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Abstract
In this paper, a non-linear mathematical model for the population dynamics of Ebola virus
disease in existence of vaccination was developed and analyzed. Existence of equilibrium
point was carried out, which shows us that the model consists of two equilibrium point.
Local stability analyses of DFE have been carried out, it was found that the DFE is locally
asymptotically stable if the threshold called reproduction number can be brought to a
number less than unity. Comparison theorem was used to access the globally Stability of
DFE, it was found that the DFE is globally asymptotically stable if the reproduction
number can be brought to a number less than unity. LAS of endemic equilibrium point
was done using Centre manifold theorem, it was established that the endemic equilibrium
point is locally asymptotically stable if the reproduction number is greater than one. We
were able to prove the global stability of endemic equilibrium point using Lyapunov
function of Goh-Volterra type, it shows us that the endemic equilibrium point is globally
asymptotically stable if the reproduction number is less than one. The numerical

simulation shows that vaccinating a good number of people in a society can mitigate the
Ebola virus disease (EVD).

Keywords and Phrases: Ebola virus; mathematical model; population dynamics; mathematical;
population.

1 Introduction

EVD is a serious infection which is referred to as deadly, harmful and infectious disease which
claimed numerous humans and other mammals’ lives that causes huge damages economically in the
West African Countries. A river in DRC was the main origin of EBV and it was named after the

“Corresponding Author. Department of Mathematics, Federal University Dutse, Jigawa State, Nigeria
TDepartment of Mathematics, Kebbi State University of Science and Technology Aliero, Kebbi
State, Nigeria
tDepartment of Mathematics, Federal University Birnin Kebbi, Kebbi State, Nigeria
SDepartment of Biological Sciences, Kebbi State University of Science and Technology Aliero,
Kebbi State, Nigeria

132 IIMAM, Vol. 5, Issue 4 (2022) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



J. Andrawus, S. Abdulrahman, R.V.K. Singh, and S.S. Manga

DRC (Democratic Republic of Congo) river and it was in the year 1976 Ebola virus disease was
discovered which can also harm primates and humans (Abdulrahman, 2016; Deepaa, 2015 and Tae
and Lee, 2016).

The virus transmits into human population through blood contacts, secretions, other bodily
fluids of infected animals or organs (Herick ez /,2020). Characterization of EBV is by flu which
quickly progress to vomiting, diarrhea, rash, internal and external bleeding (Birmingham and
Cooney, 2002; Eric et al., 2020 and WHO, 2014). It is said that, Ebola virus can transmit from
human to human, bats (fruit bats) to human and from other animals such as Monkeys, Gorillas and
Chimpanzees etc (Amenoghawan and Aboubakary, 2015 and Ustun and Ozguller, 2004).

The recent 2018 to 2020 outbreak in Democratic republic of Congo was very multifaceted due
to lack of security which affected the public health workers badly rejoinder activities, sequencing of
samples suggests that cases in this outbreak are connected to cases in the area throughout the year
2018 to 2020 outbreak and possibly resulted from continual infection in a survivor that led to either
a reversion or sexual transmission of the virus (CDC, 2019; Eric, ¢# al., 2020 and WHO, 2019).

Recent researches in mathematical modeling of Ebola virus (EBV) suggest that, tracing of
infected /exposed individuals must be efficiently done in order to quarantine/isolate the affected
population and educate community on the various ways in which the disease transmit, symptoms
and preventive measures in order to minimize human to human transmissions (Herick ez a/, 2020,
Hussain ¢ a/,2017 and Rachah and Torres, 2015).

Bats as a main reservoir of numerous viral infections are widely accepted (Pourrut ez al., 2009,
Leroy et al., 2005; Hayman, 2016 and Zineb ez /., 2018). Hayman (2016) think that the disease can be
contracted by eating of contaminated fruits that is touched by bodily fluids of infectious bats (Zineb
et al., 2018). Over quite some years ago, there were several models which were developed
mathematically to understand the dynamics of Ebola virus disease (EVD) (Azuaba ez al,, 2017; Berge
et al, 2018; Eric, et al, 2020 Espinoza e al., 2015; Herick ez al., 2020; Kalu ef al, 2016; Nourridine,
2020; Lekone and Finkenstadt, 2006 and Murtaza et al, 2016). Though, the said systems have
normally considered the spread of the disease in human populace, only (Berge ¢/ a/., 2018 and Zineb
et al., 2018) considered bats population. In addition, they do not take into account the vaccinated
humans and natural recovery due to immune response. For these precise and biological
considerations, we propose a universal deterministic model for EVD.

2 Model formulation and fundamental properties

We build a model in a mathematical form of an Ebola virus dynamics by considering natural
recovery and vaccination. We subdivided the system compartmentally in nine places, namely:

Susceptible individuals (S,), Latently infected individuals (L), Infectious individuals (I,), Isolated
individuals (J,), Removed persons as a result of permanent recovery from the disease (R;), Dead
bodies of humans induced by Ebola virus disease before burial (D,), environmental virus (V) ,
Non-Carrier bats (N,), Carrier-bats (C,), humans Total population (T,) and bats Total

population (T,). Figure 1 is the schematized representation of the model.
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Figure 1. Schematized EVD transmission dynamics diagram

The S, compartment is a representation of humans that are prone to the disease. This class are
increased as a result of daily recruitment due to birth/immigration at the rate A,. They get infected
and transfer to L, class by intermingling with those humans in the |, and D, compartments, virus

in the environment and bats in the C, compartment given by the term A, =

ﬁl(l_s)(lhmDthz(1_£)V+'33(1_£)Cb. The parameters f; , B, and S, are the effective contact rate of
h

human to human, virus in the environment to human and bats to humans respectively, 77 is the

modification parameters which is tight to reduced contacts with the human dead body compare to
humans who atre infectious, the term (1—¢) is the enhancement of public enlightenment on

personal hygiene in respect of the transmission of the disease; 0 <& <1. The class decreases due to
people that have been vaccination at rate P .
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The L, class represents the already infected persons with the virus but the clinical symptoms of
Ebola not yet developed and are not capable of infecting others. L, class is increased by

effective/actual contact between Sp with I, D, , Vand C, given by the term A, =
B1(1-&)Un+nDp)+B2(1-€)V+B5(1-£)Cp

as earlier explained. They decrease at the rates ¥ and o due to

Th
natural recovery and disease progression respectively.
dL
d_{]:(ﬂl+ﬂ‘z+ﬂﬁ)sh_(o-+7+q+:uh)l-h &)

