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Theoreti
al analysis of a mathemati
al model for the

dynami
s of 
orruption: a guide from epidemiologi
al

modelling

D. Okuonghae

∗

Abstra
t

A new deterministi
 model for the spread of 
orruption is designed and used to qualita-

tively assess the role of 
onvi
tions and loss of 'immunity' to 
orruption on the transmission

pro
ess of 
orruption in a so
iety. It is shown that loss of 'immunity' to 
orruption and the

rate at whi
h previously 
onvi
ted and jailed 
orrupt individuals revert to being sus
eptible

to 
orruption 
ould indu
e the phenomenon of ba
kward bifur
ation when the asso
iated


orruption reprodu
tion number is less than unity. This will make eradi
ating 
orruption

from the 
ommunity di�
ult. However, when the 
ause of the ba
kward bifur
ation phe-

nomena is removed, it is shown that the 
orruption-free equilibrium of the model is globally-

asymptoti
ally stable whenever the 
orruption reprodu
tion number is less than unity. We

further show that there exists a unique 
orruption endemi
 equilibrium whi
h is shown to

be lo
ally-asymptoti
ally stable when the the asso
iated 
orruption reprodu
tion number is

greater than unity. The qualitative analysis suggest that e�ort should be geared towards

providing poli
ies that 
ould prevent previously 
onvi
ted (and jailed) individuals from be-


oming sus
eptible to 
orruption after their release from prison. Furthermore, individuals

who be
ome 'self re
overed' from 
orruption due to some intervention programmes are to be

assisted to remain resistant to 
orruption, if 
orruption is to be stamped out of the target

population.

Keywords: mathemati
al model; ba
kward bifur
ation; global stability; 
onvi
tions;

1 Introdu
tion

Corruption is the abuse of publi
 o�
e or entrusted power for private gain [7, 14℄. It 
an be

distinguished in various forms, su
h as politi
al and bureau
rati
 
orruption [7℄. Corruption

has been blamed for the failures of some developing 
ountries and, in fa
t, attributed to their

'developing' status [14℄. Studies su
h as the ones found in [10, 18℄ 
on�rm the link between

higher per
eived 
orruption and lower investment and growth [14℄.

Several reasons have been propounded for the 
auses of 
orruption in any 
orrupt so
iety. As

stated in [14℄, politi
al s
ientists and e
onomists have suggested a variety of 
hara
teristi
s of


ountries' e
onomi
, politi
al, and so
ial systems that might a�e
t expe
ted 
osts, bene�ts, or

both. Also empiri
al eviden
e suggests that 
orruption tends to be
ome prevalent in 
ountries

undergoing politi
al and e
onomi
 transition [7℄. Transparen
y International (TI) have, over the

years, prepared the TI index to assess the level of 
orruption in the 
ountries of the world, with

a mission to stop 
orruption and promote transparen
y, a

ountability and integrity at all levels

and a
ross all se
tors of so
iety [19℄.

The major 
ost of 
orruption is the risk of getting 
aught and punished, 
onvi
tions and

jailing. However, the probability of getting 
aught depends strongly on the e�e
tiveness of the
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ountries' legal and se
urity system [14℄. A

ording to [8℄, poverty, slow e
onomi
 growth, and

unequal wealth and in
ome distribution are prevalent in most Afri
an 
ountries. In fa
t, the


ontinent that has made the least progress in improving on the living standards of its popula
e

is Afri
a, with widespread 
orruption seen as major 
ause of poor standard of living therein [8℄.

One may wish to see the detailed arti
les on 
orruption, its 
auses and e�e
ts as well as

e�orts to �ght 
orruption in [7, 14℄.

With the existen
e of a large body of literature on the politi
al, so
ial and e
onomi
 aspe
ts

of 
orruption and attempts to provide poli
ies to 
ombat 
orruption [6℄, several attempts have

been made to use mathemati
al models to study the dynami
s of 
orruption in a population. The

�rst model formulated to understand the dynami
s of 
orrupt stru
tures was by Rose-A
kerman

[13℄. Waykar [16, 17℄ used simple growth equations (a �rst order di�erential equation) to study

the growth of 
orruption in a population; 
onsideration was given to 
orruption in edu
ational

institutes and government o�
es in India as 
ase studies. The work by Hathroubi [6℄ studied


orruption as a disease epidemi
 pro
ess and used the Kerma
k and M
Kendri
k (1927) 
lassi
al

