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Abstract

This paper establishes a version of strong convergence results for the Jungck Picard-Multistep
hybrid iterative scheme. The results improve, generalize and extend some of the known ones in
literature especially those of Olatinwo and Imoru (2008), Berinde (2001), and Akewe and Olaluwa
(2017).
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1 Introduction

Suppose (X, d) be a complete metric space, let T : X — X be a selfmap of X. The set Fp = {p €
X : Tp = p} is the set of fixed points of T € X. Definition 1 [20]: Let {z,,}7°; C X be the sequence
generated by an iteration procedure involving the operator T, this implies that,

f(T,xy) =xpt1, n=0,1,2... (1.0)
where x¢g € X is the initial approximation and f is some function.
Suppose in (1.0),
f(T,xzy) =Txy (1.1)
Tp+1 =Txy, n=0,1,2... (1.2)

Eqn. (1.2), is the Picard iterative scheme.
Definition 2 [12]: For arbitrary z¢ € X, let {Sx,,}72, be the Jungck iteration defined by,

Stpi1=Tx,, n>0 (1.3)

Equation (1.3), is the Jungck iterative scheme.
Definition 3 [8] :
For arbitrary zg € X, let {Sz,,}7°, be the Jungck-Mann iteration defined by,

Stpy1 =1 —ap)Szy +ayTr,, n=0,1,2... (1.4)

where {a;, } 72 is the sequence of real numbers in [0, 1], then Eqn (1.4) is the Jungck-Mann Iterative
scheme.

Definition 4[13]:
For arbitrary zp € X, let {Sx,,}°, be the Jungck Picard-Mann hybrid iteration defined by,

Sl‘nJrl = Ty,
Sy, = (1—ap)Sry,+ Tz, n=0,12... (1.5)
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where {a, }22 ) is the sequence of real numbers in [0, 1], then Eqn (1.5) is the Jungck Picard-Mann
hybrid Iterative scheme.

Definition 5 [8]:

For arbitrary zp € X, let {Sx,,}°, be the Jungck-Ishikawa iteration defined by

Stpt1 = (1—an)Szp +anTzy,
Sz = (1 _/8n>5xn+6nTxn7 n=0,1,2... (16)

where {a, }2° ) and {3, }52, are sequences of real numbers in [0,1], then Eqn. (1.6) is the Jungck
Ishikawa iterative scheme.

Definition 6[13]:

For arbitrary zp € X, let {Sz,,}°, be the Jungck Picard-Ishikawa hybrid iteration defined by

Stpt1 = Tyn
Syn, = (1—an)Szy +anTzy,
Szn = (1= Bn)Stp+ BpTan, n=0,1,2... (1.7)

where {a, }2° ) and {5, }22, are sequences of real numbers in [0, 1], then Eqn. (1.7) is the Jungck
Picard-Ishikawa hybrid iterative scheme.

Definition 7 [13] :

For arbitrary zg € X, let {Sx,,}5° , be the Jungck Noor- iteration defined by

Stpy1 = (1—ap)Szy + Ty,
Syn = (1 - /Bn)an + BnTZn
Szn = (L—)Szp+mTan, n=0,1,2... (1.8)

where {0, 122, {Bn 122 and {7,}5°, are sequences of real numbers in [0,1], then (1.8) is Jungck
Noor iterative scheme.

Definition 8 [13] :

For arbitrary zg € X, let {Sz,,}7° , be the Jungck Picard-Noor iteration defined by

Stp1 = Tyn

Syn = (1—oap)Szy +anTq,

Sgn = (1—0n)Szy+ BTz

Sz, = (1—9)Szp+wTx,, n=0,1,2... (1.9)

where {122, {Bn 22 and {7,}5°, are sequences of real numbers in [0,1], then (1.9) is Jungck
Picard-Noor iterative scheme.

