibrium

In order to be certain about the eradication of cholera irrespective of the initial population

started with, we prove the global attractiveness of the DFE as shown below.

Theorem 3 The DFE E1 is globally asymptotically stable for all delay τ ≥ 0 when Rq < 1 and

unstable otherwise.

Proof. We assume a continuously differentiable Lyapunov function

V = µ2ηI + µ2(d1 + µ1 + α+ δ)B. (4.18)

Differentiating equation (4.18) along the solution of model (2.1)–(2.5), we have

V ′ = µ2ηI
′ + µ2(d1 + µ1 + α+ δ)B′. (4.19)

Substituting I ′, B′ in (4.19) we get

V ′ =µ2η

[

β1SB

1 + α1B
+
β2SIe

−µ1τ

1 + α2I
− (d1 + µ1 + α+ δ)I

]

+ µ2(d1 + µ1 + α+ δ) [ηI − µ2B] ,

=
µ2ηβ1SB

1 + α1B
+
µ2ηβ2SIe

−µ1τ

1 + α2I
− µ22(d1 + µ1 + α+ δ)B.

From Theorem 1, I(t) ≤ A
µ1
, S(t) ≤ A

µ1
and B ≤ ηA

µ1µ2
, thus

V ′ ≤
η2β1AS

µ1
+
µ2ηβ2ASe

−µ1τ

µ1
−
µ2η(d1 + µ1 + α+ δ)A

µ1
,

≤
ηS

µ1

(

ηβ1A+ µ2β2Ae
−µ1τ − µ1µ2(d1 + µ1 + α+ δ)I

)

≤ηµ2(d1 + µ1 + α+ δ)S

[(

ηβ1A+ µ2β2Ae
−µ1τ

µ1µ2(d1 + µ1 + α+ δ)

)

− 1

]

,

≤ηµ2(d1 + µ1 + α+ δ)S (Rq − 1) .

Thus,

V ′ ≤ ηµ2(d1 + µ1 + α+ δ)S (Rq − 1) . (4.20)

All parameters and variables of the model are non-negative, therefore, V ′ ≤ 0 when Rq < 1

with equality if and only if S = A
µ1
, I = B = 0. Hence, V is a Lyapunov function in the

feasible region Ω, and it can easily be shown that E1 is the largest invariant set in Ω. Hence by

Lasalle’s Invariance Principle [19], the disease free equilibrium is globally asymptotically stable

when Rq < 1 for all τ ≥ 0 and unstable if Rq > 1.

4.3 Local stability of endemic equilibrium (EE)

Here we establish the local stability of endemic equilibrium point E2 as follows.

Theorem 4 The endemic equilibrium E2, is locally asymptotically stable if Rq > 1 for all τ ≥ 0

and unstable otherwise.

Proof. To investigate the local stability of EE first we substitute E2 into the Jacobian matrix

(4.15) to get the transcendental equation as

H3(λ) =(λ+K1 + µ1)(λ+ d2 + µ1 + ǫ)[(λ+K2e
−λτ + (d1 + µ1 + α+ δ))(λ + µ2)

+ ηK3] = 0,
(4.21)
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where

K1 =
β1B

∗

1 + α1B∗
+

β2I
∗

1 + α2I∗
, K2 =

α2β2S
∗I∗ − β2S

∗(1 + α2I
∗)

(1 + α2I∗)
2 = −

β2S
∗

(1 + α2I∗)2
,

K3 =
(1 + α1B

∗)β1S
∗ − α1β1S

∗B∗

(1 + α1B∗)2
=

β1S
∗

(1 + α1B∗)2
.

Clearly, H3 has two negative real roots: λ1 = −K1 − µ1 < 0 and λ2 = −(d2 + µ1 + ǫ) < 0.

Therefore, stability of E2 depends on the remaining part of H3 defined as

H4(λ) =λ
2 + (d1 + µ1 + µ2 + α+ δ +K2e

−λτ )λ+ µ2(d1 + µ1 + α+ δ)

+ µ2K2e
λτ + ηK3.

(4.22)

When τ = 0,

H4(λ) = λ2 + (d1 + µ1 + µ2 + α+ δ +K2)λ+ µ2(d1 + µ1 + α+ δ) + µ2K2 + ηK3.

It can be observed that all the coefficients of H4 are positive. By Discarte’s rule of sign,

H4(λ) has no positive real roots, hence, it is stable.

However, when τ 6= 0, using Theorem (1) in [6], and letting λ = iy for y ∈ R+ as a root of

H4, we have

F2(y) = y4 +

[

(d1 + µ1 + µ2 + α+ δ) +
β2S

∗

(1 + α2I∗)2

]

[(d1 + µ1 + µ2 + α+ δ) +K2] y
2

+

[

(d1 + µ1 + α+ δ)µ2 +

[

ηβ1
(1 + α1B∗)2

+
µ2β2

(1 + α2I∗)2

]

S∗

]

[

(d1 + µ1 + α+ δ)µ2 +

[

ηβ1
(1 + α1B∗)2

−
µ2β2

(1 + α2I∗)2

]

S∗

]

.

Whenever, Rq > 1, the coefficient of y2 and the constant term are positive values. Therefore,

by the application of Descarte’s rule of sign, F2(y) = 0 has no positive real root. Therefore there

is no y ∈ R+ such that λ = iy can be a root of F2(y) = 0. Hence, the endemic equilibrium E2

is locally asymptotically stable when Rq > 1 for all τ ≥ 0 and unstable otherwise.

4.4 Global stability of endemic equilibrium

In this section the global asymptotic stability for the endemic equilibrium E2 is shown. This

result will present the conditions for existence of endemic cholera in the population irrespective

of initial populations started with.

Theorem 5 If Rq > 1, the endemic equilibrium E2 is globally asymptotically stable for all delay

τ ≥ 0 and unstable otherwise.

Proof. Considering equations (2.1)–(2.4) of the model, it is observed that, equation (2.4) is

independent of the other equations, hence can be drop. At equilibrium, from equations (2.1)–
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(2.3), we have

A =
β1S

∗B∗

1 + α1B∗
+
β2S

∗I∗e−µ1τ

1 + α2I∗
+ µ1S

∗, (4.23)

(d1 + µ1 + α+ δ) =
1

I∗

[

β1S
∗B∗

1 + α1B∗
+
β2S

∗I∗e−µ1τ

1 + α2I∗

]

, (4.24)

η =
µ2B

∗

I∗
. (4.25)

We follow the approach in [22] and define a Lyapunov function as

F = (S − S∗ lnS) +G(I − I∗ ln I) +H(B −B∗ lnB) (4.26)

By definition F > 0, where G and H are positive constants to be determined.

Differentiating F along the solution curves of the model, we have

F ′ =

(

1−
S∗

S

)

S′ +G

(

1−
I∗

I

)

I ′ +H

(

1−
B∗

B

)

B′

=

(

1−
S∗

S

)[

A−
β1SB

1 + α1B
−
β2SIe

−µ1τ

1 + α2I
− µ1S

]

+G

(

1−
I∗

I

)[

β1SB

1 + α1B
+
β2SIe

−µ1τ

1 + α2I
− (d1 + µ1 + α+ δ)I

]

+H

(

1−
B∗

B

)

[ηI − µ2B] .

Substituting equations (4.23)–(4.25) in F ′, we have

F ′ =

(

1−
S∗

S

)[

β1S
∗B∗

1 + α1B∗
+
β2S

∗I∗e−µ1τ

1 + α2I∗)
+ µ1S

∗ −
β1SB

1 + α1B
−
β2SIe

−µ1τ

1 + α2I
− µ1S

]

+G

(

1−
I∗

I

)[

β1SB

1 + α1B
+
β2SIe

−µ1τ

1 + α2I
−

I

I∗

[

β1S
∗B∗

1 + α1B∗
+
β2S

∗I∗e−µ1τ

1 + α2I∗

]]

+H

(

1−
B∗

B

)[

µ2B
∗I

I∗
− µ2B

]

,

=

(

1−
S∗

S

)

µ1(S
∗ − S) +

(

1−
S∗

S

)[

β1S
∗B∗

1 + α1B∗

]

+

(

1−
S∗

S

)[

β2S
∗I∗e−µ1τ

1 + α2I∗)

]

−

(

1−
S∗

S

)[

β1SB

1 + α1B

]

−

(

1−
S∗

S

)[

β2SIe
−µ1τ

1 + α2I
− µ1S

]

+G

(

1−
I∗

I

)[

β1SB

1 + α1B

]

+G

(

1−
I∗

I

)[

β2SIe
−µ1τ

1 + α2I

]

−G(
I

I∗
− 1)

[

β1S
∗B∗

1 + α1B∗

]

−G(
I

I∗
− 1)

[

β2S
∗I∗e−µ1τ

1 + α2I∗

]

+Hµ2B
∗

(

1−
B∗

B

)[

I

I∗
−

B

B∗

]

,

=− µ1
(S − S∗)2

S
+

β1S
∗B∗

1 + α1B∗

[(

1−
S∗

S

)

−G

(

I

I∗
− 1

)]

+
β1S

∗B∗

1 + α1B

[

G

(

1−
I∗

I

)

SB

S∗B∗
−

(

1−
S∗

S

)

SB

S∗B∗

]

+
β2S

∗I∗e−µ1τ

1 + α2I∗

[(

1−
S∗

S

)

−G

(

I

I∗
− 1

)]

+
β2S

∗I∗e−µ1τ

1 + α2I

[

G

(

1−
I∗

I

)

SI

S∗I∗
−

(

1−
S∗

S

)

SI

S∗I∗

]

+Hµ2B
∗

(

1−
B∗

B

)[

I

I∗
−

B

B∗

]

,

Let x = S
S∗
, y = B

B∗
, z = I

I∗
and β1 = β2 = β, such that
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F ′ =− µ1
(S − S∗)2

S
+

βS∗B∗

1 + α1B∗

[

(1−
1

x
)−G(z − 1)

]

+
βS∗B∗

1 + α1B

[

G(1−
1

z
)xy − (1−

1

x
)xy

]

+
βS∗I∗e−µ1τ

1 + α2I∗

[

(1−
1

x
)−G(z − 1)

]

+
βS∗I∗e−µ1τ

1 + α2I

[

G(1−
1

z
)xz − (1−

1

x
)xz

]

+Hµ2B
∗(1−

1

y
)(z − y),

Now,

F ′ = −µ1
(S − S∗)2

S
+ f(x, y, z, β), (4.27)

where,

f(x, y, z, β) =
βS∗B∗

1 + α1B∗

[

(1−
1

x
)−G(z − 1)

]

+
βS∗B∗

1 + α1B

[

G(1−
1

z
)xy − (1−

1

x
)xy

]

+
βS∗I∗e−µ1τ

1 + α2I∗

[

(1−
1

x
)−G(z − 1)

]

+
βS∗I∗e−µ1τ

1 + α2I

[

G(1 −
1

z
)xz − (1−

1

x
)xz

]

+Hµ2B
∗(1−

1

y
)(z − y),

=
βS∗B∗

1 + α1B∗

[

(1−
1

x
)−G(z − 1)

]

+
βS∗B∗

1 + α1B

[

G(1−
1

z
)xy − xy + y

]

+
βS∗I∗e−µ1τ

1 + α2I∗

[

(1−
1

x
)−G(z − 1)

]

+
βS∗I∗e−µ1τ

1 + α2I

[

G(1 −
1

z
)xz − xz + z

]

+Hµ2B
∗(1 + z − y −

z

y
).

Now, we can choose the values of G and H such that f is non-positive for all x, y, z ∈ R+.

Assume G = 1 and H = 1
µ2B∗

, then

f(x, y, z, β) =(2−
1

x
− z)βS∗

[

B∗

1 + α1B∗
+

I∗e−µ1τ

1 + α2I∗

]

+ βS∗

[

B∗

1 + α1B
(y −

xy

z
) +

I∗e−µ1τ

1 + α2I
(z − x)

]

+ (1 + z − y −
z

y
)

(4.28)

Substituting x = z = 1 in equation (4.28) implies that

f(x, y, z, β) = (1 + z − y −
z

y
),

which show that f(x, y, z, β) ≤ 0 by the arithmetic mean - geometric mean inequality, and

with equality to zero if y = z = 1.

Thus, F ≤ 0, with equality if and only if S = S∗. Hence, F is a Lyapunov function and it can

also be shown that the largest invariant set in Ω is E2. Thus by LaSalle’s Invariance Principle,

the endemic equilibrium is globally asymptotically stable for all τ ≥ 0 when Rq > 1 and unstable

otherwise.

5 Analysis for the effect of time delay

In this section, we will investigate the effect of delay (increase or decrease) on the infectivity

of cholera in a population. To start with, we use the unique threshold quantity of the model
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(control reproduction number, Rq). The idea is to determine a critical delay value above (below)

which the number of infected individuals will decrease (increase).

Since Rq = 1 is a bifurcation parameter point where stability changes, we consider it a

threshold value for infection and determine the critical delay as follows:

A(ηβ1 + µ2β2e
−µ1τ )

µ1µ2(d1 + µ1 + α+ δ)
= 1

A(ηβ1 + µ2β2e
−µ1τ ) = µ1µ2(d1 + µ1 + α+ δ),

µ2β2e
−µ1τ =

µ1µ2(d1 + µ1 + α+ δ)

A
− ηβ1,

e−µ1τ =
µ1µ2(d1 + µ1 + α+ δ)

Aµ2β2
−

ηβ1
µ2β2

.

Thus, solving for τ , we get the critical delay as

τcrit =
ln

[

1
µ2β2

(µ1µ2(d1+µ1+α+δ)
A

− ηβ1)
]

−µ1
. (5.1)

To determine the nature of (4.13) as either increasing or decreasing, we differentiate it with

respect to time delay parameter (τ).

∂Rq

∂τ
=

∂

∂τ

[

A(ηβ1 + µ2β2e
−µ1τ )

µ1µ2(d1 + µ1 + α+ δ)

]

=
∂

∂τ

[

Aηβ1
µ1µ2(d1 + µ1 + α+ δ)

]

+
∂

∂τ

[

Aµ2β2e
−µ1τ

µ1µ2(d1 + µ1 + α+ δ)

]

= −

[

Aβ2e
−µ1τ

(d1 + µ1 + α+ δ)

]

.