SIR epidemiologi
al mathemati
al model for modelling the spread of 
orruption; he 
onsidered

the population as made up of individuals sus
eptible to 
orruption (S), 
orrupt individuals

(I)and individuals who re
over and are immune to 
orruption (R), where the notations for the
state variables were adjusted di�erently in Hathroubi [6℄. Rastogi and Mathur [12℄ examined the

impa
t of 
haos theory in so
ial systems a�i
ted with 
orruption

This study presents a new deterministi
 model that studies the population dynami
s of


orruption in a population. The model treats 
orruption as a disease (as was done by Hathroubi

[6℄); hen
e the model 
ould �t well for an epidemiologi
al setting. Instead of having just the

three 
lasses used by Hathroubi [6℄, we propose dividing the population into �ve 
lasses, whi
h

in
ludes individuals who are 
onvi
ted and jailed for 
orruption and individuals who already are

resistant to 
orruption. Also our model allows for 
hanges in human behaviour where someone

who was previously immune to 
orruption be
omes sus
eptible to 
orruption again.

The paper is organized as follows. The model is formulated in Se
tion 2 and analysed in

Se
tions 3 and 4. Se
tion 5 provides some dis
ussions and 
on
lusions.

2 Model Formulation

The total population at time t, denoted by N(t), is subdivided into the mutually-ex
lusive 
om-

partments of sus
eptible individuals to 
orruption (S(t)); 
orrupt individuals (C(t)); individuals
who 're
over' from 
orruption (R(t)); 
orrupt individuals who are 
onvi
ted and jailed (V (t));
and individuals who are resistant to 
orruption (T (t)), so that

N(t) = S(t) + C(t) +R(t) + V (t) + T (t).

Corrupt intera
tions in the population is modelled using a standard in
iden
e fun
tion.

The population of individuals who are sus
eptible to 
orruption (S(t)) is in
reased by the

re
ruitment of a proportion p (0 ≤ p ≤ 1) of immigrants (who are sus
eptible) into the population

(at a rate Λ), 're
overed' individuals who be
ome sus
eptible to 
orruption again (at a rate π)
and 
onvi
ted individuals who, after their release, be
ome sus
eptible to 
orruption again (at

the rate ξ). The sus
eptible population is de
reased by 
orruption, at a rate λ (the 
orruption

for
e of 'infe
tion'), where

λ =
βC

N − V
,

and β is the 
orruption transmission rate. The sus
eptible population is further de
reased by

natural death (at a rate µ; natural removal o

urs in all 
ompartments at this rate), so that

dS

dt
= pΛ− λS − µS + πR+ ξV.
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The population of 
orrupt individuals (C(t)) is in
reased by the 
orrupt intera
tion that

a�e
ts and subsequently 'infe
ts' sus
eptible individuals (at the rate λ). This population is

de
reased by trial, 
onvi
tion and subsequent jailing, whi
h leads to removal from the so
iety

(at the rate γ), 're
overy' (at the rate α) and natural death. This gives

dC

dt
= λS − (γ + α+ µ)C.

The population of 
orrupt individuals who were not 
aught and 
onvi
ted but 're
over',

following 
ounselling and publi
 enlightenment programmes on the need to shun 
orruption

(re
all that we are dealing with an imperfe
t so
iety where not all persons who are 
orrupt fa
es


onvi
tions) (R(t)) is in
reased by 
orrupt individuals who abandon a 
orrupt lifestyle (at a rate

α). This population is de
reased by developing resistan
e to 
orruption (at a rate φ), be
oming

sus
eptible to 
orruption again after some time (at a rate π) and natural death, so that we have

dR

dt
= αC − (φ+ π + µ)R.

The population of individuals who are resistant to 
orruption (T (t)) is in
reased by a pro-

portion (1 − p) of immigrants 
oming into the population who are resistant to 
orruption (at

the rate Λ) and 're
overed' and previously 
onvi
ted individuals who have developed resistan
e

to 
orruption (at the rates φ and ψ, respe
tively). This population is de
reased only by natural

death. Hen
e we have

dT

dt
= (1− p)Λ + φR+ ψV − µT.

