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Dynamics of an epidemiological model of drinking

I. Abubakar*�, S. Usaini∗�, and K.I. Falade∗§

Abstract

In this paper, we review and carry out the bifurcation analysis of the drinking model
proposed by Manthey et al. in 2008. We show that the model exhibits a drinking-free
equilibrium point and a problem drinking-free equilibrium which exists when the reproductive
number RY

0 > 1. Each of these equilibria is a stable node if the threshold parameters
RY

0 < 1,RZ
0 < 1 and R1 < 1,RY

0 > 1 respectively. Moreover, the existence of multiple
endemic equilibria reveals the complex dynamics of the model by the occurrence of two
saddle-node bifurcations leading to the phenomenon of backward bifurcation. Taking the
transmission rate of non-drinkers to problem drinkers κ as a bifurcation parameter, we show
the two saddle-nodes SN and SN2 for the extinction and persistence of the drinking problem.
Before the disappearance of E1 and E2 after SN in the interval (0,RZc1

0 ) the system is
bistable with E0 and E2 being the stable equilibrium points. The system is rendered mono
stable after the SN before the SN2 emerged in (RZc1

0 ,RZc2
0 ) with E0 as the only stable

equilibrium point. Then after the emergence of SN2 in the interval (RZc2
0 , κ∗), the system

becomes bistable again with E0 and E4. But for κ > κ∗, there is endemic persistence of the
drinking problem with E4 as the only stable attractor. When such a scenario does not exist
a forward bifurcation occurs for which the drinking-free equilibrium exchanges stability at
κ = κc with drinking-present equilibrium point. Numerical simulations of the model support
these extinction and persistence regions of the drinking problem.

Keywords: campus drinking; bifurcation; stable node; saddle-node

1 Introduction

With recent improvement of our living standard, the life styles of people are becoming more
and more diversified and drinking plays a significant role in daily life of some people. However
the current situation of alcoholism around the world is really terrifying. In Europe for instance,
alcohol is the third leading risk factor for disease and mortality after tobacco and high blood
pressure [19]. The world health organization reported that more than 3 million people died
because of alcohol and other substance abuse, which account to 5.3% of all death and 5.1% of
the global disease burden attributable to alcohol consumption [20]. It was also presented in [14]
that alcohol use rates are very high among college students in the US. In fact, approximately
two of five such students were heavy drinkers, meaning that having had five or more drinks
in a row in the past 2 weeks. Alcohol use is higher among male than female students as well.
White students are highest in heavy drinking, black students are lowest and Hispanic students
are intermediate. Use of alcohol alone is higher among college students than among non college
age-mates. Therefore, alcoholism is not only a global public health issues, but also a societal
problem that need to be addressed.

To address the problem of alcohol drinking among youth, several mathematical models
have been proposed to analyze the spread and control of drinking behaviour, See for instance
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[1, 2, 3, 4, 11] and the references therein. Sánchez et al. [15], proposed a simple mathematical
model to describe the dynamics of drinking behaviors of individuals in shared drinking environ-
ments. Despite its limitations, the model has generated some useful insights. More precisely,
the basic reproductive number (as a function of treatment), is not always the key to controlling
drinking within the population due to high rates of recovery and relapse. The high relapse
rates will occur when treatment programs have only short-term positive effects. The drink-
ing behaviours of college students motivated the study using mathematical model on how the
‘disease’ of drinking spread on campus [13]. The model suggests that the pattern of recruiting
new members plays a significant role in the reduction of campus alcohol problems and that
the reproductive numbers are not sufficient to predict whether drinking behaviour will persist
on campus. More precisely, campus alcohol abuse may be reduced by minimizing the ability
of problem drinkers to directly recruit non-drinkers. Bhunu developed a deterministic mathe-
matical model for the spread of alcoholism to gain insights into its growing health and social
problem. The associated reproduction number is calculated and Local asymptotic stabilities
of equilibrium points were carried out. The analysis of the reproduction number reveals that
encouraging and supporting moderate drinkers to quit alcohol consumption is more effective
in the control of alcoholism than supporting and encouraging alcoholics to quit and vice-versa.
Numerical simulations of the model support this results and also shown that encouraging and
supporting all alcohol consumers to quit drinking will be the best strategy [4]. A mathematical
model of alcohol abuse was presented in [17]. The basic reproduction number R0 is determined
and they proved that the problem-free equilibrium is both locally and globally asymptotically
stable when R0 < 1. Sensitivity analysis of the model parameters indicates that the transmis-
sion coefficient β1 from moderate and occasional drinker to heavy drinker, is the most useful
parameter to target for the reduction of R0.

