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On the reproduction number of a model for the
transmission dynamics of Malaria and Pneumonia
co-infection with mass action incidence
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Abstract

Pneumonia and malaria are two of the world’s most lethal diseases. The geographic
overlap of these diseases in Sub-Saharan Africa facilitates co-infection. The effect of the basic
reproduction number on the transmission dynamics of malaria and pneumonia co-infection
is investigated in this study. The co-infection model for malaria and pneumonia revealed
that there is a relationship between the reproduction number for malaria and pneumonia.
The study also discovered that pneumonia disease can aggravate malaria in the population.
Considering the global stability of the model, the disease free equilibrium (DFE) account for
co-infected persons must be less than unity to ensure global stability of the model.

Keywords: malaria; malaria-pneumonia; disease-free equilibrium; global stability; basic repro-
duction number; pneumonia

1 Introduction

Mathematical models of infectious diseases allow us to deduce the state and progression of an
outbreak based on the information available. Although the burden of infectious diseases has
surpassed the burden of chronic diseases and psychiatric illnesses in many countries, infectious
diseases and health conditions continue to cause morbidity and mortality in many countries and
communities. Malaria, measles, hepatitis B, cholera, and pneumonia epidemics are characterized
in Sub-Saharan Africa owing to poor hygiene, sanitation, malnutrition, and perinatal conditions,
with poverty being the most visible feature of disease spread in the region [20, 18, 17].

Malaria is a febrile illness caused by Plasmodium parasites that are transmitted to humans
through mosquito bites from infected female Anopheles mosquitoes [3]. Human malaria is caused
by five parasitic species, of which Plasmodium falciparum is the deadliest and most common on
the African continent. According to the most recent WHO report, approximately 241 million
cases of malaria were recorded in 2020, a 24 percent increase over the previous year, resulting
in a 35 percent increase in deaths compared to the previous year [24].

Pneumonia is the leading cause of respiratory morbidity in over two million children under
the age of five. It’s a lung infection brought on by bacteria, viruses, fungi, or other pathogens
[10]. Streptococcus pneumoniae, also known as pneumococcus, is the most common cause.
Pneumococcus spreads through micro aspiration of oropharyngeal organisms and inhalation of
aerosols. Children become severely ill with high fevers and rapid breathing. Infants usually
suffer from convulsions, unconsciousness, hypothermia, lethargy, and feeding problems [10, 12,
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21]. Fungal pneumonia is uncommon, but it can occur in people who have weakened immune
systems due to AIDS, immuno-suppressive drugs, or other medical issues [7]. Infections caused
by parasites typically enter the body through the skin or mouth and travel through the body
to the lungs, usually through the blood [23]. Some people are more susceptible to pneumonia
than others. Infection is especially dangerous for people over the age of 65, infants, and children
under the age of five [6]. People with weakened immune systems are more likely to become
infected with cytomegalovirus (CMV) [8].

Pneumonia and malaria are two of the world’s most lethal diseases. In Sub-Saharan Africa,
the geographic overlap of these diseases facilitates co-infection. Oluyo and Adeniyi [15] showed
the consequences of co-infection of pneumonia and malaria parasites and that their combination
leads to worse outcomes, posing a major public health concern.

1.1 Related works

Lawi et al. [11] presented and analyzed a deterministic model of malaria and pneumonia dy-
namics. The findings revealed that increasing the treatment rate leads to a reduction in new
disease incidences. Due to increased mobility, a decrease in pneumonia cases would result in
an increase in malaria cases. A study by Niger and Gumel [13] examined the role of repeated
exposure on the transmission dynamics of malaria in a human population using a determin-
istic model. The study revealed that when the associated reproduction threshold is less than
unity, a stable disease-free equilibrium coexists with a stable endemic equilibrium. According
to a thorough qualitative analysis of the model, which includes three immunity stages and the
absence of reinfection, it was shown that when the reproduction threshold exceeds unity, mass
action incidence has a globally asymptotically stable endemic equilibrium. Olaniyi and Ob-
abiyi [16] developed a model considering the transmission of Plasmodium falciparum malaria
between humans and mosquitoes using a seven-dimensional ordinary differential equation with
non-linear forces of infection in the form of saturated incidence rates. It was shown that anti-
bodies were produced in both human and mosquito populations in response to the presence of
parasite-causing malaria. Consequentially, humans must increase their antibody production in
order to combat parasite invasion in the bloodstream. Also, an individual’s immunity state, that
is, the infected person’s general health and nutritional status, is a factor in preventing or aiding
the occurrence of malaria. Under different levels of sanitation strategy, a deterministic math-
ematical model for malaria was considered in [19]. According to the study,the results revealed
that the malaria model has a backward bifurcation, implying that malaria eradication requires
more than just lowering Rm < 1, and that other factors such as sanitation must be considered
and maintained, better sanitation reduces the number of mosquito bites and the rate of malaria
transmission. Oluyo and Adeniyi [15] conducted a study on a thorough mathematical analysis of
the malaria-pneumonia co-infection model. The local and global stabilities of the malaria only,
pneumonia only, and full malaria-pneumonia models were investigated. Their result showed that
the malaria only model exhibits a backward bifurcation, implying that malaria will be cleared
from the population if a critical threshold is met, while the pneumonia only model reveals that
pneumonia disease is cleared from the population if a critical threshold is met. Using a nonlinear
mathematical model,[14] proposed and analyzed the transmission dynamics of malaria disease
in a population, the model was qualitatively evaluated to incorporate time-dependent variable
controls, with the goal of reducing the spread of malaria disease.

This paper is organized as follows; the section 2 entails the mathematical formulation of the
malaria and pneumonia co-infection model. In Section 3, the mathematical analysis of the model
which is sub sectioned into section 3.1 as the feasible region and well-posedness of the model,
section 3.2, the equilibrium analysis of the model, the basic reproduction number of the model
was shown in section 3.3,the stability analysis of the malaria and pneumonia co-infection was
shown in section 3.4. Section 4, present numerical simulation, discussion of result and concluding
remarks are presented in Section 5.
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2 Mathematical formulation

The development of the malaria and pneumonia co-infection model in the host(human) and
vector(mosquito) populations starts with dividing the total human-mosquito population into
two distinct compartments written as Np,(t) and N,,(t), representing the total population sizes
for humans and mosquitoes at a given time t, respectively. Consequently, within the scope of
this discussion from this point on,the use of the time t dependency is suppressed. Following
the modification of the work of Lawi et al [11], Oluyo and Adeniyi [15] studied a mathematical
model on the co-infection of malaria and pneumonia with mass action incidence. In this study,
the human population will be decomposed further into the following seven epidemiological com-
partments namely: susceptible humans S}, exposed humans to malaria Ej, exposed humans
to pneumonia £, exposed humans to both malaria and pneumonia Ej,, infected humans with
malaria [j, infected humans with malaria I, infected humans with pneumonia I, and infected
humans with both malaria and pneumonia Iy, such that Ny, = Sp, + Ej, + E), + Epp + 1y + 1, + Iy,
For clarity of exposition, the states variables are identified with their corresponding class. For
example, taking into consideration human from the class E}, it is considered that Ej, is a func-
tion and not a class. In general, the vector population is sub-divided the population into three
classes: susceptible mosquito S, exposed mosquito E,, and infected mosquito I,,,. Thus, the
total mosquito population is N,,, = Sy, + Eny + L.

