
                                                                                                                                                    

 

Journal of the  
Nigerian 
Society for 
Mathematical 
Biology 
 
 
 
 
 
 

Volume 4, 2021 

 
ISSN (Print): 2682 - 5694 

ISSN (Online): 2682 - 5708 

ḟ 



                                                          Journal of the Nigerian Society for Mathematical Biology 

                        Volume 4 (2021), pp. 1 – 18   
 
 

 

1                                                                                 JNSMB, Vol. 4 (2021) ©NSMB; www.tnsmb.org 
 
 

 

SVEIR model of an infectious disease among infected 
immigrants with nonlinear incidence rate 

 

I. O. Onwubuya* and C. E. Madubueze† 

  

Abstract 

In this paper, the effect of a saturated incidence rate and infectious immigrants on the 
transmission dynamics of an infectious disease is studied using an SVEIR model. The model 
exhibits three equilibrium states: the disease-free and endemic equilibrium states when there 
is no influx of infective immigrants and the endemic equilibrium state when there is an influx 
of infective immigrants in the population. Besides, the model shows a forward bifurcation 
when there is no entry of infective immigrants and this aid in establishing the local and global 

asymptotically stability when the basic reproduction number,  R0 < 1  and  R0 > 1 
respectively. Numerical results are performed to examine the effect of the saturated incidence 
rate and the infective immigrants on disease transmission. The results indicate that the disease 
could be controlled or eradicated if there is a strict check to ensure that the infected 
immigrants are treated before they join the population. 

Keywords: SVEIR model; Infectious disease; Non-linear incidence rate; basic reproduction number; 
global stability; infective immigrants  

 

1       Introduction 

Infectious diseases are inconveniences, disorders and a leading cause of death across the globe that 
man has been fighting to control [1]. They are deadly diseases characterized by rapid progressive 
deterioration and premature death and this includes severe acute respiratory syndrome (SARS), 
middle-east respiratory syndrome (MERS), Ebola virus disease, Lassa virus disease, and Yellow fever 
[2]. They constitute a public health burden to mankind and have profound negative effects on human 
life and socio-economic activities. These have compelled people of various fields to search for means 
of halting the spread of infectious diseases in the population. Controlling the spread of infectious 
diseases could be the administration of herbal and/or traditional remedies, surgery, vaccination, 
quarantine of infected individuals, and a thorough check on immigrants [3]. The impact of screening 
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and vaccination of immigrants on the spread of infectious diseases in any population is considered in 
this work. 

Vaccination is the administration of antigenic material called vaccine which produces 
immunity to a disease. Immunity can be temporary or permanent.  It has proven to be one of the most 
effective preventive measures of combating infectious diseases, such as smallpox, measles, hepatitis 
B, and polio [4]. Vaccines are substances used to build the body’s immune system. It produces 
responses that fight pathogens like viruses, fungi, bacteria, and protects humans from the diseases 
these pathogens cause. A vaccine can be given by oral, injection, puncture, transdermal, or intranasal. 
The effect of vaccines is either for life or temporary in the body of the vaccinated person and where 
it is temporary, the person will become susceptible to the disease again [3, 5].  

Immigration is the movement of people from their legal place of origin to another place where 
they are not native settlers which results in a permanent residence or future citizens. Immigrants are 
inspired to leave their legal place of origin for some reason, which includes socio-economic, political 
issues, education (quality of institutions), family reunion, environmental factors like conflict or natural 
disaster, and the desire of changing one’s surroundings. Thus, immigrants from areas where there are 
infectious diseases can pose a challenge to another area and this makes human migration a major 
means of spreading infectious diseases to other countries. Infectious immigrants are immigrants with 
no overt disease who harbors infectious organisms. Infectious immigrants are increasingly important 
risk factors and sometimes becomes the index case for infections to the host population. 

The mathematical modeling of infectious diseases is used to study the mechanisms of the 
transmission dynamics, the prediction of the future course of an outbreak, and the evaluation of 
strategies to control the disease. The saturated incidence rate is about the behavioural attitude of 
susceptible individuals and the crowding effects of infective individuals when there is an outbreak of 
disease [4, 6]. Significant work on compartmental models such as SEIRS, SEIQV, SIR, SEIR, SEIV 
with a saturated incidence rate has been done to examine the transmission dynamics of infectious 
diseases. The global analysis was carried out for these compartmental models except the work of 
Capasso and Serio [7] who initiated a saturated type incidence rate for generalized Kermack-
Mckendrick deterministic model. Authors like Cai and Li [8] studied a SEIV model while Khan et al. 
[9] considered an SEIRS. Both models [8, 9] incorporate the general incidence rate and a waning 