The negative sign of the derivative above, implies that, increasing time delay beyond the

critical delay τcrit with fixed values of all parameters involved will lead to the decrease in number

of infectious individuals. Hence, this indicates that time delay has effect on the infectivity of

cholera in the population. This result can be summarized as follows.

Proposition 6 The increase (decrease) of time delay in the model (2.1)–(2.5) will reduce (in-

crease) the infectivity of cholera whenever the delay is greater than the threshold value τcrit.

6 Numerical simulations

In this section, numerical simulations are conducted using MATLAB (R2014a) to illustrate the

theoretical results proved in the previous sections, the effects of time delay and quarantine in the

model. Parameter values from Table 2 are used as obtained from literature and some reasonable

estimates.

Figure 2(a) illustrates that, starting with initial population close to disease free equilibrium

E1, the population will remain healthy as time progress (irrespective of the length of delay),

this implies that E1 is locally asymptotically stable as proved in Theorem 2. In Figure 2(b),

it is shown that, irrespective of the initial population started with, the population will remain

healthy as time progresses, the equilibrium E1 is globally asymptotically stable as indicated in

Theorem 5. In both Figures 2(a) and (b), the values of basic control reproductive number Rq,

are 0.8725 and 0.5412, (< 1) respectively for any value of τ .
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Parameter Value Unit Reference

A 100 day−1 Assumed

µ1 0.000046 day−1 (WHO)(2016)

µ2 0.00046 day−1 (WHO)(2016)

β1 0.0000012 individual−1day−1 [28]

β2 0.0000012 individual−1 day−1 [28]

d1 0.4 day−1 [28]

d2 0.2 day−1 [28]

δ 0.0085 day−1 [28]

α 0.0085 day−1 [1]

ǫ 0.05 day−1 [1]

η 0.036 cellml−1day−1individual−1 Assumed

α1 0.056 day−1 Assumed

α2 0.06 day−1 Assumed

Table 2: Numerical values for Parameters of the model
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Figure 2: Numerical simulations showing (a) local and (b) global asymptotic stability of disease

free equilibrium E1 using parameter values in Table 2, except for τ = 3, 10 respectively.
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Figure 3: Numerical simulations showing (a) local and (b) global asymptotic stability of endemic

equilibrium E2 using parameter values from Table 2, except for β1 = 0.00012 = β2, τ = 3, 5.
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Figure 4: Numerical simulations showing impacts of (a) time delay as a function of Rq and (b)

quarantine on the model using parameter values from Table 2 with δ values as indicated.

The asymptotic stabilities of endemic equilibrium E2 are shown in Figures 3 (a) and (b). It

can be seen in Figure 3(a) that with initial data close to the endemic equilibrium and parameter

values in Table 2, the subpopulations of human converge to E2 asymptotically. Using β1 =

0.00012 = β2, τ = 3, the value of Rq = 3.4175 > 1. This illustrates the result in Theorem

4. Similarly, in Figure 3 (b), the global attractiveness of E2 is shown as proved in Theorem 5.

With parameter values from Table 2 except for β1 = 0.00012 = β2, τ = 10, using different initial

values, so that Rq = 2.8317 > 1.

In Figure 4 (a), the control reproduction number Rq is plotted as a function of time delay

to illustrates its impact on the infectivity of cholera in the population. It can be seen from the

figure that initially Rq increases with increase in the time delay before τcrit is reached. However,

after passing τcrit, as time delay τ increases, the value of Rq decreases drastically as stated in

Preposition 6. This result tallies with the ones in [25, 31]. Similarly, the impact of quarantine

is illustrated in Figure 4 (b). As shown in the figure, number of infected people decreases with

increase in the quarantine rate δ.

7 Conclusion

A deterministic time delay Cholera model with quarantine as control strategy is formulated and

analyzed. The main objectives are to investigate the effects of quarantine and time delay on the

model with Holling type II incidence functional. The main results are summarized as follows:

(i) Basic properties of the model are proved and a Threshold quantity (Control Reproduction

Number) Rq is obtained.

(ii) The model has a unique disease free equilibrium E1, which is absolutely and globally

asymptotically stable when Rq < 1 for all delay τ ≥ 0. This result indicates that cholera
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can be eradicated in the population whenever basic control reproduction number is brought

and kept below unity.

(iii) When Rq > 1, there exist an endemic equilibrium E2, which is shown to be locally and

globally asymptotically stable for all delay τ ≥ 0. This indicates that cholera will persists

in the population.

(iv) Although time delay has no effect on the qualitative dynamics of the model, it however

have effect on the disease burden whenever the time delay is above a threshold value (the

critical delay value τcrit).

(v) Quarantine intervention is also found to reduce the infectivity of cholera by increasing

the quarantine rate. Indeed, cholera can be eradicated when at least 80% of infected

individuals are quarantined in the given population.

(vi) Numerical simulations are used to illustrate our theoretical and numerical results.

In future work, we would like to investigate additional control strategies such as pulse vaccination

for speedy eradication of cholera. Double patch model for the transmission of cholera with time

delay would also be considered to investigate the effect of time delay in the presence of movement

of individuals from one patch to another during epidemic.
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Mathematical model for the introduction of

Wolbachia-infected mosquitoes to stop the spread of

Yellow Fever

M. C. Anyanwu∗and O. F. Anorue†

Abstract

In this paper, we model the use of wolbachia-infected aedes aegypti mosquitoes to control
the spread of yellow fever. Yellow fever is spread through bites of infected and uninfected
aedes aegypti mosquitoes. The model, which is a system of non-linear ordinary differential
equations, describes the transmission dynamics of the disease in the human population, natu-
ral aedes aegypti mosquitoes population and wolbachia-infected mosquitoes used for control.
The expression for the control reproduction number of the disease is derived through the
next generation matrix approach. In the stability analysis, the Gershgorin’s theorem is used
to obtain the condition under which the disease-free equilibrium is locally asymptotically
stable. Also, in the absence of wolbachia-infected mosquitoes, the disease-free equilibrium
is locally asymptotically stable if the basic offspring number and the basic reproduction
number are less than one. The presented numerical results show that the population of the
wolbachia-free aedes aegypti mosquitoes diminishes over time as compared to the population
of the wolbachia-infected mosquitoes. These results confirm that the use of wolbachia can
be effective in combating the spread of yellow fever.

Keywords: yellow fever; aedes aegypti; wolbachia; offspring number

1 Introduction

Yellow fever, a hemorrhagic fever caused by Flavivirus, family Flaviviridae is primarily transmit-
ted to human through the bite of an infected female aedes aegypti. This mosquito also transmits
dengue, chikungunya and zika[8, 9]. The origin of the disease is Africa, from where it spreads
to South America through the slave trade in the 17th century[12, 14]. The yellow fever was
the first human virus discovered and its family comprises approximately 70 viruses[9, 7], most
of which are transmitted through arthropod insects. For those infected, the disease incubates
in the first 3-6 days of onset, after which there is abrupt “ period of infection “ of the intense
viremia lasting for 2-4 days ( fever, weakness, headache, nausea, muscle pain)[7]. This is followed
by a period of remission in which the symptoms reduce and settle and most infected individuals
recover at this stage. Thus some 85% of yellow fever infections are asymptomatic and then 15%
of patients relapse and move to a “period of intoxication “characterized by abdominal pain,
vomiting, jaundice (yellow skin and eyes) and often culminating in death. Recent developments
in epidemiological studies have shown that mathematical modeling played a significant role in
the fight against infectious diseases and incessant disease outbreaks [6]. However, the control of
these diseases can be achieved by acting on the mosquito population and in absence of vaccine
or curative treatment, control turns out to be an important tool in the mission of reducing
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transmission. However, the traditional use of insecticides is often excessively expensive and en-
vironmentally undesirable and could lead to its resistance [20, 17].
In this work, we model the use of wolbachia bacterium which is a novel, natural and self- sustain-
ing approach to reduce arboviral diseases such as Dengue, zika virus disease, etc, transmitted
by aedes aegypti mosquitoes[4]. The symbolic Wolbachia is found naturally in over 60% of in-
sect species, but not in aedes aegypti, which lives in the testes and ovaries of their hosts and
is passed from one generation to the next through the eggs of mosquitoes[19]. Thus, they can
interfere with the reproductive process of mosquitoes causing phenomena such as cytoplasmic
incompatibility (C.I), parthenogenesis and fertilization of genetic males[4]. Appearances of these
phenotypes depend on the host species and Wolbachia types. C.I causes uninfected Wolbachia
females that mate with the infected Wolbachia males to rarely produce fertile eggs, while infected
Wolbachia females are not affected. This gives the infected Wolbachia females an advantage and
helps the bacteria to spread quickly through the mosquito population, which effectively block
the reproduction of the vector mosquitoes[2].

2 Model Formulation

The mosquito population is made up of the wild(or wolbachia-free) (N) and wolbachia-infected
aedes aegypti mosquitoes(W), with the classes Eggs(Ej), adult male mosquitoes(Mi), adult fe-
male mosquitoes that are not pregnant(Fi), and pregnant mosquitoes, which are either suscepti-
ble mosquitoes, (Si),the exposed mosquitoes, (Ei) or infectious mosquitoes,(Ii), where i = N,W
and j = 1, 2. We assume that only the pregnant female mosquitoes bite humans since they
need the blood to nourish their eggs after mating. Let Ti = Si + Ei + Ii, be the total female
pregnant mosquitoes. We assume that these pregnant mosquitoes lay eggs at the rate α, to
produce the quantity of eggs, αFi(1−

E1+E2

K
), where K is the carrying capacity of the environ-

ment. The laid eggs mature to either adult males (MN ) or adult females (FN ) in the numbers,
ǫm(1− c)E1 and ǫ(1 −m)(1 − c)E1, respectively, for wolbachia-free mosquitoes and ǫmE2 and
ǫ(1−m)E2, respectively, for adult male and female wolbachia-carrier mosquitoes, where ǫ is the
rate of maturity of eggs into adult mosquitoes, m is the proportion of eggs that mature into
adult males and c is the proportion of the eggs that are affected by cytoplasmic incompatibil-
ity(CI), hence, (1 − c) is the proportion of the eggs that are not affected by CI. We take c = 0
for the case of wolbachia-infected mosquitoes, since their eggs are not affected by cytoplasmic
incompatibility. The eggs are assumed to die at the rate,µ0. The adult female mosquitoes com-
prise the female mosquitoes that have matured from eggs and the ones that migrated into the
area at the recruitment level,π1. The adult uninfected female mosquitoes become susceptible
after mating with males of both species of mosquitoes. The process of mating and becoming
pregnant is modeled through the expression ρFi

MN+MW

MN+MW+MΘ
, where ρ is the mating rate, and

MΘ is the number of male mosquitoes other than aedes aegypti. These male mosquitoes are
assumed to interfere in the mating of aedes aegypti mosquitoes. The term MN+MW

MN+MW+MΘ
can

be regarded as the probability of mating with wild male mosquitoes,MN or wolbachia-infected
males mosquitoes,MW . Therefore, in the analysis and implementation of the model, we take

MN

MN+MW+MΘ
= p and MW

MN+MW+MΘ
= q so that MN+MW

MN+MW+MΘ
= p+q. The susceptible mosquitoes

get exposed to the virus when they bite infectious humans at the rates, b1αHN and b1αHW , re-
spectively for wolbachia-free and wolbachia-carrier mosquitoes, respectively, where b1 and b2
are the biting rates of wolbachia-free and wolbachia-carrier mosquitoes, respectively, and αHN

and αHW are the transmission probabilities of the virus from infected humans to wolbachia-free
and wolbachia-carrier mosquitoes, respectively. The susceptible mosquitoes are also recruited
through migration at the rate, π3. The mosques become infectious at the incubation rates, βN
and βW for wolbachia-free and wolbachia-carrier mosquitoes, respectively, where, βW ≪ βN .
The infectious mosquitoes remain so until they die naturally at the rate, µ1. The susceptible
class in the human population increases due to recruitment at the level, π4, and those who
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have recovered from the illness at the rate, η. This class decreases due to natural death of hu-
mans at the rate, µ2 and when they are infected with yellow fever through the bites of infected
wolbachia-free and wolbachia-carrier mosquitoes at the rates, b1αNH and b2αWH , respectively,
where αNH and αWH are the transmission probabilities of the virus from infected wolbachia-
free and wolbachia-carrier mosquitoes, respectively to humans such trhat αWH ≪ αNH . After
contracting the virus, humans become infectious at the expiration of the incubation period, 1

βH
,

where, βH is the incubation rate of the virus in humans. The infected humans are assumed to
recover from the disease at the rate, γ. while the disease-induced death occurs at the rate, δ.
The associated system of ordinary differential equations based on the interactions amongst the
three populations is given by

dE1

dt
= αTN

(

1−
E1 + E2

K

)

− ǫ(1− c)(1−m)E1 − ǫm(1− c)E1 − µ0E1

dMN

dt
= ǫm(1− c)E1 − µ1MN

FN

dt
= π1 + ǫ(1− c)(1 −m)E1 − ρFN

MN +Mw

MN +Mw +Mθ
− µ1FN

dSN

dt
= π2 + ρFN

MN +Mw

MN +Mw +Mθ
− b1αHNSNIH − µ1SN

dEN

dt
= b1αHNSNIH − (βN + µ1)EN

dIN
dt

= βNEN − µ1IN

dE2

dt
= αTW

(

1−
E1 +E2

K

)

− ǫ(1−m)E2 − ǫmE2 − µ1E2

dMW

dt
= ǫmE2 − µ1MW

FW

dt
= π3 + ǫ(1−m)E2 − ρFN

MN +Mw

MN +Mw +Mθ
− µ1FW

dSW

dt
= ρFW

MN +Mw

MN +Mw +Mθ
− b2αHWSW IH − µ1SW

dEW

dt
= b2αHWSW IH − (βW + µ1)EW

dIW
dt

= βWEW − µ1IW

dSH

dt
= π4 + ηRH − b1αNHSHIN − b2αWHSHIW − µ2SH

dEH

dt
= b1αNHSHIN + b2αWHSHIW − (βH + µ2)EH

dIH
dt

= βHEH − (γ + δ + µ2)IH

dRH

dt
= γIH − (η + µ2)RH

(1)

with the initial conditionX0 = (E0
1 ,M

0
N , F 0

N , S0
N , E0

N , I0N , E0
2 ,M

0
W , F 0

W , S0
W , E0

W , I0W , S0
H , E0

H , I0H , R0
H)

which are all nonnegative quantities. The domain of existence of solution to the IVP can be
described as D = D1 ∪ D2 ∪D3, where

D1 = {(E1,MN , FN , SN , EN , IN ) ∈ R
6
+|E1 +MN + FN + SN + EN + IN ≤ T1}

D2 = {(E2,MW , FW , SW , EW , IW ) ∈ R
6
+|E2 +MW + FW + SW + EW + IW ≤ T2}

D3 = {(SH , EH , IH , RH) ∈ R
4
+|SH + EH + IH +RH ≤ T3}
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where T1(t), T2(t) and T3(t) are respectively, the total population of normal mosquitoes, wolbachia-
infected mosquitoes and humans, at any time t.

