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Solving parabolic equations by Olayiwola’s 

generalized polynomial approximation method 
 

R.O. Olayiwola* 
 
 
 

Abstract 
Polynomial approximation methods are in wide use today for approximately solving partial 
differential equations of mathematical physics. An evolution of the polynomial 
approximation methods has led to the development of Olayiwola’s generalized polynomial 
approximation method (OGPAM) presented in this paper, which can be applied to solve 
parabolic equations with constant or variable coefficients in the cases of considering slab, 
cylindrical or spherical geometries. Different examples have been solved using the OGPAM. 
The result of the present analysis has been compared with earlier analytical results. A good 
agreement has been obtained between the present prediction and the available results. 

 
Keywords: cylindrical geometry; OGPAM; parabolic equations; polynomial solution; slab; 
spherical geometry. 
 
 

1   Introduction 
Partial differential equations are the chief means of providing mathematical models in science, 
engineering, and other fields. Generally, these models must be solved numerically and in some 
special cases, analytically [2]. In many practical problems that involved Cartesian, Cylindrical, and 
Spherical coordinates the polynomial approximation method is used.  
 
       The polynomial approximation method is one of the simplest, and in some cases, accurate 
methods used to solve transient conduction problems. The method involves two steps: first, 
selection of the proper guess temperature profile, and second, converting a partial differential 
equation into an equation. This can then be converted into an ordinary differential equation, where 
the dependent variable is the average temperature and the independent variable is time. The steps 
are applied to the dimensionless governing equation [1]. 
 
       The present work deals with the analytical solution of parabolic equations in different 
geometries using Olayiwola’s generalized polynomial approximation method (OGPAM). 
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2    Olayiwola’s generalized polynomial approximation method  
In this section, Olayiwola’s generalized polynomial approximation method (OGPAM) for the 
solution of parabolic partial differential equations with constant or variable coefficients in different 
geometries is presented. 
 
The parabolic equations are defined by 
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where ( ),, trF  are the other terms in equation (1), 0=n  for a slab, 1=n  for cylinder, 2=n  for 

sphere, ( ) ( ) ( )tgtgrf 21 ,,  are three known functions, 2121 ,,,,, kn  are constants, and 

bra   is the boundary of  . 
 
To obtain an approximate solution of the partial differential equation (1) satisfying (2) and (3), the 
following steps are involved: 
 

Case 1: When 01   and 02   

Step 1: Compare the equation to be solved with equations (1) – (3) and obtain CBA ,,  and
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Case 2: When 01 =  and 02   

 

Step 1: Compare the equation to be solved with equations (1) – (3) and obtain CBA ,,  and
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Step 2: Assume Olayiwola’s generalized polynomial solution: 
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Step 3: By using (8), evaluate 
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Step 2: Assume Olayiwola’s generalized polynomial solution: 
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
































        (12) 

 
Step 3: By using (12), evaluate 

( )
( )

( )drtrFr
ab

n b

a

n

nn ++ −

+
,,

1
11

,                                                                                                       (13) 

 
and express the result in the form: 
 

( )tqp
br 11 +

=
                                                                                                                         (14)    

 

Step 4: Obtain 1p  and ( )tq1  
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Step 5: Obtain 
 

( )
( )

( )
( )

( )+=
−−

= 
dttpdxxptdttp

ar
erfdxexqe

0
                                                                              (15) 

where 
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











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
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
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



−+−

+−−

+
+−

−
+

−

−
+

−

−

+
=

++ 1

1

2

1

2

11

1

11

22

22

2

2

2

2

11
p

abbaabb

aabbabab

aabb

abb

ab

babab

ab

nk

A
tp

n

nnnn

nn









 

( )

( )
( )

( ) ( )
( )

( ) ( )( )
( )( ) ( )

( )
( )

( )
( ) ( )( )

( ) 






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
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g
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g
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g
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A
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2
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1

1

2
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2
1

2
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2

21

1




  

 

Case 4: When 01 =  and 02 =   

 
In this case, no polynomial approximation solution to equation (1) exists. This assertion is proved 
by the following theorem: 
 

Theorem 1: Let 01 =  and 02 = . Then no polynomial approximation solution of (1) that 

satisfies (2) and (3) exists. 

Proof: Substitute 01 =  and 02 =  into (4), (8), and (12), gives ( ) →tr, . 

