
                                                                                                                                                    

       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ḟ 

International 
Journal of   
Mathematical 
Analysis and 
Modelling 
 
(Formerly Journal of the Nigerian Society 

for Mathematical Biology) 
 
 

Volume 6, Issue 2 (Oct.-Nov.), 2023 

 
ISSN (Print): 2682 - 5694 

ISSN (Online): 2682 - 5708 



                                                       International Journal of Mathematical Analysis and Modelling 
                                                           Volume 6, Issue 2, October-November 2023, pages 193 – 216 
 

 

193                                                  IJMAM, Vol. 6, Issue 2 (2023) ©NSMB; www.tnsmb.org 
                                       (Formerly Journal of the Nigerian Society for Mathematical Biology)  

 
 
 

 
Heat and mass transfer analysis of magnetohydrodynamic 

(MHD) thermosolutal nanofluid flow over vertical and 
inclined porous media 

 
 

H. Nadab*†, S.A. Amoo†, and I.A. Olopade† 
 
 
 

Abstract 
 

In this study, the influence of heat and mass transfer on unsteady and steady MHD 
thermosolutal nanofluids flow in porous media in the presence of thermophoresis and Brownian 
motion effects was discussed. The governing boundary layer Partial Differential Equations 
(PDEs) were transformed into nonlinear Odinary Differential Equations (ODEs) by using 
similarity transformation and then solved numerically using fourth order Runge-Kutta method 
with shooting technique. It is found that increase in heat source (γ) and thermal conductivity (α) 
decreases the heat transfer rate but increases the skin friction and mass transfer rates. It is further 
discovered that the increase in thermal Grashof (Gr) and solutal Grashof (Gc) increases skin 
friction, heat and mass transfer rates. 

