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efficient method for solving the Akzo Nobel problem
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Abstract

This paper presents an in-depth quantitative approach for solving two versions of the chemical
Akzo nobel problem. We developed a two-step, fifth-order, self-starting block method for its
solution using different literature based initial conditions. We made comparisons with other relevant
works in the literature albeit with due diligence ensuring the same equations and initial conditions.
Our method outperformed some recent works making it suitable for the numerical solution of
other stiff nonlinear ODE:s.
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1 Introduction

The Chemical Akzo Nobel Problem represents a significant environmental challenge associated with
the multinational corporation Akzo Nobel, a leader in paints, coatings, and specialty chemicals. Over
the years, concerns have arisen regarding contamination linked to its chemical production facilities,
particularly the persistence and transformation of hazardous pollutants [[1, 2]. Addressing these issues
requires an in-depth understanding of chemical kinetics, which governs the reaction rates, degradation
pathways, and transport of contaminants in various environmental matrices [3, 4]. Advanced kinetic
modeling can provide crucial insights into the fate of pollutants and optimize remediation strategies
(55164 [71].

One of the most notable contamination cases occurred at the Akzo Nobel Polymer Chemicals facil-
ity in Burt, New York, where the production of organic peroxides led to extensive soil and groundwater
pollution [8]. The U. S. Environmental Protection Agency (EPA) identified hazardous volatile organic
compounds (VOGC:s), such as acetone, benzene, chlorobenzene, and methylene chloride, persisting in
the environment [9, 10} {11}, [12} [13]]. Despite natural attenuation and containment measures, the long
term presence of these contaminants highlights the role of reaction kinetics, including degradation
rates, reaction mechanisms, and the influence of environmental factors such as pH, temperature, and
microbial activity [[14} 15} [16]].

Similarly, at the Akzo Nobel Chemicals facility in Delaware City, Delaware, extensive groundwater
contamination prompted regulatory intervention [[17, [18]]. The EPA proposed remediation measures,
including the establishment of a Technical Impracticability Zone and long-term monitoring [[12}, [19,
20]. However, traditional containment strategies often overlook kinetic parameters such as reaction
half-lives, catalytic degradation efficiencies, and the competitive interactions between pollutants and
remediation agents [21},22]]. Without a clear understanding of these kinetic aspects, contamination may
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persist beyond predicted timelines, necessitating more robust numerical and experimental approaches
(23] 124].

Beyond the U.S., environmental concerns extend internationally. International Paint Limited, an
Akzo Nobel subsidiary, was fined £ 650, 000 for the release of tributyltin (TBT) into the River Yealm
estuary, UK [25]]. The persistence of TBT in aquatic ecosystems underscores the importance of reaction
kinetics in heterogeneous systems, where adsorption-desorption equilibria, photodegradation rates, and
hydrolysis reactions dictate the longevity of pollutants in water bodies [26]].

To mitigate such environmental challenges, Akzo Nobel introduced initiatives like the Priority
Substance Program to phase out hazardous chemicals [[2/]]. However, reports indicate that some toxic
substances remain in its product portfolio, reinforcing the need for kinetic-based predictive models
to evaluate chemical fate and transformation [28]. Additionally, the company’s Product Stewardship
Strategy aims to manage the life cycle of its chemicals, yet effective implementation depends on a precise
understanding of reaction rate constants, activation energies, and catalytic degradation mechanisms [29].

Despite these initiatives, the Chemical Akzo Nobel Problem persists as a complex issue requiring
innovative kinetic modeling and computational approaches for effective resolution [30]. Existing regu-
latory frameworks often lack reaction-rate- based assessments, leading to underestimated contamination
persistence and ineffective remediation efforts]. This study proposes a fifth-order block hybrid method
integrating chemical kinetics with numerical simulations to enhance predictive accuracy in contamina-
tion dispersion and degradation [31]].

The Akzo Nobel problem consists of six stiff nonlinear differential equations. However, their
stiffness and nonlinearity makes them difficult to solve accurately and efficiently. This paper aims to
develop an efficient method for solving these stiff differential equations, ensuring accurate and reliable
results.