2.1 Model Properties

2.1.1 Existence and Uniqueness of Model Solution

All functions in the right-hand of the model equation (1) have continuous partial derivatives
with respect to the state variables on D. Therefore, the model IVP possesses a unique solution.

2.1.2 Positivity of Model Solution and positive invariance

Here, we follow the method described in [5] to show that all the components of the solution are
nonnegative ∀t > 0, and that all the trajectories enter and remain in D at all times, t ≥ 0. Let
(E∗

1(t),M
∗
N (t) · · · , R∗

H(t)) be a fixed solution to the IVP(1) through the initial solution, X0, on
[0, τ), for a real τ . By continuity of the solution on [0, τ), there exists a τ1, 0 < τ1 < τ , such
that E∗

1(t
′) > 0,M∗

N (t′) > 0 · · · , R∗
H(t′) > 0 for any t′ ∈ [0, τ1]. So on [0, τ1], we have

dE∗

1
(t)

dt
> −(ǫ(1− c) + µ0)E

∗
1(t) =⇒ E∗

1(t) > E1(0)e
−(ǫ(1−c)+µ0)t > 0,

dM∗

N
(t)

dt
> −µ1M

∗
N (t) =⇒ M∗

N (t) > MN (0)e−µ1t > 0. In this manner, all other components of
the solution can be shown to be positive on [0, τ1]. Since the solution is continuous on [0, τ), we
have that the solution is positive on [0, τ). So all the components of the solution are bounded
below by a positive number on [0, τ). So, limt→τ−(E

∗
1(t),M

∗
N (t) · · · , R∗

H(t)) > 0. This shows
that all the solution components can be continuously extended to [0, τ ], and D is invariant with
respect to the semi-flow defined by the model system on [0, τ ]. Consequently, [0,∞) is the
maximal interval of existence of the solution[11]. Hence, the solution is nonnegative at all times,
and D is positively invariant.

3 Effective Reproduction Number

The effective reproduction number of a disease infection gives on average, the number of sec-
ondary infections that would be recorded when an index case is introduced in a purely susceptible
population in the presence of any control measure applied to stop the spread of the disease. The
control measure is effective if the effective reproduction number is less than one. Otherwise,
the control measure is ineffective, and should be discarded. The method of determining the
effective reproduction number, Reff of the disease is based on the next generation matrix ap-
proach where the reproduction number is given by the spectral radius of the next generation
matrix:Reff = ρ(FV −1), where FV −1 is called the next generation matrix. Tthe matrices F
and V are easily calculated from the model system as described in[1] and in other articles on
infectious disease modeling.

Theorem 1 Given the disease-free equilibrium Γ0 = (E∗
1 ,M

∗
N , F ∗

N , S∗
N , 0, 0, E∗

2 ,M
∗
W , F ∗

W , 0, 0, 0, S∗
H , 0, 0, 0),

with E∗
1 =

(K−E∗

2
)αS∗

N

αS∗

N
+Kǫ(1−c)(1−m)+µ0

, M∗
N =

em(1−c)E∗

1

µ1
, F ∗

N =
π1+ǫ(1−c)(1−m)E∗

1

ρ(p+q)+µ1
, S∗

N =
π2+ρ(p+q)F ∗

N

µ1

E∗
2 =

(K−E∗

1
)αS∗

W

αS∗

W
+Kǫ(1−m)+µe

, M∗
W =

ǫmE∗

2

µ1
, F ∗

W =
π3+ǫ(1−m)E∗

2

ρ(p+q)+µ2
, S∗

W =
ρ(p+q)F ∗

W

µ1
, S∗

H = π4

µ2
,

the model has a next generation matrix of the form

K =





0 KNH KWH

KHN 0 0
KHW 0 0



 , (2)

and the effective reproduction number is

R2
eff = KNHKHN +KWHKHW (3)

where KNH =
βNb1αNHS∗

H

µ1(βN+µ1)
, KWH =

βW b2αWHS∗

H

µ1(βW+µ1)
, KHN =

βHb1αHNS∗

N

(γ+δ+µ2)(βH+µ2)
, KHW =

βHb2αHWS∗

W

(γ+δ+µ2)(βH+µ2)
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proof : the size and the elements of the next generation matrix (2) are due to the three pop-
ulations involved in the yellow fever dynamics as assumed in the model. Moreover, for the model,

F =

















0 0 0 b1αNHS∗
H 0 b2αWHS∗

H

0 0 0 0 0 0
0 b1αHNS∗

N 0 0 0 0
0 0 0 0 0 0
0 b2αHWS∗

W 0 0 0 0
0 0 0 0 0 0

















,

V =

















βH + µ2 0 0 0 0 0
−βH γ + δ + µ2 0 0 0 0
0 0 βN + µ1 0 0 0
0 0 −βN µ1 0 0
0 0 0 0 βW + µ1 0
0 0 0 0 −βW µ1

















so that the next generation matrix becomes

K =





















0 0
βN b1αNHS∗

H

µ1(βN+µ1)

b1αNHS∗

H

µ1

βW b2αWHS∗

H

µ1(βW+µ1)

b2αWHS∗

H

µ1

0 0 0 0 0 0
βHb1αHNS∗

N

(γ+δ+µ2)(βH+µ2)
b1αHNS∗

N

(γ+δ+µ2)
0 0 0 0

0 0 0 0 0 0
βHb2αHWS∗

W

(γ+δ+µ2)(βH+µ2)
b2αHWS∗

W

(γ+δ+µ2)
0 0 0 0

0 0 0 0 0 0





















The multiplication of the form ATKA, where A =





1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 0 1 0





T

is an auxiliary matrix,

gives the desired structure(2). The largest eigenvalue of (2) is the effective reproduction number
(3) of the model.�

4 Stability Analysis

In this section, we discuss the local asymptotic stability of the disease-free equilibrium for the
complete system and in the absence of wolbachia-infected mosquitoes.

4.1 Local Stability of Γ0 for the Complete System

The local asymptotic stability of the disease-free equilibrium is determined by the eigenvalues
of the Jacobian matrix of the right-hand side of (1), evaluated at the disease-free equilibrium,
Γ0. Let J(Γ

0) be the Jacobian matrix of the right-hand side of (1), evaluated at the disease-free
equilibrium, Γ0. If all the eigenvalues of J(Γ0) are negative or have negative real part, then
Γ0 is locally asymptotically stable. The disease-free equilibrium, Γ0 is unstable if at least one
eigenvalue of J(Γ) is positive or have positive real part. From (1). we have that

25 JNSMB, Vol. 3 (2020)©NSMB; www.tnsmb.org



M. C. Anyanwu and O. F. Anorue

J(Γ0) =



























































−a1 0 0 a2 a3 a4 −a5 0 0 0 0 0 0 0 0 0
a6 −a7 0 0 0 0 0 0 0 0 0 0 0 0 0 0
c1 0 −c2 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 d1 −d2 0 0 0 0 0 0 0 0 0 0 −d3 0
0 0 0 0 −e1 0 0 0 0 0 0 0 0 0 e2 0
0 0 0 0 f1 −f2 0 0 0 0 0 0 0 0 0 0

−g1 0 0 0 0 0 −g2 0 0 g3 g4 g5 0 0 0 0
0 0 0 0 0 0 h1 −h2 0 0 0 0 0 0 0 0
0 0 0 0 0 0 k1 0 −k2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −m1 −m2 0 0 0 0 −m3 0
0 0 0 0 0 0 0 0 0 0 −n1 0 0 0 −n2 0
0 0 0 0 0 0 −q1 0 0 0 0 −p2 0 0 0 0
0 0 0 0 0 −q1 0 0 0 0 0 −q2 −q3 0 0 q4
0 0 0 0 0 s1 0 0 0 0 0 s2 0 −s3 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 t1 −t2 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 u1 −u2



























































where a1 =
αS∗

N

K
+ e(1− c)(1 −m) + µ0), a2 = a3 = a4 = α

(

1−
E∗

1
+E∗

2

K

)

, a5 =
αS∗

N

K

c1 = e(1− c)(1−m), c2 = ρ(p+ q)+µ1, d1 = ρ(p+ q), d2 = µ1, d3 = b1αHNS∗
N , e1 = βN +µ1

e2 = b1αHNS∗
N , f1 = βN , f2 = µ1, g1 =

αS∗

W

K
, g2 =

αS∗

W

K
+ e(1−m) + µ0,

g3 = g4 = g5 = α
(

1−
E∗

1
+E∗

2

K

)

, h1 = em, e2 = µ1, k1 = e(1−m), k2 = ρ(p+ q) + µ0,

m1 = ρ(p+ q), m2 = µ1, m3 = b2αHWS∗
W , n1 = βW + µ1, n2 = b2αHWS∗

W , p1 = βW ,
p2 = µ1, q1 = b1αNHS∗

H , q2 = b2αWHS∗
H , q3 = µ2, q4 = η, s1 = b1αNHS∗

H ,
s2 = b2αWHS∗

H , s3 = βH + µ2, t1 = βN , t2 = (γ + δ + µ2), u1 = γ, u2 = η + µ2.
The eigenvalues of J(Γ0) are a7 < 0, h2 < 0, q3 < 0, u2 < 0 and the eigenvalues of the
submatrix

J ′(Γ0) =











































−a1 0 a2 a3 a4 −a5 0 0 0 0 0 0
c1 −c2 0 0 0 0 0 0 0 0 0 0
0 d1 −d2 0 0 0 0 0 0 0 0 −d3
0 0 0 −e1 0 0 0 0 0 0 0 e2
0 0 0 f1 −f2 0 0 0 0 0 0 0

−g1 0 0 0 0 −g2 0 g3 g4 g5 0 0
0 0 0 0 0 k1 −k2 0 0 0 0 0
0 0 0 0 0 0 −m1 −m2 0 0 0 −m3

0 0 0 0 0 0 0 0 −n1 0 0 −n2

0 0 0 0 0 −q1 0 0 0 −p2 0 0
0 0 0 0 s1 0 0 0 0 s2 −s3 0
0 0 0 0 0 0 0 0 0 0 t1 −t2











































(4)

The theorem below gives the condition under which all the eigenvalues of J ′(Γ0) are negative.

Theorem 2 (Gershgorin) Let A = aij be a complex n × n matrix with eigenvalues, λ. For

i ∈ n, let Ri =
∑

j 6=i |aij | be the sum of the absolute values of the non-diagonal entries in the ith

row. Let D(aii, Ri) := |λ − aii| ≤ Ri be a closed disc centered at aii with radius Ri. Then, the

eigenvalues of A belong to the union of the discs, D(aii, Ri).
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From the Gershgorin’s theorem, we have that all the eigenvalues, λ of J ′(Γ0) lie in the union of
the closed disc |λ− aii| ≤

∑

j 6=i |aij |, i, j = 1, 2, 3 · · · 12. Hence, we have

−(a1 + a2 + 3a3) ≤ λ ≤ a2 + 3a3 − a1,

−(c1 + c2) ≤ λ ≤ c1 − c2,

−(d1 + d2 + d3) ≤ λ ≤ d1 + d3 − d2,

−(e1 + e2) ≤ λ ≤ e2 − e1,

−(f1 + f2) ≤ λ ≤ f1 − f2,

−(g1 + g2 + 3g3) ≤ λ ≤ g1 + 3g3 − g2

−(k1 + k2) ≤ λ ≤ k1 − k2,

−(m1 +m2 +m3) ≤ λ ≤ m1 +m3 −m2,

−(n1 + n2) ≤ λ ≤ n2 − n1,

−(p1 + p2) ≤ λ ≤ p1 − p2,

−(s1 + s2 + s3) ≤ λ ≤ s1 + s2 − s3,

−(t1 + t2) ≤ λ ≤ t1 − t2

(5)

Therefore, if J ′(Γ0) is strictly diagonally dominant, then Gershgorin’s theorem ensures that
λ ∈ [−Θ1,−Θ2], where −Θ1 and −Θ2 are respectively, the minimum and maximum of the left-
hand and right-hand sides of the inequalities in (5). Therefore, the disease-free equilibrium Γ0

is locally asymptotically stable if J ′(Γ0) is strictly diagonally dominant(SDD).