Definition 9[1] :

For arbitrary zp € X, let {Sz,,}7° , be the Jungck Multistep iteration defined by

S.Tn_l,_l = (]- - an)an + aTyrlL
Syl = (1-p)Sz, + BTy, i=1,2,3,...,k—2
Ut = (L= BET)Sm + B Twn) k22 (10

where {0, }22 o, {8,122, i=1,2,3 ... k-1 are sequences of real numbers in (0,1], then (1.10) is Jungck
Multi-Step iterative scheme.
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Definition 10[13]:
For arbitrary zp € X, let {Sx,,}7° , be the Jungck Picard-Multistep iteration defined by

SIn.H = Tz

Sz, = (1—oap)Sz, + aTyl

Syp = (1= BL)Szn+ BTy, i=1,2,3,... k-2

STl = (L= S+ B Ta) K22 (1)

where {0, }22 o, {85122, i=1,2,3 ... k-1 are sequences of real numbers in [0,1], then (1.11) is Jungck
Picard MultiStep iterative scheme.

In 1972, the following results were proved by Zamfirescu [22].

Theorem 1: Let (X,d) be a complete metric space and 7' : X — X be a self mapping for which

there exist real numbers «, 5 and v satisfying 0 < o < 1,0 < 5,y < 0.5 such that, for each z,y € X,
at least one of the following is true:

(z1) d(Tz,Ty) < ad(z,y),

(22) d(Tz,Ty) < pld(x, Tx) + d(y, Ty)],

(23) d(Tx,Ty) <~[d(x, Ty) + d(y, Tx)].

An operator T satisfying the contractive conditions (z1), (22)and(z3) in Theorem 1 above is called
Zamfirescu

operator.

2 Preliminaries

The Zamfirescu condition has been employed by Rhoades [20],Berinde[2], Bosede [5], and many other

reseachers

to establish several interesting convergence results.

Jungck (1976) introduce the following Iterative scheme to approximate common fixed point of Jungck
contraction map.

Let (X, d) be a metric space and S,T : Y — X be two non-selfmappings such that 7'(Y) C S(Y),

S(Y') is a complete subspace of X. For any g € Y, the sequece {Sx,} 2 is the Jungck iterative

scheme

defined by

Stp1 =Tz, n=0,1,2... (2.1).
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Singh et al estabish the following general iteration process:Suppose S, 7 : Y — X and T'(Y) C S(Y).
For any

given z¢ € Y ,suppose

Stpi1=f(T,z,), n=0,1,2... (2.2)

Jungck-Krasnoselskij iteration process is a special case of Mann-Iteration process. For any ¢ € Y ,the

Jungck-Krasnoselskij iteration scheme is the sequence { Sz, }°° , defined by

Stpy1 =1 —=N)Szp, + Tz, n=0,1,2... (2.3)

where o, = A for some 0 < A < 1 is called the Jungck- Krasnoseskij Iteration process.

In (2005) Singh et al [21] introduced the Jungck-Mann Iterative process to obtain some common fixed
points and

stability results.For any given 29 € Y the Jungck-Mann Iterative scheme {Sx,, }°°  is defined by

Stpy1 = (1—ap)Sep+apyTx,, n=0,1,2... (2.4)

where f is some function. If (7T, x,) = Txy,41, thus (2.3) becomes Jungck-type iteration process of
Singh et al.

The work of Singh et al (2005) was further worked upon by Olatinwo and Imoru (2008) [14] to
obtain the

Jungck-Ishikawa and Jungck-Noor iterative schemes, the convergence obtain were used to approxi-
mate the

coincidence points of some pairs of generalised contractive -like operators. Suppose each pairs of maps

is injective. For zp € Y, the Jungck- Ishikawa iterative scheme is the sequence {Sz,}72, defined

by

Stpr1 = (1 —an)Szy + anTyy,
Sy, = (1 —=pn)Szy + BnTxn, (2.5)

where {a, }72 ) and {8, }52, are real sequences in [0,1) such that )7 ; o, = 00 is called the Jungck-
Ishikawa

Iteration process.