preventive vaccine.  Liu and Yang [10] used a saturated incidence rate, 
𝛽𝑆𝐼 

(1+𝑎𝐼) 
 for a SEIQV with 

vaccination and quarantine measures. Enatsu et al. [11] discussed a SIR with distributed time delay 
and found that the global dynamics are not affected by the distributed time delay. Li and Cui [12] 
incorporate different incidence rates for exposed and infected classes for an SEIR model and assumed 
permanent immunity for recovered class while Safi and Garba [13] incorporated a Holling type II 
incidence function with public health education and counseling as control measures for an SEIR. The 
effect of infected immigrants is considered by Zhang et al. [14] with bilinear incidence rate and 
temporary immunity. They developed an SEIRS model. From the aforementioned authors, none has 
considered the effect of infected immigrants on the spread of infectious disease with generalized 
incidence rate. This study investigates the impact of screening and vaccination of infected immigrants 
on disease dynamics by extending the work of Cai and Li [8].  Our model incorporates the influx of 
infected immigrants, the recovered class and mortality rate in the work of Cai and Li [8] since the 
infected immigrants become the index case to the host population as it was seen in the occurrence of 
the Ebola virus disease and the COVID-19 in Nigeria. It is also important to include the mortality 
rate because some sufferers can die from the disease itself and most times interventions in place are 
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non-pharmaceutical interventions. Our work is different from the work of Zhang et al. [14] because 
of the generalized nonlinear incidence rate and the permanent immunity of the recovered class 
considered in this paper. Thus, an SVEIR compartmental model with a generalized incidence rate and 
the proportion of infected immigrants is considered in this study. The impact of the different incidence 
rates is examined.  

Based on the above motivation, an SVEIR compartmental model with a saturated incidence 
rate and the proportion of infected immigrants is considered in this paper.  The rest of the paper is 
organized as follows: Section 2, is the formulation of the SVEIR model. The model analysis is 
presented in Section 3. In Section 4, numerical simulation is carried out to verify some analytical results 
while a brief discussion and conclusion are described in Section 5. 

 

2        Model Formulation 

We considered a non-linear saturated incidence rate of the form, 
𝛽𝑆𝐼

𝜑(𝐼)
 , which is a more general form 

of  
𝛽𝐼𝑝𝑆 

(1+∝𝐼𝑞) 
 that is used by some researchers (Liu et al. [15], Liu et al.  [16]). The incidence rate is bilinear 

when 𝜑(𝐼) = 1. The function, 𝜑(𝐼), satisfies 𝜑(0) = 1  and 𝜑̇(𝐼) ≥ 0. This implies that 𝜑(𝐼) ≥

0 for 𝐼(𝑡) ≥ 0. The function, 
1

𝜑(𝐼)
  , is used to measure the psychological or inhibition effect of the 

behavioral change of susceptible individuals when there is an increase in the number of infectious 

individuals. We develop a five compartmental model which consists of Susceptible individuals, 𝑆(𝑡), 

Vaccinated individuals, 𝑉(𝑡), Exposed individuals, 𝐸(𝑡), Infectious individuals 𝐼(𝑡), and Recovered 

individuals 𝑅(𝑡) with a general non-linear incidence rate, 
𝛽𝑆𝐼

𝜑(𝐼)
 and a waning preventive vaccine at the 

rate, 𝜔. Our model assumed that some proportion, 𝑘,  of immigrants are infected [14] while some 

proportions, 𝑝, are given vaccination at the point of entrance [9].  Infected immigrants are sometimes 
the index case to the host population as it happened in Nigeria for the Ebola virus disease and 
COVID-19 [17, 18].  Also, we assumed that the recovered class has permanent immunity as in the 
work of [13].  COVID-19 can be a good example of an SVEIR since it has not been confirmed with 
temporary immunity. This makes up the SVEIR model that is given as follows with the parameter 
description in Table 1. 

 
𝑑𝑆

𝑑𝑡
= (1 − 𝑝 − 𝑘)𝜋 −

𝐵𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉 ,      (1) 

 
𝑑𝑉

𝑑𝑡
= 𝑝𝜋 − (𝜇 + 𝜔)𝑉  ,                    (2) 

 
𝑑𝐸

𝑑𝑡
=

𝐵𝑆𝐼

𝜑(𝐼)
− (𝜇 + 𝓇)𝐸 .        (3) 

 
𝑑𝐼

𝑑𝑡
= 𝑘𝜋 + 𝓇𝐸 − (𝜇 + 𝛿 + 𝑑)𝐼,       (4) 

 
𝑑𝑅

𝑑𝑡
= 𝛿𝐼 − 𝜇𝑅,                      (5) 
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subject to the initial conditions, 𝑆(0) = 𝑆0, 𝑉(0) = 𝑉0, 𝐸(0) = 𝐸0 , 𝐼(0) = 𝐼0,   𝑅(0) = 𝑅0.   

 

 Table 1. Parameter description                             

Parameters Description 

  

𝝅 The recruitment rate of individuals including newborns and 
immigrants into the population. 
 

𝒑 A proportion of recruited individuals that are vaccinated 
 

𝒌 
 

A proportion of infected immigrants in the population 
 

𝜷 The transmission rate 
 

𝝁 Natural death rate 
 

𝒅 The mortality rate due to infection 
 

𝓻 The rate at which exposed individuals become infectious 
 

𝜹 The rate at which infected individuals are treated and 
recovered  
 

𝝎 The rate at which the vaccine wanes 

 

  

3        Model Analysis 

3.1 Boundedness of the Solutions 

The SVEIR model (1) – (5) is shown to be well-posed and makes biological sense. This is done by 
proving that the existence of a non-negative solution and its boundedness for an initial solution.  
 

Theorem 1. Let the initial solutions satisfy 𝑆(0) > 0, 𝑉(0) ≥ 0, 𝐸(0) ≥ 0, 𝐼(0) ≥ 0, 𝑅(0) ≥ 0. 
The SVEIR model of equation (1) - (5) has non-negative solutions which are contained in the feasible 

region, Ω = {(𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) ∈ ℝ+
5 ∶ 𝑁 ≤

𝜋

𝜇
}.   