I, class is a representation of individuals who are symptomatic, infected as well as infectious. |, class
are increased at the rate 0 from the L, class as a result of clinical symptoms of Ebola developed by

those in the L, class. The I, class diminishes at rates ¢ and 6 due to isolation and disease induced

dead respectively.

dl,

o ~Ch(ordm)l, ©)
The J; class is a representation of humans who clinical symptoms are developed and have been
isolated for treatment. The compartment is generated from |, at the rate @ due to isolation. The

class diminishes at the rates T and 0, due to treatment and disease-induced death.

dJ
d—t'“:golh—(r+52+yh)Jh ()

The removed humans’ compartment, R, represents humans that are effectively vaccinated as well as
those that recovered from the disease and they possess lasting immunity against EVD as assumed.

R, class is increased from L,,J, and S, classes at the rates 7, T and p due to natural recovery of
individuals in latent class, recovery due to effective treatment of individuals in J, class and effective

vaccination of individuals in S, class respectively.

dR
d_th:/)Sh+7Lh+T‘]h_ﬂth ©)

The D, class is a representation of human dead bodies of those that die due to Ebola virus from
both J, and |, classes. The compartment decreases due to proper burial at the rate @. The

human’s natural mortality can take place in all the existing humans’ classes (in exception of Dy) at

the rate Up,.

d_::(é‘l+ﬂh)lh+(52+:uh)‘]h_¢Dh (6)
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The V class is a representation of the virus in the environment. The class is generated as a result of
the virus shade by |, D, and C, in the environment denoted by @, @, and @y respectively.

The compartment diminishes due to natural death of virus £.

dv
E:allh+a2Dh+a3Cb—§V 7)

The N, class is a representation of non-career bats. The class is increased as a result of constants

recruitment at the rate Ay . They got infected and moved to C, class by getting contacts with cartier

. L . . C V
bats in the C, compartment and virus in the environment, given by the term A, = % + ﬂTL
b b
where £, and f;is rate of effective mingling of bats and environment to bats respectively.
dN,
T:Ab_(ﬂ’4+ﬂ‘5)Nb_(5b+ﬂb)Nb ®)

The C, class is a representation of the Cartier bats who are capable of getting others infected. The

class is increased by effective contact between N, with C, and V given by the term

A = %—i—& as eatlier explained. Both N, and C, classes diminish at the rates 6, and [ due
T T p b b b
b b
to human activities such as hunting and natural death respectively.
= et )N = (0 +4,)C, ©)

The following assumptions and conditions are considered during the development of the system:
e Personal hygiene is enhancing by public enlightenment.

e Effective vaccinated and recovered individuals are permanently immune from the Ebola
virus.

In synopsis the model consists of the following structure of nonlinear (deterministic) differential
equations.
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Sy =My =4S, ~(p+14)S,
L, =4S, —(o+y+a+u, )L,
I, =oL, —(@+6,+ )1,
Jy=ol,—(t+6,+u,)J,
R, =P8, +7L, +73, — 4R, (10)
D, = (6, + )1, +(8, + 4,) 3, — 9D,
V=al +a,D, +aC, &
N, = A, = 4N, ~(8, + 4 )Ny
Gy, = AN, (8, +14)C,.

where
T.=5+L+I,+J,+R +D,,
and

T,=N, +C,.

3 Basic analysis of the model (10)
The total population of human Th is giving by adding the first six equations of the model (10) gives

dT, A, Ay
—L = A, =, (T, =1, =3, )—¢D, , so that T, > — as t =00, Thus, —* is an upper bound of
dt My My,

A A
Th (t) provided that T, 0)< = Furthermore, if T, 0) > - , then Th (t) will decrease to this
Hy Hy

A
level. Similarly, calculation for the bats equations shows that T, —> —L st >0,
Hy

Thus, the following feasible region:

A A
1_[={(Sh,Lh,Qh,Ih,\]h,Dh,Rh,Nb,Cb)eRg+ T, < 2T, < —b}

A 8

is positively invariant set under the flow described in (1). Hence, no solution path leaves through
and boundary of I Also, since solution paths cannot leave I1, solutions remain non-negative for

non-negative initial conditions. Solutions exist for all time t. In this region, the model (10) is said to
be well posed mathematically and epidemiologically.
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3.1 Existence of equilibria (E")

At any giving equilibrium state the rate of change of each variable is equal to zero. That is

ds, di, di, &, drR  dD, dv dN, dC,

—h =—0= = = =—= = =0. (11)
dt dt dt dt dt dt dt dt dt
At any arbitrary equilibrium state, let
(S L5130 R D VYN, G ) = (S, L 1 300 Ry DL VLN, ) (12)
Thus, the state variables give
S+ A, L (4 + A4, +4, )Ah . 0'(21*+/12*+ﬂ,;)Ah

h :/11*"‘12**'13*""(1’ LK A A +KY) h_KzKS(ﬂa*Jfﬂz*Jfﬂa*Jle)
o (AN,
KKK (A A K )

R*_ Ko KKopAy + KK A, (/11* + +2’3*)+T0(/)Ah (ﬂ; +h 'Ma*)
h ﬂhK2K3K4((ﬁ'1*+ﬂ?*+ﬂ';)+K1)

o KK (A48 + 457 )+ oK (4 + 4 +45)

* A
h N, = >

PKK K (A + 4"+ 4 +K)) T (WA K

KA (A + 24 +4 ) (A +45 +K; )(andK, +a, (KK + 9K, )