4.2 Local Stability of Γ0 in the wolbachia-free mosquito system

We consider the stability of Γ0 when the wolbachia-infected mosquitoes have not been introduced
in the population. In this case, the disease-free equilibrium is (E∗

1 ,M
∗
N , F ∗

N , S∗
N , E∗

N , I∗N , S∗
H , E∗

H , I∗H , R∗
H),

and the associated Jacobian matrix is

J ′′(Γ0) =

































−a1 0 0 a2 a3 a4 0 0 0 0
a6 −a7 0 0 0 0 0 0 0 0
c1 0 −c2 0 0 0 0 0 0 0
0 0 d1 −d2 0 0 0 0 −d3 0
0 0 0 0 −e1 0 0 0 e2 0
0 0 0 0 f1 −f2 0 0 0 0
0 0 0 0 0 q1 −q2 0 0 q3
0 0 0 0 0 s1 0 −s2 0 0
0 0 0 0 0 0 0 t1 −t2 0
0 0 0 0 0 0 0 0 u1 −u2

































(6)

Eliminating the rows and columns containing the entries a7 < 0, q2 < 0, u2 < 0, and transforming
the remaining submatrix to an upper traingular matrix, we find that all the eigenvalues of J ′′(Γ0)
are negative if

KoffN < 1 and R2
0 < 1

where

KoffN =
α
(

1−
E∗

1

K

)

ǫ(1− c)(1 −m)ρp
(

αS∗

N

K
+ ǫ(1− c)(1−m) + µ0

)

(ρp + µ1)µ1

is the basic offspring number of the mosquito, and

R2
0 =

b1βHαHNS∗
N

(βH + µ2)(γ + δ + µ2)

βNb1αNHS∗
H

µ1(βN + µ1)
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is the basic reproduction number of the disease in the absence of wolbachia-infected mosquitoes
used for control, Therefore, the disease-free equilibrium in the absence of wolbachia-infected
mosquitoes is locally asymptotically stable if KoffN < 1 and R0 < 1, simultaneously. This
shows that ther disease-free equilibrium is locally asymptotically stable if the average number of
mosquito offspring produced by each adult female mosquito is less than one, and if the average
number of persons infected by a single index case of yellow fever in a purely susceptible human
and mosquito population is less than one.

5 Numerical Simulations

The simulation of the model is carried out with the following initial solution and the param-
eter values in Table 1. E0

1 = 1000,M0
N = 1000, F 0

N = 1200, S0
N = 10000, E0

N = 1000, I0N =
12000, E0

2 = 0,M0
W = 100, F 0

W = 1000, SW = 10000, E0
W = 0, I0N = 0, SH = 10000, E0

H =
1300, I0H = 1500, R0

H = 50,Π1 = 150, π2 = 150, π3 = 10000, π4 = 100,K = 20000.In table 1, we
chose parameters of the wolbachia-infected mosquitoes based on the parameters of the normal
mosquitoes. For example, the incubation period of yellow fever virus in the normal mosquitoes is
12 days. Hence, we choose the incubation period of the virus in the wolbachia-infected mosquito
to be double that of the normal mosquito, which is 24 days.This is because wolbachia increases
the incubation period of the virus in its host mosquito. Also, the probability of transmission
αWH of the virus from wolbachia-infected mosquitoes is chosen so that it is much smaller than
that of the normal mosquitoes, since wolbachia reduces the ability of the mosquitoes to transmit
the virus to humans. The result of the numerical experiment is given in Figures 1-6. In the
graphs, ’N’ represents normal aedes aegypti mosquitoes, while ’W’ represents wolbachia-infected
aedes aegypti mosquitoes.

Parameter Value Source Parameter Value Source

m 0.6 [3] µ2 3.5× 10−5 [13]
µ0 0.0005 [10] e 1/6.67 [10]

αHN 0.175 [21] γ 0.143 [13]
αHW 0.175 [21] αWH 0.0005 assumed
µ1 0.09 [13] αNH 0.175 [21]
βH 1/5 [8] q 0.25 assumed
b1 0.004 assumed η 0.015 assumed
b2 0.7 [21] p 0.58 assumed
βN 1/12 [19] δ 3.5× 10−4 [13]
βW 1/24 1

2 of βN α 0.15 assumed
ρ 0.075 assumed c 0.6 assumed

Table 1: Parameter Values used in this model

6 Results and Discussion

The graphs depict the impact of wolbachia-infected mosquitoes on the population of wolbachia-
free mosquitoes. Figure 1 shows the quantity of eggs produced by the normal mosquitoes(N) and
the wolbachia-infected mosquitoes(W) in a given period of time. From the graph, we see that
the quantity of eggs produced by the normal mosquitoes rises slightly and begins to decrease
as the eggs produced by the wolbachia-infected mosquitoes increase. The reduction in the
quantity of eggs produced by the normal mosquitoes is attributed to cytoplasmic incompatibility,
which prevents eggs produced by the normal female mosquitoes from hatching, when mated by
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Figure 1: Quantity of Eggs produced by the mosquitoes
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Figure 2: Number of adult female mosquitoes
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Figure 3: Number of exposed mosquitoes
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Figure 4: Number of infectious mosquitoes
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wolbachia-infected male mosquitoes. The reduction in the number of eggs produced by the
normal mosquitoes leads to reduction in the emerging normal adult female mosquitoes as shown
in figure 2, figure 3 and figure 4. In figure 5 and figure 6, we notice an initial increase in
the exposed and infectious human classes, which later decrease as time increases. The period
of increase in the size of exposed and infectious humans can be regarded as the period when
wolbachia-infected mosquitoes have not fully established in the population. In this case, more
normal infectious mosquitoes are available to bite and infect humans with yellow fever.

7 Conclusion

We have modeled the introduction of wolbachia into aedes argypti mosquitoes in order to curb
the spread of yellow fever. An application of Gershgorin’s theorem gives the condition under
which the disease-free equilibrium of the model is locally asymptotically stable. In the absence of
the wolbachia-infected mosquitoes used for control, we derived that the disease-free equilibrium
is locally asymptotically stable if the basic offspring number of the normal mosquitoes and the
basic reproduction number of the disease are simultaneously less than one. This agrees with the
use of wolbachia-infected mosquitoes as control since it reduces the basic offspring number of the
wild mosquitoes through the action of cytoplasmic incompatibility and reduces the basic repro-
duction number through reduction in the incubation rate of the virus in the wolbachia-infected
mosquitoes. Numerical simulations of the model also show that the population of the normal
mosquitoes, including its eggs is reduced compared to the population of the wolbachia-infected
mosquitoes which increases. This shows that the wolbachia-infected mosquitoes gradually re-
places the normal mosquitoes in the area where yellow fever is endemic. In this case, less number
of normal mosquitoes would be available to bite and transmit yellow fever virus to humans, and
the more abundant wolbachia-infected mosquitoes would have less ability to transmit the disease
to humans. We therefore conclude that releasing wolbachia-infected aedes aegypti mosquitoes
in the area where yellow fever is endemic has the ability to prevent the disease from spreading
in the population.
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Abstract 

The major short coming associated with the use of antibiotics to combat anthrax in a 
population under the siege of its attack, is the emergence and transmission of anthrax that 
are resistant to these drugs. Consequently, our focus in this work is the formulation of a 
new deterministic treatment model which incorporates a wild (drug-sensitive) and drug-
resistant strain for gaining insight into the dynamical features of the two strains of anthrax, 
with a view to determining result-oriented, and effective ways to control the spread of the 
disease and its treatment in this circumstance. Discoveries from both the qualitative and 
numerical analysis of the model, is that the model has two equilibria: the disease free 
equilibrium (DFE) which is locally asymptotically stable when a certain epidemiological 

threshold tR0
 (the associated reproduction number) is not up to unity, that is, 10 

tR and 

the disease will persist in the community when the threshold exceeds unity, that is,    10 
tR

. In addition, for the case where 10 
tR , it is shown that the model can have two co-existing 

endemic equilibria and there is occurrence of a phenomenon, competitive exclusion 

whenever the associated reproduction number of the drug-resistant strain )( t

RR is greater 

than that of the wild strain )( t

WR . On the other hand, unlike in the treatment model, it is 

shown that the model without treatment can have a family of infinitely many endemic 

equilibria when its associated epidemiological threshold )( 0R exceeds unity. Whenever 

t

R

t

W RR   and 1t

WR , it is shown that widespread application of treatment regimen of 

combination of prophylaxis and antibiotics against the wild strain of the disease can lead to 
its elimination from the community if the associated reduction in infectiousness of infected 
individuals who were treated for the wild strain infection does not exceed a certain 

threshold value, which in this case, is the  use of treatment expected to make t

R

t

W RR  .  
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1       Introduction  

Bacillus anthracis is the bacteria causing an acute infectious disease referred to as Anthrax. Anthrax 
causative bacterium, a non-motile, spore-forming bacterium, produces spores, small resistant cells that 
are capable of surviving for many years in the environment [1, 2]. The disease which commonly occur 
in wild or domesticated animals has an occurrence in humans due to exposure to infected animals or 
tissue from animals that have been infected with the disease or expose directly to Bacillus anthracis. 
There are basically three forms of occurrence: coetaneous, gastrointestinal, and inhalation [3]. The 
time between becoming infected and developing symptoms of the disease, - incubation period - is 
usually one to seven days, commonly but can be up to two months at times. The neurological 
symptoms of anthrax at prodromal stage are non-headache, such as fever, fatigue, and muscle aches. 
Strict adherence to prophylaxis during incubation stage will not lead to illness. The veterinary vaccine 
that is currently in use in the U.S. is a spore suspension from a virulent non-encapsulated strain [5, 6]. 
Original human anthrax vaccine have been developed in the 1950s. From the examination of the safety 
of the vaccine, [7] concluded that there is relatively minor individual reactions to it. Antibiotics such 
as Penicillin G., Amoxicillin, Doxycyline and Ciproflaxacin have been found to be effective for the 
treatment of anthrax [6, 7]. However, there is report that 20% of untreated people may die of the 
disease. A large numbers of humans and animals were killed by the disease in the middle ages when it 
swept across Europe [8]. With the industrialization of Europe, however, smaller outbreaks of anthrax 
began to occur in factories where imported animal hides and hair were processed [9].  It is pertinent 
to note that anthrax is a potential agent for use in biological warfare due to the fact that it has virulent 
characteristics that have made it attractive as a bio-weapon. Cases of use of anthrax as a bio-terrorism 
weapon has been reported by many researchers, which include [14-16, 34]. It should be noted that 
although, the scourge of anthrax can be combatted with vaccine and effective treatment with 
ciprofloxacin and doxycycline; however, with low dosage of antibiotics, treatment can fail [17]. There 
now abound evidences of development of resistance to Penicillin G., and Amoxicillin and other 
antibiotics used in the treatment of anthrax [18-20]. 

  Mathematical models have been found to provide key insights into the causes of an outbreak 

of disease and help the management in the allocation of healthcare resources optimally by investigating 

the impact of alternative interventions [31]. In literature, there exist several attempts to study the 

dynamics of the transmission of anthrax in a population. [21] formulated a model considering only  

the  susceptible  animals,  the environmental  contamination  and  the  number  of carcasses  of  

animals  that  may  have  died  of  anthrax. [22, 23] in their models investigated the contamination of 

environment and the contact between animal and infected carcasses, they discovered that if there is 

early and effective treatment, the infected animals can be cured. [24] formulated epidemic models on 

anthrax transmission in animals; they do not consider anthrax as a zoonotic disease. As a result of the 

renewed interest in anthrax, other researchers such as [24–28] provided comprehensive and 

complementary perspectives on this disease.  

  Arising from the reported cases of the deployment of anthrax as bio-terrorism weapon in 

literature, then the objective of this study, therefore, is to design a new deterministic treatment model 

which incorporates the drug-sensitive and drug-resistant strain into the transmission dynamics of 

anthrax in a population where it is deployed as bio-terrorism weapon such that the two strains of the 

disease are co circulating. We shall undergo rigorous analysis of the resulting deterministic system of 

non-linear differential equations with a view to gaining insight into its dynamical features towards 

exploring the strategies for its control and cure.    
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2       Model formulation  

We split the total population of the people in the community at time t , denoted by ( )N t , into 

mutually exclusive compartments of Susceptible people that are not on prophylactic treatment (usually 

called Prophylaxis) within 48 hours of case detection in their household ( )US t , susceptible people 

that are on early Prophylaxis ( )EPS t , susceptible people that are on late Prophylaxis ( )LPS t , exposed 

people with wild strain of the disease ( )WE t , exposed people with resistance strain of the disease 

( )RE t , asymptomatic infectious people with the wild strain ( )AWI t , symptomatic infectious people 

with the wild strain ( )SWI t , asymptomatic infectious people with the resistance strain ( )ARI t , 

symptomatic infectious people with the resistance strain ( )SRI t , the treated class ( )WT t  of the wild 

strain, and the recovered people ( )R t , so that we have: 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )U EP LP W R AW SW AR SR WN t S t S t S t E t E t I t I t I t I t T t R t= + + + + + + + + + +   

We generated the population of Susceptible people that are not on prophylaxis within 48 hours of 

case detection in their household ( )US t , by the birth of children at a rate   and diminished by 

individuals who acquire infection following contact with infected individuals at the rate W , primary 

infection with wild strain and R , primary infection with resistant strain. There is a further reduction 

in this population by individuals who progressed at rate   to the class of susceptible on early 

prophylaxis and natural death (at a rate  ; natural death occur in all epidemiological compartments at 

this rate), so that we have: 

  ( ) ( ) UURW
U SS

dt

dS
 +−+−=  

We generated the population of susceptible people that are on early Prophylaxis ( )EPS t , following the 

prophylaxis of the fraction, k , where 0 1k   of susceptible individuals not on prophylaxis at the 

rate k . This population is diminished by susceptible individuals who are on early prophylaxis who 

came in contact with infected individuals at the rate ( )11 W −  and ( )11 R −  (where 1  is the 

efficacy of the early prophylaxis) and natural death, so that we have: 

  ( )( )11EP
U W R EP EP

dS
k S S S

dt
    = − − + −  

We generated the population of susceptible people that are on late prophylaxis ( )LPS t , following the 

prophylaxis of the fraction, k, where 0 < k < 1 of susceptible individuals not on prophylaxis at the 

rate ( )1 k − . This population is diminished by susceptible individuals who are on late prophylaxis 
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who came in contact with infected individuals at the rate ( )21 W − and ( )21 R −  (where 2  is the 

efficacy of the late prophylaxis) and 2 10    ) and natural death, so that: 

  ( ) ( ) ( )21 1LP
U W R LP LP

dS
k S S S

dt
    = − − − + −  

 

We generated the population of exposed individuals to the wild strain of the disease ( )WE t  by 

susceptible individuals not on prophylaxis who came in contact with those who are infected by the 

wild strain at the rate W  and susceptible individuals on early prophylaxis who came in contact with 

those who are infected by the wild strain of the disease at the rate ( )11 W −  and susceptible 

individuals on late prophylaxis who came in contact with those who are infected by the wild strain of 

the disease at the rate ( )21 W − . This population is diminished by exposed individuals who 

progressed to infected class with the wild strain of the disease at the rate W  and natural death, so 

that we have: 