The population of 
onvi
ted individuals (in a form of isolation and with no intera
tion with

the outside world) is in
reased by 
orrupt individuals who are 
aught and 
onvi
ted (at the

rate γ) and de
reased by su
h individuals who later be
ome sus
eptible to 
orruption after their

release, 
onsidering the period spent in jail (at the rate ξ), 
onvi
ted individuals who, after

serving their time, be
ome resistant to 
orruption (at the rate ψ) and natural death. This gives

dV

dt
= γC − (ξ + ψ + µ)V.

Based on the above formulations and assumptions, the model for the spread of 
orruption in

a population 
onsists of the following system of nonlinear (deterministi
) di�erential equations

(Table 1 des
ribes the asso
iated state variables and parameters in the model).

dS

dt
= pΛ− λS − µS + πR+ ξV,

dC

dt
= λS − (γ + α+ µ)C,

dR

dt
= αC − (φ+ π + µ)R,

dT

dt
= (1− p)Λ + φR+ ψV − µT,

dV

dt
= γC − (ξ + ψ + µ)V,

(1)

with initial 
onditions

S(0) = S0, C(0) = C0, R(0) = R0, T (0) = T0, V (0) = V0.

Some of the main assumptions and features of the model are itemized below.
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i We assume that we are dealing with an imperfe
t so
iety whereby not all 
orrupt individuals

are 
aught and 
onvi
ted. Hen
e we make room for 
orrupt individuals who, likely due

to 
ounselling and enlightenment 
ampaigns, abandon their 
orrupt lifestyle and 're
over'

from 
orrupt tenden
ies;

ii In
orporating a 
lass of 
onvi
ted individuals who are jailed and in 
omplete isolation from

the outside.

Variable Interpretation

S Population of individuals sus
eptible to 
orruption

C Population of 
orrupt individuals

R Population of individuals who 're
over' from 
orruption

T Population of individuals who are resistant to 
orruption

V Population of 
onvi
ted individuals who are jailed (isolated)

Parameter Interpretation

µ Natural mortality rate

Λ Re
ruitment rate

β Corruption transmission rate

p Fra
tion of immigrants who are sus
eptible to 
orruption

α 
orruption 're
overy' rate

γ Convi
tion rate

φ Rate at whi
h 're
overed' individuals be
ome resistant to 
orruption

π Rate at whi
h the 're
overed' individuals be
ome sus
eptible to 
orruption

ψ Rate at whi
h the 
onvi
ted individuals be
ome resistant

to 
orruption after they leave jail

ξ Rate at whi
h the 
onvi
ted individuals be
ome

sus
eptible to 
orruption after their release from jail

Table 1: Des
ription of variables and parameters in the 
orruption model (1).
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2.1 Basi
 Properties

For the model (1) to be meaningful, it is important to prove that all its state variables are non-

negative for all time (t). In other words, the solutions of the model (1) with positive initial data

will remain positive for all t ≥ 0.

2.1.1 Positivity of solutions and well-posedness of model

Sin
e the model (1) monitors human population, all the state variables and parameters of the

model are non-negative. Consider the feasible region

D = {S,C,R, T, V ∈ R
5
+ : 0 ≤ N ≤ Λ/µ}

It 
an be shown that the set D is a positively invariant set and a global attra
tor of this system.

That is, any phase traje
tory initiated anywhere in the non-negative region R
5
+ of the phase

spa
e eventually enters the region D and remains in D thereafter.

Let S0, C0, R0, T0, V0 ≥ 0, S0 + C0 + R0 + T0 + V0 = N0. Then there exists solutions

S(t), C(t), R(t), T (t), V (t) for the dynami
al system (1), with initial data S0, C0, R0, T0, V0 at

time t = 0, that are de�ned for all time t ≥ 0. In fa
t, S(t), C(t), R(t), T (t), V (t) are nonnegative
and S(t) + C(t) + R(t) + T (t) + V (t) = N(t) for all t. If C0 = 0, R0 = 0, V0 = 0, then C(t) ≡ 0
and V (t) ≡ 0.

Sin
e N = S + C + R + T + V , it follows that the rate of 
hange of the total population is

given by

dN

dt
= Λ− µN. (2)

and, therefore, that N(t) → Λ/µ as t → ∞. That is the total population is asymptoti
ally


onstant. The well-posedness of the model follows a straight forward appli
ation of the 
lassi
al

theory [11℄.

