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Mathematical modelling of norovirus transmission
incorporating human and environmental factors with
evaluation of screening and supportive treatment

K.A. Tijani*, A. Abokwara' ¥, L. Mbaskabkwe$, and A.E. Salih?

Abstract

Norovirus is a highly contagious viral pathogen that causes acute gastroenteritis, resulting in
vomiting and diarrhoea. It accounts for approximately 200,000 deaths each year, including 50,000
child fatalities globally, highlighting its substantial impact on public health. This study investigated
the transmission dynamics of norovirus using a mathematical modelling approach. The basic re-
production number is computed and used to establish the stability of the disease-free equilibrium
(DFE) and the endemic equilibrium (EE), such that the DFE is locally and globally asymptotically
stable when Ry < 1, while the EE is locally and globally asymptotically stable whenever Ry > 1.
With the aid of Partial Rank Correlation Coeflicients (PRCCs) and Latin Hypercube Sampling
(LHS), a global sensitivity analysis identifies pathogen decay due to disinfection and proper sanita-
tion ((4), recovery rate resulting from screening and supportive treatment (), shedding rate (7),
and effective environment-to-human transmission rate (8g ) as the most significant parameters in-
fluencing disease spread. Findings from numerical simulations show that, to control this disease
in society, intensive screening, supportive treatment, hygiene practices, disinfection, and proper
sanitation should be implemented.

Keywords: global sensitivity analysis; mathematical model; reinfection; stability analysis; screening and
supportive treatment

1 Introduction

Norovirus, also called the vomiting bug or stomach flu [[1], is a highly contagious viral infection that
causes acute gastroenteritis, resulting in vomiting and diarrhoea [[1, 2]. It spreads easily and quickly
through particles from feces or oral mucus [3l], by having direct contact with infected individuals,
consuming food or liquids contaminated with the virus, or touching contaminated objects or surfaces
and then placing unwashed hands in the mouth [4]. Norovirus has an incubation period ranging from
12 to 48 hours [5]. Symptoms include nausea, diarrhoea, abdominal pain, fever, headache, and stomach
pain, among others, and the infection can be fatal if left untreated [1]]. Norovirus symptoms are typically
self-limiting, with recovery occurring within 1 to 3 days in most cases [6].

Norovirus can infect individuals of all ages, and anyone may be affected during outbreaks. Mean-
while, people at the extremes of age and immunocompromised individuals face the greatest risk of
adverse outcomes, while older adults are at increased risk of fatal outcomes even though, being infected
with a norovirus is also determined by a gene. Globally, an estimated 685 million cases of norovirus
occur annually, including 200 million among children under the age of five. The virus causes about

200,000 deaths each year, of which 50,000 are child deaths [2, |4].

*Department of Mathematics, Joseph Sarwuan Tarka University, Makurdi, Nigeria; Email:kazeemtijani1987@yahoo.com

1LCorresponding Author; E-mail: agathamicheal@gmail.com

#Department of Mathematics, Joseph Sarwuan Tarka University, Makurdi, Nigeria

§Department of Mathematics, Federal University of Education, Zaria, Nigeria; Email:lukambaskabkwe@gmail.com

YDepartment  of Mathematics,  Joseph ~ Sarwuan Tarka  University, ~ Makurdi,  Nigeria; Email:
salih.abdulwahab@uam.edu.ng

471 IJMAM, Vol. 8, Issue 2 (2025) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



K.A. Tijani et al. (2025) Int. J. Math. Anal. &” Mod., 8(2):471-492

Currently, no vaccine is available for the prevention of norovirus, although efforts are underway
to develop one [3]]. Preventive measures include consistent hygiene practices such as handwashing with
soap, use of gloves and face masks, proper environmental sanitation with adequate ventilation, and
disinfection of contaminated areas [6]. Norovirus has no specific treatment, with management relying
on supportive care and fluid intake to prevent dehydration, and reinfection remains possible even after
recovery [7] .

Mathematical modelling involves representing real-world problems in mathematical terms, typically
through equations, which are then used to enhance understanding, reveal new features, and develop
solutions [8] . The concept of mathematical modelling of infectious diseases is an essential tool for
analysing their dynamic nature, and it helps in developing and forecasting appropriate control strategies
(9} [1Q0]. Several authors have employed mathematical modelling to propose solutions to infectious
diseases, such as Madubueze ez al. [11]] on schistosomiasis, Madubueze et 4/. [[12] on the dynamics of
diphtheria, Tijani et al. [[13] on typhoid fever, Abokwara and Madubueze [[14] on filariasis, and Sayooj
et al. [[15] on dengue fever, among others. Some authors, [[16, 17, 18} 19},120, 21}, 22, 23| 24] have also

used this concept of mathematical modelling in investigating the dynamics of norovirus disease.