In a recent development, the threshold dynamics of a multi-group SEAR alcoholism epidemic
model with public health education was analysed [12]. It was proved that the basic reproduction
number R0 plays the role of a threshold for the long-time behaviour of the model. They showed
that the model exhibits global asymptotic stable alcohol-free and alcohol-present equilibrium
points. Sensitivity analysis of the model parameters and numerical simulations were presented
to illustrate the results. Zhang et al. proposed a delayed drinking model to carry out the
bifurcation and optimal control analysis. A threshold value of the time delay for the local
stability of drinking-present equilibrium and the existence of Hopf bifurcation were obtained. In
addition, optimal strategies to lower down the number of drinkers were presented. Numerical
simulations to support the obtained results and the effects of some parameters on dynamics of the
model were provided [21]. An alcohol consumption model with health education and three time
delays was formulated and analyzed [11]. The alcoholism generation number was determined and
two equilibrium points of the model were obtained. The corresponding global dynamics of the
model are analyzed respectively in four cases with different time delays. Furthermore, the effects
of health education and three time delays in controlling the alcohol problem were discussed.
Some numerical simulation results were also given to support the theoretical predictions.

We know that when a disease transmission model posses multiple endemic equilibria, the
model exhibits complex dynamics such as backward bifurcation, saddle-node bifurcation and
forward hysteresis [6, 7, 10, 18]. The existence of two endemic equilibrium points of the drinking
model proposed by Manthey et al. [13], motivate us to review and investigate its complex
dynamics. In fact, we show the occurrence of the phenomena of backward bifurcation and
saddle-node bifurcation when the transmission rate of non-drinkers to problem drinkers κ is
varied (increasing the threshold parameter RZ0 ). The existence of these phenomena indicates
the extinction and persistence regions of drinking problem.

The remaining paper is organized as follows: In Section 2, we describe the model. Section
3 presents the existence and stability results of the model equilibria. In order to complete the
investigation, the special cases of the model are analyzed in Section 4. In Section 5, conditions
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for host population persistence and extinction for each of these cases are derived. Regions of host
population persistence and extinction for certain parameter ranges are illustrated via numerical
simulations also in Section 5.

2 Model description

For the drinking model proposed in [13], the student population is divided into three distinct
classes of non-drinkers (X), social drinkers (Y ) and problem drinkers (Z) and the population is
assumed to be constant. It is well known that the definitions of non-drinkers, social drinkers,
and problem drinkers are not consistently used in the literature [8]. Therefore, the following
definitions that would be of interest to college administrators and parents who are concerned
with the negative consequences of campus-drinking problem are presented in [13].

(a) Non-drinkers are susceptible which we define as students who have not taking or consume
alcohol for an extended period of time, typically one year. Also student who stop drinking
is regarded as non-drinkers

(b) Social drinkers are defined as students that consume alcohol occasionally and in moderation

(c) Problem drinkers are defined as student whose drinking habit and associated behavior
have negative consequence for themselves and others

Since students are only in campus for a relatively short period of time typically five year or less
then it’s not easy to access whether or not a student who has stopped drinking has permanently
recovered. Hence, the model does not include a recovered class and developed on the assumptions
that

(i) Student joint campus in any of the three drinking state and mix randomly with the rest
of the campus population. Once in campus, student may transit from any drinking state
to another.

(ii) Transition to higher drinking state is as a result of social interaction and transition to
lower drinking state results from recovery process [8].

(iii) There is a net positive flow towards a higher drinking state. This is an effect that has
been termed the ‘college effect’ in the literature [1]. Such an effect is more pronounced
in the first 2 years of college and declines in the last 2 years during which time students
transition towards adult drinking patterns [4].

(iv) The student population is homogeneous with respect to variables such as age, academic
class rank and socio-economic status. More precisely, the homogeneity here means that
students within each compartment are similar with regard to their drinking behaviors.

(v) The model does not consider the effect of breaks and vacations.

(vi) The interaction terms αXY, κXZ, and γY Z, respectively modelled the conversion from
non-drinkers to social drinkers, non-drinkers to problem drinkers, and social drinkers to
problem drinkers.