Lemma 2.1 The region D is positively-invariant for the model (1) and, if C0 > 0, then S(t) > 0,
R(0) > 0,T (0) > 0 and C(0) > 0 for all t > 0 and V is bounded by V̂ = max{V0,

γ
µ+ξ+ψ}.

Proof. The right hand side of system (1) is 
ontinuously di�erentiable and hen
e it is lo
ally

Lips
hitz, and therefore there exists a unique solution S(t), C(t), R(t), T (t), V (t) to system (1)

with the initial data S0, C0, R0, T0, V0 that is de�ned on a maximal forward interval of existen
e

[11℄. Consider the set D ⊂ R
5
+, we have that sin
e C(0) ≥ 0 from system (1) we have that

C(t) ≥ C0exp

∫

∞

0

[ βS

N − V
−K1

]

dt

R(t) =
[

R0 +

∫ t

0
αC(ζ)eK2(ζ−t0)dζ

]

eK2(t0−t)

V (t) =
[

V0 +

∫ t

0
γC(ζ)eK3(ζ−t0)dζ

]

eK3(t0−t)

T (t) =
[

T0 + (1− p)Λt+

∫ t

0
(φR(ζ) + ψV (ζ))eµ(ζ−t0)dζ

]

eµ(t0−t)

so that S(t) ≥ 0, C(t) ≥ 0, R(t) ≥ 0, T (t) ≥ 0, V (t) ≥ 0, ∀ t > 0, where K1 = α + γ + µ,
K2 = φ+ π + µ and K3 = ξ + ψ + µ.

To show that V is bounded by V̂ = max{V0,
γ

µ+ξ+ψ}, all we need do is to show whether

V (t) ≤ ω, ∀ t ≥ 0 and that ω ≥ γ
K3

if V0 ≤ ω. Suppose that the above inequalities do not hold,

then there exists a time, t1, with V
′(t1) > 0 and V ′(t) > ω. Using the equation for V in (1), we

have

dV (t1)

dt
= γC(t1)−K3V (t1) ≤ γ(C(t1)− 1) ≤ 0,
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sin
e (C(t1) − 1) < 0 and γ > 0. This is a 
ontradi
tion whi
h implies that V (t) < ω, ∀ t ≥ 0.
Suppose now that V (0) > ω ≥ γ

K3
. In order to show that V (t) ≤ V (0) ∀ t ≥ 0, we assume that

the last inequality does not hold. Hen
e there exists a time t2 > 0 su
h that V (t2) ≥ V (0) and
V ′(t2) > 0.

However sin
e V (t2) >
γ
K3

, then

dV (t2)

dt
= γC(t2)−K3V (t2) ≤ γ(C(t2)− 1) ≤ 0,

but V ′(t2) > 0. Hen
e we rea
h a 
ontradi
tion and V (t) is bounded from above by V̂ , where
V̂ = max{V0,

γ
K3

}. �

Lemma 2.1 guarantees the positivity of the di�erent groups of individuals making up the

total population, S, C, R, T , and V , for all time t ≥ 0.

3 Asymptoti
 Stability of the Corruption-Free Equilibrium (CFE)

The 
orruption-free equilibrium of the model (1) is given by

E0 = (S∗, C∗, R∗, V ∗, T ) =

(

pΛ

µ
, 0, 0, 0,

(1− p)Λ

µ

)

.

The linear stability of E0 
an be established using the next generation operator method on

the system (1) [4, 15℄. Using the notations in [15℄, it follows that F and V, whi
h stands for

the new 
orruption infe
tion terms and remaining transition terms, respe
tively, are given by

F = pβ and V = α+ µ+ γ.

It follows that the e�e
tive 
orruption reprodu
tion number of the model (1), denoted by R0,

is given by

R0 = FV
−1 =

pβ

α+ µ+ γ
.

The result below follows from Theorem 2 in [15℄.

Lemma 3.1 The CFE (ξ0) of the model (1) is lo
ally-asymptoti
ally stable (LAS) if R0 < 1 and
unstable if R0 > 1.

