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Abstract
Accurate simulation of oscillating edge flames is computationally very challenging because
of the difficult calculations involved to incorporate most of the physics that is believed to
be central to the phenomenon. This paper presents the design of a new simulation tool that
can handle among other things the concept of flame speed. The conditions for the existence
of unique solutions of energy and species equations are established by the actual solution
method and the Lipschitz continuity approach. The analytical solution is obtained via
Olayiwola’s generalized polynomial approximation method (OGPAM), which shows the
influence of the parameters involved on the system. Both the effects of an on-edge and off-
edge convective flow, and the effects of a heat sink were examined. The effect of changes
in values of parameters such as the Damkohler number and speed with which the flame
advances are presented graphically and discussed.
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1 Introduction

The theory of oscillating edge flames has been investigated in numerous works (see 3], [4[, [5], [6],
[18]). An edge flame is a two-dimensional structure in the neighborhood of the edge of a flame sheet
(nominally one-dimensional) with an edge [4].

Flames with edges occur in many forms. They are: () Flame spreading over a fuel-bed, solid or
liquid. (ii) A candle flame burning under microgravity conditions. (iii) A diffusion flame with edge-
supported fluxes from a heterogeneous propellant. (iv) A wrinkled torn flame in a turbulent flow. (v)
An axisymmetric diffusion flame supported on a tube burner, burning under microgravity conditions.
(vi) A diffusion flame sitting on a plate through which fuel is injected. For the configuration of these
flames with edges see [3].
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Oscillating edge flames in which the edge advances and retreats have long been observed in many
experimental configurations. For example, when a flame spreads over a liquid fuel bed, Figure 1,

Oxygen

Fuel Vapor

Figure 1: Flame spreading over a liquid pool of fuel

the speed U with which the flame advances is usually a constant, U, say. But there are circumstances

that U fluctuate with time, viz.
U=U,+U(t)
where U’ is petiodic [15].

In the context of flame spread over liquids, this phenomenon has been captured in numerical
simulations, and various explanations have been proposed. One links the oscillations to a gas-phase
eddy [10]; the other to Marangoni instabilities [8]. Oscillation instabilities were first predicted for one-
dimensional deflagrations by Sivashinsky [16], for large Lewis numbers. Kirkby and Schmitz [11]
examined one-dimensional diffusion flames in a theoretical study, and predict oscillating instabilities
at near—extinction (blow-off) conditions. These occur only if the Lewis numbers are large, or if there
are substantial volumetric heat losses. Joulin and Clavin [9] subsequently showed that volumetric heat
losses exacerbate the instability, reducing the Lewis numbers for which they are achieved, and Margolis
[12] and Buckmaster [7] showed that conductive heat losses to a burner have a similar effect.
Buckmaster e al. ([5], [6]) proposed the simple hypothesis, that the edge oscillations are nothing more
than a two-dimensional manifestation of the well-known one-dimensional instabilities described
earlier. They examined a simple model which incorporates what we believe is the minimum necessary
physics, and oscillations are predicted. In another development, Buckmaster ef /. [4] added new

physical ingredients to the model, to test the hypothesis further. They introduced U ai , an on-edge
X

convective term and a “cold rectangle”, a rectangle of interior mesh points at which the temperature
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is set equal to the boundary value T,. They examined both the effects of an on-edge and off-edge

convective flow, and the effect of a heat sink, and solutions are found using the method of lines.

This motivates the present analysis where we study oscillating edge flames with a view to providing
analytical solutions capable of describing the influence of flame speed on the temperature field.

2 Model formulation

The model configuration consists of an oxygen-supply boundary at Y = o 0 < X<, anda
L .
fuel-supply boundary at Y = o 0 < X <. The remainder of the upper wall

(y= i o < X < 0) supplies neither oxygen nor fuel. The formulation of our model is guided

by the following assumptions:

Initially (i.e., at a time t=0), the medium is not clean (i.e., the domain is not fuel, oxygen, and
temperature free). Let the initial medium temperature, fuel, and oxygen concentrations depend on
space variables.

