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Abstract
This study stemmed from the work of Okeke (1985) and Mbah(2008) where they studied the

Shallow water wave equations for water depth below the undisturbed sea surface where they
assumed the water depth (rough and horizontal) to be constant. We considered this as
unrealistic and thus a case where the bottom topography is non-uniform (the depth of the
water not constant) and varying is treated here. The depth of the water at all points of the
bottom which we call h is defined as: h = h/ + x Cot B, where h/ = water depth at points
where there is no non-uniform bottom, x is the points where there is non-uniform and
varying bottom, and B is the angle of inclination of the non-uniform varying bottom to the
leveled area. The solution to the wave equations for shallow water flow suggests the
existence of a single wave elevation which still has a singularity in the profile. This
consideration predicts more realistic results as we can see that the nature of the wave and
also the velocity of flow is strictly a function of the angle, time and the size of the region that
is non-uniform and varying. This is a very important result that must be taken note of in the
study of shallow water flow in general and the management of shallow water flow problems,
most importantly when the bottom topography is not horizontal or uniform at all or any
regions of the flow.

1 Introduction

Shallow water problem in fluid dynamics for quite some time, have attracted the
attention of researchers. In most of these works, assumptions were made of simpler
bottom topography of such shallow waters. This is simply to avoid the complex
nature of the physical features peculiar to such shallow water. However, it is these
physical features that control the mechanism of wave propagation and probably its
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breaking along the line of flow, development of singularities along the line of flow and
where possible, turbulence.

It is these important qualities of the bottom topography that led to our attempt
to model the real nature of the bottom of shallow water as shown in our work, [7].
Here therefore, the analytical study of the development was based mainly on the
traditional shallow water approximations with some little modifications.

Many researchers like [4, 5] had worked on shallow water waves where it was
assumed that the shallow water has slopping bottom. He equally assumed the waves
to be linear which in reality is not true. In our work, we assumed that the wave is
generally non-linear and considered two cases; where it is dispersive and non-
dispersive.

In his later work, [5], the author even assumed that such shallow water has

constant Water depth. A comparison of the results we obtained fits very favourably
with [ 4] if we assume the terms of the model the way he did.
To be able to obtain a closed solution for the water wave, we used the expression for
the water depth as we obtained in the non linear dispersive wave train of the shallow
water model here. |1, 3, 4, 6,9 and 10,], were very helpful in the understanding of the
assumptions made so as to obtain reasonable solution. Also, the solution we obtained
in [7] which is redeveloped here showed a very good result which on our attempt of
including the complex part of C in the graphing, gave us a totally different set of
graphs. It is this behaviour that necessitated this current study.

2 A Model of the bottom topography of shallow water

In [ 7 ], we had considered the general bottom topography of Shallow water flow

as:
/ wave

P - - - -
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Figure 1

We had considered the non-uniform region as below:
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From this diagram, we obtained the general expression for the height of the water at
all points of the bottom of flow as:

H=y+6y'+h

= H =xtana+x{cot f—tana}+h=h+xcot f§ ...(1)

where h = height at the level bottom ( no contour), x = the width of the

contoured region and B is the angle of inclination of the center of the contoured
region with respect to the starting point of the width (x =0).

In this case, we have assumed that fis not a function of x so that we consider it
constant. Later, we shall study a case where the angle #is a function of x.

3 Governing equations for shallow water waves with rough bottom
topography

Our development of the model here is based essentially on the shallow water equation
governing the weakly non-linear waves on the surface of the shallow water with rough
bottom topography. We shall incorporate the vertical component of water particles
and the related energy transfer as the wave progresses. The effect of linear
dispersion is included as against what mostly obtains in literatures.

Thus, we take the x — axis as the horizontal and normal to shore line, the z-axis

is the vertically upward direction where z = n(x, t) represents the wave profile
occurrence on the water surface, z = h is the constant water depth of the shallow
water as measured from the undisturbed water level . Thus, the equation, governing
the evolution of the weakly non- linear train in shallow water with rough bottom
topography can be written

using H=h + x cot f as:
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%+§[U(h+xcotﬁ)]:0 (1).

3 A t 2 3
a—u+ua—u+ga—77+/18f:( +xcot f) 62u (2)
ot ox ox ox 3 ox“Ot

Here u(x,t) is the component of the particle velocity along the x — axis for t > 0 as

the time. A is the constant associated with the wave dispersion in the shallow water,
2
(h+xcot,8 ) O’u
3 8x25t
vertical velocity effect on the horizontal velocity as well as the pressure.
We shall consider two cases of interest, namely, the case of non-varying and
varying bottom topography respectively. Thus, we have the respective procedures to
solution as:

g is the constant due to gravity with the term representing the

Let us define another function w(x,t) such that:

__ 1 ow (3)
htxcot Ot
and n:—? (4)
28

and they satisfy equations (1) and (2) when substituted into them.
Thus, substituting (3) and (4) into (l)and (2) have both satistied provided

that

1 o*w 1 1 o'w o’w
-+ —ucotf |1—g—;
h+xcotfp ot h+xcotf | h+xcotf| Oxot ox

P 1 o'w _ 3cotp o’w N 2cot’ f 62w_ 6u cot’ 3
h+xcotfox’ot (h+xcotf)’ ox°0t (h+xcotB)’ Oxot (h+xcotﬂ)3

= ®)

(h+xcot,6’)2 1 o'w  2cotfp  Ow
3 h+xcotf ox*0r  (h+xcot ) Oxor’
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Equation <5> simplifies to

82w+i d'w  3Acotf O'w . 2Acot’ B 0w N 1 oO’w
ot’ ox’ot  h+ xcot ox*ot (h + xcotﬂ)z OxOt  h+ xcot 3 Oxot

Ow _ucotf  6uldcot’ B

_o(h+ xcot R
g(h+xco ﬂ)axz h+xcotB (h+xcotB)
_ . o 2(h+x00t'3)C0tﬂ6xat2

Since periodic wave trains are possible in nonlinear dispersive system, let us define a
characteristic curve I': & =x—ct which is the phase of the oscillation propagating with
constant phase speed ¢ and wave number k such that we can write

w= w(‘f) (7)
Now let us make the substitution » =4+ xcot . (8)

Then using equation <7> and <8> in equation<6> , we obtain

2.2 4 2.2 3 2B
) gesle d w(4§)+ 3/1000tﬂ+2r c cot B d w(3§)+ cz_gr_Zﬂ,cczot <
3 dé r r d& r

c 0T 5W[§]_
+{r_2COtﬁ+ZCOt ﬂ}?—o (9)

In equation (9), the non-linear term is included so as to know its effect no matter

how small on the phase speed. Thus, we shall obtain the phase speed c for the two
cases:

1. where the dispersive effect 4 is neglected thatis, A=o0
2. where the dispersive effect A is not neglected, that is, 4 # o.
Case 1
If A= 0 and we explicitly define w(§)= Ae™ then  equation <9> reduces to
4.2 2 . 3.2.2 2 2 .
Ak3r c 2iAk’r c AR+ Ak g+ 2AcAk c0t2ﬂ+ACk +1Ack(2:0t/3’ 0
r r r r
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r r2

4 2 2
ie. C{Ak;’ —2iAk3r—Ak2} +C{Ak +ﬁ tﬂ} + Ak’gr=0

r r

3.2 .
= c{k; —2ik2r—k} + C{E+lcogﬂ}+grk=0 .

Solving for ¢, we obtained

. . 2 32 %
_{k+zc02tﬁ}i{(k+zco;[ﬂj —4grk{kr —2ik2r—k}}
r r r 7 3
c= 3.2
2?; —Zikzr—k}

In shallow water wave, only low wave numbers are involved so that we can neglect
k*and k’ to obtain

_[k+ ico;c,B}_{[kJr icol;ﬂf +4grk2}4
_ r r r r 10)
‘ 22 [2ikr + 1]k (

Case II:
We consider here a non-linear dispersive wave in which now A # 0.Thus

substituting for w(£) in equation (9), we obtain
2.2 2.2
-{}ic+ ’”3 }(Ak4)+{3/10 tﬂ+w}{—z}4k3} +
r

r
s

_E}(_Akz) +{%cotﬂ+%cot3 ﬂ}(iAk) =0.
r r r

4.2 . 02713
C{_Akr _2idrk cot,B—Akz} .
3 r
*A1-3 2 2 .
c{—/lAk“—MlAk S 2K ot s ﬂ+ﬁc0tﬁ}+ i + 4K o g
r 7" r r

Provided the roughness of the bottom of the shallow water is not a steep slope, we
can neglect Cot’ 3 since in this case f is large. Hence, the above equation reduces to
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3.2 112 ]
cz{k; +2irkzcotﬂ+k}+c{ﬂk3+3llk _Z/EkCOtzﬂ___—}_g’"k:O'

r r r r2

We can solve this equation to obtain a value for ¢ which on neglecting k’and,k* gives:

1/2

r r r 7"2 r r r 7'2

72 . 2 . 2
—{Mlk —Weotzﬂ—klco‘[ﬂ}{{ud{ —2/12kcot2ﬂ—k—100tﬂj +4grk[2irkzcotﬂ+k]}

C=

2[2z'rk2 cot B+ k}

Since k is small and £ is large, we readily see that the value of c obtained in this case
II is greater than that obtained in case 1. If we had linearised the wave, we would

obtain ¢ = { g[h + xcot ,B]}m . Therefore, for this non-linear dispersive wave,

c as obtained is greater than the c for a linear wave speed given by ¢ =

{ g(h +xcot )}1/2 and this is as a result of additional terms that depended on the
wave amplitude. Hence, we shall adopt that c in our case here is greater than