(AT AT)A, o KKK (A 2+ A5+ )(24+ 5
b — * * > = * * * % *
K, (4 + 4" +K;) EPRKKK K, (A 44+ 45 +K, ) (4" +47+K; )
where
. B (l-e)V’
PRI Gl (14)
Th
. B(1-&)C
PR Cald N (15)
Th
14*:ﬁ4cib (16)
Tb
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AT
== 17
=t a7
substituting the state variable concern in (13), we have
o (1=) M (A + 2+ 7)ol (1=2) Ay (KeKs +Ks) (A + 2+ )
PO GRS PKK (A +27+4+K))
k 18)

simplifying (18), gives

(R4 +PA +PA +RK ~(R+P))A ~(R+R)A —(R+R)A =0 (19
where P, =08, (1—€)Ah¢K4, P, =onp (1—8)Ah (K3K5 +¢)K6), P, =¢K, K3K4Th*,
Substituting the state variable concern in (14), gives

o, (1-8) KA, (A7 + 4 + 47 ) (A + 45+ K, )(augK, +a, (KK, + 9K )
Y (1- ) KKK A, (A + 4"+ 47 +K, ) (4 +4)

& SPK, KKK, (ﬂ;+ﬂ;+ﬂ;+ Kl)(/14*+/15*+ K7) . (20)

Simplifying (20), we have
(RA +PA +PA +RK, ~(P+R)) 4, ~(P+R) 4 —(P,+R) 4 —PK, =0, 1)
where

P, = 0B, (1-2) KA, (A7 + 4 +K; ) (K, +at, (KK + 0K ))
R=5 (1_5)0‘3¢K2K3K4Ab (14* +/15*)’ R =GPk KK, K, (24* +5 + K7)

Substituting the state variable concern in (15), gives

- 133(1_5)(24**‘15*)/%

A =— — : 22)
T K, (A + 4 +K,)
Substituting the state variable concern in (16), we have
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oo P (ﬂ{M{)Ab | -
T, K, (4 +45 +K;)

Simplifying (23), gives
(T;KM,; +Tb* KM‘S* +Tb* KoKs =B\, ) 14* - :B4Ab25* =0 (24)

Substituting the state variables concern into (17), we have

KA (A + 24"+ 47 ) (A + 47+ K, ) (K, + a, (KoK + 9K )
@K KK A, (427 + 25+ K ) (47 + )

e MY ) (25)
KKK, (4744, + 4+ K) (A 4 +K,)
Simplifying (25), we have
PR G AL ) L GRAL Y L 26)
R+ R +RK,
(RAT+RA+RK, ~(R+R)) A4 ~(R+R)4"-RK, =0, @

where
P, = oK/ A, (11* ‘*sz* +/13*)(a1¢K4 +a, (KaKs + oKy ))'
R = Lo KK A, (ﬁ'; "%—z* "%3* + Kl)' R= §¢K2K3K4K7Tb* (j'l* +j'z* +As* + Kl)

* * * * *
Consider a scenario where 4,4, A4 4, , A& >0, at endemic all the force of infection are positive.

Also, consider

A =0. 28)

Substituting (28) into (24), gives

(TyK A+ T, KK, = B,A, )4, =0. (29)
Equation (29) gives
A =0 (30)
or
T KA, +T, KK, -B,A, =0. (31)
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Simplifying (31), we have
A= B, _Tb*K7 K,
! T, K,

(32)

Considering the last model equation in system (1), it is easy to deduce that K7 <1, therefore K7 K7

will become smaller, which makes 14* >0.

2, >0 (33)
Substituting (28) and (30), into (22), gives
& =0 69
Substituting (28) while 4 >1 into (22), we have
s >0 (35)
if
A =0 (36)
Substituting (28), (30), (34) and (36) into (21), gives
(RA +RK ~(R+R))% =0 (7
either
Ay =0 (38)
or
3 - (BrR)7RK 39
R

For /12* to be greater than zero (ﬂz* >0) it is very important to compare the values of P4, P5 and P6

within mind that multiplication of numbers less than zero is smaller.

P,+P.-PK, =P, =0dp, (1—8) K,K;A, (0{1¢K4 +a, (K3K5 +§0K6))—§¢K1K2K3K4K7K7 >0 (40)
with the above reason cleatly 22* >0, therefore

4, >0 @1)
Substituting (28), (30), (34), (36) and (39) into (19),
we have

(RA +PK—(R+P,))4 =0 42
either

A =0 @
or

R4 +PK -(R+PR)=0 (44

Simplitying (44), gives
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* (P1+P2)_P3K1

W @)

For 4 to be greater than zero (4, > 0) it is very important to compare the values of Pl, P2 and P3

within mind that multiplication of numbers less than zero is smaller.

R+B-RB=0df (1_5)Ah¢K4 +O_77ﬂ1(1_<9)Ah (K3K5 +¢K6)_¢K2K3K4Th* (46)

Therefore, based on the explanation above, is greater than zero. Thus

A >0. (47)
Substituting (30), (34), (36), (39) and (43) into (27), gives
(R4 +RK,~R) 4 =0 (48)
either
% =0
or

PQXS* + PQK7 - Pé (49)

Simplifying (49), we have
/15* = ﬂ5a3¢ Kl KZ K3 K4Ab — §¢ K1K2 Ks K4 K7 K7Tb*
P

3

(50)

*
for A to be greater than zero, it is very important to consider the numerator of (50), SKK; s far

less than one because all the three parameters are less than one. Therefore,
BrapK K KK, A, = S9K K, KK K K T, >0 G

Thus, we have
J5 >0 (52)

Hence, considering (28), (30), (34), (36) and (39) the exist DFE, also considering (33), (35), (41), (47)
and (52) there exist EEP.

3.2 Local stability of disease-free equilibrium (DFE)

There is no infection at disease-free equilibrium. Therefore, all the disease classes are zero at this

point and population will reduced to non-Career bats and vaccinated individuals. The DFE of

system (10) obtained by setting the right-hand side of the system (10) to zero is given by
A A A A, A .

