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Abstract

The transition of COVID-19 from a pandemic to an endemic phase requires a better under-
standing of its long-term dynamics, especially regarding vaccination breakthroughs, reinfection,
and revaccination. This study develops and analyzes a deterministic mathematical model to quan-
tify the endemic dynamics of COVID-19, using New York, USA, as a case study. The model takes
into account vaccination, vaccine breakthrough infections, revaccination of previously immunized
individuals, and reinfection. The well-posedness of the model is established by demonstrating the
non-negativity of solutions and identifying an invariant region. The disease-free equilibrium (DFE)
is derived, and its basic reproduction number (R0) is computed using the next-generation matrix.
Local stability of the DFE is confirmed through the Jacobian matrix, while global stability of both
the DFE and the endemic equilibrium is proven using suitably constructed Lyapunov functions.
A sensitivity analysis of (R0) indicates that the contact rate among non-vaccinated individuals (βc)
and the asymptomatic transmission modification factor (ηA) are the most significant parameters,
with positive sensitivity indices of 0.987 and 0.518, respectively. In contrast, the recovery rate
for symptomatic individuals (γ2) and the vaccination rate (θ) showed substantial negative effects.
Numerical simulations, conducted in Python, quantified the endemic equilibrium, revealing stable
patterns across population compartments and a notably lower force of infection among vaccinated
individuals. Scenarios that examined varying contact rates (βc) demonstrated a direct, linear rela-
tionship with the force of infection. Additionally, a three-dimensional analysis of vaccine coverage
and efficacy revealed a compensatory relationship, illustrating the herd immunity threshold. Im-
portantly, the revaccination rate emerged as a critical control parameter, with increases from 0.1 to
0.3 day−1 correlating with a 40-60% reduction in peak infections and a 50-70% decrease in hospi-
talizations. The findings indicate that the endemic persistence of COVID-19 is highly sensitive to
contact rates within the unvaccinated population and the infectiousness of asymptomatic cases. The
results support the need for targeted interventions, such as ongoing vaccination and revaccination
campaigns, rather than broad, uniform measures, to keep the epidemic below critical thresholds and
effectively manage the burden on healthcare systems. This study provides a quantitative framework
for public health policy in the endemic phase of COVID-19.

Keywords and phrases: vaccination breakthrough; revaccination; reinfection; asymptomatic; and symp-
tomatic infection

1 Introduction

The COVID-19 pandemic, triggered by the new SARS-CoV-2 virus, has profoundly affected public
health and economic systems around the world since it surfaced in late 2019. With the rapid develop-
ment and widespread availability of vaccines, the severity of COVID-19-related diseases and mortality
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has decreased significantly, especially in countries with high vaccination rates [1]. As a result, in May
2023, the World Health Organization (WHO) announced that COVID-19 no longer qualifies as a
Public Health Emergency of International Concern [2]. However, the virus continues to circulate
throughout the world, with recurring waves fueled by diminished immunity, the emergence of new
variants, and breakthrough infections, thus ensuring its continued importance as a public health issue
[3]. Although vaccination continues to be the most effective method for reducing COVID-19 trans-
mission and severity, the immunity developed through vaccination is not infallible. Increasing reports
of breakthrough infections—where vaccinated individuals still contract the virus—are attributed to
diminished vaccine effectiveness against new variants and the natural waning of immunity over time
[4]. At the same time, reinfections, or cases of infection in those who have previously recovered, are
rising, especially with variants such as Omicron and its sub-lineages [5]. At the same time, cases of rein-
fection—where individuals who have previously recovered from an infection experience it again—are
now well-documented. These reinfections occur more frequently when immunity decreases or when
individuals come into contact with variants that are antigenically different [6, 7]. These developments
underscore the limitations of assuming lifelong immunity and highlight the need for updated modeling
approaches that take these complexities into account.

Although COVID-19 vaccinations provide significant protection, the rise of reinfections and break-
through infections among vaccinated individuals is becoming a major concern worldwide [8]. No vac-
cine offers complete immunity, which makes breakthrough cases of COVID-19 a foreseeable issue
[9, 10, 11]. This implies that even fully vaccinated individuals (those who have received three doses of
the COVID-19 vaccine) can still become infected with the virus. Breakthrough infections and reinfec-
tions are not unique to COVID-19; they can occur with various other diseases as well. A breakthrough
infection is defined as the detection of SARS-CoV-2 RNA or antigens in a respiratory sample taken
from a person at least 14 days after completing all recommended doses of a COVID-19 vaccine autho-
rized by the Food and Drug Administration [12]. RNA viruses mutate at a rate significantly higher than
that of their hosts, sometimes up to a million times faster [13]. However, the incidence of COVID-19
vaccine breakthroughs has been reported to be relatively low [13], although this rate might be more
pronounced in larger vaccinated populations. Additionally, the emergence of viral variants, such as
Delta and Omicron, could elevate the likelihood of breakthrough infections [14, 15]. According to a
report by Heather that 46,312 cases of SARS-CoV-2 breakthrough infections were identified across
13 jurisdictions in the USA, with 80% (2,976) of hospitalizations and 90% (616) of deaths occurring
in fully vaccinated individuals [16]. Similarly, several cohort studies involving healthcare workers have
indicated that the probability of testing positive for SARS-CoV-2 post-vaccination is higher than the
risk observed during initial vaccine clinical trials [17, 18].These developments raise critical questions
regarding the durability of immunity, the effectiveness of booster campaigns, and the long-term tra-
jectory of COVID-19 as an endemic disease. As immunity—both natural and vaccine-induced—is
neither permanent nor fully protective, breakthrough cases and reinfections have become important
drivers of ongoing transmission [19]. They also present challenges for public health strategies that
rely on long-lasting immunity to achieve population-level protection. Therefore, developing a mathe-
matical model is essential to enhance our understanding of COVID-19 transmission dynamics in the
population, taking into account variables such as reinfection and vaccine breakthroughs.

Mathematical models have played a crucial role in analyzing the spread of COVID-19 and evalu-
ating the potential effects of interventions like vaccination, social distancing, and quarantine [20, 21,
22, 23, 24, 25]. Nevertheless, several early models failed to consider the potential for breakthrough
infections and reinfections [26, 27, 28]. As the virus shifts from a pandemic to an endemic phase, it is
vital to update these models to incorporate realistic immunological dynamics that align with contem-
porary epidemiological trends. Fractional-order models and delay differential equations were utilized
to more effectively represent memory effects and latency in immune responses [26, 27, 28]. These
models highlighted that overlooking the possibility of reinfection may result in an underestimation of
future cases, particularly in populations with high density or low vaccination coverage. [22] introduced
a fractional-order model that accounted for both vaccine breakthrough and reinfection, illustrating the
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long-term consequences of imperfect immunity. Their findings emphasized the importance of sustained
monitoring and booster vaccinations, even in communities with a high initial rate of vaccine uptake. In
this research, we create a compartmental model to analyze the transmission dynamics of COVID-19,
specifically factoring in vaccination breakthroughs and reinfections in a post-pandemic setting. The
model categorizes the population into compartments of susceptible, vaccinated, exposed, infectious,
recovered, and reinfected individuals, while also considering waning immunity and the partial protec-
tion offered by vaccines. Utilizing both analytical and numerical methods, we explore the conditions
under which COVID-19 continues to thrive or diminishes, and we evaluate the long-term implica-
tions of breakthrough infections and reinfections on disease dynamics. The findings from this model
are intended to guide ongoing public health initiatives, particularly in relation to booster vaccination
strategies and long-term surveillance.
This study differentiates itself from existing works by addressing several important gaps that this re-
search aims to explore:

• Incorporation of Revaccination Dynamics: This study differs from most current COVID-
19 endemic models by incorporating the revaccination of individuals who have already been
immunized. The model examines the impact of booster doses on long-term infection dynamics
and herd immunity in an endemic context.

• Breakthrough Infections and Reinfection: The model incorporates both vaccine breakthrough
infections (infections occurring despite vaccination) and reinfections (infections following recov-
ery). This dual inclusion offers a more accurate and comprehensive representation of COVID-19
transmission in a partially immune population.

• Endemic-Phase Framework (Post-Pandemic Modeling): Most earlier models concentrated on
pandemic or temporary phases; this model is specifically designed to measure the ongoing pres-
ence of COVID-19. It offers insights into the long-term equilibrium behavior of the disease amid
ongoing transmission, vaccination efforts, and decreasing immunity.

• Empirical Application to New York, USA: The study utilizes New York’s epidemiological data
to parameterize the model, providing a specific, data-driven case study that illustrates how the
theoretical model can be applied to real-world management of endemic situations.

This model is unique as it combines revaccination, breakthrough infections, and reinfections within a
single framework for endemic COVID-19. It supports its analysis with comprehensive mathematical
proofs and offers quantitative insights for public health related to long-term epidemic control features
that are usually not addressed together in a single study. Together, these contributions enhance the
understanding of COVID-19 dynamics in the endemic phase in a relevant manner for policy.