{ g(h+xcot 3 )}1/2 so that we will able to solve equation (9) to then obtain values for

the velocity and the wave profile.
Hence, integrating equation (9) once and neglecting the constant of
integration, we obtain:

{/’LC + r23c2 } d;vg(f) - {3fc cot B+ 2rc” cot ,B} d ;;Z(f) - {cz —gr —Zr—;;ccot2 p— %} dv:{(;)

- {%cotﬂ+@cot3 ﬂ} =0.
r r2
dw(¢)
dg
second order non-homogenous differential equation with constant coefficients given
as

22 2
Py IZ— ?’—/lccotﬁ+600t[)7 a _ cz—gr—z—/lccotzﬁ—E p- %cotﬁ&ﬂcoﬁﬂ =0
3 |d¢ r r dé r2 r r r2

Suppose we let P = and then substitute in the equation above. Then we have a

(12)
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To simplify this equation further, let us make some substitutions like:

2.2
o=de+ S, :&cotﬂ+600tﬂ, Tzcz—gr—z};ccotzﬂ—E
3 0 r, r r
and o6 :%cotﬁ%%cot3 B.
r r
With these, we get equation <12> as:
2

6—6— a—p—rp:é‘ (13)
o5 =~ 0g

and this is non-homogenous. When solved, the complementary solutions is obtained
as:

%

= Pd:/a[ S%((£j2+41] &+ Bsin %((3)2+41J &
’ L O (e O (o2

We can equally solve for the particular part solution of the equation <13> to get that
Py == (15)

(14)

Thus, the general solution of equation <13> is:

P=F,+F,

:p:@pJ s l[(ﬁj +41J2 £+ Bsin l((ﬁj +41J2 -2 (10
{ 2{\o o 2{\o o T

But p= ) gy o)

r

, then we have that
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1 1

U=- }C/ZPE[ X %((5) +4£j2 ¢+ BSin %((5) +4£T Cf—g (17)
<

dw( )
n= =p so that
og
Also, { 5 1 5 !
P 2 2
n= ’ 28 l[(ﬁj +4£J &+ BSin —L(BJ 4£j §—é
o o o T
———————— (18)

Equation (17) and (18) gives the expression for the velocity and the wave profile

of the shallow water wave over rough bottom topography as shown in the figures
below.

4 Analysis of the Result

Here we investigate the effect of this non-uniform bottom topography by looking at
the variations in the values of the wave number, the height of the undisturbed water
surface and even the wave length and their subsequent effect on the velocity of flow
as well as the wave profile.

In figures 1 to 4 below, we can see that the smaller the wave number, the less
we can really see the effect of the rough bottom on both the velocity and the wave
profile of the shallow water flow. This means that if the wave number is very small, it
can not be used for any meaningful analysis of the flow mechanisms of shallow water.
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In Figures 5 and 6 below, we can see that while retaining the same values for the wave
number, the wave length and time, a variation in the height of the water has great
impact on the velocity of flow as well as the wave profile. The effect of the rough
bottom on shallow water with larger h is smaller than when h is small. In these two
examples, we can see that when h = 4, the impact of the rough bottom was highly felt
as the velocity was highly irregular (Figure 6). Therefore to what extent the rough
bottom shall affect the velocity and or the wave profile of shallow water flow shall be
greatly determined by the height of the undisturbed water level .
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In Figure 7, we retained the same values for the wave number, the height of the water
at the undisturbed surface and time and then varied the wave length. Comparing this
with Figure 6 that has the same values except for the changed value of the wave
length, we see that smaller wave length in the flow hides the impact of the rough
bottom on the shallow water flow. Thus, depending on the source of such water, the
use of wave length in the study of flow mechanism in shallow water must be taken
seriously as we have seen that it can mask the effect of the rough bottom topography
and probably other factors which we may not have shown here.
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Section B

Let us consider the case where the flow is trying to fill the gully or rough bottom by
dropping some sand or debris into the contoured regions. The model equation
describing the flow is still the equations (1) and (2). The equations are simplified to
obtain equation (9) as before. This equation (9) is a fourth order non-linear ordinary
differential equation which we need to solve. Since this is a non-linear fourth order
ordinary differential equation which is usually difficult to solve analytically, we adopt
the asymptotic method to obtain solution to it.