  ( ) ( )  ( )1 21 1W
U EP LP W W W

dE
S S S E

dt
    = + − + − + +  

Likewise, we generated the population of exposed individuals to the resistance strain of the disease 

which is given by: 

  ( ) ( )  ( )1 21 1R
U EP LP R R R

dE
S S S E

dt
    = + − + − + +  

We generated the population of the asymptomatic infected class with the wild strain of the disease 

( )AWI t by the fraction, 1f , where 10 1f    of individuals that progressed from exposed with wild 

strain to asymptotically infected with the wild strain at the rate ( )11 Wf − . This population is 

diminished by those who progressed to symptomatic infected class with the wild strain at the rate W

. This population is further reduced by disease-induced death at the rate W  and natural death, so that: 

  ( ) ( )11AW
W W W W AW

dI
f E I

dt
   = − − + +  

We generated the population of the symptomatic infected class with the wild strain of the disease 

( )SWI t  by the remaining fraction of those individuals that progressed from exposed wild strain to 

symptomatic infected individuals with the wild strain at the rate 1 Wf   and individuals who progressed 

from infected asymptomatic wild strain to symptomatic infected individuals with the wild strain at the 

rate W . This population is diminished by those who progressed to treatment class at the rate W . 
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There is a further reduction in this population by disease-induced death at the rate W  and natural 

death, so that we have: 

  ( )1
SW

W W W AW W W SW

dI
f E I I

dt
    = + − + +  

We generated the population of the asymptomatic infected class with the resistance strain of the 

disease ( )ARI t  by the fraction, 2f  , where 20 1f   of individuals that progressed from exposed with 

resistance strain to asymptotically infected with the resistance strain at the rate ( )21 Rf − ; the 

population is further increased by the fraction 3f , where 30 1f   of individuals who resisted 

treatment in the treatment class at the rate 3 Wf . This population is diminished by those who 

progressed to the class of symptomatic infected with resistance strain at the rate R . This class is 

further reduced by disease-induced death at the rate R  and natural death, so that: 

  ( ) ( )2 31AR
R R W W R R AR

dI
f E f T I

dt
    = − + − + +  

We generated the population of the symptomatic infected class with the resistance strain of the disease 

( )SRI t  by the remaining fraction of those individuals that progressed from exposed resistance strain 

to symptomatic infected individuals with the resistance strain at the rate 2 Rf  ;this population is 

further increased by the remaining fraction ( )31 f− of individuals who resisted treatment in the 

treatment class at the rate ( )31 Wf − that progressed to this class. There is further increment in this 

population by the individuals who progressed to this class from the asymptomatic infected class at the 

rate R . This population is diminished by disease-induced death at the rate R  and natural death, so 

that we have: 

  ( ) ( )2 31SR
R W W R AR R SR

dI
f f T I I

dt
    = + − + − +  

We generated the population of the treated class ( )WT t following the individuals who are symptomatic 

infected with the wild strain of the disease and progressed to the treatment class at the rate W ; but 

this population is diminished by those individuals who resist treatment at the rate W and progression 

from treated class to recovered class at the rate v . There is a further reduction in population by 

disease-induced death at slower rate W and natural death, so that the treated class is given by: 

  ( )W
W SW W W W

dT
I v T

dt
   = − + + +  



 P.O. Ameh, B.I. Omede and B. Bolaji 
                                                           

39                                                                                  JNSMB, Vol. 3 (2020)  ©NSMB; www.tnsmb.org 
 

We generated the population of the recovered class ( )R t  by those who recovered from the disease 

due to treatment at the rate v ; while the population of the class is diminished by natural death; so that 

we have: 

              W

dR
vT R

dt
= −  

Based on the above formulations and assumptions, the model for the transmission dynamics of the 

two strains of anthrax is given by the following deterministic system of non-linear differential 

equations: 

  ( ) ( ) UURW
U SS

dt

dS
 +−+−=  

  ( ) ( )( )11 1EP
U W R EP EP

dS
k S S S

dt
    = − − − + −  

  ( )( )21LP
U W R LP LP

dS
k S S S

dt
    = − − + −  

  ( ) ( )  ( )1 21 1W
U EP LP W W W

dE
S S S E

dt
    = + − + − − +  

  ( ) ( )  ( )1 21 1R
U EP LP R R R

dE
S S S E

dt
    = + − + − − +     (1) 

  ( ) ( )11AW
W W W W AW

dI
f E I

dt
   = − − + +  

  ( )1
SW

W W W AW W W SW

dI
f E I I

dt
    = + − + +  

  ( ) ( )2 31AR
R R W W R R AR

dI
f E f T I

dt
    = − + − + +  

  ( ) ( )2 31SR
R R W W R AR R SR

dI
f E f T I I

dt
    = + − + − +  

  ( )W
W SW W W W

dT
I T

dt
    = − + + +  

  W

dR
vT R

dt
= −        

 where 
( )W AW SW

W

I I

N




+
=  and 

( )R AR SR

R

I I

N




+
=  
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It should be noted that the effective contact rate with infected individuals having the wild strain and 

resistant strain of the disease is W  and R respectively.  

Below is the itemization of some of the main assumptions made in the formulation of the model: 

  (i) The disease-induced death rate in all the infected compartments and natural death rate in all 

the compartments are the same. 

 (ii) In the treatment class, infection takes place.  

 (iii) There cannot be natural recovery from the infection [17]. 

It is pertinent to note that model (1) is an extension of models for transmission of anthrax in the 

literature such as those in [11, 12, 16, 21, 22, 23] by inter alia: 

(1)  As against the transmission dynamics of anthrax in literature, including those in [11, 12, 16, 

21, 22, 23], we considered the two strains of the disease that can co-circulate in a given 

population where anthrax is endemic, the drug-sensitive and drug-resistance strain. It should 

be noted that this was not done in any of the afore-mentioned works; they only considered a 

single strain of the disease. The motivating factor for incorporating the two strains into our 

model is the community – wide impact of the two strains of the disease co circulating in the 

community that now abounds [18, 19]; and there is need to qualitatively assess them; 

(2)  Including the dynamics of Exposed individuals to the dynamics of the disease by incorporating 

classes WE & RE . This is not included in any of the afore-mentioned models; 

(3)  Including a compartment for the treated individuals against the infection of anthrax, since 

there exist treatment for the disease as obtained in literature (see [6, 7]); however, it should be 

noted that this is not included in any of the afore-mentioned models. 
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Figure 1: Schematic diagram of the model    
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                             Table 1. Description of variables and parameters for model (1)  

Variables Interpretation 

𝑆𝑈 Population of susceptible individuals not on prophylaxis 

𝑆𝐸𝑃 Population of susceptible individuals on early prophylaxis 

𝑆𝐿𝑃 Population of susceptible individuals on late prophylaxis 

𝐸𝑊 Population of exposed individuals to wild strain 

𝐸𝑅 Population of exposed individuals to resistance strain 

𝐼𝐴𝑊 Population of asymptomatic infectious individuals with the wild strain 

𝐼𝑆𝑊 Population of symptomatic infectious individuals with the wild strain 

𝐼𝐴𝑅 Population of asymptomatic infectious individuals with the resistance strain 

𝐼𝑆𝑅 Population of symptomatic infectious individuals with the resistance strain 

𝑇𝑊 Population of treated individuals who are infected with the wild strain 

𝑅 Population of the recovered individuals 

Parameters Interpretation 

𝜋 Recruitment rate 

𝛼 Progression rate of susceptible people not on prophylaxis to the class of susceptible 

people on early/late prophylaxis 

𝜆𝑊(𝜆𝑅) Force of infection for wild (resistance) strain 

𝜀1/𝜀2 Efficacy of prophylaxis drug for early/late treatment respectively 

𝜇 Natural death rate 

𝜎𝑊(𝜎𝑅) Progression rate of people in exposed class of wild (resistance) strain to infectious 

class of wild (resistance) strain 

𝛿𝑊(𝛿𝑅) Disease-induced death rate due to wild (resistance) strain of the disease 

𝛾𝑊(𝛾𝑅) Progression rate from asymptomatic infected people with wild (resistant) strain to 

symptomatic infected wild (resistant) strain 

𝜓𝑊 Progression rate of people who resist treatment (fail) to symptomatic or 

asymptomatic infected class 

𝜏𝑊 Rate of treatment of symptomatic infected people with the wild strain of the disease 
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𝜃 Modification factor for progression to death by treated individuals 

𝑓 Fraction of people in exposed class of wild (resistance) strain who progressed to 

infectious classes 

k Fraction of people who are susceptible but not on prophylaxis who progressed to 

class of susceptible on early or late prophylaxis 

𝛽𝑊(𝛽𝑅) The effective contact rate with infected individuals having the wild strain (resistant 

strain) of the disease 

𝜈 Rate of progression from treatment class to recovery class 

 

2.1 Basic Properties 

In order for the model (1) to be meaningful epidemiologically, there is the need to prove that all the 

state variables of the model are non-negative for all time (t). So to say that the solution with positives 

of the model (1) with positive initial data will remain positive for all 0t  .  We do this as follows: 

Note that, initially,   

)()()()()()()()()()()( tNRtTtItItItItEtEtStStS WSRARSWAWRWLPEPU =++++++++++ .  

Thus, at any time t, ),()(),()(),()(),()(),()( tNtEtNtEtNtStNtStNtS RWLPEPU   

),()(),()(),()(),()(),()( tNtTtNtItNtItNtItNtI WSRARSWAW  and ),(tNR   so that 

  UUURUWUUURUW
U SSSSSSSS

dt

dS
 −−−−−−−−=  

            UUUU SSSS  −−−− 22  

           ( ) US ++− 4 , 

From here, it is clear that 

  ( ) ,0)0()( 4 teStS  ++−   for 0t  and .0)0( S  

By using similar approach, it can equally be shown that ,0)(,0)(,0)(  tEtStS WLPEP ,0)( tER

,0)(,0)(,0)(,0)(,0)(  tTtItItItI WSRARSWAW  and ,0R respectively. Hence the solution 

of the model remains non-negative for all non-negative initial conditions. 

Lemma 2.1  

The region ( ) 11, , , , , , , , , , :U EP LP W R AW SW AR SR WD S S S E E I I I I T R R N



+

 
=   
 

 is positively- 
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invariant and attracts all the solution in 11R+
. 

Proof: By adding the equations in the model system, we have: 

  ( ) ( )W AW SW R AR SR W W

dN
N I I I I T

dt
    = − − + − + −     (2) 

In the absence of disease, W and R equals zero; therefore equation (2) becomes: 

  
dN

N
dt

  −  

Thus, whenever N



  then 0

dN

dt
 .  Hence, since it follows from the right hand side of the 

inequality that 
dN

dt
is bounded by N − , a standard comparison theorem can be used to show that:

 ( ) ( ) ( )0 1t tN t N e e 



− − + − .                  

If ( )0N



 , then ( )N t




 . Thus, D is a positively-invariant set under the flow described by  model 

(1) so that no solution path leaves through the boundary of region D. Hence, it is sufficient to consider 

the dynamics of the model in region D. Thus, in this region, the model can be considered as been 

epidemiologically and mathematically well-posed [29].  

This ends the proof. 

 

3       Treatment-free model 

For convenience we first study a version of model (1) in the absence of treatment by setting 

0==== WWWT   before we proceed to analyze the treatment model (1); thus, we obtain a 

treatment-free model: 

  ( ) ( ) UURW
U SS

dt

dS
 +−+−=  

  ( ) ( )( )11 1EP
U W R EP EP

dS
k S S S

dt
    = − − − + −  

  ( )( )21LP
U W R LP LP

dS
k S S S

dt
    = − − + −  
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  ( ) ( )  ( )1 21 1W
U EP LP W W W

dE
S S S E

dt
    = + − + − − +  

  ( ) ( )  ( )1 21 1R
U EP LP R R R

dE
S S S E

dt
    = + − + − − +     (3) 

  ( ) ( )11AW
W W W W AW

dI
f E I

dt
   = − − + +  

  ( ) SWWAWWWW
SW IIEf

dt

dI
 +−+= 1  

  ( ) ( ) ARRRRR
AR IEf

dt

dI
 ++−−= 21  

  ( ) SRRAWWRR
SR IIEf

dt

dI
 +−+= 2  

  R
dt

dR
−= ,       

 where 
( )W AW SW

W

I I

N




+
=  and 

( )R AR SR

R

I I

N




+
= . 

For the treatment-free model (3), it can be shown that the following region is positively, invariant and 

attracting:  ( )








= +



NRRIIIIEESSSD SRARSWAWRWLPEPU :,,,,,,,,,

10

1  

So that it is sufficient to consider the dynamics of the treatment-free model (3) in 1D . 

3.1 Local stability of disease-free equilibrium  

For the treatment-free model (3), the disease-free equilibrium (DFE) is given by:  

 

( )
( )

( )
( ) 

















+

−

++
== 0,0,0,0,0,0,0,

1
,.,,,,,,,,, **********

0













kk
RIIIIEESSS SRARSWAWRWLPEPU  

                     

(4)  

By using the notations in [30], using next generation operator method on the system (3), we establish 

the linear stability of 0 , by obtaining the matrices F and V, for the new infection terms and the 

remaining transfer terms respectively, given by:  
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

































++++

++++

=

0000000

0000000

0000000

0000000

0000000

00000

00000

******

******

LPEPU

R

LPEPU

R

LPEPU

W

LPEPU

W

SSS

Q

SSS

Q

SSS

Q

SSS

Q

F





 

And  





























−

−−

−

−−

−

=







00000

0000

00000

0000

00000

000000

000000

132

1110

91

87

6

5

Bf

BB

Bf

BB

B

B

V

RR

Ww
 

Where 1 ,B  = +      ( )2 1 ,B k = −        ( )3 11 ,B = −           ( )4 21 ,B = −     5 ,WB  = +  

6 ,RB  = +   ( )7 11 ,WB f = −     8 ,W WB   = + +    9 ,W WB   = + +   

( )10 21 ,RB f = −  11 ,R RB   = + +  ( )12 31 ,WB f = −      

13 ,RB  = +  and  3 4U EP LPQ S B S B S= + +  

It follows that the reproduction number, denoted by ( )1

0R FV −= , is given by: 

    0 max , ,R WR R R=  

With   
( )( )2 3 4 1 8 7 9 7

1 5 8 9

W W W

W

B B k B f B B B B
R

B B B B

    + + + +
=  

 And    
( )( )2 3 4 2 11 10 13 10

1 6 11 13

R R R

R

B B k B f B B B B
R

B B B B

    + + + +
=       

By subtituting back the values of 21, BB  e.t.c as defined earlier into each of the reproduction numbers 

above, we obtain: 

 

( ) ( )( )  ( ) ( ) ( ) ( ) 
( )( )( )( )



++++++

−+++−+++−−+−+
=

WWWWW

WWWWWWWWW

W

fffkk
R 11121 11111

 



 P.O. Ameh, B.I. Omede and B. Bolaji 
                                                           

47                                                                                  JNSMB, Vol. 3 (2020)  ©NSMB; www.tnsmb.org 
 

 

( ) ( )( )  ( ) ( ) ( ) ( ) 
( )( )( )( )



+++++

−++−+++−−+−+
=

RRRR

RRRRRRRR
R

fffkk
R 22221 11111

 

where WR  and RR are the basic Reproduction number for wild and drug-resistant strain of the disease. 

