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Abstract 
 

A two-infection stage model is presented in this research work. The dynamics of the model 
is such that it behaves like a SIS or SIR model depending on the stage treatment is applied. 
The disease-free equilibrium point and the basic reproduction number are determined. The 
conditions for the disease-free equilibrium and endemic equilibrium to be globally 
asymptotically stable are determined. Sensitivity analysis is used to determine the impact of 
the model parameter on the basic reproduction number. Numerical simulation with suitable 
approximated parameters using MATLAB is also carried out to give  possible dynamics of 
the model.  

 
Keywords: stability; equilibrium; basic reproduction number; Lyapunov function. 
 

 

1      Introduction 
 
The dynamic models for infectious disease are mostly based on their compartment structure. The 
compartment structures for dynamic models are firstly given by Kermack and Mckendrick in 1927 
and has been improved over the years [1]. Some of the compartmental models includes: SI, SIS, SIR, 
SEIR, SEIRS etc. Mathematical models of infectious diseases give insights into disease transmission, 
progression, stage of infection and helps in mathematical analysis. Blackwood and Childs [3] 
highlighted several common issues encountered while analyzing basic compartmental models. Melesse 
and Gumel [9] presented an extensive mathematical analysis of a deterministic model, with a standard 
incidence function, for the transmission dynamics of a communicable disease with an arbitrary number 
of distinct infectious stages. The conditions for the global stability of the disease free and endemic 
equilibrium was determined. Numerical simulation was carried out to illustrate the theoretical results. 
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Otunuga and Ogunsolu [14] presented a mathematical analysis of the transmission of certain diseases 
using a stochastic susceptible-exposed-infectious-treated-recovered (SEITR) model with multiple 
stages of infection and treatment and explore the effects of treatments and external fluctuations in the 
transmission, treatment and recovery rates. Global stability analysis of the disease free and endemic 
equilibrium for both the deterministic and stochastic version of the model were presented.  Rifanti 
[16] presented a two-infection stage mathematical method which are chronic stage and acute stage. 
Both infection stages involve transmissibility. Multistage dynamics of infectious dynamics are also 
captured in the following literatures: [7, 10, 13, 18]. 
 
     Here, we consider a two-infection stage model where the first stage is the passive stage and the 
second stage is the active stage. The model dynamics can be a SIS or SIR dynamics depending on the 
stage of treatment application. Individuals who recover from the first stage due to early detection and 
treatment or natural immunity goes back to the susceptible class because the disease has not run its 
course. Individuals who recover from the second stage moves to the recovered class. This dynamic is 
explained further under the model formulation. 
 

2    Model formulation  
 

The model is divided into four compartments with the susceptible population denoted by 𝑆(𝑡), the 

first infection stage is denoted by 𝐼1(𝑡), the second infection stage is denoted by 𝐼2(𝑡) while the 

recovered population denoted by 𝑅(𝑡).  The susceptible population is increased as a result of 

migration or birth at rate Λ. The dynamics of the disease is such that there are two infection stages 
with infectivity in the second stage of infection. There susceptible population is decreased as a result 

of natural death at rate 𝜇 and by interaction with infectious population (𝐼2) with 𝛽 as the force of 
infection. This above interaction causes an increase in the population at the first stage of infection. 
The first stage of infection is reduced either by natural death, temporary recovery back to the 

susceptible population at rate 𝜎 or allowing the disease to develop into the second stage at rate 𝛼. The 

second infection stage is reduced by natural death, disease induced death at rate 𝛿 or by effective 

treatment at rate 𝛾. The recovered population is increased as a result of recovery from second stage 
and decreased only by natural death. 
 
The resulting system from the above assumptions is given as 
 
𝑑𝑆

𝑑𝑡
= Λ − 𝛽𝑆𝐼2 − 𝜇𝑆 + 𝜎𝐼1     (1) 

𝑑𝐼1

𝑑𝑡
= 𝛽𝑆𝐼2 − (𝛼 + 𝜇 + 𝜎) 𝐼1   (2) 

𝑑𝐼2

𝑑𝑡
= 𝛼𝐼1 − (𝜇 + 𝛿 + 𝛾)𝐼2   (3)            

𝑑𝑅

𝑑𝑡
= 𝛾𝐼2 − 𝜇𝑅               (4) 
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Description of parameters in the model (1) − (4): 
 

Parameter Meaning 

Λ Recruitment rate 

𝛽 Transmission rate 

𝜇 Natural death rate 

𝜎 Recovery rate from stage 1 

𝛼 Progression rate to second stage  

𝛿 Disease induced death rate 

𝛾 Recovery rate from stage 2 

 
 

3    Results and discussions 
3.1 Invariant region 
 

We obtain the region where the solution of (1) − (4) is epidemiological feasible.  
 

