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Abstract 
 

In this study, we propose and derive a new Hierarchical Bayesian Weibull Regression 
model on random censored data using the Jeffrey’s prior. We derive the posterior density, 
marginal and obtain their kernels. The model parameters were estimated using Integrated 
Nested Laplace Approximation (INLA) and assess the model performance using Kulback 
Leibler Divergence and Deviance Information Criterion. The data is obtained from a 
pharmacovigilance study conducted by NAFDAC in collaboration with World Health 
Organization in Federal republic of Nigeria across six geopolitical zones. The shape 

parameter θ , were selected in the closed interval between zero and one with their 

respective priors distributions 𝜓ℐ(θ). It is evident that choice of prior  𝜓ℐ(θ) = 0.9 

results in the posterior for 𝜃 to be 2.52 for model I. In model II, we use the prior 𝜓ℐ(θ) =
0.001 and obtain the posterior estimate of 2.514. We obtain the parameter estimate for 
model III using classical Integrated Nested Laplace Approximation with shape parameter 

2.673. For choice of prior  𝜓ℐ(θ) = 80, the posterior for θ is 3.007 in model IV. When 

we tune the prior to higher density region the posterior distribution for 𝜃 increases. For 

model I, II and III, the density is Rayleigh, but model IV tends to Normal for θ = 3.007. 
It implies that higher prior change the shape of the posterior distribution. The predictors 
on recovery are not sensitive to low priors. The DIC and KLD show that the posterior 
converges to the real density with KLD of zero for all the models but model IV has the 
minimum DIC, which will perform better.  
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1       Introduction 
 
Latent Gaussian models are class of hierarchical models with some good number of 
hyperparameters. The response variable in the model is assume to be non-Gaussian and the 
latent field have Gaussian density with non-Gaussian hyperparameters. There are quite good 
approximate methods for performing Bayesian analysis for hierarchical structured models such 
as the MCMC method, Lindley’s approximation, Tierney-Kadane, Lindely-Smith, some can be 
approximated to Gaussian distribution using Laplace approximation method. In this paper, we 
proposed a new hierarchical Bayesian Weibull regression model with using Jeffreys prior on 
random censored data. In Bayesian, statistics there is more concern on the elicitation of prior 
distribution..  
 
           In this study, we use Jeffreys prior for the shape parameter of Weibull density and normal 
priors for regression parameters and frailty parameter was assign a gamma prior distribution. A 
Weibull regression model with accelerated failure time was discussed [1]. Accelerated failure time 
regression model is a linear function of covariates and extreme value distribution. In [2] Weibull 
regression model was used on time to first and second recurrence of kidney infection with 
covariates for survival function and inclusion of additive random effect using Bayesian method. 
They analyze time to first and second recurrence of infection for kidney patients on dialysis. 
Using the Cox model with multiplicative frailty parameter for each individual. The survival 
distribution used is a truncated Weibull due to the censored observations. They used the non-
informative prior for the regression co-efficient and the precision of random effect.  
 
           Bayesian method was used to analyzed data on photo carcinogenicity in four groups of 
mice each containing 20 mice with [3], they recorded a survival time of death event and the 
survival distribution assumed a Weibull with failure time and covariate vector with base line 
hazard function due to censored observations and implemented a truncated Weibull regression 
model with lower bound corresponding to the censoring time, and regression co-efficient 

β, where assumed a priori distribution to follow independent normal distribution with zero mean 

and vague precision of 0.0001. The shape parameter is distributed as Gamma(1, 0.0001) which 
coincides with the work of [2]. Bayesian analysis in the presence of covariates for multivariate 
survival data was developed by [4] and used different frailties (latent variables) to capture 
correlations among the survival times for the same individual. They use the Weibull and 
generalized gamma distribution considering right censored lifetime data and the MCMC method 
for Bayesian analysis and use gamma prior for the scale parameter and gamma prior for the 
latent parameter resulting to a hierarchical Bayesian model with two levels due to the hyper-
parameters in the model.  
 
            In determining the best estimator of the two-parameter Weibull distribution, [5] adopted 
the frequentist maximum likelihood estimator, least squares regression estimator and the 
Bayesian estimator by using two loss functions, which are, the quadratic loss function, and the 
linear exponential loss function. The Bayes estimates were obtained using the Lindleys 
approximation, the comparison was made through simulation to determine the performance of 
these methods. From the result, they found the Bayesian estimator with linear exponential loss 
function (LINEX), is found to be the best compared to the conventional MLE and Least 
squares method. [5] used the similar approach on censored data using the Lindleys 
approximation for the Bayesian approach with a standard non-informative prior and proposed 
generalization of the non-informative priors. The Bayes estimator using LINEX loss function 
with the proposed prior gives better result. They study also coincides with the work of [6] but 
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the difference is that they use Jeffreys prior and the extension of Jeffreys prior for the Bayesian 
paradigm on censored data. The parameters, was estimated using the Lindleys approximation.  
 
       The Bayesian with extension of Jeffreys prior gives better result compared to the MLE. A 
two-parameter Weibull density considering the properties of Bayes estimator with different loss 
functions was estimated in [7], the simulation scheme was done using non-informative priors and 
informative prior such as gamma prior, exponential-gamma prior, gamma-gamma prior and 
finally determine the prior and posterior predictive distributions. The parameters were estimated 
using the quadratic loss, weighted loss, square error loss, and square logarithmic loss functions. 
Numerical integration was tool for parameter estimation. The posterior risk of joint exponential 
gamma prior along with quadratic loss are most appropriate for the shape parameter while the 
joint lognormal-gamma prior with quadratic loss function are suitable for the scale parameter [8] 
use similar method but used the modified Weibull density. [6] Compared the Bayesian method 
on interval-censored data for Weibull distribution. The study considered the MLE and Bayes 
estimates. The Bayesian estimation method cannot solve for the parameters analytically instead, 
the MCMC method. The full conditional distribution for the scale and shape parameters are 
obtain using Metropolis Hastings Algorithm (M-H Algorithm), and Lindley’s approximation to 
determine the shape parameter. The result shows that the Bayesian using the M-H Algorithm for 
estimating the shape and scale parameter based on interval-censored data is the best.  
 
         The work in [9] Performed approximate Bayesian inference in a sub-class of structured 
additive regression called the latent Gaussian models. They use integrated nested Laplace 
approximation on structured model and assume the response variable belong to the exponential 
family. The mean is linked to a structured additive linear predictor through a given log-link 
function and account for effects of various covariates in an additive way. They also provide 
accurate and fast deterministic approximations to all posterior marginal for the latent field and 
posterior marginal for the hyper-parameters. Model comparison, was obtained using the 
marginal likelihood and Deviance Information Criterion (DIC) also [10] investigates the use of 
INLA to solve Bayesian inferential problem in Bayesian survival analysis, the study uses the 
exponential and Weibull distributed lifetimes with and without censoring and frailty. Cox model, 
was fit with piece wise linear baseline hazard and express the model as latent Gaussian model so 
that INLA proposed by [11] can be a good tool for computation of posterior marginal. The 
model was tested using time to infection of kidney dialysis patients.  
 