2 Model descriptions

We consider a deterministic nine-compartmental human population model. The total population is di-
vided into the epidemiological sub-classes, which are susceptible population (S), vaccinated individuals
(V ), exposed individuals (E), vaccinated exposed individuals (VE), quarantine individuals (Q) asymp-
tomatic infected individuals (A), infectious individuals (I), hospitalized individuals (H) and recovered
individuals (R). The susceptible population is increased by the recruitment rate represented by Λ, while
all the compartments are decreased by the natural mortality rate µ. Fraction of new recruits individuals
are vaccinated against COVID-19 at the rate θ, while unsuccessful vaccinated individuals are returned
to the susceptible population at the rate (1 − θ). Susceptible individuals acquire the COVID-19 virus
through contacts with asymptomatic infected individuals and infected individuals by a force of infection
λc, while β1 and β2 denote the COVID-19 transmission probabilities per contact. The effective contact
rate per unit time is represented by c, and ε represents the infection reduction of vaccinated individuals.
We assumed that individuals leave the exposed class at rates α1, α2, and α3. Vaccinated exposed (VE)
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individuals and exposed (E) individuals become quarantined at the rate π and α1, respectively. Indi-
viduals who recovered naturally from COVID-19 while in the quarantine class are transferred back to
the vaccinated class at a rate ρ(1−χ) for re-vaccination against future COVID-19. Individuals become
infected (I) at the rate α2, while individuals become asymptomatic infected (A) at the rate α3. Asymp-
tomatic infected individuals become infected (I) at the rate m, while the remaining portion recovers
from the disease at the rate γ1. The remaining individuals who developed symptoms of COVID-19
while in quarantine are moved to the infected class (I) at the rate ρχ.

Chronically infected individuals are hospitalized at a rate ψ while the remaining individuals are
recovered at a rate γ2. Individuals in the infected and hospitalized class die with COVID-19-induced
death rate δ. We assumed that death due to COVID-19 are negligible at asymptomatic infected (A)
class. Individuals at hospitalized class can recovered at a rate γ3. Individuals who have recovered (R)
from COVID-19 have probability of returning back to the Susceptible class at a rate φ due to loss of
immunity.

2.1 Assumption of the model

1. We assume vaccinated exposed individual class

2. All individual class are decreased by the natural death rate.

3. There is currently no evidence that individuals develop permanent immunity against Covid-19.

4. The rate of disease transmission from asymptomatic individuals are less than that of infected and
hospitalized individuals

5. The disease-induced death rate is negligible at asymptomatic infected class

6. Asymptomatic infected individuals and hospitalized individuals experiences additional disease-
induce death rate.

7. Quarantine individuals who recovered naturally from COVID-19 while in quarantine are trans-
ferred back to vaccinated class at rate ρ(1− x) for revaccination

8. Infected individuals can only be hospitalized or recovered from the disease. While hospitalized
individuals can recovered or die off.

Table 1: Description of Variables

Variables Descriptions
S Susceptible Individuals
V Vaccinated individuals
E Exposed individuals
VE Vaccinated exposed individuals
Q Quarantine individuals
A Asymptomatic infected individuals
I Infected (Symptomatic)Individuals
H Hospitalized individuals
R Recovery individuals

We consider a human population partitioned into the following compartments: susceptible indi-
viduals (S), vaccinated individuals (V ), vaccinated–exposed individuals (VE), exposed individuals (E),
quarantined individuals (Q), infectious symptomatic (I), infectious asymptomatic (A), hospitalized
individuals (H), and recovered individuals (R). The total population at time t is

N(t) = S(t) + V (t) + VE(t) + E(t) +Q(t) + I(t) +A(t) +H(t) +R(t).
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Figure 1: Model Diagram

Model equations

The transmission dynamics are governed by the following system of differential equations:

dS

dt
= (1− θ)Λ + φR− λcS − µS,

dV

dt
= θΛ + (1− χ)ρQ− λrV − µV,

dVE
dt

= λrV − πVE − µVE ,

dE

dt
= λcS − (α1 + α2 + α3 + µ)E,

dQ

dt
= α1E + πVE − (ρ+ µ)Q,

dA

dt
= α3E − (m+ γ1 + µ)A,

dI

dt
= α2E + χρQ+mA− (γ2 + ψ + µ+ δ)I,

dH

dt
= ψI − (γ3 + µ+ δ)H,

dR

dt
= γ1A+ γ2I + γ3H − (φ+ µ)R.

(1)

where,

λc(t) = βc
I(t) + ηAA(t) + ηHH(t)

N(t)
,

152 IJMAM, Vol. 8, Issue 2 (2025) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



F.C. Eze et al. (2025) Int. J. Math. Anal. & Mod., 8(2):148–180

Table 2: Description of Parameters

Parameters Descriptions
Λ Recruitment (immigration) rate into the population.
θ Fraction of new recruits vaccinated at entry.
µ Natural death rate.
φ Rate of waning immunity (R→ S).
βc Effective contact rate for COVID–19 transmission.
ηA Modification parameter for infectiousness of asymptomatic individuals.
ηH Modification parameter for infectiousness of hospitalized individuals.
βr Transmission parameter for the vaccinated individuals
α1 Progression rate from exposed (E) to quarantine (Q).
α2 Progression rate from exposed (E) to symptomatic infection (I).
α3 Progression rate from exposed (E) to asymptomatic infection (A).
π Rate at which vaccinated-exposed individuals (VE) are quarantined.
ρ Rate of leaving quarantine (Q).
χ Proportion of quarantined individuals progressing to infectious (I).
1− χ Proportion of quarantined individuals returning to V for revaccination
m Progression rate from asymptomatic infection (A) to symptomatic infection (I).
ψ Hospitalization rate of symptomatic infectives (I → H).
ε is the vaccine efficacy, representing the fractional reduction in susceptibility due to vaccination.
γ1 Recovery rate of asymptomatic individuals (A→ R).
γ2 Recovery rate of symptomatic individuals (I → R).
γ3 Recovery rate of hospitalized individuals (H → R).
δ Disease-induced death rate (applies to I and H).

and
λr(t) = βr(1− ε)

I(t) + ηAA(t) + ηHH(t)

N(t)
.

3 Model analysis

3.1 Non-negativity of the solutions

In order for model 1 to be epidemiologically meaningful, it is necessary to show that the solutions
remain non-negative for all t ≥ 0.

Theorem 3.1. Assume the initial conditions

S(0) ≥ 0, V (0) ≥ 0, E(0) ≥ 0, VE(0) ≥ 0, Q(0) ≥ 0, A(0) ≥ 0, I(0) ≥ 0, H(0) ≥ 0, R(0) ≥ 0.

Then the solution (
S(t), V (t), E(t), VE(t), Q(t), A(t), I(t), H(t), R(t)

)
of system 1 satisfies

S(t) ≥ 0, V (t) ≥ 0, E(t) ≥ 0, VE(t) ≥ 0, Q(t) ≥ 0, A(t) ≥ 0, I(t) ≥ 0, H(t) ≥ 0, R(t) ≥ 0

for all t ≥ 0.

Proof. We write each equation of system 1 in a form suitable for the integrating factor method. For
each compartment X we will show X(t) ≥ 0 by deriving its integral representation.

From the first equation of (2.1),

Ṡ = (1− θ)Λ + φR− (λc + µ)S.
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Define aS(t) = λc(t) + µ ≥ 0 and bS(t) = (1− θ)Λ + φR(t) ≥ 0. The equation is

Ṡ + aS(t)S = bS(t).

Multiplying by the integrating factor exp
( ∫ t

0 aS(s) ds
)

and integrating from 0 to t gives

S(t) = S(0)e−
∫ t
0 aS(s) ds +

∫ t

0
e−

∫ t
s aS(u) du bS(s) ds.

Since S(0) ≥ 0, aS(·) ≥ 0 and bS(·) ≥ 0, each term on the right-hand side is non-negative; hence
S(t) ≥ 0 for all t ≥ 0.

From the second equation of 1 Similarly,

V̇ = θΛ + (1− χ)ρQ− (λr + µ)V.

Set aV (t) = λr(t) + µ ≥ 0 and bV (t) = θΛ + (1− χ)ρQ(t) ≥ 0. Integrating factor yields

V (t) = V (0)e−
∫ t
0 aV (s) ds +

∫ t

0
e−

∫ t
s aV (u) du bV (s) ds ≥ 0.

From the Third equation of 1

V̇E = λrV − (π + µ)VE .

With aVE (t) = π + µ ≥ 0 and bVE (t) = λr(t)V (t) ≥ 0, we obtain

VE(t) = VE(0)e−(π+µ)t +

∫ t

0
e−(π+µ)(t−s) λr(s)V (s) ds ≥ 0.

From the Fourth equation of 1

Ė = λcS − (α1 + α2 + α3 + µ)E.

Set aE = α1 + α2 + α3 + µ ≥ 0 and bE(t) = λc(t)S(t) ≥ 0. Thus

E(t) = E(0)e−aEt +

∫ t

0
e−aE(t−s) λc(s)S(s) ds ≥ 0.

From the Fifth equation of 1.

