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Abstract

This study presents a mathematical model for simulating the dynamics of stratified deep water
under the influence of modified gravity and the Coriolis effect. The model is developed to capture
the complex interactions between density stratification, gravitational forces, and rotational effects
in large-scale oceanic and geophysical fluid systems. The governing equations are derived from
the principles of fluid dynamics, incorporating the effects of buoyancy, pressure gradients, and the
Coriolis force, which arises due to the Earth’s rotation. A modified gravity term is introduced
to account for variations in gravitational acceleration, which is essential for modeling phenomena
such as oceanic circulation, geostrophic flows, and internal wave propagation in stratified fluids.
The mathematical formulation includes the Navier-Stokes equations, the continuity equation, and
the equation of state for a stratified fluid. The Coriolis effect is incorporated through the Coriolis
parameter, which depends on latitude and the Earth’s angular velocity. The modified gravity term is
introduced as a perturbation to the standard gravitational acceleration, allowing for the simulation
of non-uniform gravitational fields in different regions of the ocean. To analyze the behavior of
the system, numerical simulations were performed. The simulations are validated against known
solutions and experimental data to ensure the accuracy and reliability of the model. The results
demonstrate the influence of modified gravity and the Coriolis effect on the velocity structure, den-
sity distribution, and overall flow patterns in stratified deep water. The model provides a valuable
tool for understanding and predicting the behavior of geophysical fluids in various environmental
and climatic contexts.
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1 Introduction

The study of fluid dynamics in stratified environments is a fundamental aspect of geophysical and
oceanographic research [1], as it plays a critical role in understanding large-scale ocean currents, atmo-
spheric circulation, and the transport of heat, mass, and momentum across the Earth’s systems [2].
Stratified fluids, such as the ocean, are characterized by variations in density with depth [16], which
arise primarily from differences in temperature, salinity, and pressure [3]. These density gradients give
rise to complex flow patterns [4], including internal waves, geostrophic currents, and other phenomena
that are essential for the global climate system [19].

In the context of deep water dynamics, the interplay between gravity, rotation, and stratification be-
comes particularly significant [5]. The Earth’s rotation introduces the Coriolis effect, which influences
the direction and magnitude of fluid motion, leading to the formation of large-scale circulation patterns
[6]. Additionally, variations in gravitational acceleration [15], such as those caused by the Earth’s shape
or local geophysical conditions [7], can further modify the behavior of stratified fluids. These factors
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collectively determine the velocity fields and flow structures in deep water systems, making it essential
to develop accurate mathematical models that incorporate these physical effects [17].

This study focuses on the development of a mathematical model for simulating the velocities and
dynamics of stratified deep water under the influence of modified gravity and the Coriolis effect [18].
The model is based on the fundamental principles of fluid mechanics, including the Navier-Stokes
equations, the continuity equation, and the equation of state for a stratified fluid [16][17][18]. By
incorporating the effects of modified gravity and the Coriolis force, the model aims to capture the
complex interactions that govern the behavior of deep water in geophysical settings [17]. The inclusion
of modified gravity allows for the simulation of non-uniform gravitational fields, which are relevant
in regions with varying topography, density stratification, or other geophysical anomalies [8]. The
Coriolis effect, represented through the Coriolis parameter, is essential for accurately describing the
rotational influence on fluid motion, particularly in large-scale systems where the Earth’s rotation plays
a dominant role [9].

Through numerical simulations, this model provides insights into the velocity structures, density
distributions, and overall flow patterns in stratified deep water [10][11]. The results of the simulations
are validated against known solutions and experimental data, ensuring the model’s reliability and appli-
cability in real-world scenarios [12]. This work contributes to the broader understanding of geophysical
fluid dynamics and offers a valuable tool for predicting and analyzing the behavior of stratified fluids
in various environmental and climatic contexts [13][14][20].

