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Abstract

This study introduces an age-structured deterministic model for the transmission dynamics of
the Hepatitis B Virus (HBV) in Nigeria, accounting for both vertical (mother-to-child) and hori-
zontal (person-to-person) transmission pathways. The population is categorized into children and
adults to reflect differences in transmission and intervention effects. Analytical outcomes demon-
strate the non-negativity of solutions and the existence of an invariant region, confirming the
model’s biological validity. The disease-free equilibrium (DFE) and the basic reproduction number
(R0) were determined using the next generation matrix approach. The local and global stability
of the DFE were assessed using the Jacobian and Castillo–Chavez and Song methods, respectively,
while the global stability of the endemic equilibrium was verified through a Lyapunov function.
An optimal control problem was developed to examine three intervention strategies: childhood
vaccination (u1), adult catch-up vaccination (u2), and birth-dose vaccination (u3). Numerical sim-
ulations indicated that increasing childhood vaccination coverage results in an immediate reduction
of acute infections among children and a delayed yet significant decline among adults through herd
effects. Adult catch-up vaccination leads to a rapid decrease in acute infections and a gradual re-
duction in chronic cases, although some persistence occurs due to slow clearance and progression
rates. Improved birth-dose vaccination demonstrated the most significant impact, preventing ver-
tical transmission and moving the system toward near-elimination levels. Long-term simulations
suggested that HBV reaches an endemic equilibrium under current conditions but could move to-
wards elimination with sustained vaccination efforts. The analysis indicates that age-specific inter-
ventions, particularly universal birth-dose and intensified childhood vaccination, represent effective
and sustainable strategies for controlling and eventually eliminating HBV in high-endemic regions
such as Nigeria.

Keywords and phrases: age-structured model; hepatitis b virus; basic reproduction number; optimal
control; vaccination strategies

1 Introduction

Hepatitis B virus (HBV) infection poses a significant public health challenge, especially in sub-Saharan
Africa, where the disease is highly endemic and a major contributor to morbidity and mortality related
to liver cirrhosis and hepatocellular carcinoma (HCC). According to the World Health Organiza-
tion (WHO), approximately 1.1 million deaths from hepatitis B-related causes occurred globally in
2022, with the African Region experiencing a disproportionately high impact [1]. Nigeria, as the most
populous country in Africa, is particularly affected by this epidemic. The estimated national HBsAg
seroprevalence ranges from 8.1% to 13.6% among the general population, classifying the country as
highly endemic, which means that over 18 million Nigerians are living with chronic HBV infection
[2, 3]. This elevated prevalence results in a significant, often underappreciated health and economic
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burden, placing additional strain on a healthcare system already facing challenges from other infectious
diseases such as malaria, HIV, and tuberculosis.

The transmission dynamics of HBV in Nigeria, similar to many high-endemic areas, are influ-
enced by two main pathways: vertical (mother-to-child) and horizontal transmission. Vertical trans-
mission happens when an infected mother, especially one with a high viral load (often indicated by
being HBeAg-positive), transmits the virus to her newborn during childbirth. This method is highly
effective, with a risk exceeding 90% without any preventive measures[1].The consequences are signifi-
cant; more than 90% of infants infected perinatally will develop a chronic infection, creating a lifelong
reservoir of the virus and a considerable risk of future liver complications [4].Horizontal transmission
refers to the spread of the virus through contact with infected blood or body fluids. In Nigeria, this
is particularly prevalent in early childhood (under 5 years) and occurs through methods such as close
contact with infected family members, the use of unsterilized sharp objects in traditional practices, and
iatrogenic transmission in healthcare environments that have inadequate infection control measures
[5]. The age at which an infection occurs is the most significant factor in determining whether it will
become chronic. Infections in adults are generally acute and resolve on their own, with a chronicity
risk of less than 5%. However, for children under the age of five, the risk of chronicity increases to
20-30%, and for perinatal infections, this risk exceeds 90% [6].

The inclusion of the hepatitis B vaccine in the WHO’s Expanded Programme on Immunization
(EPI) has been a key component of global prevention initiatives. The most effective approach involves
administering a monovalent birth dose (HepB-BD) within 24 hours after birth, along with at least
two additional doses. This vaccination schedule is more than 95% effective in preventing perinatal
and early childhood transmission [7].Nigeria incorporated the pentavalent vaccine, which safeguards
against diphtheria, tetanus, pertussis, Haemophilus influenzae type b, and hepatitis B, into its national
routine immunization schedule in 2012. Nonetheless, the coverage and timeliness of these vaccines,
especially the important birth dose, are still lacking and display considerable regional variations [8]. As
of 2022, the coverage of the HepB-BD in Nigeria was estimated to be 55%, which is significantly below
the global average and the WHO 2030 target of 90% [9]. Barriers include low rates of deliveries in
healthcare facilities, logistical challenges in vaccine storage and distribution, a lack of awareness among
mothers and healthcare workers, and socio-cultural factors [10].

Hepatitis B is a DNA virus that is recognized as a considerable global health concern Hepadnaviri-
dae. As of 2019, it is estimated that around 296 million individuals were living with chronic hepatitis B
infection, leading to approximately 820,000 deaths each year from complications like cirrhosis and hep-
atocellular carcinoma (HCC) [1]. The distribution of the disease varies significantly across regions. The
greatest impact is seen in the WHO African Region and the Western Pacific Region, where prevalence
rates can exceed 8% [11]. In these areas with high rates of infection, the main modes of transmission
are perinatal and horizontal transmission during early childhood.

Nigeria is notable within Africa for its substantial population and significant endemicity. A system-
atic review and meta-analysis by [2] reported a pooled HBsAg prevalence of 13.6% among Nigerians,
with elevated rates noted in the northern regions. Recent studies at the state level continue to indicate
this considerable burden. A study conducted by [3] in Anambra State, South-Eastern Nigeria, found an
HBsAg prevalence of 8.1% among pregnant women, who are an important group concerning vertical
transmission. The natural history of HBV in Nigeria typically shows a high rate of chronic infection
due to childhood exposure, which contributes to a significant number of individuals living with chronic
infection and at risk for progressive liver disease over their lifetime. Consequently, hepatocellular car-
cinoma (HCC) is a major cause of cancer mortality in the country, with HBV infection being the
primary causative factor [12]. The economic impact is significant, including direct medical expenses
for the treatment of chronic liver disease and HCC, as well as indirect costs related to lost productivity
and early mortality, although this is not well quantified in Nigeria.

Vertical transmission (mother-to-child transmission) is a significant transmission route and a key
factor in the epidemic in Nigeria. The risk of mother-to-child transmission is directly related to the
mother’s viral load. Mothers who are HBeAg-positive, often characterized by high levels of viral
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replication, can transmit the virus to their newborns with an efficiency of 70-90% [13]. Without
post-exposure prophylaxis, more than 90% of these infected infants are likely to become chronic carri-
ers. The prevention of mother-to-child transmission (MTCT) relies on a three-part strategy: universal
screening of pregnant women for HBsAg, administering the HepB-BD to all newborns within 24 hours
of birth, and providing Hepatitis B Immune Globulin (HBIG) to infants born to HBsAg-positive moth-
ers. The most recent WHO guidelines also suggest tenofovir antiviral prophylaxis for highly viremic
pregnant women to further decrease the risk of transmission [14]. In Nigeria, the implementation of
this comprehensive strategy is hindered by low attendance at antenatal care, restricted access to HBsAg
testing, and significantly low coverage of HepB-BD [10]. Horizontal transmission during childhood is
a significant source of infection for children under five in areas with high endemicity, such as Nigeria.
This type of transmission happens through close contact with household members who are infected,
likely through exposure to infected blood or bodily fluids via minor cuts or scratches, or through
sharing contaminated items like toothbrushes or razors [5]. Other important routes include the use
of unsterilized instruments in traditional practices such as scarification and circumcision, as well as
iatrogenic transmission in environments with insufficient infection control. The intensity of infec-
tion for this pathway is highly dependent on age, with the highest rates occurring in early childhood.
Transmission in adults primarily occurs through sexual contact, unsafe medical injections, blood trans-
fusions (despite improvements in screening), and among people who inject drugs (PWID) in Nigeria.
[15]. Adult-acquired infections are generally less prone to becoming chronic, but they still add to the
total number of infections and can lead to considerable acute illness. This complex system of transmis-
sion, which is significantly influenced by age, highlights the importance of including a child-adult age
structure in any realistic model for Nigeria.

Mathematical models have been widely utilized to analyze HBV dynamics and control. Initial
foundational models by [23] laid the groundwork for infectious disease modeling. The field progressed
with the incorporation of age structure, which is a significant development for HBV. The work in [24]
were among the pioneers in creating an age-structured model, illustrating its importance for accurately
forecasting the effects of vaccination, given that the force of infection and the risk of chronicity are
highly influenced by age.

The explicit inclusion of vertical transmission represents a notable advancement. Models that treat
all new infections as the same do not adequately reflect an important factor in the epidemic. The
work in [27] created a model that distinguishes between vertical and horizontal transmission, indicating
that while vaccinating infants of carrier mothers is effective, comprehensive coverage of routine infant
immunization is ultimately necessary for eradication. More recently, [25] utilized a stochastic model to
demonstrate that in areas with high prevalence, ongoing vertical transmission can maintain the epidemic
for decades, even with substantial infant vaccine coverage, emphasizing the necessity for enhanced
prevention of mother-to-child transmission (PMTCT).

While these global models offer important insights, their parameters, such as transmission rates
and age-specific forces of infection, typically do not directly apply to Nigeria. Limited research has
specifically examined HBV modeling in this region. A review by (ABC) regarding mathematical models
for viral hepatitis in Africa identified a significant lack of models for HBV, despite its considerable
burden. This indicates a notable gap in knowledge. The few existing models for Nigeria generally do
not provide the detailed information necessary for effective policy planning, such as a clear distinction
between vertical and horizontal transmission or a nuanced age structure that separates children from
adults.

The current literature indicates various significant gaps that this research seeks to address:

1. Nigeria-Specific Modeling: There is a noticeable shortage of dynamic transmission models for
HBV that are tailored with Nigerian demographic, epidemiological, and programmatic data.
Using models designed for other regions may result in inaccurate predictions for Nigeria.

2. Granular Age Structure and Transmission Pathways: Numerous models utilize broad age cat-
egories. A model that specifically divides the population into “Children” and “Adults” and care-
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fully includes distinct factors for vertical and horizontal transmission is necessary to accurately
represent the fundamental dynamics of HBV in Nigeria.

3. Focus on the Birth Dose Gap: Previous models for Nigeria have not specifically quantified
the long-term epidemiological impact of the country’s low HepB-BD coverage or projected the
benefits of addressing this gap.