Q̇ = α1E + πVE − (ρ+ µ)Q.

With aQ = ρ+ µ ≥ 0 and bQ(t) = α1E(t) + πVE(t) ≥ 0, we have

Q(t) = Q(0)e−aQt +

∫ t

0
e−aQ(t−s)(α1E(s) + πVE(s)

)
ds ≥ 0.

From the sixth equation of 1

Ȧ = α3E − (m+ γ1 + µ)A.

Let aA = m+ γ1 + µ ≥ 0 and bA(t) = α3E(t) ≥ 0. Then

A(t) = A(0)e−aAt +

∫ t

0
e−aA(t−s) α3E(s) ds ≥ 0.
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From the Seventh equation of 1

İ = α2E + χρQ+mA− (γ2 + ψ + µ+ δ)I.

Take aI = γ2 + ψ + µ+ δ ≥ 0 and bI(t) = α2E(t) + χρQ(t) +mA(t) ≥ 0. Hence

I(t) = I(0)e−
∫ t
0 aI ds +

∫ t

0
e−

∫ t
s aI du bI(s) ds ≥ 0.

From the eighth equation of 1.

Ḣ = ψI − (γ3 + µ+ δ)H.

With aH = γ3 + µ+ δ ≥ 0 and bH(t) = ψI(t) ≥ 0, we obtain

H(t) = H(0)e−aH t +

∫ t

0
e−aH(t−s) ψI(s) ds ≥ 0.

From the last equation of 1.

Ṙ = γ1A+ γ2I + γ3H − (φ+ µ)R.

Let aR = φ+ µ ≥ 0 and bR(t) = γ1A(t) + γ2I(t) + γ3H(t) ≥ 0. Then

R(t) = R(0)e−aRt +

∫ t

0
e−aR(t−s)(γ1A(s) + γ2I(s) + γ3H(s)

)
ds ≥ 0.

Because each compartment admits an integral representation of the form

X(t) = X(0)e−
∫ t
0 aX(s) ds +

∫ t

0
e−

∫ t
s aX(u) du bX(s) ds,

with aX(·) ≥ 0 and bX(·) ≥ 0, and since all initial data are non-negative, it follows that every term on
the right-hand side is non-negative. Therefore each compartment satisfies X(t) ≥ 0 for all t ≥ 0.

Hence the solution of system 1 with non-negative initial data remains non-negative for all t ≥ 0.

3.2 Invariant region

Here we show that the COVID–19 model 1 is epidemiologically and mathematically well-posed by
proving that its solutions are positive, unique and bounded in a feasible region D.

Theorem 3.2. Let

D =
{

(S, V,E, VE , Q,A, I,H,R) ∈ R9
+ : S + V + E + VE +Q+A+ I +H +R ≤ Λ

µ

}
.

Then D is positively invariant for system1. In particular, for any initial condition

(S(0), V (0), E(0), VE(0), Q(0), A(0), I(0), H(0), R(0)) ∈ R9
+,

the solution exists, is unique, non-negative for all t ≥ 0, and satisfies

S(t) + V (t) + E(t) + VE(t) +Q(t) +A(t) + I(t) +H(t) +R(t) ≤ Λ

µ
for all t ≥ 0.
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Proof. Let

N(t) = S(t) + V (t) + E(t) + VE(t) +Q(t) +A(t) + I(t) +H(t) +R(t)

denote the total human population in the model. Summing the right-hand sides of the equations of
system 1 yields the equation for N(t). Using the model structure (births/recruitment Λ, natural death
µ applied to all compartments, and disease-induced deaths δ in I and H) we obtain

dN

dt
= Λ− µN(t)− δ

(
I(t) +H(t)

)
. (2)

Since I(t), H(t) ≥ 0 for all t ≥ 0 (by the non-negativity result established earlier), the last term on the
right-hand side of (2) is non-negative. Hence we have the differential inequality

dN

dt
≤ Λ− µN(t).

Consider the linear comparison scalar equation

dÑ

dt
= Λ− µÑ, Ñ(0) = N(0).

This linear ODE has the explicit solution

Ñ(t) = N(0)e−µt +
Λ

µ

(
1− e−µt

)
.

By the comparison principle (or Grönwall inequality), from Ṅ ≤ Λ−µN andN(0) = Ñ(0) it follows
that

N(t) ≤ Ñ(t) for all t ≥ 0.

Taking the limit t→∞ in the expression for Ñ(t) gives the upper bound

lim sup
t→∞

N(t) ≤ Λ

µ
,

and in fact for every t ≥ 0,

N(t) ≤ N(0)e−µt +
Λ

µ

(
1− e−µt

)
≤ Λ

µ
.

Thus any solution that starts with N(0) ≤ Λ/µ satisfies N(t) ≤ Λ/µ for all t ≥ 0. Equivalently, the
set

D =
{

(S, . . . , R) ∈ R9
+ : N ≤ Λ

µ

}
is forward invariant under the flow of system 1.

Positivity of each compartment (i.e., non-negativity for all t ≥ 0) was proved in the previous section
(integrating factor argument); therefore solutions starting in D remain in D for all time.

Finally, standard existence and uniqueness results for autonomous ODE systems apply because the
right-hand side of system 1 is continuously differentiable (hence locally Lipschitz) onR9. Consequently,
for any initial data in R9

+ there exists a unique solution defined on a maximal interval of existence; the
above bounds show this solution is global in time and remains in D. This completes the proof. 2
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3.3 Disease-Free Equilibrium (DFE)

At the DFE, there is no disease:

E = Q = VE = I = A = H = 0.

The system reduces to:

dS

dt
= (1− θ)Λ + φR− µS = 0,

dV

dt
= θΛ− µV = 0,

dR

dt
= −(φ+ µ)R = 0.

Solving gives:

S0 =
(1− θ)Λ

µ
, V 0 =

θΛ

µ
, R0 = 0.

Thus, the DFE is:

ε0 = (S0, V 0, V 0
E , E

0, Q0, I0, A0, H0, R0) =

(
(1− θ)Λ

µ
,
θΛ

µ
, 0, 0, 0, 0, 0, 0, 0

)
.

3.4 Basic reproduction number R0 of the model

The basic reproduction number is the average number of secondary infections caused by a typical
infections individual in a completely susceptible population. To obtain this,we adapt the next generation
matrix method described by Vanden and Watmough (2002).
The infected compartments are X = (E, VE , Q, I, A,H)T .
Then our model can be written as

dX
dt

= f(x)− v(x) (3)

where f(x) is the ratio of appearance of new infection into the disease compartments while the v(x) is
the rate of transfer of individuals in and out of the disease compartments, it is defined as

v(x) = v−(x)− v+(x)

f(x) =



λcS
λrV

0
0
0
0

 , v(x) =



(α1 + α2 + α3 + µ) E
(π + µ)VE

−α1E − πVE + (ρ+ µ)Q
−α2E − χρQ−mA+ (γ2 + ψ + µ+ δ)I

−α3E − (m+ γ1 + µ)A
−ψI − (γ3 + µ+ δ)H



F =



0 0 0 βcS0

N0
βcηAS

0

N0
βcηHS

0

N0

0 0 0 βr(1−ε)V 0

N0
βr(1−ε)ηAV 0

N0
βr(1−ε)ηHV 0

N0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0


, V =



k1 0 0 0 0 0
0 k2 0 0 0 0
−α1 −π k3 0 0 0
−α2 0 −χρ k4 −m 0
−α3 0 0 0 k5 0

0 0 0 −ψ 0 k6

 ,

where:

k1 = α1+α2+α3+µ, k2 = π+µ, k3 = ρ+µ, k4 = γ2+ψ+µ+δ, k5 = m+γ1+µ, k6 = γ3+µ+δ.
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The next generation matrix is K = FV −1.
The basic reproduction number R0 = ρ(K) for the model is given by:

R0 = Rc +Rv,

where

Rc = βc(1− θ)
[
α2

k1k4
+
α3ηA
k1k5

+
α1χρ

k1k3k4
+
α2ψηH
k1k4k6

+
α1χρψηH
k1k3k4k6

]
,

Rv = βr(1− ε)θ
[
πχρ

k2k3k4
+
πχρψηH
k2k3k4k6

]
,

Note that Rc is the contribution from the unvaccinated population and Rv is the contribution from
the vaccinated population.

R0 = βc(1−θ)
[
α2

k1k4
+
α3ηA
k1k5

+
α1χρ

k1k3k4
+
α2ψηH
k1k4k6

+
α1χρψηH
k1k3k4k6

]
+βr(1−ε)θ

[
πχρ

k2k3k4
+
πχρψηH
k2k3k4k6

]
,

where
k1 = α1 + α2 + α3 + µ,

k2 = π + µ,

k3 = ρ+ µ,

k4 = γ2 + ψ + µ+ δ,

k5 = m+ γ1 + µ,

k6 = γ3 + µ+ δ.

3.5 Local stability of the disease - free equilibrium

Theorem: The disease-free steady state, ε0 is locally asymptomatically stable if Ro < 1 and unstable if
Ro > 1.