No convection in the Y — direction.

How the reactants are supplied at the boundaries is of no great consequence, so we impose Dirichlet
data at the lower boundary and Neumann data at the upper boundary.

Based on the above description and assumptions, the combustion field within the walls is governed
by the two-dimensional equations:

E

0 0 ( ) 0*  0? T
P §+U& X,Y,c,T)= 6><_2+W (pDy X, pDy X KT )+ (- ay ,—ax, ,Q)BXYe (1)

with the initial and boundary conditions:

L L oX oX
Xiy0)=anlery) X[ gt xe X(x-gt)=x G <0 O o
2 2
L L oY oY
Y (%, y.0)=aty (x+y) Y(—?y’tj—o’ Y(X’_E’tj_o’ E1 Ey}_o @
2 2
L L ot el
T(% y.0)=Ty(e (x+ Y)+1)’T(—E’y’tj:TO’T(X'_E’t]:T‘” axl 70 B -
2 2

o . ) ) : ) )
where U 6_ is an on-edge convective term and U is the speed of an applied convective flow in the
X

X - direction, E is the activation energy, X is the mass fraction of oxidizer, Y is the mass fraction
of fuel, T is temperature, X - coordinate parallel to edge-flame travel, Y - coordinate perpendicular to

edge-flame travel, T; is the initial temperature of the medium, X, is the initial mass fraction of

oxidizer, Y, is the initial mass fraction of fuel.
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3 Method of solution
3.1 Dimension analysis

Dimensionless variables are been introduced as:

LU Lv
=2, y=2 t'=—kt2, U= : v =2t :
L L el K k 3
X Y E(T-T,) RT,
¢:_1 l//:_1 9:—2, eE=—,
ay ay RT, E

Using (3), and after dropping the prime, equations (1) and (2) become

o 0 > P 1 1 ;
—+U— |4, v, 0)= + : , 0 |+(~a~a,c)D,pye< 4
(61: 5Xj(¢ 4 ) X2 oy? j{ Le, ¢ Le, v J ( ) pye )
1 1 o¢p o¢
X, ¥,0)=(X+Y) -—,y,t|=p, X——t|=4, — =0 — =0
#(x,y.0)=(x+y) ¢2yjﬂ ¢( 2]/3 ol 2]
2 2
1 1 oy oy
X, ¥,0)=(x+Yy), -=,y,t|=0, X——,t|=0, — =0, — =0:06
w(xy.0)=(x+y) w 2)/] l//( 2) o). i . 5)
2 2
0(x,y,0)=(x+y), @ —i,y,t =0, 6 x,—l,t =0, d =0, 9 _y
2 2 Ox|,.t y|,.1
2 =2
where
Le, = stands for the Lewis number for oxidizer, Le, = stands for the Lewis
pCpDX pCpDY
BL LU —
number for fuel, D, = IxH is the Damkohler number, « :,OCp—e Rlo
U k
E
oA w5 X
keT, ay
Introducing the following new space variable (Olayiwola [14]):
n=X+y. ©)
Then, equations (4) and (5) can be expressed as
61 IIMAM, Vol. 5, Issue 4 (2022) ©NSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 5, Issue 4, November 2022, Pages 58 — 71

4

0,y ob__2 0%

= _aD 1+eb
ot on Le, on° PV .
0
¢(77, 0):77, ¢(_1,t)=ﬁ, o9 -0
n=1
2 0
a_V/+U a_l// :ia l/; _aDa¢we1+e¢9
ot on Le, on 9
0
v(n, 0)=n, w(-1t)=0, ¥ =o
on|
n
2 )
%+U % =2 0 92 +0Da¢l//el+er9
ot on on 0
o7, 0)=n 6(-1t)=0, 2 o
onl,

3.2 Properties of solution
Theotem 1: Let Le, =Le, =1. Then there exists at most one bounded solution of equations (7) —

©)-

Proof: Multiply (7) and (8) by 0, (9) by 2& and adding the resulting equations, we obtain