Hence, ( )tr,  does not exists. This completes the proof. 

 

3   Application of OGPAM 
This section provides the results obtained when solving partial derivatives equations in time-
dependent (parabolic), using the OGPAM as proposed in this paper. Three sets of examples (the 
first one corresponding to slab, the second one corresponding to cylindrical geometry, and the 
third one corresponding to spherical geometry) are given. 
 

3.1 Set 1: Slab 
Here, two examples are considered. 
 

3.1.1 Problem 1 (Kewat and Verma [3]): 
 
Let us consider (in dimensionless form) the equation 

















=





xx






                                                                                                                                (16) 

with the initial condition 

( ) 10, =x                                                                                                                                                                (17) 

and the boundary conditions 

1

*

10

,0
=

==

−=



=




x

xx

B
xx




                                                                                         (18)  
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Compare (16) – (18) with (1) – (3), we have 

( ) ( ) ( ) ( )





====

===========

txrba

tgBtgrftrFnk

,,1,0

,0,,1,0,0,1,1,,0,,,0,1 2

*

22111  

 
Then 

 
3

1
,

6

1
,

3

3 *

−=−=
+

= CB
B

A .  

 
Assume a polynomial solution of the form (4) as 
 

( ) 2

1

*

1

*

22
1, x

BB
x

xx ==
−








+=  .                                                                                               (19) 

 

Then 01 =p  and ( ) 01 =tq  since ( ) 0,, =trF . So, 

( ) ( ) 0,
3

3
*

**

=
+

==  q
B

B

A

B
p .   

 
Then 




*

*

3

3

1

B

B

x
e +
−

=
= ,                                                                                                                                     (20) 

 
as obtained by the authors in [3]. 
 
Thus, 

( ) 23

3*

3

3*
*

*

*

*

22
1, xe

B
e

B
x B

B

B

B


 +
−

+
−

−







+= .                                                                                               (21) 

 
3.1.2 Problem 2: 
 
Let us consider (in dimensionless form) the equation 

( ) t
ex

x

h

xt

h
311

 −
+−
















=




                                                                                                                                (22) 

with the initial condition 

( ) 10, =xh                                                                                                                                                                (23) 

and the boundary conditions 

( ) 0,1,0
1

=



=

=xx

h
th                                                                                                       (24)  
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Compare (22) – (24) with (1) – (3), we have 

( ) ( ) ( ) ( )

( ) xrbatg

tgrfhextrFnk
t

=====

======+−===
−

,1,0,0,0

,1,1,1,0,1,,1,,,0,1

22

21111
3



 

 

 
Then 

 
6

5
,

3

1
,

3

2
=== CBA  . 

 
Assume a polynomial solution of the form (8) as 
 

( ) ( ) ( ) 2

11
1121, xhxhtxh

xx
−−−+=

==
.                                                                                               (25) 

 

Then 01 =p  and ( ) t
etq 3

11
2

3  −
−= . So, 

( ) ( ) t
etqtp 3

1
4

9
,0

 −
−== .   

 
Then 

( )








−+=

−

=
1

4

9
1 3

1

3

1

1

t

x
eh





.                                                                                                                               (26) 

 
Thus, 

( ) ( ) ( ) 2

1

3

1
1

3

1 11
4

9
111

4

9
121, 33 xexetxh

tt


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









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



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
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





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
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
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




−++=

−−  








.                               (27) 

 

3.2 Set 2: Cylindrical Shape 
 
Here, two examples are considered. 
 
3.2.1 Problem 1: 
 
Let us consider (in dimensionless form) the equation 

( )( ) ( )( )mee
r

r
rr

Le

t


  2121 1 −+−−++















=




                                                   (28) 

with the initial condition 

( ) 00, =r                                                                                                                                                                (29) 

and the boundary conditions 

1
10

,0
=

==

−=



=




r

rr

Nu
rr




                                                                                             (30) 

Compare (28) – (30) with (1) – (3), we have 

( ) ( )( ) ( )( ) ( )

( ) ( ) 1,0,0,,1,0,0

,1,0,,2121,,,1,
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Then 
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1
,

4
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
+= CB
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A . 