4. Policy Evaluation for WHO 2030 Goals: There is a need for models that can project Nige-
ria’s progress towards the WHO 2030 elimination targets under both current and improved
intervention scenarios, offering a quantitative foundation for resource allocation and strategy
improvement.

This study aims to address existing gaps. By creating a compartmental model that combines a
complex structure (including age and dual transmission pathways) and is based on local Nigerian data,
it will serve as a useful, context-specific resource for public health decision-making. The findings will
provide essential evidence to support enhanced PMTCT services, improved routine immunization, and
focused adult catch-up vaccination efforts, contributing to the objective of eradicating HBV as a public
health concern in Nigeria.

2 Model Formulation

To address the critical gaps identified in the literature, we develop a deterministic compartmental model
that stratifies the Nigerian population into two primary age groups: Children (0-14 years) and Adults
(15+ years). This structure captures the essential differences in transmission dynamics, disease progres-
sion, and intervention access between these groups. The model explicitly incorporates both horizontal
and vertical transmission pathways and details the vaccination cascade, with particular emphasis on the
birth dose.

2.1 Model Assumptions

1. The population is divided into two mutually exclusive age groups: Children (C) and Adults (A).

2. Only adults give birth, and births occur into the susceptible children compartment.

3. Vertical transmission can occur from both acutely and chronically infected mothers.

4. The hepatitis B vaccine birth dose (HepB-BD) is administered within 24 hours of birth with
coverage φ, and provides protection against both vertical and early horizontal transmission.

5. Routine childhood vaccination occurs at a rate θc for susceptible children.

6. Vaccine-induced immunity may wane over time.

7. Individuals age from the children to adult compartments at a constant rate ρ.

8. Horizontal transmission follows standard incidence, with different contact rates for children and
adults.
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Figure 1: Model Flow Chart
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The total population is given by:

Nc(t) = Sc(t) + Vc(t) + Ec(t) + Ic(t) + Cc(t) +Rc(t)

Na(t) = Sa(t) + Va(t) + Ea(t) + Ia(t) + Ca(t) +Ra(t)

N(t) = Nc(t) +Na(t)

Λ(t) = µNa(t)

2.2 Model Equations

dSc
dt

= (1− φ)Λ− (λc + θc + ρ+ µ)Sc + ωVc (1)

dSa
dt

= ρSc − (λa + θa + µ)Sa + ωVa (2)

dVc
dt

= φΛ + θcSc − (ω + ρ+ µ)Vc (3)

dVa
dt

= ρVc + θaSa − (ω + µ)Va (4)

dEc
dt

= λcSc + λvφΛ− (σc + ρ+ µ)Ec (5)

dEa
dt

= λaSa + ρEc − (σa + µ)Ea (6)

dIc
dt

= σcEc − (γc + νc + ρ+ µ)Ic (7)

dIa
dt

= σaEa + ρIc − (γa + νa + µ)Ia (8)

dCc
dt

= νcIc − (αc + ρ+ µ+ δc)Cc (9)

dCa
dt

= νaIa + ρCc − (αa + µ+ δa)Ca (10)

dRc
dt

= γcIc + αcCc − (ρ+ µ)Rc (11)

dRa
dt

= γaIa + αaCa + ρRc − µRa (12)

where the force of infection for horizontal transmission is modeled using standard incidence:

λc = βc

(
Ic + ηcCc + Ia + ηaCa

N

)
λa = βa

(
Ic + ηcCc + Ia + ηaCa

N

)
And the term for vaccine failure in vertical transmission is:

λv = pv

(
Ia + ηvCa

Na

)
where λc(t) is the force of infection for horizontal transmission in children per year, λa(t) is the force
of infection for horizontal transmission in adults per year, and λv(t) is the force of vertical transmission
from infected mothers to newborns per year.
Relative Vertical Transmission Risk Factor

• This multiplier accounts for the difference in vertical transmission risk between chronically in-
fected mothers (Ca) and acutely infected mothers (Ia)
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• If ηv = 1, chronic and acute mothers have equal transmission risk

• If ηv > 1, chronic mothers have higher transmission risk (biologically plausible due to longer
duration of infection)

• If ηv < 1, chronic mothers have lower transmission risk

• Typical range: 0.8 to 1.2 based on viral load characteristics

Table 1: State Variables for the Unified HBV Model

Variable Meaning Unit
Sc(t) Number of susceptible children (0-14 years) individuals
Vc(t) Number of vaccinated children with immunity individuals
Ec(t) Number of exposed/latently infected children individuals
Ic(t) Number of acutely infectious children individuals
Cc(t) Number of chronically infected children individuals
Rc(t) Number of recovered children with natural immunity individuals
Sa(t) Number of susceptible adults (15+ years) individuals
Va(t) Number of vaccinated adults with immunity individuals
Ea(t) Number of exposed/latently infected adults individuals
Ia(t) Number of acutely infectious adults individuals
Ca(t) Number of chronically infected adults individuals
Ra(t) Number of recovered adults with natural immunity individuals

Table 2: Description of Model Parameters

Parameter Description Unit
Λ Natural birth rate per year
µ Natural death rate per year
ρ Aging rate from children to adults (1/15) per year
βc, βa Effective contact rates for children and adults per year
ηc, ηa Relative infectiousness of chronic carriers dimensionless
φ Hepatitis B birth dose (HepB-BD) coverage dimensionless
θc, θa Routine and catch-up vaccination rates per year
ω Waning rate of vaccine immunity per year
σc, σa Progression rate from exposed to acute infection per year
γc, γa Recovery rate from acute infection per year
νc, νa Progression rate to chronic infection per year
αc, αa Recovery rate from chronic infection per year
δc, δa Disease-induced mortality for chronic infections per year
pv Probability of vertical transmission from infected

mothers
dimensionless

ηv Relative risk of vertical transmission from chronic
vs. acute mothers

dimensionless
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3 Mathematical Analysis of the Age-Structured HBV Model

3.1 Invariant Region

Theorem 3.1. The feasible region for the HBV model given by:

Ω =

{
(Sc, Vc, Ec, Ic, Cc, Rc, Sa, Va, Ea, Ia, Ca, Ra) ∈ R12

+ : Nc +Na ≤
µN̄a

µ

}
is positively invariant and attracting for all t ≥ 0.

Proof. The total population dynamics are given by:

dN

dt
=
dNc

dt
+
dNa

dt
= Λ− µN − δcCc − δaCa
≤ µN̄a − µN

Solving this differential inequality:

dN

dt
+ µN ≤ µN̄a

N(t) ≤ N(0)e−µt + N̄a(1− e−µt)
lim sup
t→∞

N(t) ≤ N̄a

where N̄a is the equilibrium adult population. Since all state variables represent population sizes,
they must be non-negative. Therefore, Ω is positively invariant.

3.2 Non-negativity of Solutions

Theorem 3.2. Given the initial states

Sc(0) ≥ 0, Sa(0) ≥ 0, Vc(0) ≥ 0, Va(0) ≥ 0, Ec(0) ≥ 0, Ea(0) ≥ 0, Ic(0) ≥ 0, Ia(0) ≥ 0, Cc(0) ≥ 0, Ca(0) ≥ 0, Rc(0) ≥ 0, Ra(0) ≥ 0,

then the solutions(
Sc(t), Sa(t), Vc(t), Va(t), Ec(t), Ea(t), Ic(t), Ia(t), Cc(t), Ca(t), Rc(t), Ra(t)

)
of model (1) remain non-negative for all time t > 0.

Proof. Consider the feasible region

Ω =
{

(Sc, Sa, Vc, Va, Ec, Ea, Ic, Ia, Cc, Ca, Rc, Ra) ∈ R12
+

∣∣∣ Sc, Sa, Vc, Va, Ec, Ea, Ic, Ia, Cc, Ca, Rc, Ra ≥ 0
}
.

The model equations governing these state variables are continuous and differentiable in Ω. To show
non-negativity, we examine each equation on the boundary of Ω: For each differential equation of the
form:

dX

dt
+B(t)X = A(t)

the solution is given by:

X(t) = X(0)e−
∫ t
0 B(s) ds +

∫ t

0
A(τ)e−

∫ t
τ B(s) ds dτ

If X(0) ≥ 0, A(t) ≥ 0 for all t ≥ 0, and B(t) is bounded, then X(t) ≥ 0 for all t ≥ 0.
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From the first equation of model

dSc
dt

= (1− φ)Λ− (λc + θc + ρ+ µ)Sc + ωVc (13)

dSc
dt

+ (λc + θc + ρ+ µ)Sc = (1− φ)Λ + ωVc

Solution:

Sc(t) = Sc(0)e−
∫ t
0 (λc(s)+θc+ρ+µ) ds +

∫ t

0
[(1− φ)Λ(τ) + ωVc(τ)]e−

∫ t
τ (λc(s)+θc+ρ+µ) ds dτ

Since Sc(0) ≥ 0, (1− φ)Λ(τ) ≥ 0, ωVc(τ) ≥ 0, and the exponential terms are positive
Hence Sc(t) ≥ 0.

From the second equation of model (1)

dSa
dt

= ρSc − (λa + θa + µ)Sa + ωVa (14)

dSa
dt

+ (λa + θa + µ)Sa = ρSc + ωVa

Solution:

Sa(t) = Sa(0)e−
∫ t
0 (λa(s)+θa+µ) ds +

∫ t

0
[ρSc(τ) + ωVa(τ)]e−

∫ t
τ (λa(s)+θa+µ) ds dτ

Since Sa(0) ≥ 0, ρSc(τ) ≥ 0, ωVa(τ) ≥ 0, Sa(t) ≥ 0.

From the third equation of model (1)

dVc
dt

= φΛ + θcSc − (ω + ρ+ µ)Vc (15)

dVc
dt

+ (ω + ρ+ µ)Vc = φΛ + θcSc

Solution:

Vc(t) = Vc(0)e−
∫ t
0 (ω+ρ+µ) ds +

∫ t

0
[φΛ(τ) + θcSc(τ)]e−

∫ t
τ (ω+ρ+µ) ds dτ

Since Vc(0) ≥ 0, φΛ(τ) ≥ 0, θcSc(τ) ≥ 0, Vc(t) ≥ 0.

From the fourth equation of model (1)

dVa
dt

= ρVc + θaSa − (ω + µ)Va (16)

dVa
dt

+ (ω + µ)Va = ρVc + θaSa

Solution:

Va(t) = Va(0)e−
∫ t
0 (ω+µ) ds +

∫ t

0
[ρVc(τ) + θaSa(τ)]e−

∫ t
τ (ω+µ) ds dτ

Since Va(0) ≥ 0, ρVc(τ) ≥ 0, θaSa(τ) ≥ 0, Va(t) ≥ 0.
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From the fifth equation of model (1)

dEc
dt

= λcSc + λvφΛ− (σc + ρ+ µ)Ec (17)

dEc
dt

+ (σc + ρ+ µ)Ec = λcSc + λvφΛ

Solution:

Ec(t) = Ec(0)e−
∫ t
0 (σc+ρ+µ) ds +

∫ t

0
[λc(τ)Sc(τ) + λv(τ)φΛ(τ)]e−

∫ t
τ (σc+ρ+µ) ds dτ

Since Ec(0) ≥ 0, λc(τ) ≥ 0, Sc(τ) ≥ 0, λv(τ) ≥ 0, φΛ(τ) ≥ 0, Ec(t) ≥ 0.