Proof. First, we prove the non-negative solution set for the SVEIR model (1) – (5). It follows from 
(1) that  

 
𝑑𝑆

𝑑𝑡
= (1 − 𝑝 − 𝑘)𝜋 −

𝛽𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉 ≥ (1 − 𝑝 − 𝑘)𝜋 − 𝛽(𝑡)𝑆 ,   (6) 
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where 𝛽(𝑡) =
𝛽𝐼

𝜑(𝐼)
+ 𝜇.  

Solving (6), a first-order linear equation in 𝑆 , using the method of integrating factor on [0, 𝑡] with the 

initial condition, 𝑆(0) > 0, we have  

 𝑆(𝑡) ≥ 𝑆(0)𝑒𝑥𝑝 (∫ −𝛽(𝑠)𝑑𝑠
𝑡

0
) + 𝑒𝑥𝑝 (∫ −𝛽(𝑠)𝑑𝑠

𝑡

0
) × ∫ (1 − 𝑝 −

𝑡

0

𝑘)𝜋𝑒𝑥𝑝(∫ 𝛽(𝜔)𝑑𝜔
𝑢

0
) ≥ 0 .  

Hence, 𝑆(𝑡) ≥ 0  since 𝑆(0) > 0. 

The remaining equations are obtained in a similar way that  

  𝑉(𝑡) ≥ 𝑉(0)𝑒𝑥𝑝(−(𝜇 + 𝜔))𝑡 ≥ 0 ,        

  𝐸(𝑡) ≥ 𝐸(0) exp(−(𝜇 + 𝓇)) 𝑡 ≥ 0 ,       

  

  𝐼(𝑡) ≥ 𝐼(0) exp(−(𝜇 + 𝛿 + 𝑑)) 𝑡 ≥ 0 , 

and   

  𝑅(𝑡) ≥ 𝑅(0)exp (−𝜇𝑡) ≥ 0.     

Hence, the solution set (𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) of the SVEIR model of equations (1)-(6) is non-

negative for all 𝑡 > 0 since exponential functions and initial solutions are non-negative. 

Next, we prove that the non-negative solution set is contained in the feasible region, Ω, which 
is the boundedness of the solution. This is done by adding the equations of SVEIR model to get the 

rate of the total population, 𝑁(𝑡),  

  
𝑑𝑁

𝑑𝑡
= 𝜋 − 𝜇𝑁 − 𝑑𝐼 .        (7) 

If we ignore 𝑑,  equation (7) yields  

 
𝑑𝑁ℎ

𝑑𝑡
≤ 𝜋 − 𝜇𝑁 .          (8) 

Applying the Gronwall’s inequality to equation (8) with the initial condition, 𝑁(0) = 𝑁0,  we 
get  

  𝑁(𝑡) ≤
𝜋

𝜇
 + [𝑁0 −

𝜋

𝜇
 ] 𝑒−𝜇𝑡.        (9) 

If  𝑁0 <
𝜋

𝜇
  as 𝑡 → ∞, the trajectories approach 

𝜋

𝜇
 ; If  𝑁0 >

𝜋

𝜇
 , the solutions 𝑁(𝑡) decreases 

to 
𝜋

𝜇
  as 𝑡 → ∞. Therefore, in either case, the total population,  𝑁(𝑡) →

𝜋

𝜇
   as 𝑡 → ∞ in (9). This 
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means that 0 ≤ 𝑁(𝑡) ≤
𝜋

𝜇
  . Hence, the non-negative solution set of the SVEIR model equations (1)-

(5) enters the feasible region, Ω,  which is a positively invariant set.   

 

3.2 Existence and Stability of Disease-free Equilibrium State and Basic 
Reproduction Number 

3.2.1 Disease-free Equilibrium State 

The equilibrium state for the SVEIR model is obtained when 
𝑑𝑆

𝑑𝑡
= 0,

𝑑𝑉

𝑑𝑡
= 0,

𝑑𝐸

𝑑𝑡
= 0,

𝑑𝐼

𝑑𝑡
= 0, and  

𝑑𝑅

𝑑𝑡
= 0. This yields  

 (1 − 𝑝 − 𝑘)𝜋 −
𝐵𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉 = 0 ,      (10) 

 𝑝𝜋 − ℎ𝑉 = 0 ,                                (11) 

 
𝐵𝑆𝐼

𝜑(𝐼)
− 𝑓𝐸 = 0 ,                    (12) 

  𝑘𝜋 + 𝓇𝐸 − 𝑔𝐼 = 0 ,                      (13) 

 𝛿𝐼 − 𝜇𝑅 = 0,                      (14) 

where 

 ℎ = (𝜇 + 𝜔), 𝑓 = (𝜇 + 𝓇), and 𝑔 = (𝜇 + 𝛿 + 𝑑).      (15) 

 

Solving equations (10) – (14) when there are no infective immigrants in the population 

(𝑖. 𝑒. 𝑘 = 0 ) , we have the disease-free equilibrium (DFE) state, 𝐸0 , as 𝐸0 = (𝑆0, 𝑉0, 0, 0, 0) =

(
𝜋{(1−𝑝)𝜇+𝜔}

𝜇(𝜇+𝜔)
,

𝑝𝜋

𝜇+𝜔
, 0, 0, 0).  