  
Assume a polynomial solution of the form (4) as 

( ) 2

11 22
1, r

NuNu
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


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


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4
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
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Then 
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( )( )ttp

r
e
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tq −

=
−= 1

1
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Thus, 
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( )
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( )( ) 21
2

1
2
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tp

tqNu
e
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tr ttpttp −− −−−








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3.2.2 Problem 2: 
 
Let us consider (in dimensionless form) the equation 

( )
rrPemr

r
rrPem

r
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u

t 


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
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
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
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with the initial condition 

( ) 10, =r                                                                                                                                                                (35) 

and the boundary conditions 
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Compare (34) – (36) with (1) – (3), we have 
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Then 
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,
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



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
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Assume a polynomial solution of the form (4) as 

( ) 2
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
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Then 

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

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 and ( ) 01 =tq . So, 
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Thus, 
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22
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e
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






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3.3 Set 3: Spherical Shape 
 
Here, four examples are considered. 
 
3.3.1 Problem 1 (Mohanty and Dalai [4]): 
Let us consider (in dimensionless form) the equation 






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








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



x
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 2
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with the initial condition 

( ) ( )xfx =0,                                                                                                                                                                (41) 

and the boundary conditions 
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Compare (40) – (42) with (1) – (3), we have 
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Assume a polynomial solution of the form (4) as 
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Then 01 =p  and ( ) 01 =tq  since ( ) 0,, =trF . So, 
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3.3.2 Problem 2 (Prakash and Mahmood [7]): 
 

Let us consider (in dimensionless form) the equation 

Q
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x
xx
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

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








=



 



 2

2

1
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with the initial condition 

( ) 10, =x                                                                                                                                                                (47) 
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Compare (46) – (48) with (1) – (3), we have 
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Assume a polynomial solution of the form (4) as 
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( ) ( ) 








+
==









+
==

5

5
,

5

153
**

**

B

Q

A

Q
q

B

B

A

B
p  .   

 
Then 

( )
( )

( )
( )

( )






















−+= −

=










 p

x
e

p

q

p

q
1

1
                                                                                                               (50) 

 
Thus, 
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3.3.3 Problem 3 (Pradhan et al. [6]): 
 
Let us consider (in dimensionless form) the equation 
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
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with the initial condition 

( ) ( )xfx =0,                                                                                                                                                                (53) 

and the boundary conditions 
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Compare (52) – (54) with (1) – (3), we have 
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Assume a polynomial solution of the form (4) as 
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Then 01 =p  and ( ) 01 =q  since ( ) 0,, =trF . So, 
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3.3.4 Problem 4 (Olayiwola et al. [5]): 
 
Let us consider (in dimensionless form) the equation 
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with the initial condition 

( ) ( ) ( )
2

1
0,,

2

1
0,,10, === rrru                                                                                    (59) 

and the boundary conditions 















−=



=





−=



=





=



=





=
==

=
==

==

1
10

1
10

10

,0

,0

,0

r
rr

r
rr

rr

Nu
rr

Sh
rr

r

u

r

u









                                                                                             (60) 

 
 
 
 



R.O. Olayiwola 

                                                

 

 41                                                IJMAM, Vol. 5, Issue 3 (2022) ©NSMB; www.tnsmb.org 

                             (Formerly Journal of the Nigerian Society for Mathematical Biology) 

 

 

Compare (58) – (60) with (1) – (3), we have 
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For the third equation in (58): 
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4   Discussion 
 

Readers should note that: 
 

The 1p  as used in this paper could be a constant or a function. For cases 1 and 2, 2b  and case 

3, 2a . When 2=b  in cases 1 and 2 or 2=a  in case 3, a new space variable needs to be 
introduced. 
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ar=
  as used in this paper, means ( )ta, . It meant ( )tr,  at ar = . 

br=
  as used in this paper, is the same as ( )tb, . It meant ( )tr,  at br = . 

( ) ( )tatr ,,    and ( ) ( )tbtr ,,    as being used by some authors in the literature. Most especially 

those that worked on the lumped model for transient heat conduction using the polynomial 
approximation method. 
 

5   Conclusion 
The use of  Olayiwola’s generalized polynomial approximation method (OGPAM) is important 
for solving partial differential equations. Also, the derivation of the generalized polynomial 
approximation method for solving hyperbolic equations by the author is ongoing and it will be 
made available to readers as soon as is ready. 
 
Different examples have been solved using OGPAM in different geometries. The simplified 
relations obtained in this study can be used for science and engineering calculations in many 
conditions. 
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