Gaythorpe et al., [17] considered susceptible, S(t), exposed, E(t), infected, I(t), and recovered,
R(t), deterministic model with the incorporation of individuals protected by maternal antibodies,
M (t). They replicated this disease transmission model for individuals who were vaccinated but did not
belong to the maternal protection class. Their findings indicate that the implementation of a vaccine
could reduce the incidence of norovirus to 70.5%. However, they did not consider virus concentration
in their work. In addition, they did not conduct major qualitative analyses, such as local and global
stability of the disease-free equilibrium (DFE) and endemic equilibrium (EE) states. Global sensitivity
analysis was also not taken into account. Raezal er al., [22] formulated a deterministic model com-
prising the susceptible class H(t), Vaccinated individuals V' (¢), Asymptomatic or exposed individuals,
U(t), Symptomatic or infectious individuals, A(t), and the recovered class, C(t), using fractional or-
der method. The outcome of their findings provides valuable insight into the dynamics of the disease;
however, they failed to incorporate the virus concentration class [[1]], which is of critical importance in
understanding disease dynamics. They did not examine the global stability of the disease-free equilib-
rium (DFE), nor the local and global stability of the endemic equilibrium (EE). In addition, they failed
to account for the potential reinfection of recovered individuals, since no permanent immunity follows
recovery [7]]. Saleem et al., [23]] also constructed an SEIR model using the fractional-order technique,
and their findings indicate that fractional-order models perform better than classical integer-order mod-
els. However, they did not include protected or virus concentration classes in their model. In addition,
they failed to account for the reinfection of recovered individuals, as no permanent immunity follows
recovery [[7]]. Their study did not address the local and global stability of the endemic equilibrium (EE),
nor did it incorporate global sensitivity analysis. Gogovi et al., [[18]] established a compartmental model
comprising susceptible class S(t), asymptomatic infected individuals, A(t), symptomatic individuals,
I(t), and the virus concentration class, R(t) to examine the dynamics of the norovirus. Their find-
ings highlight the importance of environmental interventions, such as environmental decontamination.
However, they did not include the exposed class, which reflects the impact of the incubation period on
disease dynamics, nor did they consider the protected and recovered classes. Furthermore, they failed
to account for the potential reinfection of recovered individuals, since no permanent immunity follows
recovery, as stated by [2]. According to Gaythorpe et al. [16], an SEIR model was developed to study
norovirus dynamics, revealing substantial variability in parameter estimates such as the reproduction
number. The model excluded virus concentration in the environment and the possibility of reinfection
among recovered individuals. While the study relied on quantitative analyses, it neglected qualitative
aspects, including the stability of DFE and EE states, and omitted global sensitivity analysis. Song ez al.
[20] developed a stochastic SIRWF model that integrates susceptible, infected, recovered, water con-
tamination, and food contamination classes. While their findings demonstrate a robust framework for
complex biological and epidemiological phenomena, the model excluded exposed and protected classes,
overlooked reinfection among recovered individuals due to the absence of permanent immunity, and did

472 IJMAM, Vol. 8, Issue 2 (2025) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



K.A. Tijani et al. (2025) Int. J. Math. Anal. &” Mod., 8(2):471-492

not incorporate global sensitivity analysis. In the work of Cui ez al. [21]], they formulated fractal-fractal
and stochastic models to investigate the dynamics of norovirus, incorporating the susceptible class vacci-
nated individuals, asymptomatic or exposed individuals, symptomatic or infectious individuals, and the
recovered class. Their results provide a theoretical basis for understanding the dynamics of this globally
contagious disease. However, they did not account for virus concentration in the environment, nor
did they examine the possibility of reinfection among the recovered population, as the disease does
not confer permanent immunity after recovery. Furthermore, they did not include global sensitivity
analysis in their study. In their study, Towers et al. [24] established a deterministic SEIR model incor-
porating virus concentration in the environment to examine the dynamics of norovirus on a cruise ship.
Their findings indicate that environmental transmission can lead to sustained outbreaks aboard cruise
ships when strict sanitation practices are neglected, while direct transmission remains dominant. They
further concluded that promoting proper handwashing practices should be strongly encouraged. While
Lopman et al., [[19] formulated a reinfection SEIAR mathematical model. Their findings reveal that
among older children and adults, the incidence of the disease would increase from 6% to 16%. Their
results also highlight the limitations of case-control studies for pathogens with suboptimal diagnostic
specificity.

Although previous studies have made substantial contributions to norovirus control, several crit-
ical gaps persist. To address these, this work develops a nonlinear deterministic model incorporating
susceptible (S,,(t)), protected (P (t)), latent (L (t)), infected (I;(t)), and recovered (R}, (t)) human
populations, together with environmental pathogen concentration (V,(t)). The protected population,
P,(t) comprises individuals who follow safety precautions, as well as members of the recovered popula-
tion adhering to safety measures [25]]. The model aims to capture both direct and indirect transmission
pathways and the potential for reinfection, as highlighted by [2, 7], thereby guiding the design of effec-
tive and sustainable interventions.

The remainder of the paper is organized as follows: Section 2 presents the model formulation, while
Section 3 provides the qualitative analysis. Section 4 discusses the numerical simulations, along with
the results. Finally, Section 5 concludes the paper.

2 Model formulation

In this paper, a nonlinear mathematical model is formulated to investigate the dynamics of norovirus,
considering both direct and indirect transmission modes. The human population is divided into five
compartments at time t: susceptible humans S}, (), protected humans P, (t), latent or pre-infectious
humans Ly, (t), infected humans I, (t), and recovered humans Ry (t), where

Np(t) = Sp(t) + Pu(t) + Ln(t) + In(t) + Ri(t)- (1)

The model also considers the norovirus pathogen concentration in the environment V,(¢). The model
assumes a homogeneous population at all times [[1]], where susceptible individuals may be protected
through preventive measures [3]], are at risk of infection via direct human-to-human or indirect envi-
ronmental transmission [2/], may die from the disease [4], and can be reinfected after recovery [[1]].
Births and immigration augment the susceptible population, S;(t) at rate A, while a proportion,
p of recovered individuals re-enter susceptibility at rate 6 following loss of immunity [7]]. Individu-
als in the susceptible compartment, S, (t) progress to the protected compartment Py () at rate a due
to adherence to effective preventive measures [3), 6]. In addition, the protected population Py () in-
creases by a proportion (1 — p) at rate 6 through the transition of recovered individuals Ry (f) who
adopt preventive measures. The susceptible population can acquire the infection at rate \, transition-
ing into the pre-infectious or latent state Ly (t). The force of infection is defined by the equation

A = [ﬁ maln + é?f‘yc . In this equation, S denotes the effective transmission rate from human
c

to human, while Sgj represents the effective transmission rate from the environment to humans [2].
The parameter, K corresponds to the environmental carrying capacity.
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Individuals in the latent compartment Lj,(t) leave this class at rate o and subsequently progress to
the infected class, Ij,(t) following the incubation period [5]. The population of individuals in the in-
fected class, denoted as, I, (t) decreases due to disease-induced mortality at rate . In addition, infected
individuals progress to the recovered class Rj,(t) at rate 7y [1]. Additionally, i represents the natural
death rate of the human population. The concentration of the norovirus pathogens in the environ-
ment increases due to shedding from both the infected class, I, at rates 7 [3, |4]. Furthermore, the
concentration of pathogens decreases due to the natural and artificial decay rates, 1, and 1, [2]].