We define the basic reproduction number as the expected number of secondary cases of infection 
which would occur due to a primary case in a completely susceptible population [23]. This is a 
parameter useful in determining the stability of the disease-free equilibrium towards measuring the 

peak and final size of an epidemic. If 0R < 1, then a few infected individuals introduced into a 

completely susceptible population will, on average, fail to replace themselves, and the disease will not 

spread. On the other hand, when 0R > 1, then the number of infected individuals will increase with 

each generation and ultimately, the disease will spread. 

3.1.1   Interpretation of the reproduction number 

In this section, we proceed to give interpretation of the reproduction numbers computed above so 

that the heathcare practitioners can have a good understanding of what it stands for and how to apply 

them in their work on the curtailment and control of the disease. 

For the reproduction number 𝑅𝑊 for the wild strain, given as: 

 

   

( ) ( )( )  ( ) ( ) ( ) ( ) 
( )( )( )( )



++++++

−+++−+++−−+−+
=

WWWWW

WWWWWWWWW

W

fffkk
R 21121 11111

 

Observe that at DFE,  

 

 
( ) ( )  ( ) ( )( ) 






+

−−+−+
=

−+−+ kk

N

SSS WLPEPU
W

11111 21

*

*

1

*

1

*

 

Thus,  

 

( ) ( )  ( ) ( ) ( ) ( ) 
( )( )( )




+++++

−+++−+++


−+−+
=

WWWWW

WWWWWWWWLPEPU

WW

fff

N

SSS
R 211

*

*

1

*

1

* 1111  

 

( ) ( ) 

( )( )
( )

( )( )
( )

( )( )( )







+++++

−
+

+++

−
+

+++


−+−+
=














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 DFEatrateInfectionRW = ( ) )(&[ classIindurationclassItomovesEsurvivesthatFraction AWAWW
 

            + (Fraction that survives WE and moves to SWI class)(Duration in SWI class) +     

            (Fraction that survives WE and moves to AWI class)(fraction that survives AWI  and  

              moves to SWI )(Duration in SWI class)]. 
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Likewise, we interprete the reproduction number for the drug-resistant strain, given as: 
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Observe that at DFE,  
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Thus,  
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RR = [Infection rate at DFE ][(Fraction that survives RE and moves to ARI  class)(Duration in ARI       

           class )+ (fraction that survives RE  class and moves to SRI class )(Duration in SRI  class) +      

          (fraction that survives RE  class and moves to ARI   )(fraction that survives ARI  class and  

           moves to SRI class)(Duration in SRI  class )] 

 

By using theorem 2 in [30], we establish the following result: 

Lemma 2: The Disease-Free Equilibrium (DFE) of the treatment-free model (3), given by equation 

(4), is Locally Asymptotically Stable (LAS) if 𝑅0< 1, & unstable if 𝑅0 >1. 

 

It should be noted that 𝑅𝑊 is the basic reproduction number of the wild strain of the disease while 

𝑅𝑅 is the basic reproduction number of the resistance strain of the disease. It is worth stating that 

𝑅𝑊 and  𝑅𝑅 measures respectively, the average number of new infections brought about by the 

introduction of a single infected individual with the wild or resistance strain of the disease to a 

completely susceptible population. 

The meaning of Lemma 2 epidemiologically, is that the disease, anthrax (Anthraces Bacillus) can be 

eliminated from the community when 𝑅0< 1, if the initial sizes of the subpopulations of the model 

are in the basin of attraction of 𝜀0.  

Remark:   

However, in order to ensure that the elimination of the disease is independent of the initial sizes of 

the subpopulations, it is necessary to show that the DFE is Globally Asymptotically Stable (GAS) in 

𝐷1. This is as established below: 
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3.2  Global stability of Disease Free Equilibrium (DFE) 
 

Theorem 1: The DFE of the model (3) given by equation (4) is Globally Asymptotically Stable  

(GAS) in 𝐷1 whenever 10 R .  

Proof:  we consider the following Lyapunov function: 
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With Lyapunov derivative (where a dot represents differentiation with respect to time) 
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By putting the values of 
.

WE , 
.

AWI , e.t.c into this we obtained: 
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We rewrite this as follows: 

( ) ( ) 







−++








−+ 1

1
1

1
13116985

.

RSRARWSWAW R
P

IIBBPBR
P

IIBBPBF  



 P.O. Ameh, B.I. Omede and B. Bolaji 
                                                           

51                                                                                  JNSMB, Vol. 3 (2020)  ©NSMB; www.tnsmb.org 
 

where 
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Since all the model parameters are non-negative, it follows that 0
.

F  for 10 R  with 0
.

=F  if and 

only if 01111 ====== SRARSWAWRW EE . Hence, F is a Lyapunov function on .1D Therefore, 

by LaSalle’s invariance principle [35], every solution to the equations in the treatment-free model (3), 

with initial conditions in 1D , approaches 0  as →t .  

Thus, theorem 1 shows that the necessary and sufficient condition for the elimination of the disease 

from the community is the classical requirement that 10 R . 

Epidemiologically, the implication of this theorem is that both strains will be eliminated from the 

community if the use of prophylaxis/antibiotics treatment can lead to a reduction of the maximum of 

the reproduction numbers of the two strains below unity. 

 

3.3 Existence and local stability of boundary equilibria  

The non-trivial equilibria of the treatment-free model (3) occur when at least one of the infected 

variables there in it is non-zero; as these cannot be cleanly expressed in closed form, we use the 

approach in [31] to explore the possibility of the existence and stability of the non-trivial equilibria. 

By inspection, the possible equilibria of the model (3) are as stated below: 

(1) No resistance strain boundary equilibrium, wild strain-only   

( )******* ,0,0,,,0,,,, RIIESSS SWAWWLPEPUW =  

(2) No wild strain boundary equilibrium, drug-resistant strain-only     

 ( )******* ,,,0,0,,0,,, RIIESSS SRARRLPEPUR =  

(3) Co-existence equilibrium, that is, the two strains co-exist,  

  ( )********** ,,,,,,,,, RIIIIEESSS SRARSWAWRWLPEPUWR =  

By solving the treatment-free model (3) at steady state, we obtained: 
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Note that at endemic state, the expressions for 𝜆𝑊 and 𝜆𝑅 denoted by 𝜆𝑊
∗∗  and 𝜆𝑅

∗∗ are given by: 
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By substituting the expressions in equation (5) into (6) we obtained: 
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The equilibria of the model can then be obtained by finding the fixed points of the system: 
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as follows: 
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3.3.1. Existence and stability of wild strain-only equilibrium ( )W  

We claim the following: 

Theorem 2: The treatment-free model (3) has a unique positive wild strain-only boundary 

equilibrium W , whenever WR RR 1 . This equilibrium is locally asymptotically stable whenever it 

exists. 

Proof: Let .1RR  it can easily be shown that for ,1RR ( ) ( )0,0, →SRAR II .→t  In addition, it 

is clear from equation (7) that ( ) .00,**

2 =W  Thus a fixed point of ( ) 0, ****

1 =RW  is obtained by 

solving equation ( ) .0, ****
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1 =−+++ WWWW RGGG            (9) 

Where   

 ( )( )  011 71898211 WW BfBBBG  ++−−=  

( )( ) ( ) ( )  ( )( ) 
( ) WW

WW

BBBBBBBB

BfBBBG





79897985

217189821212 111111

++−

−−+++−+−+−−=
 

( ) ( )( ) ( )

( )( ) ( ) ( ) ( )( ) ( ) ( )  
 WW

W

WW

BfBBB

kkkBBB

BfBBBkkG







71887

211221985

7189821

2

3

11111111

111

++

−+−+−−−−+−+−−+

++−−+−+=

 

From the polynomial above, regardless of the sign of 
3G , the polynomial has a unique positive solution 

whenever 1WR . Furthermore, for the equilibrium W  to exist alone, it is necessary that the drug 

resistant strain of the disease does not exist, (that is 1RR ). Thus, by putting all these together, it 

shows that a unique wild strain-only boundary equilibrium, W  exists, whenever .1 WR RR    

We now explore the local stability property of W ; we note that the Jacobian of the system (8) is given 

by:  

  ( )

( ) ( )

( ) ( ) ,
,,

,,

,

**

****

2

**

****

2

**

****

1

**

****

1

****



































=

R

RW

W

RW

R

RW

W

RW

RWJ

















      (10) 

So that  ( )

( )

( )

























=

W

R

W

RW

W
W

R

R

R
J W

0

,1

0, 0,

**

****

1

** **




  
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From this equation, observe that the eigen values of ( )0,**

WJ   are 
WR

1
1 =  and 

W

R

R

R
=2 , Then, if 

,1RR from here, then it implies that the wild strain-only equilibrium , W , is locally asymptotically 

stable whenever ,1
1


RR

 (that is 1WR ) and ,1
W

R

R

R
 (that is WR RR  ). Hence, W , is locally 

asymptotically stable whenever .1 WR RR   

3.3.2. Existence and stability of drug resistant strain-only equilibrium ( )R  

We claim the following result.  

Theorem 3: The treatment-free model (3) has a unique positive drug-resistant strain-only 

boundary equilibrium ,R  whenever .1 RW RR   This equilibrium is locally asymptotically stable 

whenever it exists. 

Proof: Let .1WR  so that ( ) ( )0,0, →SWAW II  as .→t  In addition, it is clear from equation (7) that 

( ) .0,0 **

2 =R  Thus a fixed point of ( ) 0, ****

1 =RW   is obtained by solving equation ( ) .,0 ****

2 RR  =  

Hence, it follows that **

R  is the root of equation: 

( ) ( ) ( )   012**

13

2**

12

3**

11 =−+++ RRRR RGGG       (11) 

Where 

( )( )  011 2111310613112111 RfBBBBBBG  ++−−=  

( )( ) ( ) ( )  ( )( )

( ) RRR
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BfBBBBBB

BfB

BBBBB
G









10211131013116

21

10211

131061311

212112 111111

++−









−−+









+

++
−+−+−−=

 

( )( ) ( ) ( )( )  ( )( ) 
( ) ( )( ) ( )( ) RRRWW BfBBBBfBBBBBB

kkkBBBG





10211131022110111131061311

1

2

21198513

111

111111

++−+−−−+++

−−++−−+−++−=  

It follows from the polynomial above, that regardless of the sign of 13G , the polynomial has a unique 

positive solution whenever .1RR  Furthermore, for the equilibrium R  to exist alone, it is necessary 

that the wild strain of the disease does not exist, (that is 1WR ). Thus, by putting all these together, 

it shows that a unique drug resistant strain-only boundary equilibrium, R  exist,  whenever 

.1 RW RR    

By evaluating J at ( )**,0 R  we have: 
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  ( ) ( )

( )























=
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R
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J
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1,

0

,0

**,0
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1

**





 , 

From here it follows that the local asymptotic stability of the equilibrium R , requires ,1
1


RR

 (that 

is 1RR ) and ,1
R

W

R

R (
.RW RR  ). Thus, the drug resistant strain-only boundary equilibrium R , is  

locally asymptotically stable provided that 
.1 RW RR  . 

 

3.4 Existence and local stability of co-existence equilibria 

We rewrite the expressions in equation (7) as follows: 

( )
2
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1

**

**

**

****
**

1 LLD

R

N

II

RW

WWSWAW
W


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

+
=   

and  
( )

2
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1

**

**
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****
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1 LLD

R

N

II
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RRSRAR
R






+++


+
=      (12) 

Where 
( )

( )( ) ( )( ) 


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

++−
+

++−

−
=

****

2
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1 11

1

RWRW

kk
D  

( )
A

BBB

BBfBfBB
L WWW







 ++−+

=
985

7817198
1

1 
 

A
BBB

BBfBBBB
L RR







 +++

=
13116

1011210131311
2


 

It follows from equation (12) that 

,12

**

1

** −=+ WRW RLL   

,12

**

1

** −=+ RRW RLL        (13) 

Since the left-hand sides of the expressions in equation (13) are always positive, it is necessary that 

1WR  and 1RR . If 
RW RR  , then the system (13) is inconsistent, and there is no positive co-

existence equilibrium in this case. Consequently, for equation (13) to be consistent, it is necessary that 

1RW RR = . There is a need to state that in this case, infinitely many equilibria (otherwise called a 

continuum of endemic equilibria) will arise. It should be noted that this phenomenon was observed 
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in a study of multi-strains model of HIV dynamics [31]. The implication of this is, is that by setting  

1RRR RW ==   

  ,12

**

1

** −=+ RLL RW          (14) 

So that   
1

** )1(
0

L

R
W

−
   and .

)1(
0

2

**

L

R
R

−
   

We summarize the results below: 

Theorem 4: There is a continuum of positive co-existence endemic equilibria, n

WR  ( +n ),  for the 

treatment-free model (3), whenever the following conditions hold: 

(a) ,1RRR RW ==    (b) , 

(c) 
2

** )1(
0

L

R
R

−
  ,   (d) 

2

2

**
** 1

L

LR R
W




−−
=   

And no co-existence endemic equilibria otherwise. 

