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Applied estimate for conditional bivariate Pareto distribution
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Abstract

A bivariate conditional Pareto distribution is derived from the marginal and conditional Pareto
distributions. Its joint properties are derived including its posterior and the prior distribution,
methods for estimating its parameters are discussed. It is applied to a bivariate dataset of Fertilizer
A and Fertilizer B, where the conditional dependence of the two variables is suspected. The result
shows that the model is compatible with the data. It is proposed for application when there is a
need to account for such a conditional structure in a bivariate model.

Keywords and phrases: Conditional Pareto distribution; Marginal distribution; Joint moment; Pareto
bivariate; prior distribution.

1 Introduction

The Pareto distribution, introduced by Italian economist Vilfredo Pareto in the late 19th century, is a
key model in statistics and economics, characterized by its power-law behavior and ability to describe
phenomena where a small proportion of observations accounts for a significant portion of the total [3]].
Originally applied to wealth distribution, the Pareto distribution has become a cornerstone in various
fields, including finance, telecommunications, and environmental science, due to its heavy-tailed nature,
which captures the occurrence of rare but impactful events [3]. The univariate Pareto model has been
extensively utilized for modeling risk and insurance claims, providing insights into the distribution of
extreme losses and helping in the design of robust financial products [9, I8]]. Recent advancements in
extreme value theory have further cemented its relevance, allowing researchers to understand better
the dynamics of high-impact events and their implications in diverse sectors [4, 9.

As the need for more sophisticated statistical models increases, the extension of the Pareto distribution
into a bivariate framework has gained traction, addressing scenarios where two related random variables
exhibit heavy-tailed characteristics and interdependencies. The bivariate Pareto distribution enables
joint modeling of such variables, offering valuable insights into complex systems where extreme values
in one variable might influence or correlate with extreme values in another [[1, [5]]. This modeling
approach has significant applications in risk management, particularly in finance, where it is crucial to
analyze correlated losses and their potential impacts on portfolios [2, [7]]. Furthermore, the application
of copula models and multivariate extreme value theory enhances the bivariate Pareto distribution’s
capacity to capture dependencies between variables with heavy tails, thereby improving risk assessment
and management strategies [[10} [9]. Recent empirical studies have demonstrated the effectiveness of
the bivariate Pareto model in various domains, including telecommunications and environmental data,
where understanding the joint behavior of extreme events is critical [|6].
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2 Bivariate Pareto Distribution Model

The probability density function of the Pareto distribution is defined as:

axr®

[ zm, ) = xTJ:”l (1)

where:
e 1: The variable of interest(e.g., income, wealth, or any other measure).
e 2,,: The minimum value = can take.

e «: The shape parameter.
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Figure 1: Density curve

Consider another random variable Y, assumed to depend on X, such that the distribution of Y given
a realization of X at x is also a Pareto distribution. Then the probability density function of Y given
X = x is given by:

B
Frixtule) = 2 @

where:

e y: The variable of interest (e.g., income, wealth, or any other measure).

131 IJMAM, Vol. 8, Issue 1 (2025) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



S.S. Umar et al. (2025) Int. J. Math. Anal. &° Mod., 8(1):130-140

® Yt The minimum value Y can take given X = z.
e [3: The shape parameter for the conditional distribution of Y.

If X and Y are independent and both have probability distributions, then the distribution of Y given a
particular value = for X is represented by this conditional density function. while conducting various
statistical analyses and wishing to comprehend how Y behaves while X is fixed at a specific value, this
distribution can be helpful. We must first define the joint distribution of X and Y and then condition it
on a particular value of X in order to produce a specific bivariate conditional pareto distribution. Let us
take an example where X and Y have a combined distribution that is a bivariate pareto distribution. For
two independent random variables X and Y that both follow normal distributions, the joint probability
density function (PDF) can be written as the product of their individual pdfs.

fx,y) = fxy(z,y) = f(z) fyx(ylr) 3)
The BCPD is, therefore, given by:

a n,B
_axy, Bym
fxy(@,y) = gotlyBHl “4)
2.1 Theorem
Theorem 1: The relation 5
axy, BYm
fxy(@,y) = gotlyBHl ©)

This function is a true bivariate probability density function for =,y € ((xm, Ym), 00).
Proof: Let

M:/Ooofoooﬂx,y)dxdy. (6)

then,

M = dz dy 7)

$a+1yﬁ+1

= / < azg,Bym
Tm m

We can rewrite M as follows:

[o.¢] oo 1
Im Y Ym Y

Since the integrand is a product of functions of x and y, we can separate the double integral into the
product of two single integrals:

M = az® ByP . dx T d
= QT PYm, ot yBH vyl
Tm m

First, we evaluate the integral:
/
dx.
a+1
Tm T

This is a standard integral. The antiderivative of =% is:

1 [0

——x .
o

>~ 1 1 o 1 1
[ =[] o e
zm T a oaxd, ard,

Tm

Thus, we have:
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Now, we evaluate the integral:

L.
oy
Ym yﬁ+1

Using a similar approach, the antiderivative is:

_By
Thus, we have:
/oo 1 d |: 1 _5} *° 0+ 1 1
m Y7 CA P Bym  Bym

Substituting these results back into the expression for M:

v=osionl () ()

Simplifying the expression:

1 1
M = oz, By’ =1
'y, By, aze, Byﬂ
Thus, we conclude that:
M=

Since M = 1, the relation (5) is a true bivariate probability density function.