The Jacobian matrix of the COVID-19 model at the Disease-Free Equilibrium is:

J =



−µ 0 0 0 0 −S0 βcηAN0
−S0 βcN0

−S0 βcηHN0
φ

0 −µ 0 0 (1− χ)ρ −V0 βr(1−ε)ηAN0
−V0 βr(1−ε)N0

−V0 βr(1−ε)ηHN0
0

0 0 −K1 0 0 V0
βr(1−ε)ηA

N0
V0

βr(1−ε)
N0

V0
βr(1−ε)ηH

N0
0

0 0 0 −K2 0 S0
βcηA
N0

S0
βc
N0

S0
βcηH
N0

0

0 0 π α1 −K3 0 0 0 0
0 0 0 α3 0 −K4 0 0 0
0 0 0 α2 χρ m −K5 0 0
0 0 0 0 0 0 ψ −K6 0
0 0 0 0 0 γ1 γ2 γ3 −K7


where

K1 = π + µ,

K2 = α1 + α2 + α3 + µ,

K3 = ρ+ µ,

K4 = γ2 + ψ + µ+ δ,

K5 = m+ γ1 + µ,

K6 = γ3 + µ+ δ

K7 = φ+ µ.
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The Jacobian matrix at the DFE is block-decomposed as:

J =

(
J11 J12
0 J22

)
,

where J11 corresponds to the non-infected compartments (S, V,R) and J22 corresponds to the infected
compartments (VE , E,Q, I, A,H).

Eigenvalues from J11

J11 =

−µ 0 φ
0 −µ 0
0 0 −K7

 .

This is lower triangular, with eigenvalues:

λ1 = −µ, λ2 = −µ, λ3 = −K7.

All are negative.

Eigenvalues from J22

J22 =



−k1 0 0 βr(1−ε)V 0

N0
βr(1−ε)ηAV 0

N0
βr(1−ε)ηHV 0

N0

0 −k2 0 βcS0

N0
βcηAS

0

N0
βcηHS

0

N0

π α1 −k3 0 0 0
0 α2 χρ −k4 m 0
0 α3 0 0 −k5 0
0 0 0 ψ 0 −k6


.

From the next-generation matrix method, the eigenvalues of J22 have negative real parts if and only if
R0 < 1.

Conclusion

Since all eigenvalues from J11 are negative and those from J22 have negative real parts when R0 < 1,
the entire Jacobian J has eigenvalues with negative real parts if R0 < 1. Therefore, the DFE is locally
asymptotically stable if: ρ(FV −1) < 1.

3.6 Global Stability Analysis of the Disease Free Equilibrium

Theorem 3.3. The disease-free equilibrium of model (2.1) is globally asymptotically stable in D if R0 ≤ 1.

Consider the Lyapunov function:

L = C1E + C2VE + C3Q+ C4I + C5A+ C6H,

where C1, C2, C3, C4, C5, C6 > 0 are constants to be determined.
The time derivative is:

dL

dt
= C1(λcS − k1E) + C2(λrV − k2VE) + C3(α1E + πVE − k3Q)

+ C4(α2E + χρQ+mA− k4I) + C5(α3E − k5A) + C6(ψI − k6H).
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Group terms:
dL

dt
= [C1λcS + C2λrV ]

+ E[−C1k1 + C3α1 + C4α2 + C5α3]

+ VE [−C2k2 + C3π]

+Q[−C3k3 + C4χρ]

+ I[−C4k4 + C6ψ]

+A[C4m− C5k5]

+H[−C6k6].

Choose constants to eliminate positive terms:

C3α1 + C4α2 + C5α3 = C1k1,

C3π = C2k2,

C4χρ = C3k3,

C6ψ = C4k4,

C4m = C5k5.

Let C4 = 1, then:

C6 =
k4
ψ
,

C5 =
m

k5
,

C3 =
χρ

k3
,

C2 =
χρπ

k2k3
,

C1 =

χρ
k3
α1 + α2 + m

k5
α3

k1
.

Now:

C1λcS + C2λrV =
I + ηAA+ ηHH

N
(C1βcS + C2βr(1− ε)V ) .

Since S ≤ S0, V ≤ V 0, N ≥ N0:

C1λcS + C2λrV ≤
I + ηAA+ ηHH

N0

(
C1βcS

0 + C2βr(1− ε)V 0
)
.

With the chosen constants, C1βcS
0 + C2βr(1− ε)V 0 = R0. Thus:

dL

dt
≤ (R0 − 1)(I + ηAA+ ηHH)− positive terms.

IfR0 < 1, then dL
dt ≤ 0, and dL

dt = 0 only at the DFE. Therefore, the DFE is globally asymptotically
stable when R0 < 1.

3.7 Global stability analysis of the endemic equilibrium

To establish global stability of the endemic equilibrium E∗ = (S∗, V ∗, V ∗E , E
∗, Q∗, I∗, A∗, H∗, R∗),

we consider the complete Lyapunov function considering all compartments:
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L =C1

(
S − S∗ − S∗ ln

S

S∗

)
+ C2

(
V − V ∗ − V ∗ ln

V

V ∗

)
+ C3

(
E − E∗ − E∗ ln

E

E∗

)
+ C4

(
VE − V ∗E − V ∗E ln

VE
V ∗E

)
+ C5

(
Q−Q∗ −Q∗ ln

Q

Q∗

)
+ C6

(
I − I∗ − I∗ ln

I

I∗

)
+ C7

(
A−A∗ −A∗ ln

A

A∗

)
+ C8

(
H −H∗ −H∗ ln

H

H∗

)
+ C9

(
R−R∗ −R∗ ln

R

R∗

)
,

(4)

L = C1

(
1− S∗

S

)
Ṡ + C2

(
1− V ∗

V

)
V̇ + C3

(
1− E∗

E

)
Ė + C4

(
1−

V ∗E
VE

)
V̇E + C5

(
1− Q∗

Q

)
Q̇

+ C6

(
1− A∗

A

)
Ȧ+ C7

(
1− I∗

I

)
İ + C8

(
1− H∗

H

)
Ḣ + C9

(
1− R∗

R

)
Ṙ

where C1, C2, C3, C4, C5, C6, C7, C8, C9 > 0 are constants to be determined. Then

L = C1

(
1− S∗

S

)(
Λ− θΛ + φR− λcS − µS

)
+ C2

(
1− V ∗

V

)(
θΛ + ρQ− χρQ− λrV − µV

)
+ C3

(
1− E∗

E

)(
λcS −K1E

)
+ C4

(
1−

V ∗E
VE

)(
λrV −K2VE

)
+ C5

(
1− Q∗

Q

)(
α1E + πVE −K3Q

)
+ C6

(
1− A∗

A

)(
α3E −K5A

)
+ C7

(
1− I∗

I

)(
α2E + χρQ+mA−K4I

)
+ C8

(
1− H∗

H

)(
ψI −K6H

)
+ C9

(
1− R∗

R

)(
γ1A+ γ2I + γ3H −K7R

)
.

At equilibrium E∗:

(1− θ)Λ + φR∗ = λ∗cS
∗ + µS∗,

θΛ + (1− χ)ρQ∗ = λ∗rV
∗ + µV ∗,

λ∗rV
∗ = (π + µ)V ∗E ,

λ∗cS
∗ = k1E

∗,

α1E
∗ + πV ∗E = k3Q

∗,

α2E
∗ + χρQ∗ +mA∗ = k4I

∗,

α3E
∗ = k5A

∗,

ψI∗ = k6H
∗,

γ1A
∗ + γ2I

∗ + γ3H
∗ = (φ+ µ)R∗.

After computation of the constants, we set C1 = 1 and solving the system to eliminate cross terms
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yields:
C1 = 1,

C2 = 1,

C3 =
k1E

∗

λ∗cS
∗ ,

C4 =
(π + µ)V ∗E
λ∗rV

∗ ,

C5 =
k3Q

∗

α1E∗ + πV ∗E
,

C6 = 1,

C7 =
k5A

∗

α3E∗
,

C8 =
k6H

∗

ψI∗
,

C9 =
(φ+ µ)R∗

γ1A∗ + γ2I∗ + γ3H∗
.

