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Factorization in the semigroup generated by the idempotents
of the semigroup of full contractions of a finite chain

M.M. Zubairu®

Abstract

Let [n] = {1,2,...,n} be a finite chain and let CT,, be the semigroup of full contractions
on [n]. It was shown in [3] that the semigroup generated by idempotents is a regular semigroup
(denoted by (E(CT))). In this paper, we investigate factorization properties in this semigroup.
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1 Introduction

Denote [n] = {1,2,...,n} to be a finite chain and let 7,, denote the semigroup of full transformations
of [n]. A transformation « € Ty, is said to be order preserving (resp., order reversing) if (for all z, y € [n])
x < y implies za < ya (resp., xaw > yav); order decreasing if (for all x € [n]) xa < x; an isometry (i.
e., distance preserving) if (for all x,y € [n]) |za — ya| = |x — y|; a contraction if (for all z,y € [n])
lza—ya| < |x—y|. Let CT,, ={a € T, : (forallx,y € [n]) |ra —ya| < |z — y|} be the semigroup
of full contractions on [n], as such CT, is a subsemigroup of 7,,. Certain algebraic and combinatorial
properties of this semigroup (i. e., CT,, ) and some of its subsemigroups have been investigated, for
example see [[1, 2, 13]].

Let ORCT,, and OCT,, denote the subsemigroup of all order preserving or order reversing and sub-
semigroup of all order preserving full contractions of [n], respectively. These subsemigroups are both
known to be non-regular and their Green’s relations as well as starred Green’s relations have been
characterized in [J3]].

Let S be a semigroup and U be a subset of S, then U is said to generate S if every element in S is
factorizable into product of elements in U, and moreover, |U]| is said to be the rank of S (denoted by
Rank(9)) if

|U| = min{|A|: A C S and (A) = S}.

The notation (U) = S means that U generates the semigroup S. The rank properties of several
semigroups of transformations were investigated; for example, see [4} [5, 16, 7, 18, 9, [10]. Recently,
Zubairu and Aliyu in [[11]] proved that the ranks of the subsemigroups Reg(ORCT ) and E(ORCT )
are 4 and 3, respectively (where Reg(ORCT ) denotes the collection of all regular elements of ORCT ,
and E(ORCT,,) denotes the collection of all idempotent elements of ORCT ,,; Reg(ORCT ) and
E(ORCT ) were shown to be subsemigroups in [3]]). As noted in [[11]], there are several subsemigroups
of full contractions whose ranks are yet to be known, including the rank of the semigroup CT,.

It was shown in [3] that, contrary to E(ORCT,,), E(CT,) does not form a subsemigroup. How-
ever, it has been shown that the semigroup (E(C7T,,)) generated by the idempotents in CT, is a regular
subsemigroup. Thus, the need to investigate the kind of elements these idempotents generate. This
will pave way to understand the rank properties of the monoid C7 ;). For basic concepts in semigroup
theory, we refer the reader to [[12, 13} [14].

Let
<A1 Ay A
o =

ry X2 ... Tp

>€Tn(1<p<n), (1)
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then the height of o is defined and denoted as h(a) = |Im «| = p, so also, z;a™ " = A; (1 < < p) are
equivalence classes under the relation ker o = {(z,y) € [n]x[n] : za = ya}. Furthermore, we denote
the partition of [n] by the relation ker « (A1,...,Ay) by Ker o and also, fix(a) = [{z € [n] : zav =
x}|. A subset Ty, of [n] is said to be a transversal of the partition Ker v if |T,| = p, and |A; N T, | =1
(1 < i < p). A transversal T}, is said to be convex if for all z,y € T, withx < yandifx < z < y
(z € [n]), then z € T,,. A partition Ker « is said to be a convex partition if it has a convex transversal.
For an arbitrary © € R, denote [z] to be the greatest inter less or equal to . An element a in a
semigroup S is said to be an idempotent if a®> = a. We shall denote E(S) to be the set of idempotent
elements of S. We shall also denote J, = {a € (E(CT,)) : Ima| = r}, to be the collection of
elements in (E(CT,,)), whose height is exactly 7. It is well known that (E(CT,)) = J1 U... U J,.
We further introduce the following concept, which will be useful in our subsequent discussions.
In the chain [n], consider the first r elements, i.e., 1,...,7, and call them a period of length r. Then
use the remaining n — 7 elements to form a zigzag (or a jagged) structure of equal length r until the
n — r elements are exhausted. This formation is unique (since it consists of zigzags of equal periods).
If the number of periods of equal length (say ) in the formed zigzag is m, we refer to such a shape as
an m-fold shape. This number can easily be computed from the relation L:L_IJ Thus, every n-chain

has | 2=} | folds with a period length of r. For the purposes of illustration, let n = 11 and r = 3.
We can form this zigzag in the following manners: set-wise {{1,5,9},{2,4,6,8,10},{3,7,11}} or in
counting manners 1,2,3—, 3,4,5—,5,6,7—, 7,8,9—, and 9, 10, 11, which is obviously a 5-fold. We
now introduce the following definition. A convex partition Ker @ of [n] of height  is said to be an
=

following lemma:

|-fold partition if it has |2=1 | number of convex transversal. The above paragraph proves the