This implies that when there is no exposed infective and recovery individuals in the 

population, the level of susceptible will be approaching 
𝜋{(1−𝑝)𝜇+𝜔}

𝜇(𝜇+𝜔)
 and the vaccination population 

will remain at is equilibrium state, 𝑉0 =
𝑝𝜋

𝜇+𝜔
 .   

3.2.2 Basic Reproduction Number, 𝐑𝟎 

The basic reproduction number of an infection denoted by 𝑅0, is a threshold quantity that provides 

useful information regarding the spreading and control of infectious disease in a population. If 𝑅0 <
1, the infection will fizzle out, but, if 𝑅0, > 1, the infection will be able to spread and persist in the 
population. To compute the basic reproduction number for the SVEIR model using the next 

generation operator, we follow the approach of Van den Driessche and Watmough, [19]. Let   𝑋 =
(𝐸, 𝐼), be the vector that represents the infected compartments. Then from the model (1) – (5), we 
have the rate of new infection in the infected compartments as 
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   𝐹 = [

𝛽𝑆𝐼

𝜑(𝐼) 
0

] , 

and the rate of transfer from in and out the infected compartments as 

 𝑉 = [
𝑓𝐸
 

−𝑘𝜋 − 𝓇𝐸 + 𝑔𝐼
].  

Taking the partial derivatives of 𝐹 and 𝑉 at the DFE, 𝐸0, yield  

                    𝐺 =
𝜕𝐹(𝐸0)

𝜕𝑋
= [

0 𝛽𝑆0

  
0 0

]  and  𝑈 =
𝜕𝑉(𝐸0)

𝜕𝑋
= [

𝑓 0
  

−𝓇 𝑔
].  

We have the matrix, 𝐺𝑈−1, as 

  𝐺𝑈−1 = [

𝛽𝑆0𝓇

𝑓𝑔

𝛽𝑆0

𝑔
  
0 0

] ,  

and the basic reproduction number, 𝑅0, which is the spectral radius of the matrix, 𝐺𝑈−1, given as  

  𝑅0 =
𝛽𝑆0𝓇

𝑓𝑔
 .         (16) 

Substituting, 𝑆0, and the definition (15) in (21) gives  

  𝑅0 =
𝛽𝓇𝜋 {(1−𝑝)𝜇+𝜔}

𝜇(𝜇+𝜔)(𝜇+𝓇)(𝜇+𝛿+𝑑)
 .       (17) 

 Equation (17) is the basic reproduction number, 𝑅0 , for the SVEIR model (1) – (5). The 

effect of these parameters, 𝜏, 𝛽, 𝜔, 𝛿 on 𝑅0 is illustrate numerically in Figure 1 using the parameter 

values in [7]. Figure 1 shows that increasing 𝜏, 𝛽, 𝜔, and decreasing 𝛿, increases the basic reproduction 

number, 𝑅0 while other parameters are keep constant.   
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Figure 1. The effect of 𝜏, 𝛽, 𝜔, 𝛿   on the basic reproduction number, 𝑅0 . For (a),𝑝 = 0.4, 𝛿 =
0.009, 𝜇 = 0.09, 𝑑 = 0.004, 𝜋 = 10,𝜔 = 0.05  and for (b), 𝑝 = 0.4, 𝛽 = 0.002, 𝜇 = 0.09, 𝑑 =
0.004, 𝜋 = 10, 𝜏 = 0.003. 

 

3.2.3 Local Stability of Disease-free Equilibrium (DFE) 

Here, we investigate the local stability of the disease-free equilibrium state,𝐸0 = (𝑆0, 𝑉0, 0, 0, 0) 

without the recovery class, since it does not involve other classes using linearization method by 

computing its Jacobian matrix at the DFE,   𝐽(𝐸0) , as follows 

 𝐽(𝐸0) =

[
 
 
 
 
 
−𝜇 0
  
0 
0 
0

−𝑓
 
𝓇 
0

    

−𝛽𝑆0 𝜔
  

𝛽𝑆0 
−𝑔
 
0

0 
0 

−ℎ]
 
 
 
 
 

 .       (18) 

The characteristics equation of the 𝐽(𝐸0)  in (18) is given by  

 (𝜆 + 𝜇)(𝜆 + ℎ)[𝜆2 + (𝑓 + 𝑔)𝜆 + 𝑓𝑔 − 𝛽𝑆0𝓇] = 0.     (19) 

The SVEIR model (1) – (5) has two negative real roots – 𝜇,−ℎ, and the roots of the characteristics 
equation given as   

  𝜆2 + (𝑓 + 𝑔)𝜆 + 𝑓𝑔 − 𝛽𝑆0𝓇 = 0.       (20) 

Using Routh-Hurwitz criteria, equation (20) has negative root if 𝐴 > 0, 𝐴𝐵 > 0  which implies that 

𝐵 > 0. 
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In equation (20), 𝐴 = 𝑓 + 𝑔 ; 𝐵 = 𝑓𝑔 − 𝛽𝑆0𝓇 . It is clear that 𝐴 > 0 and  𝐵 > 0 if 𝑓𝑔 > 𝛽𝑆0𝓇 

which means that  
𝛽𝑆0𝓇

𝑓𝑔
< 1. Therefore, using the definition in equation (16), we have that DFE, 𝐸0 is 

locally asymptotically stable if 𝑅0 < 1.  