It should be noted that conditions (b) – (d) are needed to preserve the non-negativity of **

W  and **

R  

in equation (13). 

We then consider the stability of the continuum of positive co-existence endemic equilibria, , is 

considered. For computational convenience, let  

Let ,
2

4 1

2

00 TTT
R n
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−+
=  , 
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,
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and    
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1
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With RRR RW == . We claim the following result. 

Theorem 5: The continuum of positive co-existence endemic equilibria,  is neutrally stable 

whenever .1R  

1

** )1(
0

L

R
W

−
 

n

WR

+n

n

WR
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Proof: It can be shown that the eigenvalues of the Jacobian of   at  and **

R in the region (b) to 

(c), given by equation (10), satisfy the following characteristics polynomial: 

( ) ( )

0
******** ,

**

2

**

1

**

2

**

1

,
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2
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12 =



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
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
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











+




−

RWRW
WRRWRW 























  

Which is equivalent to: 

0
112 =+







 +
−

RR

R
      (15) 

The roots of the quadratic equation (15) are 1=  and ,
1

R
= so that the family of co-existence 

endemic equilibrium,  is neutrally stable (since 1= is an eigenvalue). 

It is worthy of note that for the case R=1, the solution of the system (13) is the trivial solution ( ) ( )0,0, **** =RW   

corresponding to the disease-free equilibrium.  

It is necessary to offer the following conjectures on competitive exclusion: 

CONJECTURE 1:   The treatment-free model (3) has a unique and locally asymptotically stable 

positive wild strain-only boundary equilibrium, W , whenever 
WR RR  , and .1WR  

CONJECTURE 2:   The treatment-free model (3) has a unique and locally asymptotically stable 

positive drug-resistant strain-only boundary equilibrium, R , whenever 
RW RR  , and .1RR  

 

4 Analysis of Treatment model 

4.1 Local stability of the Disease Free Equilibrium (DFE) 

For the treatment-free model (1), it can be shown that the following region is positively, invariant and 

attracting: 

 ( )








= +



NRRTIIIIEESSSD SRARSWAWRWLPEPU :,,,,,,,,,,

11

1
 

So that it is sufficient to consider the dynamics of the treatment-free model (1) in 1D . 

The treatment-free model (1) has a disease-free equilibrium (DFE) given by:  

( )
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
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                 (16) 
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W

n
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Likewise, as we did for the treatment-free model, the next generation matrices are given by:  

* * * * * *

* * * * * *

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0

W W

U EP LP U EP LP

R R

U EP LP U EP LP

Q Q

S S S S S S

Q Q

S S S S S S

F

 

 

 
 + + + +
 
 
 

+ + + + 
 

=  
 
 
 
 
 
 
 
 

 

5

6

7 8

1 9

10 11 3

2 13 12

14
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0 0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

W W

W

R R

W

B

B

B B

f B
V

B B f

f B B

B

v

 



 





 
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 
 −
 
− − =
 − −
 

− − − 
 −
 
 − 

 

Where ,11  +=B                ( ) ,112 kB −=                ( ),1 113 −=B     

( ),1 214 −=B  

,15  += WB                ,16  += RB                ( ) ,1 117 WfB −=           

,18  ++= WWB  

,19  ++= WWB  ( ) ,1 220 RfB −=  ,21  ++= RRB    ( ) ,1 322 WfB −=  

,23  += RB   ,24  +++= WWB  and  ,1413 LPEPU SBSBSQ ++=  

It follows that the reproduction number, denoted by ( )1

0

−= FVRt  , is given by: 

    RW

t RRR ,max0 = , 

With    
( )( )

19181511

1719171811131214

BBBB

BBBBfBBBk
R WWWt

W

 ++++
=  

 And 
( )( )

23211611

2023202122131214
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BBBBfBBBk
R RRRt

R
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=          
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By subtituting back the values of 1211, BB  e.t.c as defined earlier into each of the reproduction numbers 

above, we obtain: 

 

( ) ( )( )  ( ) ( ) ( ) ( ) 
( )( )( )( )
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t

WR  and t

RR are the basic Reproduction number for wild and drug-resistant strain of the disease.  

 

4.1.1 Interpretation of the reproduction number 

We proceed to give interpretation of the reproduction numbers computed above so that the heath 

care practitioners can have a good understanding of what it stands for and how to apply them in their 

work on the curtailment and control of the disease, this we do in this section, as follows: 

For the reproduction number t

WR  for the wild strain, given as: 
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Observe that at Disease Free Equilibrium (DFE),  
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Thus,  

 

( ) ( )  ( ) ( ) ( ) ( ) 
( )( )( )




+++++

−+++−+++


−+−+
=

WWWWW

WWWWWWWWLPEPU

W

t

W

fff

N

SSS
R 211

*

*

1

*

1

* 1111  

( ) ( ) 

( )( )
( )

( )( )
( )

( )( )( )







+++++

−
+

+++

−
+

+++


−+−+
=
















WWWWW

WW

WWW

W

WWW

W

LPEPU
W

t

W

fff

N

SSS
R

211

*

*

1

*

1

*

11

11

 

 

 DFEatrateInfectionRt

W = ( ) )(&[ classIindurationclassItomovesEsurvivesthatFraction AWAWW
 

            + (Fraction that survives WE and moves to SWI class)(Duration in SWI class) +  

            (Fraction that survives WE and moves to AWI class)(fraction that survives AWI  and  

             moves to SWI )(Duration in SWI class)] 

 

Likewise, we interprete the reproduction number for the drug-resistant strain, given as: 
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Observe that at Disease Free Equilibrium DFE,  
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Thus,  
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R
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R

LPEPU

R

t

R
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N

SSS
R
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*

1

*

1
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t

RR = [Infection rate at DFE ][(Fraction that survives RE and moves to ARI  class)(Duration in  

           ARI  class) + (fraction that survives RE  class and moves to SRI class )(Duration in SRI   

          class ) + (fraction that survives RE  class and moves to ARI   )(fraction that survives ARI   

          class and moves to SRI class) (Duration in SRI  class )] 

 

By using theorem 2 in [30], we establish the following result: 

 

Lemma 3: The Disease-Free Equilibrium (DFE) of the treatment model (1), given by equation (16) 

is locally asymptotically stable (LAS) if 00 
tR  and unstable if 00 

tR  

 

The implication of the above Lemma is that the use of antibiotics for treatment of the disease anthrax 

(Anthraces Bacillus) can be eliminated from the community when 00 
tR , if the initial sizes of the 

subpopulations of the model are in the basin of attraction of t

0 .  

However, in order to ensure that the elimination of the disease is independent of the initial sizes of 

the subpopulations, it is necessary to show that the DFE of the model (1) is Globally Asymptotically 

Stable (GAS) in 𝐷1. This is as established below: 

 

4.2  Global stability of Disease Free Equilibrium (DFE) 
 

Theorem 6: The DFE of the model (1) given by equation (16) is Globally Asymptotically Stable  

(GAS) in 𝐷1 whenever 00 
tR . 
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Proof:  the proof of this theorem is based on comparison theorem. We first rewrite the equations for 

the infected components in model (1) in compact form as follows: 

 

 

(

 
 
 
 
 
 
 

𝑑𝐸𝑊(𝑡)

𝑑𝑡
𝑑𝐸𝑅(𝑡)

𝑑𝑡
𝑑𝐼𝐴𝑊(𝑡)

𝑑𝑡
𝑑𝐼𝑆𝑊(𝑡)

𝑑𝑡
𝑑𝐼𝐴𝑅(𝑡)

𝑑𝑡
𝑑𝐼𝑆𝑅(𝑡)

𝑑𝑡
𝑑𝑅(𝑡)

𝑑𝑡 )

 
 
 
 
 
 
 

= (F-V)

(

  
 

𝐸𝑊(𝑡)
𝐸𝑅(𝑡)
𝐼𝐴𝑊(𝑡)
𝐼𝑆𝑊(𝑡)

𝐼𝐴𝑅(𝑡)
𝐼𝑆𝑅(𝑡)
𝑅(𝑡) )

  
 
 - (1-

1

𝑁
)

(

 
 
 
 

0 0 𝑃𝛽𝑊 𝑃𝛽𝑊 0 0 0
0 0 0 0 𝑃𝛽𝑅 𝑃𝛽𝑅 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 𝜈 −𝜇)

 
 
 
 

 

(

  
 

𝐸𝑊(𝑡)
𝐸𝑅(𝑡)
𝐼𝐴𝑊(𝑡)
𝐼𝑆𝑊(𝑡)

𝐼𝐴𝑅(𝑡)
𝐼𝑆𝑅(𝑡)
𝑅(𝑡) )

  
 

 

Where matrices F and V are as defined initially in section 4.1, and  

     
( ) ( ) 

*

*

1

*

1

* 11

N

SSS
P LPEPU  −+−+
= , 

Since )()( tNtS   for all )(tNt   in D, it follows that: 

     

(

 
 
 
 
 
 
 

𝑑𝐸𝑊(𝑡)

𝑑𝑡
𝑑𝐸𝑅(𝑡)

𝑑𝑡
𝑑𝐼𝐴𝑊(𝑡)

𝑑𝑡
𝑑𝐼𝑆𝑊(𝑡)

𝑑𝑡
𝑑𝐼𝐴𝑅(𝑡)

𝑑𝑡
𝑑𝐼𝑆𝑅(𝑡)

𝑑𝑡
𝑑𝑅(𝑡)

𝑑𝑡 )

 
 
 
 
 
 
 

 ≤ (F-V) 

(

  
 

𝐸𝑊(𝑡)
𝐸𝑅(𝑡)
𝐼𝐴𝑊(𝑡)
𝐼𝑆𝑊(𝑡)

𝐼𝐴𝑅(𝑡)
𝐼𝑆𝑅(𝑡)
𝑅(𝑡) )

  
 

     (17) 

By using the fact that the eigen values of the matrix F - V all have negative real parts (see local stability 

result in lemma 3, where 𝜌(FV-1) ≤ 1, if ,10 
tR which is equivalent to F-V having eigen values with 

negative real parts when ,10 
tR  then it implies that the linearized differential inequality system (17) 

is stable whenever 10 
tR . Consequently, 

( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )0,0,0,0,0,0,0,,,,,, →tRtItItItItEtE SRARSWAWRW  as  →t . Hence, by comparison 

theorem (see for instance [31,32]) that ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) ( )0,0,0,0,0,0,0,,,,,, →tRtItItItItEtE SRARSWAWRW
, 

By substituting ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0======= tRtItItItItEtE SRARSWAWRW in the first expression of 

equation (1) we have: ( )


→++ )()()( tStStS LPEPU
 as .→t  Thus, 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( )
( )

( )
( ) 









+

−

++
→ 0,0,0,0,0,0,0,0,

1
,,),(,,,,,,,,,











 kk
tRtTtItItItItEtEtStStS SRARSWAWRWLPEPU

 

as  →t  for 10 
tR , so that 0  is globally asymptotically stable in 1D  if 10 

tR . 



                                                          Journal of the Nigerian Society for Mathematical Biology 

                          Volume 3 (2020), pp. 34 – 77  
 
 

62                                                                                 JNSMB, Vol. 3 (2020)  ©NSMB; www.tnsmb.org 
 

Epidemiologically, the implication of this theorem is that if the use of prophylaxis and treatment can 

lead to a reduction of the maximum of the reproduction numbers of the two strains of the disease 

below unity, then both strains will be eliminated from the community. 

4.3      Existence and local stability of boundary equilibria 

For model (1), we investigate the existence and stability of the equilibria associated with it here; we 

take note of the following points: 

 

(i) The only way individuals are generated into the infected wild strain classes AWI  and SWI  is  

 when susceptibles individuals acquire primary infection with the wild strain of the disease at  

 the rate W . 

(ii) For the infected drug-resistant classes ARI  and SRI , individuals are generated there only by  

      these two ways:  

 (a) When Susceptible individuals acquire primary infection with the drug-resistant strain of the 

disease at the rate R .  

 (b) When treated individuals infected with the wild strain of the disease develop resistant to  

  treatment (that is, they fail treatment) at the rate W . 

Therefore, the possible equilibria of the model (1) by taking into account (i) and (ii) above are as 

follows: 

(1) Drug resistant strain-only boundary equilibria ( )************** ,0,,,0,0,,0,,, RIIESSS SRARRLPEPU

I

R =   

  (no wild strain). 

(2) Low endemicity co-existence equilibrium, that is the two strains co-exist, which is denoted  

by ( )**********************

1 ,,,,,,,,,, RTIIIIEESSS SRARSWASRWLPEPU

I

WR = . There is occurrence of this  

equilibrium since there is no primary transmission of the resistant strain which is obtained by 

setting 0=R  in model (1). It should however be noted that, even in the class, the sub 

populations  ARI  and SRI  are non-zero, since treated individuals will develop resistance at a 

rate W  (except if 0lim =→ Wt T ) and move to the class SRI . In other words, 0lim =→ ARt I

and 0lim =→ SWt I  even if 0=R . In order to distinguish it from the other co-existence 

equilibrium for which primary transmission of the drug resistance strain of the disease occurs, 

this equilibrium is so called: low endemicity co-existence equilibrium. 

(3) High endemicity co-existence equilibrium, meaning both strains co-exist, which is denoted  

by ( )**********************

2 ,,,,,,,,,, RTIIIIEESSS SRARSWASRWLPEPU

I

WR = . Here we set 0=R  in model 

(1), that is, primary transmission of the drug-resistant strain occurs. 

However, it is important to emphasize that there cannot be a wild strain-only boundary equilibrium, 

for model (1), except 0lim =→ Wt T , note that this is not feasible here since treatment is a must for 

infected individuals. 