We write equation (9) as
d*w d’w ( vdiw dw ( d’w dedw

S— _
&) d e? 'ude de

S +0
det de’ de’ de

Letw = AV and writed—V as V' and we shall have

(S
sV = pym+(5=gW " +oV'|= [V — '
= sV —pV"+(S—gW"+oV' = AV =V’
By perturbation method we shall write
V=V,+ AV, + 2V, +...
Ao 1LV, =sVy" = p" +(5 =gy + 0¥ =0 (10)
AL =SB = p + (6 =gV v ot = | v (1)
We solve equation (10) as follows:
sV — V" + (5 g)V” +oV, =0
Integrate once to get
Vo' =l +(6 gy +oV =¢
Assume { = 0 and we have
sV —pV +(5—gWV! +oV =0
av d*v _dv

let M =— M'= and M" = 3
de’ d de

ML T - s o]0

M
[S "— pM'’ +(5 g)M+G][V] 0
Since ¥V # 0 then

. Then we have

sM"—pM' +(5—g)M +0 =0 (12)
We solved (12) to obtain:
V=M= E(/] DCos(%s [,02 —4s(5—g)]]%)e +H o 13
BSin(%s [p2 —45(5 - g)]é )e (6-g)
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Let us denote (13) by K so that

K' =iht™(DCosv € +BSinv €)+ (" (- DuSinv € +BvCosv €)

K" =—h*0"*(DCosv € +BSinv €)+2ih(" (- DuSinv € +BuSinv €)— ("*(Dv>Cosv € +Bv>Sinv €)

K'K'=1¢"< {—h2 (DCosv € +BSinv €)+ 2ih(— DuvSinv € +BvCosv €)— (D02C0su e+Bv’Sinv e)}x
0"={ih(DCosv € +BSinv €)+ (- DuSinv € +BuCosv €)}

—ih3(D2C0s21) € +B’Sin’v € +2BDSinv € Cosv e)+ h>D*vCosv € Sinv € —h>*DBvCos’v €

+h’BDuSin*v € —h*B*vSinv € Cosv € +2h*>D*vSinv € Cosv € +2h”> BDuSin’v € —2h* BDuCos*v €

= (*"<3—2h*B*vCosv € Sinv € +2ihD*v’ Sin’v € —2ihBD v*Sinv € Cosv € —2ihBD v*Cosv € Sinv € +

2ihB*v*Cos*v € —ihD*v*Cos*v € —ihBD v*Cosv € Sinv € —ihBD v*Sinv € Cosv € —ihB v’ Sin’v €

+D*0*Sinv € Cosv € —BDv*Cos*v € +DBU*Sin*v € +B*0°Cosv € Sinv €

Similarly,
K'K'=iht™(DCosv e +BSinv €)+ (" (— DuSinv € +BvCosv €)x
iht™(DCosv € +BSinv €)+ (" (— DuSinv € +BvCosv €)
- n’ (DZCOSZU € +2BDCosv € Sinv € +B*Sin*v e)— ihD*vCosv € Sinv € +
_ pine ihBD vCos*v € —ihBD vSin’v € +ihB*vCosv € Sinv € —ihD*vCosv € Sinv € +
ihBD vCos*v € —ihBD uSin’v € +ihB*vCosv € Sinv € +D*v*Sin’v € —

2BDV*Sinv € Cosv € +B*v*Cos*v

Now, (K" — uk')K' = K"K’ — uiK'K' =
- ih3(D2C0520 € +B*Sin’v € +2BDSinv € Cosv e)+ h>*D*vCosv € Sinv e
—h>*DBuCos*v € +h>* BDuSin*v € —h>B*vSinv € Cosv e

+2h*D*vSinv € Cosv € +2h* BDuSin*v € —2h* BDvCos’v €

o> —2h*B*vCosv € Sinv € +2ihD*v*Sin’v € —2ihBD v*Sinv € Cosv e

—2ihBD v*Cosv € Sinv € +2ihB*v’Cos’v € —ihD*v*Cos*v € —ihBD v’ Cosv € Sinv €
—ihBD v’ Sinv € Cosv € —ihB*v*Sin*v € +D*v*Sinv € Cosv € —BD v’ Cos’v €

+ DBU*Sin’v e +B*v*Cosv € Sinv e

- hz(DzCoszu € +2BDCosv e Sinv € +B*Sin*v e)— ihD*vCosv € Sinv € +
ihBD vCos*v € —ihBD vSin*v € +ihB*vCosv € Sinv € —ihD*vCosv € Sinv € +
ihBD vCos?v € —ihBD vSin*v € +ihB*vCosv € Sinv € +D*0*Sin*v € —

2BDuv*Sinv € Cosv € +B*v>Cos’v e
With this, equation (11) becomes
sV =ph" +(6—gl {1+ oV =
—ih3(D2Coszu € +B*Sin’v € +2BDSinv € Cosv e)+ h*D*vCosv € Sinv €
—h*DBuCos’v € +h*BDuSin*v € —h> B*vSinv € Cosv €
+2h*D*vSinv € Cosv € +2h*> BDuSin*v € —2h* BDvCos’v €
o0*"<3—2h* B*vCosv € Sinv € +2ihD*v*Sin’v € —2ihBD v’ Sinv € Cosv €
—2ihBD v*Cosv € Sinv € +2ihB*v’Cos*v € —ihD*v*Cos’v € —ihBD v*Cosv € Sinv €
—ihBD v’ Sinv € Cosv € —ihB*v’Sin’v € +D*v’Sinv € Cosv € —BDv’Cos’v €