Theorem 3.1: (Invariant region). The feasible region ℛ defined by {𝑆(𝑡), 𝐼1(𝑡), 𝐼2(𝑡), 𝑅(𝑡) ∈ 𝑅+
4 ∶

 𝑁(0) ≤ 𝑁(𝑡) ≤
Λ

𝜇
} with initial conditions 𝑆(0) ≥ 0, 𝐼1(0) ≥ 0, 𝐼2(0) ≥ 0, 𝑅(0) ≥ 0 is positive 

invariant for system (1) − (4). 
 

Proof: The total population size is given by 𝑁(𝑡) = 𝑆(𝑡) + 𝐼1(𝑡) + 𝐼2(𝑡) + 𝑅(𝑡).  

  
𝑑𝑁 

𝑑𝑡
= Λ − 𝜇𝑁 − 𝛿𝐼2                          

  

𝑑𝑁ℎ 

𝑑𝑡
 ≤ Λ − 𝜇𝑁 

       
Solving above, we have 

  0 ≤ 𝑁(𝑡) ≤ (𝑁(0)𝑒−𝜇𝑡 +
Λ

𝜇
 (1 − 𝑒−𝜇𝑡)) 

 As 𝑡 → ∞, 0 ≤ 𝑁(𝑡) ≤
Λ

𝜇
, If 𝑁(0) ≤

Λ

𝜇
 𝑡ℎ𝑒𝑛 𝑁(𝑡) ≤

Λ

𝜇
. Hence, 

     𝑁(0) ≤ 𝑁(𝑡) ≤
Λ

𝜇
. 

    

Thus, ℛ is a positive invariant set under the model described by (1) − (4). 
 

3.2  Disease-free equilibrium  
 
The disease-free equilibrium is the point where there is no disease in the population. It lies at the point 

𝜋𝜊 = (
Λ

𝜇
, 0,0,0)  
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3.3    Basic reproduction number  
 

The basic reproductive number is the mean number of secondary infections caused by an infectious 
individual in an entirely susceptible population. The next generation matrix approach by Driessche 
and Watmough [6] is applied. 
 

From the infectious stages 𝐼1 and 𝐼2, we can create a vector ℱ that represent new infections and 𝒱 
that represents outflows from the model equations. Hence, 
 

ℱ = (𝛽𝑆𝐼2
0
)     and     𝒱 = (

(𝛼+𝜇+𝜎) 𝐼1
(𝜇+𝛿+𝛾)𝐼2  −𝛼𝐼1

) . 

 

Next, we compute the Jacobian F from ℱ and V from 𝒱 at the disease-free equilibrium point. They 
are given by 
 

  F = (
0 𝛽

Λ

𝜇

0 0
)        and  V = (

(𝛼 + 𝜇 + 𝜎) 0

−𝛼 (𝜇 + 𝛿 + 𝛾)
) 

 

The basic reproduction 𝑅0is given by 𝜌(𝐹𝑉−1) where 𝜌 is the spectral radius. Thus, 
 

  𝑅0 =
𝛼βΛ

𝜇(𝛼+𝜇+𝜎)(𝜇+𝛿+𝛾)
. 

 

3.4 Local stability  
 
Theorem 3.2: (Local stability of disease-free equilibrium). The disease-free equilibrium for the system 

is locally asymptotically stable if 𝑅0 < 1 and unstable if 𝑅0 > 1. 
 
Proof:  

The equilibrium points of model (1) − (4) is locally asymptotically stable if all the eigenvalues of the 
Jacobian matrix have negative real parts. 
 