 

3.3 Existence and Stability of Endemic Equilibrium State 

3.3.1 Existence of Endemic Equilibrium State  

The endemic equilibrium state is established when there is infection in the population ( 𝑖. 𝑒. 𝐼 ≠ 0).   
The endemic equilibrium state for SVEIR model (1) – (5) is obtained by solving equations (10) – (14) 
simultaneously which gives 

 𝑆⋆ =
𝑓𝐴(𝑔𝐼−𝑘𝜋)

𝓇𝛽𝐼
 , 𝐸⋆ =

𝑔𝐼−𝑘𝜋

𝓇
 , 𝑉⋆ =

𝑃𝜋

ℎ
 .       (21) 

Substituting (21) in (12) and simplifying gives 

 𝑃𝐼⋆2
− 𝑄𝐼⋆ − 𝑅 = 0 ,         (22) 

where 𝐴 = 𝜑(𝐼⋆), 𝑃 = 𝛽𝑓𝑔ℎ , 𝑄 = 𝑓𝑔ℎ𝜇 (𝑅0 +
𝛽𝜋𝑘

𝑓𝑔
− 𝐴)  , 𝑅 = 𝐴𝜋𝑓ℎ𝑘𝜇 . 

If 𝑘 = 0,  we have 𝑅 = 0 and 𝐴 = 1,  so equation (22) will becomes 

  𝑃𝐼⋆2
− 𝑄∗𝐼⋆ = 0         (23) 

with 𝑄∗ = 𝑓𝑔ℎ𝜇𝑅0. 

From equation (23), it implies that  𝐼⋆ = 0  or  𝐼⋆ =
𝜇𝑅0

𝛽
 . 𝐼 = 0  corresponds to DFE, 𝐸0. So, we 

have endemic equilibrium state, 𝐸1,  when 𝑘 = 0 as 

  𝐸1 = (
𝑓𝑔

𝓇𝛽
,

𝑔𝑅0

𝓇𝛽𝑓𝑔ℎ
,

𝑅0

𝛽𝑓𝑔ℎ
,
𝜇𝑅0

𝛽
,

𝑝𝜋

ℎ
) .  

When  𝑘 > 0,  we have from equation (22) that  

                    𝐼⋆ =
𝑄+√𝑄2+4𝑃𝑅

2𝑃
 .         (24) 

Substituting equation (24) into equation (21), we have the endemic equilibrium state for 𝑘 > 0 given 
as 

𝐸1𝑘 = (
𝑓𝐴𝑔(𝑄+√𝑄2+4𝑃𝑅 )− 2𝑝𝑘𝜋𝑓𝐴

𝓇𝛽(𝑄+√𝑄2+4𝑃𝑅)
,
𝑝𝜋

ℎ
 ,

𝑔(𝑄+√𝑄2+4𝑃𝑅 )−2𝑝𝑘𝜋

2𝑝𝓇
,

𝑄+√𝑄2+4𝑃𝑅

2𝑃
,
𝛿(𝑄+√𝑄2+4𝑃𝑅)

2𝑃𝜇
 ).   

 (25) 
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Equations (24) and (25) give the endemic equilibrium state,𝐸1𝑘 , provided it satisfy the inequality 

𝑔 (𝑄 + √𝑄2 + 4𝑃𝑅 ) > 2𝑝𝑘𝜋.   

 

3.3.2 Local Stability of Endemic Equilibrium State 

We establish the local stability of endemic equilibrium using the centre manifold theorem by Castillo 

- Chavez and Song [20] which depends on the existence of bifurcation near 𝑅0 = 1. A forward 

bifurcation implies that disease-free equilibrium is locally asymptotically stable for 𝑅0 < 1 and also 

endemic equilibrium is locally asymptotically stable for 𝑅0 > 1 near one. It is possible to have the 
global asymptotical stability of the two equilibrium states and disease cannot invade the population 

when  𝑅0 < 1.  

Using the concept of Castillo - Chavez and Song [21], we choose 𝛽 = 𝛽∗  as bifurcation 

parameter so at 𝑅0 = 1 from equation (17) gives 

𝛽 = 𝛽∗ =
𝑓𝑔𝜇(𝜇+𝜑)

𝜋𝜎((1−𝑝)𝜇+𝜑)
 . 

Also, let represent 𝑆 = 𝑥1,    𝑉 = 𝑥2, 𝐸 = 𝑥3, 𝐼 = 𝑥4,     𝑅 = 𝑥5,  in equations (1) – (5). 

If we replacing 𝛽 = 𝛽∗ in the Jacobian matrix 𝐽(𝐸0) of equation (18) at 𝑅0 = 1, we have a simple 
zero eigenvalue and negative eigenvalues by solving (19) and this yields 

                 𝜆 = −𝜇, 𝜆 = −ℎ, 𝜆 = −(𝑓 + 𝑔), and 𝜆 = 0, since 𝑓𝑔 − 𝛽𝑆0𝓇 = 0 at  𝑅0 = 1.  

We derived the right and left eigenvectors associated with zero eigenvalue using the centre 

manifold theory as 𝒘 = (𝑤𝟏, 𝑤2, 𝑤3, 𝑤4) = (−
𝑓

𝜇
𝑤2, 𝑤2,

𝜎

𝑔
𝑤2, 0)  and 𝒗 = (𝑣𝟏, 𝑣2, 𝑣3, 𝑣4 ) =

(0, 𝑣2,
𝑓

𝜎
𝑣2, 0). 