+ DBvU*Sin’*v e +B*0*Cosv € Sinv e

M 2ihe
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— hz(DzCoszu € +2BDCosv € Sinv € +B*Sin’v e)—ithuCosu e Sinv e +
s ihBD vCos*v € —ihBD vSin*v € +ihB*vCosv € Sinv € —ihD*vCosv € Sinv € +| [ et 0(1)3 ),
ihBD vCos*v € —ihBD vSin’v € +ihB*vCosv € Sinv € +D*0*Sin’*v € —

2BDV*Sinv € Cosv € +B*0*Cos’v e

0(02) and Cosv € Sinv € be very small so that
SVliv _leiii +(5—g)Vii+O' li —

+ 2ihBD vCos2v
(Cos2v e +1) and  Sinp e— 1-Cos2v e
2 2
Therefore we have that

SV = ph" + (S - g [+ oV =

) (—n2(p2cos? B2Sin?
20" {in*(D>Cos>v e +B>Sin*v ) 3h> BDvCos2v e}—ﬂWe{ (D*Cos*v e +B°Sin’v <)

But Cos’v e=

_122(p2 2 2Qi 2
z0>he {ih3(D2Coszu e +B*Sin*v E)—3thDUCOSZU e}— L0 h (D Cos™v € +B"Sin"v e)
+ 2ihBD vCos2v €
2ihe
= Tg {in*(D? + B? + D*Cos2v e =B Cos2v €)— 61> BDvCos 2v €}

Mﬂhe
2

{— hz(Dz + B? + D’Cos2v € =B’ Cos20v e)— 4ihBD vCos2v e}

Since the right hand side is a product of exponential function with trigonometric
functions, we let our choice of particular integral be
R,, =(*"*(MCos2v € +NSin2v €)

With this as a choice of particular solution, we go on and differentiate as below
R}, =2ih¢*"<(MCos2v e +NSin2v &)+ 20>"<(— MvSin2v € + NvCos2v <)
R}, =—4h’0°"<(MCos2v € +NSin2v €)+ 4ih ("< (— MvSin2v € + NvCos2v €)
+ 4ih 07" (— MUSin20 € +NvCos20 €)+ 40" (= Mv? Cos2v € —Nv’ Sin 20 )
= —4h’0°"(MCos2v € +NSin2v €)+ 8ih¢’"(— MvSin2v € +NSin2v €)
— 40°"<(Mv* Cos 20 € +NUL’ Sin2v €)
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R}, = —8ih’ 07" (MCos2v € +NSin2v €)— 8h’ 17"(~ MuvSin2v € + NvCos2v €)
— 16h°1°"(~ MuSin2v € +NvCos2v €)
+ 16ih0*"(= Mv’ Cos 20 € —=Nv* Sin 20 €)— 8ih 0" (Mv’ Cos 2v € +Nv’Sin2v €)
— 807" (= M0’ Sin2v € +Nv’ Cos2v €)

=—8ih’1°"*(MCos2v € +NSin2v €)— 24h’ (*"(— MvSin2v € +NvCos2v €)
— 24ih0*" (M’ Cos 20 € +Nv* Sin20 €)— 802" (= Mv’ Sin2v € +Nv’ Cos2v €)

Rpy =16h* 07" (MCos2v € +NSin2v €)— 16ih>(°"(—~ MvSin2v € +NvCos2v €)
— 48ih* 07" (= MvSin20 € +NvCos2v €)— 48h° 17" (= Mv’ Cos2v € ~Nv’ Sin2v €)
+ 4817 07" (Mv’ Cos 20 € +Nv* Sin2v €)— 48ih0°"* (— M’ Sin2v € +Nv’ Cos2v €)
— 16ih0°" (- M0’ Sin2v € +Nv’ Cos2v €)— 647" (- Mv* Cos2v € —~Nv*Sin2v €)

= 161" 07" (MCos2v € +NSin2v €)— 64ih 1°"<(—~ MvSin2v € + NvCos2v €)
+ 9617 17" (M0 Cos 20 € +Nv’Sin2v €)— 64ih0*"* (- Mv* Sin 20 € +Nv’ Cos 2v €)
+1607"(Mv? Cos2v e +Nv' Sin2v €)

SR;JVL - per;rL - (5 - g)R" + O-R;’L = [TK” - /IK’]K, (1 4)