 
Keywords: nanofluid; MHD; chemical reaction; radiation 
 

1    Introduction 
 

The combined study of heat and mass transfer of Magnetohydrodynamics (MHD) in the 
nanoparticules nanofluids is of great practical standing in engineering and sciences because of many 
branches of science and engineering using cooling application of nanofluids in manufacturing 
processes. There had been affordable amount of work carried out by scientist and researchers on 
radiative heat transfer in nanofluids due to their abundant applications. The study of MHD flow 
through porous media is encountered in a wide range of engineering and industrial applications such 
as extraction of crude oil, geothermal systems, thermal insulation, heat exchangers, packed bed analytic 
reactors, atmospheric and oceanic circulations e.t.c. 
       Heat and mass transfer analysis of Nanofluid flow based on Cu, Al2 O3, and T iO2 over a moving 
rotating plate and impact of various nanoparticle shapes was discussed [1]. Chemical reaction and 
thermal radiation effects on boundary layer flow of nanofluid over a wedge with viscous and Ohmic 
dissipation was investigated [2]. Cross-diffusion effects on heat and mass transfer of 
magnetohydrodynamic flow in porous media over exponentially stretching surface. They found out 
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that solutal Grashof, thermal Grashof, magnetic parameter, radiation parameter, Dufour and Soret 
effects had significant effects on MHD fluid flow in porous media stretching surface was investigated 
[3]. Finite element Soret Dufour effects on an unsteady MHD heat and mass transfer flow past an 
accelerated inclined vertical plate was investigated [4]. Slip effects on heat and mass transfer in MHD 
Visco-Elastic fluid flow through a Porous Channel was analyzed [5]. Numerical approach of heat and 
mass transfer of MHD Casson fluid under radiation over an exponentially permeable stretching sheet 
with chemical reaction and Hall Effect was analyzed numerically [6]. Analytical and numerical solution 
of viscous fluid flow with the effects of thermal radiation and chemical reaction past a vertical porous 
surface was analyzed [7]. Computational frame work on MHD dissipative flow over a stretched region 
with cross diffusion simultaneous solutions was discussed [8].  
        Influence of novel turbulator on efficiency of solar collector system was presented [9] Numerical 
simulation of a time-dependent electroviscous and hybrid nanofluid with Darcy forchheimer effect 
between squeezing/compressing plates was investigated [10]. MHD and nonlinear thermal radiation 
effects on hybrid nanofluid past a wedge with heat source and entropy generation was presented [11]. 
Study of a nonuniform heat source over a Riga plate using nth order chemical reaction on Oldroyd-B 
nanofluid flow for two-dimensional motion was studied [12]. Influence of thermal radiation and 
viscous dissipation on MHD flow of UCM fluid over a porous stretching sheet with higher order 
chemical reaction was studied [13]. Maxwell nanofluid flow over an infinite vertical plate with ramped 
and isothermal wall temperature and concentration was discussed [14].  
        MHD flow of nano fluid past a vertical permeable semi-infnite moving plate with constant heat 
source was analyzed [15]. Computational treatment of Magnetohydrodynamics Maxwell nanofluid 
flow across a stretching sheet considering higher order chemical reaction and thermal radiation was 
computed [16]. ). Estimation of unsteady hydromagnetic Williamson fluid flow in a radiative surface 
through numerical and artificial neural network modeling was analyzed [17]. Statistical modeling for 
bioconvective tangent hyperbolic nanofluid towards stretching surface with zero mass flux condition 
was analyzed [18]. Non-linear thermal radiation and heat source effects on unsteady electrical MHD 
motion of nanofluid past a stretching surface with binary chemical reaction was investigated [19]. 
MHD non-Newtonian fluids flow past a stretching sheet under the influence of non-linear radiation 
and viscous dissipation was examined [20].  
        Analysis of heat and mass transfer of magnetohydrodynamics nanofluid flow in conducting feld 
through a vertical plate in porous medium was presented [21]. Radiation and chemical reaction effect 
on MHD thermosolutal nanofluid flow over a vertical plate in porous medium was suggested [22]. 
Impact of Lorentz Force and Viscous Dissipation on Unsteady Nanofluid Convection Flow over an 
Exponentially Moving Vertical Plate [23]. The exact solutions of time-dependent free convection 
MHD flow of some nanofluids close to a moving vertical plate, saturated in porous medium 
incorporating radiative heat flux and heat sink have been studied [24]. Analytical series solutions for 
the unsteady boundary layer flow of Williamson nanofluids induced by a permeable stretching sheet 
embedded in a porous medium in the presence of magnetic field, thermal radiation, and chemical 
reaction have been discussed [25].  
       Three dimensional nanofluid stirring with non-uniform heat source/sink through an elongated 
sheet was studied [26]. Simulation of time-dependent radiative heat motion over a 
stretching/shrinking sheet of hybrid nanofluid: Stability analysis for dual solutions was analyzed [27]. 
Impact of thermal conductivity on the thermophysical properties and rheological behavior of 
nanofluid and hybrid nanofluid was presented [28]. Impact of hybrid nanofluids on MHD flow and 
heat transfer near a vertical plate with ramped wall temperature have been studied [29]. Thermal 
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Radiation, Chemical Reaction and Viscous Dissipation Effects on Unsteady Magnetohydrodynamics 
(MHD) Flow of Viscoelastic Fluid Embedded in a Porous Medium was studied [30].  
 

2    Formulation of the problem 

  
Consider unsteady two-dimensional incompressible laminar boundary layer MHD flow of a viscous 
nanofuid over a permeable inclined stretching sheet. The nanofuid is supplied heat by the stretching 
sheet and concentration of chemical species at uniform rates. It is assumed that the influence of density 
variation with temperature and concentration occurs only on the body force term and hence the 
changes in both concentration and temperature induce the buoyancy force. A uniform magnetic Feld 
is applied normal to the surface of the stretching sheet. Further, it is assumed that a homogeneous 
first order chemical reaction with thermal radiation is taking place in the flow. It is assumed that the 
velocity of the stretching sheet is ),( txuw

 in the direction of the force F applied along the x -axis and 

that of the mass transfer is )(tvw
 Normal to the stretched sheet.  