Using Theorem 4.1 of [16], the coefficients 𝑎 and 𝑏 are given as  

𝑎 = −𝑣2𝑤2
2 𝛽∗𝑓𝜎

𝑔𝜇
   and   𝑏 = 𝑣2𝑤2

𝜎

𝑔
𝑆0. 

It is clear that 𝑎 < 0 and 𝑏 > 0. This shows the SVEIR model of equations (1) – (5) exhibits 
a forward bifurcation. This means that the endemic equilibrium state is locally asymptotical stability 

for 𝑅0 > 1 near one and the disease-free equilibrium state is locally asymptotical stability for 𝑅0 < 1 

when 𝑘 = 0 and there is the possibility of global stability of the equilibrium states when 𝑘 = 0.  This 
is shown graphically in Figure 2.  
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Figure 2. Forward bifurcation plot for the SVEIR model displaying 𝐼∗ as a function of 𝑅0. Here, 

𝜑(𝐼∗) = 1 + 𝐼∗2
 and the parameter values are 𝑝 = 0.4, 𝛿 = 0.09, 𝜇 = 0.09, 𝑑 = 0.004, 𝜋 =

10,𝜔 = 0.05, 𝛽 = 0.02, 𝜏 = 0.03, 𝑘 = 0.0, 𝑅0 = 2.243.  

 

3.4 Global Stability of Equilibrium States 

In this subsection, the global stability of the equilibrium states when 𝑘 = 0 is considered. This is done 
by constructing Lyapunov functions. 

3.4.1 Global Stability of Disease-free Equilibrium State 

The global stability of the disease-free equilibrium of the SVEIR model equations (1) - (5) is considered 
by constructing a Lyapunov function and applying LaSalle’s invariance principle.   

Theorem 2: The DFE, 𝐸0,  of the SVEIR model equations (1)-(5) is globally asymptotically stable if  

𝑅0 ≤ 1 in Ω. 

Proof: we construct a Lyapunov function using a matrix-theoretic method by Shuai and van Den 
Driessche [19]. The function is given by 
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  𝐿 =
𝓇

𝑓𝑔
𝐸 +

1

𝑔
𝐼 .        (26) 

Taking the time derivative of equation (26) along the solution of the SVEIR model, we get 

  𝐿′ =
𝓇

𝑓𝑔
𝐸′ +

1

𝑔
𝐼′ , 

    =
𝓇

𝑓𝑔
(

𝛽𝑆𝐼

𝜑(𝐼)
− 𝑓𝐸) +

1

𝑔
(𝓇𝐸 − 𝑔𝐼) .      (27) 

Expanding and simplifying equation (27) yields  

  𝐿′ = (
𝛽𝓇𝑆

𝑓𝑔𝜑(𝐼)
− 1) 𝐼 , 

which can be written as  

  𝐿′ = [
𝛽𝓇

𝑓𝑔
(

𝑆

𝜑(𝐼)
−

𝑆0

𝜑(𝐼0)
+

𝑆0

𝜑(𝐼0)
) − 1] 𝐼 .  

But  𝜑(𝐼0) = 1  at DFE, 𝐸0. Therefore, we have  

  𝐿′ = (
𝛽𝓇𝑆0

𝑓𝑔𝜑(𝐼0)
− 1) 𝐼 +

𝛽𝓇

𝑓𝑔
(

𝑆

𝜑(𝐼)
−

𝑆0

𝜑(𝐼0)
) 𝐼 , 

      = (𝑅0 − 1)𝐼 +
𝛽𝓇

𝑓𝑔
(

𝑆

𝜑(𝐼)
− 𝑆0) 𝐼 . 

Since 𝜑(𝐼) ≥ 1,  then   
𝑆

𝜑(𝐼)
− 𝑆0 ≤ 0.  

Hence,  

  𝐿′ ≤ (𝑅0 − 1)𝐼 .  

Therefore, it follows that 𝐿′ ≤ 0 for 𝑅0 ≤ 1 with 𝐿′ = 0, if and only if 𝐸 = 𝐼 = 0.   This shows that 

the singleton {𝐸0} is the largest compact invariant set in {(𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) ∈ Ω ∶ 𝐿′ =

0 }.  Hence, applying LaSalle’s invariance principle, the disease-free equilibrium, {𝐸0}  is globally 

asymptotically stable in Ω If 𝑅0 ≤ 1.  

 

3.4.2 Global Stability of Endemic Equilibrium State 

Theorem 3. The endemic equilibrium, 𝐸1 , of the SVEIR model equations (1)-(5) is globally 

asymptotically stable if  𝑅0 > 1 in Ω. 

Proof. The global stability of the endemic equilibrium is proved by constructing the Volterra-
Lyapunov function. 