2
%0,y za—f (10)
ot on  On
A 0)= 2o+ aky  d-1t)= of % _o, a1
7,4
where

oln.t)= ol (.t) + 9. 1))+ 2a:607,1)
Using Olayiwola’s generalized polynomial approximation method (OGPAM) (see, [13]), we obtain the

solution to the problem (10) and (11) as:

% 3[—0’(82 (iLL; )[1 e_g(h%]t J + 2o+ 0()776_2(1+L;jt } +of |+
(0(77’ t) = % (—O-é(iﬁ; ){1— e%(h%jt ] + 2(0 + oz)ryez[hg)t ] —off In+ (12)
% off - [% {1 - e_g[l%jI J +2(c + a)ﬂe-g(ﬁ;} } n?

Then, we obtain
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% 3{ G'(BZ (}LU) )(1 e_g(1+UEJt } + 2o+ 0:)77e_:;[1+g]t } + aﬁ] +
PRV D S R T o) 3 R
¢(ﬂvt)=é > [ 2:0) {1 J 2o +a)np ] af n -
: aﬁ—[“é(it ‘;)[1_e3(“3}}2(a+a)neMj‘} .
(2a6(7,t)+ o/ (n,1))
% 3[ G’(‘; (}LL; )Ll e_g(l%jt J +2(o + oc)rye_z[hgjt } + aﬂ] +
1) o+ ) o e | gl
)= 2[(2+U> (1 } Ao al ] i 0
1 o [oBl+U)[, ) 2]
" O',B—{ (2+U) {1—8 ( j}+2(0+05)17e [ ]Jn
(2a6(7,t)+ og(n,t))
1§ oB+U)f, o) Ao
2 3{ 2+U) [1—6 ( ]}+2(0+a)77e ( j}+aﬁ}+
WLy 2 oo a2 | op |y
9(77,0‘% 2 [ (2+U) [1 } Ao +a ] 4 (15)
% off - {Gé(iju) )[1 - e_g[l%jt ] +2(c + oc)ne_i(hzjt J n?
oy (m.t)+¢(n,t))

Hence, there exists a unique solution to the problem (7) — (9). This completes the proof.

Theorem 2: Suppose fy(17), go(7), and hy(n) are bound for neR" and f(n,t,4,1,0),
g(n,t,¢,l//,t9), h(?],t,¢,l/j, 49) satisfies the uniform Lipschitz condition. Then, there exists a unique

solution ¢(77,t), W(i],t), H(ﬂ,t) of equations (7) — (9).
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Proof: Let proof as in [2]. We rewrite equations (7) — (9) in the form:

o6 0p 2 0%
GPul_ 22 tntdwo 17
a Vs Lexan2+(’7 $,v,0) (17)
oy oy 2 0%y
VY- v tduw. 0 18
P LeY8772+g(77 é,y,0) (18)
00 060 0%
Yo, h(r.t, o160 19
dn, 0)=f,(n), wln, 0)=g,(n). 6@ 0)=h,®) n=0mn.n,.n,), (20)
where

9 9 9

f(n.t,4,v,0)=—aD,pye™=", g(n.t,¢,y,0)=—aD,pye<, h(n,t,¢,y,0)=oD,pye" <.

Ignoring the second term at the right-hand side, the fundamental solution of (17) — (19) are (see [17]):

n u* Ui

Font)=—m =0 ——=n-—=t-—
2|42 |2 4 4 t

Ley Le, Le, Le,

2
H(p,t)= —2 3exp(% —U?t—%j.
2v/27t2

Next, it suffices to show that the Lipschitz condition is satisfied. That is if we can show that:

|f(777t’¢111//1"91)_f(77’t1¢2"//219;z)Squ¢1_¢2|+|l//1_‘//2|+|91_‘92|) 21)
|g(77,t,¢1,1//1,c91)—g(n,t,¢2,l//2,92)Sk20¢1—¢2|+|1//1—1//2|+|91—6’2|) (22)
|h(771t’¢11‘//1161)_h(nit’¢2'l//2’62)Sk30¢1_¢2|+|V/1_W2|+|91_62|) (23)
where
k1=max{i,i,ﬁ}, k2=max{a—g,8—g,a—g}, kszmw{a—h,a—h,a—h}.
o¢p oy 00 o¢p oy 00 o¢p oy 00
0 1

Since @, o, Da, €>0, 0<gw <l and 1<eb<¥ <ec V 0<fO<w.