         The work in [12] developed a Bayesian Semi-parametric model for occurrence of Asthma 
attacks in respiratory trials; they decompose the intensity function into product of various terms, 
first is the baseline intensity and second is the covariate and lastly the frailty term to take care of 
heterogeneity among different individuals with ability to have quick response to the event. The 
computations, was done using the INLA and the result turns out that this method has the 
highest speed and accuracy compared to Monte Carlo based inference. 
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2     Methods: Bayes theorem for Parametric Inference 
 

Consider a general problem in which we have data 𝑦 and we require inference about a 

parameter θ. In Bayesian analysis, θ is unknown and viewed as a random quantity. Thus, it 

possesses a density function 𝜓(𝜃). Using Bayes theorem, the marginal distribution for  θ given 

the data 𝑦 is 

𝜓(𝜃|𝑦) =
𝜓(𝑦|𝜃)𝜓(𝜃)

𝜓(𝑦)
                                                                   (1) 

where 𝜓(𝜃|𝑦) is the posterior density, 𝜓(𝜃) is the prior density,  𝜓(𝑦|𝜃) is the likelihood, 𝜓(𝑦) 
is the marginal for the data (Congdon, 2003). 
 
 

3      Non-Informative Prior Distributions 
 
Jeffrey’s prior is a non-informative prior that is invariant under reparameterization [16]. The 
invariance property makes the prior distribution to be more formal than the application of 
uniform prior distribution. There are so many formal rule for selecting prior but we restrict to 
the Jeffreys prior. [13], explicitly define Jeffrey’s prior in terms of lebesgue measure on the 

parameter space. Consider a density function  𝜓1(𝑡|𝜃)  with respect to 𝜎-finite dominating 

measure 𝜇(𝑑𝑡) on a sample space (𝒳,ℬ). Θ is a non-empty open subset of k-dimensional 

parameter space ℝ𝑘 .The function ln 𝐿(𝜓1(𝑡|𝜃)) is a well-defined differentiable function of 𝜃. 

We construct a well-defined score function 𝑆1(𝑡|𝜃) and its covariance exist. The score function, 
is given by the expression 
 

𝑆1(𝜃) = {
𝜕2

𝜕𝜃𝑖𝜃𝑗
ln 𝐿(𝑓(𝑡|𝜃)) , 𝑖, 𝑗 = 1,2, … , 𝑛 }                                 (2) 

 
The Fisher Information is derive from the covariance of the score function.  

The Jeffreys prior with respect to the parameter 𝜃 is  
 

𝜋ℐ(𝜃) ∝ (det(𝐼1(𝜃)))1/2 .                                                              
 
 

4       Hierarchical Bayesian model 
 
Bayesian statistics assumes that the parameters of a given distribution are random hereby having 
a probability density. Hierarchical Bayes model is a complex Bayesian model that consist of a 

sampling distribution (Data model) conditional on the parameter θ and the parameter has a 

distribution 𝜓(𝜃|𝛾) conditional on hyper-parameter 𝛾. Finally if 𝛾 has a distribution making the 
model in different layers or levels. Such analogue in Bayesian modeling is termed as the 
hierarchical Bayes model. Example of a Hierarchical Bayesian model equation is  
 

                         𝜓(𝑦, 𝜃, 𝛾) = 𝜓(𝑦|𝜃)𝑓(𝜃|𝛾)𝜓(𝛾) .                                                                         (3)           
                 

It is full joint distribution of all quantities. The inference about θ and γ is simply obtained 
through their joint posterior distribution 
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𝜓(𝜃, 𝛾|𝑦) =
𝜓(𝜃, 𝛾, 𝑦)

𝜓(𝑦)
=

𝜓(𝑦|𝜃)𝜓(𝜃|𝛾)𝜓(𝛾)

∬𝜓(𝑦|𝜃)𝜓(𝜃|𝛾)𝜓(𝛾)𝑑𝜃𝑑𝛾
 .                  ( 4 ) 

 

And inference about γ is given by its marginal posterior  

𝜓(𝛾|𝑦) = ∫𝜓(𝜃, 𝛾|𝑦)𝑑𝜃 ∝ 𝜓(𝛾)∫𝜓(𝑦|𝜃)𝜓(𝜃|𝛾)𝑑𝜃.                     (5) 

 

 We notice that γ  is un-identifiable. The likelihood involves only 𝜃, so prior belief about  γ  is 

influenced by the data y only through θ. 
 
 

5        Model Formulation 
 

Let T be a recovery time with density function 𝜓 and non-recovery function 𝑆𝑟. Define a 
random censoring time C with distribution function G having probability density function g and 

non-recovery function 𝑆𝑔. Each unit has a recovery time Ti and a censoring time 𝐶𝑖.We define 𝑛 

independent and identically distributed random pair (𝑌𝑖, φ𝑖),  where  
 

                             𝑌𝑖 = 𝑀𝑖𝑛(𝑇𝑖, 𝐶𝑖)                                                                                                    (6) 
 

φ = {
1, 𝑓𝑜𝑟 𝑇𝑖 ≤ 𝐶𝑖

0, 𝑓𝑜𝑟 𝐶𝑖 < 𝑇𝑖
                                                              (7) 

 

The times 𝑇𝑖 and  𝐶𝑖 are assumed to be independent [14]. Let 𝜗 and 𝑆𝜐 be distribution and non-
recovery function. By independence assumption, it easily follows that the non-recovery function 
is  
 

                             𝑆𝜐(𝑦) = [𝑆𝑟(𝑦)][𝑆𝑔(𝑦)].                                                                                      (8)  

 

The distribution function of Y is  

𝜐(𝑦) = 1 − 𝑆𝑟(𝑦)𝑆𝑔(𝑦).                                                              (9) 

 
 

The likelihood function for the n independent and identically distributed random pairs (𝑌𝑖, 𝜑𝑖) is 
 

𝐿 = [∏[𝑆𝑔(𝑦𝑖)]
φ𝑖

𝑛

𝑖=1

[𝑔(𝑦𝑖)]
1−φ𝑖] [∏[𝜓(𝑦𝑖)]

φ𝑖

𝑛

𝑖=1

[𝑆𝑟(𝑦𝑖)]
1−φ𝑖]                         (10) 

 
If C, is not parameterized, then the first factor plays role in the maximization process, hence the 
likelihood function can be taken to be  

                              𝐿 = ∏[(𝜓(𝑦𝑖)]
φ𝑖

𝑛

𝑖=1

[𝑆𝑟(𝑦𝑖)]
1−φ𝑖 .                                                  (11) 
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It has the same form as the likelihood derived for right and left censoring [10]. The joint pdf for 

the pair,(𝑌, 𝜑) is given by 
 

     P(Y, φ) =  [(𝑔(𝑦))(𝑆𝑟(𝑦))]1−𝜑[(𝜓(𝑦))(𝑆𝑔(𝑦))]𝜑.                                                            (12) 

 