From the sixth equation of model (1)

dEa
dt

= λaSa + ρEc − (σa + µ)Ea (18)

dEa
dt

+ (σa + µ)Ea = λaSa + ρEc

Solution:

Ea(t) = Ea(0)e−
∫ t
0 (σa+µ) ds +

∫ t

0
[λa(τ)Sa(τ) + ρEc(τ)]e−

∫ t
τ (σa+µ) ds dτ

Since Ea(0) ≥ 0, λa(τ) ≥ 0, Sa(τ) ≥ 0, ρEc(τ) ≥ 0, Ea(t) ≥ 0.

From the seventh equation of model (1)

dIc
dt

= σcEc − (γc + νc + ρ+ µ)Ic (19)

dIc
dt

+ (γc + νc + ρ+ µ)Ic = σcEc

Solution:

Ic(t) = Ic(0)e−
∫ t
0 (γc+νc+ρ+µ) ds +

∫ t

0
σcEc(τ)e−

∫ t
τ (γc+νc+ρ+µ) ds dτ

Since Ic(0) ≥ 0, σcEc(τ) ≥ 0, Ic(t) ≥ 0.

From the eighth equation of model (1)

dIa
dt

= σaEa + ρIc − (γa + νa + µ)Ia (20)

dIa
dt

+ (γa + νa + µ)Ia = σaEa + ρIc

Solution:

Ia(t) = Ia(0)e−
∫ t
0 (γa+νa+µ) ds +

∫ t

0
[σaEa(τ) + ρIc(τ)]e−

∫ t
τ (γa+νa+µ) ds dτ

Since Ia(0) ≥ 0, σaEa(τ) ≥ 0, ρIc(τ) ≥ 0, Ia(t) ≥ 0.
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From the ninth equation of model (1)

dCc
dt

= νcIc − (αc + ρ+ µ+ δc)Cc (21)

dCc
dt

+ (αc + ρ+ µ+ δc)Cc = νcIc

Solution:

Cc(t) = Cc(0)e−
∫ t
0 (αc+ρ+µ+δc) ds +

∫ t

0
νcIc(τ)e−

∫ t
τ (αc+ρ+µ+δc) ds dτ

Since Cc(0) ≥ 0, νcIc(τ) ≥ 0, Cc(t) ≥ 0.

From the tenth equation of model (1)

dCa
dt

= νaIa + ρCc − (αa + µ+ δa)Ca (22)

dCa
dt

+ (αa + µ+ δa)Ca = νaIa + ρCc

Solution:

Ca(t) = Ca(0)e−
∫ t
0 (αa+µ+δa) ds +

∫ t

0
[νaIa(τ) + ρCc(τ)]e−

∫ t
τ (αa+µ+δa) ds dτ

Since Ca(0) ≥ 0, νaIa(τ) ≥ 0, ρCc(τ) ≥ 0, Ca(t) ≥ 0.

From the eleventh equation of model (1)

dRc
dt

= γcIc + αcCc − (ρ+ µ)Rc (23)

dRc
dt

+ (ρ+ µ)Rc = γcIc + αcCc

Solution:

Rc(t) = Rc(0)e−
∫ t
0 (ρ+µ) ds +

∫ t

0
[γcIc(τ) + αcCc(τ)]e−

∫ t
τ (ρ+µ) ds dτ

Since Rc(0) ≥ 0, γcIc(τ) ≥ 0, αcCc(τ) ≥ 0, Rc(t) ≥ 0.

From the last equation of model (1)

dRa
dt

= γaIa + αaCa + ρRc − µRa (24)

dRa
dt

+ µRa = γaIa + αaCa + ρRc

Solution:

Ra(t) = Ra(0)e−
∫ t
0 µds +

∫ t

0
[γaIa(τ) + αaCa(τ) + ρRc(τ)]e−

∫ t
τ µds dτ

Since Ra(0) ≥ 0, γaIa(τ) ≥ 0, αaCa(τ) ≥ 0, ρRc(τ) ≥ 0, Ra(t) ≥ 0.
Thus, all state variables of the model remain non–negative for all t > 0 whenever the initial con-

ditions are non–negative. Consequently, the model is biologically well–posed, and its feasible region
(Ω ⊂ R12

+ ) is positively invariant under the flow of the system.
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3.3 Disease-Free Equilibrium (DFE)

The disease-free equilibrium (DFE) of the HBV model is given by setting all derivatives in the system
(??) to zero and assuming the absence of infection in the population, that is,

Ec = Ea = Ic = Ia = Cc = Ca = 0.

At the DFE, the forces of infection vanish, hence

λc = λa = λv = 0.

At equilibrium,

S∗c =
(1− φ)Λ(ω + ρ+ µ) + ωφΛ

(θc + ρ+ µ)(ω + ρ+ µ)− ωθc
.

V ∗c =
φΛ + θcS

∗
c

ω + ρ+ µ
.

S∗a =
ρS∗c (ω + µ) + ωρV ∗c

(θa + µ)(ω + µ)− ωθa
,

and
V ∗a =

ρV ∗c + θaS
∗
a

ω + µ
.

Therefore, the Disease-Free Equilibrium (DFE) is given by:

E0 = (S∗c , S
∗
a, V

∗
c , V

∗
a , E

∗
c , E

∗
a, I
∗
c , I
∗
a , C

∗
c , C

∗
a , R

∗
c , R

∗
a),

where
E∗c = E∗a = I∗c = I∗a = C∗c = C∗a = R∗c = R∗a = 0,

S∗c , V
∗
c , S

∗
a, V

∗
a > 0

That is,
E0 = (S∗c , S

∗
a, V

∗
c , V

∗
a , 0, 0, 0, 0, 0, 0, 0, 0),

The disease-free equilibrium (E0) indicates a state in which there are no infections present in the child
or adult populations, and the susceptible and vaccinated groups maintain a balance influenced by de-
mographic and vaccination factors.

3.4 Basic Reproduction Number (R0)

This represents the average number of secondary infections produced by one infected individual in a
completely susceptible population, accounting for both horizontal and vertical transmission pathways
across both age groups.

To compute the basic reproduction number R0, we employ the next-generation matrix (NGM)
approach [16]. We first identify the infected compartments as

X = (Ec, Ea, Ic, Ia, Cc, Ca)
T .

The system of equations for new infections and transitions among these compartments can be written
as:

dX

dt
= F(X)− V(X),

where F represents the rate of appearance of new infections and V represents the rate of transfer into
and out of the infected compartments by all other means.
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From the model equations, the new infection terms are given by:

F =



λcS
0
c + λvφΛ0

λaS
0
a

0
0
0
0

 ,

where at the disease-free equilibrium (DFE),

E0
c = E0

a = I0
c = I0

a = C0
c = C0

a = 0,

and λc, λa, and λv are the forces of infection defined by:

λc = βc
Ic + ηcCc + Ia + ηaCa

N
,

λa = βa
Ic + ηcCc + Ia + ηaCa

N
,

λv = pv
Ia + ηvCa

Na
.

The transition terms are given by:

V =



(σc + ρ+ µ)Ec
(σa + µ)Ea − ρEc

(γc + νc + ρ+ µ)Ic − σcEc
(γa + νa + µ)Ia − σaEa − ρIc

(αc + ρ+ µ+ δc)Cc − νcIc
(αa + µ+ δa)Ca − νaIa − ρCc

 .

Let F and V be the Jacobian matrices of F and V evaluated at the DFE.

F =



0 0
βcS

0
c

N0

βcS
0
c

N0

βcηcS
0
c

N0

βcηaS
0
c

N0

0 0
βaS

0
a

N0

βaS
0
a

N0

βaηcS
0
a

N0

βaηaS
0
a

N0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


,

and

V =



σc + ρ+ µ 0 0 0 0 0
−ρ σa + µ 0 0 0 0
−σc 0 γc + νc + ρ+ µ 0 0 0

0 −σa −ρ γa + νa + µ 0 0
0 0 −νc 0 αc + ρ+ µ+ δc 0
0 0 0 −νa −ρ αa + µ+ δa

 .

V −1 =



1
k1

0 0 0 0 0
ρ

k1k2
1
k2

0 0 0 0
σc
k1k3

0 1
k3

0 0 0
ρσc

k1k3k4
+ σaρ

k1k2k4
σa
k2k4

ρ
k3k4

1
k4

0 0
νcσc
k1k3k5

0 νc
k3k5

0 1
k5

0
ρνcσc

k1k3k5k6
+ ρνcσc

k1k3k4k6
+ νaσaρ

k1k2k4k6
νaσa
k2k4k6

ρνc
k3k4k6

+ ρνc
k3k5k6

νa
k4k6

ρ
k5k6

1
k6


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where

k1 = σc + ρ+ µ

k2 = σa + µ

k3 = γc + νc + ρ+ µ

k4 = γa + νa + µ

k5 = αc + ρ+ µ+ δc

k6 = αa + µ+ δa

FV −1 =



F11 F12 F13 F14 F15 F16

F21 F22 F23 F24 F25 F26

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


where:

F11 =
βcS

∗
cσc

N∗k1k3
+

βaS
∗
aσcρ

N∗k1k3k4
+

βaS
∗
aσaρ

N∗k1k2k4
+

(
βcS

∗
c

N∗
+
φΛpv
N∗a

)(
ρσc

k1k3k4
+

σaρ

k1k2k4

)
F12 =

βaS
∗
aσa

N∗k2k4
+

(
βcS

∗
c

N∗
+
φΛpv
N∗a

)
σa
k2k4

F13 =
βcS

∗
c

N∗k3
+

βaS
∗
aρ

N∗k3k4
+

(
βcS

∗
c

N∗
+
φΛpv
N∗a

)
ρ

k3k4

F14 =
βaS

∗
a

N∗k4
+

(
βcS

∗
c

N∗
+
φΛpv
N∗a

)
1

k4

F15 =
βcS

∗
c ηcνc

N∗k3k5
+
βaS

∗
aηcρνc

N∗k3k4k6
+
βaS

∗
aηcρνc

N∗k3k5k6
+

(
βcS

∗
c ηa

N∗
+
φΛpvηv
N∗a

)(
ρνc

k3k4k6
+

ρνc
k3k5k6

)
F16 =

βaS
∗
aηaνa

N∗k4k6
+

(
βcS

∗
c ηa

N∗
+
φΛpvηv
N∗a

)
νa
k4k6

F21 =
βaS

∗
a

N∗k1k3
+

βaS
∗
aρ

N∗k1k3k4
+

βaS
∗
aσaρ

N∗k1k2k4
+
βaS

∗
aηcνcσc

N∗k1k3k5

+
βaS

∗
aηa

N∗

(
ρνcσc

k1k3k5k6
+

ρνcσc
k1k3k4k6

+
νaσaρ

k1k2k4k6

)
F22 =

βaS
∗
aσa

N∗k2k4
+
βaS

∗
aηaνaσa

N∗k2k4k6

F23 =
βaS

∗
a

N∗k3
+

βaS
∗
aρ

N∗k3k4
+
βaS

∗
aηcνc

N∗k3k5
+
βaS

∗
aηa

N∗

(
ρνc

k3k4k6
+

ρνc
k3k5k6

)
F24 =

βaS
∗
a

N∗k4
+
βaS

∗
aηaνa

N∗k4k6

F25 =
βaS

∗
aηc

N∗k5
+
βaS

∗
aηaρ

N∗k5k6

F26 =
βaS

∗
aηa

N∗k6

The basic reproduction number R0 is the spectral radius (dominant eigenvalue) of FV −1:

R0 = ρ(FV −1)

Thus
R0 =

1

2

(
F11 + F22 +

√
(F11 − F22)2 + 4F12F21

)
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3.5 Local Stability Analysis

Theorem 3.3 (Stability of DFE). The disease-free equilibrium is locally asymptotically stable if R0 < 1
and unstable ifR0 > 1.