Stpy1 = (1—ap)Sz, + Ty,
Sz, = (1 —v)Szy + T zy. (2.6)

where {a, 152, {Bn}5% and {7, } 52 are sequences of real numbers in [0,1] such that Y7 j o, = 00
is called
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the Jungck-Noor Iteration process.
Considering the Zamfirescu from Theorem 1, there shall be an extension for continuation:

For two nonself mappings S,7T : Y — X with T(Y) C S(Y), there exist real numbers «, 3 and
v

satisfying 0 < a < 1,0 < B, < 0.5 such that, for each z,y € Y, at least one of the following
is true:

(9z21) d(Tz,Ty) < «d(Sz,Sy),
(9z2) d(Tz,Ty) < PBld(Sz,Tz)+ d(Sy,Ty)],

(923) d(Tz,Ty) < ~[d(Sz,Ty)+ d(Sy, Tx)].

The contractive conditions (gz1), (g22) and (gz3) will be called the generalized Zamfirescu condition.

In the prrocess the researchers shall consider a normed linear space for the contractive definition by
Bosede [5]: Let (X, ||.||) be a Banach space, T' : X — X a selfmap of X, with a fixed point p such

that for each y € X and 0 < a < 1,we have,

lp — Tyl < allp -yl (2.7)

The contractive definition (2.7) by Bosede was extended
Ip—Ty|| < "= la||p — y]|. (2.8)

such that there exist a € [0,1), L > 0 and for every z,y € X.

Suppose (X, ||.||) is 2 normed linear space or Banach space. Therefore, using contractive condition

(2.8).

Let S,T : Y — X be two nonself mappings such that T(Y) C S(Y). S(Y) is a complete sub-
space of X.Suppose also that z is a coincidence point of S and T, (that is Sz = Tz = p).

Then (2.8) becomes
lp = Tyl < M5 lallp — Sy)|. (2.9)

where L(0) =0and V 2,y € X.
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Remark 2.1:The contractive definition (2.9) is more general than (2.8) in

the sense that if S=I in (2.9), we get (2.8).If L = 0 in (2.8), we get (2.7). This is an extended re-
sult of Bosede on general class of function.

Our aim in this paper is to establish some strong convergence results for Jungck-Noor, Jungck-Ishikawa,
and

Jungck-Mann iteration processes for a general class of function to include some fixed point theorems

for Jungck

-Noor three step iteration process associated with generalised Zamfirescu mappings in an arbitrary

Banach
space.
Our results extend, improve and unify a multitude of fixed points in literature.

It is clear that the inequality (2.9) holds.Hence,we shall use condition (2.9) in the rest of the proof.

3 Main results

Theorem 3.1:

Let (X, ||.]|) be a Banach Space, T': X — X a selfmap of X with a fixed point p, satisfying (2.9), (that
is, Tp = p). For some 0 < a < 1 and for each y € X. Then the Jungck-Picard multistep hybrid
iterative scheme defined by (1.11) converges strongly to p.

Proof:
[S2pt1 —pll = |Tvn —Tp|

< actlP= TPl Sv, — p|)]

= aeO]||Sv, —p|]

= allSv, —pl| (3.1)

and
[Svn —pll = [[(1 - an)Szn + anTyi — (1 — an +an)p|
< (1= an)[[Szn — pll + Ty, — pl| (3.2)

Using (2.9), and suppose y = ¥, gives

p—Tyl| < eLlSz=Tzll, p— Sy 3.3
n

substituting (3.3) in (3.2)

(1= )| Swn — pl| + [ 157~ la]|p — Sy ]

(1= an)[|Szy — pll + anallp — Syy|| (3.4)

[Svn —pll - <
<

suppose 3% € [0,1),i=1,2,3,...,k—landn=1,2,...
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(1= B3)San + BATys — (1= B+ 8ol

(1= B)ISzn — pll + 18YI Tz — pll

(1= B)ISzn — pll + aBlSys — pll

(1= BYISzn — pll + aB[(1 — BH)||Szn — pll + BEITYS — pl]
(1= BISzn — pll + aBL(1 = B2)|Szn — pll + ®BLB2NSyE — p
(1-8)
(1-8)
(1-