 
6     Weibull Regression Model 
 

The time 𝑇𝑖 for recovery, is distributed as Weibull with density function 

                𝜓(𝑡|𝜃, 𝜆) = 𝜃 λ𝑡𝜃−1exp(−𝜆𝑡𝜃),                                                 (13) 

 

where t > 0, the shape parameter θ > 0, and λ > 0, is the scale parameter. For Weibull density, 

we have a vector of covariate that affect 𝑡. Let the covariate be Z, where  𝑍′ is a (𝑝 × 1) vector 
 

          𝜆𝑖 = exp(β1𝑍1 + β2𝑍2 + ⋯+ β𝑝𝑍𝑝) = exp(zi
Tβ).                                                        (14) 

 
Density function for modeling event time is the product of the hazard function and the non-
recovery function. The parameterization require modeling function for the mean of the 

distribution through 𝜆. Covariate is link through 𝜆 and the parameter 𝜃  provides the shape of 
the distribution.  Considering the change of parameter, we define the density for the recovery 
time with covariate Z as 
 

   𝜓(𝑡𝑖|𝜃, 𝑧, β) = 𝜃 exp(𝑍𝑖
𝑇β) 𝑡𝜃−1 exp(− exp(𝑍𝑖

𝑇β) 𝑡𝜃),                                                          (15)  

 

where the vector β is the co-efficient of regression parameters for covariates Z,  𝑡 is the recovery 

time, and 𝜃 is the shape parameter. The hazard function, is given by 

   ℎ𝑟(𝑡) =
𝜃exp (𝑍𝑖

𝑇β) 𝑡𝜃−1exp (−exp(𝑍𝑖
𝑇β) 𝑡𝜃)

exp (exp(𝑍𝑖
𝑇β) 𝑡𝜃)

.                                    (16) 

 

The non-recovery function for each person at time 𝑡  is express as 
 

    𝑆𝑟 (𝑡|𝑧𝑖 , 𝜃) = exp(−exp(𝑧𝑖
𝑇𝛽) 𝑡𝜃),                                          (17) 

 
after substitution, we obtain the non-recovery function as we link equation (15), (17) into 
equation (12) the joint distribution becomes 
 

       𝜓(𝑡|𝑧, β, 𝜃) = 𝜃φexp φ(𝑧𝑖
𝑇β)𝑡φ(𝜃−1) exp(−exp(𝑧𝑖

𝑇β) 𝑡𝜃).                                            (18) 

 
 

7     Constructing Jeffreys Prior 𝝅𝓘(𝜽)  for Bayesian HW-R Model 
 
We have two methods for constructing prior for the shape parameter of Bayesian HW-R model, 
in first method, we modified the work of [6]) and in the second method, we establish another 
method for constructing Jeffrey’s prior for the shape parameter of a Weibull distribution.     
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Method I 
Jeffrey’s prior as derived in [6] shows the joint distribution of both the scale and shape 
parameter. We will modify the prior, adopting some assumptions. Jeffreys prior for the shape 

parameter 𝜃 is obtained by determining the Marginal density from the joint Jeffreys prior 

distribution for scale and shape parameter (𝜃, 𝜆) , secondly we assume Independence between 

the shape and scale parameter (𝜃, 𝜆). The joint prior for two-parameter Weibull distribution is   

𝜓ℐ(𝜃, 𝜆) ∝ √𝑑𝑒𝑡𝐼(𝜃, 𝜆)                                                          (19) 

𝐼(𝜃, 𝜆) = −𝐸(𝜃,𝜆)

[
 
 
 
𝜕2 ln 𝐿(𝜓(𝑡|𝜃, 𝜆)

𝜕𝜃2

𝜕2 ln 𝐿(𝜓(𝑡|𝜃, 𝜆)

𝜕𝜃𝜕𝜆
𝜕2 ln 𝐿(𝜓(𝑡|𝜃, 𝜆)

𝜕𝜃𝜕𝜆

𝜕2 ln 𝐿(𝜓(𝑡|𝜃, 𝜆)

𝜕𝜆2 ]
 
 
 

 ,                                    (20) 

 

where  I(θ, λ) is the Fisher Information matrix (covariance of the score function), we derive 
Jeffreys prior as follows. Since we are considering the model with correction for censoring, we 
will determine the Jeffreys prior from the general representation with likelihood function                          

𝐿(𝜓(𝑡|𝜆, 𝜃)) = ∏(𝜃𝜆𝑡𝜃−1exp (−𝜆𝑡𝜃))
φ𝑖

(exp (−𝜆𝑡𝜃))
1−φi

𝑛

𝑖=1

.                      (21) 

Before we determine the prior, we need to form Fisher’s Information matrix. We derive Fisher’s 
Information matrix from equation (21) by taking the second order partial derivative of log-
likelihood function for each parameter forming the matrix     

  𝐼(𝜃, 𝜆) =

[
 
 
    

1

𝜃2
                                                                   

𝐼𝑛𝜃 + 𝛤′(2)

𝜃𝜆

  
𝐼𝑛𝜃 + 𝛤′(2)

𝜃𝜆
  
∑φi + (𝐼𝑛𝜃)2 + 𝛤′′(2) + 2𝐼𝑛𝜃𝛤′(2)

𝜆2 ]
 
 
 
                                          

       =  
∑φ𝑖 + (𝐼𝑛𝜃)2 + 𝛤′′(2) + 2𝐼𝑛𝜃𝛤′(2)

(𝜆𝜃)2
− [

𝐼𝑛𝜃 + 𝛤′(2)

𝜃𝜆
]

2

           

= 
∑φ𝑖 + 𝛤′′(2) − (𝛤′(2))2

(𝜃𝜆)2
=

∑φi + 𝑟

(𝜃𝜆)2
 ,                                                             (22) 

where 

Γ′(2) = ∫ 𝑦𝐼𝑛(𝑦) exp(−𝑦)𝑑𝑦
∞

0
, Γ′′(2) = ∫ 𝑦𝐼𝑛2(𝑦) exp(−𝑦)𝑑𝑦

∞

0
 

 𝑟 =  Γ′′(2) − (Γ′(2))2. 
                              
 Since we are only interested in the value of the prior for 𝜃 we ignore the constant term and use 
the kernel function for the prior distribution  

 𝜓ℐ(θ, λ) = √
∑φi + r

(θλ)2
∝  

1

θλ
.                                                               (23) 

We will derive the density for the shape parameter 𝜃 by looking for its marginal distribution. 
Using Bayes theorem for parametric inference  

𝜓ℐ(𝜃|𝜆) =  
𝜓ℐ(θ, λ)

𝜓(𝜆)
 ,                                                                       (24) 
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where 𝜓ℐ(θ, λ)  is the joint prior distribution in equation (23), and  𝜓(𝜆) is the marginal 

distribution for scale parameter, 1/𝜆 , since the distribution of the parameters are conditionally 

independent. The distribution of 𝜓ℐ(𝜃)  given by 

         𝜓ℐ(𝜃) ∝  
1

𝜃
                                                                                 (25) 

𝜓ℐ(𝜃) =  
𝑘

𝜃
 .                                                                              (26) 

Finally, Jeffreys prior for shape parameter of a Weibull density is Bernoulli distribution with 

parameter zero and one ‘B (0,1)’. 
 