A graphical representation of the model formulation is shown in Figure[l], while the state variables
and parameter descriptions are detailed in Table|1|and |2}, respectively. The following system of non-

Iy o

5 L,
L aaman | . Ve
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P|4
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Figure 1: Schematic diagram of the norovirus disease

Table 1: State Variables of the model

Parameter Symbol Unit
Susceptible human population per time, ¢ Sh(t) humans
Protected human population per time, ¢ Py(t) humans
Latent(pre-infectious) human population per time, ¢ Ly (t) humans
Infected human population per time, ¢ In(t) humans
Ry,
Ve

Recovered human population per time, ¢ (t) humans

Norovirus pathogen concentration in the environment per time, ¢ (t) | pathogens

linear differential equations is formulated based on the assumptions of the model, the parameters in

Table|1|and Table |2 respectively, while the flow diagram is shown in Figure|l| with the corresponding
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system of equations in (2):

ds

dTh = A — AS), + pOR), — (o + p)Sh,
dP

— = a8y + (1= p)0Ry — uP,

dLy,

Eh _ \g, — L
o Sp — (o + p) Ly,

)
dI
—h = oLy — (A + O,

dt
dR
cTth =1, — (0 + p) Ry,
dv,

=7l — v a‘/ca
P (Ko + Ha)

with non-negative initial conditions, Sy (0) > 0, P,(0) > 0, L,(0) > 0, I;(0) > 0, R4(0) > 0,
Ve(0) >0and A = [ﬁHH]h + %f“//:] . The model parameters are assumed to be non-negative.

Table 2: Values of parameters used in simulation.

Parameter Symbol Value/Range Source
Human recruitment rate A 400 Estimate
Human-to-human effective transmission rate Bun 0.0178 [26]
Environment-to-human effective transmission rate BEH 0.0122(0.01-0.03) 271
Progress rate from Ly, to Iy, after latent period o 0.5 [5,16]
Progress rate from Sy, to Py, a 0.0001 el
Human natural death rate m 0.0004 [28]
Disease induced death rate for human 1) 0.33 [29]
Recovery rate from I, to R}, due to screening and supportive treatment ¥ 0.8378 [17]
Progress rate from Ry, to S, and P}, due to loss of immunity and adherence to protective measures respectively 0 0.00034 [17]
Shedding rate from I, to V, T 0.05 Assume
Proportion of recovered individuals that became susceptible after loss of immunity p 0.85 (11
Natural pathogen decay rate Lo 0.004(0.004-0.07) [39]
Pathogen decay rate due to artificial means like disinfection and proper sanitation La 0.09 (18]
Carrying capacity K 500000 [31]

3 Analysis of the model
3.1 Positivity of the state variables
To establish the solution’s positivity, we present and demonstrate the following theorem.

Theorem 3.1. Forany non-negative initial conditions, the solutions (Sh (t), Pn(t), Lp(t), In(t), Ry (t), Ve (t))
of system ([2)) remain non-negative for all t > 0.

Proof. We demonstrate that the solution Sj,(t) remains non-negative. Suppose that at time t1,

Sy (t1) <0, Py(t1) > 0, Ly(t1) > 0, In(t1) > 0, Rp(t1) > 0, Ve(t1) > 0. From the first equation of

system (2)),

BenVe
K+V,

Sh(t1) = Ay — | Bug Iy + (t1)Sh(t1) + pORy(t1) — (a + p)Sh(t1) = Ap + pORy(t1) > 0,

This contradicts the assumption that 5] (t1) < 0. Therefore, S;,(t) > 0 for t > 0.
For Py (t), assume there exist a time, ta, t; # t such that Py (t2) = 0, with P/ (t2) < 0 and all
other variables being non negative at ¢ # t5, then from the second equation of model (2),

P]fb(tg) = OéSh(tg) + (1 - p)@Rh(tQ) — uhPy = OzSh(tg) + (1 - p)@Rh(tQ) > 0.
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This contradicts the assumption that P} (t2) < 0. Hence, Py (t) > 0 for ¢ > 0.
For Lj(t), assume there exist a time, t3 such that Ly (t3) = 0, with L} (t3) < 0 with all other
variables being non negative at ¢ = t3, then from the third equation of model (2),

Brea Ve B Ve

L) (t3) = e

] (t3)Sh(ts) — (o + p)Lp = [5HH + ] (t3)Sh(ts) > 0.
This contradicts the assumption that L} (t3) < 0. Hence, Lj,(t) > 0 for ¢t > 0.

In the same way, it can be shown for I}, (t), Rj,(t), and V,(t) for t > 0. Therefore, we can conclude
that the solutions (Sy,(t), Py(t), Ly (t), In(t), Rp(t), Ve(t)) of system (2)) are non- negative for ¢ > 0.
The result confirms the model’s validity and biological relevance, as negative population sizes are not

physically possible.