2 Methodology

A k-step first derivative block hybrid method for the solution of ordinary differential equations is [|33]],

k k
y(@) =Y ynrg + 1Y Bifuris (D
i=0 i=0
and

k k
y(@) =Y ynrj 1Y Bifatis @)
j=0 j=0

where the o, ; are unknown polynomials, Y+ ; = y(x, + jh), is an approximate solution

/

Yy ($n+j> = fn—i-j = f(xn +.7h7y(xn +]h>)

Besides, the continuous coefficients are

k k
O[]({E) = Z aj,j+1xj’ ﬂ](:l:) = Zﬁj,j+1xja for j = O) 1, T 7k -1
7=0 7=0

The following matrix equation DC' = I, is solved where I € R(#™)X(44m) is ap jdentity matrix,
D and C are real (t +m) X (t + m) matrices (¢ interpolation points 0 < ¢ < k) and m collocation

points, to obtain oj(x) and §j(x) which are the first rows of C' [132]].

2.1 First derivative block hybrid method
Let Yn = y(ﬂj‘n) and fn = f(xThyn)u Yn+i = y(anrl) = y(.’En + Zh), for Ty = Zo +Zh,Z € {]-7 %a %7 2},
h = bTTa, frovi = f(@n+i, Yn+i) = f(xn + ih,y(zy + ih)). By making the substitutiont = 1,m =5
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and the above into (1), we obtained the continuous formulation:

y(@) = ao(@)yn + 1| Bo(x) fr + P1(x) frar + Ba (@) fryya + Bs () froy s + Po(@) farz |- )

The matrix D in [32]] becomes:

2 3 4
0 1 2zp41 3z 4x,. 5%,

0 1 2 32 4q3 5zt ' *)
Tngg OTppa 204 9T,
2 3 4
0 1 21:n+% 3asn_~_g 4xn+g 5mn+%

2 3 4
0 1 2zp42 3x5,,.9 4x,,.9 5%,.9

We replaced z,, with x,,41 — h, Tppd = Tnil + %, Tpps = Tnil + %, Tp+2 = Tpt1 + h, so the

determinant of D becomes det(D) = %0 n10,

L . o
Lemma 2.1. Ler € be a small but positive real number i.e., € > 0, then h > [gigg] 10, Besides, if € is chosen

to be 2752, the step size h is greater than 0.021893, then D has nonzero pivots.

Proof. Since by assumption € > 0 then let

6400h10
729

This implies that

P10 < |:7296:| ,

6400
and
7296710
6400 |
Now, substituting € = 2752 yields

[ 729 ] o {729 x 2752

1

10
il = 0.021893.
6400 6400 ] 0.021893

Therefore, if h > 0.021893 then the determinant of D will be nonzero, ensuring the non-singularity
of D.

Now, we can find the inverse matrix C' from (#) where [ is the six by six identity matrix. The elements
on the first row of the C' matrix makes up the continuous coeflicients used to evaluate the continuous
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formulation with w = x,41 — x:

y(@) = yn + (—5411)5 — 135hw* — 110h%w3 — 30h3w? + 329h5> F

" 1200h4 "
108w® + 135hw* — 140h%w? — 270h3w? — 120h*w + 287hH°

* < 12017 )f i
—162w® — 135hw* + 270h%w3 + 270h3w? — 243h°

* < 80N )f n+g
324w + 135hw* — 540h%w3 — 270h3w? + 351A°

* < 20017 >f nt3
—27w® + 35h%w3 + 15h3w? — 23h°

+ < 60h4 )fn+2~

We evaluate the continuous scheme at w = 0, —%, —% and —h. In essence, for w = 0, using w =

Tptl — T, T = Tpy1 + 0 = x4 which is same as y(x) = y(zp+1) = Yn+1, and for w = —%, with
W= Tpi1—T,T = xn+1+% =Ty Hence, y(x) = y(wn+%) = Ypyd- Ifw= —%, -% = Tpi1—,
and * = xTpy1 + % =T, and for w = —h, withw =241 — x, * = p+1 + h = x,42. Finally,
3
Y(@) = y(Tn+2) = Ynto.
Evaluating the continuous scheme in equation (3), we obtained the schemes
329h 287h 243h 351h 23h
Ynt1 = Yn T 7500 fn + 120 frr1— wa.% + merg - 7Ofn+27 ©)
554h fp, 1024h 14h 128h 152h
Untd =Unt+ Soor fn+ anﬂ - Tf’”“% + 775fn+g - Rfmzv (6)
355h 1625h 125h 15h 125h
yn-i—% =Yn + 1296fn + 648 fn-i—l - Kf”‘f‘% + ?fn_t,_% - ﬁfn-’-?a (7)
41h 38h 27h 54h 4h
Yn+2 = Yn + ﬁfn + Efn—l—l - ﬁfn_,_% + ffn—&-% - 175fn+2. (8)