 
Method II 
On expanding equation (42), the log-likelihood function, is given by  

ln 𝐿(𝜓(𝑡|𝜃, 𝜆, φ) = (∑φ𝑖

𝑚

𝑖=1

) log 𝜃 + (∑φ𝑖

𝑚

𝑖=1

) log 𝜆 − 𝜆 ∑𝑡𝑖φ𝑖

𝑚

𝑖=1

 

−  𝜆 ∑𝑡𝑖(1 − φ𝑖) + (𝜃 − 1)φ𝑖

𝑚

𝑖=1

∑log 𝑡𝑖.

𝑚

𝑖=1

                 (27) 

The Fisher Information for this likelihood, is obtained by taking the expectation of the second 
order partial derivative of the log-likelihood function with respect to each parameter, which is 
shown as  

𝐼(𝜃) = −𝐸 [
𝜕2 ln 𝐿(𝑓(𝑡|𝜃, 𝜆))

𝜕𝜃2
] = −𝐸 [−

∑ φ𝑖
𝑚
𝑖=1

𝜃2
] 

= (
∑ 𝐸(φ𝑖)

𝑚
𝑖=1

𝜃2
) ∝

1

𝜃2
.                                                                        (28) 

 
Before we continue with the derivation, we need to establish a theorem that will enable us to get 

the expected value of the indicator variable 𝜑𝑖 
 
Theorem 1 

Let {𝑦𝑟}𝑟=1
𝑚  be a finite sequence of sampled patients having attribute 𝑑 with survival 

times  {𝑡𝑟}𝑟=1
𝑚 , and random censoring times {𝑐𝑟}𝑟=1

𝑛  with censoring indicator{φ𝑟}𝑟=1
𝑚 . We define 

a probability space 𝐷 = {Ω,φ, 𝑃(φ)}, with  𝑃(φ), a probability measure satisfying  0 ≤ 𝑃(φ) ≤
1,   and  ∑𝑃(φ) = 1. For 𝑚 number of patients there will be 𝑛 censored patients and (𝑚 − 𝑛) 
uncensored patients with the following characterization. 

𝐸(φ) = (𝑚 − 𝑛)𝑃 
𝑉𝑎𝑟(φ) = (𝑚 − 𝑛)𝑃(1 − 𝑃). 

Proof: 

Let 𝑃(φ𝑦) be the probability that 𝑦𝑡ℎ individual is censored and (1 − 𝑃(φ𝑦)) be the 

probability of being uncensored. φ𝑦 , is distributed as Bernoulli with the parameter P with 

probability mass function 

𝑃(φ𝑦 = 𝑟) = 𝑃φ𝑦(1 − 𝑃)1−φ𝑦   for  r, φ = 0,1                            (29) 

 
The first characterization is the mean which is derive as follows 

𝐸(φ𝑦) = ∑ φ𝑦𝑃(

𝑚

𝑦=1

φ𝑦 = 𝑟) .                                                (30) 
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Since there are 𝑛 number of censored observations and (𝑚 − 𝑛) number of uncensored 
observation the indicator variable assumes values 

φ = {
1,   if uncensored
0,        if censored

 

 
Equation (30) becomes  

𝐸(φ) = ∑ φ𝑦𝑃(φ𝑦 = 𝑟)

𝑚

𝑦=1

= (𝑚 − 𝑛)𝑃,                                     (31) 

where 

                     𝑦, 𝑥 = 1,2, … ,𝑚 , for     𝑃𝑦 = 𝑃𝑥. 
 
The second prove is obtain directly using the variance of a Bernoulli distribution 

𝑉(φ) = ∑ φ𝑦
2𝑃(φ𝑦) − (∑φ𝑦𝑃(φ𝑦)

𝑚

𝑖=1

)

2𝑚

𝑖=1

= (𝑚 − 𝑛)𝑃(1 − 𝑃).                 (32) 

 
 Applying Theorem 1 to equation (28) we get 

𝑉(φ) =
∑ 𝐸(φ𝑖)

𝑚
𝑖=1

𝜃2
=

∑ (𝑚 − 𝑛)𝑃𝑦
𝑚
𝑖=1

𝜃2
∝

𝑘

𝜃2
 , 0 < 𝑘 < ℎ.                        (33) 

 

                                                                                   ℎ ≥ 𝑚 + 𝑛 

The Fisher information  𝐼(𝜃) is finally,  𝐼(𝜃) ∝ 𝑘/𝜃2  and Jeffreys prior becomes 

𝜓ℐ(𝜃) ∝ [
𝑘

𝜃2
]
1/2

=
𝑘1/2

√𝜃2
  ∝  

1.

𝜃
                                                            (34) 

 
This result is the same with the modified version of Alomari et al (2012)  
 
 

8      Analysis of Bayesian HW-R Model using Jeffrey’s prior 𝝅𝓘(𝜽) 
 
In Bayesian analysis, the basic concept is the determination of posterior density using the Bayes 
method of parametric inference. The posterior density for Bayesian HW-R model using Bayes 
theorem is  given by 
 

           𝜓(𝜃, β,ϕ|𝑡) ∝ 𝐿(𝜓(𝑡|𝜃, β, 𝜂) 𝜓(β)𝜓ℐ(𝜃)𝜓(ϕ)                                         (35) 
 

=
𝐿(𝜓(𝑡|𝜃, β, 𝜂) 𝜓(β|𝜇,Φ)𝜓ℐ(𝜃)𝑓(ϕ)

∬𝐿(𝜓(𝑡|𝜃, β, 𝜂) 𝜓(β|𝜇,Φ)𝜓ℐ(𝜃)𝜓(ϕ)𝑑𝜃𝑑β
.                                          (36) 

 

With prior specification for hyperparameters. The first one is the gamma prior for parameter ϕ 
with density function 

𝜓(ϕ) =
𝑏𝑎

Γ(𝑎)
𝑒𝑥𝑝(−𝑏ϕ).                                                                      (37)  

Secondly is the normal or Gaussian prior distribution for the parameter of predictor variables  β. 
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  𝜓(β) =
exp − (

1
2 (β − β̂)𝑇Φ−1(β − β̂))

(√2𝜋)|Φ|−1/2
.                                                      (38) 

 
Finally, the prior distribution for the shape parameter of Weibull distribution, which is derived 
using Jeffreys rule. It is given, as 

𝜓ℐ(𝜃) =  
𝑘1/2

𝜃
 , 0 ≤ 𝑘 ≤ ℎ .                                                        (39) 

 
The posterior density and marginal in equation (35) after substitution and  
Simplification becomes   

𝜓(𝜃, β,ϕ|𝑡)  ∝ 𝜃𝑟−1 exp (∑(𝜑𝑖 + 𝑧𝑖
𝑇𝛽 + 𝜑𝑖(𝜃 − 1)𝐿𝑛(𝑡𝑖)) − 𝑡𝑖

𝜃 exp(𝑧𝑖
𝑇β)