2 Model Assumption

When constructing a mathematical model for simulating velocities in stratified deep water under mod-
ified gravity, several key assumptions are typically made to simplify the physical system and enable the
model to be computationally tractable. These assumptions are based on fluid dynamics, stratification,
and gravity effects:

1. Incompressible Fluid: The fluid is incompressible, meaning that its density does not vary with
pressure.

2. Laminar Flow: The flow is laminar. The fluid moves in smooth, parallel layers without turbu-
lence.

3. Hydrostatic Pressure Distribution: The pressure distribution is hydrostatic, that is, pressure
varies only with depth and not with horizontal position.

4. Modified Gravity: The gravitational acceleration is modified, possibly due to variations in the
Earth’s gravity field.

5. Horizontal Flow with Negligible Vertical Velocity: The flow is primarily horizontal, and the
partial derivative in vertical velocity is negligible or zero.

3 Model formulation

3.1 Model geometry

Figure 1 displays three layers of stratified deep water with continuous densities p1, p2, p3 and horizontal
Pn+1—Pn
Pn
is gravity altered or modified in such a way that it affects the continuous stratification of deep water,

wheren =1,2,3, ....

velocities u1, ug, u3 with varying depths hj, ho and hz. The modified gravity which is g/ =g
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Figure 1: The geometry for stratification of three layers

3.2 Governing equations

The corresponding equations describing the motion of the stratified deep water are:
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3.3 Continuity and momentum analysis

Consider the continuity and momentum equations of the model at first stratification under modified
gravity and Coriolis effect [16][18]. This will help to establish procedure for understanding the general
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case in the overall analysis of the model equations.
For the continuity equation:

ot o 0 (10)
8]11 811,1 8h1 .
Recall % = dul +u.VU
Ohy Ohy . ouq
ot T or T M oe (12
From the momentum equation:
O(hwr) | O(mui+g'h3/2) 0 O, O(E)
5% T B =gl - —gh—5=+ fu (13)
This gives
O(hiuy)  O(hiu?) ,(9(h%/2) Ohy . 0
g h gh 14
ot T ow 9o Bz 9Mige TIu ()
%utl = 68% + ul%, similarly for the second and third layer we have
DU2 - QUQ 3UQ
Do T =
DU3 _ 6U3 8U3 (16)

Dt ot T

For generality, let u1, hi be u, h respectively so we can develop governing equations for our series
expansion in first to third stratified layers.
Equation (14), when expanded becomes

0h1 8u1 6U1 2 oh 8}1 oh 85

—_— —_— —_— P ,77 R

U, Jrh@t + 2u hanr Iz +g 959 = h8 8 + fu (17)
Then

oh oh ou ou Oh — Oh 85

<8t+ 8x>+h<8t+2u8 )—i—gax— gh(% 8 + fu (18)

Substitute equation (12) into equation (16), which yields

Ou  ,0u Ou  Ohm _ 00 08
—uh8 +h8 + 2u h8 +g 95y = gh(?x ghax—i—fu (19)

u, ou, Oh_ 0h 0
h8t+uh8 +g ha ghax ghax—i—fu (20)

ou ou oh ,, Oh 8§
h<8t+u8x> gha— gh% 8 + fu (21)

But 8" + u oy = dt , hence equation (9) becomes

du oh oh ¢

DL+ ghS = B — B+ (22)

h% — hgz g{ + fu 23)