(vii) The conversions in return of (vi) are to be the result of recovery process and are imple-
mented via the terms βY, εZ and δZ, respectively.

Thus the dynamics of campus drinking is modelled using the following system of nonlinear
differential equations (equation 1), where X,Y and Z have been resealed as proportion. The
respective rates of transfer between the three classes are shown in the flow diagram in Figure 1.
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Figure 1: Flow diagram of model (1)

Parameter Description Typical value

α Transmission rate of non- drinkers to social drinkers 1.0
β Recovery rate of social drinkers 0.2
γ Transmission rate of social drinkers to problem drinkers 1.0
δ Recovery rate of problem drinkers to social drinkers 0.2
ε Recovery rate of problem drinkers to non-drinkers 0.2
η Departure rate from campus environment 0.25
κ Transmission of non-drinkers to problem drinkers 1.5
σ Entrance rate of social drinkers 0.25
π Entrance rate of problem drinkers 0.1

Table 1: Parameter description

dX

dt
= η − ηX − αXY − κXZ + βY + εZ,

dY

dt
= σY − (η + σ)Y + αXY − βY − γY Z + δZ,

dZ

dt
= πZ − (η + π)Z + γY Z + κXZ − δZ − εZ,

(1)

with X + Y +Z = 1. In system (1), the parameters α, γ, and κ are the mean transmission rates
which measure the effectiveness of the interactions between non-drinkers and social drinkers,
social drinkers and problem drinkers, and non-drinkers and problem drinkers, respectively. β
is the recovery rate that represents the mean rate at which social drinkers revert to the non-
drinking class. The recovery rates δ and ε are the mean rates at which problem drinkers move
back to the social drinking and the non-drinking classes, respectively. Parameter η denotes
the net departure rate from the campus environment. The other parameters of the model are
described in Table 1.

For model (1) with initial condition X > 0, Y > 0, Z > 0 to be biologically meaningful, we
need to show that the solutions of the model with positive initial conditions are non-negative
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and remain positive for all time t > 0. Moreover, the region these solutions exist is positively
invariant and attractive.

We can use elementary techniques for solving ordinary differential equations to show that the
state variables (X,Y and Z) are positive. In fact, using elementary integrating factor technique
we have from the first equation of (1) the integrating factor

ρ(t) = e(η+αY+κZ),

so that

d(ρX)

dt
= ρ(η + βY + εZ).

Integrating this, gives

ρ(t)X(t) = ρ(0)X(0) + (η + βY + εZ)

∫ t

0
ρds ≥ 0.

Similarly, from the second equation of (1)

ρ(t)Y (t) = ρ(0)Y (0) + (η + βY + δZ)

∫ t

0
ρds ≥ 0.

Then one can see by inspection from the third equation of (1) that

Z(t) = Z(0) exp

[∫ t

0
{γY (s) + κX(s)− (η + δ + ε)}ds

]
≥ 0.

Hence, X(t), Y (t), Z(t) ≥ 0 for all t ≥ 0.

Summing the three equations in (1), we have

d(X + Y + Z)

dt
= η[1− (X + Y + Z)].

It follows that (X + Y + Z) ≤ 1, so that the feasible region

D = {(X,Y, Z) ∈ R3
+ : 0 < X + Y + Z ≤ 1}

is positively invariant for system (1).

3 Existence and stability of equilibria

3.1 Drinking problem free equilibria

This is an equilibrium which represents a free drinking environment (i.e. when the compartments
of social and problem drinkers are empty). Thus, this equilibrium point is given by

E0 = (X0, Y0, Z0) = (1, 0, 0).

To identify condition under which a culture of drinking can be established a threshold parameter
as in disease transmission models called the basic reproduction number is required. Considering
the two level of infective, two reproductive numbers are obtained in the absence of drinking.
The first reproductive number, denoted by RY0 is obtained from the second equation of system
(1) as follows

RY0 =
α

η + β
.
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This reproductive number is defined as the average number of secondary cases a typical social
drinker generated in a nondrinking campus environment. Note that the secondary cases are cases
of new social drinkers recruited from the nondrinking class. Similarly, from the third equation
of system (1), we have the second reproductive number

RZ0 =
κ

η + δ + ε
.

The threshold parameter RZ0 is defined similar to the RY0 . The secondary cases here are the
cases of new problem drinkers recruited from the nondrinking class.