On the R.H.S of (14) we have terms in powers of h as follows

n %(D2 +B? + D*Cos2v € —B*Cos2v e)

h? :3tBDvCos2v € +§(D2 + B? + D*Cos2v € —B*Sin2v e)

h:—-2iBDuvCos2v e
On the L.H.S of (14), we also obtain the following as terms of powers of h
h* :165(MCos2v € +NSin2v €)
W : —64is(— MuSin2v € + NvCos2v €)+ 8ip(MCos2v € +NSin2uv )
h’: 96S(MUZC0S2,U e +Nv>Sin2v e)+ 24p(— MuSin2v € + NvCos2v e)
+ S — g MCos2v € +NSin2v €)
h: —641'5(— MU’ Sin2v € +Nv’Cos2v e)+ 241',0(M1)2C0S2u e +Nv>Sin2v e)
— 81'(5 — g)(— MoSin2v € + NvCos2v0 e)+ ZiO‘(MCOSZU e +NSin2v e)
nl: 16S(MU4COSZU e +Nv*Sin2v e)+ 8,0(— Muv’Sin2v € +Nuv*Cos20 e)
ta(s— g)(Ml)2COS2U e +Nv’Sin2v e)+ 26(— MvUSin2v € + NvCos2v €)
Equating terms of equal powers of h on both sides of (14), we obtain
l6s(MCosZU € +NSin2v €)=0
= M=—-Ntan2ve (15)
%(Dz +B* + D*Cos2v e —B*Cos2v e): —64is(— MuSin2v € +NvCos2v €)+8ip(MCos2v € +NSin2v €)
=, using (15),
T(D2 +B* + D*Cos2v e —B*Cos2v e)z 128(NU tan2v e sin 2v € + Nvcos 20 e)+ 16p(— NSin2v € +NSin2v e)
z'(D2 + B* + D*Cos2v € —B*Cos2v e)= 128 NsvSec2v e
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o(D? + B> + D*Cos2v € —B>Cos2v )

=  N=
128svSec2v e
o(D? + B? + D*Cos2v € —B*Cos2v €)Cos2v e (16)
128sv
Again,

3tBBDLCos2v € +§(D2 +B* + D’Cos2v e —B*Cos2v e): 96s(Mv>Cos2v e +NSin2ve)  +

24 p(— MuSin2v € +NCos2v €)+ 45 — g \MCos2v e +NSin2v <)
=, using (16),
67BDvCos20 € +u(D? + B> + D*Cos2v € —B*Cos2v €)= 48 p(Nv tan 20 € sin 20 € +NvCos2v €)
= 6tBDLCos2v e +y(D2 + B* + D*Cos2v € —B*Cos2v e)= 48 Nupsec2v e
_ 62BDvCos2v € +4(D* + B> + D*Cos2v € —B*Cos2v <) (17)
48vpsec2v €

But M =-Ntan2ve from (15).
Therefore, using (17) in (15), we get that

62BDUCos20 € +u(D? + B? + D*Cos2v € —B>Cos2v €)
- 48vpsec2v €
_ 6@BDvCos2v € +u(D? + B* + D*Cos2v e —B*Cos2v )

48vp

= N

tan2v

M =

Sin2v e

_ [M]MU o

3
where,
H, =BDuvuvCos2v <,
H, =(D* + B> + D’Cos2v e —B>Cos2v €) and

H, =48vp.
Hence,
R, =0°" o, Sin2v € Cos2v € + o, Cos2v € Sin2v €
H H
= 2£2fh€{(MJSin2u e Cos2v e}
3
— gpine )| B A G4
H3
Thus,

o, + uf,

v, = E”’{C] cos2v e +C,sinv e +Tsin 40 EJ
3

It is assumed that our ¥V, and ¥, will suffice.
Next we solve for the wave speed. To solve for c, the phase speed in the equation
below, i.e. equation (9):
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§——— + to— = |1—— +
dct Pae ac%qc i Haclie faa

Write (9) as:

d*w d*w

d'w  dw _d*w  aw (a’zw dw]dw d*w

d’w dw d’w dw | dw

- +(6-g)—+ = - 18
o Pao el ate (Tdé ”dejde 19)
Recall that w= 4¢"< (19)  so that into equation (18), we obtain
£+ﬁ T 3cﬂ,cot,8_x§ccosec2ﬂ+2czcot,6’ &2

r r 3 3

2c*cot’ B ¢ 6Accot’ S )

Y[ 2e ot P e OACCOU P et (h-xcot f)cosec? B |- g b
3r r r
2 3

+ (cngjzsec ’8+7Ci:§)t ﬂ—4c§[h—%xcotﬂ]cotﬂcoseczﬂ}'
(= LcicotfB) . ue
= [rz k* —ik . Ait* (20)

Arrange terms of (20) in powers of ¢, i.e. ¢, c and c” so as to obtain a quadratic
equation in ¢ as below:

3 7.2 2 2 .
rk +2lk cot B 2k cot ﬂ+5+ k_2+zkcc;tﬂ i |2
3 3 3r r

r r
Ak’ . 3iAk* cot B ixgk® cosec’ B
r r’ 3

. 2 . 3
+ | xecosec’fp Tikeot ﬁ—4i§[h—%xcotﬂ]cotﬂcoseczﬂ ¢~ 8 =0 21)