𝑛

𝑖=1

           

 −
1

2
(β − β̂)𝑇Φ−1(β − β̂) − 𝑎ϕ).                                                 (40) 

 

8.1   Kernel for posterior and marginal densities 
 
 Kernel for Posterior density  

ψ(𝜃, β, ϕ|𝑡)  ∝ 𝜃𝑟−1𝑒𝑥𝑝 (∑(𝑧𝑖
𝑇β + 𝜑𝑖(𝜃 − 1)𝐿𝑛(𝑡𝑖))

𝑛

𝑖=1

 − 𝑡𝑖
𝜃  exp (𝑧𝑖

𝑇β) 

−(
1

2
(β − β̂)𝑇Φ−1(β − β̂)) − 𝑎ϕ ).                                   (41) 

 
 

 Posterior marginal for θ in Kernel form  

ψ(𝜃|β,𝜙, 𝑡) ∝ 𝜃𝑟−1𝑒𝑥𝑝 [(𝜃 − 1)∑𝜑𝑖 ln 𝑡𝑖

𝑚

𝑖=1

− 𝑡𝑖
𝜃𝑒(𝑧𝑖

𝑇β)] .                              (42) 

 

 Posterior Marginal for ϕ in Kernel form   

ψ(ϕ|β, 𝜃, 𝑡) ∝ 𝑒𝑥𝑝(−𝑎ϕ)                                        (43) 

 Posterior Marginal for β  in Kernel form 

ψ(β|𝜃, ϕ, 𝑡, 𝑧) ∝ 𝑒𝑥𝑝 {−
1

2
(β − β̂)𝑇Φ−1(β − β̂) + ∑ 𝑧𝑖

𝑇β}.                                                      (44)  

 

9    Parameter Estimation 
 
Parameter estimation is one of the most difficult aspect Bayesian analyses more especially 
complex models that the prior distribution is not conjugate and class of hierarchical models 
which sometimes MCMC method and Numerical Integration cannot give accurate estimates due 
to the hierarchical structure. Lindley (1980) developed a method for approximating posterior 
distribution for integral of the form 
 

I =
∫𝑈(𝜆, 𝜃) exp[ln 𝐿(𝜓(𝜆, 𝜃)) + 𝜌(𝜆, 𝜃)] 𝑑𝜃

∫ exp[ln 𝐿(𝜆, 𝜃) + 𝜌(𝜆, 𝜃)] 𝑑𝜃
 ,                              (45) 
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where 𝑈(𝜆, 𝜃), is the function of  𝜆 and 𝜃 only, ln 𝐿(𝜓(𝜆, 𝜃)) is the log likelihood and 

𝜌(𝜆, 𝜃) = ln 𝐿[𝜓(𝜆, 𝜃)]. Lindleys method evaluates this form of integral. 
 

9.1 Laplace Approximation 
 
The Laplace method approximate the log-likelihood of the posterior density as a quadratic form 

with mode (𝜃). The method approximates equation (45) using the Taylor’s series expansion 

on 𝜓∗(𝜃).The expansion yielded 

ln[𝐿(𝜓∗(𝜃))] ≈ 𝑏 −
1

2
(𝜃 − 𝜃)

𝑇

𝐻1(𝜃 − 𝜃)                                                     (46) 

𝐿(𝜓∗(𝜃)) , is the likelihood function for density 𝜓∗(𝜃) evaluated at 𝜃, 𝑏 is a   constant and  𝐻1 

is defined as  

𝐻1 = −
𝜕2 ln[𝐿(𝜓∗(𝜃))]

𝜕𝜃2
= −∇2

1 ln[𝐿(𝜓∗(𝜃))]   𝑎𝑡 𝜃 = 𝜃.                                   

The posterior density 𝑓∗(𝜃), is approximated by an un-normalized Gaussian density 

𝜓(𝜃) ≡ 𝜓∗(𝜃)𝑒𝑥𝑝 (−
∇2

2
ln[𝐿(𝜓∗(𝜃))] (𝜃 − 𝜃)

𝑇
(𝜃 − 𝜃)).                                      (47) 

 
The normalizing constant for Gaussian density is approximated using normalizing constant of 
this Gaussian: 

  𝐶 ≡  𝜓∗(𝜃)√
2𝜋

∇2 ln[𝐿(𝑓(𝜃))]
 .                                                                (48) 

 

 9.2    Quasi-Newton Optimization 
 
Quasi-Newton method is one of the ideas in solving non-linear optimization problem. It is like 
the steepest descent that require only the gradient of the objective function that is good enough 
to produce super-linear convergence. It can solve unconstraint, constraint and large scale 
optimization problems. The Quasi-Newton method is performed using the following steps. 
Consider a non-linear objective function   
 

𝜓(𝜃𝜎, 𝜔) = 𝑎𝜃𝜎
𝑟 + 𝑏𝜃𝜎

𝑟−1 + ⋯+ 𝑞 + 𝑢𝜔𝑡 + 𝑣𝜔𝑡−1 + ⋯+ 𝑧                                            (49)  
     

where 𝑎, 𝑏, … ϵ ℝ, and 𝜃𝜎, 𝜔  are variables 
 

Given a starting point   𝜃(0) ∈ domain  ψ for θ = (𝜃𝜎 , ω)  

Compute the Quasi-Newton direction Δ𝜃 = −𝐻𝑘−1
−1 ψ′(𝜃𝑘−1) 

Determine the step size 𝑡𝑘 

Compute 𝜃𝑘 = 𝜃𝑘−1 + 𝑡𝑘ψ
′(𝜃𝑘) 

Compute 𝐻𝑘 
 

Broyden, Fletcher, Goldferb, and Shanno (BFGS) for updating Hessian (𝐇𝒌) 
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BFGS is the popular Quasi-Newton method; it is use for updating the Hessian 𝐻𝑘. Following the 

model of the objective function at the current iterate  𝜃𝑘 , we use the finite difference 
approximation method   

ψ(𝜃𝑘 + ∆𝜃) = ψ(𝜃𝑘) + ∆𝜃𝑘ψ
′(𝜃𝑘) +

∆𝜃𝑘
𝑇

2!
𝐻𝑘∆𝜃𝑘 + ⋯                                      (50) 

 𝐻𝑘 , is a 𝑛 × 𝑛 symmetric positive definite matrix and is revised or updated at every iteration. 

The function value and gradient of this model at ∆𝜃𝑘 = 0  match ψ𝑘 and Δψ𝑘, the minimizer 

∆𝜃𝑘 of this convex quadratic model is written as   Δ𝜃 = −𝐻𝑘−1
−1 ψ′(𝜃𝑘−1) , will be use as search 

direction and new iterate is 

𝜃𝑘+1 = 𝜃𝑘 + 𝑡𝑘ψ
′(𝜃𝑘),                                                                (51) 

where 𝑡𝑘  is the step length, satisfying the Wolfe condition.  