Hence,
1
k, = max a o ai_y k, = max 9 9 @l_g k, = max h h N pae-
op oy 06 o¢p oy 06 op oy 06
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f(l],t,¢,l//,9), g(77,t,¢,1//,¢9), h(?],t,¢,l//,0) are Lipschitz continuous. Hence, the result

follows. This completes the proof.

Clearly,
3.3 Analytical solution via Olayiwola’s generalized polynomial approximation
method

In the limit €—0, equations (7) — (9) can be solved analytically using Olayiwola’s generalized
polynomial approximation method (OGPAM) [13]. Follow the idea in [1], that:

exp(0) =1+ (e —2)9 + 6 24)
and let 0 < ¢ <<1, o0 = aa such that
#.t) = ¢ (m,1)+ g (.t) +
w(.t) =, (7,1)+ oy, (m,t)+ (25)
0(n,t) = 6,(n,t)+ a6, (17,£) +
and using OGPAM in [13], we obtain the solutions to (7) - (9) as:
1 1 1
¢(77!t):(_(3¢0|,7_1 +IB>+_(¢0|U:1 _ﬂ)7+z(ﬂ_¢0|77—1)72]+
(20)
1 2
a( 77 1 77 177 4¢ |77:177 j
3 1 3 1 1
=(ZW0|,, LWl 4V’o|n_1’72j+a(zwll,7_l +§‘//1|,7_177—Zl//1|,7_1772j 27
3 1 3 1
:(ZgoLl_l 0| _177 0|’7 177 J-F(Z( 0| 01|r7—177_201|71—1772j’ (28)
where
¢o|,,_1 (77 ml)e mOt | gl Ue_mzt 0 | Ueimﬁ
m4 —myt —mpt my+m —mpt
—77 e 2t e 0 n m e 0 2 _ e 0 +
M) Ty e )
— _E Mg 2(q-(my+mt — -met ) m, (m+my+2mg )t —mgt
¢1|’7=1 2 mo—mz—m377 (e ¢ ) m2+2m377 (7~ m)(e © )+ ’
Mg 3(a—(my+2my)t [ -mgt) my 3(hy —(mg+my+2mg)t  —mot
m —m2—2m377(e ¢ ) m2+2m377(77 ml)(e ¢ )
mAUte—mzt _ %77(77 . m1 )(e—(mo+m2 r e—mzt )_ %772 (e—(m2+m3)t _ e—mzt )_
m, m
:_§ m7 2 _ —(mg+m,+mg )t _ a-mt _& 3(n—(my+2my )t _amt )
Vil,a =3 P (7-m,)e e ™) o € e ) |,
My 3(, —(mg+my+2mg)t  —myt
neom” (n-m,)e e ™)
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m, -mt o -mgt ms _ —(mo+my )t _ n-mgt | _
o nle™ —e™ )+ o, n(n-m, e e ™)
3 m —(my+my —-my m —(mg+m,+mg —myf
1|,,:1 =54 m—zﬂz(e el e t)—mﬂz(ﬂ—ml)(e ( e t)—
Mg 3(p—(my+2mg)t L -mgt) my 3(hy _ —(mg+my+2mg)t  -mst
m2+m377(e ) m0+m2+m377(77 m. ) ™)
_3(2+LleU = p 1+Le,U oo 3(2+leu) _g(zw}
2l 2Le, St T\2+Le,U) P20 2k, ) 20 2 )
32D 128D D,(e-2)
_ 2%y , = a = —a=_"/(2823m, +512p),
4 24O(ml+ﬂ) 5 240 6 6720 ( 1+ ﬂ)
m, = 28230, (e-2) 2 = P2 (9o190aam, 1 58706008) m, = 2219244D,
6720 15886080 15886080

The computation was done on equations (26) — (28) using the computer symbolic algebraic package
MAPLE 2021 version.

