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Approximation of four step iteration scheme with errors on
closed convex subsets of normed linear spaces

S.A. Raji*

Abstract

This paper investigates the convergence of four-step iteration schemes with error terms defined
on closed convex subsets of normed linear spaces. Sufficient conditions are established for conver-
gence to a fixed point of certain classes of norm linear operators. The results extend and unify
several known theorems in fixed point approximation theory such as Berinde [9], Agarwal [11],

Bosede [3] and Wasfi [6].
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1 Introduction

A pair (E, |.|) is called a normed linear space if the mapping ||.|| : £ — [0,00) for all z,y € E and all
scalars «, satisfies:

i. |z| > 0, with |z| = 0 if and only if x = 0;

ii. lax| = |a, |z|;

ii. |z +y| < 2|+ [yl

The pair (E, |.]) is then called a normed linear space.

The set of fixed points of T is defined by
Fr={pe E:Tp=p}, (1.0)
such that,T' : E — E, be a self-map on F and (F, d) represents a non empty closed convex subset

of a normed linear space E.
Definition 1 [1]:

Let {x,}5°, C E be the sequence generated by an iteration procedure involving the operator
T, this implies that,

Tn41 :f(Taxn)7 n=0,1,2... (11)

where g € X is the initial approximation and f is some function.

Suppose in (1.1),

f(Tvxn) = Tz, (1.2)
then, Tpi1 = Txp, n=0,1,2... (1.3)
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Eqn. (1.3), is the Picard iterative scheme.
Definition 2 [2]

For arbitrary z¢p € E, Mann Iteration process is defined as

Tpy1 = 1 —7m)zn + 1 Txy, n=0,1,2,... (1.4)

where {7,,} is a sequence of real numbers in [0, 1], then we have the Mann iteration process.
2].
Definition 3[3]

For arbitrary x¢ € E, Mann Iteration process with errors is defined as

Tny1 = (1 —71)xn + 7 Txy +10, n=0,1,2,... (1.5)

where {7,,} is a sequence of real numbers in [0, 1], 7, satisfies )~ || || < oo then we have the Mann
iteration process with errors. [3].

Definition 4{4]

For arbitrary ¢ in E, Ishikawa iteration process is defined as

Tnt1 = (I—1p)xn +10Tyn
yn = (1—7))xn +7.Tx0, n=0,1,2,... (1.6)

where {7,} and {7, } are sequences of real numbers in [0, 1], then we have the Ishikawa iteration
process. [4].

Definition 5[3]

For arbitrary z¢ in E, Ishikawa iteration process with errors is defined as

Tng1 = (L=mp)xn + 7T yn + 10
yn = (L—70)xn +7.TT0 + 50, n=0,1,2... (1.7)

where {7, } and {7,,} are sequences of real numbers in [0, 1], 7, and s,, satisfy >~ ||| < 0o and
Y02 o lIsnll < 0o then we have the Ishikawa iteration process with errors. [3].
Definition 6[5]

For arbitrary ¢ in E, Noor iteration process is defined as

Tnt1 = (I—1p)xn +71Tyn
yn = (1—710)xn + 7,12,
2 = (=1 op+710 Tz, n=0,1,2,... (1.8)

where {7, }, {7}, } and {7/} are sequences of real numbers in [0, 1], then we have the Noor iteration
process. [5].
Definition 7[3]

For arbitrary ¢ in E, Noor iteration process with errors is defined as

Tnt1 = (I—=7p)zn + 7T yn + 10
yn = (L—70)xn + 70T 20 + 8n
2w = (=1 opn+71TTy +t,, n=0,1,2,... (1.9)

where {7, }, {7}, } and {7/} are sequences of real numbers in [0, 1], 7, , S,, and ¢, satisfy

Yool o llrnll < 00, Y002 llsnll < oo and >"07 4 ||tn]| < oo then we have the Noor iteration process
with

errors. [3].
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Definition 8§[6]
For arbitrary xg in F, four step iteration process is defined as
Tpt1 (1 —1p)zn + mTyn
yn = (1—7))an+ 7. T2,
Zzn = (1—=1)xn + 1) T0p,
vn = (1—=7"op+7)Tr,, n=0,1,2,... (1.10)

where {7, }, {7}, }, {7)/} and {7]/’} are sequences of real numbers in [0, 1], then we have the Four
step iteration process [6].
Definition 9[3]