The approximate Hessian 𝐻𝑘 is used in place of the true Hessian and is updated using 

𝐻𝑘 = 𝐻𝑘−1 +
𝑣𝑣𝑇

𝑣𝑇𝑠
−

𝐻𝑘−1𝑠𝑠
𝑇𝐻𝑘−1

𝑠𝑇𝐻𝑘−1𝑠
 ,                                                            (52) 

where  

𝑠 = 𝜃𝑘 − 𝜃𝑘−1, 𝑣 = Δψ(𝜃𝑘) − ψΔ(𝜃𝑘−1)                                                
 

The inverse update is obtain for 𝑣𝑇𝑠 > 0  and strictly convex function ψ  
is given by 

𝐻𝑘
−1 = (𝐼 −

𝑠𝑣𝑇

𝑣𝑇𝑠
)𝐻𝑘−1

−1 (𝐼 −
𝑣𝑇𝑠

𝑣𝑇𝑠
) +

𝑠𝑠𝑇

𝑣𝑇𝑠
.                                                   (53) 

The BFGS update satisfies the secant condition as  𝐻𝑘𝑠 > 𝑣  i.e. 

𝐻𝑘(𝜃𝑘 − 𝜃𝑘−1) =  Δψ(𝜃𝑘) − ψΔ(𝜃𝑘−1) , and 𝜃𝑘+1  is obtain as  

𝜃𝑘+1 = 𝜃𝑘 −
𝜓′(𝜃𝑘)

𝐻𝑘
                                                                            (54) 

𝐻𝑘 =
𝜓′(𝜃𝑘) − 𝜓′(𝜃𝑘−1)

𝜃𝑘 − 𝜃𝑘−1
 .                                                                 (55) 

 

10    Integrated Nested Laplace Approximation (INLA) Method 
 
Numerical approach in Bayesian analysis for Latent Gaussian models is discussed in [11] and 
[15]. This approach makes the Laplace approximations very accurate when applied to Latent 
Gaussian Model (LGM). 
 
Numerical computation of the Latent Gaussian Model 

The posterior density 𝜓(𝑥,𝑤|𝑡) for Gaussian Latent Field  𝑥 and hyperparameters 𝑤 conditional 

on 𝑡 is given by the expression 

𝜓(𝑥,𝑤|𝑡) ∝ 𝜓(𝑤)𝜓(𝑥|𝑤)∏𝜓(𝑡𝑖|𝑥𝑖)

𝑛

𝑖=1

,                                                           (56) 

 

𝜓(𝑥𝑖|𝑡) : The posterior marginal for Latent Gaussian Field for all  𝑖 
𝜓(𝑤𝑖|𝑡): Posterior for the marginal, for hyperparameters, which is not Gaussian. 
 
Numerical computation of posterior marginal 

The posterior marginal for the hyper-parameters, conditionally on time 𝑡 is express as 
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𝜓(𝑤|𝑡) ∝  
𝜓(𝑥, 𝑡, 𝑤)

𝜓(𝑥|𝑡, 𝑤)
.                                                                                    (57) 

 
We locate the mode in log scale and the posterior marginal will be interpolated, and we use the 
Gaussian Approximation to the conditional for the marginal for hyper- parameters  

𝜓(𝑤|𝑡)   ∝   
𝜓(𝑥, 𝑤|𝑡)

𝜓𝐺(𝑥|𝑤, 𝑡)
       𝑎𝑡 𝑥 = 𝑥mode(𝑤).                                     (58) 

 

For the Latent field, the marginal for  𝑥𝑖|𝑡 we do similarly 

𝜓(𝑥𝑖|𝑡) ≈ 𝑁𝑐

𝜓(𝑥, 𝑡|𝑤)

𝜓𝐺(𝑥−𝑖|𝑥𝑖, 𝑡, 𝑤)
   𝑎𝑡  𝑥−𝑖 = 𝑥mode(𝑤, 𝑥𝑖).                    (59) 

 

Taking 𝜓𝐺(𝑥−𝑖|𝑥𝑖, 𝑡, 𝑤) as the Gaussian Approximation which gives us Laplace Approximation 

𝜓(𝑥|𝑡, 𝑤) ∝ 𝑒𝑥𝑝(−
1

2
𝑥𝑇Φ𝑥 + ∑ln 𝐿(𝜓(𝑡𝑖|𝑥𝑖))

𝑛

𝑖=1

)                                                  

𝜓𝐺(𝑥|𝑤, 𝑡) ≈ 𝑒𝑥𝑝 (−
1

2
(𝑥 − 𝜇)𝑇 (Φ + 𝑑𝑖𝑎𝑔(Φ(θ,ϕ))) (𝑥 − 𝜇)).                (60) 

 
Implementing INLA for Bayesian HW-R model 
Consider the linear predictor of a structured additive model  

𝜂 = β0 + β1𝑍1 + ⋯β𝑛𝑍𝑛 + ϕσ + ϵ,                                                     (61) 

where  𝑍’s  are the covariates  
 

β0 = Intercept for the linear predictor model  

β′s  = linear effects of covariates Z (fixed)  

σ = The variable accounting for frailty term in the linear predictor         

ϕ = is the co-efficient for frailty term in the model. 

ϵ = is an unstructured term accounting for unexplained variation in the model 
 

Computing Posterior marginal for 𝛙(𝜽,𝛟|𝛃, 𝒕, ) using   Quasi-Newton method 
 

In computing the posterior marginal for the kernel ψ(𝜃, ϕ|β, 𝑡, ), we first, locate the mode 

for lnψ(𝜃, ϕ|β, 𝑡, ), by optimizing with respect to 𝜃 using Quasi-Newton method which build 

up to an approximation to the second derivative of lnψ(𝜃, ϕ|β, 𝑡, ) using difference between 
successive gradient vectors and the gradient is obtain using finite difference.  
 
The kernel is  

ψ(𝜃, ϕ|β, 𝑡) ∝ 𝜃𝑟−1𝑒𝑥𝑝 {(𝜃 − 1) ∑ φ𝑘 ln 𝑡𝑖

𝑚

𝑘=1

− 𝑡𝑘
𝜃𝑒𝜂 − 𝑎ϕ}                              (62) 

ln ψ(𝜃, ϕ|β, 𝑡, ) = (𝑟 − 1) ln 𝜃 + ∑ φ𝑘(𝜃 − 1) ln 𝑡𝑘 −

𝑚

𝑘=1

𝑡𝑘
𝜃𝑒𝜂 − 𝑎ϕ.                               
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We locate the mode for 𝜃𝑘 and  ϕ𝑘 by using the Quasi-Newton method. The quadratic model 
for the objective function, is given by the second order approximation 

ℳ𝑘(∆𝜃𝑘) = ψ(𝜃𝑘) + ∆𝜃𝑘ψ′(𝜃𝑘) +
∆𝜃𝑘

𝑇

2!
𝐻𝑘∆𝜃𝑘 + ⋯                          (63) 

 where  𝜃 = (𝜃, ϕ̂),   ∆𝜃 = (𝜃 − 𝜃𝑘) and ℳ𝑘(∆𝜃𝑘) is the objective function. 