Substituting C1, . . . , C9 in equation (6), we have:

L = 1

[(
1− S∗

S

)(
Λ− θΛ + φR− λcS − µS

)]
+ 1

[(
1− V ∗

V

)(
θΛ + ρQ− χρQ− λrV − µV

)]
+
k1E

∗

λ∗cS
∗

[(
1− E∗

E

)(
λcS −K1E

)]
+

(π + µ)V ∗E
λ∗rV

∗

[(
1−

V ∗E
VE

)(
λrV −K2VE

)]
+

k3Q
∗

α1E∗ + πV ∗E

[(
1− Q∗

Q

)(
α1E + πVE −K3Q

)]
+ 1

[(
1− A∗

A

)(
α3E −K5A

)]
+
k5A

∗

α3E∗

[(
1− I∗

I

)(
α2E + χρQ+mA−K4I

)]
+
k6H

∗

ψI∗

[(
1− H∗

H

)(
ψI −K6H

)]
+

(φ+ µ)R∗

γ1A∗ + γ2I∗ + γ3H∗

[(
1− R∗

R

)(
γ1A+ γ2I + γ3H −K7R

)]

L = 1

[
Λ− θΛ + φR− λcS − µS −

ΛS∗

S
+
θRS∗

S
− φRS∗

S
+ λcS

∗ + µS∗
]

+ 1

[
θΛ + ρQ− ρχQ− λrV − µV −

θΛV ∗

V
− ρQV ∗

V
+
ρχQV ∗

V
+ λrV

∗ + µV ∗
]

+
k1E

∗

λ∗cS
∗

[
λcS −K1E −

λcSE
∗

E
+K1E

∗
]

+
(π + µ)V ∗E
λ∗rV

∗

[
λrV − πVE − µVE −

λrV V
∗
E

VE
+ πV ∗E + µV ∗E

]
+

k3Q
∗

α1E∗ + πV ∗E

[
α1E + πVE −K3Q−

α1EQ
∗

Q
− πVEQ

∗

Q
+K3Q

∗
]

+ 1

[
α3E −K5A−

α3EA
∗

A
+K5A

∗
]

+
k5A

∗

α3E∗

[
α2E + χρQ+mA−K4I −

α2EI
∗

I
− χρQI∗

I
− mAI∗

I
+K4I

∗
]

+
k6H

∗

ψI∗

[
ψI −K6H −

ψIH∗

H
+K6H

∗
]

+
(φ+ µ)R∗

γ1A∗ + γ2I∗ + γ3H∗

[
γ1A+ γ2I + γ3H −K7R−

γ1AR
∗

R
− γ2IR

∗

R
− γ3HR

∗

R
+K7R

∗
]
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L =

[
Λ + φR− θΛV ∗

V
− ρQV ∗

V
+
ρχQV ∗

V
+ ρQ− ρχQ− λrV + λrV

∗ + µV ∗ − µV
]

[
λcS

∗ − ΛS∗

S
+
θRS∗

S
− φRS∗

S
− λcS − µS + µS∗

]
+
k1E

∗

λ∗cS
∗

[
λcS −K1E −

λcSE
∗

E
+K1E

∗
]

+
(π + µ)V ∗E
λ∗rV

∗

[
λrV − πVE − µVE −

λrV V
∗
E

VE
+ πV ∗E + µV ∗E

]
+

k3Q
∗

α1E∗ + πV ∗E

[
α1E + πVE −K3Q−

α1EQ
∗

Q
− πVEQ

∗

Q
+K3Q

∗
]

+ 1

[
α3E −K5A−

α3EA
∗

A
+K5A

∗
]

+
k5A

∗

α3E∗

[
α2E + χρQ+mA−K4I −

α2EI
∗

I
− χρQI∗

I
− mAI∗

I
+K4I

∗
]

+
k6H

∗

ψI∗

[
ψI −K6H −

ψIH∗

H
+K6H

∗
]

+
(φ+ µ)R∗

γ1A∗ + γ2I∗ + γ3H∗

[
γ1A+ γ2I + γ3H −K7R−

γ1AR
∗

R
− γ2IR

∗

R
− γ3HR

∗

R
+K7R

∗
]

As arithmetic mean is greater that geometric mean, the following inequalities from (9) hold:

(
Λ + φR− θΛV ∗

V
− ρQV ∗

V
+
ρχQV ∗

V
+ ρQ− ρχQ− λrV + λrV

∗ + µV ∗ − µV
)
≤ 0,(

λcS
∗ − ΛS∗

S
+
θRS∗

S
− φRS∗

S
− λcS − µS + µS∗

)
≤ 0,(

λcS −K1E −
λcSE

∗

E
+K1E

∗
)
≤ 0,(

λrV − πVE − µVE −
λrV V

∗
E

VE
+ πV ∗E + µV ∗E

)
≤ 0,(

α1E + πVE −K3Q−
α1EQ

∗

Q
− πVEQ

∗

Q
+K3Q

∗
)
≤ 0,(

α3E −K5A−
α3EA

∗

A
+K5A

∗
)
≤ 0,(

α2E + χρQ+mA−K4I −
α2EI

∗

I
− χρQI∗

I
− mAI∗

I
+K4I

∗
)
≤ 0,(

ψI −K6H −
ψIH∗

H
+K6H

∗
)
≤ 0,(

γ1A+ γ2I + γ3H −K7R−
γ1AR

∗

R
− γ2IR

∗

R
− γ3HR

∗

R
+K7R

∗
)
≤ 0

Hence, L̇ ≤ 0 for R̄0 > 1. Therefore, L is a Lyapunov function in D and it concluded that the
GAS of EEP is globally asymptotically stable for R̄0 > 1.

The global stability of the endemic equilibrium, demonstrated through an appropriate Lyapunov
function, indicates that when the basic reproduction numberR0 > 1, COVID-19 will persist within the
population at a stable endemic level over time, regardless of initial conditions. This conclusion remains
valid even considering breakthrough infections resulting from vaccination and reinfections, both of
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which contribute to ongoing transmission dynamics in the post-vaccination phase. Although COVID-
19 is no longer classified as a global public health emergency, this mathematical observation suggests the
likelihood of the virus continuing to circulate at low to moderate levels within communities. The global
stability of the endemic equilibrium highlights that, unless sufficient immunity or control measures can
lower R0 below one, the virus is unlikely to be eradicated and will instead establish a consistent and
enduring presence. This scenario underscores the importance of ongoing surveillance, periodic booster
vaccinations, and targeted interventions to effectively manage COVID-19 as an endemic condition.

4 Sensitivity analysis of the basic reproduction number

Sensitivity analysis is an important aspect of epidemiological modeling as it assesses how changes in
model parameters influence key outcomes. Specifically, in compartmental infectious disease models, it
offers a structured approach to identifying the parameters that most significantly affect the basic repro-
duction number R0, a critical metric for determining whether an infection can spread and maintain
itself in a population. By ranking the significance of these parameters, sensitivity analysis reveals which
biological or intervention-related processes are the primary drivers of transmission, thus informing the
prioritization of control measures and policy actions.

In this study, we conducted a comprehensive sensitivity analysis of our co-infection model to assess
the impact of variations in selected parameters on RO. We focused on parameters that have direct
implications for policy, including the human-to-human transmission rate βc, the vaccination uptake
rate θ, the vaccinated transmission rate βr, and the rates linked to disease progression, treatment, and
recovery. Analyzing these parameters aids in understanding the processes of transmission, vaccination,
recovery, or quarantine that most significantly affect the potential for disease spread.

The normalized sensitivity index of R0 in relation to each parameter p was calculated using the
standard formula.

SR0
p =

∂R0

∂p

p

R0

To determine the value of ( R0), we employed the model parameters outlined and referenced in Table
5 below.

R0 = βc(1−θ)
[
α2

k1k4
+
α3ηA
k1k5

+
α1χρ

k1k3k4
+
α2ψηH
k1k4k6

+
α1χρψηH
k1k3k4k6

]
+βr(1−ε)θ

[
πχρ

k2k3k4
+
πχρψηH
k2k3k4k6

]
Let R0 = T1 + T2, where:

T1 = βc(1− θ)A
T2 = βr(1− ε)θB

with:

A =
α2

k1k4
+
α3ηA
k1k5

+
α1χρ

k1k3k4
+
α2ψηH
k1k4k6

+
α1χρψηH
k1k3k4k6

B =
πχρ

k2k3k4
+
πχρψηH
k2k3k4k6

First, compute A and B:

A =
0.18

0.580040× 0.125040
+

0.25× 0.45

0.580040× 0.170040
+

0.15× 0.2× 0.2

0.580040× 0.200040× 0.125040

+
0.18× 0.02× 0.10

0.580040× 0.125040× 0.075040
+

0.15× 0.2× 0.2× 0.02× 0.10

0.580040× 0.200040× 0.125040× 0.075040

= 2.482 + 1.141 + 0.414 + 0.066 + 0.011 = 4.114
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B =
0.10× 0.2× 0.2

0.100040× 0.200040× 0.125040
+

0.10× 0.2× 0.2× 0.02× 0.10

0.100040× 0.200040× 0.125040× 0.075040

= 1.599 + 0.043 = 1.642

Now compute R0:

R0 = 0.28× (1− 0.15)× 4.114 + 0.15× (1− 0.65)× 0.15× 1.642

= 0.28× 0.85× 4.114 + 0.15× 0.35× 0.15× 1.642

= 0.979 + 0.013 = 0.992

Sensitivity to βc
∂R0

∂βc
= (1− θ)A = 3.497

Sβc =
∂R0

∂βc
· βc
R0

=
βc(1− θ)A

R0
= 0.987

Sensitivity to θ

∂R0

∂θ
= −βcA+ βr(1− ε)B = −1.094

Sθ =
∂R0

∂θ
· θ
R0

= −0.165

Sensitivity to βr
∂R0

∂βr
= (1− ε)θB = 0.086

Sβr =
∂R0

∂βr
· βr
R0

= 0.013

Sensitivity to ε

∂R0

∂ε
= −βrθB = −0.037

Sε =
∂R0

∂ε
· ε
R0

= −0.024

Sensitivity to α1

∂R0

∂α1
= βc(1− θ)