The Jacobian matrix evaluated at the disease-free is given by 
 
 

 𝐽(𝜋0) =

(

  
 

−𝜇 𝜎 −
𝛽Λ

𝜇
0

0 −(𝛼 + 𝜇 + 𝜎)
𝛽Λ

𝜇
0

0 𝛼 −(𝜇 + 𝛿 + 𝛾) 0
0 0 𝛾 −𝜇)

  
 

 

 
 

There are four roots corresponding to the Jacobian above. Two of the roots are – 𝜇(twice) while the 
other roots can be obtained from the characteristic equation of the sub matrix given below. 
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𝐽1(𝜋0) = (
−(𝛼 + 𝜇 + 𝜎)

𝛽Λ

𝜇

𝛼 −(𝜇 + 𝛿 + 𝛾)

) 

 

The remaining eigenvalues are negative if trace of 𝐽1(𝜋0) is negative and determinant of 𝐽1(𝜋0) is 

positive. The trace of 𝐽1(𝜋0) is negative and the determinant is (𝛼 + 𝜇 + 𝜎)(𝜇 + 𝛿 + 𝛾) −
𝛼𝛽Λ

𝜇
. The 

determinant is also equivalent to (𝛼 + 𝜇 + 𝜎)(𝜇 + 𝛿 + 𝛾)(1 − 𝑅0) and it is positive provided that 

𝑅0 < 1. 
 

Theorem 3.3: (Existence of endemic equilibrium). The model (1) − (4) has an endemic equilibrium 

when 𝑅0 > 1.  
 

Proof: Let 𝐸𝑒
∗ = (𝑆∗, 𝐼1

∗, 𝐼2
∗, 𝑅∗) be a non-trivial equilibrium of the model. The model at steady state 

becomes: 
 

𝑆∗ =
(𝛼+𝜇+𝜎)(𝜇+𝛿+𝛾)

𝛼𝛽
  

𝐼1
∗ =

Λ

𝑅0(𝜇+𝛼)
[ 𝑅0 − 1]   

𝑅∗ = 
𝛾(𝛼+𝜇+𝜎)

𝛽(𝜇+𝛼)
[ 𝑅0 − 1]  

𝐼2
∗ =

𝜇(𝛼+𝜇+𝜎)

𝛽(𝜇+𝛼)
[ 𝑅0 − 1] . 

 

3.5 Global stability analysis 
 
Theorem 3.4: (Global stability of disease-free equilibrium). The disease-free equilibrium for the 

system is globally asymptotically stable if 𝑅0 < 1.  
Proof: Consider the Lyapunov function: 

𝐿 = 𝛼𝐼1 + (𝛼 + 𝜇 + 𝜎)𝐼2 

𝐿̇ =̇ 𝛼𝐼1̇ + (𝛼 + 𝜇 + 𝜎)𝐼2̇ 
 

Substituting and simplifying the expressions for 𝐼1̇ and 𝐼2̇ gives  

𝐿̇ = 𝛼[𝛽𝑆𝐼2 − (𝛼 + 𝜇 + 𝜎) 𝐼1] + (𝛼 + 𝜇 + 𝜎)[𝛼𝐼1 − (𝜇 + 𝛿 + 𝛾)𝐼2] 
𝐿̇ =  𝛼𝛽𝑆𝐼2 − (𝛼 + 𝜇 + 𝜎)(𝜇 + 𝛿 + 𝛾)𝐼2. 
 

Since 𝑆 =
Λ

𝜇
 it follows that 

 

𝐿̇ = (𝛼 + 𝜇 + 𝜎)(𝜇 + 𝛿 + 𝛾)𝐼2[𝑅0 − 1]. 
 

Thus 𝐿̇ ≤ 0 with equality when 𝐼2 = 0. Hence by LaSlle’s extension to Lyapunov principle, the limit 

set for each solution is contained in the largest invaraiant set for which 𝐼2 = 0. 
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Theorem 3.5: (Global stability of endemic equilibrium). The endemic equilibrium for the system is 

globally asymptotically stable if 𝑅0|𝜎=0 > 1.  
 