= ghG — fhIE 1 fu 49

440 JMAM, Vol. 8, Issue 2 (2025) cNSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



N.N. Topman and G.C.E. Mbah (2025) Int. J. Math. Anal. &” Mod., 8(2):437-445

Suppose the solution (u1, ug, hi, hs) is

ul(xvt) ZUO(l‘,t)+fU1(Ji,t)+ (25)
ug(x,t) = ugp(z, t) + fuo(z,t) + ... (26)
us(x,t) = uo(z,t) + fus(z,t) + ... (27)
hl(.’l,',t) :hO(IE,t)—thl(.’II,t)—F (28)
hg(.%',t) :h0($,t)+fh2($,t>+ (29)
Substituting equation (21) in (20), we get
d(h+fh+ )+ (ho + fhi + )Q( + fur + )+Q( + fur+...)) =0 (30
dt 0 1 0 1 Oz Uuo Ul Oz UuQ Ul =
D hot Pha ) (ot fha+ ) (oot fun o) + (w4 fun ) ) =0 BD)
7t 0 2 0 2+ ... oz Uo ur + ... oz Uo u2 + ... =
3.4 Boundary and Initial Conditions
Consider the deep water flow model with initial condition and boundary condition
up(z,0) = ug ug(0,9,t) =0, wugz(l,t) =
UQ(xv 0) = Uo u(2)az(£7t) =0, (2)x(l t) = 07 32
us(a,0) = o Uel@.t) = 0, u(lt) = 0 G2
1, 0) = me ) (@), o

where &(x,y) = Bsin(ax),0 < a < 90, and the values of 5 and « depends on the size of the
stratified layer. Also, « is the measure of strength and [ is the measure of the deep water system,
h(z,t = 0) = me@") — ¢(x).

When boundary conditions are introduced in equation (24) and simplified as (Topman et al., 2025)
we obtain:
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(34)
Similarly, we can extend the results of equation (24) and (26) to obtain ho(z,t), hs(xz,t), us (z,t)
and ug (x,t) respectively.
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Comparison of uyx, t) With and Without Modified Gravity
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Figure 2: The velocity of the stratified layer is unaffected and tend to drag with the deep water parcel as
it stratifies at the first layer. The speed of the water is faster at the first layer because the water surface is
directly in contact with the air surface and the density gradient is of small value leading to high gravity
value, therefore there is no consequential effect on the velocity at first layer. The overall take is that the
velocity is almost the same in first stratified layer. Modified gravity refers to a scenario where gravity
is altered or modified in such a way that it affects the stratification of deep water.

4 Results and discussion

4.1 Comparison of u;(z,t) with and without modified gravity
4.2 Key findings

The key findings from our analysis include:

1. Stratified Flow Dynamics: The model demonstrates that velocity profiles in stratified deep wa-
ter are significantly influenced by density gradients, leading to distinct layers with varying flow
characteristics.

2. Modified Gravity Effects: The inclusion of modified gravity introduces additional terms in the
governing equations, which affect the vertical and horizontal flow structures, particularly in
regions with high stratification.

3. Coriolis Effect Influence: The Coriolis force, arising from the Earth’s rotation, modifies the
direction and magnitude of fluid motion, leading to phenomena such as geostrophic balance and
vorticity generation in stratified flows.

4. Simulation Results: Numerical simulations validate the model’s predictions, showing that ve-
locity variations are closely tied to the interplay between gravity, stratification, and rotational
effects. The results highlight the importance of these factors in understanding large-scale oceanic
and atmospheric flows.

5 Conclusion

Summarily, the mathematical model effectively captures the complex interactions between velocity,
stratification, modified gravity, and the Coriolis effect in deep water systems. The simulation results
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Comparison of wuzlx, £) With and Without Modified Grawvity
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Figure 3: Without modified gravity the velocity is faster but with change in density gradient which
leads to modified gravity the velocity is slower leading to stratification at second layer.

Comparison of ux(x, t) With and Without Modified Gravity
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Figure 4: The velocity at third layer maintains varying amplitudes of oscillation at standard gravity but

when the gravity is modified then stratification occurs leading to decrease in velocity of the deep water
at third layer.

provide valuable insights into the behavior of stratified fluids under rotational and gravitational influ-
ences, supporting further research in fluid dynamics and environmental modeling.
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Simultaneous plot of wi(x, t), ualx, t). and ualx. t)
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Figure 5: The simultaneous simulation of the three velocity shows that the velocity at first layer is the
fastest due to it is free to air and the density gradient is drastically reduced. The velocity in the second
layer of the stratified column is faster than the velocity in the third stratified layer. The simulation
demonstrates how the velocities of stratified deep water interact under modified gravity.
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