Moreover, the reproduction numbers RY0 and RZ0 are simply obtained from the product of

the transmission rates α and κ and the times spent in the Y and Z classes
(

1
η+δ+ε & α

η+β

)
,

respectively.
The Jacobian matrix of the system (1) evaluated at any equilibrium point is the following.

J(X,Y, Z) =

 −η − αY − κZ −αX + β −κX + ε
αY −Q1 + αX − δZ −αY + δ
κZ γZ αY + κX −Q1

 (2)

where Q1 = η + β,Q2 = η + δ + ε.

Theorem 3.1 The drinking-free equilibrium (DFE), E0, of model (1) is a stable node on
D if RY0 < 1,RZ0 < 1 and is a saddle point otherwise.

Proof. Using (2), the Jacobian matrix evaluated at the drinking free equilibrium is

J(1, 0, 0) =

 −η −α+ β −κ+ ε
0 −Q1 + α δ
0 0 κ−Q2

 . (3)

It is easy to see that the eigenvalues of J(1, 0, 0) are

−η, α−Q1 = Q1(RY0 − 1), κ−Q2 = Q2(RZ0 − 1).

These eigenvalues are real and negative whenever RY0 and RZ0 are less than unity. Thus, E0 is a
stable node and a saddle point if RY0 and RZ0 are greater than unity or one of the two is greater
than one. Hence the proof. �

3.2 Problem drinking-free equilibrium

At the problem drinking-free equilibrium, X 6= 0, Y 6= 0 and Z = 0. Therefore, from the second
equation of (1), we obtain

X =
η + β

α
=

1

RY0
. (4)

Then using (4) in the first equation of (1) with Z=0, we have

Y = 1− η + β

α
= 1− 1

RY0
.

Thus, in the absence of problem drinkers on campus the second equilibrium point is given by

E1 = (X1, Y1, Z1) =

(
1

RY0
, 1− 1

RY0
, 0

)
. (5)

Thus, this equilibrium point exists when RY0 > 1 and different from E0. It is considered
as second ‘drinking-free’ equilibrium if social drinking is not regarded as a problem. In this
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case, Z is the only infective compartment of system (1) and so, the third reproductive number,
R1, which is the average number of secondary cases a typical problem drinker can produce in a
campus environment with only non-drinkers and social drinkers. Here, the secondary cases are
cases of new problem drinkers recruited from the non-drinking and social drinking classes. The
threshold parameter R1 is then computed from the third equation of (1) as follows

R1 =
γ(α− η − β) + κ(α+ β)

α(η + δ + ε)
=
γ
(

1− 1
RY

0

)
+ κ
RY

0

η + δ + ε
.

Theorem 3.2 The problem drinking-free equilibrium E1 is a stable node on D ifR1 < 1,RY0 > 1
and a saddle point otherwise.

Proof. The Jacobian matrix evaluated at E1 is obtained from (2) as follows

J(X1, Y1, 0) =

 −η − αY1 −αX1 + β −κX1 + ε
αY1 −Q1 + αX1 −αY1 + δ

0 0 αY1 + κX1 −Q2

 . (6)

It can be observed that one of the eigenvalues of J(X1, Y1, 0) is

αY1 + κX1 −Q2 = Q2(R1 − 1)

and the other two are of the 2× 2 sub-matrix J∗(X1, Y1, 0) of J(X1, Y1, 0) obtained by deleting
the third row and the third column of J(X1, Y1, 0).

J∗(X1, Y1, 0) =

(
−αX1 + β −κX1 + ε
−Q1 + αX1 −αY1 + δ

)
.

Now, using (5) the characteristics equation of J∗(X1, Y1, 0) is

λ2 +

[
η + α

(
1− 1

RY0

)]
λ+ ηα

(
1− 1

RY0

)
= 0

so that

λ =
−
[
η + α

(
1− 1

RY
0

)]
±
[
η − α

(
1− 1

RY
0

)]
2

implying that λ1 = −η and λ2 = −α
(

1− 1
RY

0

)
. Then the three eigenvalues of J(X1, Y1, 0) are

Q2(R1 − 1),−η,−α
(

1− 1
RY

0

)
, which are real and negative when R1 < 1 and RY0 > 1. More-

over, the first eigenvalue is positive if R1 > 1 and the third one is positive when RY0 < 1. It
follows that the problem drinking-free equilibrium E1 is a stable node if R1 < 1 and RY0 > 1
and a saddle point otherwise . �

The result of this theorem shows that, it is possible for non-drinkers and social drinkers to
coexists at equilibrium provided R1 < 1 and RY0 > 1.