Lemma 1.1. The chain [n] can be decomposed into zigzag of | 2= |-folds for every period r < n and hence
there exists o € J, such that Ker o is an | =1 |-folds for every height r .

Proof. In the chain [n], we consider the first 7 elements, namely 1, ..., 7, and refer to this as a period
of length r. We then use the remaining n — 7 elements to construct a zigzag (or jagged) structure, also
of length r, until we exhaust the n — r elements. This configuration is unique, as it consists of zigzags
formed from equal periods. If the number of equal-height periods (with height 7) in the constructed
zigzag is m, we denote this shape as an m-fold shape. This number can be readily computed using

the formula | 2= |. Therefore, every n-chain contains | 2=

%J folds, each with a period height of r, as
required.

To formulate a zigzag from the chain [n], the initial point does not always have to be point 1; it
can be another point, say ¢ > 1. As such, we provide the following definition: A zigzag of period 7 is
said to be regular if its initial point is 1, and it is irregular if its initial point is any ¢ > 1. In this case,
it will have a total of [ 7= J periods, each of length r. The example in the last paragraph before the
above lemma is a regular zigzag. However, the zigzag 1,2,3—, 3,4,5,6—, 6,7,8,9—, 9,10, 11, with
period 7 = 4 and n = 11, has a total of 2 periods, each of length 4 (i.e., a 2-f01d), namely the periods
3,4,5,6 and 6,7,8,9. Notice that the lengths of the other periods are less than 4, and that the initial
point of the first period of length 4 is 3, i.e., i = 3. It is easy to verify using the formula L"_’J that
there are 2 periods, each of length 4 (i.e., a 2- fold) Now we give the following definition: An element

€ (E(CTn)) is said to be | 2= |-fold 1f Ker o has a total of | =1 | periods, each of length r, for any

initial point ¢ > 1.

Before we proceed, let’s describe the Green’s equivalences on the semigroup (E(CT,,)). Notice that
the semigroup (E(C7T,)) is a regular subsemigroup of the full transformation semigroup 7,. Therefore,
by [[12]], Prop. 2.4.2, it inherits the Green’s £ and R characterizations of the semigroup 7, but not
necessarily the D equivalence. Thus, we have the following lemma.

Lemma 1.2. Let o, 3 € (E(CT,)) then
i aRpB ifand only if Im o = Im ;
it aLp if and only if ker o = ker f5.
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2 The elements in (E(CT,,)) of height 2

It is worth noting that elements in C7, of height 2 are regular elements (see, [3]]). Moreover, they are
all idempotent generated as demonstrated in the lemma below:

Lemma 2.1. J; = {a € CT,, : |Ima| =2} = (E({a € CTy, : |Im a| = 2})). In other words, every
element of height 2 is generated by idempotents of height 2 in CT .

Ay A

X1 %)

which exists since « is regular. Now, let {Bj, B2} be a partition of [n] such that z1,t; € Bj and

x9,ts € Bo. Thus, the maps defined as 71 = ( A Ay ) and 7o = ( Bi By ) are obviously
t1  to r1 X2

idempotents in CT,,. Moreover, it is easy to see that o = 7172, as required.

Proof. Let a = < ) € CTp. Denote T, = {t1,t2} as a convex transversal of Ker a,

3 The elementsin (E(CT,)) of height n — 1

We begin this section by describing the idempotents of height n — 1 in C7, in the following lemma.

Lemma 3.1. Ife € E(J,,—1) then € is in one of the following forms:

6:<1 2 ... n—2 {n—l,n}>,6:<1 2 ... {n—-2,n} n—1>’

1 2 ... n—2 n—1 1 2 ... n—2 n—1

6:<{1,2} 3 4 ... n> 6:<2 {1,3} 4 ... n)
2 34 ... n)’ 2 3 4 ... n )’

Proof. Notice that € is an idempotent of height n — 1. It follows, by definition, that Fix (¢) =
Ime = {1,...,n — 1} or Fix (¢) = Ime = {2,...,n}. In the former case, the remaining element
n has 2 degrees of freedom to form a kernel class that admits the image set; similarly, in the latter
case, the element 1 has 2 degrees of freedom to form a kernel class that admits the image set. This
implies that either Ker e = {{1},{2},...,{n — 1,n}}, Kere = {{1},{2},...,{n — 2,n},{n}},
Kere = {{1,2},{3},...,{n}}, or Kere = {{2},{1,3},{4},...,{n}}. The result now follows
easily.