According to Filipe et al [9], the rate of infection between human and mosquito populations
depend on many factors such as biting rate of the mosquito « (i.e. the number of bites per
mosquito) and the transmission rate (3,,,. The force of malaria infection for humans (i.e. from
mosquitoes to humans)is defined as the product of the average number of bites per human « and
the transmission rate 3,,; from a mosquito in the I, class to a susceptible humans in S}, class i.e.,

A = aBmndm. (1)

Similarly, the force of infection for mosquitoes (i.e. from human to mosquito) is given as

)\m = CVﬂhm([h + 5Ihp)a (2)

where f3,,,, is the transmission rate from an infected human in the I, or I, class to a susceptible
mosquito in S;, class with § defined as a modification parameter that accounts for the infec-
tiousness of co-infected individuals in comparison to their counterparts, such that 0 < § < 1.
Force of infection for pneumonia denoted by A, is defined as the contact rate per human C,
the transmission rate of pneumonia from a human in I, or Iy, class to a susceptible human in
Spclass i.e.

)‘P = ﬁhmc(lp + gIhp)v (3)

where g denote the modification parameter for the co-infected individual’s relative infectiousness
in comparison to their counterparts such that 0 < g < 1.

From these assumptions a flow diagram is drawn which is summarized using a system of
nonlinear ordinary differential equations as follows:
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Fm Hm Hm

Figure 1: Model flow diagram
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S;1 = Ay — AnSh — A\pSh — unSh + T By + mp By + mhp By 4+ mpdy + mplp + Thplhgp,

E, = M\Sh — AoE,

I, = knEy, — 9N\ Iy, — Ay,

E, = X\pSh — A2 B,

I, = kyEp — eI, — Az,

By, = 9ApIn + eXnly — AsEpy, (4)
Ly = knpEnp — AsInp,

S = Am — AmSm — tmSm,

/

E. = AnSm — AgEm,
I;n(t) =knEpy — Mmlm,

T
(ShOaEh()aIhOaEp07IpOaEhpOajhp07Sm07Em0>Im0) ;

where Ay = (ky + 7 + pn), AL = (on + 7 + pn), Az = (kp + 7, 4+ pp), Az = (0p + 7p + pin),
Ay = (khp + Thp + Mh)a As = (Uhp + Thp + /‘h)v Ag = (km + Hm)-

For convenience, the model parameter descriptions is shown in Table 1 . Further, the fol-
lowing assumptions are made:

()
(i)

40

The model’s parameters are all strictly positive.

This model assumes that all individuals in the population are equally likely to become
infected if they come into effective contact with an infectious individual or infectious
mosquito, and that infection transmission occurs at a mass action incidence rate.

It is assumed that an infected individual will recover with no permanent immunity and
revert to the susceptible class.

Since birth, immigration, emigration, and death occur in the population, it is assumed
that human populations are not constant.

Individuals exposed to malaria as well as those exposed to pneumonia have a less than one
in a million chance of survival until the infectious state.

The chance of a mosquito exposed to malaria surviving until the infectious state is less
than or equal to one.

The exposed class of human and mosquito in the population is therefore included as a
result of assumptions (v) and (vi) above.
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Variable and Parameter Descriptions

Sy | Susceptible class of human population to malaria

FE5, | Human population exposed to malaria

Iy Human population infectious with malaria

E, | Human population exposed to pneumonia

I, Human population infectious with pneumonia

E}, | Human population exposed to both malaria and pneumonia

Iy, | Human population that is infectious with malaria and Pneumonia

S | Susceptible class of vector population to malaria

E,, | Vector population exposed to malaria

I, | Infectious class of the vector population

A | Constant per capita recruitment rate into susceptible human population

A, | Constant per capita recruitment rate into susceptible vector population

ur | Natural death rate of human population

tm | Natural death rate of vector population

0 Modification parameter according to the increased susceptibility to infection with Pneumonia

op | Malaria induced mortality rate

op Pneumonia induced mortality rate

opp | Malaria and pneumonia induced mortality rate

€ The expected decrease in contact due to ill health as a result of pneumonia disease; 0 < e < 1

mp, | Rate of recovery from malaria to the susceptible class

Tp Rate of recovery from pneumonia to the susceptible class

mhp | Rate of recovery from malaria and pneumonia to the susceptible class

Ah Force of malaria infection for humans

Am | Force of infection for mosquitoes

Ap Transmission rate for pneumonia

kn, The per capita rate of progression of humans from the exposed class Ej to the infectious class Ij,.
kp The per capita rate of progression of humans from the exposed class F, to the infectious class I,,.
knp | The per capita rate of progression of humans from the exposed class Ej, to the infectious class I,,.
k. | The per capita rate of progression of mosquitoes from the exposed class E,, to the infectious class I,,.

Table 1: Parameter description
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3 Mathematical analysis of the model

3.1 Feasible Region and Well-posedness of the Model

In this section, the feasibility and well-posedness of the model are studied using the approach
in [2].
Suppose system (4) can be rewritten compactly as

X'(t) = o(X(0)), )
X(0) = Xo.

It is assumed that ¢ € C' provides sufficient conditions to ensure that system (5) is well-posed;
however, because the concern is with the model’s stability near equilibrium points, additional
assumptions on ¢ are required in order to invoke a variation of the centre manifold theorem,
which was proven by Castillo-Chavez, 2004 [4] ] . Consequently, it is assumed that ¢ is twice con-
tinuously differentiable i.e. ¢ € C2 c C'. In addition, the functions under investigation should
have a bounded first derivative C;3 (?R}FO) for system (5) to be feasible in an epidemiological
sense.

Theorem 3.1 (Feasible region of the model)
T
Suppose (Sh, Ew, In, Ep, Iy, Enp, Inp, Smy Em, Im) with initial data X (0) > 0, then, the solutions

x of the malaria and pneumonia model (5) will remain non-negative for all time t > 0. Further,
define the following region of attraction 'y, given by

Chm = {:c € CgN Cﬁ(%&o) :Th x I'yy CRT. x %i},
where I}, = {(S}“Eh,Ih7Ep,Ip;Ehpgjhp75m7Em7Im> : ShtEn+In+Ep+Ip+Epp+1Inp < %}7

attracts all solution initiating in the interior positive invariant.

The proof of Theorem 1 follows from [15].