E° =(Sy, Ly, 1y, 5, Riu DV, N, G, T, T, ) =| =2,0,0,0,225-,0,0,22,0,22, 20 | | Next generation
K, MKy Ke My Kg

operator method has been to prove the local stability of DFE (E°) of system (10). Considering only

infected classes (Lh, I, J4, Dy, V, Cy ) at DFE and taking into consideration the notation in Van den

Driessche and Watmough (2002) the F and V matrices for those who are newly infected and those
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remaining terms that are transferred from the infected compartments respectively, are respectively
given as

0 BA-&)u, 0 nf-&e)p,  BA-&)u,  Bl-&)u,
Kl Kl Kl Kl
0 0 0 0 0 0
F=|0 0 0 0 0 0 (53)
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 o0 5, 5,
and
K, 0 0 0 0 0
o K, 0 0 0 0
y_| 0 K0 0 0 5
0 K, K, ¢ 0 0
0 -4 0 -a & —o
0O 0 0 0 0 K
where  Ky=p+p, Ky=o+y+u, K=o+ +p, K=t+0,+u, K=0+pu,

K =0+, K;=6,+ 14

the product of (FV ™), gives

thvl thVZ thv3 thv4 th thb
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

bvl bv2 bv3 bv4 bv5 bbv
I:\)O RO R0 RO RO RO

FV =

(55)

op,(L-¢)u, N onp(1-&)u, (Q’Ke +K, Ks) + af,(1-¢&)u, (¢O‘1K4 +pa,K; +a, K4K5)

where RI™ = ,
KKK, ¢K1K2K3K4 ¢§K1K2 KK,
Rghvz _ op(l-&)u, + nB(L-¢e)u, (Q’Ke + K4K5) 4 B(L-&)u, (¢a1K4 +oa, K, +(Z2K4K5)
KK, ¢K1K3 K, S KKK,
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np(L-e)uKq n B (L&) e, Kq B -e),

R4 _ np(-¢&)u, n B,(-¢&) ., ’ R{;W _

R(t)\hv3 —

#KK, wKK, T #K, #K, K
Rgvb _ B, (=& ua, n B(l-¢e)u, CRM o (¢0‘1K4 +pa,Kq +a, K4K5) '
cKiK; KK, PSK KK,
RY2 — s (¢a1K4 +a,Kq +0‘2K4K5) R(t;vl :M’ R(t))v4 _ P, ’ R(k))vs :& and Rgbv :%+&.
PcK:K, ’ ¢cK, 8 5 oK, K

Then the spectral radius is given by

RgvarRoher\/(Rgbv_Rghv1)2+4Rgv1Rgvb Rgbv+Rghvl_\/(Rgbv_Rélhvl)2+4Ré)le(I)1vb
2 ’ 2

p(FV’l) = max (56)

2
R(f))bv + Rgh\d + \/( R(f))bv _ R(;lhvl) + 4RngR(|)’]Vb

RC
2

(57)

The following result is established using Theorem 2 in Van den Driessche and Watmough (2002).

Lemma 1: The DFE of the system (10) is locally asymptotically stable if RC <1 and unstable if RC
> 1.

The epidemiological threshold RC gives the average number of Ebola virus cases generated by the
infected individual into an entirely susceptible population (Agusto e al., 2017; Anderson and May,
1991; Andrawus ef al., 2017; Hethcot, 2000 and Van den Driessche and Watmough, 2002). The value

called the threshold quantity RC is the effective reproduction number for the model (10). The

significance of Lemma 1 epidemiologically is that if RC is less than unity, a small inflow of infected

persons into the population would produce large outbreaks, and the disease dies out in time.

However, the disease-free equilibrium might not be globally asymptotically stable even if RC <1lin

the case of when backward bifurcation exists. That is, there is an existence of a stable EEP co-
existing with the DFE.
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3.3 GAS of DFE of model (10)
The stability of DFE at global level of the model (10) will be established. We claim the following

result.

Theorem 1. The disease-free state of the model (10) is GAS whenever RC <1

Proof: To prove the global stability of the disease-free equilibrium of model (10), we need to follow
the approach in Castillo Chavez ez a/. (2002) that the two conditions (G1) and (G2) must be mate for

R, <l . Let X =(Sh, R,, Nb) and Y =(Lh, (NI Dh,V,Cb) and separate model (10) into:

dXx
S =F(x) (58)
%zG(X,Y);G(X,O)zo (59)

with the components of X € R®representing the uninfected compartment and the components
Y € R® representing the infected compartment.

The disease-free equilibrium is now represented as

E°=(X",0) (60)
where
X" =(TY1T0,0) 61)
Considering the first condition, that is global stability of X, gives
Ay = Klsho
dX, 0 0
- T0 =1 oSy R, (62)
Ay, = ;N
Now, using integrating factor (I.F)
A, A
S, (t)=—"—-—e ™ +5°0) ™ 63
FO= e s O (©3
0 0
RO() =220 PO g, R o)t (64)
My Hy
A, A
N’ (t) = —> ——2e™' + N,°(0)e ™" (65)
My  Hy

Now, obviously Sho (t)-I-RhO (t) —>Th0(t) and Nbo —)Tbo as { =0 regardless of the value of
$,'(0), R(0) and N,*(0). Thus, X" =(T; IT,,0) is a GAS.
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Further, for the other criterion thatis G(X,Y)=BY =G (X,Y) gives

_K ﬁl(l_g)sho 0 Uﬁl(l—g)sho ﬁz(l_g)sho ﬁa(l_g)sho
2 ThO ThO ThO ThO
o -K, 0 0 0 0
0 [0 -K, 0 0 0
B= (©6)
0 K, Ke —¢ 0 0
0 o, 0 a, £ a,
0 0
0 0 0 0 Ao ko Pl
T, T,
The matrix (66) is M- matrix clearly (the off-diagonal element of B are non-negative).
_(21 +4 +j?)sh° a K?_Lho
oL’ -K,l°
= ol — K3,
G(X,Y)= . ©7)
Kslh + Ks‘]ho _¢Dh0
a1’ +a,D,° +a,C0 —&v°
_(14 + ﬂs) Nbo - K7Cb0
then,
G(X,Y)=[0,0,0,0,0,0] . (68)

It is thus cleatly that E(X ,Y)=0. Hence, the proof is complete.