3.3 Endemic equilibria

With the persistence of the problem of drinking abuse in college campuses, all the three drinking
states can be present at a time in a campus. From the third equation of (1), we obtain at endemic
state

X =
η − γY + δ + ε

κ
. (7)

Then using (7) in the second equation of system (1), we have

σY − (η + σ)Y + α
η − γY + δ + ε

κ
Y − βY − γY Z + δZ = 0
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and, so

Z =
αγY 2 + (ηκ+ βκ− αη − αδ − αε)Y

κ(δ − γY )
. (8)

Substituting the expressions of X and Z in (7) and (8), respectively, into equation X+Y +Z = 1,
we obtain after algebraic manipulation the following quadratic equation in Y.

aY 2 + bY + c = 0, (9)

where

a = γ(κ− α− γ),

b = −κγ + αδ + εγ + ηα− δκ+ αε− βκ+ ηγ + 2γδ − ηκ
= −γ(η + δ + ε)(RZ0 − 1)− κ(δ + β + η) + δ(α+ γ) + α(η + ε),

c = δ(η + δ + ε)(RZ0 − 1).

(10)

Then the following theorem provides condition under which an equilibrium proportion of social
drinkers can exist.

Theorem 3.3 The system of equations (1) has

(i) a unique endemic equilibrium if a > 0, c < 0.

(ii) a unique endemic equilibrium if a > 0, b < 0 and c = 0 or b2 − 4ac = 0.

(iii) two endemic equilibria if a > 0, b < 0, c > 0 and b2 − 4ac > 0.

(iv) two endemic equilibria if a < 0, b > 0, c < 0 and b2 − 4ac > 0.

(v) no endemic equilibrium otherwise.

Proof. The proof follows from the properties of the roots of quadratic equation if RZ0 is less
than or greater than unity. For RZ0 = 1, the statements can be verified by inspection.

The possible existence of multiple endemic equilibrium points is given in (iii) and (iv) of
the Theorem above which suggest the possibility of backward bifurcation, where the stable DFE
coexist with a stable endemic equilibrium, when the associated reproductive number is less than
unity.

4 Bifurcation analysis and numerical results

To investigate the dynamics of model (1) using the Center manifold theory as presented in [5],
we make the following transformation on the model. Let X = p1, Y = p2 and Z = p3 so that
the total population is 1 = p1 + p2 + p3. In vector notation, we have P = (p1, p2, p3)

T with the
system (1) written in the form dP

dt = (f1, f2, f3)
T . It follows that

dP

dt
= f1 = η − ηp1 − αp1p2 − κp1p3 + βp2 + εp3,

dY

dt
= f2 = σp2 − (η + σ)p2 + αp1p2 − βp2 − γp2p3 + δp3,

dZ

dt
= f3 = πp3 − (η + π)p3 + γp2p3 + κp1p3 − δp3 − ηp3.

(11)

The trace and determinant of J(E0) as presented in (3) are respectively

tr(J(E0)) = −η −Q1 + α+ κ−Q2 6= 0,
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and
det(J(E0)) = −η(α−Q1)(κ−Q2) = −ηQ1Q2(RY0 − 1)(RZ0 − 1).

This determinant is zero if either RY0 = 1 or RZ0 = 1 or RY0 = RZ0 = 1. The first two relations
are equivalent to α = η+β or κ = η+δ+ε. Thus, J(E0) have a simple zero eigenvalue and so, the
Center Manifold Theory can be applied. Let the left eigenvectors for J(E0) be V = (v1, v2, v3)

T

then using standard computation of eigenvectors, we have

v =

(
1,

α− β
η + β + α

,
δ(α− β) + (κ− ε)(η + β + α)

Q2(η + β + α)(RZ0 − 1)

)
. (12)

Similarly, the right eigenvectors corresponding to the simple zero eigenvalue w = (w1, w2, w3)
T

are the following.

w =

(
−δ(β − α) +Q1(ε− κ)(RY0 − 1)

ηQ1(RY0 − 1)
,

−δ
Q1(RY0 − 1)

, 1

)
. (13)

The nonzero partial derivatives of the vector field f of (11) evaluated at E0 are as follows

∂2f1
∂x1∂x2

=
∂2f1
∂x2∂x1

= −α, ∂2f1
∂x1∂x3

=
∂2f1
∂x3∂x1

= −κ,

∂2f2
∂x1∂x2

=
∂2f2
∂x2∂x1

= α,
∂2f2
∂x2∂x3

=
∂2f2
∂x3∂x2

= −γ,

∂2f3
∂x1∂x3

=
∂2f3
∂x3∂x1

= κ,
∂2f3
∂x2∂x3

=
∂2f3
∂x3∂x2

= γ.