         It is also assumed that the surface wall temperature and concentration of the sheet are ),( txTw
 

and ),( txCw
, respectively, while the uniform temperature and concentration far from the sheet are, 

respectively, 
T and

C . In addition, it is assumed that the efect described by Fourier’s and Fick’s law 

is of higher order of magnitude than the efect due to Dufour and Soret and thus the Dufour and Soret 
efects are neglected. The fluid thermal conductivity and molecular diffusivity are assumed to vary as a 
linear function of temperature. The model flow diagram is illustrated in Figure 1. 
 
 

                 
                                    Figure 1: Physical Model and Coordinate system 
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 Concentration equation         
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The relevant boundary conditions are: 
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The radiation heat flux 

rq is modelled using Rosseland’s approximation which gives 
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It is also assume that if the difference in the temperature within the flow is ,4T then 4T can be written 

as the linear combination of the temperature by expanding 4T by Taylor’s series about 
T gives 

                         ( ) ( ) ...64
22344 +−+−+=  TTTTTTTT                                                           (7) 

 
Neglecting the higher order beyond the first degree in ( )−TT  then we have   

TTTTT 344 43  +− ,                                                                                                                      (8)     

                                                                                  

where t is time, u is velocity in x direction,  is the Mass density of the fluid, 
PC is Specific heat 

capacity at constant pressure, 
PK  is Permeability,   is the Rate of chemical reaction, 

T is Coefficient 

of volumetric thermal expansion, 
C is Coefficient of volumetric expansion due to chemical species, 

T  is Temperature of the species,C is Concentration of the species,
T is Ambient temperature, 

C is 

Ambient concentration,  is Kinematic viscosity of the ambient fluid,  is Electrical conductivity, 

0B is Strength of external magnetic field, g  is Acceleration due to gravity, 
rq is Radiation heat flux, 

is Angle of inclination measured from the vertical axis to the stretching sheet, 
TD  is Thermophoretic 

diffusion coefficient,
BD  is Brownian diffusion coefficient, c is Initial stretching sheet, w is Sheet 
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ambient condition,  is Boundary layer edge ambient condition, 
0v is Constant that describe the wall 

mass transfer parameter,  is the Stefan-Boltzmann constant, k is Rosseland mean absorption 
coefficient,  is Thermal diffusivity of the fluid.      
         In other to transform the governing Partial Differential Equation (PDE), (2 - 4), will be 
transform into system of Ordinary Differential Equation (ODE) by introducing the dimensionless 
(similarity) variable given below
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Therefore, 
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Introducing the stream function ),( yx  which define the velocity component in the form  
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Using (10) in (1), 
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Continuity equation satisfies Cauchy Riemann equation, using (10) into (2) - (4), gives 
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In view of similarity variable (9) on equations (11) – (13) the following equation (14) to (16) were 
obtained 
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The relevant boundary conditions are 
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where prime denotes differentiation with respect to  . The dimensionless parameter describing they 

physical properties that is affected by temperature, is defined as follows 
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3     Method of solution 
 

The governing equations of heat and mass transfer effects on unsteady MHDs thermosolutal 
nanofliud flow are essentially PDEs transformed into nonlinear ODEs together boundary conditions 
are numerically solved using a computer embedded software code. The codes being of Runge-Kotta 
scheme with shooting techniques. This method has been proven to be adequate and seems to give 
accurate results and has be widely used [33], [34]. It seems to be the most flexible of the common 
methods. The scheme is also applicable to various types of boundary layer flow problems including 
the free and mixed connection flows. 
        In the numerical method employed in solving the model equations that is boundary value 
problem (BVP). Shooting techniques was also applied, this shooting techniques reformulates the BVP 
to initial value problem (IVP) by adding sufficient number of conditions at one end and adjust their 
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conditions until the given condition are satisfied at the other end while Runge-Kutta method solve 
the initial value problem. 