The threshold quantity, R0, is the e�e
tive 
orruption reprodu
tion number. It represents

the average number of se
ondary 
ases of 
orruption generated by a typi
al 
orrupt individual

in a population that is 
ompletely sus
eptible to 
orruption (using the typi
al language in epi-

demiology [15℄). The impli
ation of Lemma 3.1 is that when R0 is less than unity (i.e. R0 < 1),

orruption 
an be eliminated from the population if the initial sizes of the sub-population of

the model are in the basin of attra
tion of the 
orruption-free equilibrium (E0). Hen
e, a small

in�ux of 
orruption-infe
ted individuals into the 
ommunity will not generate large 'outbreaks'

of 
orruption, and 
orruption dies out in time.

3.1 Ba
kward Bifur
ation Analysis

It is instru
tive to 
hara
terize the type of bifur
ation the model (1) may undergo. This will go a

long way in determining fa
tors that 
ould hinder e�orts in ta
kling 
orruption in the population.

We 
laim the following result.

Theorem 3.1 The model (1) exhibits ba
kward bifur
ation at R0 = 1 whenever a bifur
ation


oe�
ient, denoted by a (and given below) is positive.
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Proof. Let

E1 = (S∗∗, C∗∗, R∗∗, T ∗∗, V ∗∗)

represents any arbitrary endemi
 equilibrium of the model(1) (that is, an equilibrium in whi
h

at least one of the infe
ted 
omponents is non-zero). The existen
e of ba
kward bifur
ation will

be explored using the Center Manifold theory [3, 1℄. To apply this theory, it is 
onvenient to


arry out the following 
hange of variables. Let S = x1, C = x2, R = x3, T = x4, V = x5.
Further, by using the ve
tor notation X = (x1, x2, ..., x5)

T
, the model (1) 
an be written in the

form

dX
dt

= F (X), with F = (f1, f2, ..., f5)
T
, as follows

ẋ1 ≡ f1 = pΛ− λx1 − µx1 + πx3 + ξx5,

ẋ2 ≡ f2 = λx1 −K1x2,

ẋ3 ≡ f3 = αx2 −K2x3,

ẋ4 ≡ f4 = φx3 + (1− p)Λ− µx4 + ψx5,

ẋ5 ≡ f5 = γx3 −K3x5,

(3)

where K1 = α+ µ+ γ, K2 = φ+ µ+ π and K3 = µ+ ξ + ψ and the for
e of infe
tion given by

λ =
βx2

N − x5
and N = x1 + x2 + x3 + x4 + x5.

Let us 
hoose β = β∗ as a bifur
ation parameter. Solving for β = β∗ from R0 = 1 gives

β = β∗ =
K1

p
.

The Ja
obian of the transformed system (3), evaluated at the 
orruption-free equilibrium (E0)
with β = β∗, is given by

J∗ = J(E0)|β=β∗ =













−µ −pβ∗ π 0 ξ
0 pβ∗ −K1 0 0 0
0 α −K2 0 0
0 0 φ −µ ψ
0 γ 0 0 −K3













The matrix J∗
has a right eigenve
tor given by w = (ω1, ω2, ..., ω5)

T
, where

ω1 =
−pβ∗ω2 + πω3 + ξω5

µ
,

ω2 = ω2 > 0,

ω3 =
α

K2
ω2 > 0,

ω4 =
φα

µK2
+

ψγ

µK3
ω2 > 0,

ω5 =
γ

K3
ω2 > 0.

(4)

Furthermore, J∗
has a left eigenve
tor v = (ν1, ν2, ...., ν5) satisfying v.w = 1, with

ν1 = ν3 = ν4 = ν5 = 0 and ν2 = ν2 > 0. (5)

It follows from Theorem 4.1 in [1℄, by 
omputing the asso
iated non-zero partial derivatives of

F(x) (evaluated at the disease-free equilibrium, E0), that the asso
iated bifur
ation 
oe�
ients,

a and b, de�ned by
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a =
5

∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

(0, 0),

and

b =

5
∑

k,i=1

vkwi
∂2fk
∂xi∂β∗

(0, 0),

are 
omputed to be

a =
2β∗µν2ω

2
2

Λ

[

1− p

µ

(

παK3 + ξγK2

K2K3

)

−

(

(1− p)K1

µ
+

α

K2
+

φα

µK2
+

ψγ

µK3
+ 1

)]

, (6)

and

b = ν2ω2p > 0. (7)