3.2 Invariant region

For all time ¢t > 0, the parameters of the model are biologically meaningful, as they are taken to be
non-negative along with the initial conditions. Consequently, the analysis of model (2)) will be carried
out within an appropriate feasible region, defined as follows At any time ¢, the total human population
is denoted by Np(t) is

Np(t) = Sn(t) + Prp(t) + Lp(t) + In(t) + Rp(2), 3)

and V,(t) is the virus population. with initial conditions Np(0)= Npg, and V.(0) = Vo respectively.
We state the following lemma.

Lemma 3.2. Every feasible solution remains uniformly bounded in a suitable subset of the domain

Q= Qn xQc;
where A
Qn= {(Sh,Ph,Lh,[h,Rh) RS : Ny(t) < M} 7
and A
T
Oc={V.eR, :0<V,(t gi}
{ " 0 < i+ )
are subsets for human and virus populations, respectively.
Proof. Considering the human population,
dN
T::AfﬂNh*5Ih<Ah*HNh- 4)

By applying the Birkhoff and Rota theorem [32] on differential inequalities and integrating both sides
of equation (4), we obtain the following result.

AN,
— " < | dt.
A —pNp — /

A — pNy, > Wy exp(—put) 6)

This implies that

with W}, as a positive constant. Moreover, by substituting the initial conditions into equation (5], we
obtain

A — uNp > [Ap — pNp(0)] e7#n*

which simplifies to

A A — uN;
Np < —— {*ﬂ w(0) }eiﬂt. (6)
K M
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As t — oo in equation (6), the human population size, N, approaches % Therefore, all feasible
regions of the human populations, Sy, Py, Ly, I, and Rj, enter the region

A
Qn = {(Shvph,Lhthth) ERS : Ny(t) < ﬁ}

For the virus population, we have from the sixth equation in system (2)) that

= mlp — (po + Ha) Ve
But, I, < Np(t) and I, < Np, < %, we have

dV. = 7mA

i < 7 = (po + fta) Ve )

and Rota theorem [32] for differential inequalities and integrating equation (7)), we arrive at the follow-

[ —
oW (,Uv +:U«a)Vc

w

ing.

which implies that

1 TA
————In{—— Mv+MaVc>§t+Vm (8)
(/‘v+ﬂa) <:u ( )

with V;,, as the constant of integration. It follows from equation (§)) that

In (T — (o + ua)Vc> > — (o + pra)(t+ Vi),

Therefore,
ﬂ-A (_Mv+ﬂa)t
7 - (Nv + Ma)‘/c > Whe s (9)

where W), is a positive constant. Furthermore, applying the initial condition, V..(0) = Vg, to equation

) yields
A
Wi < o (ko + 11a) Ve(0). (10)

Substituting equation (I0) into equation (9) gives

> Am A (o + 1a) Ve (0) o (Hota)t (11)
ppo + pa) Lk + pa) [

Ast — oo in equation (1)), the population size, V., approaches

An

9 Wl )

Hence, the virus population will enter the positive invariant region, )., where

Am
@ {VC ERy 0 <Welt) < (o +Ma)}'

This shows that any solution originating from initial conditions in RS remains within this region for all
t > 0,, confirming that it is a positively invariant set under the dynamics of model (2)). Consequently,
system (2) is both epidemiologically meaningful and mathematically well-posed within the interior of
the domain Q). It is therefore appropriate to restrict our analysis to the behaviour of the flow generated
by model (2)) within this domain.

It follows that the model system (2)) is epidemiologically well-posed and mathematically consis-
tent, thereby serving as a robust framework for analysing and mitigating the transmission dynamics of
norovirus.
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3.3 Disease-free equilibrium and basic reproduction Number, R,

The disease-free equilibrium of system (2), denoted by E, corresponds to the steady state in which
norovirus is absent from the population. Solving equation (2)) at the equilibrium state simultaneously
gives the disease-free equilibrium (DFE)

A al
(a+p) plo+p)

Eo= (Sy, Py, Ly, I, Ry, V?2) = ( ,070,0,0> (12)

where

k1= (a+p), k= (+p), ks=@p+v+0), ki=O0+pn), ks= (o+pa). (13)

Then, considering the three infected compartments of the system of equations (2)) and using the concept
of Next-generation matrix approach as deployed by [[12} 13133, 134], we have

0 lun Sopn kr 0 0
F=10 0 0 and V = —o k3 O
0 0 0 0 -7 ks

Solving this to obtain the spectral radius of F'V =1, we obtain the basic reproduction number, Ry,
as follows;

Ry = Ryy + REq,

oABun . oATBen

kikoks = Kkikoksks’ (14)
oABun . oATBEH

(a+p)(o+pu)(p+y+06)  Kla+p)(o+p)(p+y+0) (o + pta)’

Ry =

Ry =

where Ry is the contribution of human-to-human in the spread of the human norovirus disease while
REgp is the contribution of the environment-to-human in the transmission dynamics of the disease.

3.3.1 Global stability of the disease-free equilibrium state

We state the following lemma.

Lemma 3.3. The system of equations (2)) exhibits a locally asymptotically stable disease-free equilibrium
when Ry < 1, whereas the equilibrium becomes unstable if Ry > 1.

The following theorem demonstrates the global stability of the disease-free equilibrium point, Fjy.

Theorem 3.4. The disease-free equilibrium of the system described by (2)) is globally asymprotically stable
when Ry < 1, and loses stability when Ry > 1.