Consider scenario where the endemic equilibrium exists.

3.4 Stability of endemic equilibrium at local level of model (10)
Theorem 2: The EEP of system (10) is LAS if the control reproduction number, RC >1.

Proof: Because of the high dimension of the system, standard linearization around the endemic
equilibrium cannot be used. Therefore, the theory of Centre manifold which is clearly explained in
Castillo-Chavez and Song (2004) for LAS analysis have been used in this work, in order to apply the
theorem. Therefore, it is very important to make the following changes of variables. Let

(Xl’xz’X3’X4’X5’XG’X7’X8’X9):(Sh’Lh’ I, Jn, Ry, DLV, Nb’cb) (69)
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Furthermore, using the vector notation

T
X = (X0 Xg s Xg, Xy X6, X4 X74 Xg0 %) (70)
The system (10) can be written in the form
dXx
E:F:(fl,fz,fB,f4,f5,f6,f7,f8,fg)T (71)
such that
1-g)(Xx,+ 1-g)x 1-
Xle_ﬂl( 5)_|§ 3 Uxe)xl_ﬂz( - g) 7 Xl_ﬂs( TS)X9 X, — K =,
h h h
1-g)(x,+ 1-¢g)x 1-
1L LR N o LA X L N
T, T, T,
X, =0X, — KX, = f,
X, = X — KX, = f,
X =X + X+ 7%, — X = T (72)
Xg = K5X3 + K6X4 _¢Xe = fs
X, = O Xg + X + X —EX, = T,
. yo) S X
to= Ay~ FE K = 1,
b b
. X
X, =[’);—X9x8+%x8—*<8x9 =1,
b b
The Jacobian evaluated at DFE for the system (72) above is given by the Jacobian (73) as
K0 _ﬁ1(1_f)x10 0 0 _ﬁ1’7(1_05)x10 _ﬂz(l_f)x10 0 _ﬂs(l_:;)xf
Th Th Th Th
0 K, ﬂ1(l_f)x10 0 ﬂln(l_og)xf :Bz(l_f)xio 0 ﬁs(l_f)xio
T, T, Ty T, (73)
0 o K, 0 0 0 0 0 0
JEY=| 0 o0 P K, 0 0 0 0 0
oy 0 T i, 0 0 0 0
0 0 K, K, 0 4 0 0 0
0 0 o 0 0 a, £ 0 a,
0 0 0 0 0 0 P -K, -p,
0 0 0 0 0 0 B 0 K, +p,
Suppose ﬁs = ,35* is chosen as a bifurcation parameter at RC :1, we have that
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e [(2 (R RI™)) —(RE - RQ““)Z}

4o, K R

B = (74)

Eigenvectors J(E°) g

Given Wand V as a right and left eigenvectors associated with the zero eigenvalues of the Jacobian

J (Eo)ﬂszﬂ; (denoted by Jﬂ;) chosen such that VJ (EO) =0and J(EO) W =0 with VW =1 where

= [ V41V, V3, Yy, Vg, Vi Vg, Vg, Vg | and W= [wi, Wy, Wy, Wy, Wi, W, W, Wy, W, | . Thus,

Vo=vo=v =0 v, =y, >0 o Al=e)X po(l-e)x’ — Bfs(1-e)x’
1 6 8 5> 12 4 5 V3 Tho V, + @V, + Tho vV, + (K ,34)1—0 2
v :ﬁvza v, = ,Bz (1_5) vV :83:85 (1 ‘9) V.. V. = :Bsﬂs (1_‘9))(1

T AT T (K AT

w,=w, >0 w,=Zw,, w,=-"2"w,
K, KK,

aﬁl(l 6‘) +0ﬂ177(1 g)xlo(K4K5+K6(o)
K1 KS-I-l0 Kl K3 K4T10
W, o=—1+ ﬁZ(l_g)Xlof(K7_IB4) (0‘10-+a2K50-+0‘2K6(00_J
KT (E(K = B) )\ EKy  EgK, KK,
b (1—8)X10,35 Lalo' a,K.o aZKGgDO'J
+ + +
KT (E(K = B,)-auB)\ Ky EgK, KK,

of, (1-¢)x +0'ﬂ177(1 &) %’ (K,K; +Kqp)
K,K,T,? KKK, T,

1- K,
Wsz_ﬁ ﬁZ( €)X1§< ﬂ4) [0116+(ZZK50'+0£2K6¢0'] W2+lW2+ po W,
| KTy (§<K ,84) 0‘3ﬂ5) ¢Ky  GK,  SPKK, Hy 14 KsK,
+ By (1-2)%’B, [ala L& Kso n azKe¢0'j
K1T10(§<K7_ﬂ4)_a3ﬂ5) ¢Ky  GK,  SPKK,
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Wﬁ_G(K4K5+(oK6)W2, W, = E(K, = 8,) (alo-+a2K50+a2K6¢0'jW2
¢K3 K4 (§(K7 _ﬁ4)_a3ﬁ5) §K3 §¢K3 §¢K3K4
W, = — (K, = 8,) {ﬂs B.Ds J{ala+a2K50+a2Ke(/)aJW2
(6K =B)-af) | K, K (K =B) \ &K, &9K,  EpKK,

_ Ps (:85 BaPs J[ a,oc N a,K.o . a, KS(pO'JW
(E(K =) - )\ K Ko (K =B) LEK,  EpK,  EPKK, )

aand b computations.