(14)

Computation of a

Using equations (12), (13) and (14), we have

a =
3∑

k,i,j=1

vkwiwj
∂2fk
∂xi∂xj

= 2
−δ(β − α) +Q1(ε− κ)(RY0 − 1)

ηQ1(RY0 − 1)

(
αδ

Q1(ε− κ)(RY0 − 1)
− κ
)

+ 2
−δ(β − α) +Q1(ε− κ)(RY0 − 1)

ηQ1(RY0 − 1)

δφ(β − α) +Q1ϕ(ε− κ)(RY0 − 1)

Q1Q2ϕ(RY0 − 1)(RZ0 − 1)

− 2
δγ[ϕ(κ− ε)− (β − α)(Q2ϕ+ δ)]

Q1Q2ϕ(RY0 − 1)(RZ0 − 1)
.

(15)

with φ = Q1(RY0 − 1) +Q2(RZ0 − 1), ϕ = η + β + α.

Computation of b

Now, using the vectors v and w as presented in (12) and (13), respectively with the following
associated partial derivatives

∂2f1
∂x3∂κ∗

(E0) = −1,
∂2f3
∂x3∂κ∗

(E0) = 1

we have

b =

3∑
k,i

vkxi
∂2fk
∂xi∂κ∗

=
(δ + η)(η + β) + ηα+ δβ

Q2(η + β + α)(RZ0 − 1)
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where κ = κ∗ is a bifurcation parameter. Since b is positive if RZ0 > 1, it follows that model (1)
will undergo backward bifurcation if a > 0. On the other hand, the model will exhibit a forward
bifurcation when a < 0.

We find the bifurcation curve by solving for the bifurcation parameter κ∗ in equation (9) as
follows.

κ(Y ) =
γ(α+ γ)Y 2 − [γ(η + δ + ε) + δ(α+ δ) + α(η + ε)]Y + δ(η + δ + ε)

γY 2 − (γ + δ + β + η)Y + δ
.

Figure 2: Bifurcation diagrams for varying the transmission rate of non-drinkers to problem drinkers κ
(A) showing backward bifurcation, SN indicate the saddle-node for which the proportion of social drinkers
collapses, SN2 indicates another saddle-node for which the problem will persist in the campus and (B)
forward bifurcation.

We use the parameter values α = 1.25, β = 0.0000002, γ = 1, δ = 0.2, ε = 0.2, and η = 0.25 to
plot the bifurcation diagram in figure 2(A) which shows how social drinkers proportion changes
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with varying the bifurcation parameter κ = κ∗ or equivalently the basic reproductive number
RZ0 . The threshold parameter RZ0 is varied by altering the transmission rate of non-drinkers to
problem drinkers, κ. If RZ0 < 1 < RZc1

0 , the drinking problem invades the population as the
stable drinking-free equilibrium E0 coexists with a stable endemic equilibrium point E2. These
equilibrium points coalesce and disappear by a saddle-node (SN) bifurcation at RZ0 = RZc1

0 .
Thus, the proportion of social drinkers collapses. However, if RZ0 is between RZc1

0 and RZc2
0 the

only stable equilibrium point is the drinking-free equilibrium E0. After the extinction regime
another critical threshold parameter RZc2

0 exists for which a second saddle-node bifurcation
occurs for the persistence of the drinking problem. This scenario resulting to the emergence
of two endemic equilibrium points (E3 and E4) at RZ0 = RZc2

0 after the extinction regime
(RZc1

0 ,RZc2
0 ). In this case, the drinking-free equilibrium (E0) and endemic equilibrium E4 are

locally stable in the interval (κ∗,RZc2
0 ) due to the occurrence of backward bifurcation at the

bifurcation point κ = κ∗. But for κ > κ∗ the equilibrium E0 loses stability and a locally stable
endemic equilibrium is only E4.