For arbitrary xg in F, Four step iteration process with errors is defined as

Tpti (1 —m)xn + 1Ty + 10
yn = (I=1p)on +7,T2 + sn
2 = (=710 an + 70 Tvy + ty,
vp = (1—=7Nap+71)Toy +up, n=0,1,2,... (1.11)

where {7, }, {7}, }, {7)/} and {7]/’} are sequences of real numbers in [0, 1], 7y, , Sy, ¢, and u, satisfy
Y2 o llrnll < 00y 3002 o llsnll < 00y Sov2 o ltnll < 00 and 307 [lun|| < oo then we have the Four
step

iteration process with errors [3].

Definition 10[6]
For arbitrary ¢ in E, (SBT,) iteration process is defined as

Tl (1 — an)Tyn + Ty,
Yn = (1= Bn)zn+ Buzn
zn = (1 =mm)Tn + T Tn,
vy, = (1=7)TYyn+71T2,, n=0,1,2,... (1.12)

where {a }, {Bn}, {n} and {7,,} are sequences of real numbers in [0, 1], then we have the (SBT),)
iteration process [6].

Definition 11[3]

For arbitrary ¢ in E, (SBT,,) iteration process with errors is defined as

Tl (1 = an)Tyn + ayTo, + 1
Yn = (1= 0Bp)zn + Bnzn + Sn
zn = (1—=9)xn +mTa, +ty
vp = (1=7)Tyn+mT2n+un, n=0,1,2,... (1.13)

where {a,}, {Bn}, {7n} and {7, } are sequences of real numbers in [0, 1], 7, , Sp, ¢, and u,, satisfy
Yool o llrnll < 00, 302 o llsnll < 00y Sovt o lltnll < oo and 307 [|unl| < co. Then we have the
(SBT.)

iteration process with errors [3].

Theorem 1.1.[7] Let (E, d) be a complete metric space and T : E — E be a mapping for which
there exist real numbers o, § and 7 satisfying 0 < o < 1,0 < 8 < 0.5 and 0 < v < 0.5 such that
for each z,y € F at least one of the following is true:

(Zl) d(TZE,Ty) < ozd(a:,y),
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(Z2) d(T'z, Ty) < Bld(z, Tz) + d(y, Ty)],
(Z3) d(Tx, Ty) < ~[d(z, Ty) + d(y, Tx)].

From the above theorem 1. The contractive conditions (Z1), (Z2) and (Z3) is satisfied by an
operator T called Zamfirescu operator.Then, T is a Picard Operator, since its iterate converges
to a unique fixed point.

2 Preliminaries

This section presents the fundamental definitions, notations and auxillary results that will be employed
throughout this paper. These concepts are standard in normlinear functional analysis and fixed point
theory and are included to ensure completeness and clarity of exposition.

In mathematics , a weak contraction is a mapping that brings any two distinct points strictly closer
together, but without a uniform “scalling factor” as required for a standard contraction.

Many researchers have proposed numerous extensions of the Banach contraction principle. In par-
ticular,

[8] modified the classical Banach contraction by introducing the idea of a weak

contraction in metric spaces. The notion of weak contraction in the sense of Berinde [9] is stated below.
Definition 1

A self-map T on a metric space (E, d) is called a weak contraction, if there exists a function m € [0,1)]
and n > 0 satisfying the inequality:

d(Tz, Ty) < md(z,y) + n(d(z,Ty))

forall z,y € F.

Definition 2

Let E be a real normed linear space endowed with a norm ||.|. A non-empty subset C' C E is said to
be closed if it contains all its limit points, and convex if for any x,y € C and for all A € [0, 1],

A+ (1-NyeC

Equation (2,2) is a closed convex subsets of normed linear spaces play a central role in fixed point
approximation theory as they provide a stable domain for iterative processes.

Definition 3

Let T : C' — C be a self-mapping defined on a non-empty closed convex subset C' of a normed linear
space E. A point xx € C is called a fixed point of T if

Tx* =zx*

Definition 4
A mapping T': C' — C' is called a contraction if there exists a constant k € (0, 1) such that

[Tz =Tyl < klz—yl,

forallz,y € C

Our aim in this paper is to extend known results by incorporating the convergence of two four-step
iterative schemes with error terms in normed linear spaces, using the notion of weak contraction (2.1)
using iteration (1.13) first and then iteration (1.11). However, in the proofs of our results, this paper
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employ the method of Bosede [3].