Wy

For a, gives

0,0). (75)

For the system, gives N=9 and for k =1,6,8. V; =Vg =Vg = 0= q =d; = = O, we therefore

compute the associated non-zero partial derivatives of F at the DFE for f2, f3, f4, f5, f7 and fg.

o’ f B(1-¢) o*f "(1-¢
8*2*(0,0)— -(0,0) = 1(0 ), *2*(0,0)— =(0,0) = Lo)

X, OX, ax 8 T, OX, OXq OX 6 T,

o* f B (1-¢) &°f az “(1-¢

0020 gLel8) O g Oh g Al
OX, OX, OX ax1 T, OX; OXg axga T,

2 2 2 2

Ol 00+ <0.0)=7%. 75 00-0 005
OX, O%g 6x8 T, 0%, 0%, OXy OXg. T,
Now, considering v's, w's and the partial derivative above, one can be able to show that

& =8,=8 =8=08=8 =8 =28 =0 (76)
a=2a,+a,+3;+a, +a5+3;+a; +3; +a, =—(ILI, + PP,)<0 o

where
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opf, (1—8)X10 N O'ﬁlﬂ(l—é‘)xio(K4K5 + Kego)
Kl |<3Tl0 Kl K3 |<4T10
- ﬂZ(l_g)Xlo‘f(K7_lB4) [alo' a,Kso asz(”O-j
+ + +
KT (§(K=B)—aufs )\ EKs  EPK,  EKK,
B (1-¢)x°B; [alo' a,K.o a2K6g00']
+ + +
KT (E(K = B)-aufs )\ 6K EpK,  SPKK,

(78)

2¢oﬂ1(1—5)+20(K4K5+(pK6)77ﬂ1(1—5)
K3 K4Th0 ¢K3 K4Th0

I, =| + 2§(K7‘ﬁ4)ﬂ2(1_8)0 [W+Q2K50+QZK6(PG] (79)
(60K =) - )T EKs - 80K, GPKK,

L2 [/35

N b, BB j[oqa+azK56+a2K6¢a]
(§(K7—ﬂ4)—a3ﬂ5)Th0 K7 K7(K7_ﬂ4) SCKs §¢K3 §¢K3K4

L G L S [/35 B J[%G aszm%Kew]vzwz (80)
EKy K EPKK,

(K7 _184)Th0 Tbo (5(K7 _ﬂ4)_a3ﬂ5) K774— K7(K7 _ﬂ4)

and

E(K, = 5,) (alo'+a2K50'+a2K6¢)0']
(f(K7_ﬂ4)_a3185) Ky oK, SoKK,

N Ps (E_i_ Bl j[alo- +a2K50-+a2K6¢O-]
(§(K7_ﬁ4)_a3ﬁ5) K, K7(K7_ﬂ4) SKy  SoK,  SPKK,

P - 81)

equation (77) holds, since V, > 0, W, >0and all the parameters in the model are positive. Now, it is

easy to conclude that parameter a<0.

Similatly, forh given

b=zn:vvv.a—f"*(0,0) (82)

for k =1,6,8. V, =V; =V = 0= bl = b6 = bg =0, we therefore compute the associated non-zero
partial derivatives of F at the DFE for fz, f3, f4, f5, f7 and fg where ﬂs = ﬂs*'

o* f,

OX, 0[5,
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Now, considering v's,w's and the partial derivative above, one can also be able to show that (84) is
equal to zero.

b, =b, =b,=b, =b; =b; =b, =b, =0 (84)
by = VW ﬂ(o 0) (85)
G
Substituting the values of v's, w's and the partial derivative concerned, we have
b, = B (1-¢) Xéo $(K:—54) [ aqo Ko o Ke(PO'JWZVZ : (86)
(K, =BT (E(K,=B)—as)\ EK,  SgK,  EpKK,
Therefore

b=Db +b,+b,+b, +b, + b, +b, +b; +b,

:ﬁsﬁs(l—g)xlo §(K, = 8) (a10+a2K50'+a2K6¢a
(K7 _ﬂ4)Th0 (é‘:(K7 _ﬁ4)_a3ﬂ5) §K3 §¢K3 §¢K3K4

(87)

jwzv2 >0

Therefore, @<0 and b>0. So, by Theorem 2 of Castillo-Chavez and Song (2004) the following
result is established. The EEP of the model (10) is LAS when R; >1.

3.5 Global stability of E™

Let D, ={(S,, Ly 1,35, R,, D, VN, Cy ) € Q) (88)

be the stable manifold of the E™".

Theotem 3: The endemic equilibrium of the model (10) is GAS in Dy with 6,=06,=p=y=0

whenever R, >1.

Proof: Suppose RC >land 51 = 52 =p=y= 0 then the existence of the endemic equilibrium point
is assured. Also, let the non-linear Lyapunov function (of the Goh-Volterra type) be

F :[Sh_S:_SfTInSS*E]JF[Lh_L:_L:lnIl?lj+w[|h—|;*—lrlnIlflk]

h n o h

+(o+uh)(<o+uh)[ T }(o+uh)(<o+uh)(r+yh)[Rh_R:_R:m Ry ] (89)
oY oyt

h h

+[Nb—N:—N:InI\’:{i]+[cb—cf—cg*lngiJ

b b

Taking the time derivative of (89)
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F-Z[-h_sa*gh]+[-h_LE*Lh]+M[.h .] MW[J J”Jj
S, L, g I op I 90)

+(a+uh>(¢+ﬂh)<r+uh>(Rh_F;hRhHNb_';bNbch_chch

opt h b b

with T, =0 i = -9 (+nD,)  fU-eV -,
Hy Th Th Th
becomes
~ A A A
Ay =B E)—h(|h+77Dh)+,6’2(l—g)—hV +B,1-g)—C
Hi Hh 7N