  
Using finite difference, the Hessian is obtain using the formula 
 

𝐻𝑘(𝜃) =

(
𝜕 lnψ(𝜃𝑘 , ϕ|β, 𝑡, )

𝜕𝜃𝑘

−
𝜕 lnψ(𝜃𝑘−1, ϕ|β, 𝑡, )

𝜕𝜃𝑘−1

)

𝜃𝑘 − 𝜃𝑘−1
 .                                     (64) 

 
 

For  𝜃𝑘 

𝜕 lnψ(𝜃𝑘 , ϕ|β, 𝑡, )

𝜕𝜃𝑘

=
𝑟 − 1

𝜃𝑘

+ ∑ φ𝑘 ln 𝑡𝑘 −

𝑚

𝑘=1

𝑡𝑘
𝜃̂𝑘 ln 𝑡𝑘 𝑒𝜂 .                              (65) 

For  𝜃𝑘−1 

𝜕 lnψ(𝜃𝑘−1, ϕ|β, 𝑡, )

𝜕𝜃𝑘−1

=
𝑟 − 1

𝜃𝑘−1

+ ∑ φ𝑘 ln 𝑡𝑘 −

𝑚

𝑘=1

𝑡𝑘
𝜃̂𝑘−1 ln 𝑡𝑘 𝑒𝜂 .                        (66) 

 
Using this we compute the Hessian for the objective function to be 
 

𝐻𝑘 =

{𝑟 − 1 (
1

𝜃𝑘

−
1

𝜃𝑘−1

) − 𝑒𝜂 (𝑡𝑘
𝜃̂𝑘 ln 𝑡𝑘 + 𝑡𝑘

𝜃̂𝑘−1 ln 𝑡𝑘)}

𝜃𝑘 − 𝜃𝑘−1

.                                    (67) 

 

The value of 𝜃𝑘 can be iterated to get new value for  𝜃𝑘+1 using  
 

𝜃𝑘+1 = 𝜃𝑘 − {(
𝜕 lnψ(𝜃𝑘, ϕ|β, 𝑡, )

𝜕𝜃𝑘

) 𝐻𝑘⁄ },                                              (68)  

 

𝜃𝑘+1 = 𝜃𝑘 −

𝑟 − 1

𝜃𝑘

+ ∑ φ𝑘 ln 𝑡𝑘 −𝑚
𝑘=1 𝑡𝑘

𝜃̂𝑘 ln 𝑡𝑘 𝑒𝜂

{

𝑟 − 1 (
1

𝜃𝑘

−
1

𝜃𝑘−1

) − 𝑒𝜂 (𝑡𝑘
𝜃̂𝑘 ln 𝑡𝑘 + 𝑡𝑘

𝜃̂𝑘−1 ln 𝑡𝑘)

𝜃𝑘 − 𝜃𝑘−1

}

.                                   (69)  

 

We routinely get new values of Hessian and compute new values for 𝜃 .Finally; we construct an 
interpolant and compute the marginal using numerical integration from this interpolant. We 

standardize values by converting 𝜃  using 

𝜃(𝑧) = 𝜃 + 𝐴 𝜆
1
2 Ζ,                                                                            (70) 

where  𝜆
1

2 , 𝐴 are obtained from Eigen decomposition of inverse Hessian obtained from the 

finite difference approximation and  Ζ~N(𝟎, 𝐈) which corrects for scale and rotation. 
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Computing posterior marginal for latent variables 𝛙(𝒙𝒊|𝒕) 

We use numerical integration to obtain the posterior marginal for 𝑥𝑖  

ψ(𝑥𝑘|𝑡) = ∑ψ(𝑥𝑘|𝜃𝑘 , 𝑡)

𝑖𝜖𝑡

ψ(𝜃𝑘|𝑡)Δ𝑘 ,                                                           (71) 

 

which is the sum over the values of 𝜃𝑘 with area weight Δ𝑘, we then use laplace approximation 

to provide the accurate approximation using the set of weighted points {𝜃𝑘} to be use in the 

integration. 
 
 
 

11 Assessing Model Performance 
11.1 Deviance Information Criterion 
The models, will be assessed using the deviance Information Criterion (DIC), the DIC is given 
by the expression 

𝐷(𝜃) = −2𝐿𝑛ℒ(𝜃) + 𝒞,                                                         (72) 

𝜃  is the vector of unknown parameters of the model, ℒ(𝜃) is the likelihood function of the 

model and  𝒞 is a constant that does not need to be known.  The DIC define by [17] is well 
applied in the Bayesian model comparison, it has the form 

      DIC = 𝒟(𝜃) + 2𝓃𝒟,                                                            (73) 

 

where 𝒟(𝜃), is the deviance evaluated at the posterior mean and 𝓃𝒟 is the effective number of 

parameter for the model. 
 

11.2      Kulback Leibler Divergence (KLD) 
 

Kullback and Leibler introduce another information measure aside the Bayesian information and 
Akaike Information criterion to assess the distance between the true and approximated Bayesian 

posterior distribution. Let 𝑓(𝜃|𝑦)  be the posterior density for the true model and 𝑔(𝜃|𝑦) be the 
probability density for the approximated model on the measurable space. The Kullback Leibler 
Divergence, is defined by the relation 

𝐼(𝜓, 𝑔) = 𝐸 [
𝜓(𝜃|𝑦)

𝑔(𝜃|𝑦
] = ∫ log [

𝜓(𝜃|𝑦)

𝑔(𝜃|𝑦
]𝜓(𝜃|𝑦)𝑑𝑦 ,                                       (74) 

 

𝐼(𝜓, 𝑔)  is non-negative and it reach 0 when 𝜓(𝜃|𝑦) is the same as 𝑔(𝜃|𝑦) almost surely, and is 

interpreted as information lost when 𝑔(𝜃|𝑦) is used to approximate 𝜓(𝜃|𝑦). The smaller values 

of  𝐼(𝜓, 𝑔) we consider the model 𝑔 to be closer to the true distribution 𝜓(𝜃|𝑦) 
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12   Results 
 
 

                                        
                                Figure 1a: Density Plot for Weibull distribution with Scale 𝜆 = 2  and       

                                                  Shape Parameter  𝜃 = 2 , Scale  𝜆 = 3 and shape  𝜃 = 3 
 

                               
                              Figure 1b: Density Plot for Weibull distribution with Scale parameter 

                                           𝜆 = 1,  𝜆 = 2.5 with shape parameter 𝜃 = 2 
 
 

                      
         Figure 2: Density plot for Jeffrey’s prior for shape parameter 𝜃 in the close interval [ 0, 1] 
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                                        Specification for the drug precision ϕ  

Variables Mean S.E 0.025 Quant 0.5Quant 0.975 Quant Mode 

β0        -4.6920 0.4306 -5.5479 -4.6881 -3.8584 -4.6754 

β(Sex) 0.0093 0.1247 -0.2350 0.0091 0.2546 0.0087 

β(Age) -0.0039 0.0063 -0.0165 -0.0039 0.0083 -0.0037 

  β(Wght) 0.0081 0.0052 -0.0020 0.0081 0.0182 0.0081 

   θ(Shape) 2.52 0.1272 2.277 2.518 2.777 2.515 

                 

     Table 1: INLA estimate for Bayesian HW-R using Jeffreys prior, 𝜓ℐ(𝜃) = 0.9 and no prior            
 
 

                    

Table 2: INLA estimate for Bayesian HW-R using Jeffreys prior, 𝜓ℐ(𝜃) = 0.001 with Gamma     

                                  (1, 0.001) prior specification for the drug precision ϕ   
 
 

      

                   Table 3: INLA estimate for Bayesian HW-R with no prior specification for θ.   
                     