        Equation (14) to (16) were integrated as IVPs the values for )0(),0(  f and )0(  which were 

required to explain the skin friction, Nusselt and Sherwood numbers, but no such value exist at the 

boundary. The suitable guess values for )0(),0(  f and )0( were chosen and then intergration was 

carried out. The researchers compared the calculated values for )0(),0(  f and )0( at  =5 with the 

given boundary conditions 0)5(,0)5( == f and 0)5( = . Then the adjusted and the estimated 

values for )0(),0(  f and )0( , to give a better approximation for the solution. The researchers 

transform a series of computations to obtain values for )0(),0(  f and )0( and then applied a 

fourth order Runge-Kutta with shooting techniques with step size h = 0.01. The above procedure was 

repeated until the results came up the desired degree of accuracy (
610−
) 

          The computation to obtain velocity, temperature and concentration profiles were presented to 
observe the effect on heat and mass transfer of unsteady MHDs thermophoresis on porous media. 
The proportional effects on the skin friction coefficient, Nusselt and Sherwood numbers were 
presented and determined for independent parameters. To explain the effect on heat and mass transfer 
of unsteady MHDs thermophoresis in porous media. 
         Quantities of physical and practical interest in this model are the skin or local friction factor (

fC ) which represent the wall shear stress physically, the Nusselt or local Nusselt number (
xNu ) which 

defines the heat transfer rate physically and Sherwood or local Sherwood number (
xSh ) which defines 

the mass transfer rates which are represented as follows 
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In which 

mwm handq, are the skin friction or shear stress, heat flux and mass flux from the sheet 

respectively. The skin friction, heat flux and mass flux are as follow 
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the local Reynolds number. 
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4    Results and discussion 
 
Table 1 represents the results of variation in Skin friction ( )0(f  ), Nusselt ( )0( − ) and Shearwood 

numbers ( )0(− ) at the surface with magnetic field parameter M, thermal Grashof number Gr, 

solutal or concentration Grashof number Gc, porosity at the wall fw, Lewis number Le, thermal 
diffusivity α, chemical reaction δ, porous medium parameter φ, heat source γ, unsteadiness parameter 
A, radiation parameter R, Prandtl number Pr, which are of physical and engineering interest. Also the 
friction factor, local Nusselt and Sherwood numbers are discussed and presented through graphs and 
tables. The computation was carried out using shooting technique with Runge-Kutta iteration 
algorithm. These were used for couple nonlinear differential equations along with boundary 
conditions. In the numerical solution, a check was to confirm that smoothness conditions at the end 
of boundary layer were satisfied. For numerical computations and results we consider the non-
dimensional parameter, with their values as follows M = 1, Gr = Gc, fw, Le, α =1, δ = φ = γ = A = R 
= 0.5, and Pr = 0.4, These values are considered to be constant throughout the entire research apart 
from the varied parameters shown in the figures. 
 
Table 1: Numerical Approximation of the variation of parameters for ),0(f  )0(  and )0(  

Paramet
er 

Valu
e 

)0(f   )0( −  )0(−  

M  
1 -0.048178 0.002663 0.223047 

 4 -0.421512 -0.002680 0.212712 

 5 -0.506547 -0.003437 0.210965 

 7 -0.650434 -0.004452 0.208458 

     

Gr
 

1 -0.044105 -0.025930 0.243175 

 2.5 0.260343 -0.014428 0.250429 

 3.5 0.450256 -0.008271 0.254167 

 4.5 0.632298 -0.002930 0.257425 

     

Gc
 

1 -0.044105 -0.025930 0.243175 

 2.5 0.146030 -0.023193 0.247264 

 3.5 0.269669 -0.021504 0.249778 

 4.5 0.391145 -0.019900 0.252147 

     

  
0.5 -0.050851 -0.025757 0.279489 

 1.5 -0.070576 -0.025074 0.413780 

 2.5 -0.081585 -0.024661 0.513373 

 3.5 -0.089143 -0.024388 0.596295 

     

rP
 

0.4 -0.044105 -0.025930 0.243175 

 0.6 -0.034778 -0.089996 0.287858 

 0.8 -0.017374 -0.204832 0.366537 

 1 0.024284 -0.480675 0.555269 
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A  
0.5 -0.044105 -0.025921 0.243175 