2
r r

2
N 6k cot” S

3
r

+2¢k[h— x cot fcosec’ B

There are two cases here namely: when the wave is non-dispersive, the implication
here is that 1 =0. And secondly when the wave is dispersive which implies that 4 #0
Case1: 1=0

If 21=0, equation (21)

3 :7,.2 2 2 .
becomes(ﬂ; | 2ik”cot f_ 2kcot ﬂ+£+|:k_+lk00tﬂ:|Ai£ike]cz N

3 3r 7 r? e

ix( cosec’ B
r c-gk =0 (22)

. 2 2
_beck c;)sec 'B+2§7€[h—xcot,6’]coseczﬁ+

—4i§[h —%xcot ﬂ]cotﬂcos ec’ 3
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3 .7 2 2 2 .
Let i+21k cot f 2kcot ﬁ+§+ k_2+zkcgt,8
3 3 3r ro|r r

}AM”‘E =m
. 2 2 . 2

_ gk cosec’fp c;)sec p +2é7c[h—xcotﬂ]coseczﬂ+—mgcoiec g |

7 —

—4i§[h—%xcot ﬂ]cotﬂcos ec’f

and - gk =n.

with these, equation (23) becomes

mc® +lc+n=0 so that

o [ ++/1* —4mn

2m

(23)

Case2: 41#0
For this case, we refer to equation (21) and represent the following argument as below:

3 .72 2 2 .
rk | 2ik> cot i 2k cot ﬂ+54{k_ zkcotﬁ}mike _p

+
3 3 3r ro| r
. 2 2 . 2
_ gk cosec’ c;)sec P +2§7c[h—xcotﬂ]cosec2ﬂ+—m§coiec s 9
14 =
—4i§[h—%xc0t ,B]cot,b’cos ec’f
gk =R

With these equation (21) becomes
Pc? +Qc+ R =0 and simplifies to

=—Q4_r1/Q2—4PR (24)

P

C

Analysis of results

Having used asymptotic method in obtaining our V,, and V; which are enough to
interpret the wave equation results, the following graphs will help in giving clearer
pictures of the study made here. We need to be reminded that the given contour or
sag to be filled is considered from certain point of view. For instance, the angle § = 0
+E&t,t >0, is measured in radians and are considered at different points. The distance
from the left hand side is considered negative, that is, -x, while from the right hand
side it is considered positive, that is +x. The rate at which the flow progresses is also
considered. The velocity of the flow in terms of the associated wave pattern is also
discussed in each case.
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All these cases discussed helped in giving us the picture of what obtains
assuming the case in each approach holds. And naturally looking at these facts, one
will not hesitate to agree with us that we approached it from the realistic point of view
unlike the other cases already referred to in our work.

In making this simple enough, we considered basically two cases thus:
at a fixed point say x = 2 at different times, dispersion rate and angles, and secondly; at
different distances, dispersion rates and angles.

Each case is discussed in this work with the associated graph to enable us to
comprehend the result obtained

To enable us use MATLAB 7.5 in plotting some of the graphs, appropriate and
correct values for the equation parameters were chosen. As a case where the
contoured region is to be filled over time, we choose some of these values for some of
the parameters used in the equation as follow:

g=9.8,A=19,h =0,k = 0.02, x the horizontal distance is in varied nature over
time.

We considered A = 0,D = C, = C, = 1, since they are constants.

Here we shall consider two cases, viz: fixed time over varying distance, and fixed
distance over different times.

For case 1, our interest is to study the velocity of the wave at a particular point in time
over different points and see what happens to the velocity of the flow at these points.
For this case we fixed t at t = 20 seconds, i.e. 20 seconds of the flow over our point of
interest, which here is the sag of interest. Different results for different values of 0 are
shown in the figures (8) to (10).

What is seen in fig (8) is an increase in the velocity of wave as water falls
into the contoured region. It is also seen that the velocity decreases as the flow gets to
the centre of the region. The physical meaning of this is that at the point of entry of
water into the sag which is a fall, its velocity increases because of the fall. As the flows
goes into the sag, it deposits sand and other debris, i.e. fills the contour which is seen
in the decrease of the velocity as it approaches the centre where the filling occurs. At
that point the velocity remains almost the same before slowing down further due to
ascent in the other half of w.e region.
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velocity

Fig. 8

In fig (9) the velocity increases rapidly for a short distance before becoming steady.
This is because the angle 6 has gone up as a result of the filling of the contoured
region by deposits carried along by the flow, the steady velocity as seen from x = -3
shows that the v alley at such an angle is almost filled up.

x 10 fig2

velocity

c c c c c c c
-4 -3.5 -3 -2.5 2 -1.5 -1 -0.5 0

Fig. 9

Fig (10) shows a case of digging which in other words mean that the angle of flow 6, is
small showing a steeper descent than the other cases shown above. This is why the
velocity of the flow keeps increasing up to x = -1 before decreasing. This means that
the area filled is small despite how long the flow has gone. The physical interpretation
is that rather than filling, the flow digs causing the angle to increase leading to a case
of steeper descent.