@=15 =20 xm=1ym=1 a=2,F=25xm=2ym=32 a=25F=30xm=3ym=3 a=3p=35xm=dym=4

a

M
a=-15p-20xm=1,ym=1 a=2,p=25xm=2,y m=2 a=25p=-3.0,xm=-3ym=3 o=3LE=35Am=-4ym=-4

® w2 w1 4
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Figure 2: Bivariate Pareto distribution plot

2.2  Generalization

In a more generalized setting, we can introduce:

e Additional Variables: Extend the model to include n variables, where each follows a Pareto
distribution, leading to a multivariate Pareto distribution.

¢ Dependency Structure: Consider copulas to represent the dependency structure between X and
Y more flexibly. This allows for various forms of correlation and dependence.
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The generalized joint PDF can be expressed as:

ax® By’B
fX,Y($7y;0) = C(Q) ’ #@Bﬁ ’ H(.T 2 Tm,Y 2 ym)7

where ¢(6) is a normalization constant that depends on the parameter 6 representing the correlation
structure between X and Y.

3 Properties of Pareto Distribution

3.1 Marginal Distribution of Y

Theorem 2

The marginal probability density function (PDF) of Y from the joint PDF fx y(x,y), we integrate
out X:

fr(y) = / Fxy (@, y) da.

Proof:
The joint PDF is given by:

az® Byl
fxy(z,y) = W:}iﬂ for x > xp, and y > yp,.

Setting up the integral for the marginal of Y:
* g Bym
fY(y) = / xa+1y5+1 dLU
Im

Factoring out constants:

B oo
oy, Bym 1
fr(y) = BT /ac pot+1 da.

1 1
/ g dr =
ey T or

We compute the integral:

Substituting this result back, we have:

ozl By, 1
fY(y) = yTZ+1 ’ CYZ'%,L
This simplifies to:
B By,

fy(y) = g1 fory = yme

Thus, the marginal PDF of Y is:

B
0 otherwise.
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3.2 Posterior Distribution

To derive the posterior distribution of the bivariate Pareto distribution, we need to combine the like-
lihood of the observed data with a prior distribution on the parameters.
The joint probability density function (PDF) of the bivariate Pareto distribution is given by:

o .8
Ixy(z,y) = fﬁa“yg“’ T2 Tms Y 2 Ym
) ? -
0, otherwise

where:
e 7 and y are the random variables,
e 2., and ¥, are the minimum values,

¢ « and  are the shape parameters.

Likelihood Function

Given a sample of size n from the bivariate Pareto distribution, the likelihood function based on the
observed data D = {(z, y;) }I' is:

n a g, B
oz, Bym
L(a, ID) = [ [ 5511
i=1 T Yi
Taking the logarithm of the likelihood function:

log L(a, B| D) = nlog(a) + nlog(8) +nlog(apyp) — (a+1) Y log(a) = (8+1) Y log(ys).
=1 =1

Prior Distribution

Assume conjugate priors for « and 3, where:

a ~ Gamma(ayg, 5p), B ~ Gamma(ay, f1).

Posterior Distribution
Using Bayes’ theorem, the posterior distribution is given by:
[, BID) o< L(ev, BID) - f(e) - f(B)-
Substituting the likelihood and prior:
oar® ﬁyﬁ@ 1 1
e Aoy <H1 Q+W1Lyﬁ+1> ‘ (aao ¢ ﬁoa) ‘ (5a1 e M)‘

Simplifying the posterior distribution:

n n
1
+n—1 goitn—1 —foa—pif 8. - -
f(a, B|D) ox o™ pgortn e Poa—F1 (H xf‘nym> (H P} 5"!‘1) .
i=1 i=1%i Yi
Thus, the posterior distributions for & and 3 are:
n
a|lD ~ Gamma(ag +n, Bo + Y _ log(s)),
i=1
n
BID ~ Gamma(a; + n, f1 + Zlog(yi)).
i=1
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4 Method of Parameter Estimation

The parameters of the BCBD can be estimated using the maximum likelihood method of estimation.
From the density in (5), For a sample of size n, the likelihood function L(«, 3| D) based on observed
data D = {(z;,y;) }1-q is:

n n Oé.’]?a ﬁy?n
L(a, B1D) = [ [ fxv(@iws) =[] okl Bl
i=1 i=1T; Y
This can be rewritten as:

2o 81D) = (w5,507)" TT et v

i=1 "1 i

Taking the logarithm of the likelihood function:
log L(a, B|D) = nlog(a) + nlog(B) + nlog(xp,ym)—
(@+1) ) log(ai) = (B+1) ) log(y)-
=1 =1

Simplifying gives:

log L(av, B| D) = nlog(a) 4+ nlog(B) + nalog(xy,) + nBlog(ym)—
1)) log(w:) — (B+1) ) log(ys)-
i=1 i=1

Partial Derivatives

To find the MLE, take the partial derivatives of the log-likelihood function with respect to « and /3,
and set them to zero.