 1.5 0.003179 -0.065406 0.186526 

 2.5 0.028169 -0.088219 0.142952 

 3.5 0.034934 -0.089555 0.116856 

     

tN  1 -0.044105 -0.025930 0.243175 

 1.5 -0.053829 -0.029337 0.275758 

 2 -0.064592 -0.032868 0.310066 

 2.5 -0.076451 -0.036566 0.346120 

     

bN  1 1.361810 -0.019137 0.290769 

 1.5 1.379045 -0.020744 0.272715 

 2 1.389212 -0.022384 0.263783 

 2.5 1.396505 -0.023912 0.258457 

     


 0.5 -0.044105 -0.025930 0.243175 

 0.8 -0.032522 -0.104795 0.297968 

 1.1 -0.005723 -0.274607 0.412213 

 1.3 0.081609 -0.821827 0.776237 

     


 0.5 -0.044105 -0.025930 0.243175 

 0.8 -0.096387 -0.027640 0.241806 

 1.1 -0.143615 -0.029648 0.240580 

 1.4 -0.186770 -0.030267 0.239477 

 
 
Figures 2-4 present the influences of magnetic field parameter (M) on velocity, temperature and 
concentration profile respectively of the flow. It is evident from the figure 2 that an increase in the 
magnetic field parameter causes a decrease in the fluid velocity and 3 and 4 improves the distribution 
of temperature and concentration profile. It is due to the fact that an increase in magnetic field 
develops the force opposite to the direction of flow. But this force reduces the thermal and 
concentration boundary thickness, in this case, we see enhancement in the temperature and 
concentration profile.  
       Figures 5 - 7 shows the effect of thermal Grashof number (Gr) it is evident that increase in thermal 
Grashof parameter increases both nanofluid velocity, temperature and concentration profile. It was 
discovered that nanofluid velocity increased with increase in thermal Grashof parameter. This rely on 
the fact that thermal Grashof parameter is the ratio of thermal buoyancy force to the hydrodynamic 
force and this take place on the boundary layer due to changes in temperature and thus an increase in 
the thermal buoyancy effect on the nanofluid makes the fluid to cool the hot sheet, in this case thermal 
Grashof parameter slows down temperature and concentration.  
      Figures 8 - 10 display the effects of solutal Grashof parameter on fluid velocity, temperature and 
concentration profile respectively. The influence of solutal Grashof parameter on nanofluid velocity 
as shown in figure 8 shows that increase in solutal Grashof parameter increases the velocity profiles. 
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The values of temperature and concentration profile is increased due to variation in solutal Grashof 
parameter. In this case, temperature and concentration at the boundary layer gets thinner as solutal 
Grashof parameter increased.  
       Figures 11 - 13 illustrates the effect of chemical reaction parameter (δ) on velocity, temperature 
and concentration profile of the flow. It is evident that increase in δ decline nanofluid velocity flow 
thereby leds to increase in temperature and concentration profile. Figure 13 show that as δ increase, 
the concentration profile increases. Figure 14 – 16 present the influence of Prandtl number parameter 
(Pr) on velocity profile shown in figure 14 it can be noted that as the variation in Pr increases, the 
nanofluid velocity flow increases. It is important to note that from figure 15 Pr   increases, it causes 
decrease in temperature of nanofluid, this is as a result that Pr is inversely proportional to the thermal 
diffusion and directly proportional to the momentum diffusivity and thereby as Pr incrases, it lead to 
the thermal diffusion and concentration of the fluid increases.  
        Figures 17 – 19 depicts the typical effect of unsteadiness parameter (A) on velocity, temperature 
and concentration profiles of the fluid flow, respectively. It is observed that increase in A decreases 
the temperature and concentration profiles of the flow. It was discovered that there is increase in the 
nanofluid velocity flow. It is also evident that increase in unsteadiness parameter increases the 
temperature close to the stretching sheet thereby the wall temperature is higher than the temperature 
of the surrounding, and as a result of high wall temperature nanoparticles move to cooler area, 
resulting in the decrease of the concentration profiles.  
       Figures 20 – 22 present the effects of thermophoresis parameter (Nt) on velocity, temperature 
and concentration profile of the nanofluid flow. Increase in Nt decreases the temperature profile and 
causes increase in concentration profile. Figure 23 – 25 illustrate the influence of Brownian motion 
parameter (Nb) on velocity, temperature and concentration profile of the flow. It is also discovered 
the increase in Nb causes increase in the nanofluid velocity and also leads to decrease in temperature 
and concentration profile. It is also observed that enhancement in the Nb result in the increment of 
velocity, temperature and concentration boundary layer thickness. Figure 26 – 28 exhibit the effects 
of heat source parameter (γ) on the velocity, temperature and concentration profile of the flow 
respectively. It is clear that an increase in the γ increase the nanofluid velocity and concentration profile 
of the flow, but a decrease in temperature profile is evident. The negative values of γ act as heat 
absorption.  
       Figures 29 – 31 illustrate the effects porous medium parameter (φ) on nanofluid velocity, 
temperature and concentration profile. It is clear that as φ increases, the non-dimensional velocity 
decline this is due to the fact that as the tightness of the tightness of φ increases, the resistance against 
the flow increases in this case the fluid velocity decreases and in this way the heat transferred from 
the plate. It is evident that the distribution of porous medium parameter enhance the temperature and 
concentration boundary layer thickness.
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Figure 2: Variation of Hartmann number (M) on velocity profile 
 