4 Results and discussion

The simulation was carried out to show the impact of the model parameters by employing Olayiwola’s
Generalized Polynomial Approximation Method (OGPAM) on the equations (7) — (9). We are

concerned with the nature of the solutions obtained for different values of U and D,. The

computation of equations (26) - (28) was done using the MAPLE 2021 version.

Figure 2 shows the temperature history at x=0.75 y=0.08 for Le, =10, Le, =1.8,
U =0, D, =12,18, and 24. After the first oscillation, the graph displays a rapid transition to a steady

solution.

Figure 3 displays the temperature topography for Le, =1.0, Le, =1.8, D, =12,18, 24, U =0, no

sink. The graph reveals oscillation solutions.

We turn now to the effects of U , the convective flow in the X direction.

Figures 4 and 5 show the effects of positive U for Le, =1.0, Le, =1.8, D, =12, for which stable

solutions exist and are achieved faster when U =1 than when U =0.

The effects of the negative U are shown in Figures 6 and 7. With the choice Ley, =1.0, Le, =1.8,
D, =18, the solutions are stable (the flame stabilizes) and this stability is achieved faster when U =0
than when U =-1.

Figure 8 shows that when U =0 and U =1 steady burning solutions are generated faster than when

U=-1
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—D, =12 D,=18+++.D =24

Figure 2: Temperature history at X =0.75, y = 0.08 for Le, =1.0, Le, =1.8,
U=0, D,=1218, 24.

04 <
Figure 3: Temperature topography for Le, =1.0, Le, =1.8, D, =12,18, 24, U =0, no sink.
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50

401.

Figure 4: Effects of positive U : temperature history at X =1.0, 1.5, 2.0, y = 0.08 for
Le, =1.0, Le, =18, U =0, D, =12.

*
LT

x=10——x=15**+*+y=20|

30005

Figure 5: Effects of positive U : temperature history at X =1.0, 1.5, 2.0, y = 0.08 for
Le, =1.0, Le, =18, U =1, D, =12.

x=10——x=15***+y=20|
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| x=075——x=1.0°*=+x=125|

Figure 6: Effects of negative U : temperature history at X =0.75, 1.0, 1.25, y = 0.08 for

Le, =1.0, Le, =1.8, U =0, D, =18.

0 « -

40 - .

5 t 7 8

| ¥=075——x=10""*"x=125|
Figure 7: Effects of negative U : temperature history at X =0.75, 1.0, 1.25, y = 0.08 for

Le, =1.0, Le, =1.8, U =—1, D, =18.
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|_ r=-1 E"II_[}.."'[.-"—[l

Figure 8: Temperature history at X =0.75, y =0.08 for Le, =1.0, Le, =1.8,
U=-1,01 D, =24.

It is worth pointing out that the effects observed in Figures 2 - 8, are important to guide in controlling
the flames.

5 Conclusion

In [6] a universal explanation of edge-flame oscillation is proposed while [4] considered additional
physical ingredients (convective flow, heat sink). Here, we have established the conditions for the
existence of a unique solution of the model in [4] and provided the approximate analytical solution.
The existence of a unique solution to the problem implies that the problem represents a physical
situation under specific conditions. The simulation results revealed the impact of the model
parameters and the following conclusion can be drawn:

A reduction in the Damkohler number weakens the 2-D edge flame, eventually extinguishing it.
The positive speed (U >0) with which the flame advances weaken the 2-D edge flame.
The negative speed (U <0) enhanced the 2-D edge flame.
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