Proof: The Jacobian matrix of the system evaluated at the disease free equilibrium point.

We consider the Jacobian matrix

J(x) =



−
(
λc + θc + ρ+ µ

) ∂(1− φ)Λ

∂Sa
ω

∂(1− φ)Λ

∂Va
−Sc ∂λc∂Ec

−Sc ∂λc∂Ea
−Sc ∂λc∂Ic

−Sc ∂λc∂Ia
−Sc ∂λc∂Cc

−Sc ∂λc∂Ca
0

∂(1− φ)Λ

∂Ra
ρ −(λa + θa + µ) 0 ω 0 −Sa ∂λa∂Ea

−Sa ∂λa∂Ic
−Sa ∂λa∂Ia

−Sa ∂λa∂Cc
−Sa ∂λa∂Ca

0 0

θc 0 −(ω + ρ+ µ)
∂φΛ

∂Va
0 0 0 0 0 0 0

∂φΛ

∂Ra
0 θa ρ −(ω + µ) 0 0 0 0 0 0 0 0

∂(λcSc)
∂Sc

∂(λvφΛ)
∂Sa

0 ∂(λvφΛ)
∂Va

−k1 0 σc · 0 0 0 0 0 0

0 ∂(λaSa)
∂Sa

0 0 ρ −k2 0 0 0 0 0 0

0 0 0 0 σc 0 −k3 0 0 0 0 0

0 0 0 0 0 σa ρ −k4 0 0 0 0

0 0 0 0 0 0 νc 0 −k5 0 0 0

0 0 0 0 0 0 0 νa ρ −k6 0 0

0 0 0 0 0 0 γc 0 αc 0 −(ρ+ µ) 0

0 0 0 0 0 0 0 γa 0 αa ρ −µ



.

where
k1 = σc + ρ+ µ, k2 = σa + µ, k3 = γc + νc + ρ+ µ,

k4 = γa + νa + µ, k5 = αc + ρ+ µ+ δc, k6 = αa + µ+ δa,

At the Disease-Free Equilibrium (DFE), all infected compartments are zero, i.e.,

E∗c = E∗a = I∗c = I∗a = C∗c = C∗a = 0.

Hence, the forces of infection vanish:

λc = λa = λv = 0.

Substituting these values into the Jacobian matrix J(x), we obtain a block lower triangular matrix:

J(E0) =

(
J1 0
J2 J3

)
,

where J1 corresponds to the uninfected subsystem and J3 corresponds to the infected subsystem.
The block J1 is given by:

J1 =



−(θc + ρ+ µ) 0 ω 0 0 0

ρ −(θa + µ) 0 ω 0 0

θc 0 −(ω + ρ+ µ) 0 0 0

0 θa ρ −(ω + µ) 0 0

0 0 0 0 −(ρ+ µ) 0

0 0 0 0 ρ −µ


.

The eigenvalues of J1 are the diagonal entries since it is lower triangular:

λ1 = −(θc+ρ+µ), λ2 = −(θa+µ), λ3 = −(ω+ρ+µ), λ4 = −(ω+µ), λ5 = −(ρ+µ), λ6 = −µ.
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Since all model parameters θc, θa, ρ, ω, µ > 0, all eigenvalues are negative. Therefore, the uninfected
subsystem is locally asymptotically stable. The infected block J3 is:

J3 =



−k1 0 0 0 0 0

ρ −k2 0 0 0 0

σc 0 −k3 0 0 0

0 σa ρ −k4 0 0

0 0 νc 0 −k5 0

0 0 0 νa ρ −k6


.

The characteristic polynomial of J3 is of the form:

P (λ) = λ6 + a1λ
5 + a2λ

4 + a3λ
3 + a4λ

2 + a5λ+ a6 = 0,

where the coefficients ai are positive combinations of the positive parameters ki, ρ, σc, σa, νc, νa.
For all eigenvalues of J3 to have negative real parts, the Routh–Hurwitz conditions require:

ai > 0, and a1a2 > a3, a1a2a3 > a2
3 + a2

1a4, etc.

Since all parameters (ki, ρ, σc, σa, νc, νa) are positive, all ai > 0, and the inequalities are satisfied.
Hence, all roots of P (λ) have negative real parts.

Conclusion: Both J1 and J3 have eigenvalues with negative real parts. Therefore, the Disease-Free
Equilibrium (DFE) is locally asymptotically stable by the Routh–Hurwitz criterion.

3.6 Global Stability of the Disease-Free Equilibrium

To analyze the global stability of the disease-free equilibrium (DFE), we employ the approach proposed
by Castillo-Chavez and Song (2004) [17]. Let the system of equations (1) be written in the general form:

dX

dt
= F (X,Y ),

dY

dt
= G(X,Y )

where

• X = (Sc, Vc, Sa, Va, Rc, Ra) ∈ R6
+ represents the uninfected compartments, and

• Y = (Ec, Ic, Cc, Ea, Ia, Ca, ) ∈ R6
+ represents the infected compartments.

The disease-free equilibrium (DFE) is given by

E0 = (X0, 0)

where Y = 0 and X = X0 satisfy
F (X0, 0) = 0.

Following Castillo-Chavez and Song (2004), the system satisfies two conditions:

(H1) The subsystem
dX

dt
= F (X, 0)

has a globally asymptotically stable equilibrium at X = X0.
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(H2) The system

dY

dt
= G(X,Y )

can be written as

Ĝ(X,Y ) = DYG(X0, 0)−G(X,Y ),

where A = DYG(X0, 0) is a Metzler matrix (that is, all off-diagonal elements are nonnegative),
and Ĝ(X,Y ) ≥ 0 for (X,Y ) ∈ Ω, the biologically feasible region.

If conditions (H1) and (H2) are satisfied and the basic reproduction number R0 < 1, then the
disease-free equilibrium E0 is globally asymptotically stable (GAS) in Ω.

Theorem 3.4. The disease-free equilibrium E0 = (X0, 0) of system (1) is globally asymptotically stable in
Ω whenever R0 < 1 and conditions (H1) and (H2) are satisfied.

Proof.

Verification of (H1)

The subsystem for uninfected individuals is given by:

dSc
dt

= (1− φ)Λ− (θc + ρ+ µ)Sc + ωVc,

dSa
dt

= ρSc − (θa + µ)Sa + ωVa,

dVc
dt

= φΛ + θcSc − (ω + ρ+ µ)Vc,

dVa
dt

= ρVc + θaSa − (ω + µ)Va.

dRc
dt

= γcIc + αcCc − (ρ+ µ)Rc

dRa
dt

= γaIa + αaCa + ρRc − µRa.

F (X, 0) =



(1− φ)Λ− (θc + ρ+ µ)Sc
ρSc − (θa + µ)Sa + ωVa
φΛ + θcSc − (ω + ρ+ µ)Vc
ρVc + θaSa − (ω + µ)Va
γcIc + αcCc − (ρ+ µ)Rc
γaIa + αaCa + ρRc − µRa.


This subsystem is linear, and all transition rates are positive. It can easily be shown that X0 =
(S0
c , S

0
a, V

0
c , V

0
a , R

0
c , R

0
a) is globally asymptotically stable by the method of linear comparison equa-

tions since all eigenvalues of the Jacobian at X0 have negative real parts. Thus, condition (H1) is
satisfied.
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Verification of (H2)

The infected subsystem is given by:

dEc
dt

= λcSc + λvφΛ− (σc + ρ+ µ)Ec,

dEa
dt

= λaSa + ρEc − (σa + µ)Ea,

dIc
dt

= σcEc − (γc + νc + ρ+ µ)Ic,

dIa
dt

= σaEa + ρIc − (γa + νa + µ)Ia,

dCc
dt

= νcIc − (αc + ρ+ µ+ δc)Cc,

dCa
dt

= νaIa + ρCc − (αa + µ+ δa)Ca,

G(X,Y ) =



λcSc + λvφΛ− k1Ec
λaSa + ρEc − k2Ea

σcEc − k3Ic
σaEa + ρIc − k4Ia

νcIc − k5Cc
νaIa + ρCc − k6Ca



DYG(X0, 0) =



βcIc + βcηcCa + βcIa + βcηa + pvφηv + pvφηvCa − k1Ec
βaIc + βaηcCa + βaIa + βaηa + ρEc − k2Ea

σcEc − k3Ic
σaEa + ρIc − k4Ia

νcIc − k5Cc
νaIa + ρCc − k6Ca


Therefore

Ĝ(X,Y ) = DYG(X0, 0)−G(X,Y )

Ĝ(X,Y ) =



βc

(
Ic + ηcCa + Ia + ηaCa

)(
1− S

N

)
βa

(
Ic + ηcCa + Ia + ηaCa

)(
1− S

N

)
0
0
0
0


Clearly, 1 ≥ S

N this implies that at the DFE, DYG(X0, 0) is a Metzler matrix, and the nonlinear term
Ĝ(X,Y ) ≥ 0 for all (X,Y ) ∈ Ω. Hence, condition (H2) is satisfied.

Therefore, the disease-free equilibrium of the model (1) is globally asymptotically stable.