Proof. As noted in Castillo-Chavez et al. [35]], assuming the disease-free equilibrium is locally
asymptotically stable for Ry < 1, two additional conditions must be met to ensure its global asymptotic
stability. These conditions are outlined below:

i The function F'(X1,0) represents a globally asymptotically stable equilibrium for %

ii Let G(X1,Y7) = AY — G*(X1,Y1), where G(X1,Y1) > 0 for all X;,Y; € Q. Here, A =
Dy G(X*,0) denotes an M —matrix, and ) represents the biologically feasible region of the
model.
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To facilitate analysis, we introduce new variables and decompose the system (2)) into subsystems. Let
X1 = (Sh, Pn), representing the populations of susceptible and protected individuals. Additionally,
define Y1 = (Lp, Iy, Ve) to denote the infected compartments, such that R, = 0. The reformulated
system is expressed as follows:

dX;
— =F(X1,Y;
dt ( 1, 1)

where X1 € R1,Y; € R3.
vy
— =G(X1,Y]
o (X1, Y1)

Consequently, the two vector-valued functions are defined as follows.

BeuV:
K+V,

T
aSy+ (1 —p)iRy, — ,uPh,>

F(X1,") = (A - [BHHIh + ] Sh+ pORp, — (a + p)Sp,

BenVe
- L
| s v,

oLp — (u+ v+ 6)1n,

T
7th - (,Uv + ,Ua)‘/c) J

G(X1,) = ( [5HHIh +

Here, T' denotes the transpose. For convenience, we treat X as equivalent to (X7,0) and Y] with
(0,Y1) € RZ x R3. Hence the reduced system: %Xt = F|(X71,0) is

dt
ds
T; :Ah - (O[ + H)Sh)
(15)
@ =Sy, — uP,
dt h — HLh-

The Jacobian matrix corresponding to the subsystem is expressed as
J(.Z‘*) — <_(O‘+M) 0 >,
a —p
which has negative eigenvalues —p1 and —(« 4 1), and

* k% Kk A OéA
X :<Shaph):< )

a+p’ pla+ p)

is a global asymptotically stable equilibrium point for the reduced system %, F(X1,0). These asymp-
totic dynamics do not depend on the initial conditions within RS . Based on the framework estab-
lished by Castillo-Chavez et al. [35]], the fixed point X* is a globally asymptotically stable equilib-
rium of the system (2), provided that Ry < 1, ensuring local asymptotic stability, and the condition
% = F(X1,0) admits a globally asymptotically stable equilibrium at X°.

Condition two specifies that G(X1, Y1) = AY —G*(X1,Y7), where G(X1,Y1) > Ofor X31,Y7 € Q,
and A = DyG(X*,0) isan M — matrix. For

Clearly G(X1, Y1) satisfies the condition that

G(X1,0) =0and G(X1,Y7) = A*Y] — G*(X1, Y1), G*(X1,Y1) > 0, where

—ks BuuS) BE;S?‘
A*=DyG(X1,0)=| ¢  —ks 0
0 T —ks
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and
CIEE SICEED
G (X1, Y1) = 0

0
Since the human population assume a steady-state value, {ﬁHH + BETH} (5'2 — Sh) > 0, since 5'2 >

Sh,. Therefore, the system is globally asymptotically stable, implying that the virus, infected individuals,
and the disease ultimately vanish, regardless of the initial number of infected humans.

From an epidemiological standpoint, norovirus will be eliminated from the population in the ab-
sence of external interventions, provided that the conditions ensuring the stability of the disease-free
equilibrium are sustained.

3.4 The endemic equilibrium state

The endemic equilibrium state, £, is a condition in which norovirus persists within the population
over time. We now solve for the endemic equilibrium state in terms of the latent human class, L ().
From equation (), the total human population is given by the sum of all human compartments

Ni(t) = Sn(t) + Pu(t) + L (t) + In(t) + Rn(t).
Using the sum and difference rule of differentiation at equilibrium, we have

dNp _dSy  dPy,  dLp,  dl,  dRp

— — 4+ = =0. 16
dt a Ta @ T ar @ (16)
But,
A —oIf
Ny =A — uNy, — I, = Nf = P h. (17)
Also, from equation (I3)), we have
oLf yoL$ moL§
J¢ = h e _ h dVve = h
T T Rk Y T Ry
and using the first and second equations of the model (2)), (18)
pe aSpksks + (1 — p)0vyolLg
" pkgky '

Using equations (16)), (I7), and substituting the second, third, fourth and fifth equations of the
system (2)) result in.

Ak3 — 60 L5, pOyoLs
———2 = A4+ ——2 —k1S; — koL§, 19
ks + sk 1oy — ka2l (19)
Make S}, a subject of the formula to get
Le
¢ = Q1Lj, + Q2 (20)
k1 kska
where
Q1= pOyou + doks — pkoksky, o1
Q2 = Apksky — Akzky.
Substitute equation (20)) into the third equation of system (2) to get
BerVE Q1L + Q2
Iy = — koLj = 0.
[BHH ht K+ Vce} [ pkiksky } 2
Using equation (18) and solving explicitly gives
Q3L22 + Q4Lj + @5, where, (22)
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Qs = Buno’nQ,
Q4 = BunoKksksQ1 + BeumoksQ1 + BunonQa — kek3kiumoky, (23)
Qs = BunoKkeksQz + BeamoksQa — ko Kk3kikakspu,

From the quadratic equation (22)), we investigate the likelihood of multiple equilibrium states. It is
imperative to note that the coeflicient of (03 is always positive with Q4 and Q)5 having different signs.
The possible number of real roots is itemised in Table |3| using the Descarte’s rule of signs [36]].

Table 3: Existence of positive endemic states

Case | Q3 | Q4 | Q5 | Number of possible real roots | Range of Ry
1. + + + 0 Ry <1
2. + + - 1 Ry >1
3. + - + 2 Ry <1
4. + - - 1 Ry >1

From Table 3} it is evident that when Ry > 1, the system admits a unique positive endemic equi-
librium. Conversely, for Ry < 1, there may exist either no endemic equilibrium or two endemic
equilibria coexisting with the disease-free equilibrium Ej, thereby giving rise to a backward bifurcation

at RO =1.