Sin
e the bifur
ation 
oe�
ient b is positive, it follows from Theorem 4.1 in [1℄ that the model (1),

or the transformed model (3), will undergo a ba
kward bifur
ation if the ba
kward bifur
ation


oe�
ient a, given by (6), is positive. �

The phenomenon of ba
kward bifur
ation, whi
h has been observed in numerous disease

transmission dynami
s (for example see [1, 5℄), is typi
ally 
hara
terized by, in this 
ase, the


o-existen
e of a stable 
orruption-free equilibrium and a stable 
orruption endemi
 equilibrium

when the asso
iated 
orruption reprodu
tion number of the model is less than unity. The so
i-

etal impli
ation of the ba
kward bifur
ation phenomenon of the model (1) is that the 
lassi
al

requirement of having the 
orruption reprodu
tion number (R0) to be less than unity, while

ne
essary, is no longer su�
ient for the 
ontrol (eradi
ation) of 
orruption in the population.

It is worth stating that, setting π = ξ = 0 in the expression for a in (6) (and noting that all

parameters of the model (1) are positive and β∗ > 0), the bifur
ation parameter a redu
es to

(where ν2 and ω2 are de�ned above)

a = −
2β∗µν2ω

2
2

Λ

[

(1− p)K1

µ
+

α

K2
+

φα

µK2
+

ψγ

µK3
+ 1

]

< 0, (8)

with ν2 > 0 and ω2 > 0.

Thus, it follows from Theorem 4.1 in [1℄ that the model (1) does not undergo ba
kward

bifur
ation if π = ξ = 0. Hen
e, this study shows that the rates at whi
h individuals who

're
over' from 
orrupt pra
ti
es due to 
ertain interventions like publi
 enlightenment, 
ounselling

e.t.
 and previously 
onvi
ted individuals be
ome sus
eptible to 
orruption (π 6= 0 and ξ 6= 0,
respe
tively), are the 
auses of ba
kward bifur
ation in the 
orruption transmission model.

Hen
e, even when the parameters suggests that 
orruption 
an be 
ontrolled and even erad-

i
ated in the 
ommunity, using the 
orruption reprodu
tion number as basis for 
ontrol, this

may prove di�
ult when these 
auses of the ba
kward bifur
ation are present in the dynami
s

of 
orruption in the population.

Simply stated, the mathemati
al analysis in this se
tion shows that having previously 
on-

vi
ted and 're
overed' individuals be
oming sus
eptible to 
orruption (again) will make it di�
ult

to have 
orruption eradi
ated from the population.

3.2 Global Asymptoti
 Stability: Spe
ial Case π = ξ = 0.

Consider the model (1) with π = ξ = 0. We 
laim the following:

Theorem 3.2 The CFE of the model (1) with π = ξ = 0 is globally-asymptoti
ally stable (GAS)

in D whenever R0 ≤ 1.
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Proof. Consider the model (1) with π = ψ = 0. Further, 
onsider the following linear Lyapunov

fun
tion

F = pC(t),

with Lyapunov derivative (where a dot represents di�erentiation with respe
t to t )

Ḟ = pĊ,

=

[

pβSC

N − V
− (α+ µ+ γ)

]

C,

=
C

(α+ µ+ γ)

[

pβ

α+ µ+ γ

S

N − V
− 1

]

.

(9)

It follows from (9), noting that S(t) ≤ N(t)− V (t) in D for all t > 0, that

Ḟ ≤
1

α+mu+ γ
(R0 − 1)C.

Hen
e, Ḟ ≤ 0 if R0 ≤ 1 with Ḟ = 0 if and only if C=0. Therefore F is a Lyapunov fun
tion in

D and it follows from the LaSalle's Invarian
e Prin
iple [9℄, that every solution to the equations

in (1) (with π = ξ = 0) with initial 
onditions in D 
onverges to E0 as t→ ∞. i.e

(C(t), R(t), V (t)) → (0, 0, 0)

as t→ ∞. Substituting C = R = V = 0 into the �rst equation of (1) gives S(t) → pΛ
µ

as t→ ∞.

Thus (S,C,R, T, V ) → (pΛ
µ
, 0, 0, (1−p)Λ

µ
) as t → ∞ for R0 ≤ 1, so that the 
orruption-free

equilibrium, E0, is GAS in D if R0 ≤ 1 for the 
ase π = ξ = 0. �

The signi�
an
e of the above result on the so
iety is that, in the absen
e of 're
overed'

individuals and persons previously 
onvi
ted (and jailed) for 
orruption be
oming sus
eptible to


orruption again, 
orruption will be eliminated from the population if the 
orruption reprodu
tion

threshold R0 < 1.