3.2 Equilibrium analysis of the model

The feasibility of all equilibrium points of the model (4) are considered in this section. The
equilibrium points of system (4) are solutions of the dynamical system (4) obtained by equating
the first derivative of all system variables to zero. In particular, for the malaria and pneumonia
model in (4), the following feasible steady states are obtained:

(i) Malaria and pneumonia free equilibrium (M PFE) denoted by &, this represent the
solutions of the dynamical variable of system (4) corresponding to the case where there is
no presence of both malaria and pneumonia diseases in the population. The (M PFE), &
is feasible if the associated basic reproduction number for malaria and pneumonia diseases
denoted by Rj, and R, respectively are both less than unity or otherwise. Thus,

A A
50: (la()?O?O?OaOaOv ma070>a (6)
1n 7

m

_ _ aBmnknAn _ aBrmkmAm _ ApkpBpC :
where Ry, = VERpRm, Ry = Ao A R, = A and R, = D Ay A respectively.

The co-infection reproduction number denoted by R, is defined to be

R. = max{Rpm, Rp}. (7)

A detailed insight and explanation on the basic reproduction number is considered in
section 3.3.
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(i) Malaria free endemic equilibrium (M FEFE) written as . (M FEE), & depicts the
solution of (4) corresponding to the case where there is absence of malaria disease but
there is presence of pneumonia disease in the population. This scenario is feasible if the
basic reproduction for pneumonia infection R, is greater than unity. Then,

A
51 = <Sh170707Ep1aIp1707077m7070)' (8)
Hm

(ili) Pneumonia free endemic equilibrium (PFEFE) denoted by &, is a situation in the
population representing the absence of pneumonia but persistence of malaria disease. This
equilibrium is feasible if Ry, > 1. Thus,

&= (Sh2 En2s 112,0,0,0,0, Sz, B, I ) (9)

(iv) Malaria and Pneumonia endemic equilibrium (M PEFE) written as £* is a scenario
where both malaria and pneumonia diseases persist in the population. £* is feasible if both
Rpm > 1 and R, > 1. We define

& = (S0 B i By 1 B L St B ) (10)

Remark 3.1 The detailed calculations on how the equilibrium points in (6), (8), (9), and (10)
were derived are provided in Appendix A.

3.3 The basic reproduction number

The basic reproduction number Ry, and R, are important dimensionless threshold in epidemi-
ology. They are used to predict whether a disease goes to extinction or persist in the affected
population. According to [5], the term basic reproduction number, R}, is defined as the average
number of secondary infections produced by a typical single infection in a completely susceptible
population. Particularly, if Ry, > 1 (or Ry, < 1), it means that on average, an infected hu-
man(mosquito) will produce more than (or less than) one secondary infected mosquito (human)
during the whole infectious period in an entirely susceptible population and thus the disease
will persist (or die out) in the population, respectively. Ry and R, represent the dynamics of
the model when only malaria disease is transmitted in the population through cross-infection
of humans and mosquitoes in the absence of no control, while R, captures the dynamics of the
model when only pneumonia disease is transmitted in the population through contact between
a susceptible and infected individual when no control is available. R, describe the co-infection
dynamics of the model when malaria and pneumonia are transmitted among people in the pop-
ulation. The basic reproduction number Ry can be obtained by applying the next generation
matrix technique [5, 25] and implemented in [1, 14].The derivation of the basic reproduction
numbers Rj,, and R, are shown in the Appendix.

A deep insight is sought to understand the qualitative information embedded in the basic
reproduction number. The basic reproduction numbers Ry, and R, is decomposed further to
obtain information that are epidemiologically meaningful. From epidemiological point of view,
it is of interest to have Ry, and R, below unity. R}, is decomposed to give

_ & ﬂmh kh km ﬁhfm Ai'm
Rhm_a\/uh\/< \/ \/ pm \

O'h+7rh+uh> (kh+7rh+ﬂh> (krrL"l‘MrrL)

6
Bpm=a[VQi . i=12.6. (11)
i=1
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Similarly,
_ M k B
Rp — Cuh P p ,

(kp+7fh+uh) <0p+7rh+uh>

3
R,=C[J¢ , i=123. (12)
j=1

The first factor of Eqn. 11, «, the biting rates of the anopheles mosquitoes. This is usually
less than unity because the anopheles mosquito normally spread less than 100 sporozoites per
bite [22].The size of each of the other factors in Eqn. 11 is analyzed as follows:

(i) The term @ = A—Z refers to the ratio of the human recruitment rate to the natural death
rate of humans. In normal settings, the human recruitment rate rank high than the natural
death rate of humans on the sensitivity order of many epidemic models documented in the
literature.

(ii) The term Qo = ——Bmh _ i5 the ratio of the transmission probability of the mosquito-
Oh+Th+Hh

to-human to the reciprocal of the sum of the malaria-induced death rate, recovery rate and
natural death rate of humans. This quantity is always greater than zero monotonically
decreasing with respect to the malaria induced death in humans plus the recovery rate
and the natural death in humans. This is true if the probability of infection is less than
unity while the term in the denominator of ()5 increases. However, because increasing oy,
and pyp, is not practical in a real scenario, this particular term Q2 provide no control over
Rppm.

(iii) The term Q3 = ——"— is the reciprocal of the host (human) progression rate to
kn+mh+un
malaria infected class divided by itself and the sum of human recovery 7, and the death
rates, pp. The upper bound of this term is one and is monotonically decreasing with respect
to the sum of the human recovery 7, and mortality rates, up. This fact is consistent if
there are few humans exposed to the parasites to invade, then fewer malaria infections will
arise. Since increasing iy, is not realistic, ()3 does not offer any control over Rp,,.

(iv) The term Q4 = ——km__ depicts the reciprocal of the vector latent period ky, divided by
km+ﬂm
itself plus the vector death rate, p,,. Asin @3, the quantity Q)4 is bounded above, always
less than unity and monotonically decreases with respect to the mosquito death rate fi,.
Hence, the higher the mosquito mortality rate, the smaller Q4. Thus, Q4 will offer realistic
control over Ry, if the fatality rate of the mosquitoes can be increased.

(v) The term Q5 = Buh—m is the ratio of the transmission probabilities of human-to-mosquito
to the mosquito natural death rate. Since the mosquito natural death rate u,, is always
smaller compared to the transmission probability of malaria from infected human to a
susceptible mosquito, then Q5 is always greater than unity, hence this term will increase
Rpm.

(vi) Qg is the ratio of the mosquito recruitment rate to mosquito mortality rate f,,. From
other studies, A, > pm, thus Qg will have a positive effect on Rpy,.

R, is decomposed and analyzed as follows:
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The parameter C', the contact rate between susceptible humans and infected human with
pneumonia. This is normally less than unity from literature. The other factors are considered

as follows:
(i) ¢ is the same as )1, hence the result follows.

(ii) g2 is the term ¢ = S — representing the reciprocal of the human progression
kpt+mp+pn

rate to pneumonia infected class divided by itself and the sum of human recovery from
pneumonia 7, and the human natural death rate py. Clearly, 1 is the upper bound of
g2 and is monotonically decreasing with respect to the sum of the human recovery rate
from pneumonia and the fatality rate pp. Indeed, this is the case when there are few
humans exposed to the bacteria invasion which may lead to few pneumonia infections
cases. Further, since increasing up is not practical in a real life situation, ¢o control over
R, is insignificant.