Partial Derivative with Respect to o

dlogL. n
85 fa—l—nlog Tim) Zlog (x;) =

Rearranging gives:

a + nlog(zym,) Zlog (z4).

Solving for a:
n

iy log(xi) — nlog(wm)

o=

Partial Derivative with Respect to 3

OlogL n
= — +nlog(ym) log(y;) =
3%~ 3 8(y Z 8(vi)

Rearranging gives:

B + nlog(ym) Zlog (yi)-

Solving for :

IB _ n
> iy log(yi) — nlog(ym)”
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5 Real data application

In this study, we analyzed crop yield data from two different fertilizer regimens using the Bivariate
Pareto Distribution to model the relationship between the yields. The dataset comprised 30 observa-
tions each for Fertilizer A and Fertilizer B, with yields recorded in kilograms per hectare. We then
estimated the distribution parameters using Maximum Likelihood Estimation (MLE). The resulting
parameters provided insights into the yield patterns of the two fertilizers. Fertilizer A showed variabil-
ity with a tendency towards higher yields, but also a significant probability of lower yields, indicating
a broad distribution. Fertilizer B, on the other hand, displayed a sharp concentration around higher
yields, suggesting it is more consistent in producing high yields. The Kolmogorov-Smirnov (K-S) test is
used to compare a sample distribution with a reference probability distribution. the K-S test values for
Fertilizer A (0.5974) and Fertilizer B (0.4464) indicate how well the data fit the Bivariate Conditional
Pareto distribution.both fertilizers show a moderate fit with the Bivariate Pareto distribution, with
Fertilizer B having a good fit. A strong positive correlation of 0.995 between fertilizer A and fertilizer
B, with an extremely small p-value of 3.8121072Y indicating that the correlation is statistically signif-
icant, providing strong evidence that the relationship between the two variables is not due to random
chance.

Dataset:

"Fertilizer A Yield (kg/ha)’: 3600, 4050, 3450, 2750, 4400, 3650, 4550, 3100, 3950, 3350, 3700,
4200, 3300, 3150, 4500, 2850, 4050, 3800, 2950, 3600, 4300, 3100, 3400, 3650, 3850, 2900, 4000,
3450, 3700, 4100 ,

"Fertilizer B Yield (kg/ha)’: 3250, 3900, 3000, 2250, 4100, 3400, 4250, 2700, 3600, 2900, 3450,
3950, 2900, 2750, 4150, 2400, 3700, 3450, 2600, 3200, 3950, 2650, 3000, 3300, 3500, 2500, 3600,
3100, 3350, 3800
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Figure 3: the bivariate plot and the contour plot of fertilizer A and B

The bivariate plot of the Pareto distribution applied to the dataset of Fertilizer A and Fertilizer B
usage provides a clear visualization of how the quantities of both fertilizers are distributed jointly. The
3D surface plot shows the density of observations across different combinations of Fertilizer A (X-axis)
and Fertilizer B (Y-axis). The steep slope in the surface indicates a higher density of observations at the
lower levels of both fertilizers, consistent with the heavy-tailed nature of the Pareto distribution, where
smaller quantities of both fertilizers are more common. As the values of Fertilizer A and Fertilizer B
increase, the density decreases significantly, suggesting that larger quantities of fertilizers are less fre-
quently observed. The contour plot further reinforces this by displaying contours of constant density,
which clearly show how the probability density diminishes as the usage levels of both fertilizers rise.
The contour lines reflect the sparsity of extreme values, indicating that the majority of observations are
concentrated in the lower ranges of Fertilizer A and B usage, while larger quantities are rare. Together,
these plots illustrate how the bivariate Pareto distribution effectively models the joint distribution of
Fertilizer A and Fertilizer B usage, capturing the tendency for small amounts of both fertilizers to be
more prevalent and the rarity of higher usage quantities.
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3D Joint Histogram of Fertilizer A and B

Figure 4: The Data histogram for fertilizer A and B
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6 Conclusion

In this work, we have thoroughly explored the application of the bivariate Pareto distribution, fo-
cusing on its estimation and visualization through maximum likelihood estimation (MLE) for fitting
parameters to a given dataset. We began by defining univariate and bivariate Pareto probability density
functions (PDFs) for two variables representing Fertilizer A and B. Using the dataset, we employed
the MLE technique to estimate key parameters such as the shape parameters («, ) and scale parame-
ters (T, Ym)- Lhe estimated parameters were then used to visualize the bivariate Pareto distribution
through a 3D surface plot, effectively illustrating the joint behavior of the two variables. The results
provided valuable insights into the dependence structure of the data, assuming independence between
the two variables. Based on these findings, we recommend conducting further validation of the model
by comparing it to alternative distributions and using larger, more diverse datasets to assess the robust-
ness of the bivariate Pareto model.
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