4 Existen
e and Stability of the Corruption Endemi
 Equilibrium

To establish the existen
e of the 
orruption endemi
 equilibrium of the model (1), let

E1 = {S∗∗, C∗∗, R∗∗, T ∗∗, V ∗∗}

represents any arbitrary 
orruption endemi
 equilibrium of the model (1).

The equations in (1) are solved in terms of the 
orruption for
e of infe
tion at steady state

to give

S∗∗ =
1

λ∗∗ + µ

[

K3απC
∗∗ +K2ξγC

∗∗ +K2K3pΛ

K2K3

]

,

C∗∗ =
λ∗∗K2K3pΛ

K1K2K3(λ∗∗ + µ)− λ∗∗(K3απ +K2ξγ)
,

R∗∗ =
αC∗∗

K2
, T ∗∗ =

1

µ

[

K3φαC
∗∗ + ψγK2C

∗∗ +K2K3(1− p)Λ

K2K3

]

, V ∗∗ =
γC∗∗

K3
.

(10)

Note that the 
orruption for
e of infe
tion at steady state, λ∗∗, is expressed as

λ∗∗ =
βC∗∗

S∗∗ + C∗∗ +R∗∗ + T ∗∗
. (11)

Substituting the expressions in (10) into (11) give
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Hλ∗∗2 − λ∗∗(pβµK2K3 − µK1K2K3) = 0, (12)

where H = α[(p− 1)π + p(µ+ φ)]K3 + [γ((p− 1)ξ + pψ) + (pµ+ (1− p)K1)K3]K2, and further

redu
es to

Hλ∗∗ − µK1K2K3(R0 − 1) = 0,

whi
h �nally leads to

λ∗∗ =
µK1K2K3

H
(R0 − 1). (13)

Hen
e, a unique 
orruption endemi
 equilibrium exist (i.e. λ∗∗ > 0) when R0 > 1 as far

as H > 0. Clearly, if π = ξ = 0, then H > 0 and there exists a unique 
orruption endemi


equilibrium for this 
ase. Thus, the following result is established.

Theorem 4.1 The model (1) has a unique endemi
(positive) equilibrium when π = ξ = 0
whenever R0 > 1.

The possibility of the existen
e of a 
orruption endemi
 equilibria exists even when R0 < 1.
This o

urs when H < 0 whi
h is possible when π 6= 0 and ξ 6= 0 sin
e 0 ≤ p ≤ 1. This

further proves the possibility of a ba
kward bifur
ation when R0 < 1 whereby the 
orruption

free equilibrium will 
o-exist with a 
orruption endemi
 equilibrium. Therefore, the so
ietal

impli
ation of this is as stated before: individuals who 're
over' from 
orruption after an inter-

vention programme and previously 
onvi
ted individuals should strive not to be
ome sus
eptible

to 
orruption, again. The relevant government agen
ies may determine and formulate poli
ies

that 
ould help with preventive strategies.

4.1 Lo
al Asymptoti
 Stability of the Corruption Endemi
 Equilibrium

Sin
e the total population is asymptoti
ally 
onstant, the result in [2℄ guarantee that the following

system

dS

dt
= pΛ− λS − µS + πR+ ξV,

dC

dt
= λS − (γ + α+ µ)C,

dR

dt
= αC − (φ+ π + µ)R,

dV

dt
= γC − (ξ + ψ + µ)V,

(14)

where λ = βC
N−V

, with N = Λ
µ
, has the same asymptoti
 qualitative dynami
s as those of system

(1).

The Ja
obian matrix for system (14) at the endemi
 equilibrium, E1, is

J(E1) =









−A− µ −B π −D + ξ
A B −K1 0 D
0 α −K2 0
0 γ 0 −K3









where

A =
βC∗∗

N − V ∗∗
, B =

βS∗∗

N − V ∗∗
, and D = −

βS∗∗C∗∗

(N − V ∗∗)2
.