Proof: Let the associated endemic equilibrium of model (1) − (4) and 𝑅0|𝜎=0 > 1 exist. Consider 
the Lyapunov function: 
 

𝑉 = 𝑆 − 𝑆∗∗ − 𝑆∗∗𝑙𝑛 (
𝑆

𝑆∗∗
) + 𝐼1

∗∗ − 𝐼1
∗∗ − 𝑙𝑛 (

𝐼1
𝐼1
∗∗) +

(𝛼 + 𝜇)

𝛼
[𝐼2

∗∗ − 𝐼2
∗∗ − 𝑙𝑛 (

𝐼2
𝐼2
∗∗)] 

𝑉̇= 𝑆̇ −
𝑆∗∗

𝑆
𝑆̇ + 𝐼1̇ −

𝐼1
∗∗

𝐼1
𝐼1̇ +

(𝛼+𝜇)

𝛼
[𝐼2̇ −

𝐼2
∗∗

𝐼2
𝐼2̇] 

𝑉̇= Λ − 𝛽𝑆𝐼2 − 𝜇𝑆 −
𝑆∗∗

𝑆
[Λ − 𝛽𝑆𝐼2 − 𝜇𝑆]+ 𝛽𝑆𝐼2 − (𝛼 + 𝜇) 𝐼1 −

𝐼1
∗∗

𝐼1
[𝛽𝑆𝐼2 − (𝛼 + 𝜇) 𝐼1] 

+
(𝛼+𝜇)

𝛼
[𝛼𝐼1 − (𝜇 + 𝛿 + 𝛾)𝐼2 −

𝐼2
∗∗

𝐼2
{𝛼𝐼1 − (𝜇 + 𝛿 + 𝛾)𝐼2}] 

𝑉̇= Λ (1 −
𝑆∗∗

𝑆
) − 𝜇𝑆 (1 −

𝑆∗∗

𝑆
)+ 𝛽𝑆∗∗𝐼2 −  𝛽𝑆𝐼2

𝐼1
∗∗

𝐼1
+(𝛼 + 𝜇)𝐼1

∗∗ −
(𝛼+𝜇)(𝜇+𝛿+𝛾)𝐼2

𝛼
− (𝛼 +

𝜇)𝐼1
𝐼2
∗∗

𝐼2
+ 

(𝛼+𝜇)(𝜇+𝛿+𝛾)𝐼2
∗∗

𝛼
. 

 

At the endemic steady state, the following relations obtained from model (1) − (4) hold: 
 

Λ = 𝛽𝑆∗∗𝐼2
∗∗ + 𝜇𝑆∗∗ 

(𝛼 + 𝜇) =  
𝛽𝑆∗∗𝐼2

∗∗

𝐼1
∗∗  

(𝜇 + 𝛿 + 𝛾) =
𝛼𝐼1

∗∗

𝐼2
∗∗ . 

 
Substituting above relations into the Lyapunov function gives: 
 

𝑉̇= (𝛽𝑆∗∗𝐼2
∗∗ + 𝜇𝑆∗∗) (1 −

𝑆∗∗

𝑆
) − 𝜇𝑆 (1 −

𝑆∗∗

𝑆
)+ 𝛽𝑆∗∗𝐼2 −  𝛽𝑆𝐼2

𝐼1
∗∗

𝐼1
+(

𝛽𝑆∗∗𝐼2
∗∗

𝐼1
∗∗ ) 𝐼1

∗∗ −

(
𝛽𝑆∗∗𝐼2

∗∗

𝐼1
∗∗ ) (

𝛼𝐼1
∗∗

𝐼2
∗∗ ) (

𝐼2

𝛼
) − (

𝛽𝑆∗∗𝐼2
∗∗

𝐼1
∗∗ ) 𝐼1

𝐼2
∗∗

𝐼2
+ (

𝛽𝑆∗∗𝐼2
∗∗

𝐼1
∗∗ ) (

𝛼𝐼1
∗∗

𝐼2
∗∗ ) (

𝐼2
∗∗

𝛼
). 

 
Simplifying gives 
Further simplification gives 
 

𝑉̇=𝜇𝑆∗∗ (2 −
𝑆∗∗

𝑆
−

𝑆

𝑆∗∗
)+ 3𝛽𝑆∗∗𝐼2

∗∗ −
𝛽𝑆∗∗

2
𝐼2
∗∗

𝑆
−  𝛽𝑆𝐼2

𝐼1
∗∗

𝐼1
−
𝛽𝑆∗∗𝐼1𝐼2

∗∗2

𝐼1
∗∗𝐼2

 