3.4.1 Bifurcation analysis

The occurrence of either a backward or forward bifurcation is fundamental in assessing the stability
of the endemic equilibrium, E°. Specifically, when Ry crosses the critical threshold of 1 such that the
disease-free equilibrium becomes unstable and a stable endemic equilibrium emerges, the system un-
dergoes a forward bifurcation [37]]. A backward bifurcation means the model can have more than one
stable outcome, even when Ry < 1. This suggests that the norovirus may still persist under certain con-
ditions, showing complex behaviour despite the reproduction number being below the usual threshold
for disease elimination [[14]. We analyse the model’s bifurcation at Ry = 1 by applying the Centre

Manifold theorem developed by Castillo-Chavez and Song [38]] with

(E
a= Z MEW; 3qk( and b = ka laaqjggo)
k,i=1 v

as bifurcation coefficients and ¢ as bifurcation parameter. Here, we consider the progression rate from
the latent class to the infected class, 0 = & as the bifurcation parameter for the basic reproduction
number, Ry = 1. Since Ry = 1, then

. kikoksks K
o= .
ABunksK + mBEn)
Note that for Ry = 1, the Jacobian matrix of the system equations, (2), has negative eigenvalues.

Thus solving for a and b we obtain the left and right eigenvectors mys and w;s respectively where
m = (my, ma, mg, my, ms, mg) and w = (w1, wy, ws, wy, ws, we) and m-w = 1. Let

x1 :Sha $2:Ph, l‘gZLh, :E4:Iha T5 :Rha x6:‘/Cv (24)

and ¢1, g2, 43, 4, G5, g6 be the right hand sides of the system of equations (Z). Therefore the non-zero
second order partial derivatives of q1, q2, ¢3, 4, g5, g6 at disease-free equilibrium state, Ey results in

*qi(Eoy) _ aq1(Eo) _ 5 *q(Ey) _ qi(Eo) _ Pen
6%18.%’4 81‘48331 i 6%18.%‘6 (91'68331 K ’

(25)
0%q3(Eo) _ 0°q3(Eo) _ 3 0%¢3(Eo) _ 0°q3(Eo) _ Ben
8x18m4 8I48£C1 HIH, 8x18x6 8:1368x1 K ’
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and
0%¢3(Eo) _ Pq3(Eo) _ , Pau(Eo) _ 0*qu(Eo) _ 1 26)
01306 060x3 0x306 060x3
We obtain mys and w;s as follows:
~k 0 0 fmmbopg _BEEAN N g
a —u 0 0 (1—p)o 0 wo 0
0 0 —ky 2zt 0 Beh | fws | [0
0 0 o —k3 0 0 Wy 0
0 0 0 ~ —ky 0 ws | |0
0 0 0 T 0 —ks We 0
Thus,
BraAwy BenAwg )
hywy — PR gy DEHAWS
1w i + pbws Khr 0,
aw; — pws + (1 — p)fws = 0,
BuuAws | BerAws
K =
QW3 + I + Khy 0, (27)
ows — kswyg = 0,
ywy — kqws = 0,
TWy4 — k5w6 =0.
It follows that
_ pyows  Aows BEHT
T oksks  K2ks {5“ T Kk ] ’
wy =< [0970w3 B Agw?, [BHH n 5EH7T” n (1 —p)oyows (28)
1% k‘l k’3/€4 kl /Cg Kk5 uk3k4
ws =wsg >0, w _ng w —L}w?’ w _ Tows
3 — W3 ) 4 — ksa 5_k3k4’ 6_k3]€5
ke a O 0 0 0 my 0
0 —u O 0 0 0 My 0
Al 0 0 ks & 0 0 ms 0
B e e U - I N I VN B
p0 (1—p)@ 0 0 —k4 O ms 0
Pt Bl 0 0 k) \mge 0
Hence,
—kimi +amy =0,
—uma = 0,
—komg 4+ 6my = 0,
A A
P | BuaAms G s 4 me = 0, (29)
k1 k1
pOmy + (1 — p)ima — kyms = 0,
_Peuhmi | Bpuhms ., o
Kky Kk o
This gives
m1 =mo =mgs =0, mg=ms3 >0,
—— Amgz Burr + Beu™ — BeuAms (30)
YT ks \UTTT KRy )0 T Kkyks
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We obtain a and b from equations (29), (26), and (30). That is,

205(E 205(E,
a= mg,wlw47a a3(Eo) + m3w1w678 g3(Eo)) and
a$18$4 81’161’6 (31)
b — maw 9%q3(Ey) e 9%q4(Ep)
B 9506 S 9506

So that,

2,2
mawso T\ [pty Beum
—_ — 1 — S .
T TR < +k5)[7€4 ki (5 T Kk )}
Observe that a < 0 for pe’y < <ﬁHH + ﬁEH ) and a > 0 provided k—ﬁf ki(ﬂHH + 5}1@1]:5#) )
Additionally,

<5HH + BEHW) — 1}.

b= wsm [L
U ks Kks

So that, b < 0 if - (BHH n ﬁEH”) < 1while b > 0if A (5HH i 5;@;15”) > 1.

There exist a forward bifurcation for @ < 0 and b > 0. The existence of a forward bifurcation
implies that the requirement Ry < 1 is necessary and sufficient for the elimination of the disease [37]).
Consequently, there exist a backward bifurcation if @ > 0 and b > 0. The presence of a backward
bifurcation is as a result of reinfection where the disease-free equilibrium coexist with a stable endemic
equilibrium for Ry < 1 implying that a reduction of the basic reproduction number below unity
may not be sufficient to eliminate the disease because small changes in model parameters can produce
complicated changes in the equilibrium dynamics [25]).