1Sy, —

BISzn — pl| +aB — n (1 — 52)||Say — p|| + a?BLB2(1 — B3)||Szn — 1|
e+ b 2Bl EREE L BE RSy — |
(1= B)|ISzy — pll + aBL(1 — B2)||Szy — p|
a®BhBa(1 — B3) Sz — pll + ...
a" 2B BB B ((1 = B ISz — pll + By | S2n — pll]
[1—(1—a)B, — (1 —a)aBpBs— (1 —a)a®ByBaBs — . ..
(1—a)a" 2,828 ... B "|Szn — pl|
[1—(1—a)B)|Szn — pl

IN + + IA + IANIAIA DA IA TN IA

substituting (3.5) in (3.4), gives

1Svn —pll < (1= an)|[San —pll + acau[l — (1 = a)B;] | Szs — p|
= [1= Q1 —a)an][|Szn —pl

By induction (3.6) gives

1Svn —pl < T~ —a)a][Szo —pl (3.7)
r=0

substituting (3.7) in (3.1), gives

n

1Sz —pl < a(JTL (1 = a)a]||Szo - pll) (3.8)
r=0

By considering the fact that ) 7 j o, = 00,0 < a < 1, o, Bt € [0,1] for fori =1,2,3...,k—1
From lemma 2.3, we obtain lim,, H:‘L:O[]‘ —(1—a)ay] =0

Therefore,

lim,, o0 ||:L'n+1 - pH =0

That is {xy, }2°, converges strongly to p.

Theorem 3.2: Let (X, ||.]|) be a Banach space, and X an arbitrary set. Suppose that S, 7" : Y — X are
two nonself mappings such that 7'(Y") C S(Y'). Suppose that z is a coincidence point of S and T ( that
is, Sz = T'z = p). Suppose also that S and T satisfy the contractive condition (2.9). For zy € Y, let
{8z} be the Jungck Picard-Noor Iteration process defined by (2.6), where {ov, }52 (,{ 81} 72 and
{52, are sequences of real numbers in [0, 1] such that )~ oy = oco. Then, the Jungck Picard-
Noor Iterative process converges to p.

Proof:
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Therefore, using the Jungck Picard-Noor Iterative scheme (1.9) and the triangle inequality (2.9), we

obtain:
[Sunt1 —pll = |Tvn —Tpl|
< eIl Su,, — p|l]
< eS| Su,, — p|l]
= ce"O[)|Sv, —pl]
= c[|Sv, —pl| (3.9)
and
[Svn, —pll = [[(1 = an)Sun + aTwn, — pl|
= ||(1 = an)Sup + ayTw, — (1 — ap) + an)p||
= [[(1 = an)(Sun — p) + an(Tw, — p)||
< (1= an)|[Sun — pll + anl|Tw, — pl|
= (I - apn)||Sun —pll + anl|Tp — Twy||
< (1= apn)||Sun — p|| + ance 15PN Sw,, — Sz ||]
< (1= an)||Sun = pll + nce 15PN ]| Sw, — p||]
= (1 —an)||Sun —pll + anceL(O)[stn - p||]
= (1 —an)||Sun — pll + ancl|Swp, — p||
= (1 —an)||Sun — pll + ancl|Swn — p|
The estimate of || Sw,, — p|| in (3.10), gives
| Swy, — p| (1 = Bn)Sun + BnTxrn — p
= H(l - Bn)Sun + ﬁnTCUn - ((1 - /Bn) + 6n)p”
= [[(1 = Bn)(Sun — p) + Bu(Tzn — )|
S (1_/877,)”8”71_17”+BnHTxn_pH
= (1= Bu)|Sun — pll + BulTp — Tz, ||
< (1= Bo)lISun — pll + Buce 157~ TPI[|| Sz, — pl]
= (1= Bn)||Sun — pll + Brce™ || Szy — pl|]
= (1= Bu)|Sun — p|| + Buc|Szn — p||-
Substitute (3.11) into (3.10), gives
[Svn —pll < (1= an)l|Sun — pll + anc[(1 — Bn)[|Sun — pll + Buc|Szn — p|]
= [(1 —ap) + cap (1l — ﬁn)]”sun —pll + CQ@VLBHHan _pH (3.12)
Finally, the estimate of ||Sx,, — p|| in (3.11), gives
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1 — ) Supn + T, — p||
L — ) Sun +nTun — ((1 = vn) + )Pl

stn_pH = (
(
(1 =) (Supn —p) + yn(Tun — p)|
1
1

< (1= y)lISun = pll + || Tun — pl|
= (1= 7)ISun = pll + 1l Tp — Tun||
< (1= ) 1Sun = pll + nee 1P TPI|| Sy, — p]]