 
 

 

Table 4: INLA estimate for Bayesian HW-R using Jeffrey’s prior Jeffrey’s prior 𝜓ℐ(𝜃) = 80    
              with Gamma (1, 0.001) prior specification for the drug precision  ϕ.  

Variables Mean S.E 0.025 Quant 0.5Quant 0.975 Quant Mode 

β0        -4.6815 0.4304 -5.5372 -4.6776 -3.8482 -4.6696 

β(Sex) 0.0095 0.1247 -0.2348 0.0092 0.2548 0.0088 

β(Age) -0.0039 0.0063 -0.0165 -0.0038 0.0084 -0.0037 

  β(Wght) 0.0081 0.0052 -0.0020 0.0081 0.0182 0.0081 

   θ(Shape) 2.512 0.1272 2.271 2.512 2.771 2.509 

Variables Mean S.E 0.025 Quant 0.5Quant 0.975 Quant Mode 

β0        -4.9686 0.4339 -5.8309 -4.9647 -4.1285 -4.9567 

β(Sex) 0.0061 0.1247 -0.2382 0.0059 0.2514 0.0054 

β(Age) -0.0042 0.0063 -0.0168 -0.0042 0.0080 -0.0041 

  β(Wght)  0.0085 0.0052 -0.0017 0.0085 0.0186 0.0084 

   θ(Shape)   2.673 0.1273       2.425    2.671       2.934 2.668 

Variables Mean S.E 0.025 Quant 0.5Quant 0.975 Quant Mode 

β0        -5.5796 0.4429 -6.4593 -5.5758 -4.7217 -5.5681 

β(Sex) -0.0029 0.1248 -0.2472 -0.0031 0.2426 -0.0035 

β(Age) -0.0049 0.0063 -0.0175 -0.0048 0.0074 -0.0047 

  β(Wght) 0.0092 0.0052 -0.0010 0.0092 0.0194 0.0092 

   θ(Shape) 3.007 0.1334 2.752 3.005 3.276 3.001 
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Table 5: Hyper-Parameter (Random effect component) for drug  precsion ϕ , using  
             Gamma (1, 0.001) Prior for Model I, II, IV and No prior for Model III. 
 
 
                

 
Model 

Marginal 
Log-likelihood 

 
DIC 

 
Rank 

 
KLD 

I -642.38 1122.23 3 0 
II -652.98 1122.72 4 0 
III -596.55 1116.17 2 0 
IV -576.73 1111.35 1 0 

                   KLD: Kullback Leibler Divergence        DIC: Deviance Information Criterion 
 
Table 6:  Assessing Model performance using the Deviance Information Criterion, Marginal  
               Log- likelihood and Kulback Leibler Divergence 
 
 
 

13      Summary and Conclusion 
 
The study proposed a Bayesian HW-R model using Jeffreys prior on random censored data. The 
model was tested using data for recovery times of patients tested positive of malaria and where 
administered drugs. The study, also determine the posterior density for the proposed model and 
established a new method for obtaining Jeffreys prior for random censored data. Also, modify 
the work of Alomari [6] and obtain the Jeffreys prior for shape parameter since the scale 
parameter is an exponential function of the predictors, which was thus, incorporated forming a 
structured additive model for the linear predictor through log link function.  
 
       The predictor’s influence the recovery time only through the predictor. The model used is 

termed the Latent Gaussian Model. Consider the result in Table1,  𝜓ℐ(𝜃) = 0.9, the posterior 

mean with this prior yield an estimate of  𝜃 = 2.52, also the result in table 2 for prior  𝜓ℐ(𝜃) =
0.001, has posterior mean of  𝜃 = 2.514. The prior in table 1 is higher than the prior in table 2 

as such the posterior estimate for 𝜃 was influenced by the choice of 𝜃 in the 𝜃-coordinate. When 
the prior is non-informative, the likelihood takes part in maximizing the posterior density. Table 

3 has no prior specification for the shape parameter 𝜃 , the estimated value is 𝜃 = 2.673. It is 

clear that the prior in table 2 decreases the posterior estimate from 2.673 to 2.52 for 𝜓ℐ(𝜃) =
0.9 and 2.514 for 𝜓ℐ(𝜃) = 0.001, but the distribution is Rayleigh for value of 𝜃 within the 
range of 2, the estimate without prior specification uses only the data at hand that’s why the 

estimate is 2.673. Table 4 is exceptional because when we specified the prior to be high in 𝜃- 

coordinate, 𝜓ℐ(𝜃) = 80, the posterior for 𝜃 increases suddenly to the peak with posterior 

Variables Mean S.E 0.025 
Quant 

0.5Quant 0.975 Quant Mode 

I 18643.4 1.842E+04 1282.9 13233.4 67312.8 3490.4 
II 976.60 938.94 75.43 705.00 3563.90 211.35 
III 18691.46 1.846E+04 1286.54 13258.45 67506.76 3500.54 

IV 992.14 957.67 77.717 714.82 3529.05 217.49 
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estimate 𝜃 = 3.007 which approximately changed the density to normal, while the other three 
follows the Rayleigh density as shown in fig1 and fig1.b.  
 

      When the value for  𝜓ℐ(𝜃) in 𝜃-coordinate increases, the posterior estimate for 𝜃 increases 

and change the shape of the distribution. For prior density  𝜓ℐ(𝜃) with censoring, the posterior 

density attains normality with increase in prior for shape parameter 𝜃 in 𝜃-Space. The 
assessment of covariate effect with normal prior shows small ignorable differences in the 
parameter for table 1 and 2. Table 4 shows a very large difference because of high prior 

updating. In addition, the random component of the predictor, 𝜂 of the structured additive class 

of Latent Gaussian Model assumes gamma (1, 0.001) prior. The posterior for drug precision 𝜙 in 
model I and III is not large and model II and IV shows no large difference in estimating the drug 
precision estimate. Finally, assessing model performance, the Jeffreys prior with increase in 

𝜓ℐ(𝜃) in 𝜃-space increases the posterior estimate for 𝜃. Performance evaluation was done using 
the deviance Information Criterion (DIC) and Kullback Leibler Divergence (KLD). Using this 
two approaches model IV is the best with minimum DIC and KLD shows that the posterior 
density converges to the true density with KLD=0. 
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