3.4.2 Global stability of the endemic equilibrium state

We examine the global stability of the endemic equilibrium F£¢, to determine whether the system con-
verges to this state for all valid initial conditions within the feasible region. We would state and proof
the following theorem to establish the global stability of the endemic equilibrium state.

Theorem 3.5. For Ry > 1, the endemic equilibrium state, E°, is globally asymptotically stable.

Proof. Let
= (Sh, Pu, Ln, In, Ry, Vo)t

Consider the Lyapunov function

V(X):[Sh—Sfl—Shlngg]-I-[Ph—Plf_Phln]]jg}
+a1[Lh—Lh thnéh]—i-ag[fh s — Ihln%] (32)
as| Ry, — Rf, - Rhln%}+a4[v ve Vln“//]
h

Computing equation (32)) explicitly gives

b e s |
ot B Tt i
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By employing the system of equations (2), equation becomes

v = [ ] [A (B4 EE ) Sh+ bR~ ot S
+ [1 - ];:] [ash 4 (1— p)0Ry — uph]
a1 - éh] [ (BHHIh + fff“//) Sh — kL] (34)
¥ ay :1 ﬁh] [oLh - kgfh} ¥ a3 [1 _ g} [th — k4Rh]
+as|1- g[ﬂh—kg,vc],

c

where a1, a2, a3, a4 are unknown constants. At endemic equilibrium state, we have

5EHV§) Sy

V@
A= <5HHIZ + BEHC) S; — pOR;, + (a+ p)Sy, ko = <5HHIﬁ +

K+ Ve K+Ve) Ly
e e ¢ (35)
oL§ ’)/Ih iy
k3 = Iﬁ ) k4 Re ) k5 = Ve .
C

Using equation (33)), equation (34)) becomes

V' = [1 - f] [ (ﬁHHIfL + P Ve ) Sh — POR}, + (a + 1) S, </BHHIh +

Beu Ve g
Sh K+ Ve h

K+YV,
+ pORy — (o + 1 Sh} [ 7}1] [ash + (1 = p)0Ry, — pPy — aSy, — (1 - p)OR;, +MP§}

—|—a1[1—LeH<ﬁH ﬂ B c>5h—<5HHIﬁ+BEHVCe)SZL

K1V, K1V
BeuVE BeaVE\ S, Iz
N I€ c e I¢ Le 1— 2k
<5HHh+K+ve S+ (Pl + 96 ) 7 i)+ Ih}
oL . oL RS
[aLh— oL+ 7 Ih]+ 3[1_3,7“ I — ReRh— Ih+ReRh}
‘/Ce Tr (4 Tr[ﬁ e
(36)
Let
Shi Ph ﬁ Ih Rh Vc

?ﬁ_nl’ PTfZﬂ% LZ:n3’ Tﬁ:n4’ Ri,i:n{)’ W:TLG-

[

Solving equation explicitly, we obtain a; = as = a4 = 0, a3z = 0 R} and equation becomes

Y RY
V/:_[Iu(l ny) +,U«(1 nng) ]—i—p@Re [ 1 +n5_n5_1]
2

ni ny
1 1 1
+a5,3[1+——”1]+( )QRh[ng,—{——%—l] (37)
n9 ni n9 ng n2

+ORS [1+n4—n5—n4].
ns

Consider the function v(x) = 1 — x + In(x), which satisfies v(z) < 0 for all z > 0, with equality
attained only at = 1. Given that 1 — 2 < —In(x), it follows that the term p# R}, transforms into

1 1 1
(1—n5> — (1 —mns) — <1—) §—lnn5—|—lnn5+ln—ln<nl-n5-> =0.
n4 ny ny ni n5 n1
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Similarly, the aS;, (1 — p)0R; and §R§ terms becomes
1 1 1 1 1
<1—> — <1—> + <l—nl) §—1n+ln—lnm:1n<n1~-m> =0,
niy no no niq ng ng no Ny

1 1 1
<1_n5>_ <1—>—(1—n5)§—lnn5+ln—i—lnn5=1n<n2"”5> =0,

n2 n2 ns N2

1
(1+n4)—(1+n5)+<1—n4> Slnn4—lnn5—lnn4:ln<n4--n5> =0.

ns ns

It follows that

(1 —n1)2 i (1 —712)2} S 0.

V' = —u[
niy ny

By LaSalle’s invariance principle [39], it follows that for Ry > 1, as t — 00, the endemic equilibrium
state is globally asymptotically stable.

This implies that norovirus would remain in the population if Ry > 1 irrespective of the number
of infected humans in the population. Even if there is a decline in the rate of infection, the norovirus
will remain in the population making its eradication quite challenging.

3.5 Sensitivity Analysis

In this subsection, we conducted a global sensitivity analysis using the Partial Rank Correlation Co-
efficient (PRCC) method with Latin Hypercube Sampling (LHS) to assess the significance of each
parameter in the transmission dynamics of norovirus, based on 1000 runs as adopted by [[13} 40], and
employing the parameter values in Table [2l The graphical presentation of PRCCs for the parameters
affecting Ry is shown in Figure 2] Parameters with positive values increase the reproduction number,
thereby facilitating disease spread. Conversely, parameters with negative values decrease the reproduc-
tion number as their magnitude increases, thereby reducing disease transmission within the population.
Hence, in Figure[2] as disease induced death rate, , pathogen decay due to disinfection and proper san-
itation, /44, pathogen natural deacy, 11, recovery rate due to screening and supportive treatment, vy and
the progress rate from S, to Py, « increase, the reproduction number reduces, leading to the reduction
of the disease in the society. On the other hand, as the shedding rate, m, progress rate from Lj, to I},
o, effective transmission rate from environment-to-human, Sy and effective transmission rate from
human-to-human, B increase, the reproduction number increases and this results in the increase in
the spread of the disease in the community. Meanwhile, it is noteworthy to mention that the param-
eters with PRCCs values > 0.5 are more significant in influencing the transmission dynamics of the
norovirus. Hence, (14, 7, 7 and [pp are more significant in influencing the spread of the norovirus
in the population.