[
χρ

k1k3k4
+

χρψηH
k1k3k4k6

− A

k1

]
= 0.275

Sα1 =
∂R0

∂α1
· α1

R0
= 0.042

Sensitivity to α2

∂R0

∂α2
= βc(1− θ)

[
1

k1k4
+

ψηH
k1k4k6

− A

k1

]
= 0.369

Sα2 =
∂R0

∂α2
· α2

R0
= 0.067
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Sensitivity to α3

∂R0

∂α3
= βc(1− θ)

[
ηA
k1k5

− A

k1

]
= 0.493

Sα3 =
∂R0

∂α3
· α3

R0
= 0.124

Sensitivity to ηA
∂R0

∂ηA
= βc(1− θ) ·

α3

k1k5
= 1.141

SηA =
∂R0

∂ηA
· ηA
R0

= 0.518

Sensitivity to ηH
∂R0

∂ηH
= βc(1− θ)

[
α2ψ

k1k4k6
+

α1χρψ

k1k3k4k6

]
+ βr(1− ε)θ ·

πχρψ

k2k3k4k6
= 0.423

SηH =
∂R0

∂ηH
· ηH
R0

= 0.043

Sensitivity to π

∂R0

∂π
= βr(1− ε)θ

[
χρ

k2k3k4
+

χρψηH
k2k3k4k6

− B

k2

]
= 0.246

Sπ =
∂R0

∂χ
· π
R0

= 0.025

Sensitivity to χ

∂R0

∂χ
=
βc(1− θ)

χ

(
A− α2

k1k4
− α3ηA
k1k5

− α2ψηH
k1k4k6

)
+
βr(1− ε)θ

χ
B = 0.329

Sχ =
∂R0

∂χ
· χ
R0

= 0.066

Sensitivity to Recovery Rates γ1, γ2, γ3

For γ1:
∂R0

∂γ1
= −βc(1− θ)

α3ηA
k1k25

= −1.892

Sγ1 =
∂R0

∂γ1
· γ1
R0

= −0.267

For γ2:
∂R0

∂γ2
= −βc(1− θ)

A

k4
− βr(1− ε)θ

B

k4
= −3.142

Sγ2 =
∂R0

∂γ2
· γ2
R0

= −0.317

For γ3:

∂R0

∂γ3
= −βc(1− θ)

[
α2ψηH
k1k4k26

+
α1χρψηH
k1k3k4k26

]
− βr(1− ε)θ

πχρψηH
k2k3k4k26

= −0.423

Sγ3 =
∂R0

∂γ3
· γ3
R0

= −0.032
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Table 3: The Effect of the COVID-19 Parameters on R0 = 0.992.

Parameters Baseline value ∂R0
∂p Sensitivity Sp Effect on R0

βc 0.28 day−1 3.497 0.987 Positive
θ 0.15 -1.094 -0.165 Negative
βr 0.15 day−1 0.086 0.013 Positive
ε 0.65 -0.037 -0.024 Negative
α2 0.18 day−1 0.369 0.067 Positive
α3 0.25 day−1 0.493 0.124 Positive
α1 0.15 day−1 0.275 0.042 Positive
ηA 0.45 1.141 0.518 Positive
ηH 0.10 0.423 0.043 Positive
π 0.10 day−1 0.246 0.025 Positive
χ 0.2 0.329 0.066 Positive
γ1 0.14 day−1 -1.892 -0.267 Negative
γ2 0.10 day−1 -3.142 -0.317 Negative
γ3 0.07 day−1 -0.423 -0.032 Negative

Figure 2: Sensitivity Analysis plot
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Figure 2 presents the sensitivity analysis in the form of a vertical bar chart. This chart displays
the sensitivity indices along with the names and baseline values of the parameters. Blue bars represent
positive sensitivity, indicating that an increase in the parameter leads to an increase in R0, while red
bars signify negative sensitivity, where an increase in the parameter results in a decrease in R0. Baseline
parameter values are noted below each parameter name, and numerical values are illustrated on the
bars.

The parameter βc (Contact rate for non-vaccinated) shows the highest positive sensitivity at 0.987,
indicating that any 1% increase in contact rate among non-vaccinated individuals results in nearly a 1%
increase in R0. This parameter is critical, suggesting that measures like social distancing and reducing
contacts in the unvaccinated population are vital control strategies. The parameter ηA (Asymptomatic
transmission modification factor) has the second highest positive sensitivity at 0.518, indicating that
asymptomatic individuals play a significant role in transmission; increasing their infectiousness notably
raises transmission levels, highlighting the importance of testing and tracing asymptomatic cases.

The parameter γ3 (hospitalized recovery) has a sensitivity of 0.032. Despite the low sensitivity
for R0, γ3 is still critically important as it reduces hospital bed occupancy. In contrast, the parameter
γ2 (Recovery rate for symptomatic) exhibits a strong negative effect of -0.317, indicating that faster
recovery from symptomatic infections greatly reduces opportunities for transmission. This underscores
the effectiveness of treatments that shorten the infectious period. Meanwhile, γ1 (Recovery rate for
asymptomatic) shows a negative effect of -0.267, illustrating that asymptomatic cases still contribute to
the overall duration of transmission, indicating that reducing the length of asymptomatic infections is
important.

The parameter α3 (Progression rate to pre-symptomatic) has a positive effect of 0.124, suggesting
that quicker progression through the exposed stages leads to increased transmission potential, as shorter
incubation periods can accelerate epidemic growth. The vaccination rate θ has a negative effect of
-0.165, indicating that while vaccination reduces R0, the current rate of 15% has a modest impact,
demonstrating that higher vaccination coverage would enhance control.

The parameter ε (Vaccine efficacy) has a minor negative effect of -0.024, reflecting that while vac-
cine effectiveness is important, the current level of 65% has limited impact on reducing R0, suggesting
that improving vaccine efficacy or increasing booster usage could be beneficial. Finally, βr (Contact rate
for vaccinated) shows a minimal positive effect of 0.013, implying that contacts among vaccinated indi-
viduals contribute little to disease spread, indicating that vaccinated individuals pose a low transmission
risk.

In conclusion, the analysis suggests that targeted interventions focusing on high-transmission groups
and settings would be more effective than broad, uniform control measures. The near-threshold R0

value of 0.992 indicates that the epidemic is highly sensitive to changes in parameters, meaning small
improvements in key areas could reduce the system below the critical threshold.

4.1 Numerical analysis: quantifying COVID-19 dynamics in the endemic era in New
York

The COVID-19 pandemic has led to significant global disruption and is now progressing towards an
endemic phase. This transition is characterized by the persistent circulation of the virus, with occasional
surges affected by emerging variants, decreased immunity, and seasonal influences. This section presents
a numerical analysis of the proposed mathematical model to assess the current dynamics of COVID-
19 vaccination breakthroughs. The model is based on the latest data from authoritative sources in
New York, including the World Health Organization (WHO), the Centers for Disease Control and
Prevention (CDC), and epidemiological studies from 2023-2024 in New York. This analysis focuses
on New York, providing state-specific insights while also serving as a methodological framework for
other states and regions dealing with the transition to an endemic phase. The initial conditions account
for a population of 20 million individuals, reflecting the scale of a large state, with a notable portion of
the population having hybrid immunity from previous infection and vaccination. The analysis seeks
to quantify the effects of various parameters and to pinpoint the main factors influencing transmission
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in the endemic phase. The findings will guide public health strategies for the continued management
of COVID-19.

Table 4: Current State Variables (Initial Conditions for 2023-2024)

Variable Description Initial Value
S Susceptible Individuals 4,500,000
V Recently vaccinated individuals 2,500,000
E Exposed individuals 25,000
VE Vaccinated exposed individuals 15,000
Q Quarantine individuals 10,000
A Asymptomatic infected individuals 75,000
I Symptomatic Infected Individuals 40,000
H Hospitalized individuals 1,200
R Recently recovered individuals 12,833,800

Note: Total population = 20,000,000. The high recovered count reflects the extensive prior infec-
tion history in the population. Current susceptibility is limited due to hybrid immunity.