Denote the idempotents in E(J,,—1) as:

(1 2 ... n—=2 {n—1,n} (1 2 ... {n—-2,n} n—-1
T\ 12 ..on-2 n-1 )27 \12 ... n-2 an-1)
({12} 34 ... =n (2 {1,3} 4 ... n
63_( 2 34 ...n)%* 2 3 4 ... )

Then, consider the following multiplication table:

O | €1 | €| €3 | €4

€1 | €1 | €| €| €

* *
€9 €9 €9 €7 €3 b
€3 | €5 | €5 | €3 | €3

* *

where

« ({12} 3 ... n—=2 {n—-1,n} « (2 {13} 4 ... n—=2 {n—-1,n}
S\ 2 3 .. n-2 n-1 )%\ 2 3 4 .. n-2 n-1 )
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. ( {1,2} 3

e = e {n—2,n} n_1>and6§:<2 {1,3}

{n—=2,n} n-1
n—2 n—1 2 3

n—2 n—1

are all idempotents of height n — 2.
It is now clear from the above table that the idempotents in E(.J,,—1) generate idempotents in J,, 9.
These generated idempotents are all 1-folds for n > 5. Thus, we have the following lemmas.

Lemma 3.2. Forn > 4, every idempotent in E(.J,_1) is a 1-fold.

Lemma 3.3. Forn > 5, E(J,,—1) generates 1-fold idempotents in J,,_o.

3.1 1-fold elements in (E(CT,)) of height r

In this section, we investigate the structural properties of a 1-fold element in (E(CT,,)) of height r.
We begin with the following lemma.

Lemma 3.4. Lete € E(J,) besuchthatIm e = {i,i+1,...,i+r—1}(n > 4). If|{1,2,...,i—-1}] <r—1
and |{i+ri+r+1,...,n}| < r—1, then € is a 1-fold idempotent. Hence there does not exists € € E(.J,)

withIme={i,i +1,... i+ r — 1} such that € is L:}:{'J—folds with L%j > 2,

Proof. Fixi,i+1,...,i+r—1 and distribute the remaining elements {i+r,i+7r+1,...,n} to the
blocks {i},{i+1},...,{i+r — 1} maximally, so that each element is placed in at most one block in a
descending order, starting with the block {i + 7 — 1} down to {i + j} for some j > 1. This maximum
distribution can be done as follows: place i + r into {i + r — 2}, place i + 7 + 1 into {i + 7 — 3}, ...,
place n into {i + j}. Since (n — i) — (r — 1) < r — 1, we have j > 1 (note that this is not the only
way to distribute the elements so that € is a contraction; however, to maximize the number of periods
of order r, we distribute in a one-to-one fashion). Similarly, we distribute the elements in {1,2,...,7}
to the blocks, starting by placing ¢ — 1 into the block {7 + 1}, ¢ — 2 into the block {i 4+ 2}, ..., and
1 into the block {i 4+ k}. Since i — 1 < r — 1, we conclude that & < r — 1. Notice that this is a
zigzag of 1 period of order 7 and the other periods are of order less than 7. It follows that € is a 1—fold
idempotent. Hence there does not exists € € E(.J,) withIm e = {i,i41,...,i +r — 1} such that €
is at least a 2—fold idempotent. The proof is now complete.

It is worth noting that if Ime = {1,2,...,r} or Ime = {2,3,...,7 + 1} then the number of
periods depends on the height 7. For 7"%2 <r <n(n > 2),it is easy to verify that L%J =1, and
for 1 <r < 22| 2=1| > 1. Thus, to have an | 2=t | —fold of greater than 1, the length of the period
must be in the range 2 < r < ”TH (since obviously, if 7 = 1 then the number of the period is also 1
forany n). Let J = {a € J, : Ima ={1,2,...,7} or Ima = {2,3,...,r + 1}}. Therefore, we
have the following lemma.

Lemma 3.5. If 2 < r < n(n > 5). Then E(J}) generates E(J;) U E(J;_,) and every element in
E(J}_,) is a 1-fold idempotent.

Proof: Let "2 < r < n (where n > 5). It is easy to show that n — 7 < r for every 22 < r < n.