Remark 1: It is observe that (1.9) contains (1.7) and (1.5).

Remark 2: It is observe that if 77 = 0 in (1.8) for each n, then (1.8) reduces to (1.6).

Remark 3: It is observe that if 7 = 0 in (1.6) for each n, then (1.6) reduces to (1.4).

Remark 4: It is observed that if the error term in (1.11) and (1.13) are removed, then it reduces to

(1.10) and (1.12)

This paper apply Lemma 1 as contain in Liu [10], in the following sequel.
Lemma 1
Let ay,, by, ¢, and d,, be sequences of non negative numbers satisfying

ap+1 < (1 _bn)an+bncn+dna n=123,...

Suppose,
i D> 02 g bn = 00 then limy_o0cn =0
ii. Y 0 dy < 00 then limy,_00a, = 0.

3 Main Results

Theorem 2

Let E be a non empty closed convex subset of a normed linear space. Consider the self-mapping
T : E — E satisfying the contractive requirement (2.1). Assume that the sequence {x,,}°°, is gener-
ated by the (SBT,,) iteration process with error defined in (1.13) and suppose

o [o.¢]
> an=00, Y |rall < 00, limnseollsnll = 0, linnsoolltnll = 0 and limy oo ||un|| = 0.
n=0 n=0

Then (SBT,,) iteration process with error converges to p.
Proof
Using triangle inequality (1.13) and contraction mapping (2.1)

Hxn-H -pl| = H(l — ) Tyn + anTvn + 1y _pH
< (1= an)|Tyn — pll + an|Tva — pll + [Irall
< 6(1 = an)llyn — pll + danllvn — pll + |||

Considering the estimate of ||y, — p|| in (3.1), gives

H(l - ﬁn)$n + ann + Sn _pH
(1= Ba)llzn — pll + Bullzn — pIl + [Isall
(1= Ba)llzn — pll + Bullzn — pIl + [Isall

1yn — Dl

IN A

Considering the estimate of ||z, — p|| in (3.2), gives

lzn —pll = (1 =m)zn + mTen +tn — pll
< ||(1_’Yn)(xn_p)+’7n(Txn_p)+tn|’
< (U =rm)llen = pll + ovmllzn —pll + [Itall
= (1= =0)lzn —pll + [tall
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From (3.2), substitute (3.3) to obtain,

1= Bn)llzn = pll + Ballzn = pll + [snl

= Bn)l[en = pll + Bul[l = (1 = 0))|lzn — pll + [[En]l] + [[snl]

= Br)llzn = pll + Bul(1 =y + 0vn)2n — pll + IEal]] + lIsal

1= By + 0Bnm)ll2n — pll + Balltnll + llsal

1= Bnyn(1 = 6))l[an = pll + Bulltnll + [[snl (3.4)

1yn — pll

1
1

(VAN VAN VAN VARSI VAN

(
(
(
(
(

Considering the estimate of ||v,, — p|| in (3.1), gives

lvn = pll < (1= 70)Tyn + 70T 20 + up — p|
< A = 7)(Tyn — p) + 7a(Tzn — p) + un|
= (L =70)0llyn — pll + 67nllzn — pll + lluall
< 0L = 7)llyn — pll + 67nllzn — pll + lluall (3.5)

By (3.4) and (3.3), (3.5) becomes

o —pll < 61 = 7)[(1 = Brvn(1 = 6))l|zn — pll + Balltnll + [[snll] + 07n[(1 — ¥n (1 = &))[|zn — pl|
+ Enll] + flunll
= [6(1=7)(1 = Bn) + (1 = 7)Bn(1 = (1 = 8)¥nBn) + GnTn(l — Yn(1 = 6))]|lzn — p|
+ 5(1 = 1) |Isnll + [08n — 0BnTn + 07l [[tn| + [t (36)