It follows that, the critical threshold parameter RZc1
0 is a tipping point for an unexpected

population collapse. This leads to a mono stable system whenever RZ0 > R
Zc1
0 such that the only

global attractor is the drinking-free equilibrium point E0. More precisely, there is a saddle-node
bifurcation for RZ0 = RZc1

0 , after which the proportion of social drinkers goes extinct. Moreover,
there is another critical threshold parameter Rzc20 which is greater than Rzc10 , for the occurrence
of a second saddle-node bifurcation. This scenario gives rise to two endemic equilibrium points
E3 and E4, as rapidly as the endemic attractor disappears at RZ0 = Rzc10 . They re-emerge after
the extinction regime (Rzc10 ,Rzc20 ).

One can observe from Figure 2(A) that these two saddle-node bifurcations, if they exist are
separate from each other and not related by sharing the same saddle-node as in the scenarios
with three endemic equilibrium points [6, 7, 9]. This discontinuity has a profound implication
for control measure aimed at impacting the threshold parameter RZ0 . In fact, increasing RZ0
before and after the extinction regime (i.e., below Rzc10 and above Rzc20 ) can be beneficial for
the social drinkers sub-population since it facilitates endemic persistence not extinction. On the
other hand, reducing RZ0 below Rzc20 but above Rzc10 can be detrimental to social drinkers, as
it causes eradication of this sub-population. Moreover, decreasing RZ0 below Rzc20 and above
Rzc10 can be beneficial to the host population since it leads to the stability of the system at
drinking-free equilibrium point E0.

In Figure 2(B), we show using the parameter values α = 1.207, β = 1.2, γ = 1, δ = 0.2, ε =
0.141, and η = 0.25 a forward (transcritical) bifurcation for which the stable drinking-free
equilibrium point E0 loses stability at κ > κ∗ or equivalently RZ0 > 1 due to the emergence
of a unique stable endemic equilibrium point (E). In this case, the classical requirement for
drinking problem control (reducing κ below κ∗ or equivalently RZ0 below 1) could be sufficient
to eradicate the drinking problem in the campus.

4.1 Numerical simulations

We plot the numerical solutions of model (1) using Runge-Kutta RK5 with parameter values
as presented in Table 1 to see the impact of the transmission rate of non-drinkers to problem
drinkers on the dynamics of the model. Figure 3(A) depicts the persistence of drinking problem
when RZ0 = 0.3846153846 < 1. That is, the social and problem drinkers recruit the non drinkers.
This scenario correspond to the persistence before RZc1

0 in Figure 2(A). In Figure 3(B) an
extinction scenario corresponding to Figure 2(A) which occur between RZc1

0 and RZc2
0 with only

a stable drinking-free equilibrium is shown. Such a scenario occurs when RZ0 = 0.5 < 1. Another
persistence scenario is depicted in Figure 3(C) showing that the drinking problem persist in the
campus when RZ0 = 2.307692308 > 1.
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Figure 3: Time diagrams of model (1) with: (A) using the parameter values in Table 1 showing that when
RZ

0 = 0.3846153846 < 1 drinking problem persist on campus; (B) using κ = 0.75, ε = 0.25, η = 0.5, δ = 0.5
and other parameter values are as in Table 1 showing that when RZ

0 = 0.5 < 1 there is a drinking
problem free campus; (C) parameter values as in Table 1 showing that when RZ

0 = 2.307692308 > 1
drinking Problem persist on the campus. The graphs of non-drinkers (dot), social drinkers (dash dot)
and problem drinkers(solid).

5 Discussion and conclusion

We review the drinking model presented in [13] and investigate its complex dynamics noting that
the model exhibits multiple endemic equilibrium points. In particular, the model have a drinking-
free equilibrium and problem drinking-free equilibrium point which exists if RY0 > 1. These
equilibrium points are stable nodes if RY0 < 1,RZ0 < 1 and R1 < 1,RY0 > 1, respectively and
are saddle points otherwise. Then when the drinking problem persist on campus two equilibrium
points emerged called endemic or drinking present equilibrium points. The existence of multiple
drinking-present equilibrium points enable us to use Center manifold theory as presented in [5]
to investigate the existence of the phenomenon of a backward bifurcation in section 4. In fact,
we show in Figure 2 the bifurcation diagram of such phenomenon by varying the bifurcation
parameter κ = κ∗ or equivalently the basic reproductive number RZ0 . That is, the threshold
parameter RZ0 is varied by altering the transmission rate of non-drinkers to problem drinkers,
κ. More precisely, figure 2(A) shows that if RZ0 < 1 < RZc1