(iii) qgﬁip refer to the ratio of the pneumonia transmission probability to the reciprocal
Op+Tptin
of the sum of the pneumonia induced deaths in humans, pneumonia recovery rate and
natural death rate of humans. As in the case of Q2, q3 is always greater than zero and
monotonically decreasing with respect to the pneumonia-induced and natural death rates
in humans. This is the case whenever the probability of pneumonia infection is less than
unity while the reciprocal of g3 has no significant control on R,.

By combining Eqns. (3.7) and (3.8), it can be shown that the basic reproduction number
for malaria infection, Rp,, and pneumonia infection, R, is related by

Rim = Q*\/R,, (13)

*x _  [a2Q2Q3Q4Q5Q6
where Q* = 4/ Conds .

0037

o
=]
[

Malara Reproductionmimber, Ry, '
L=1
(=1
R

0 02 04 06 08 1
‘Preumonia Reproduction nion ber, Rp'

Figure 2: The graph of the Malaria Reproduction number Ry, against Pneumonia Reproduction

number R,

It can be seen from Figure 2 that increase in the basic reproduction number for pneumonia,
R, will increase the basic reproduction number for malaria. This implies that increase in pneu-
monia can induce malaria. In Figure 3, the contour plot showing the relationship between Ry,
and R, is shown.
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Figure 3: Contour plot of the malaria and pneumonia co-infection

Eqn. (3.7) is re-emphasized on as follows: First, if the biting rate of the mosquitoes o = 0,
it follows that Rp,, = 0 as the quantity totally nullify Rp,, which give rise to the following
epidemiological scenario:

1. Humans are not bitten by mosquitoes and
2. Mosquitoes are not transmitting the disease

Further, suppose the transmission probability from human-to-mosquito By, is equal to zero,
then Ry, is zero meaning that infected humans are not transmitting the malaria disease to
susceptible mosquitoes. However, if certain quantities such as the death rate of the vector, p,
and human death rate pj are zero then Ry, is undefined. Realistically, up and p,, cannot be
zero because all mosquitoes and humans experience death at a stage in their life cycle. The
study on control strategies will form the foundation of a separate research.

3.4 Stability analysis of the model

In the following section, the local asymptotic stability (LAS) of &, & and & is computed
through the following theorem:

Theorem 3.2 Consider the model system (2.4), then the following holds:

(i) The malaria and pneumonia free equilibrium, &g is feasible and locally asymptotically stable
if Rpym <1 and R, <1 otherwise unstable.

(ii) The malaria-free endemic equilibrium, & is feasible and locally asymptotically stable if
R, > 1.

(iii) The pneumonia-free endemic equilibrium, &y is feasible and locally asymptotically stable if
Ry > 1.

The proof to Theorem 3.2 is given in Appendix A.
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Parameter | Values Source

Ay, 0.071 [15]

A 0.00011 [15]

LA 0.04 [15]

L 0.0000457 | [15]

9 0.5 [15]

Op, Oh 0.01 [15]

Thp 0.1 [15]

€ 0.1 Estimated
Tp T 0.1 [15]

knp.kp 0.5 [15]

Q,T,T 0.5 Estimated

Table 2: Parameter values

3.5 Global stability analysis of the Malaria and Pneumonia co-infection free
equilibrium, &,

Theorem 2 (i) suggest that the malaria and pneumonia co-infection free equilibrium &y is locally
asymptotically stable if Ry, and R,holds, however, this does not capture the co-infection sce-
nario in details. It is therefore important to consider the global asymptotic stability (GAS). To
do this, the global asymptotic stability analysis is motivated through the following theorem:

Theorem 3.3 The malaria and pneumonia co-infection free equilibrium &y is globally asymp-
totically stable if & is locally asymptotically stable and Ry, < 1, where R,,, is the co-infection
threshold defined as

Ry = 4% (AsgRy + A15).
The proof of Theorem 3.3 is provided in the Appendix B.

Remark 3.2 It can be deduced that the global stability of o depends on Ry,p. Indeed, R,,, take
into account the average number of secondary infections arising from co-infectious individual
with pneumonia plus malaria infected humans.

3.6 Endemic equilibrium point and bifurcation analysis

When a disease persist in the population in the course of time, then an endemic equilibrium
The persistence of a disease depend on a threshold called the reproduction number
Ry whether it is less or greater than unity. Recent studies, [[2]] has revealed that for disease
eradication, bringing Ry < 1 may not be sufficient but may also depend on other parameters.The
endemic equilibrium usually arise from other studies in the literature when Ry > 1, however,
there are situations where the endemic equilibrium co-exist with the disease free equilibrium for
Ry < 1,this phenomenon is called bifurcation. Bifurcation can be either forward (super-critical)
or backward(sub-critical) which have serious implications in epidemiology. A forward bifurcation
is shown when Ry > 1 from below, and looses its stability so that a small positive super-threshold
equilibrium that is asymptotically stable, then the disease free equilibrium become unstable.
However, when Ry < 1 and a small positive sub-threshold equilibrium appears, and the disease
free equilibrium together with a larger positive equilibrium are locally asymptotically stable.
Considering the components of the endemic equilibrium &*, it is desirable to study in de-
tails the stability of the endemic equilibrium around the malaria and pneumonia co-infection

occurs.
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free equilibrium using bifurcation analysis through the well known Centre Manifold Theorem
discussed in [[4]]. In the following, the bifurcation analysis of the malaria and pneumonia co-
infection model is studied. Particularly, the following theorem is proven to study the bifurcation
behaviour of the model:

Theorem 3.4 (Bifurcation analysis for the malaria and pneumonia co-infection model) Let
Ry, =1 and the positive quantities a and b defined as follows

2v4 (Hi'*‘(kp'i'ﬁp‘*“fp)ﬂh-‘:-kp%)T§A2A3(9A2A3khp19+A4A5kp) h — vars BpAn (9A2 Azkny9+AsAsky )
- AhkgA4A5 ’ - A4A5kp//fh ’
then the malaria and pneumonia model exhibits o forward bifurcation if a<0 and b>0.

a =

The proof of Theorem 3.4 can be found in Appendix C.

4 Discussion and conclusion

In this work, the effect of the basic reproduction number’Ry’ on the transmission dynamics of
malaria and pneumonia co-infection is studied. The malaria and pneumonia co-infection model
(2.4) revealed that there exist a relationship between the reproduction number for malaria
(Rhm) and reproduction number for pneumonia (R,) given by (3.9). The study further revealed
that pneumonia disease may induce malaria disease in the population. Considering the global
stability of the Disease Free Equilibrium (DFE) of the model, the threshold (R,,,) that account
for the co-infected persons is required to be less than unity to guarantee global stability of the
model. A short summary highlighting the conclusions of this work is given below:

1. In section 3.1, the mathematical and epidemiological wellposedness of the model was shown
given that the initial conditions are satisfied. Further, in Theorem 1, a feasible region I'y,,,
that is mathematically and epidemiologically suitable was provided.