4 Global Stability Analysis of Endemic Equilibrium

Theorem 4.1. The endemic equilibrium (EE) of the model (1) is globally asymptotically stable whenever
R0 > 1

Let the system be represented as:
dX

dt
= F (X) (25)
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Let the endemic equilibrium be X∗ = (S∗c , S
∗
a, V

∗
c , V

∗
a , E

∗
c , E

∗
a, I
∗
c , I
∗
a , C

∗
c , C

∗
a) We consider the fol-

lowing nonlinear Lyapunov function:

V =
12∑
i=1

Ci

(
Xi −X∗i −X∗i ln

Xi

X∗i

)
(26)

where Ci > 0 are constants to be determined.

L = C1

[
Sc − S∗c − S∗c ln

(
Sc
S∗c

)
+ Ec − E∗c − E∗c ln

(
Ec
E∗c

)]
C2

[
Sa − S∗a − S∗a ln

(
Sa
S∗a

)
+ Ea − E∗a − E∗a ln

(
Ea
E∗a

)]
C3

[
Vc − V ∗c − V ∗c ln

(
Vc
V ∗c

)]
+ C4

[
Va − V ∗a − V ∗a ln

(
Va
V ∗a

)]
C5

[
Ic − I∗c − I∗c ln

(
Ic
I∗c

)]
+ C6

[
Ia − I∗a − I∗a ln

(
Ia
I∗a

)]
C7

[
Cc − C∗c − C∗c ln

(
Cc
C∗c

)]
+ C8

[
Ca − C∗a − C∗a ln

(
Ca
C∗a

)]
(27)

where the upper dot represents the derivatives of the model (1) with respect to time t.

L = C1

[(
1− S∗c

Sc

)
Ṡc +

(
1− E∗c

Ec

)
Ėc

]
+ C2

[(
1− S∗a

Sa

)
Ṡa +

(
1− E∗a

Ea

)
Ėa

]
+ C3

[(
1− V ∗c

Vc

)
V̇c

]
+ C4

[(
1− V ∗a

Va

)
V̇a

]
+ C5

[(
1− I∗c

Ic

)
İc

]
+ C6

[(
1− I∗a

Ia

)
İa

]
+ C7

[(
1− C∗c

Cc

)
Ċc

]
+ C8

[(
1− C∗a

Ca

)
Ċa

] (28)

By substituting the relevant equation from model (1) into (17), we obtain

L = C1

[(
1− S∗c

Sc

)(
Λ− φΛ− λcSc − θcSc − ρSc − µSc + ωVc

)
+

(
1− E∗c

Ec

)(
λcSc + λvφΛ− k1Ec

)]
+ C2

[(
1− S∗a

Sa

)(
ρSc − λaSa − θaSa − µSa + ωVa

)
+

(
1− E∗a

Ea

)(
λaSa + ρEc − k2Ea

)]
+ C3

[(
1− V ∗c

Vc

)(
φΛ + θcSc − ωVc − ρVc − µVc

)]
+ C4

[(
1− V ∗a

Va

)(
ρVc + θaSa − ωVa − µVa

)]
+ C5

[(
1− I∗c

Ic

)(
σcEc − k3Ic

)]
+ C6

[(
1− I∗a

Ia

)(
σaEa + ρIc − k4Ia

)]
+ C7

[(
1− C∗c

Cc

)(
νcIc − k5Cc

)]
+ C8

[(
1− C∗a

Ca

)(
νaIa + ρCc − k6Ca

)]
(29)

The steady state of (18)

Λ =
λcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

(1− φ)

k1 =
λcS

∗
c + λvφΛ

E∗c

k2 =
λaS

∗
a + ρE∗c
E∗a

k3 =
σcE

∗
c

I∗c
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k4 =
σaE

∗
a + ρI∗c
I∗a

k5 =
νcI
∗
c

C∗c

k6 =
νaIa + ρCc

C∗a

By substituting the steady state of Λ into (18), we obtain

L = C1

[(
1− S∗c

Sc

)(
λcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− φλcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− λcSc

− θcSc − ρSc − µSc + ωVc

)

+

(
1− E∗c

Ec

)(
λcSc + λvφ

λcS
∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− k1Ec

)]

+ C2

[(
1− S∗a

Sa

)(
ρSc − λaSa − θaSa − µSa + ωVa

)
+

(
1− E∗a

Ea

)(
λaSa + ρEc − k2Ea

)]

+ C3

[(
1− V ∗c

Vc

)(
φ
λcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
+ θcSc − ωVc − ρVc − µVc

)]

+ C4

[(
1− V ∗a

Va

)(
ρVc + θaSa − ωVa − µVa

)]

+ C5

[(
1− I∗c

Ic

)(
σcEc − k3Ic

)]
+ C6

[(
1− I∗a

Ia

)(
σaEa + ρIc − k4Ia

)]

+ C7

[(
1− C∗c

Cc

)(
νcIc − k5Cc

)]
+ C8

[(
1− C∗a

Ca

)(
νaIa + ρCc − k6Ca

)]
.

(30)

Expanding (19) and solve for constants, we have

C1 =
1

k1
, C2 =

1

k2
,

C3 =
1

ω + ρ+ µ
, C4 =

1

ω + µ
,

C5 =
1

k3
, C6 =

1

k4
,

C7 =
1

k5
, C8 =

1

k6
.
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Substituting the values of C1, C2...C8 in equation (19), we have

L =
1

k1

[(
1− S∗c

Sc

)(λcS∗c + θcS
∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− φλcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ

− λcSc − θcSc − ρSc − µSc + ωVc

)

+
(

1− E∗c
Ec

)(
λcSc + λvφ

λcS
∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− k1Ec

)]

+
1

k2

[(
1− S∗a

Sa

)(
ρSc − λaSa − θaSa − µSa + ωVa

)

+
(

1− E∗a
Ea

)(
λaSa + ρEc − k2Ea

)]

+
1

ω + ρ+ µ

[(
1− V ∗c

Vc

)(
φ
λcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
+ θcSc − ωVc − ρVc − µVc

)]

+
1

ω + µ

[(
1− V ∗a

Va

)(
ρVc + θaSa − ωVa − µVa

)]

+
1

k3

[(
1− I∗c

Ic

)(
σcEc − k3Ic

)]

+
1

k4

[(
1− I∗a

Ia

)(
σaEa + ρIc − k4Ia

)]

+
1

k5

[(
1− C∗c

Cc

)(
νcIc − k5Cc

)]

+
1

k6

[(
1− C∗a

Ca

)(
νaIa + ρCc − k6Ca

)]
.

(31)
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Hence, Substitute the steady state of k1, k2, k3....k6 outside equation (20)

L =
E∗c

λcS∗c + λvφΛ

[(
1− S∗c

Sc

)(λcS∗c + θcS
∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− φλcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ

− λcSc − θcSc − ρSc − µSc + ωVc

)

+
(

1− E∗c
Ec

)(
λcSc + λvφ

λcS
∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− λcS

∗
c + λvφΛ

E∗c
Ec

)]

+
E∗a

λaS∗a + ρE∗c

[(
1− S∗a

Sa

)(
ρSc − λaSa − θaSa − µSa + ωVa

)
+
(

1− E∗a
Ea

)(
λaSa + ρEc −

λaS
∗
a + ρE∗c
E∗a

Ea
)]

+
1

ω + ρ+ µ

[(
1− V ∗c

Vc

)(
φ
λcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
+ θcSc − ωVc − ρVc − µVc

)]

+
1

ω + µ

[(
1− V ∗a

Va

)(
ρVc + θaSa − ωVa − µVa

)]

+
I∗c
σcE∗c

[(
1− I∗c

Ic

)(
σcEc −

σcE
∗
c

I∗c
Ic
)]

+
I∗a

σaE∗a + ρI∗c

[(
1− I∗a

Ia

)(
σaEa + ρIc −

σaE
∗
a + ρI∗c
I∗a

Ia
)]

+
C∗c
νcI∗c

[(
1− C∗c

Cc

)(
νcIc −

νcI
∗
c

C∗c
Cc
)]

+
C∗a

νaI∗a + ρC∗c

[(
1− C∗a

Ca

)(
νaIa + ρCc −

νaI
∗
a + ρC∗c
C∗a

Ca
)]
.

(32)

233 IJMAM, Vol. 8, Issue 2 (2025) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



F.C. Eze and M.U. Uwaezuoke (2025) Int. J. Math. Anal. & Mod., 8(2):212–251

Expand

L̇ = −
(
λcS

∗
c + λvφΛ

)(Ec
E∗c
− 1− ln

Ec
E∗c

)
−
(
λaS

∗
a + ρE∗c

)(Ea
E∗a
− 1− ln

Ea
E∗a

)

− σcE∗c
(
Ic
I∗c
− 1− ln

Ic
I∗c

)
−
(
σaE

∗
a + ρI∗c

)( Ia
I∗a
− 1− ln

Ia
I∗a

)

− νcI∗c
(
Cc
C∗c
− 1− ln

Cc
C∗c

)
−
(
νaI
∗
a + ρC∗c

)(Ca
C∗a
− 1− ln

Ca
C∗a

)

− (ω + ρ+ µ)V ∗c

(
Vc
V ∗c
− 1− ln

Vc
V ∗c

)
− (ω + µ)V ∗a

(
Va
V ∗a
− 1− ln

Va
V ∗a

)

+
(

1− S∗c
Sc

)[λcS∗c + θcS
∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− φλcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ

− λcSc − θcSc − ρSc − µSc + ωVc

]

+
(

1− E∗c
Ec

)[
λcSc + λvφ

λcS
∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− k1Ec

]

+
(

1− S∗a
Sa

)(
ρSc − λaSa − θaSa − µSa + ωVa

)
+
(

1− E∗a
Ea

)(
λaSa + ρEc − k2Ea

)
+
(

1− V ∗c
Vc

)[
φ
λcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
+ θcSc − ωVc − ρVc − µVc

]

+
(

1− V ∗a
Va

)(
ρVc + θaSa − ωVa − µVa

)
+
(

1− I∗c
Ic

)(
σcEc − k3Ic

)
+
(

1− I∗a
Ia

)(
σaEa + ρIc − k4Ia

)
+
(

1− C∗c
Cc

)(
νcIc − k5Cc

)
+
(

1− C∗a
Ca

)(
νaIa + ρCc − k6Ca

)
.