Table 5: Current Parameter Values for COVID-19 Endemic Phase (2023-2024)

Parameter Description Value Source
Λ Recruitment rate 2,200 day−1 [29]
θ Fraction newly vaccinated 0.15 [30]
µ Natural death rate 0.000040 day−1 [29]
φ Waning immunity rate 0.0014 day−1 [31]
βc Effective contact rate 0.28 day−1 [32]
ηA Infectiousness of asymptomatic 0.45 [33]
ηH Infectiousness of hospitalized 0.10 [34]
βr Transmission for vaccinated 0.15 day−1 [35]
α1 Progression E → Q 0.15 day−1 [36]
α2 Progression E → I 0.18 day−1 [37]
α3 Progression E → A 0.25 day−1 [38]
π Rate VE → Q 0.10 day−1 [39]
ρ Quarantine exit rate 0.2 day−1 [36]
χ Proportion Q→ I 0.2 [40]
m Progression A→ I 0.03 day−1 [41]
ψ Hospitalization rate 0.02 day−1 [42]
ε Vaccine efficacy 0.65 [43]
γ1 Recovery rate asymptomatic 0.14 day−1 [44]
γ2 Recovery rate symptomatic 0.10 day−1 [44]
γ3 Recovery rate hospitalized 0.07 day−1 [42]
δ Disease-induced death rate 0.005 day−1 [45]

Figure 3 displays four different graphs. The main compartments graph illustrates the core epidemi-
ological flow within the population. The stable patterns indicate endemic equilibrium, where the virus
is present but maintained through population immunity. The relatively flat curves suggest that herd
immunity is helping to moderate transmission. Stability in the vaccinated compartment indicates that
the vaccination program is effectively preserving protection. The Infection Dynamics graph reveals
the clinical spectrum of COVID-19 infections. A high number of asymptomatic cases reflects the re-
ality of COVID-19, where many infections do not present symptoms. The ratio of asymptomatic to
symptomatic cases provides insights into viral virulence and population immunity. The Total Infec-
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Figure 3: The Effective Contact Rate (βc) on Force of Infection (λc)

tious Individuals graph represents the true disease burden on society, with A + I + H representing
the total number of individuals capable of transmitting the virus at any time. This serves as the epi-
demiological reservoir that drives ongoing transmission. The plateau observed indicates that the virus
has reached an equilibrium with population immunity. The Force of Infection Over Time graph com-
pares λc (unvaccinated) and λr (vaccinated) to demonstrate vaccine effectiveness. The force of infection
indicates the immediate risk of infection for susceptible individuals. A lower λr illustrates how vac-
cination decreases the risk of transmission. The gap between the two lines quantifies the protective
effect of vaccines against transmission. Stable forces of infection reflect a sustained yet controlled level
of transmission. This graph effectively illustrates the infection pressure within the population over
time. Overall, stable patterns across all compartments indicate that a combination of vaccine-induced
and natural immunity is managing what would otherwise be exponential growth. The difference in
the force of infection between vaccinated and unvaccinated individuals demonstrates that vaccines not
only protect those vaccinated but also reduce community transmission. COVID-19 has shifted from a
pandemic to an endemic pattern, circulating at levels that are predictable and manageable. The number
of hospitalizations suggests the healthcare system is not under overwhelming pressure, indicating effec-
tive management of the situation. Ultimately, the controlled patterns imply that current interventions,
such as vaccination, testing, and isolation, are sufficient for this phase. This reflects the biological real-
ity of COVID-19 in 2023-2024: the virus is no longer causing catastrophic outbreaks but persists as a
manageable endemic respiratory virus.
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Figure 4: The Effective Contact Rate (βc) on Force of Infection (λc)

Figure 4 illustrates the impact of varying effective contact rates (βc) on the force of infection (λc)
over time. The force of infection (λc) indicates the rate at which susceptible individuals become exposed
to the virus.

- Low Transmission (βc = 0.15) - Green Line: Shows a consistently low force of infection ( 0.02-
0.03), reflects a stable endemic pattern with minimal fluctuations, and indicates that the disease is under
control at this transmission level. - Moderate Transmission (βc = 0.28) - Blue Line: Represents the cur-
rent situation based on 2023-2024 parameters, maintaining a moderate and stable force of infection
( 0.04-0.05), indicating an endemic equilibrium where the force of infection balances with population
immunity and represents the observed COVID-19 transmission in the endemic phase. - High Trans-
mission (βc = 0.40) - Orange Line: Demonstrates a significant increase in force of infection, reaching
levels 2-3 times higher than those observed during moderate transmission, maintaining an elevated but
stable pattern due to population immunity, and potentially reflecting a more transmissible variant or
reduced control measures. - Very High Transmission (βc = 0.55) - Red Line: Exhibits the highest force
of infection by a substantial margin, approaching levels encountered during pandemic waves, while still
showing some stabilization due to immunity but at a much higher baseline.

The graph clearly indicates a linear increase in λc and βc, confirming the predictions of the math-
ematical model. This suggests that reducing βc from 0.40 to 0.28 results in approximately a 50%
decrease in the force of infection, highlighting the effectiveness of measures that reduce contact rates.
Conversely, if a new variant raises βc from 0.28 to 0.40, a 100% increase in transmission pressure can
be expected, quantifying the threat posed by more transmissible variants. Currently, with βc at 0.28,
the force of infection remains at manageable levels. The graph illustrates that βc directly influences the
“input” of new infections, while recovery and progression rates manage the “output.”
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Figure 5: The Combined analysis of vaccine coverage and efficacy

Figure 5 displays both 3-D plotting and a 2-D contour plot. In the 3D plot, the X-Axis represents
Vaccine Coverage (θ) ranging from 0 to 50%, indicating the proportion of new individuals entering
the population who are vaccinated. At 0%, there is no vaccination program, and the population relies
solely on natural immunity. At 50%, half of the new recruits are vaccinated, reflecting a strong vacci-
nation policy. The Y-Axis represents Vaccine Efficacy (ε), ranging from 30 to 90%, which measures
the effectiveness of the vaccine in reducing transmission (λr). A 30% efficacy indicates poor perfor-
mance, similar to some early COVID vaccines against variants, whereas a 90% efficacy indicates high
performance analogous to mRNA vaccines against the original strain. The Z-Axis represents Peak In-
fections in thousands, indicating the maximum number of simultaneous infections during an outbreak.
Higher values suggest more severe epidemic waves, while lower values indicate better outbreak control.
Overall, this suggests a compensatory relationship where high coverage can partially counterbalance
mediocre vaccine efficacy, and vice versa. This phenomenon explains why mass vaccination campaigns
using moderately effective vaccines can still lead to a significant reduction in transmission. The pro-
nounced drop in the surface plot around 30-40% coverage with over 60% efficacy illustrates the herd
immunity threshold. Below this threshold, the virus circulates widely, and above it, transmission is
significantly suppressed. At very high efficacy rates (over 80%), increasing coverage results in substan-
tial reductions in peak infections. However, at low efficacy (below 50%), even high coverage offers
limited additional benefits. In the contour plot, the contour lines signify different levels of population
immunity: red zones (greater than 100k peak infections) indicate uncontrolled outbreaks, yellow zones
(50-100k) show moderate control, blue zones (less than 50k) represent good control, and dark blue
zones (less than 20k) indicate excellent control. This combined analysis serves as a critical roadmap
for balancing vaccine deployment strategies against evolving pathogens, underscoring that successful
control necessitates optimizing both the number of vaccinated individuals and the effectiveness of the
vaccines.
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Figure 6: The Effect of Revaccination Rates on Various Plots

Figure 6 displays six distinct 2-D plots. Plot 1 illustrates the relationship between peak infections
and revaccination rate. It indicates that higher revaccination rates correlate with lower peak infections.
A critical revaccination rate of approximately 0.15-0.2 day−1 results in a significant decrease in peak
infections. Each revaccinated individual, instead of becoming susceptible, returns to the vaccinated
group with partial immunity, experiences a reduced transmission probability, and contributes to herd
immunity. Increasing the revaccination rate from 0.1 to 0.3 can lead to a reduction in peak infections
by 40-60%, marking it as an effective outbreak control strategy.

Plot 2 demonstrates the relationship between hospitalizations and revaccination rate, showing that
hospitalizations decline more rapidly than total infections as revaccination increases. This trend exhibits
diminishing returns at very high revaccination rates. A moderate revaccination rate of 0.2-0.25 can
reduce hospitalizations by 50-70%, thereby significantly alleviating the strain on healthcare systems.

Plot 3 presents total infections in relation to revaccination rate, revealing that total infections de-
crease more gradually than peak infections. Higher revaccination might extend the duration of the
outbreak but with less intensity. Even modest revaccination rates of 0.15-0.2 can result in a 25-40%
decrease in total infections, indicating a notable reduction in the overall disease burden.

Plot 4 examines the infection dynamics over time, analyzing how varying revaccination strategies
influence the outbreak’s progression. Effective strategies can delay the peak by 30-60 days and sub-
stantially reduce the maximum number of simultaneous cases. Flatter and broader curves suggest more
controlled spread, indicating that higher revaccination fosters gradual and sustainable immunity devel-
opment.

Plot 5 depicts hospitalization dynamics, outlining the temporal effect of severe disease on healthcare
systems. Optimal strategies can decrease maximum hospitalizations by 60-80%, resulting in longer but
flatter hospitalization waves.

Lastly, Plot 6 tracks the dynamics of the vaccinated population, showing how revaccination fosters
and sustains population immunity. It highlights the role of revaccination in replenishing immunity that
declines over time. The analysis suggests that revaccination creates a gradient of immunity whereby
recently vaccinated individuals have the most robust protection. This gradient is effective in breaking
transmission chains. Quarantine periods can thus serve as opportunities for immune boosting instead of
mere isolation. Each revaccinated individual may act as a “dead end” for the virus’s transmission. The
findings indicate that revaccination goes beyond individual protection; it plays a vital role in shaping
population immunity, making large outbreaks less likely. This analysis underscores the importance of
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revaccination rates in epidemic control, demonstrating that it leverages multiple biological mechanisms
to offer strong, layered protection against COVID-19 transmission and severe outcomes.