2. In Section 3.2, the model equilibrium points were obtained.

3. In Section 3.3, the basic reproduction number for malaria (Rp,,) and (R,) and the co-
infection reproduction number (R.) were discussed in details by decomposing them into
components in order to carefully analyze the size contribution of each component involved.
The analysis revealed that increasing the mosquito mortality rate (u,,) will offer realistic
control over Rp,,. Also, the analyses revealed that the transmission probabilities of human-
to-mosquito, Sp, and the recruitment rate of mosquitoes (A,,) will increase the size of the
reproduction number.

4. In Section 3.4, stability analysis of the model were discussed. Precisely, in Theorem 2
conditions for the local stability of &, & and & using the associated basic reproduction
number was established.

5. In Section 3.5, the global stability of the malaria and pneumonia free equilibrium, & using
the method of Lyapunov function was established. Theorem 3 also provide that for the
global stability to be established, the co-infection threshold R,,, must be less or equal to
unity.

6. In Section 3.6, the Centre Manifold Theorem was used to study the stability of the endemic
equilibrium around the malaria and pneumonia co-infection free equilibrium. The analysis
revealed that the co-infection model exhibit a transcritical (forward) bifurcation.

As a guide for future research, it will be of interest to study the quantities that are related
to control measures that can effectively increase mosquito fatality, reduce mosquito recruitment
while also reducing the transmission rates of malaria and pneumonia.
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Conclusively, the malaria and pneumonia co-infection model has provided us with a mathe-
matical understanding the relationship between the basic reproduction numbers for malaria and
pneumonia transmission dynamics.

Appendix A. Feasibility of equilibrium points

The feasibility of M PFE, & is trivial. The next focus is on the feasibility of &1, & and &*

Feasibility of &;

Consider the case when A\, = A,;,, = 0 in (4), so that the following equation are obtained at
equilibrium:

Ay, — B,C1,Sh — pn Sy + mp By + mpl, = 0, (A1)
BpCIL,Sy, — A2E, =0, (A.2)

k,E, — Asl, = 0, (A.3)

A — i S = 0. (A.4)

It is clear from (A.4) that Sy, = 2—2 This is the case as there are no malaria infection in the
population. Thus, the susceptible vectors are not infected and pose no malaria threat. From
eqn. (A.3),

B, =221, (A.5)

Using (A.5) in (A.1) yield

k,A k, + As) Il
Sh: P h+7rp(p+ 3) ;D' (AG)

kp (BpCIp + Mh)

Taking into account of (A.5) and (A.6) in (A.2),

J () = MnkyByC = pin Az As = B,C (o (ky + pn) + Az ) T, = 0. (A7)
Now,
f(0) =AnkyByC — Az As
| (A.8)
:MhAQAg(Rp - 1) >0 if Ry> 1l
Further,
f(Ho) = —pupA2Az <0, (A.9)
where Hy = Ankp . Also,
(Up (kp+ﬂh)+#hz42)
1 (1) = =B,C (o (ky + ) + pnAs ) < 0. (A.10)

Thus, f(I,) has a unique positive root I, = I,; in the interval (0, Hp) if R, > 1. In particular,
eqn (A.7) yield
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ApkpBpC — pp Az Az

I, =I, =
ByC (ap(ky + 1) + 1 As

A1l
 AsAs(By— 1) (A-11)
BpC (Up (k'p + ,Uh) + ,UhAQ)
Using (A.11) in (A.5) yield
A A3(R, —1
E,=E, = HnAs A5 (Fy = 1) . (A.12)
pBpC (0 (i + pun) + pun A2)
Further, using (3.17) in (3.12) yield
kpAp, + mp(kp + A3) 1
5, = 5y, = oAt oy + As) I (A.13)
kp (chjpl + Mh)
Thus, the malaria-free endemic equilibrium, &; is
51 = (ShlaOaOvEphIplaOaOaSmlaOaO)' (A14)

Feasibility of &

Suppose that A\, = 0 which implies that E, = I, = Ey, = I, = 0 in (2.4), the following
algebraic equations are obtained at equilibrium:

Ay — aBmnIm Sy — punpSp + mpEp + mpdp = 0, (A.15)
&BmnlmSh — AoEp = 0, (A.16)
knEy, — ALl = 0, (A.17)
A — aBnmIpSm — thmSm = 0, (A.18)
BrmInSm — AeEm =0, (A.19)
K B — I = 0. (A.20)
From (A.20)
E, = 'UZLA (A.21)

By adding (A.18) and (A.19) taking into account (A.21) yield

o kmAm - ,umAGIm

Sm = A.22
" LK (4.22)
Using (A.21) and (A.22) in (A.19) while making Ij, subject gives
kmAm — tmAgl Ag i1,
aBumI mAm — fmAeim | A6Hhmim -0
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Thus
2 Agl,
Iy = Iy = Him 26 5m . (A.23)
aPBhm (kmAm - ,umA6Im)
In view of (A.23), Equation (A.17) can be written as
2 Ay Agl,,
E), = Epy — e . (A.24)
akhﬂhm (kmAm - ,UmAGIm)
From (A.15), the expression for Sy, is
Ap + mpEp + mhlp
S, = A.25
" Bmndm + pn (4.25)
The substitution of (A.23) and (A.24) in (A.25), implies that
AntknBrm (kmAm — pmAeInm) — (kn + pn) A1 Aepi2, I + knmapi, AgIn
S = Sy = ok Bhm ( pimAgly) — (kn + pn) A Agp Wb Aslm (A.26)
Mhakhﬁhm (kmAm - NmAGIm)
By substituting (A.24) and (A.26) in (A.16) gives
AnaknBrm (kmAm — pmAsIm) — (ki + pn) A1 Aepd, I + knmppiz, As I Ao Ay AgpiZ,

Bmh

BhknBrm (kmAm - NmAGIm) N akpBrm (kmAm - MmAﬁlm)

Further simplification of the above equation yield

FIn) = & BonBrmkmknAmAn — pn iz, AoA1As — fm@AgBmn [aAhkh,ma + o (1n As + kpop, + khﬂh)} I, =0

a2ﬁmh/6hmkmkhAmAh
pni2, Ao A1 Ag

= uhu?nAoAlAb’( Im

[E—

- 1) — UmAgBmn [aAhk'hma + i (1in As + ko + knpn)

= pntiz Ao A1 As (R, — 1) = pn A6 B [aAhkh/ma + pm (pnAs + knon + kh#h)} I, =0.

(A.27)

Then
F(0) = pnpiy, Ao A1 A (R, — 1) >0 if  Rpm > 1, (A.28)
f(Hy) = pppr, AgA1Ag < 0, (A.29)

Where Hl = Mh/l%nA()A1Rim ‘
Hm |:04Ahkh5h7n+lim (/u'hAl‘i’kh (U}L+N}L))i|

Also,

7' (In) = 4t As Qs+ i (s + o (on + 1)) | < 0. (A.30)

Thus, f(I,,) has a unique positive root I,, = L2 in (0, Hy) if Rp,, > 1. In particular, from
(A.27) we have that
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_ pinpm Ao A1 (B3, — 1)
Iy = : (A.31)
aBmh, [Oé/\hkhﬁhm + pn (n AL + kpop, + khﬂh)}

Substituting (A.31) in (A.21), yields
prbim Ao A (R, — 1)
kmaBmn [OéAhk?hﬁhm + pm (n A1 + kpon + khﬂh)}

Further, from (A.22) using (A.31), S, is non-negative if Ry, > 1. i.e.