(
( )

(1 =)

(1 = v)|Sun — pll + 'YnceL(O)[HSUn - pll]

(1= )[ISun = pll + el Sun — pll. (3.13)

Substitute (3.13) into (3.12), gives

1Svn —pll = (1 = ) + can(l = Bu)]l|Sun — pll + P anBal(L — 1) |Sun — pll + eyl Sun — pll]
(1 = o) + can(l = Bn) + anBa(l — v) + o Bnyn)]|Sun — pl|
= [1 — Qnp + Chn — Canﬁn + Czanﬁn - CQQn/Bn’Yn + CSO‘an’Yn]HSUn - pH (314)

substitute (3.14) in (3.9) gives

[Sunt1 —pll < (1= (1= c)an — canfn)||Szn —pl| + 020471571(1 = Y+ )] 1STn — pl|
= (1= (1-=c)ay —(1=c)eanfn — (1 — 0)6204"5”%]”53:” -l
< (1= (1= c)ap)]|Szn — 1l
< e[~ (- an)liSz ol
k=0

< CH@ ~m9m)||Say — |

= ce 179 ZakHng —pll—0 (3.15)
k=0

asn — 00. Since, Y oo gy = 00, 6 € [0,1). Therefore from (3.15), we obtain || Sz, — p| — 0 as
n — oo, this

implies that the Jungck-Noor iteration converges strongly to p.

To prove the uniqueness, suppose z1,22 € C(S,T), where C (5,T) is the set of coincidence points
of S and

T such that Sz1 = Tzl =D1 and SZQ = TZQ = P2

Suppose on the contrary that p; # py. Now, considering the contractive condition,
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lpr —p2ll = [Tp1 — Tp2l

| Tp2 — Tp1||

ce ISP =TPill]|| Spy — Spy ]
cel =il py — py ]
ce"O|lpy — p1]

cllp2 — p1|

= clpr —p2|| <llp1 — p2

1 IA

is a contradiction. Hence, p1 = po.
This completes the proof.

Consequently, we have the following corollaries, since the Jungck-Picard Ishikawa and Jungck Picard-

Mann
iteration processes are special cases of Jungck Picard-Noor hybrid iteration process:
Corollary 1: Let X,Y,S, T,z and p be as defined in Theorem 3.2. For arbitrary zg € X, let {Sz, }22 be

the Jungck-Picard Ishikawa hybrid iteration process defined by (1.7), where {a, }72 and {8, }02,
are

sequences of real numbers in [0, 1] such that Y7 , o, = 0.
Hence, the Jungck Picard-Ishikawa hybrid Iteration process converges strongly to p.

Corollary 2: Let X,Y,S,T,z and p be as defined in Theorem 3.2. For arbitrary zg € X, let {Sz,,}°

be the Jungck Picard-Mann hybrid iteration process defined by (1.5), where {a,}7°, is a sequence
of real numbers in [0, 1] such that Y 7 ) o, = 0.

Hence, the Jungck-Mann iteration process converges strongly to p.

A special case of Jungck Picard-Mann hybrid iteration process is that of Jungck-Picard Krasnoselkij
hybrid

iteration process which is Jungck Picard-Mann iteration, with each ,,, = A such that 0 < A < 1.
For arbitrary xg € Y, the sequence Sz, defined by
S$n+1 = Tyn
Yyn = (1=XN)Sz,+\Tx,, n=0,1,2,... (3.16)
Eqtn(3.16) is called the Jungck Picard-Kranoselkij hybrid iteration scheme.

Corollary 3: Let X,Y,S,T,z and p be defined in Theorem 3.2. For arbitrary 29 € X, let {Sz,,}7°, be
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the Jungck-Krasnoselkij iteration process defined by (3.7) for some 0 < A < 1.

Hence, the Jungck-Krasnoselskij iteration process converges strongly to p.
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