(33)
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Substitute the remaining steady state inside equation (22), we have

L̇ = −
(
λcS

∗
c + λvφΛ

)(Ec
E∗c
− 1− ln

Ec
E∗c

)
−
(
λaS

∗
a + ρE∗c

)(Ea
E∗a
− 1− ln

Ea
E∗a

)

− σcE∗c
(
Ic
I∗c
− 1− ln

Ic
I∗c

)
−
(
σaE

∗
a + ρI∗c

)( Ia
I∗a
− 1− ln

Ia
I∗a

)

− νcI∗c
(
Cc
C∗c
− 1− ln

Cc
C∗c

)
−
(
νaI
∗
a + ρC∗c

)(Ca
C∗a
− 1− ln

Ca
C∗a

)

− (ω + ρ+ µ)V ∗c

(
Vc
V ∗c
− 1− ln

Vc
V ∗c

)
− (ω + µ)V ∗a

(
Va
V ∗a
− 1− ln

Va
V ∗a

)

+
(

1− S∗c
Sc

)[λcS∗c + θcS
∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− φλcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ

− λcSc − θcSc − ρSc − µSc + ωVc

]

+
(

1− E∗c
Ec

)[
λcSc + λvφ

λcS
∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− λcS

∗
c + λvφΛ

E∗c
Ec

]

+
(

1− S∗a
Sa

)(
ρSc − λaSa − θaSa − µSa + ωVa

)
+
(

1− E∗a
Ea

)[
λaSa + ρEc −

λaS
∗
a + ρE∗c
E∗a

Ea

]

+
(

1− V ∗c
Vc

)[
φ
λcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
+ θcSc − ωVc − ρVc − µVc

]

+
(

1− V ∗a
Va

)(
ρVc + θaSa − ωVa − µVa

)
+
(

1− I∗c
Ic

)[
σcEc −

σcE
∗
c

I∗c
Ic

]
+
(

1− I∗a
Ia

)[
σaEa + ρIc −

σaE
∗
a + ρI∗c
I∗a

Ia

]

+
(

1− C∗c
Cc

)[
νcIc −

νcI
∗
c

C∗c
Cc

]
+
(

1− C∗a
Ca

)[
νaIa + ρCc −

νaI
∗
a + ρC∗c
C∗a

Ca

]
.

(34)
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L̇ = −

(
λcS

∗
c + λvφ

λcS
∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ

)(
Ec
E∗c
− 1− ln

Ec
E∗c

)

−
(
λaS

∗
a + ρE∗c

)(Ea
E∗a
− 1− ln

Ea
E∗a

)

− σcE∗c
(
Ic
I∗c
− 1− ln

Ic
I∗c

)
−
(
σaE

∗
a + ρI∗c

)( Ia
I∗a
− 1− ln

Ia
I∗a

)

− νcI∗c
(
Cc
C∗c
− 1− ln

Cc
C∗c

)
−
(
νaI
∗
a + ρC∗c

)(Ca
C∗a
− 1− ln

Ca
C∗a

)

− (ω + ρ+ µ)V ∗c

(
Vc
V ∗c
− 1− ln

Vc
V ∗c

)
− (ω + µ)V ∗a

(
Va
V ∗a
− 1− ln

Va
V ∗a

)

+
(

1− S∗c
Sc

)[λcS∗c + θcS
∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
− φλcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ

− λcSc − θcSc − ρSc − µSc + ωVc

]

+
(

1− E∗c
Ec

)[
λcSc + λvφ

λcS
∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
−
λcS

∗
c + λvφ

λcS∗
c+θcS∗

c+ρS∗
c+µS∗

c−ωV ∗
c

1−φ
E∗c

Ec

]

+
(

1− S∗a
Sa

)(
ρSc − λaSa − θaSa − µSa + ωVa

)
+
(

1− E∗a
Ea

)[
λaSa + ρEc −

λaS
∗
a + ρE∗c
E∗a

Ea

]

+
(

1− V ∗c
Vc

)[
φ
λcS

∗
c + θcS

∗
c + ρS∗c + µS∗c − ωV ∗c

1− φ
+ θcSc − ωVc − ρVc − µVc

]

+
(

1− V ∗a
Va

)(
ρVc + θaSa − ωVa − µVa

)
+
(

1− I∗c
Ic

)[
σcEc −

σcE
∗
c

I∗c
Ic

]
+
(

1− I∗a
Ia

)[
σaEa + ρIc −

σaE
∗
a + ρI∗c
I∗a

Ia

]

+
(

1− C∗c
Cc

)[
νcIc −

νcI
∗
c

C∗c
Cc

]
+
(

1− C∗a
Ca

)[
νaIa + ρCc −

νaI
∗
a + ρC∗c
C∗a

Ca

]
.

(35)
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L̇ =−
(
λcS

∗
c + λvφΛ

)(Ec
E∗c
− 1− ln

Ec
E∗c

)
−
(
λaS

∗
a + ρE∗c

)(Ea
E∗a
− 1− ln

Ea
E∗a

)

− σcE∗c

(
Ic
I∗c
− 1− ln

Ic
I∗c

)
−
(
σaE

∗
a + ρI∗c

)( Ia
I∗a
− 1− ln

Ia
I∗a

)

− νcI∗c

(
Cc
C∗c
− 1− ln

Cc
C∗c

)
−
(
νaI
∗
a + ρC∗c

)(Ca
C∗a
− 1− ln

Ca
C∗a

)

− (ω + ρ+ µ)V ∗c

(
Vc
V ∗c
− 1− ln

Vc
V ∗c

)
− (ω + µ)V ∗a

(
Va
V ∗a
− 1− ln

Va
V ∗a

)
,

(36)

Conclusion of the proof From (35) observe that every summand has the form−Ai
(
ui−1−lnui

)
with

ui =
Xi

X∗i
> 0 and Ai > 0 whenever the endemic equilibrium X∗ is biologically feasible (i.e. X∗i > 0

for all compartments, which holds when R0 > 1). Since the convex function Ψ(u) = u − 1 − lnu
satisfies Ψ(u) ≥ 0 for all u > 0 with equality iff u = 1, it follows that L̇ ≤ 0 on the positively
invariant feasible region and that L̇ = 0 if and only if Xi = X∗i for every compartment i (that is,
only at X = X∗). Because L is positive definite about X∗ and the feasible region is forward invariant
and bounded, LaSalle’s invariance principle implies that every solution trajectory converges to X∗ as
t→∞. Therefore the endemic equilibrium X∗ is globally asymptotically stable whenever it exists (in
particular for R0 > 1).

5 Optimal control of the model

The full optimal-control formulation for the age-structured HBV model and the Pontryagin–type char-
acterization of the optimal controls. We introduce three time-dependent controls (all bounded between
0 and 1):

1. u1(t): additional childhood vaccination effort (adds to θc)

2. u2(t): additional adult vaccination effort (adds to θa)

3. u3(t): increase in newborn birth-dose coverage (adds to Φ)

We also include scaling constants k1, k2, k3 > 0 so the controls enter linearly into the transition rates.
The objective is to minimize the number of acutely infected individuals while keeping control costs
quadratic.

We introduce three measurable controls u1(t), u2(t), u3(t) with

0 ≤ ui(t) ≤ 1, i = 1, 2, 3, t ∈ [0, T ].

The controls enter the model as follows:

θc 7→ θc + k1u1(t), θa 7→ θa + k2u2(t), φ 7→ φ+ k3u3(t),
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with k1, k2, k3 > 0 (efficiency constants). The controlled state system becomes

Ṡc = (1− (φ+ k3u3))Λ−
(
λc + θc + k1u1 + ρ+ µ

)
Sc + ωVc,

Ṡa = ρSc −
(
λa + θa + k2u2 + µ

)
Sa + ωVa,

V̇c = (φ+ k3u3)Λ + (θc + k1u1)Sc − (ω + ρ+ µ)Vc,

V̇a = ρVc + (θa + k2u2)Sa − (ω + µ)Va,

Ėc = λcSc + λv(φ+ k3u3)Λ− (σc + ρ+ µ)Ec,

Ėa = λaSa + ρEc − (σa + µ)Ea,

İc = σcEc − (γc + νc + ρ+ µ)Ic,

İa = σaEa + ρIc − (γa + νa + µ)Ia,

Ċc = νcIc − (αc + ρ+ µ+ δc)Cc,

Ċa = νaIa + ρCc − (αa + µ+ δa)Ca,

Ṙc = γcIc + αcCc − (ρ+ µ)Rc,

Ṙa = γaIa + αaCa + ρRc − µRa,

(37)

where the horizontal forces of infection remain

λc = βc
Ic + ηcCc + Ia + ηaCa

N
, λa = βa

Ic + ηcCc + Ia + ηaCa
N

,

and the vertical force
λv = pv

Ia + ηvCa
Na

.

Choose the objective functional (weighting infected and control costs):

J(u1, u2, u3) =

∫ T

0

[
Ic(t) + Ia(t) + w1

2 u
2
1(t) + w2

2 u
2
2(t) + w3

2 u
2
3(t)
]
dt, (38)

where wi > 0 are cost weights and T > 0 is the final time.

5.1 Pontryagin maximum principle

Introduce adjoint (costate) functions pSc , pSa , pVc , pVa , pEc , pEa , pIc , pIa , pCc , pCa , pRc , pRa . Define
the Hamiltonian

H = Ic + Ia + w1
2 u

2
1 + w2

2 u
2
2 + w3

2 u
2
3

+ pScṠc + pSaṠa + pVc V̇c + pVa V̇a + pEcĖc + pEaĖa

+ pIc İc + pIa İa + pCcĊc + pCaĊa + pRcṘc + pRaṘa,

where Ẋ are the right-hand sides of (37).
The adjoint system is given by

ṗX(t) = −∂H
∂X

, pX(T ) = 0,

for each state X. Below we display the adjoint equations (computed formally). For brevity we use the
notation

Φ(t) :=
Ic + ηcCc + Ia + ηaCa

N
, Ψ(t) :=

Ia + ηvCa
Na

,

so that λc = βcΦ, λa = βaΦ, λv = pvΨ.
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ṗSc
= −

[
− pSc

(λc + θc + k1u1 + ρ+ µ) + pSc

(∂λc
∂Sc

Sc

)
+ pVc

(θc + k1u1) + pEc
λc

]

ṗSa
= −

[
− pSa

(λa + θa + k2u2 + µ) + pVa
(θa + k2u2) + pEa

λa

]′
Sa

ṗVc = −
[
pScω − pVc(ω + ρ+ µ)

]
ṗVa = −

[
pSaω − pVa(ω + µ)

]
ṗEc = −

[
pEc(−(σc + ρ+ µ)) + pIcσc + pEaρ+ pEc · ∂Ec(λcSc + λv(φ+ k3u3)Λ)

]
ṗEa = −

[
pEa(−(σa + µ)) + pIaσa + pEa · ∂Ea(λaSa)

]
ṗIc = −

[
1 + pIc(−(γc + νc + ρ+ µ)) + pCcνc +

∑
X

pX∂Ic

]
ṗIa = −

[
1 + pIa(−(γa + νa + µ)) + pCaνa + pEc · ∂Ia(λv(φ+ k3u3)Λ) +

∑
X

pX∂Ia

]
ṗCc

= −
[
pCc

(−(αc + ρ+ µ+ δc)) + pRc
αc +

∑
X

pX∂Cc

]
ṗCa

= −
[
pCa

(−(αa + µ+ δa)) + pRa
αa + pEc

· ∂Ca
(λv(φ+ k3u3)Λ) +

∑
X

pX∂Ca

]
ṗRc

= −
[
− pRc

(ρ+ µ) + pRa
ρ
]

ṗRa
= −

[
− pRa

µ
]
.