79 J. Nig. Soc. for Math. Bio., Vol. 1 (2018).



G.C.E. Mbah and S.U. Isienyi
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Fig. 10

Next we shall take the second case where we want to study the effect of the flow at a
particular point of the contoured region over different period of time. Here the study
is done at x = 2 and x = -2, with varying time respectively. This simulation is done
considering changes in the angle, 0, of the flow.

In fig (12), we see that the velocity of the wave is noticed for a short period of
time and that it is not turbulent but gentle. This is owing to the fact that the angle is
large which means that the sag is almost getting filled up. This is why the wave is
gentle. Unlike what is seen in fig (12) that of fig (13) is ditferent in the sense that the
wave is more noticed here. This is because we chose a smaller angle which means a
steeper descent and ascent as well, for the flow. This is why the velocity wave is more
noticed between t = 2 and t = 7. The time interval agrees with the physical
observation. This is so because the wave forms immediately as the flow gets to the
point of interests and subsequently dies out as the flow passes the point of interest.
This is also guaranteed by steepness of the contour and subsequent rough region.

At 6 = 0.40, we noticed a different thing. This is shown in fig (14) where it is
seen that at the time of departure of water from the valley a more turbulent wave is
experienced. This is caused by the rough surface of the valley and ascent up the valley.
The non-wave like motion seen from t = 1.2 to t = 5 shows that once the flow passes
the point of exit its flow normalizes until it gets to a point where it will come to the
level region which reflects as a wave form at t = 5 up to t = 10 on the graph.

What is seen in fig (15) to (18) are what happens as the flow enters the sag.
The constant wave of the velocity seen here tells that there is no wave form before the
sag, compared to what is seen as the flow goes into the sag. As the flow goes into the
sag, the wave is produced resulting from fall into the sag and increase in velocity of the
wave.
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Having seen all these, we may say in general that shallow water flow over rough
bottom topography has such features that are not easily seen unless we take time to
carry out this kind of studies. In [11], the case for sloping bottom was considered,
which we said is not realistic, and this even though it showed the point of singularity
in the wave profile, it did not for sure say the location of such singularity. We can see
clearly in our case here that the point of singularity occurred at the point x = 0, that is
, at the middle point in the width of the particular contoured region. In this sense
therefore, we expect to have as many singular points as there are contoured points in
the channel of flow.

Finally, we say that if the channel of flow of the shallow water is rough, any
good study of the flow parameters like the velocity and the wave profile must consider
the wave number, the height of water at the undisturbed surface and the wave length
as the major determining factors of his results.

References

[1]  B.R. Sutherland and D. A Aguilar (2000): Stratified flow over topography:
Wave generation and boundary layer separation. Univ. of Alberta.

[2]  C. A. Coulson (1995): A Mathematical account of the common types of wave
motion, 2.

[3] D. H. Peregrine: Equations for Water Waves and approximations behind
them. Proceedings, Seminar, Madison. Waves on Beaches and resulting
sediment Transport, Academic Press, N.Y. 1972, p. 95

[4]  E.O. Okeke (1983): On the linearized Shallow Water Waves over a sloping
bottom. Nuovo Cimento, C(1), 6, p. 72

[5] E. O. Okeke (1985): A work on the Shallow Water Waves. Journal of the
Nigerian Mathematical Society, Volume 4, p. 89 — 93

82 J. Nig. Soc. for Math. Bio., Vol. 1 (2018).



Journal of the Nigerian Society for Mathematical Biology
Volume 1 (2018), 59 - 83

83

G. B. Whithman: Linear and nonlinear Waves. Pure and Appl. Math., John
Wiley, New York, 1975, p. 476.

G.C.E. Mbah and J.N. Ezeorah (2007): On the Wave Equations of Shallow
water with Non-uniform Bottom Topography. Journal of the Nigerian
Association of Mathematical Physics. Vol. 12 pp 143 — 150

Hagen Hjelmerik, Lie, Natvig and Henrisken (2005): A commodity type
graphics card (GPU) used to stimulate non — linear water waves- a research
paper.

S. Leibovich and A. R. Seebass (1974.: Nonlinear Waves, Cornell Univ.
Press, Ithaca, p. 104

Kunt, S. Seim, Liker Fer, Helge, Avlesen (2012): Stratified Flow over
Complex topography: A model study of the bottom drag and associated
mixing. Continental Shelf Research, Vol. 34 pg 1 — 52

Pedlosky (1979). Geographical Fluid Dynamics (A research paper)

Rae H. Yuck and Hang S. Choi (2003): The shallow water wave propagation
over slowly varying Bathymetry using higher order Boussinessq Equation.
Naval Architecture and Ocean Engineering SEOUL (a research paper).
Smith Donald and Resio (2001): Improved shallow water wave modeling- a
research paper.

J. Nig. Soc. for Math. Bio., Vol. 1 (2018).