:,Bl(l_ E)(Ih"‘nDh)"'lgz(l_g)V +ﬂ~3(1—g)Cb
where ,Bl :ﬁ1ﬁ7 182 :ﬂzﬂyﬁa :ﬂ3ﬁ
Hy Hy Hy

and

s A A s s
Jo =P, —2Cy+ =2V = B,C, + SC,
Hy Hy

where

~ A, = A
ﬂ4::84_b’ ﬂ5:ﬁ5_b
Hy Hy

Substituting (10) in (49), we have

ke

. ~ S,
F == 28— 8y == (A =48, — 18, )+ 48, — (0 + )Ly

h

_LLL(ZhSh_(O"l‘/uh)l—h)+(G:;uh)(O'Lh—((D‘i',Uh)l )— (G-;’uh) II (oL, —(p+u)1,)
RCATTY(CATTY PRI R N CAr T CATIYE NP RS R 1)
op op J,
+(G+ﬂh)(¢0+ﬂh)(r+ﬂh)(7\]h—,uth)—(G+ﬂh)(¢+ﬂh)(r+ﬂh)?(T\]h—th )
pT oQT .

ok

B N s
+A, = AN, = (6, +lub)Nb_N7b(Ab_ﬂ‘oNb _(5b+/ub)Nb)
b

ok

+ 2N, = (8, + 14,)C, _%(%Nb -4, +:ub)Cb)

b

A, = j“nsh“ + luhShH 92)
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(0+u,)L; = Zhsh**
(p+ ), =0l

. ©3)
(z+ )y =0l
MR =13,
ZoNy = (8, + 4)C; 04
Ay = ANy (8, + )Ny ©5)
Substituting the relation in (92), (93), (94) and (95) into (91), we have
s oS 8 oS SLT L T IR R
S Sy S Sk Lily Lidy JRR
JoN N G NSNS C 0)
+6, 4 1IN, | 2-—2——— |+(5, +44,)C, | 3— 21— -2
bﬂb)b[ N, Nb}(bﬂb)b[ N, N, G Cb]

Since geometric mean is less than arithmetic mean, we have that

ok ok ok

2—i—£}so |:6_Sh _SthM_LhIhM_Ith _Jth _ R, }SO 97)

ok

s,” S, s, SL L7, 1,73, 3R R,
oMo Mo f g 3 Mo NG G | (98)
Nb Nb Nb Nb Cb Cb

Thus, we have that F <0 for 51 :52 =p=Yy =0 , Rc >1. Since the relevant variable in the
equations for Lh, |h1‘]h’ Dh,V and Rh are at endemic steady state, it follows that this can be

substituted into the equations for Lh, Ih’Jh’ Dh V and Rh so that
lim (L, ®),1,®), 3,®, D,®.V®.R,®) > (L,",1,"3,".D," V", R”) . (99)

Therefore, from Lasalle’s invariant principle Lassalle, (19706), it implies that the endemic equilibrium

E™ is globally asymptotically stable in ) whenever R. >1 Hence, Fisa Lyapunov function in

Q). The epidemiological implication of the result above is that, in the absence of vaccination and
natural recovery p =y =0, Ebola virus cannot be eliminated from the society if the basic

reproduction number is greater than unity.
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4 Numerical Simulations

Simulations are performed in this section under maple software and MATLAB ODE 45 to know
the sensitive parameters by numerical illustration and to detect the impact on the dynamics of EVD
in the long-run. We will use the baseline parameters in Table (1) to simulate the system.

Table 1. Parameter values of system (1)

Parameters | Values (per day) Sources

ﬂl’ﬂZ,ﬁS 0.9,0.7,0.8 Abdulrahman, 2016

ﬂ4, ﬁs 0.5,0.6 Berge ¢z al.,2018

511 52 0.04227,0.027855 | Chowell ez al., (2004); Leung ez al., (2004);
Safi and Gumel, 2011

5b 0.00014 Chowell ez al., (2004);

/4 0.03521 Leung ¢f al., (2004)

@ 0,1) variable

o 0.1 Gumel ez al., 2014

T 0,1) variable

n 0.25 Leung ez al., (2004)

¢ 0,1) variable

a,a,,a, 0.11, 0.21, 0.25 Assumed

P ©,1) variable

¢ (0,1) vatiable

Ay 136 Safi and Gumel, 2011

A, 10 Berge ¢t al.,2018

Hy, 0.0000351 Saft and Gumel, 2011

Hy 0.0011 Berge ¢t al.,2018

Global asymptotic stability of equilibria

The global asymptotic stability of the disease-free equilibrium and endemic equilibrium of model
(10) were analytically proved in Theorems 1 and 3, respectively. Hence, they are supported by Fig. 2

and Fig. 3 numerically, which are plotted for ﬁl =0.9, 9=0.04 (Fig. 2) and ,81 =0.2, $4=0.08 (Fig.3).
Specifically, Fig. 2 shows that when R.=0.4213, EVD is wiped out after some days, while Fig.3

shows that for RC =3.2521, EVD persists and becomes endemic in a society.
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Figure 2. GAS of the disease-free equilibrium when R;=0.4213< 1. The solution curves are plotted

with ﬂl =0.9, ¢=0.04, with different initial population of infectious humans and the remaining

parameters are as in Table 1.

Figure 2 shows the GAS of the DFE, the solution curves are plotted with RC =0.4213< 1 and ﬂl
=0.9, ¢=0.04. With different initial condition of Infectious human, no matter how large is the initial

Infectious humans introduced into society whenever both the control reproduction numbers are less
than unity the disease can be mitigated.

200
1 B0
L&y
1 <40
120

INee]

Infections Humans
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a0

<40

] 20 40 o0 =i 1Oy
Dranves

Figure 3. GAS of endemic equilibrium point when RC =3.2521>1. The solution curves are plotted

with f,=0.2, ¢ =0.08 and the remaining parameters are as in Table 1.

Figure 3 shows the global asymptotic stability of endemic equilibrium point, the solution curves are

plotted with ﬂl =0.2, ¢=0.08 so that Rc =3.2521>1. With different initial condition of Infectious
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human no matter how small is initial population of Infectious humans introduced into society
whenever both the control reproduction numbers are greater than unity the disease cannot be
mitigated in a society.