Em = Ema = (A.32)

1
Sm: m2 — 7

kmAm -
Hmkm

i, AgA1 A (R3, — 1) ]

aBmn [aAhkhma + pn (n Ay + ko + knpn)

_ fintin Ao A1 As + pinkm A (in A1 + knon + knpn)
PmkmaBmp [OéAh/thhm + pm (n AL + ko, + khﬂh)} ‘

(A.33)

By using (A.31) in (A.23), (A.24) and (A.26) respectively gives

,uh,uf’nAoAlAG (R}%m — 1)
aBrm [Mh,u%nAoAlAﬁ + 2B Ak pin (pn A1 + knon + khuh)}

I = Iny = ; (A.34)

Hhﬂ?nAOA%A6 (R%Lm - 1)

Ep = Epp =
knoBum [Mh#%@AOAlA6 + &2 Brmn Ak i (pn A1 + ko, + kh#h)}

; (A.35)

and

Ay +mhEne + mrdpe
aBmnIm2 + pn

Thus, the pneumonia-free endemic equilibrium is feasible if Ry, > 1 i.e.

Sp = Sha =

(A.36)

62 = (ShQaEhQth%OvOaO,Oy SmQyEm2aIm ) (A37)

Feasibility of &*

It is of note for this case that A\;, > 0, A\, > 0 and A,;, > 0, implies that each of the state variables
is non-negative. Thereafter, solving the full system of (2.4) as follows by equating the left-hand
side of (2.4) to zero:

Ay, — Sy — )\pSh — ppSEp + T En + ﬂpEp + Whthp + mpdp + WpIp + Whpfhp =0, (A.38)

AnSp — AgE), =0, (A.39)

knEp — OAp I — AT, = 0, (A.40)

ApSh — AsE, =0, (A.41)
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kpE, — eAnI, — Asl, = 0, (A.42)
I\ I + eAn, — AgEpy = 0, (A.43)
knpEnp — Aslpp =0, (A.44)
A = AmSm — fmSm = 0, (A.45)
AmSm — AgEm = 0, (A.46)
ke Evn — pimIm = 0. (A.47)
From (A.45),

S =8 = AmAfmn (A.48)

Using (A.48) in (A.46) to get
E, =E' = A (A.49)

e A6(Am +,U'm)’

In view of (A.47), I, is obtained as

A
Ly =1 = — FmAmAm (A.50)
It can be seen from (A.39) and (A.41) that
Ah
E,=— A51
"= Sh (A.51)
and
E,=rg (A.52)
P AQ h- .
The substitution of (A.51) and (A.52) in (A.40) and (A.42) respectively yields
knAn
Iy = ————5h, A.53
" A (0 + AL " (4.53)
and
kpA
Iy=—FF G, A.54
P Ag(en + A5) " (A.54)
From (A.43) using (A.53) and (A.54), gives
[nt Az (A + Ag) + kpe Ao (92, + A1)
Epyp = ApAnSh. (A.55)
AOA2A4 (E)\h + Ag) (ﬁAp + Al)
Using (A.55) in (A.44) to get
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s khp [khﬁAg (6)\h + Ag) + k'pe’on (19)\]3 + Al)]
P Ag Ay Ay As (X, + As) (0X, + A))

By substituting (A.51), (A.52), (A.53), (A.54), (A.55) and (A.56) in (A.38) while making Sj,
subject yield

ApAnSh. (A.56)

- AgAs Ay (E)\h + Ag) (19)\]) + Al)Ah
N Dg)\pA% + DlAp)\h + DQA%L + D3\, + D4)\h)\]23 + D5AI27 + D6/\p + MhA0A2A4,

Sh (A.57)

where
Dy = Agﬁe’f(khp(l — 7Thp) + ,uh) + upAgAgve,
D, = (khA2A319195 + ,Lth) + kpA0A1€>€(khp(l — 7Thp) + ,uh) + ppAsAgAsY + ppAgAi1Age +

pinAgAs AgVe, Dy = Ag Askpe (op+un) +1ndi Az Age, Dy = kpAg Az Ase (op+iu ) +1n Az Ay (A1 As+
€A0),

Dy = kyde Ao ((1 = mp) ki + a0 ) + iAo Agz, Ds = by Ao Agd (o + o) + p Ao A Ayt Ao,
Dg = kpA0A1A4'l9((Tp + Mh) + pupAogAy (A1A3 + 19A2A3) .

Substituting (A.57) in (A.51), (A.52), (A.53), (A.54), (A.55) and (A.56) yield the correspond-
ing values for Ey, E,, Iy, Iy, Ey, and Ip, as a functions of A, and A,. Thus, the components
of malaria and pneumonia endemic equilibrium, £* has a unique positive endemic equilibrium if
Ap >0, Ay, >0 and Ay, > 0. Hence

o = (s;,E;,I;,E;,I;,E;p,I;p,S:,L,E* I*). (A.58)

m’-m

Appendix B. Prove of the stability analysis of the model

Proof.

(i) The Jacobian matrix of system (2.4) evaluated at & is

—lh T T T _ﬁp/il/\h + 7 ¢) _ﬂpi’z/\h + ¢ 0 0 _aﬁ;n:/\h
0 —ao 0 0 0 0 0 0 o0 obmln
0 kp, —ay 0 0 0 0 0 0 0
0 0 0 o~ 0 2l 0 0 0
0 0 0 k —as 0 0 0 0 0
J (&) = !
0 0 0 0 0 —ay 0 0 0 0
0 0 0 0 0 knp —as 0 0 0
BhmAm Bhmd Am
(&7 ﬁhmAm @ ﬁhm(s Am _
0 0 . 0 0 0 . 0 ag 0
|0 0 0 0 0 0 0 0 km —lbm
(A.59)
By inspection, it is easy to see that two eigenvalues of (A.59) are \y = —up and Ay = — i,
while the remaining eigenvalues are obtained from the following 8 x 8
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[ — aBunhp T
Ao 0 0 0 0 0 0 uZ b
kp, —A; 0 0 0 0 0 0

BpCAR BpCgAn
0 0 —As puih 0 pT 0 0
0 0 k —A 0 0 0 0
A= P ’ (A.60)
0 0 0 0 —Ay 0 0 0
0 0 0 0 ky —As 0 0
a BhmAm aBpmd Am

0 s 0 0 0 b As 0

0 0 0 0 0 0 km  —m |

By Routh-Hurwitz condition, all the eigenvalues of (A.60) are negative if

(i) Trace(A) <0 (it) Det(A) > 0.