 𝐿 = (𝑆 − 𝑆∗ − 𝑆∗𝑙𝑛
𝑆

𝑆∗
) + (𝐸 − 𝐸∗ − 𝐸∗𝑙𝑛

𝐸

𝐸∗
) +

𝑓

𝓇
(𝐼 − 𝐼∗ − 𝐼∗𝑙𝑛

𝐼

𝐼∗
) + (𝑉 − 𝑉∗ −

𝑉∗𝑙𝑛
𝑉

𝑉∗).    
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Taking the time derivatives of  𝐿 along the solutions of the equations (1) – (5), we get 

  𝐿′ = (1 −
𝑆∗

𝑆
) 𝑆′ + (1 −

𝐸∗

𝐸
) 𝐸′ +

𝑓

𝓇
(1 −

𝐼∗

𝐼
) 𝐼′ + (1 −

𝑉∗

𝑉
)𝑉′ , 

𝐿′ = (1 −
𝑆∗

𝑆
) ((1 − 𝜌)𝜋 −

𝛽𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉) + (1 −

𝐸∗

𝐸
) (

𝛽𝑆𝐼

𝜑(𝐼)
− 𝑓𝐸) +

𝑓

𝓇
(1 −

𝐼∗

𝐼
) (𝓇𝐸 − 𝑔𝐼) +

(1 −
𝑉∗

𝑉
) (𝜌𝜋 − ℎ𝑉) .                                                                                                                                                                             

(28) 

At the endemic equilibrium state, we have 

(1 − 𝜌)𝜋 =
𝛽𝑆∗𝐼∗

𝜑(𝐼)
+ 𝜇𝑆∗ − 𝜔𝑉∗ , 𝑓 =

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)𝐸∗
  , 𝜌𝜋 = ℎ𝑉∗ , 𝑔 =

𝓇𝐸∗

𝐼∗
 .                 (29)  

Substituting equation (29) into equation (28) yields 

 𝐿′ = (1 −
𝑆∗

𝑆
) (

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
+ 𝜇𝑆 − 𝜔𝑉∗ −

𝛽𝑆𝐼

𝜑(𝐼)
− 𝜇𝑆 + 𝜔𝑉) + (1 −

𝐸∗

𝐸
) (

𝛽𝑆𝐼

𝜑(𝐼)
−

𝛽𝑆∗𝐼∗𝐸

𝜑(𝐼∗)𝐸∗) 

   +
𝑓

𝓇
(1 −

𝐼∗

𝐼
) (𝓇𝐸 −

𝓇𝐸∗

𝐼∗
𝐼) + (1 −

𝑉∗

𝑉
) (ℎ𝑉∗ − ℎ𝑉)  .    

                                                                                                                                (30) 

Expanding equation (30) gives 

 𝐿′ =
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
+ 𝜇𝑆∗ − 𝜔𝑉∗ − 𝜇𝑆 + 𝜔𝑉 −

𝛽𝑆∗2𝐼∗

𝜑(𝐼∗)𝑆
−

𝜇𝑆∗2

𝑆
+ 𝜔𝑉∗ 𝑆∗

𝑆
+

𝛽𝑆∗𝐼

𝜑(𝐼)
+ 𝜇𝑆∗ − 𝜔𝑉

𝑆∗

𝑆
−

𝛽𝑆∗𝐼∗𝐸

𝜑(𝐼∗)𝐸∗ −
𝛽𝑆𝐼𝐸∗

𝜑(𝐼)𝐸
+

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
+

𝛽𝑆∗𝐼∗𝐸

𝜑(𝐼∗)𝐸∗ −
𝛽𝑆∗𝐼

𝜑(𝐼∗)
−

𝛽𝑆∗𝐼∗2𝐸

𝜑(𝐼∗)𝐼𝐸∗ +
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
+ ℎ𝑉∗ − ℎ𝑉 −

ℎ𝑉∗2

𝑉
+ ℎ𝑉∗, 

which is simplify to get   

  𝐿′ = 𝜇𝑆∗ (2 −
𝑆∗

𝑆
−

𝑆

𝑆∗) +
𝛽𝑆∗𝐼

𝜑(𝐼∗)
(3 −

𝑆∗

𝑆
−

𝑆

𝑆∗

𝐼

𝐼∗
𝐸∗

𝐸
−

𝐼∗

𝐼

𝐸

𝐸∗) +
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(

𝐼

𝐼∗
𝜑(𝐼∗)

𝜑(𝐼)
−

𝐼

𝐼∗
) +

ℎ𝑉∗ (2 −
𝑉

𝑉∗ −
𝑉∗

𝑉
) + 𝜔𝑉∗ (

𝑉

𝑉∗ +
𝑆∗

𝑆
−

𝑉

𝑉∗

𝑆∗

𝑆
− 1) . 

But ℎ = 𝜇 + 𝜔 in equation (15), then 

  𝐿′ = 𝐹(𝑆, 𝐼, 𝐸) + 𝜇𝑉∗ (2 −
𝑉

𝑉∗ −
𝑉∗

𝑉
) + 𝜔𝑉∗ (

𝑆∗

𝑆
−

𝑉

𝑉∗

𝑆∗

𝑆
+ 1 −

𝑉∗

𝑉
) +

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(

𝐼

𝐼∗
𝜑(𝐼∗)

𝜑(𝐼)
−

𝐼

𝐼∗
), 

where   𝐹(𝑆, 𝐼, 𝐸) = 𝜇𝑆∗ (2 −
𝑆∗

𝑆
−

𝑆

𝑆∗) +
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(3 −

𝑆∗

𝑆
−

𝑆

𝑆∗

𝐼

𝐼∗
𝐸∗

𝐸
−

𝐼∗

𝐼

𝐸

𝐸∗).  