4.2 Assessing the impact of proper burial
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Figure 4. Assessing the impact of proper burial: The latent humans and infectious humans (non-

hospitalized) as a function of proper burial rate.

o

Figure 4 shows that latent humans (Eh) and infectious humans ( Ih) (non-hospitalized) are
decreasing function of proper burial. Specifically, when the proper burial implementation is low,
during the first forty days, the latent humans and infectious humans (non-hospitalized) increase very
fast. After fifty days, the latent humans and infectious humans (non-hospitalized) decreases but the
disease persist in the society (Note that R, =1.0502 in this case). If the proper burial is boosted to

75% (¢ =0.75), then the disease drops down in short period of time but not totally wiped out: This
shows that proper burial alone cannot mitigate the infection in the society.

4.3 Impact of personal hygiene

Figure 5 shows that latent humans (Eh) and infectious humans (lh) (non-hospitalized) are

decreasing function of personal hygiene. More precisely, when the personal hygiene implementation
is low, during the first thirty days, the latent humans and infectious humans (non-hospitalized)
increase very fast. After fifty days, the latent humans and infectious humans (non-hospitalized)

numbers decreases but the disease continues in the society (Note that RC =1.0502 in this case). If

the personal hygiene is boosted to 75% (& =0.75), then the disease diminishes in short period of
time but not totally wiped out: This shows that personal hygiene alone cannot control the infection
in the society but it can help.
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Figure 5. Impact of personal hygiene: The latent humans and infectious humans (non-hospitalized)
as a function of personal hygiene.

4.4 Impact of isolation
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Figure 6. Impact of Isolation: The latent humans and infectious humans (non-hospitalized) as a
function of Isolation rate.

Figure 6 show that isolation also can help in reducing the disease in a society but it cannot remove
the disease completely from the society. The graph shows us that if the isolation rate is low the
disease increases immensely in first fifty days but if it is high the disease decreases within short
period of time.

4.5 Assessing the efficacy of vaccine

Without the loss of generality, we assumed the vaccination as parameter in this work. Figure 7
shows that the latent humans and infectious humans (non-hospitalized) are decreasing function of
the vaccination parameter (0 ). To be specific, when the vaccination rate is minimal, the daily cases

in both the two classes increases immensely in first twenty days. After fifty days, the number of

infected ones decreases but EVD persists in the population (Note that RC =1.0502 in this case). If
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the vaccination rate is boosted up to 0.75% of the population daily ( p =0.0075), then the disease
will drop down and goes to extinction. So, a high rate of vaccination, that is vaccinating 0.75% of
the population daily can mitigate the infection in the society.
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Figure 7. Assessing the efficacy of vaccine:

hospitalized) as a function of vaccination rate.
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4.6 Cumulative incidence varying different control parameters

In this sub-section we will consider variation of control parameter one after the other. Note that all

the parameter values used in this sub-section are in Table 1 above with RC =1.0502.
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Figure 8. Cumulative incidence for humans varying vaccination rate.

Figure 8 is showing the cumulative incidence for humans varying vaccination rate, the graph reveals
that when there is no vaccine the disease can escalate but if some certain percent of the population
are vaccinated per day it will help to control the Ebola virus in the society.
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Figure 9. Cumulative incidence for humans varying personal hygiene.

Figure 9 is showing the cumulative incidence for humans varying personal hygiene rate, the graph
reveals that when there is no personal hygiene control the disease can escalate within short period
but if personal hygiene is adopted as a control strategy in the population, then the disease can be
mitigated in a society.
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Figure 10. Cumulative incidence for humans varying isolation rate.

Figure 10 is showing the cumulative incidence for humans varying isolation rate, the graph reveals
that when there is no isolation control in Infectious humans the disease can escalate within short
period of time but if isolation is adopted as a control strategy in the population of infectious
humans, then the disease can be mitigated in a society.
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Figure 11. Cumulative incidence for humans varying proper burial rate.

Figure 11 is showing the cumulative incidence for humans varying proper burial rate, the graph
reveals that when there is no proper burial control of deceased Infected humans the disease can
escalate within short period of time but if proper burial is adopted as a control strategy in the
population of humans, varying the proper burial rate shows significant changes and it also helps in
controlling the disease in a society.

5 Summary and Conclusion

Over many years ago, series of EVD models were constructed and analyzed to investigate how the
disease spread in human and between animals and humans, but only some few Authors considered
vaccine and its influence on the EVD control. Again, only some few Authors considered bat to bat
transmission. This article mainly concentrates on these strategies (which implies vaccination,
personal hygiene, isolation and proper burial of EVD deceased humans), with in mind that hundred

percent vaccination is not possible. In addition, (i) Some in latently infected humans Lh are assumed

to recover naturally due to strong immune system, (ii) vaccinated are assumed to have permanent
immunity from the Ebola virus, (iii) the efficacy of the vaccine is assumed to be almost hundred
percent, (iv) the dead humans who are infected could transmit infection during funerals. In this case,
the main results obtain are point out below.

1. However, this model considered threshold quantity very important, when the corresponding
reproduction number is less than unity, the disease-free is a GAS. The meaning of this
epidemiologically, no matter how few or large is the initial number of infectious individuals,
if the reproduction number is less than unity, the disease will asymptotically drive to
extinction. on the other hand, when the reproduction number is greater than unity, the DFE
becomes unstable, the disease continuous and a GAS of EEP occuts.

2. Numerically, it was shown that: (1) the disease can be trash out if one percent of the
population can be vaccinated daily. (2) the infected humans decrease in number as
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vaccination rate increases. (3) Combining personal hygiene and proper burial leads to less
infected individual.

The afore-mentioned imaginary and numerical results shows that: (a) vaccination alone is not
capable of driving out the EVD to death. (b) Personal hygiene alone cannot be enough to drive out
EV D in a society. Therefore, it is recommended to develop a model that will take into account the
inherent to vaccine, though this will lead to delay differential equations, which can be more realistic
but less mathematical tractable.
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