The terms “
∑

X pX∂Ic” etc. above denote contributions from the dependence of λc, λa, λv on Ic, Ia, Cc, Ca.
Computing these explicitly yields (for instance)

∂λc
∂Ic

= βc
N − (Ic + ηcCc + Ia + ηaCa)

N2

and similarly for other partials; substitute into the adjoint ODEs for full explicit formulas.

5.2 Characterization of optimal controls

The optimal controls u∗i (t) minimise H a.e.; differentiating H with respect to each control and setting
to zero gives the interior characterizations.

Control u1. Only Sc and Vc depend linearly on u1 through terms (θc+k1u1)Sc and−(θc+k1u1)Sc.
Thus

∂H
∂u1

= w1u1 + k1Sc
(
pVc − pSc

)
.

Therefore the unconstrained minimiser is

u†1(t) = −
k1Sc(t)

(
pVc(t)− pSc(t)

)
w1

,

and projecting to the admissible set [0, 1] yields

u∗1(t) = min
{

1, max
{

0, −
k1Sc(t)

(
pVc(t)− pSc(t)

)
w1

}}
. (39)
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Control u2. Similarly,
∂H
∂u2

= w2u2 + k2Sa
(
pVa − pSa

)
,

so

u∗2(t) = min
{

1, max
{

0, −
k2Sa(t)

(
pVa(t)− pSa(t)

)
w2

}}
. (40)

Control u3. The control u3 appears in the newborn split and in the vertical infection term λv(φ +
k3u3)Λ. Differentiation gives

∂H
∂u3

= w3u3 + k3Λ
(
pVc − pSc

)
+ k3Λ pEc λ

′
v,

where λ′v = ∂(φ+k3u3)

(
λv(φ + k3u3)

)
= pv

Ia+ηvCa
Na

= pvΨ. Neglecting the smaller second-order
contribution from ∂λv/∂(φ + k3u3) (or including it explicitly if desired), a practical characterization
is

∂H
∂u3
≈ w3u3 + k3Λ

(
pVc − pSc

)
,

hence

u∗3(t) = min
{

1, max
{

0, −
k3Λ

(
pVc(t)− pSc(t)

)
w3

}}
, (41)

Figure 2: Effect of Additional Childhood Vaccination Effort (u1) on Acute Infections

Figures 2 and 3 illustrate the impact of an increased effort in childhood vaccination (u1) on acute
infections and the control profile associated with this effort. The graphs depict the temporal dynamics of
acute Hepatitis B infections among both children (Ic, red line) and adults (Ia, blue line) in the context of
a time-varying childhood vaccination strategy. Both groups experience moderate and relatively stable
levels of acute infections, indicative of the baseline endemic equilibrium of HBV in the absence of
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Figure 3: Control Profile of Additional Childhood Vaccination Effort

enhanced interventions. The higher initial value of Ic indicates ongoing transmission within the child
population.

An immediate decline in childhood infections is observed when u1 rises to 0.8 at year 5, resulting
in a rapid and significant reduction in Ic. In contrast, Ia begins to decrease at a more gradual pace,
reaching its lowest level around years 10 to 12. This suggests that the increased vaccination effort
directly reduces the number of susceptible children, leading to an immediate decrease in new infections
among this group. The decline in adult infections occurs via two mechanisms: the reduction of future
infections as vaccinated children grow into adulthood, and the indirect effects of herd immunity, which
limit transmission to adults. As u1 falls back to 0.2 at year 15, Ic starts to rise sharply again.

The control profile graph outlines the public health strategy for intensifying childhood vaccination
over time. A value of u1 = 0.2 corresponds to routine vaccination efforts, which provide some degree
of control but are not sufficient for a significant long-term reduction in disease burden. The square-wave
pattern in the graph reflects a structured, time-limited public health campaign. The abrupt transitions
indicate specific start and end dates for organized initiatives, rather than gradual changes. The return
to baseline levels after year 15 suggests fluctuations related to funding cycles.

Ultimately, this indicates that childhood vaccination delivers immediate direct protection to chil-
dren while providing delayed indirect protection to adults through decreased transmission and cohort
effects. The rapid rebound in infections when control measures are relaxed emphasizes that man-
aging infectious diseases requires ongoing efforts since temporary measures result in only short-term
benefits. The differing response patterns observed between children and adults underscore the need
for age-specific modeling in HBV, as transmission dynamics and the effects of interventions can vary
among age groups. The successful reductions achieved during the intervention period demonstrate the
potential effectiveness of intensified childhood vaccination efforts, indicating that scaling up routine
programs could lead to significant public health improvements. Figure 4 illustrates a comparison of
four trajectories over a 30-year period: (dashed red) Acute adult infections without control, (solid red)
Acute adult infections with u2 = 1 control, (dashed blue) Chronic adult infections without control,
and (solid blue) Chronic adult infections with u2 = 1 control. All four lines originate from initial
conditions and display immediate divergence. The solid red line (Ia ctrl) shows a sharp decline due
to direct protection for susceptible adults. The solid blue line (Ca ctrl) decreases more gradually, re-
flecting the development of chronic cases from existing acute infections. The dashed lines indicate
ongoing natural transmission patterns. The controlled trajectories stabilize at lower levels, whereas
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Figure 4: Effect of Adult Vaccination Effort u2(t) on HBV Dynamics

uncontrolled trajectories may reach an endemic equilibrium or experience gradual changes. Controlled
trajectories achieve new stable equilibria significantly lower than the levels seen in uncontrolled sce-
narios. Despite the control measures, chronic infections (solid blue) persist due to slow clearance rates
(αa = 0.04year), continued progression from acute cases (νa = 0.05year), and aging of child chronic
cases (ρCc). The difference between the solid and dashed lines indicates immediate benefits for vacci-
nated individuals, herd effects that reduce community transmission, and the inability to eliminate the
disease due to sustained child transmission and chronic reservoirs. Thus, the graph indicates that adult
catch-up vaccination can significantly diminish the HBV burden.

Figure 5: Effect of Newborn Birth-Dose Coverage (u3) on Acute HBV Infections

Figure 5 depicts three infection trajectories over 50 years, each illustrating total acute infections
(children + adults) under different levels of birth-dose coverage enhancement. All three lines begin
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together but quickly diverge. An increase in u3 immediately halts mother-to-child transmission. More
vaccinated newborns lead to a reduction in future susceptible children. In contrast to interventions
addressing existing infections, the birth-dose impacts the entry point of infections. The curves show a
distinct separation, with u3 = 1.0 displaying the steepest decline. Each trajectory stabilizes at a different
level: u3 = 0.0 indicates an endemic equilibrium sustained by ongoing transmission, u3 = 0.5 reflects
a significant reduction with persistent low-level transmission, and u3 = 1.0 suggests near-elimination
levels, potentially achieving disease control targets. Birth-dose vaccination is a genuine primary pre-
vention method: it blocks infections at their origin rather than treating established disease, guards
against the development of chronic carriers by providing protection prior to exposure, and represents
the most efficient intervention per administered dose. This graph effectively illustrates that newborn
birth-dose vaccination is the most essential intervention for HBV. The considerable separation between
control levels clarifies why the WHO recommends achieving at least 90% HepB-BD coverage as cru-
cial for elimination. Unlike interventions that target existing infections, u3 prevents new infections
at their source, offering sustainable protection that accumulates over generations. The biological anal-
ysis indicates that birth-dose coverage yields the highest return on investment and is fundamental to
comprehensive HBV control strategies. The trajectory approaching near-elimination with u3 = 1.0
emphasizes the critical need for universal birth-dose coverage, especially in high-endemic regions such
as Nigeria.

6 Numerical analysis

The model simulation begins with an assumed total human population distributed between children
and adults. At time t = 0, most individuals are susceptible, with small proportions vaccinated, exposed,
infected, or recovered. These initial values are chosen to reflect typical epidemiological conditions for
Hepatitis B in Nigeria, based on national demographic proportions and reported prevalence estimates.

Let the initial state variables be represented as:

(Sc(0), Vc(0), Ec(0), Ic(0), Cc(0), Rc(0), Sa(0), Va(0), Ea(0), Ia(0), Ca(0), Ra(0))

Sc(0) = 250,000, Vc(0) = 100,000, Ec(0) = 500,

Ic(0) = 200, Cc(0) = 2,000, Rc(0) = 10,000,

Sa(0) = 500,000, Va(0) = 80,000, Ea(0) = 300,

Ia(0) = 150, Ca(0) = 5,000, Ra(0) = 50,000.

corresponding to the compartments of susceptible, vaccinated, exposed, acutely infected, chronically
infected, and recovered individuals for children and adults respectively.

The specific numerical values used for simulation are based on the total population distribution and
existing HBV data for Nigeria, ensuring biological realism and consistency with published studies.

Here is a table of parameter values and estimates informed by Nigerian HBV data and literature:
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Table 3: Model parameters, descriptions, values, and sources for the age-structured Hepatitis B model
in Nigeria.

Parameter Description Value Citation
Λ Recruitment (birth) rate 3.5× 104 individuals/year [1]
µ Natural death rate 1/65 year−1 [1]
ρ Aging rate from children to adults 1/15 year−1 Model assumption
βc Effective contact rate for children 3.0× 10−4 year−1 [18]
βa Effective contact rate for adults 2.8× 10−4 year−1 [19]
ηc Relative infectiousness of chronic carriers

(children)
0.8 [20]

ηa Relative infectiousness of chronic carriers
(adults)

0.9 [20]

φ Hepatitis B birth dose coverage 0.70 [1]
θc Routine vaccination rate for children 0.85 year−1 [1]
θa Catch-up vaccination rate for adults 0.25 year−1 [18]
ω Waning rate of vaccine-induced immunity 0.02 year−1 [19]
σc Progression rate from exposed to acute (chil-

dren)
0.30 year−1 [21]

σa Progression rate from exposed to acute
(adults)

0.25 year−1 [21]

γc Recovery rate from acute (children) 0.25 year−1 [19]
γa Recovery rate from acute (adults) 0.20 year−1 [19]
νc Progression to chronic (children) 0.10 year−1 [22]
νa Progression to chronic (adults) 0.05 year−1 [22]
αc Recovery from chronic (children) 0.05 year−1 [19]
αa Recovery from chronic (adults) 0.04 year−1 [19]
δc Disease-induced death (children) 0.01 year−1 [19]
δa Disease-induced death (adults) 0.015 year−1 [19]
pv Vertical transmission probability 0.30 [20]
ηv Relative risk of vertical transmission 0.80 [20]
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Figure 6: Child and Adult Infection Dynamics (Ea, Ia, Ca)

Figure 7: Overall HBV Infection Burden Over Time

Figure 6 illustrates the 3D trajectory of Hepatitis B infection progression through various stages
within the child population over time. The three axes are defined as follows: X-axis (Ec) represents ex-
posed children—those infected but not yet infectious (latent period); Y-axis (Ic) denotes acute infected
children—those experiencing active, symptomatic infection; and Z-axis (Cc) reflects chronic carrier
children—those who have developed a persistent infection. The trajectory likely begins with rapid
movement as the initial exposed population (Ec = 500) transitions to acute infection (Ic = 200) and
further develops into chronic carriers (Cc = 2, 000). This trajectory illustrates the natural history of
HBV in children, demonstrating their movement from exposed to acute to chronic states. The rela-
tively high νc(0.10year) indicates a substantial proportion of infected children progressing to chronic
carriers. Additionally, children’s chronic progression rates are typically higher than those of adults due
to their immature immune systems. Over time, the trajectory stabilizes, suggesting that the system
attains a steady state where new infections balance recoveries and aging out of the child compartment.
The large Cc component signifies the significant burden of chronic HBV in children, who are at an
increased risk of developing lifelong infections, cirrhosis, and liver cancer.