So,  
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  𝐿′ = 𝐹(𝑆, 𝐼, 𝐸) + 𝜇𝑉∗ (2 −
𝑉

𝑉∗ −
𝑉∗

𝑉
) + 𝜔𝑉∗ (1 −

𝑉∗

𝑉
+

,𝑆∗

𝑆
−

𝑉

𝑉∗

𝑆∗

𝑆
) +

𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(

𝐼

𝐼∗
𝜑(𝐼∗)

𝜑(𝐼)
−

𝐼

𝐼∗
). 

But, 1 −
𝑉∗

𝑉
+

𝑆∗

𝑆
−

𝑉

𝑉∗

𝑆∗

𝑆
≤ 2 −

𝑉∗

𝑉
−

𝑉

𝑉∗
 , and 

𝜑(𝐼∗)

𝜑(𝐼)
− 1 ≤ 0  for 𝐼∗ ≤ 𝐼  since 𝑆∗ < 𝑆 and 𝜑(𝐼) is an 

increasing function. 

Therefore,  

𝐿′ ≤ 𝜇𝑆∗ (2 −
𝑆∗

𝑆
−

𝑆

𝑆∗) +
𝛽𝑆∗𝐼∗

𝜑(𝐼∗)
(3 −

𝑆∗

𝑆
−

𝑆

𝑆∗

𝐼

𝐼∗
𝐸∗

𝐸
−

𝐼∗

𝐼

𝐸

𝐸∗) + (𝜇 + 𝜔)𝑉∗ (2 −
𝑉

𝑉∗ −
𝑉∗

𝑉
) .  (31) 

Applying the arithmetic-geometric mean inequality theorem to equation (31), we have  

  2 ≤
𝑆∗

𝑆
+

𝑆

𝑆∗ ,    3 ≤
𝑆∗

𝑆
+

𝑆

𝑆∗

𝐼

𝐼∗
𝐸∗

𝐸
+

𝐼∗

𝐼

𝐸

𝐸∗ , and  2 ≤
𝑉

𝑉∗ +
𝑉∗

𝑉
 .  

Hence, 𝐿′ ≤ 0 for all (𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) in the region, Ω and 𝐿′ = 0, if and only if 𝑆∗ =

𝑆, 𝐸∗ = 𝐸, 𝑉∗ = 𝑉, 𝐼∗ = 𝐼, 𝑅∗ = 𝑅. This shows that the singleton {𝐸1}  is the largest compact 

invariant set in {(𝑆(𝑡), 𝑉(𝑡), 𝐸(𝑡), 𝐼(𝑡), 𝑅(𝑡)) ∈ Ω ∶ 𝐿′ = 0 }.  Therefore, applying LaSalle’s 

invariance principle, the endemic equilibrium state, {𝐸1} is globally asymptotically stable in Ω If 𝑅0 >
1 when 𝑘 = 0.  

 Global stability implies that with different initial conditions, the model will always converge 

to the disease-free and endemic equilibrium states when 𝑅0 < 1 and 𝑅0 > 1 respectively. This is 
shown in Figure 3 for the infected population. The Infected population is choosing to illustrate the 
global stability of the equilibrium states.  

 

4        Numerical Simulations 

In this section, the numerical simulations for the SVEIR model are implemented to quantify the 
impact of different incidence rates and proportions of infective immigrants on disease dynamics. The 
parameter values used in this simulation are mainly from Khan et al. [7] except stated otherwise. The 

saturated incidence rate, 𝜑(𝐼) = 1 + 𝐼2 is also used.  
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Figure 3. The dynamical behavior of the SVEIR model with different incidence rates. The parameter 

values are 𝛽 = 0.002, 𝑝 = 0.4, 𝑘 = 0.4, 𝜏 = 0.003, 𝛿 = 0.009, 𝜇 = 0.09, 𝑑 = 0.004, 𝜋 =
10,𝜔 = 0.05. 
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Figure 4. The dynamical behavior of the SVEIR model with different proportions of infective 

immigrants. The parameter values are  𝛽 = 0.002, 𝑝 = 0.4, 𝜏 = 0.003, 𝛿 = 0.009, 𝜇 = 0.09, 𝑑 =
0.004, 𝜋 = 10,𝜔 = 0.05. 

 

5        Discussion and Conclusion 

This study investigates the transmission dynamics of infectious diseases with a saturated incidence rate 
and the influx of infected immigrants in the population. The model is a deterministic SVEIR model. 

The basic reproduction number, 𝑅0, is computed using the next-generation approach. The disease-
free and endemic equilibrium states without the influx of infected immigrants are shown to be local 
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and global asymptomatically stable when 𝑅0 < 1  and 𝑅0 > 1  respectively. Also, the endemic 
equilibrium state when there is an influx of infected immigrants in the population is established under 
certain conditions. A forward bifurcation existed when there is no infective immigrant in the 
population. Numerical results show that the saturated incidence and the standard incidence rates 
produce the same results that reduce the number of infected individuals in the population compared 
to the bilinear incidence rate (Figure 3). The important of infected immigrants is considered and the 
outcome reveals that infected immigrants do not affect exposed individuals in the population. 
However, infected individuals increase as the proportion of infected immigrants increase (see Figure 
4) and this is comparable with the work of [12] that considered the entrance of infected immigrants 
in the population for an SEIRS model.  This indicates that measures should be taken to reduce the 
influx of infected immigrants in the population. One of these measures could be screening at the entry 
point in the population especially for infectious diseases like COVID-19, SARS, MERS, Ebola virus 
disease and Lassa virus.  
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