0 , the drinking problem invades the
population as the stable drinking-free equilibrium E0 coexists with a stable endemic equilibrium
point E2. These equilibrium points coalesce and disappear by a saddle-node (SN) bifurcation
at RZ0 = RZc1

0 . Thus, the proportion of social drinkers collapses. However, if RZ0 is between
RZc1

0 and RZc2
0 the only stable equilibrium point is the drinking-free equilibrium E0. After the

extinction regime another critical threshold parameterRZc2
0 exists for which a second saddle-node
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bifurcation occurs resulting in the persistence of the drinking problem. This scenario results to
the emergence of two endemic equilibrium points (E3 and E4) at RZ0 = RZc2

0 after the extinction
regime (RZc1

0 ,RZc2
0 ) due to the occurrence of the phenomenon of backward bifurcation. In this

case, the stable drinking-free equilibrium (E0) coexist with a stable endemic equilibrium E4 in
the interval (RZc2

0 , κ∗). Then for κ > κ∗ the equilibrium E0 loses stability and a locally stable
endemic equilibrium is the only E4. This result is similar to the findings in [10, 18].

Thus, the critical threshold parameter RZc1
0 is a tipping point for an unexpected population

collapse. This leads to a mono stable system whenever RZ0 > RZc1
0 such that the only global

attractor is the drinking-free equilibrium point E0. In particular, there is a saddle-node (SN)
bifurcation at RZ0 = RZc1

0 , after which the proportion of social drinkers goes extinct. Moreover,
there is another critical threshold parameter Rzc20 which is greater than Rzc10 , for the occurrence
of a second saddle-node bifurcation (SN2). This scenario gives rise to two endemic equilib-
rium points E3 and E4, as rapidly as the endemic attractor disappears at RZ0 = Rzc10 . These
equilibrium points re-emerge after the extinction regime (Rzc10 ,Rzc20 ).

We observe from Figure 2(A) that these two saddle-node bifurcations, if they exist are
separate from each other and not related by sharing the same saddle-node as in the scenarios
with three endemic equilibrium points [9, 6, 7]. This discontinuity has a profound implication
for control measure aimed at impacting the threshold parameter RZ0 . In fact, increasing RZ0
before and after the extinction regime (i.e., below Rzc10 and above Rzc20 ) can be beneficial for
the social drinkers sub-population since it facilitates endemic persistence not extinction. On the
other hand, reducing RZ0 below Rzc20 but above Rzc10 can be detrimental to social drinkers, as
it causes eradication of this sub-population. Moreover, decreasing RZ0 below Rzc20 and above
Rzc10 can be beneficial to the host population since it leads to the stability of the system at
drinking-free equilibrium point E0.

We also show in Figure 2(B), a forward (transcritical) bifurcation for which the stable
drinking-free equilibrium point E0 loses stability at κ > κ∗ or equivalently RZ0 > 1 due to
the emergence of a unique stable endemic equilibrium point (E). In this case, the classical re-
quirement for drinking problem control (reducing κ below κ∗ or equivalently RZ0 below 1) could
be sufficient to eradicate the problem in the campus.

In order to complete our investigations, we simulate the numerical solution of model (1)
using Runge-Kutta RK5 with Maple 18 software and the parameter values presented in Table 1.
Indeed, we show in Figure 3 the persistence and extinction scenarios of the drinking problem.
To be more precise, when RZ0 = 0 : 3846153846 < 1 (κ � κ∗) and RZ0 = 2 : 3076692308 > 1
(κ > κ∗) the drinking problem persist in the campus environment (see Figures, 3(A), and 3(C),
respectively for the persistence). This scenario is similar to that of Figure 2(A) below RZc1

0 and
above RZc2

0 . On the other hand, Figure 3(B) shows that the drinking problem goes to extinct
if RZ0 = 0.5 < 1 since the population collapse as in the extinction regime (RZc1

0 ,RZc2
0 ) shown in

Figure 3(A).

In conclusion, although the campus alcohol abuse may be reduced by minimizing the ability
of problem drinkers to directly recruit non-drinkers as reported in [13] but our analysis reveals
that such strategy is to be applied with caution. This is because the occurrence of two separate
saddle-node bifurcations make the control more difficult. Indeed, reducing the direct recruitment
of non-drinkers to problem drinkers below the first saddle-node SN and above the second one
SN2 can leads to the persistence of drinking problem in the campus.
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