Clearly,

] Trace(A):—AO—Al—AQ—Ag—A4—A5—A6—um<0.

Det(A) _ Ay As (kha25mhAhkmﬁhmAm — AO,Um2A6A1,u,h) (ﬂpCAhkp — A2A3Uh>
Mh2:um

2,2 kmkha2ﬁ'nLhBh7nAhAm _ BpCAhkp —
AgA1Ag A3 Ay As Ag i, 11y ( Ao Ay g2, iy, 1 Ao gy L

47, fm

— Ao A1 Ap Ag s As Aopin (R = 1) (Bp = 1) >0 if Rum<1 Ry <1.

So that the eigenvalues of matrixA are all negative, and hence, the eigenvalues of
(A.59) are all negative if Rp,, < 1 and R, < 1. Thus, malaria and pneumonia free
equilibrium, &y is locally asymptotically stable otherwise unstable.

ii) It is easy to obtain the upper triangular matrix of the Jacobian matrix of the model system
g
(2.4) evaluated at &; as
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-G — up T T T —Go+ 1 10} —kGo + ¢ 0 0
0 —Ag 0 0 0 0 0 0 0
0 0 —-Gi—4 O 0 0 0 0 0
0 0 0 —As Go 0 kGo 0 0
0 0 0 0 —As 0 0 0 0
(&) -
0 0 0 0 0 —Ay 0 0 0
0 0 0 0 0 0 —As 0 0
0 0 0 0 0 0 0 -Gy —pm O
0 0 0 0 0 0 0 0 —Ag
i 0 0 0 0 0 0 0 0 0
(A.61)
_ A A _ _ BpC(kpAntmap (kp+A3)A7(Rp—1))
where A7 = ﬁpC(ap(;ZZanh;JruhAﬂ’ G1 = BpCA7 (Ry — 1), Ga = = Zp(ﬁpcj7(;p—1)+uh)?’ ;
G — o B (kpAp 47y (kp+Az) A7 (Rp—1))
3= kp(BpCA7(Rp—1)+pn) ’
Gy = afumAr (R, — 1), Gs = e B A7 (Rp, — 1). It is easy to see that
Trace(&) = 2Gy —pup— Ag— A1 — Ay — Ay — Ay — A5 — Ga— 2im — Ag <0 R, > 1
Determinant <£1> = (—G1 — pun) Ao (—G1 — A1) Ag A3 Ay As (G + pm) Astm, >0 Ry, >
1. Hence all eigenvalues of (A.61) are negative which implies that the malaria-free en-
demic equilibrium, &; of system (2.4) is feasible and locally asymptotically stable if R, > 1
otherwise unstable.
(iii) The upper triangular matrix of the Jacobian matrix of the model system (2.4) evaluated
at & gives
[ —GG — Up ™ ™ T —G7+T (25 —kG7+¢ 0 0 —Gg i
0 —Ag O 0 0 0 0 0 0 Gs
0 0 -4 0 —Gy 0 —kGy 0 0 0
0 0 0 —A G~ 0 kGr 0 0 0
0 0 0 0 —-Gip—A4 O 0 0 0 0
i(s) -
0 0 0 0 0 —Ay kGo 0 0 0
0 0 0 0 0 0 —As 0 0 0
0 0 0 0 0 0 0 —tm 0 0
0 0 0 0 0 0 0 0 -4 0
i 0 0 0 0 0 0 0 0 0 —pm |
(A.62)
_ P tim Ag A _ _ tapm® Ao AL As+pn km A (pn A1 +knpn+knon)
where Ag = a,@mh(aAhkhﬁhmi#m(#0h1‘131+khuh+kh0h))’A9 T pmkm o B (@ Apkp Bum +im (A +knpn+know))
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_ Phitm® Ao A1 Ag _ 2 _
Ao = 0 Brm (prptm2 Ao A1 Ae+02 Brp Ak o (n AL+ +knon)) ? Go = o BmnAs (Rhm 1)’
_ BpC 7 A1 Ao (Rpm?—1) 2
G = B A (BT V57 (Ah + " +mpAro (R = 1) ),
& Bk, 7rhAlAlo( ) 2
Gg = PN (T (Ah + + 7 A1 (Rhm 1) )

Gy = v 3,CAqg (Rhm2 — 1)7 Gio = ae BupAs (Rhm2 — 1). Straight forward calculation
yield

M= —(Go+pn), A2 = —Ag, A3 = —Ay, Ay = —Az, A5 = —(Gio + A3), X6 = —Ay,
A7 = —As5, As = —lim, Ag = —Ag and A\jg = —pym. Observe that Ay and A5 are both neg-
ative if Rp,,>1, thus, all eigenvalues of (A.62) are negative meaning that the pneumonia-
free endemic equilibrium, &, of system (2.4) is feasible and locally asymptotically stable if
Ry > 1 and unstable if Ry, < 1.

Appendix B. Prove of the global stability of Malaria and Pneumonia co-
infection free equilibrium point

Proof. Consider the following Lyapunov function

kp, 1 1 1

LEhthaEvIth;IhvE 7I +7Ih+7pE +7I+7Eh
(BT B Ty B S B ) = o Bt g It Sy B g o 3 P
(B.1)
Ay A, Ay Ag
+ ——1Ip, + B+ L.
Ngnkhp w NmaﬂhmAm " Mma/@hmAmkm "

The differentiation of (B.1) with respect to time ¢ along the solutions of system (2.4) yield

I knaBmnSn  A14s Iy A1Sm Ay I+ pﬁpCSh Az I kpﬂngSh+A15Sm_ Ay A5
M?nAo O‘maAmkm " /'LmAm Nm A /~Lm P M?n NmAm ,Uf;nkhp
At the DFE, S}, = 2;: and S, = A
L/ _ A1Ag a26hmﬁmhkhk ApRA,, 17 +$ k‘pﬂpCAh RV Ay As khpkpﬁngAh+khp5A1 1
aBrmAmkm P2, Ag A1 Ag "2\ pnAgAs Pl knpu2, \ p2,A2A4A5  AyAs
r A1 Ag 9 Az A4A5
L= i (Rhm - 1)Im +ir (R )I to (Rmp - 1)1hp, (B.2)
where ’
_Nhp
Ry = 1% (AggR + 6A1) (B.3)

Thus, the malaria and pneumonia free equilibrium, &; is globally asymptotically stable if
Rpm<1, Ry<1 and R,,,<1

Remark 4.1 The condition for the global stability of the malaria and pneumonia free equi-
librium, &o require that R,,,<1 in addition to Rp,<l and R,<l. R,,,<1 account for those
individuals who are infectious with both diseases.
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Appendix C. Prove of Theorem 3.4

Proof. Consider the dynamical system (2.4) with contact rate C' as a bifurcation parameter,
then the stability of the endemic equilibrium can be studied by considering the existence and
stability of non-trivial equilibrium states in a neighbourhood of the bifurcation point. The idea
here is that the Disease Free Equilibrium (DFE), & is considered to be a manifold (50, C) such
that the local stability of &y changes at the point (50, C*). Suppose from (3.3) at the critical
point R. = R, =1, then