In Conclusion, substitute (3.6) and (3.4) into (3.1), gives

[#n41 —pll < 0(1 = an)llyn — pll + danflvn — pl| + [Inl |
< 61 —an)[(X = Bn)llzn — pll + Bn(1 = WbBn(l = 0))llan — pll + Bulltnll 4 l[snll]
+ 00 [(0(1 = 7)(1 = Bn) + 0(1 — 7) Bl — ynfn(1 = 6)) + 67 (1 — (1 = 9)))llzn — pl|
+ 0(1 = 7)lsnll + (68n — 0BnTn + 670)|[tall + [[unll] + ([l
= [6(1 —ap)(1 = Bn) +6(1 — an)Bn(l — 1fu(l —9)) + 520‘71(1 —7)(1 = Bn)
+ 520‘71(1 — Tn)Bn(1 — Y Bn(l —9)) + 520%7'71(1 = (1 = )llzn — pll + o |un|
+ [0(1 — an)Bn + dan(08n — 0BnTn + 010)]|[tnll + [6(1 — ) + 52an(1 — 7)|snll + |7l (3.7

By applying Lemma 1 and considering the fact that

0<a,<1, 0<0<1, 0<[0(1—an)(l—=7)+501—an)bn(l —vmbn(l—=19))+
520471(1 - Tn)(l - ﬁn) + 520%(1 - Tn)ﬁn(l - 7n5n(1 - 5)) + 52an7n(1 - 7n(1 - 5))] <1

oo o
> an=00, Y |rall < o0, limpseollsnll = 0, limnsoolltnll = 0 and limp soo|lun| = 0. (3.8)
n=0

n=0

we obtain,
limpsoollzn —pl| = 0 (3.9)

Therefore, (SBT,) iteration process with errors converges to a fixed point of p.
This completes the proof.
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Theorem 3

Let E be a non empty closed convex subset of a normed linear space. Consider the self-mapping
T : E — E satisfying the contractive condition (2.1). Assume that the sequence {z,}°  is generated
by the Four - step iteration process with errors defined in (1.11) and suppose

(o0 e.)
Y =00, Y |Irall < 00, limnoollsall = 0, limnoolltall = 0 and limy, oo|unl| = 0.

Then, the Four-step iteration process converges to p.

Proof
Using triangle inequality (1.11) and contraction mapping (2.1)

|Znir — 2l = (1 =70)20 + 7Ty + 1 — pl|
< (1 =)l = pll + 7l T = pll + II7al
= (1= 7)llzn = pll + 7l Tym = pll + lIral
= (1= 7a)llzn — pll + 87allyn — pll + [I7a] (3.10)

Considering the estimate of ||y, — p|| in (3.10), gives

lyn —pll = 11 = 7))an + 7Tz + 50 — Pl
< A =7)llzn = pll + 7l T2n = pll + [Isnll
= (L=7)llen —pll + mpllzn — pll + llsnll (3.11)

Substitute (3.11) into (3.10), we obtain
2041 —pll < (1= (1 =8)m — 870720 — DIl + 8Ty 120 — DIl + Tad |50l + 174 (3.12)

The estimate of ||z, — p|| in (3.11), is obtained as follows:

||(1 — T,,,l/)l'n +7—',,74/T/Un +tn *pH
< (= 7)len —pll + 7T on — pll + Itul
= (=) zn - pll + 7 6lvn — pll + [Itu] (3.13)

lzn = pll

Substitute (3.13) into (3.12), gives

lewss —pl = (=70l =8) = 7u7h(1 = 51 — 7))z — pll + 6*rrrtllvw — pl
+ 527-,177’1\\@1” + 700 || 8n || + |70 ] (3.14)

Consider ||vy, — p|| in (3.13), gives

lon =pll = (1 =7")2n + 7/ Tan + un — p

< A =7 )lzn —pll + 7)1 T20 — pll + [lun|

= (1 =7")lzn —pll + 67 lzn — pll + unll (3.15)
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Substitute (3.15) into (3.14), gives

lew =l = (1= 7l = 8) = Srurhy(L = 8(1 — 7)) + S rururl (1 — 72 (1 + 6))) |l —
+ rar a4 87 all + 750l + I (3.16)

By applying Lemma 1 and considering the fact that

0 < 7 <1, 0<6<1, 0<(1=7o(1=08) =07, (1 =01 —7)) +Pmuri 7/ (1 —7"(146))) < 1

[e.9] o0
Y =00, Y lrall <00, limnsollsal =0, lim [[t,]| = 0 and limp | jun|| = 0. (3.17)
n—oo
n=0 n=0
we obtain,
limp soollTn —pl| = 0 (3.18)
Therefore, Four-step iteration process with error converges to a fixed point of p.
This ends the proof.
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