Thus, by Lemma 3.4} every element in E(J;) is a 1-fold. Now, let €1, €2 € E(J;") such that either

(12 i—1 A A, (2 {13} 4 - i Ay Apiq
“A=\11 2 i—1 i )T T e 3 4 it r+1
or

(L2} 3 4 - i Ay Arg1
DTN 2 34 i it r+1 )7
and also
€ — 1 2 1—1 Bl r € — 2 {1,3} 4 -+ 1 Bi+1 BT+1
2=\ 1 2 i—1 i fe2=\l9o 3 4 ... it1 r+1
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or

) — {1,2y 3 4 --- i By -+ Brp
2= 2 34 - G Gi41 - 41 )7

where i > 3. The blocks A; and Bj are stationary for all j, i.e., j € Aj and j € B;.
We now have different cases to consider. If

(12 sl A A (102 o ie1 B oo B,
! 1 2 - i—=1 4 - 7 2 12 - i=1 4 - 1 )’

then it is easy to see that €162 = €1 € E(J)) (note that, in this case, F'(e1€2) = F(e1)).
Now, if

(12 =1 A - A (2 {1,3} -~ i Biy1 - By
q_<12-~i—1i ~-r>aﬁq_<2 3 e i 4l e 1 )0
then

(2 {1,3) i1 A o A .
6“2_<2 3 e io1 i ... g )€U
Note that |[F(ere2)| = [{2,...,7} =r—1,1ie., [im 12| = r—1. Since "2 < r, we have %2 < r—1,
and thus €1 €3 is a 1-fold idempotent, as required.

Next, if

(12 =1 A - A ({12} 3 -~ i Biy1 - By
“_<1z-~i—1¢ ~-r>aMQ_< 2 3 v i i+l - r+1 )0
then

({12} 3 i1 A e A .
qq“( 2 3 o1 i ey ) SEUL)
It is not difficult to see that €€ is a 1-fold idempotent.

If

(2 {13} - i A - Arn (12 - i-1 B - B,
“‘(2 3 a1 g1 )= 9 o )
then

(2 {13} - i1 A o A UA, )
6162_(2 3 i1 d .- r € BE(Ji-1).

Now, if
o 2 {1,3} - i A1 - A iod e — 2 {1,3} -+ i Biy1 -+ By
! 2 3 e i1l - or41 2 2 3 i il e 1)

then €169 = €1 € E(J:)
Finally, if

<2 {13 i A Ar+1>
€1 =

2 3 o i i+l - or+1

_ (L2 3 - i B -+ Bra
29 3 o i it1l - r41 )]

then notice that F'(e1e2) = F(¢1) and €169 = €1 € E(J}}). The proof is complete.
We now note the following:

Remark 3.6. Asa consequence of the above lemma, it follows that idempotents withIm o = {1,2,...,r}
orIlma ={2,3,...,r+1} of height 7 > "2 does not generate an (i > 2)—fold idempotents of lower
height. Moreover, elements in (E(CT,,)) with Ima = {1,2,...,r} orIma = {2,3,...,r + 1} of
height "TH <r <n(n >5) are all idempotents.

58 IJMAM, Vol. 8, Issue 1 (2025) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



M.M. Zubairu (2025) Int. J. Math. Anal. &° Mod., 8(1):54-61

Now let K, = {e € (E(CT+)) : |Im €| < r}. We have the following corollary.
Corollary 3.7. Ifn > 5 and ”T“'Q <r <n. Then (J,—1) = K,.

It is now clear that there exist i-fold idempotents (i > 2) whenever r < |22 ]. Forif r < |%£2],
then n — 7 < %, and consequently, there is a tendency to have a zigzag with i periods (i > 2), each of
order r. Thus, we have the following lemma.

Lemma 3.8. Let € € E(J,) besuch that Ime = {i,i +1,...,i+r — 1} If|{1,2,...,i}| > r—1
or[{i+ri4r+1,...,n} > r— 1. Then there exists ¢ € E(J,) such that € is an | "=t | —folds with

- r—1
=) =2

Proof. LetIm e = {i,i+1,...,i+r—1}and |[n]\Im €| > r—1. Thus [n]\Im e = {i+r,i+r+
1,....n}. Now fixi,i+1,...,i+r—1. Since |[n] \ Im €| > r — 1 then we can form a zigzag with the

elements i+r,i+r+1,...,nof | I= | — periods each of order 7. Notice that if [{i+r, i4+r+1,...,n}| =
r — 1 then we can form the following zigzag {i,n},{i +1,n —1},... . {i+r—2,i+r}, {i+r—1},
which is obviously a 2 period zigzag and thus