Ak, B8,C
ppAgAs =1
Therefore, the bifurcation parameter at the critical value R, =1 is
C— pp Az Az
ApkpBy = C*

This means that zig is locally asymptotically stable when C'<C* and unstable if C'>C™*.
Further, for easy representation, we rewrite system (2.4) as

(C.1)

&= F(z,C),
T
where z = (Sh,Eh,Ih,Ep,Ip,Ehp,Ihp,Sm,Em,Im) such that X, is the ¢th component of X

T
and F = (Fy, Py, Py, Fy, Py, Fo, Fr, s, Fy, Fuo) , ice.,

= A, — aBnri001 — ,ch (gl“? + x5) T1 — PpT1 + TRT3 + TRT2 + TpTs + TpXy + ThpT7 + ThypTe,

Fy = aBppziory — Aowe,

F3 = kpry — 93,C (927 + 25) 13 — A173,

Fy = B,C (97 + x5) 11 — A2y,

F5 = —caBppri00s + kpxy — Azxs, (C.2)
Fs = 9B,C (gr7 + x5) 21 + eafmpri001 — A, '
Fr = kppxe — Asar,

Fy = Ay — aBpm (027 4 23) 28 — Ui 28,

Fy = aBpm (027 + x3) 18 — agwy,

FlO = kml‘g — UmZ10-

The Jacobian of (C.2) evaluated at (§y, C*) denoted by J(&p, C*) is obtained as

[ —un T Tp —% + 7Ty Ty —“2,;;357 +m 0 0 —70‘57;2“ i
0 —ag 0 0 0 0 0 0 0 0“57;7;/"'
0 kp —a1 0 0 0 0 0 0 0
0 0 0 —as aza3 0 92059 0 0 0
P P
Jgcry=| 0 0 0 kp —as 0 0 0 0 0
’ 0 0 0 0 0 —ay 0 0 0 0
0 0 0 0 0 Knp —as 0 0 0
0 0 —Bmlia g 0 0 Bl 0 0
aBpmAm 0 0 0 ABhm0Am 0 —a 0
0 0 T . 6
00 0 0 0 0 0 0 km  —pm
(C.3)

According to the Centre Manifold Theorems as proved by Castillo-Chavez and Song [4],
J (&, C*) have a zero simple eigenvalue while others have negative real parts. In order to de-
termine the coefficients a and b, we first obtain the values of the left and right eigen vectors of
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J (&, C*) denoted respectively as

v = <V17V27V3aV47V57V67V77V87V97V10)7

and

T
r= (T‘l,TQ, r3,74,75,76,77,78,79, 7nlO) .

Observe that the J(&y,C*) is not symmetric, thus the left and right eigen vectors are not
equivalent. The solutions of the following equations

vJ(&,C*) =0, (C.4)

and
J (&, C*)r =0, (C.5)

yields the following solutions

Aovy gA2A3kRpvs gA2 A3V,
=10,0,0 0,0,0 C.6
( S T T T M Asky, 0 Asky (C.6)
and
2 k k
po = Wbt Uy 0p) i+ Rypop)Ts o asts 00 (C.7)
:uhkp k’p

where v4 and r5 are free positive left and right eigenvectors respectively. The following nonzero
partial derivatives of F' at xig for system (C.2) are obtained as

0’ 0’1 0’ 0’Fy 0°F3 0?3
= - = 0B, 5 = 0By 5 = 95O, o =
8$181‘5 ,ch, 63:18:1: /Bp 9 9210210 8x 81‘10 Oéﬂ h 8:6189010 O[/B hC 8:6‘381,‘5 /BPC 3:E38337 L
0?Fy 0?F, 0?Fy 0?Fyg 0?Fyg 0?Fyg
a$161‘5 ﬂpC, 8.7}1833‘7 /Bpog, 83)581‘10 €Oéﬁmh, 833‘16$10 €Oéﬁmh, 61‘16$5 ﬁp07 833‘16$7 ﬁng
82F8 82F8 82F9 82F9 62F1 5pAh 82F1 ﬁpg[
T T L ey L oy LG o v Rl v o N
82F4 o BpAh 82F4 . BpgAh 82F6 o ﬁ/BpAh 82F6 o _ﬁﬂpgAh
0x50C  pp ' 0x70C oy | 0x50C oy 0x70C wn o
Thus, the computation of the coefficient of b yield
0?F, .
b= Z T 9500 ac(§°’C>
0*F . 0’F . 0*Fy . 0?Fy .
=G 50 (5070 ) turrg —a s (50,0 ) turs g —a wTe (50,0 )’V4T78 ~aC (5070 )
2Fs . 0?Fy .
MECE T (&),C ) + v i mrrs (5070 >
_ AnBy (Yvs — 11 +va) (977 + ?“5)
27
_wrsfpAy (90 A2 Azkyy + AsAsky)
= >0.
Ay Askp
(C.8)
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Note that b is always positive since v4 and r5 are positive. It then follows that the bifurcation
behaviour of the dynamical system (C.2) is totally determined by the sign of the coefficient a.

10
0?F, .
= DL TG o (60.7)
0*Fy 0*Fy 0% Fy 0*F,
— 2 * * * *
[V17‘17“5 92105 (50, C ) + viriry 92107 (50, C ) + 7/1T17”107a$189610 (507 C > + V27“17“1078x18m10 (50, C )
0*F3 . 0 Fy . 0*Fy . 0*Fy .
+ VBTBTSW (50, C ) + v3r3ry 92a0n (50, C ) + vyr7s 0210 (507 C ) + vyriry 02107 (fo, C )
2 2 2 2
_O0°F5 « e x O Fp « _OFs x
+ UsT5T10 02010 (50, C ) + vgr1rs 0210 <50, C ) + vgriry 021027 (507 C ) + vsT1710 0210210 (€0> C )

0*F, . 0?F, . O*F, . 0?F, .
+ VS%WW(;;E% <§07 C ) + vgr7ry (%7828 (507 C > + vor3rg 83;38368 <§0, C ) + vgryrs 6x782:8 (50, C >

_2ugrsrdunAaAzg | 2vrirrpnAaAsg  2viriripnAsAsg | 2varirrunAsAsg  2vsrarsOun Az As

Apk, Apky, Apky, Ank, Apky,
2ugr1rsUun As A
671 /ihll:h 203 — 21/87°77’80[ma(5 + 21/97’77’8056}””(5 — 21/57’57’10a€ﬁmh + 21/67'17“10a56mh
P
QuirirsupAoAs  2uarirsunAgAs
- Skl a — 20813180 Bhm + 20973780 B — 20171100 Bmn + 202717100 Bmp,
Apky, Apk,

2y (,u%b + (k‘p + 7 + Up) un + pr'p)’I”?)AQAg (gAQAgk‘hpﬂ + A4A5k‘p)
_ <0.
Ak3ALA;

It follows that the sign of a is negative, thus the bifurcation is transcritical (forward).
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