𝑉̇=𝜇𝑆∗∗ (2 −
𝑆∗∗

𝑆
−

𝑆

𝑆∗∗
)+ 𝛽𝑆∗∗𝐼2

∗∗ (3 −
𝑆∗∗

𝑆
−

𝑆𝐼1
∗∗𝐼2

𝑆∗∗𝐼1𝐼2
∗∗ −

𝐼1𝐼2
∗∗

𝐼1
∗∗𝐼2
). 
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Since arithmetic mean is less than or equal to geometric mean, 
 

𝜇𝑆∗∗ (2 −
𝑆∗∗

𝑆
−

𝑆

𝑆∗∗
) ≤ 0 and (3 −

𝑆∗∗

𝑆
−

𝑆𝐼1
∗∗𝐼2

𝑆∗∗𝐼1𝐼2
∗∗ −

𝐼1𝐼2
∗∗

𝐼1
∗∗𝐼2
) ≤ 0. 

 

Thus, 𝑉̇ ≤ 0 if and only if 𝑆 = 𝑆∗∗, 𝐼1 = 𝐼1
∗∗, 𝐼2 = 𝐼2

∗∗. Hence, the largest compact invariant subset 

of the set where 𝑉̇ = 0 is the singleton (𝑆, 𝐼1, 𝐼2)= (𝑆
∗∗, 𝐼1

∗∗, 𝐼2
∗∗). It follows by LaSalle’s Invariance 

Principle [8], that every solution to the equations of the model (1) approaches the associated unique 

endemic equilibria of the model as 𝑡 → ∞ for 𝑅0|𝜎=0 > 1. 
 

3.6 Sensitivity analysis 

 
Sensitivity analysis is used to determine dependencies between input parameters and results of the 
model. Sensitivity analysis helps to determine how a small change in parameters affects state 

variables over time. The normalised forward sensitivity index of a variable,𝑤, that depends on a 

parameter, q, is defined as: Γ𝑞
𝑤 =

𝜕𝑤

𝜕𝑞
×
𝑞

𝑤
. 

 
Sensitivity index of the basic reproduction number with respect to the model parameters are computed 
below: 
 

parameter Γ𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟
𝑅0  

𝛽 1 

Λ 1 

𝛼 (𝜇 + 𝜎)

(𝛼 + 𝜇 + 𝜎)
 

𝜎 −𝜎

(𝛼 + 𝜇 + 𝜎)
 

𝛿 −𝛿

(𝜇 + 𝛿 + 𝛾)
 

𝛾 −𝛾

(𝜇 + 𝛿 + 𝛾)
 

𝜇 
−
𝑅0
𝜇
[

1

(𝜇 + 𝛿 + 𝛾)
+
(𝛼 + 2𝜇 + 𝜎)

(𝛼 + 𝜇 + 𝜎)
] 

 

Γ𝑅0
𝑑 = 1 revealed that a 10 percent in transmission rate corresponds to 10 percent increase in the basic 

reproduction number. Sensitivity analysis gives an insight into the required strategy to control the 
spread of the disease. 
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3.7 Numerical simulation 
 
The dynamics of the model depends on the input parameters. The input parameters are approximated 

from most communicable diseases.  Λ = 5, 𝛽 = 0.3, 𝜇 = 0.0005, 𝜎 = 0.01, 𝛿 = 0.0005, 0, 𝛼 =
0.2, 𝛾=0.05 with 𝑆(0) = 100, 𝐼1(0) = 20, 𝐼2(0) = 20, 𝑅(0) = 0 . The numerical simulation is 

shown below using MATLAB. The interplay between 𝐼1 and 𝐼2 class will determine whether the 
susceptible class will have much increase or the recovered class. 
 
 

 
 
 

4     Conclusion 
 
In this paper, we presented a two-infection stage mathematical model. The basic reproduction number 
of the model is determined. The disease-free equilibrium point is found to be globally asymptotically 

stable if  𝑅0 < 1. There is an existence of endemic equilibrium provided that   𝑅0 > 1. However, the 

endemic equilibrium is globally asymptotically stable if 𝑅0|𝜎=0 > 1. Sensitivity analysis shows that the 
recruitment rate, transmission rate and progression rate from the first infection stage to the second 
infection stage have a direct proportionality on the basic reproduction number. Numerical simulation 
with appropriate parameters is carried out to give possible dynamics of the model.  
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