The second 3D graph in Figure 6 depicts HBV progression in the adult population, revealing no-
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table differences compared to children: X-axis (Ea) identifies exposed adults, Y-axis (Ia) represents
acute infected adults, and Z-axis (Ca) shows chronic carrier adults. The adult trajectory indicates more
gradual transitions between states, a lower chronic carrier burden relative to acute infections, and the
influence of aging inflows from child compartments. This suggests that adults contribute meaningfully
to transmission due to longer infectious periods and higher contact rates in certain environments. Both
trajectories represent a 100-year simulation that demonstrates how HBV achieves endemic equilibrium
in a population under specified vaccination and transmission parameters. The spiral or curved charac-
teristics of these trajectories illustrate the dynamic interactions between different infection states as the
system progresses from initial conditions toward its long-term equilibrium state.

Figure 7 presents a 2D line plot depicting the total number of infected individuals (I + C) across
both children and adult populations over a century. The vertical axis indicates the combined burden
of acute infections (Ic + Ia)—individuals with active, symptomatic Hepatitis B—and chronic carriers
(Cc + Ca)—individuals with persistent, lifelong infections. This serves as an essential public health
indicator, reflecting the total number of infectious individuals in the population at any given moment.
The horizontal axis demonstrates the long-term dynamics of Hepatitis B over a hundred years and
allows for the observation of how the infection burden evolves from initial conditions to equilibrium.
This illustrates the effectiveness of HBV transmission through the population and indicates whether
control measures are sufficient. Ultimately, this single graph offers a broad overview of the population-
level impact of Hepatitis B and the efficacy of control strategies across generations.

Figure 8: Policy Impact on HBV Dynamics and Chronic HBV (Children vs Adults)

Figure 8 presents two distinct 3D plots. The first 3D scatter graph illustrates the impact of policy
on HBV dynamics. The X-axis represents time, indicating disease progression over a 30-year period.
The Y-axis shows chronic prevalence, which refers to the proportion of the population with chronic
HBV infection. The Z-axis reflects incidence, representing the rate of new infections in the population.
The trajectory displays how chronic prevalence and incidence change together over time. The baseline,
depicted in red, corresponds to current vaccination and treatment policies, while the improved scenario,
shown in blue, illustrates the potential impact of the WHO 2030 targets with enhanced interventions.
The ideal outcome would involve movement toward the origin, depicting both low prevalence and low
incidence, with the improved scenario expected to demonstrate a faster decline toward lower values in
both dimensions.

The second graph depicts chronic HBV cases among children and adults. The X-axis again rep-
resents a 30-year timeline, while the Y-axis displays the number of child chronic cases and the Z-axis
reflects the number of adult chronic cases. This graph indicates the age distribution of the chronic HBV

246 IJMAM, Vol. 8, Issue 2 (2025) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



F.C. Eze and M.U. Uwaezuoke (2025) Int. J. Math. Anal. & Mod., 8(2):212–251

burden over time. The baseline is represented in orange, reflecting the current distribution pattern,
and the improved scenario is shown in green, indicating the distribution under enhanced interventions.
There is a more rapid reduction in child cases due to improved birth dose and childhood vaccination,
whereas the reduction in adult cases is slower because of the persistence of existing chronic infections.
The trajectory should also move toward the origin, indicating fewer cases in both age groups. These
graphs illustrate how coordinated vaccination strategies can effectively reduce both new infections (in-
cidence) and long-term disease burden (chronic prevalence) across various age groups, contributing to
HBV elimination goals. The 3D visualization effectively highlights the multifaceted nature of HBV
control, where time, disease burden, and age distribution must all be considered when assessing the
effectiveness of interventions.

7 Summary and Conclusion

7.1 Summary

This study developed an age-structured deterministic model to describe the transmission dynamics
of Hepatitis B Virus (HBV) in Nigeria, incorporating both vertical (mother-to-child) and horizontal
(person-to-person) transmission pathways. The model stratifies the population into children and adults,
recognizing age-dependent differences in infection progression, immunity, and vaccine response. To en-
sure biological realism, the non-negativity of solutions and the existence of an invariant region were
established, confirming that the system remains epidemiologically meaningful for all time.

The disease-free equilibrium (DFE) was derived and analyzed for stability using the Jacobian ma-
trix, while the basic reproduction number (R0) was computed via the next-generation matrix method.
Analytical results revealed that when R0 < 1, the DFE is both locally and globally asymptotically
stable, verified using the Castillo–Chavez and Song approach. Conversely, when R0 > 1, infection
persists, and the endemic equilibrium was shown to be globally stable through the construction of an
appropriate Lyapunov function, signifying the long-term persistence of HBV under endemic condi-
tions.

An optimal control analysis was performed to evaluate the impact of three time-dependent in-
terventions: childhood vaccination (u1), adult catch-up vaccination (u2), and birth-dose vaccination
(u3). The associated objective functional minimized infection prevalence and control costs. Numerical
simulations provided insights into the temporal and structural dynamics of HBV transmission under
different control scenarios.

Figures 2 and 3 demonstrated that intensifying childhood vaccination (u1) significantly reduces
acute infections among children, with a delayed but notable decline in adult infections due to indirect
herd protection. However, the resurgence of infections following reduced control efforts highlights
the necessity for sustained intervention programs. Figure 4 compared adult infection trajectories under
varying control levels, revealing that adult catch-up vaccination (u2) can markedly lower both acute and
chronic infections, though complete eradication remains limited by slow clearance rates and persistent
child-to-adult transmission.

Figure 5 examined the influence of birth-dose vaccination (u3), demonstrating that higher coverage
levels yield substantial declines in new infections, with (u3 = 1.0) approaching near-elimination condi-
tions. This confirms the birth dose as the most effective strategy for interrupting vertical transmission
and preventing chronic carrier formation. Figures 6 and 7 further visualized the infection trajectories
within child and adult populations, showing the natural transition from exposure to chronic infection
and the eventual stabilization at endemic equilibria. The simulations confirmed that children bear a
disproportionate chronic burden due to immature immune responses, reinforcing the importance of
early immunization.

Finally, Figure 8 illustrated policy-driven dynamics, showing that achieving the WHO 2030 HBV
elimination targets would accelerate declines in both incidence and chronic prevalence. Improved vac-
cination strategies not only reduce new infections but also shift the chronic burden away from future
generations.
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In summary, the analysis and simulations demonstrate that comprehensive age-specific vaccina-
tion—particularly universal birth-dose and sustained childhood immunization—remains the most ef-
fective and cost-efficient strategy for HBV elimination in Nigeria. The model provides a robust ana-
lytical and computational framework to guide public health planning, ensuring long-term control and
potential eradication of HBV across all age strata.

7.2 Conclusion

This research has developed and analyzed a deterministic model structured by age for the transmission
dynamics of Hepatitis B Virus (HBV) in Nigeria, considering both vertical and horizontal transmission
pathways. The theoretical foundation of the model was established through the derivation of an invari-
ant region, confirmation of the non-negativity of solutions, and a comprehensive stability analysis. The
calculation of the basic reproduction number R0 provided an important epidemic threshold, with ana-
lytical results indicating that the Disease-Free Equilibrium (DFE) is locally and globally asymptotically
stable when R0 < 1, while the Endemic Equilibrium is globally stable when (R0 > 1), highlighting
the model’s effectiveness in illustrating the persistent nature of HBV in endemic contexts.

The numerical simulations provided important public health insights, emphasizing the unique and
combined functions of various vaccination strategies:

1. Childhood Vaccination (u1):The results indicate that increasing routine childhood vaccination
offers immediate protection to children, as shown by the significant decrease in acute child in-
fections (Ic). The more gradual reduction in adult infections (Ia) highlights the strong, delayed
cohort effect and herd immunity resulting from this initiative. Nevertheless, the rapid increase
in infections following the end of a vaccination campaign clearly demonstrates that controlling
HBV is not a short-term task; it necessitates ongoing, high-coverage vaccination programs to
sustain long-term advantages.

2. Adult Catch-up Vaccination (u2): The implementation of adult vaccination results in a rapid
decrease in acute infections among adults, providing direct protection to a significant group of
transmitters. In contrast, its effect on the chronic adult carrier population (Ca) is more grad-
ual, limited by the slow natural clearance rate and the continued progression of existing acute
infections. This intervention notably decreases the overall disease burden, but it is not sufficient
for complete elimination, as it does not tackle the reservoir of infection present in children and
chronic carriers.

3. Birth-Dose Vaccination (u3): The analysis highlights birth-dose vaccination as the most effec-
tive single intervention for achieving HBV elimination. By preventing vertical transmission at
its source, (u3) serves as a primary prevention tool. The trajectory under complete birth-dose
coverage (u3 = 1.0) approaches near-elimination levels, significantly changing the long-term
course of the disease by stopping the formation of new chronic carriers from birth. This finding
strongly supports the World Health Organization’s focus on attaining high HepB-BD coverage
as a fundamental aspect of HBV control.

The 3D and long-term trajectory plots clarify the complex natural history of HBV, illustrating the
high rate of progression from acute to chronic states in children and the significant burden of chronic
carriers. The century-long simulation of total infected individuals offers a realistic perspective on the
disease’s endemic persistence, while also indicating that coordinated interventions could significantly
reduce this equilibrium.

This study indicates that a comprehensive, age-targeted strategy is necessary for addressing Hepatitis
B in Nigeria. While catch-up vaccination for adults can lead to immediate decreases in transmission,
vaccination in childhood provides important direct and herd protection. However, the universal and
timely administration of the birth-dose vaccine appears to be the most effective and sustainable approach
to disrupt the cycle of transmission and work towards the elimination of HBV as a public health
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concern. The model functions as a useful resource for policymakers to simulate and optimize the
allocation of limited resources for the greatest long-term benefit.
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