The 
hara
teristi
 polynomial, asso
iated with the lo
al stability of J(E1), is

A4(ϑ)̺
4 +A3(ϑ)̺

3 +A2(ϑ)̺
2 +A1(ϑ)̺+A0 = 0, (15)
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where

A4 = 1,

A3 = A−B + µ+K1 +K2 +K3,

A2 = −Dγ −Bµ+ (A−B + µ)K3 +K2(A−B + µ+K3)

+K1(A+ µ+K2 +K3),

A1 = −Dγµ−Aγξ −Aαπ + (−Bµ+ (A+ µ)K1)K3

+K2(−Dγ −Bµ+ (A−B + µ)K3 +K1(A+ µ+K3),

A0 = −AαπK3 −K2(γ(Dµ+Aξ) + (Bµ− (A+ µ)K1)K3)

and ̺i represents the eigenvalues of the Ja
obian with ϑ denoting the model's parameter ve
tor.

The lo
al stability of the 
orruption endemi
 equilibrium is tied to the roots of (15). The


orruption endemi
 equilibrium point is lo
ally asymptoti
ally stable when the polynomial in

(15) have negative real roots.

5 Dis
ussions and Con
lusions

In this work, we designed and dis
ussed the asymptoti
 behaviour of a new deterministi
 model

for the dynami
s of 
orruption in a population. The model (1) has a lo
ally-asymptoti
ally stable


orruption-free equilibrium whenever the asso
iated 
orruption reprodu
tion number (R0) is less
than unity. This model undergoes the phenomenon of ba
kward bifur
ation, where the stable


orruption-free equilibrium 
o-exists with a stable 
orruption endemi
 equilibrium. The analysis

showed that this phenomenon is 
aused by the rates at whi
h individuals who previously re
overed

from 
orruption, following some intervention programme, and individuals who previously were


onvi
ted and jailed for 
orruption, revert to being sus
eptible (again) to 
orruption.

It is also shown that the model has a globally-asymptoti
ally stable 
orruption-free equilib-

rium (DFE) whenever the asso
iated 
orruption reprodu
tion number is less than unity when

individuals who re
over from 
orruption and those previously 
onvi
ted and jailed for 
orruption

never be
ome sus
eptible to 
orruption but have developed total resistan
e to 
orruption.

We also showed that the unique 
orruption endemi
 equilibrium is lo
ally- asymptoti
ally

stable whenever the asso
iated 
orruption reprodu
tion number is greater than unity (as far

as the 
ause of the ba
kward bifur
ation phenomena, explained above, is no longer part of the

dynami
s of the system).

This work has provided a theoreti
al basis for ta
kling 
orruption. It suggests that e�orts

should be geared toward monitoring individuals who 
laimed that they had been helped by some

intervention programmes and seems resistant to 
orruption, only for su
h individuals to return

to being sus
eptible to 
orruption on
e more. Also persons who were previously 
onvi
ted and

jailed for 
orruption should be 
losely monitored after their release as their being sus
eptible

to 
orruption (on
e more) 
ould hinder e�orts in eradi
ating 
orruption. Due to la
k of data

on the state variables and parameters in the 
orruption model (1), it is not possible for us to


arry out meaningful and pra
ti
al simulations on the model. However, this work has thrown up

important parameters (for example π and ξ) that 
ould be gathered by the relevant government

agen
ies for better understanding of the burden of 
orruption in the so
iety.

The assumption of having some individuals 're
over' from 
orruption due to, say enlighten-

ment programmes, and never tried and 
onvi
ted is based on the fa
t that we live in an imperfe
t

so
iety where not all 
orrupt individuals get 
aught but some 
ould, on there own, 
hange from

their 
orrupt attitude and be
ome better 
itizens in the so
iety. However, it 
an be said that

monitoring su
h individuals in the population 
ould prove di�
ult as they may not be moved to

report themselves to the relevant se
urity agen
ies. However, through anonymous questionnaire

systems, it may be possible to obtain an insight into peoples general attitude to 
orruption and

their honest appraisal as to their 
urrent stand on the issue and their involvements, if any.
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It is imperative to examine two 
riti
al issues that 
ould assist the so
iety in ta
kling 
or-

ruption: self re
overed individuals and previously 
onvi
ted and jailed individuals be
oming

sus
eptible to 
orruption (again). While the former individuals may be di�
ult to tra
k and

monitor, the latter individuals 
an be monitored after their release from prison. This is left to

the relevant government agen
ies to think about.
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