As we did before, by solving model (1) at steady state, in terms of the force of infection: 

 



 P.O. Ameh, B.I. Omede and B. Bolaji 
                                                           

63                                                                                  JNSMB, Vol. 3 (2020)  ©NSMB; www.tnsmb.org 
 

   ( )
**

****
**

N

II SWAW
W

+
=


   and 
( )

**

****
**

N

II SRAR
R

+
=


     (18) 

We obtain: 
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R
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B
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
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

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
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=
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
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BB

B
AI          ,
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191815
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








+++







 +
=






RW

WW
WSW

BBB

BBf
AI  

 ,
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2116

**

20**










+++
=





RW

R
AR

BB

B
AI        ,
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232116

20212****









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






 +
=






RW
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RSR

BBB

BBf
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




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






 +
=
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






RWW

WW
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BBB

BBBBf
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& 

















 +
+







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




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+++
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23211916

102311231**

23191815

221718221

****

** 1
R

RW
W

WW

RW
BBBB

BBBBf

BBBB

BBBBf
AR 





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
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By substituting the expressions in equation (19), the components of the equilibrium at steady state 

into the expressions in (18), by taking note that 

  ************************ , RTIIIIEESSSN SRARSWASRWLPEPU +++++++++=  

we obtained a fixed point problem of the form: 

   ( )
( )
( )

,
,

,
****

2

****

1














==

RW

RWxx



  where  ,

**

**














=

R

Wx



    (20) 

Where 1  and 2  are defined as the right-hand sides of the equations for  **

W  and **

R  in equation 

(18) respectively. 

 

4.4 Existence and stability of drug resistant strain-only equilibrium ( )t

R  

Theorem 7: The model (1) has a unique and locally asymptotical stability drug-resistant strain- 

only boundary equilibrium t

R , whenever t

R

t

W RR 1 , and no boundary equilibrium otherwise. 

Proof:  The proof is as in section 3.4. We set ( ) 0,0 **

1 =R , so that the fixed point of ( ) 0, ****

2 =RW   

is obtained by solving the equation ( ) ****

2 ,0 RR  = . It follows that **

R  satisfies the equation: 
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It follows from the polynomial above, that regardless of the sign of 33G , the polynomial has a unique 

positive solution whenever .1t

RR  Furthermore, for the equilibrium t

R  to exist alone, it is necessary 

that the wild strain of the disease does not exist, (that is .1t

WR ).  

For the local stability of this equilibrium, ; we note that the Jacobian of the system (20) is given by:  

  ( )
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So that  ( ) ( )

( )



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0,
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1
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Thus, the local stability of drug-resistant strain-only, t

R , is stable if 1
1


t

RR
 (that is 1t

RR ) and 

1
t

R

t

W

R

R (that is t

R

t

W RR  ). By putting all these together, it shows that a unique drug-resistant strain-only 

boundary equilibrium, ,  is locally asymptotically stable provided .1 t

R

t

W RR   Note that, as earlier 

mentioned, a wild strain-only equilibrium is not feasible in this case except if 0lim =→ Wt T . 

 

4.5 Existence and stability of co-existence equilibria 

4.5.1. Existence and stability of the low-endemicity co-existence equilibrium ( )t

WR1  

We claim the following: 

t

R

t

R
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Theorem 8: Let 
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The model (1) has a low-endemicity co-existence equilibrium, denoted by , whenever ,1t

WR in 

the absence of primary infection with the drug resistant strain ( ),0=R  This equilibrium is locally 

asymptotically stable whenever .1tt

WR  

Proof: By Letting   in equation (19), accounting for the absence of the primary transmission 

of the drug resistant strain of the disease, we obtain: 
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With A as previously defined in section 3.3. by substituting the expressions in equation (21) into the 

expression for  in equation (18) and simplifying, we obtain the non-zero equilibrium of the model 

(1) satisfies: 

( ) ( ) ( )   012**

43

2**

42

3**

41 =−+++ RWWW RGGG       (22) 

Where 
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It follows from the polynomial in (22) above that regardless of the sign of , the polynomial has a 

unique positive solution whenever   (so that 0** W ). With this, the existence of the low-

endemicity co-existence equilibrium is proved. 

To obtain the local stability of , we evaluate the Jacobian of the system at , to obtain:  
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With eigenvalues satisfying: 
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It is not difficult to show that the dominant eigenvalue of   is  It follows that, the low-

endemicity equilibrium, , is locally asymptotically stable whenever 1. tt

WR . 

 

4.5.2 Existence and stability of the high-endemicity co-existence equilibrium ( t

WR2 ) 

We rewrite the expressions in equation (18) as follows: 
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It follows from equation (23) that 

,12

**

1

** −=+ WRW RHH         (24) 

,12

**

1

** −=+ RRW RHH         (25) 

Since the left-hand sides of the expressions in equations (24) and (25) are always positive, it is necessary 

that 1t

WR  and 1t

RR  for consistency. It should be noted that for consistency of the two strains, the 

forces of infection  and **

R , at steady state, must ne non-zero. Consequently, we establish the 

following results: 

Theorem 9: The model (1) has a positive high-endemicity co-existence endemic equilibrium, ,2

t

WR  

whenever t

R

t

W RR   and 1t

WR . 

Theorem 10: The positive high-endemicity co-existence endemic equilibrium of the model (1), given 

by ,2

t

WR is locally asymptotically stable whenever t

R

t

W RR   and 1t

WR . 

Proof: By evaluating the Jacobian of equation (20) at  ( )**** , RW  , we have: 
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With eigenvalues satisfying: 
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From equation (26), it follows that the dominant eigenvalues of ( )**** , RWJ   is given by: 

,
2

4 21

2

1111 TTT
R t

WR

−+
=   

Where 

( )

,
1

**** ,

**

2

**

1
11 t

W

t

R

RW R

R
T

RW

+
=

















+




=








  & 

( ) ( )
,

2

,

**

2

**

1

**

2

**

1
21

****
t

W

t

R

WRRW R

R
T

RW

=




















−








=

















 

By substituting the expressions of 
11T  and 

21T  into t

WRR , shows that the roots of the quadratic equation 

(26) are 
t

WR
1 and 

t

W

t

R

R

R . Thus, the required result follows. 

A major revelation from the analysis of the two models (1) and (3) done so far, is that model (1) 

exhibits some dynamical features that are not present in the treatment-free model (3). While there is 

**

W
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exhibition of a continuum of co-existence equilibria when the reproduction numbers of the wild strain 

and that of drug resistant strain of the disease is greater than unity, for the  treatment-free model (3), 

on the other hand, it is revealed that the treatment model (1) has a co-existence equilibrium of the two 

strains only when the reproduction number of the wild strain is greater than unity and exceeds that of 

the drug resistant strain of the disease. 

A cursory look at equation (24), reveals that whenever ,1== t

R

t

W RR then 0** =W  and equation (24) 

reduces to:  

    02

** =HR     .0** = R  

Take note that 2H  is as previously defined in section 4.5.2. Consequently, if both the reproduction 

numbers are the same and equal to unity, then 0** =R  and 0** =W , corresponding to disease free 

equilibrium. By and large, in summary, while the treatment-free model (3) has a continuum of co-

existence endemic equilibria, the treatment model (1) has a low-endemicity and high-endemicity co-

existence equilibria. 

  

5       Numerical simulations and discussions.  

In this section, we carry out simulations whose main objective is to illustrate some of the theoretical 

results obtained in this work as done earlier in the analysis of the models. We carefully chose from 

literature a set of parameter values depicted in table 2 below, for this purpose for a population where 

anthrax is deployed as bio-terrorism weapon, where about one hundred million people (that is n = 

100 million) inhabits. 

  Table 2: Parameter values for the models. 

𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 𝑛𝑜𝑚𝑖𝑛𝑎𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑠𝑜𝑢𝑟𝑐𝑒 

𝜋          1000 Assumed 

𝛼           0.1 [16] 

𝛽𝑤 (𝛽𝑅) 0.2 (0.1) [11]  

𝜀1/𝜀2         
90

1  Variable 

𝜇 0.0001 [11] 

𝛿𝑤(𝛿𝑅) 0.102 (0.2) Inferred from [16] 

𝜎𝑤(𝜎𝑅) 0.2(0.1)               [16] 

      𝛾𝑤 (𝛾𝑅) 0.1(0.12) [11] 

𝜓𝑤 0.102 [11] 

𝜏𝑤 0.2 Assumed 

𝜃 0.1 Assumed 
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We carried out the simulations as follows: 

Treatment-free model: we first simulated the treatment –free model (3). By using the parameters in 

table 2 above with 05.0== RW  , it follows that the reproduction number for the wild (drug-

resistant) strain of the disease is given by 7164.0=WR  ( 2469.0=RR ), so that 17164.00 =R . This 

confirms theorem 1, that the disease-free equilibrium of the model is globally asymptotically stable. 

Under this scenario, with various initial conditions, figure 3 (a) depicts the simulation of the model, 

and this confirms the global asymptotic stability property of the model as initially proved qualitatively 

in section 3.2. We carried out additional simulations of the model for 
ji RR  with 1iR  where 

( )jiandRWji = ,, , these simulations are as shown in figures 3(b),(c) and (d) where we see that 

the strain with higher reproduction number drives out the other, a phenomenon commonly refers to 

as competitive exclusion. Note that this is in line with theorems 2 and 3 and conjectures 1 and 2.  

Treatment model: we simulated the treatment model (1) next. By using the parameters in table 2 

above with 05.0== RW  , figure 4(a) shows that the two strains of the disease dies out since the 

reproduction numbers are each less than one, confirming the global asymptotic stability of the 

treatment model (1). Further simulations as shown in figure 4(b), illustrate the fact that for 

1 t

R

t

W RR  the drug-resistant strain dies out while for figure 4(c) for 1 t

W

t

R RR , the wild strain 

of the disease dies out. In other words, the wild strain of the disease will be eliminated from the 

community suffering from bio-terrorism attack via competitive exclusion if the use of prophylaxis and 

antibiotics can reduce t

WR  below t

RR with 1t

RR . However, as can be seen from figure 4(d) for 

t

W

t

R RR 1 , both strain co-exist in the community with the system converging to low-endemicity 

steady state.  

 

 

 

 

 

 

𝑓1(𝑓2)           )
3

1(
3

1  Assumed 

𝑘 0.42 Assumed 

𝜐 0.5 Assumed 
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                                          (a)                          (b) 

 

 

 

 

   

 

 

 

                            (c)                         (d) 

        

Figure 3.     Prevalence given by total number of infected individuals divided by the total 

population of the community under the bio-terrorism attack as a function of time (years) for 

treatment-free model(3).3(a) 05.0== RW  , 7164.0=WR & 2469.0=RR ;3(b) 1 RW RR ,

3.0,8.0 == RW  3(c) 1 WR RR , 8.0,2.0 == RW  ;3(d) 1,  RRW RRR 1.0,4.0 == RW  .  
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                                (a)      (b) 
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Figure 4.   Prevalence given by total number of infected individuals divided by the total 

population of the community under bio-terrorism attack as a function of time (years) for 

treatment model (1).  

4(a) 1 t

R

t

W RR 05.0== RW  ; 4(b) 1 t

R

t

W RR , 3.0,8.0 == RW  ; 4(c) 1 t

W

t

R RR ,

8.0,2.0 == RW  ; 4(d) 1,  t

R

t

R

t

W RRR ; 1.0,4.0 == RW  . 
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                           (a)                   (b)   

   

                                                                                       

Figure 5.   Prevalence given by total number of infected individuals divided by the total 

population of the community under bio-terrorism attack as a function of time (in years) 5(a) 

1 t

W

t

R RR - for treatment-free model (3); 5(b) 1 t

W

t

R RR -for treatment model (1).  

 

                      (a)                      (b)    

   

                       

Figure 6. Cumulative number of new cases of anthrax by varying administration of 

prophylaxis plotted as a function of time (in years) for treatment model. 6(a) 1 t

W

t

R RR - 

varying early administration of prophylaxis ( 1 ) represented by E on the graph; 6(b) 

1 t

W

t

R RR - varying late administration of prophylaxis ( 2 ) represented by E on the graph. 
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The effect of efficacy of early administration of prophylaxis, 1 , on the cumulative number of new 

cases of anthrax in the community under reference, is assessed by simulating the model using various 

values of 1 . The results obtained, depicted in Figure 6 (a) show a decrease in the cumulative number 

of new cases with increasing values of 1  for both strains of the disease. Similar conclusions were 

arrived at when examining the effect of late administration of prophylaxis, 2 , on the cumulative 

number of new cases in the community, this is as depicted in Figure 6 (b).  In both cases, we plotted 

cumulative number of new cases of the disease by varying early and late administration of prophylaxis 

1  and 2 in the interval 0.2 for [0,1].  

 

6 Conclusions 

Summarily, from the qualitative analysis of the treatment-free model (3) and treatment model (1)  

and the numerical results, the main findings in this work are as follows: 

(1) There exists a global asymptotical stable disease-free equilibrium whenever the maximum of  

the two reproduction numbers for each of the models (1) and (3) is less than unity, which implies that 

effective control or elimination of the bio-terrorism attack of the disease in the community under 

reference is feasible by applying a combination of prophylaxis and antibiotic treatment of individuals 

under attack of anthrax, if the application of this combination of regimen of treatment can make the 

maximum of the reproduction numbers less than unity.  

(2) It is shown for the treatment-free model that the strain with higher reproduction number is  

      always dominant of the other at steady state while the other strain dies out in the community. 

(3) For the treatment-free model, there exists continuum of co-existence endemic equilibria when  

the two reproduction numbers are equal and greater than unity, while this feature is missing in the 

treatment model. 

(4)   For the treatment model, there exist competitive exclusion only when 1t

RR  and t

W

t

R RR  . 

(5)   Quite unlike the treatment-free model, the treatment model, exhibits a low-endemicity and  

        high-endemicity co-existence equilibria under some certain conditions. 

(6)   There can be elimination of wild strain of the disease from the community under the attack of  

anthrax as bio-terrorism weapon when there is wide spread use of treatment involving a combination 

of prophylaxis and antibiotics in the case when the reproduction number for the wild strain exceeds 

that of the drug resistant strain (and greater than unity) if infectiousness of infected individuals does 

not exceed a certain threshold.  

Conclusively, this study reveals that the widespread use of treatment involving a combination of 

prophylaxis and antibiotics, despite the risk of the emergence and transmission of drug-resistant strain 

of the disease, can ultimately lead to a significant reduction in the disease burden or even complete 
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elimination of anthrax in the community under the siege of bio-terrorism attack, when certain 

conditions are met.   To mitigate the effects of resistant to drug in the treatment of anthrax, it is hereby 

recommended that further study be focused on discovery and use of alternative drugs for treating the 

resistant strain of the disease.  
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