6,:<{i,_n} {i+1,n—1} - {i+r—2i+r} {i+r—1})

7 1+ 1 1+7r—2 1+r—1

is a 2-folds idempotent. It is now obvious that if [{j + r,7 + 7+ 1,...,n}| > r — 1 then we can
get more number of periods from the formulation of the zigzag, as such the number of periods is
n—i

greater than or equal to 2, i. e., [ 7= | > 2. We can as well prove in a similar way for the case when

{i+rit+r+1,....n}>r—1
Remark 3.9. (a) For a subset {i,...,7 + i — 1} of [n] of order r, if [{1,2,...,i}| > r — 1 or

{i+mri+r+1,...,n}| >r —1, then we can find an element o« € F(CT,) whose Im o =
{i,...,r+i—1} and Ker v is an r—fold with r > 2;

(b) Forasubset {i,...,r+i—1} of [n] of order r,if both [{1,2,...,i}| >r—1and [{i+r,i+r+
1,...,n}| > r — 1, then we can find an element « € E(CT,,) whose Im oo = {i,...,r +i— 1}
and Ker « is an r—fold with r > 3.

Lemma 3.10. For every r < 12 there exists e € E(J,) such that € is an | 2= | —fold idempotent with

|2=i] > 2.
Ay Ag A,

Theorem 3.11. Every regular element oo = ( x+1 x4+2 ... z+7r

) € (E(J,)) can be express as
product of two idempotents in E(J,).

B Ay Ay ... A, _
Proof.Leta-(w+1 et mar € (E(Jy)). Denote T, = {a+1,...,a+ 7} to
be a convex transversal of Ker o with either a+¢ € A;ora+r—i+1 € A; (1 <1i <r). Notice that

Ima={x+1,...,2+r}is also convex. Thuseitherx = alorz+i=a+r—i+1)orz #a. If
x = alor z +1i = a+r—i+ 1) the result follows easily, since « will be an idempotent. Now suppose
x # a. There are two cases to consider i. e., eithera +i € Ajora+r—i+1€ A; (1 <i<r).

Ifa+i € A;. Then form a 2-fold zigzagas: {1,2,...,a+1,z+r}, {a+2, z+r—1}, {a+3, z+r—2},
coouf{r+1,a+r,...,n}. Now let

B Ay Ay ... A,
61_<a—i—1 a+2 ... a+r € E(Jr)
and let
€y — {1,2,...;a+L,z+r} {a+2,24+r—1} ... {x+1,a+r,...,n} c B(J).
T+ z+r—1 z+1
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It is now easy to see that €163 = a.
Nowifa+r—i+1¢€ A; (1 <i<r). Now form a 2-fold zigzag as: {1,2,...,z+ 1,a+ 1},
{z+2,a+r—1}{z+3,a+r—2},..,{a+1,z+7r,...,n} and let

B Ay Ao A
61_<a+r a+r—1 ... a+1 € E(Jr)
and let
({2,...,2+La+r} {z+2,a+r—-1} ... {a+1l,x+7r,...,n}
€2_< x+1 x4+ 2 T4+r € E(Jr).

Then it is now easy to see that €162 = a.

Remark 3.12. The regular (non-idempotent) elements in (E(C7,)) are generated by two idempotents
with one of them is at least 2—fold idempotent.

4 Discussions and conclusion

The research focuses on the structure and properties of the semigroup of full contractions C7, on a
finite chain [n] = {1,2,...,n}. The key points include:

e The identification of idempotent generated regular subsemigroup denoted as (E(CT,)).

* An examination of various properties associated with idempotents, including their heights and
the conditions under which they can generate other idempotents.

e A detailed exploration of zigzag structures within chains, which illuminate the periodic nature
of the elements involved and aid in understanding idempotent behavior.

e Discussion of Green’s relations and the characterization of regular versus non-regular elements
within the semigroup.

The investigation of the idempotent structure within the semigroup of full contractions CT , reveals
significant relationships between idempotents and their heights, providing insight into the underlying
algebraic framework. The findings emphasize that:

e Idempotents play a crucial role in defining the structure of C7, and contribute significantly to
the overall behavior of the semigroup.

¢ The characterization of idempotent-generated elements leads to a clearer understanding for intri-
cate interactions among elements.

e Future research should focus on exploring the ranks of various subsemigroups within C7,, as
well as deepening the understanding of idempotent properties and their practical applications in
combinatorial and algebraic contexts.

These insights pave the way for further advancements in understanding the rank of the whole structure
CT . We wrap up the paper with the following question.
QUESTION: What are the ranks of the semigroups C7,, and (E(CT,,))?
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