Figure 7: Impact of Treatment Rate on Hospitalized Individuals

Figure 7 shows a 3-D plot depicting the effect of treatment rate on the number of hospitalized
individuals. The x-axis represents time (in days), the y-axis indicates the hospitalization rate ψ, and
the z-axis displays the number of hospitalized individuals H. This visualization illustrates how changes
in ψ influence hospital load over time. A positive sensitivity index for a parameter, such as +0.6,
indicates that increasing this parameter raises R0 (the basic reproduction number), suggesting that the
disease spreads more easily, while decreasing it lowers R0, slowing disease spread. A positive sensitivity
index signifies that higher parameter values correspond to increased R0, facilitating easier transmission.
Hospitalized individuals (H) experience significantly reduced contact rates (ηH = 0.10), in contrast to
community cases (η = 1.0). A higher ψ leads to quicker hospitalization of symptomatic individuals (I).
Hospitalized individuals have an infectiousness rate of ηH = 0.10, whereas asymptomatic cases have a
rate of ηA = 0.45. Although higher ψ increases immediate hospital load, it may also alleviate long-term
pressure on the healthcare system by controlling the epidemic. The figure demonstrates that moderate
increases in ψ can effectively flatten the epidemic curve without overburdening healthcare systems,
highlighting the significance of prompt case identification and hospitalization in managing pandemics.
This analysis emphasizes ψ as an essential control parameter that influences both disease transmission
and healthcare sustainability during outbreaks.

5 Discussions and conclusion

5.1 Discussion

This study developed and analyzed a mathematical model for COVID-19 endemic phase, incorporating
factors such as vaccination, quarantine, reinfection, and revaccination. Both qualitative and quantitative
analyses were performed to ensure the model’s epidemiological realism and predictive capability.

The positivity of solutions and the invariant region confirmed that all state variables remain bio-
logically feasible (non-negative and bounded) over time. This guarantees that population sizes do not
assume unrealistic values and lays the groundwork for further stability analyses.
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The disease-free equilibrium (DFE) was determined, and the basic reproduction number (R0) was
calculated using the next-generation matrix. A local stability analysis using the Jacobian matrix indicated
that the DFE is locally asymptotically stable when (R0 < 1). The global stability of the DFE was
subsequently established with a suitably constructed Lyapunov function, indicating that if transmission
is kept below the threshold, the infection will die out regardless of initial conditions. It was also
shown that the endemic equilibrium is globally stable under appropriate conditions, suggesting that
once (R0 > 1), the system will stabilize at a persistent, non-zero level of infection.

The sensitivity analysis of (R0) revealed that the contact rate among non-vaccinated individuals (βc)
(sensitivity index 0.987) has the strongest positive influence on transmission, emphasizing the impor-
tance of contact reduction strategies (such as social distancing and mask use) in controlling COVID-
19. The asymptomatic transmission factor (ηA) (0.518) was the second most significant, pointing to
the role of silent spreaders and the necessity for testing, tracing, and isolation protocols addressing
asymptomatic infections. In contrast, the recovery rates for symptomatic and asymptomatic individu-
als ((γ2 = −0.317) and (γ1 = −0.267)) had negative effects, indicating that quicker recovery or shorter
infectious periods substantially decrease (R0). The vaccination rate (θ = −0.165) and vaccine efficacy
(ε = −0.024) also reduced (R0), although the current baseline (15% coverage and 65% efficacy) leads
to only modest reductions. These findings highlight the dual importance of reducing high-risk contacts
and enhancing both vaccine uptake and effectiveness.

The numerical simulations support and extend these analytical findings.

1. The graphs depicting the main compartment and infection dynamics (Figure 2) suggest that
COVID-19 has reached a stable endemic state in New York, indicating potential herd immu-
nity effects. The primary factor contributing to increased transmission is the contact rate among
unvaccinated individuals. More rapid recovery from symptomatic infections significantly aids in
reducing the spread. As a result, targeted interventions, such as minimizing contacts in high-risk
groups and enhancing treatment options, are more effective than generalized strategies. The sys-
tem’s closeness to the epidemic threshold implies that minor adjustments in these critical areas
could effectively manage the outbreak.

2. The force-of-infection plots (Figure 3) indicate that vaccination significantly lowers infection
pressure (λr < λc), demonstrating indirect protection for the unvaccinated and maintaining a
manageable level of transmission.

3. Changing βc (Figure 4) showed a nearly linear rise in lambdac, which quantifies the effect of
contact rates on transmission. Decreasing βc from 0.40 to 0.28 reduces the force of infection
by half, while increasing it to 0.40 doubles the force—demonstrating the implications of more
transmissible variants or less stringent controls.

4. The vaccine coverage and efficacy surface and contour plots (Figure 5) indicate that high coverage
can partially compensate for moderate efficacy and vice versa. There is a significant herd immu-
nity threshold observed between 30% and 40% coverage when the efficacy is 60% or higher. This
suggests that mass vaccination efforts utilizing moderately effective vaccines can still significantly
reduce transmission.

5. Revaccination analyses (Figure 6) show that enhancing the immunity of quarantined or partially
immune individuals can reduce peak infections by 40–60% and hospitalizations by 50–70%. This
approach can also help flatten epidemic curves and maintain population immunity, indicating that
revaccination is an effective multi-faceted strategy.

6. The effects of treatment rates on hospitalization (Figure 7) indicate that the timely hospitaliza-
tion of symptomatic cases can help flatten the epidemic curve without overwhelming healthcare
systems, highlighting the significance of swift case identification and isolation.

These findings indicate that targeted, parameter-specific interventions—such as reducing high-risk con-
tacts, improving recovery times through treatment, increasing vaccination and revaccination efforts,
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and optimizing vaccine efficacy—provide significantly greater benefits than uniform measures. The R0

value of 0.992 suggests that the system is very sensitive to small changes in parameters, meaning that
even minor improvements in critical areas can lower the reproduction number below one and eliminate
ongoing transmission.

5.2 Conclusion

This study provides a detailed mathematical and epidemiological framework aimed at understanding and
managing the endemic dynamics of COVID-19. It includes essential factors such as vaccination, revac-
cination, reinfection, and quarantine. Through qualitative analysis, sensitivity indices, and numerical
simulations based on data from New York, USA, the model evaluates the influence of epidemiological
and intervention parameters on disease transmission, equilibrium behavior, and long-term public health
outcomes.

Novel contributions of the model:

• Incorporation of Revaccination Dynamics: Unlike most existing COVID-19 endemic models,
this framework integrates the revaccination of individuals who have previously received vac-
cination. It evaluates the influence of booster doses on long-term infection patterns and herd
immunity thresholds.

• Breakthrough Infections and Reinfection: The model explicitly includes both vaccine break-
through infections (infection despite vaccination) and reinfection (infection after recovery), pro-
viding a more realistic description of COVID-19 persistence in a partially immune population.

• Endemic-Phase Framework (Post-Pandemic Modeling): The model is designed specifically to
capture the endemic phase of COVID-19, focusing on long-term equilibrium behavior rather
than short-term pandemic fluctuations. This approach highlights the mechanisms that sustain
infection levels under continued vaccination and waning immunity.

• Quantitative Evaluation of Revaccination as a Control Strategy: Simulation results reveal
that increasing revaccination rates substantially reduces both peak infections and hospitalizations,
underscoring revaccination as a critical long-term control parameter.

• Empirical Application to New York, USA: The use of New York’s endemic data grounds the
theoretical framework in a real-world setting, demonstrating its applicability to localized public
health planning and evaluation.

Key Findings:

1. Contact reduction among the unvaccinated remains a primary factor in reducing the basic
reproduction number (R0).

2. Asymptomatic transmission continues to drive infection persistence, emphasizing the need for
sustained testing and contact tracing.

3. Vaccination coverage and efficacy work synergistically to suppress transmission and can lead to
herd immunity when optimized.

4. Revaccination and timely hospitalization significantly lower infection peaks and alleviate hos-
pital burdens.

5. Endemic stability observed in New York reflects a balanced state of vaccine-induced and natural
immunity, consistent with theoretical equilibrium results.
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Collectively, these findings present a quantitative framework relevant to policy for managing COVID-
19 during its endemic phase. The model indicates that targeted interventions, such as increasing vaccina-
tion and revaccination rates, controlling contact among unvaccinated individuals, and ensuring prompt
treatment, are more effective than broad restrictions. This research provides insights for developing
adaptive, data-driven public health strategies that can maintain COVID-19 transmission below critical
levels while reducing socio-economic impact.

Future developments of the model may include stochastic effects, age structure, or spatial variabil-
ity to enhance its predictive accuracy and relevance for emerging infectious diseases where immunity
decline and behavioral changes are significant factors.
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