 

 
Figure 3: Variation of Hartmann number (M) on temperature profile 
 
 

 
Figure 4: Variation of Hartmann (M) on concentration profile 
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Figure 5: Variation of thermal Grashof number (Gr) on velocity profile 
 
 

 
Figure 6: Variation thermal Grashof number (Gr) on temperature profile 
 
 

 
Figure 7: Variation of thermal Grashof number (Gr) 0n concentration profile 
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Figure 8: Variation of mass Grashof number (Gc) on velocity profile 
 
 

 
Figure 9: variation of mass Grashof number (Gc) on temperature profile 
 
 

 
Figure 10: Variation of mass Grashof number (Gc) on concentration profile 
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Figure 11: Variation of chemical reaction ( ) on velocity profile 
 
 

 
Figure 12: Variation of chemical reaction (δ) on temperature profile 
 
 

 
Figure 13: Variation of chemical reaction (δ) on concentration profile 
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Figure 14: Variation of Prandtl number (Pr) on velocity profile 
 
 

 
Figure 15: Variation of Prandtl number (Pr) on temperature profile 
 
 

 
Figure 16: variation of Prandtl number (Pr) on concentration profile 



H. Nadab, S.A. Amoo and I.A. Olopade 
                                                                                                           
 

208                                                  IJMAM, Vol. 6, Issue 2 (2023) ©NSMB; www.tnsmb.org 
                                       (Formerly Journal of the Nigerian Society for Mathematical Biology)  

 
 

 

 
Figure 17: Variation of unsteadiness parameter (A) on velocity profile 
 
 

 
Figure 18: Variation of unsteadiness parameter (A) on temperature profile 
 
 

 
Figure 19: Variation of unsteadiness parameter (A) on concentration profile 
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Figure 20: Variation of thermophoresis (Nt) on velocity profile 
 
 

 
Figure 21: Variation of thermophoresis (Nt) on temperature profile 
 
 

 
Figure 22: Variation of thermophoresis (Nt) on concentration profile 
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Figure 23: Variation of Brownian motion (Nb) on velocity profile 
 
 

 
Figure 24: Variation of Brownian motion (Nb) on temperature profile 
 
 

 
Figure 25: Variation of Brownian motion (Nb) on concentration profile 
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Figure 26: Variation of heat source (γ) on velocity profile 
 
 

 
Figure 27: Variation of heat source (γ) on temperature profile 
 
 

 
Figure 28: Variation of heat source (γ) on concentration profile 
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Figure 29: Variation of porous medium parameter ( ) on velocity profile 

 
 

 
Figure 30: Variation of porous medium parameter ( ) on temperature  
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Figure 31: Variation of porous medium parameter ( ) on concentration profile 
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