Also, Figure [3| is the 3D plot showing the effects of of environment-to-human transmission, Sgp
and the bacteria decay i, on Rjy. It can be observed that as the bacteria decay pi, increases, the Ry
decreases while as Spp the Ry increases and then, the disease spread increases.
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Figure 2: Partial Rank Correlation Coefﬁcient(%RCCs) for important parameters of Rj.
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Figure 3: 3D plot showing the impact of environment-to-human transmission, Sgpg

and the bacteria decay p, on Ry.

4 Numerical Simulations

Here, numerical simulations are performed using the fourth-order Runge—Kutta method implemented
in MATLAB R2024a. The parameter values employed in the simulations are provided in Table 1,
and the initial conditions are as follows: S;(0) = 1,000,000, P,(0) = 50,000, L (0) = 50, I(0) =
20, Rp(0) =5, V¢(0) = 20. The numerical simulations are implemented to illustrate the impacts of
the effective transmission rate from environment to human, 8g g, the effective transmission rate from
human to human, By g, the recovery rate due to screening and supportive treatment, -y, the progression
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rate from Ly, to I, o, pathogen decay due to disinfection and proper sanitation, fi,, and the shedding
rate, 7, on the infected population.

5 a 5 b
10 210 (a) xl‘o (b)
| ]
; - = = f,70.0122 2 \ - = = +3,70.0122
\ ——— 3,,70.03 s\ ———— §,,=0.03
—_ \ - 8,006 . 1‘1 - 8,006
= \ = \ -
= S5 f,,,=0.08 = 4 \ 3,=0.08
i‘ —— By=0.1 \ - 3y=01
\ 0.5 \
NI . ~
0 10 20 30 0 10 20 30
Time (Days) Time (Days)
3 X 10* (c)
-“‘m\ - - = 5700122
~ —_—3, =003
2t N o |
- / Ny < B,70.06
= / . _
o / ~— B,,=0.08
1t ;' S— ha=01 |
'.. M‘-’
f —
f ]
D J" 1 1 1 1 1
0 5 10 15 20

25 30
Time (Days)
Figure 4: Impact of human-to-human transmission rate, S on the disease spread.

Figure |4| illustrates the impact of the effective transmission rate from human-to-human, Sgy, on

Ly, I, and V... The infection peaks in L, and I}, around days 2-3 and then declines rapidly to nearly
zero, reflecting the fact that norovirus spreads quickly and has a short incubation and recovery period.
In contrast, the V, compartment continues to increase, reaching a minimum of about 5,000 at day
50, since the virus persists much longer in the environment as infected individuals continue to shed
it. Therefore, to curb the disease in society, effective disinfection, proper sanitation, and good hygiene

practices must be maintained, as recommended by [[1]. Similarly, the impact of the effective environ-
ment to human transmission rate, Sy, which have the same effect on Ly, I, and V. is shown in
Figure[5
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Figure 5: Impact of environment-to-human transmission rate, Sgg on the disease spread.

%x10°

0 10 20
Time (Days)

30

Time (Days)
Figure 6: Impact of human recovery rate, v on the disease spread.

Figure [f] illustrates the effects of the recovery rate due to screening and supportive treatment, 7,
on the pre-infectious (Ly,), infected (I1,), and pathogen (V) populations. The results show that as
screening and supportive treatment increase, both the number of infected individuals and the pathogen
concentration in the environment decrease. Therefore, to control the spread of the disease, effective
screening and supportive treatment must be implemented, including measures to prevent viral shedding
into the environment. This is consistent with the recommendations of [|6]].
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Figure 7: Impact of shedding rate, 7 on the disease spread.
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Figure 8: Impact of virus decay rate, ji, due to disinfection and proper sanitation on the disease spread.

Figuresmand@illustrate the impact of the shedding rate, 7, and the virus decay rate, ji4, due to dis-
infection and proper sanitation, on the infected human population and the contaminated environment.
As the shedding rate 7 increases, the spread of the disease also increases. Conversely, as the virus decay
rate [i, rises through effective disinfection and sanitation, environmental contamination with norovirus
decreases, thereby reducing the risk of transmission from environment to human, as noted by [[1]].

5 Conclusion

This paper examines the role of environmental contamination, screening, and supportive treatment in
the transmission dynamics of norovirus through the formulation of a nonlinear deterministic mathe-
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matical model with six compartments. The basic reproduction number, Ry, which serves as a critical
threshold for assessing norovirus dynamics, is calculated, and the stability of both the disease-free and
endemic equilibrium states is established. Findings from the global sensitivity analysis indicate that the
pathogen decay rate due to disinfection and proper sanitation (1), the recovery rate associated with
screening and supportive treatment (), the shedding rate of infected individuals into the environment
(), and the effective environment-to-human transmission rate are key parameters influencing disease
spread, with 7 identified as the most dominant factor.

Numerical simulations suggest that effective control of norovirus in society requires the implemen-
tation of intensive screening and supportive treatment, along with good hygiene practices, disinfection,
and proper sanitation, in line with the recommendations of Towers et al. [24]).

This study has limitations, including reliance on assumed parameter values or values drawn from the
literature, as well as failure to account for the influence of climatic factors such as humidity, temperature,
rainfall, and extreme weather events, all of which affect norovirus persistence and transmission and
pose a growing concern for its control and public health. Furthermore, optimal control analysis and
cost-effectiveness evaluation of the proposed strategies, essential for ensuring efficient use of limited
resources and identifying the most cost-effective intervention, were not addressed. These aspects will
be considered in future research.
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