2.2 Order and Consistency of the Method.

In this section, we examined the order, error constant, zero-stability, consistency and convergence of
the block yybrid method under discussion:

1 1 0 0 0
0 1 ) 1 0 ) § O ) § 1 ) 2 O )
1 0 0 0 1
In the same vein,
r 329 7 r 287 7 o243 7 r 351 1 r_23 7
1200 120 80 200 60
554 1024 4 128 152
2025 405 5 75 405
60: 761: 7B§: 7/6§: 762:
355 1625 3 _ 125 3 15 _ 125
1296 648 48 8 324
41 38 _27 54 _4
L 150 4 L 15 A L 10 L 25 4 L 15 A
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In order to obtain the error constant and order of the new schemes, we substituted the vectors in:

Cozao+a1+a%+a%+a2:0,

A\1! 5\
Cy = |:041 + () s+ () as + 210@]
3 3 3 3

- {504-514-5;14-5?4—52} =0,

1 4\? 4\? )
Co=gylont (5) g+ () oz 2%
4

=gl () o+ () e

- % [51 + <§)25§ + <2)253 + 22/32] =
s yfore (3 o () 20

-2 [51 ¥ <§)3,6§ T <§>3ﬁg +2352] =0,
=gl () o+ () e

- % [ﬁl + (;)4@ + <§>463 + 2462] =0,
Cg = 61'[051 + (g 6a§ + <§>6ag + 26a2:|

Thus,
Co=C1=Cy=C3=Cy=C5=0and Cs #0.

Hence, since Cj is non-zero, this indicates that the error constant of the System is:

— 49 -
12600

368
164025
Error Constant = Cg = )

475
209952

L
L 450 -

The order and error constants for the constructed block hybrid methods are presented in Table
It is clear from the table that the members of the block hybrid method without a second-derivative
evaluation are all of order five.

2.3 Order Of Convergence

We examine the order of convergence of the newly derived block hybrid method. We begin by showing
this well known definition of Lipschitz condition which will be used shortly.
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Table 1: The table below shows the error constants of the new discrete schemes.

Vi Order Error Constant Cg£0

Yns1 5 | 2.268518518518519 x 1073

Y4 2.243560432860844 x 1073
3

5
Una 3 5 2.262421886907484 x 1073
5 2.222222222222222 x 1073

Yn+2

Definition 2.2. A function f(x,y) satisfies the lipschitz condition on a domain D C R?, if there exists a
constant L > O such that:

| flzy) = floy") [S Ly —y"|,

forall (x,y), (z,y*) € D.

In the same vein, we define the convergence as used above.

Definition 2.3. A LMM is said to be convergent if, for all initial value problems subject to the above Lipschitz
condition:

for all solutions {y,} of the method.
Assuming the exact solution of 4,11 is:

320 fy | 28Thfusr 243N f, 1 4 N 3510 fnis  23hfays 2 166 4 R
1200 120 80 200 60 ' 12600 ’

y:L-s-l = ?J:; +

where Rg is the remainder term. Let the exact solution of ¥, 2 be

f oy 41hfn | 38hfpy1 2Thfn s n s Al fngo i Y “©)(¢,) + R
Ynt2 = Yn T 5 15 10 25 15 450 Y s T AT

and so on and so forth. After subtracting ¥, 1 from y; |, we obtained

*

y;l+1 — Yn+l = Yp + [

320hf,  28Thfary  243hfuis N 351hfnis 23R fuio
1200 120 80 200 60

o [329hfn | 28Thfny 23y S5WMDnig 23hfs
" 1200 120 80 200 60
49
= RSO (g, )
+ 126007 ¥ (&n) + R7

Expanding the above,
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Yni1 = Yntl = Yn — YUn

+—{§%%[f($n’yi>“f(wn’y”ﬂ

% [f(@ns1,9m41) = flan+ 1, yn41)]
P IR
b 3o s) — gty )
O avi) — Fam + 2. 100)]
+—I§§%6h5y*“”(£n)4-1?%

Let d,, = y;‘; — y"’dnJr% = y;kH-é
3
both sides, using the triangular inequality and imposing appropriate Lipschitz conditions yields

— Ypidsdnt1 = Ypiq — Ynt1 etc. Taking the absolute values of
3

329 287h 243h 351h
3h 49h8
50 Lldntzl + 505 1vm = ynl-

12600

This simplifies to:

287h 329N 243h 351h 23h
1= ) Pl | < (1= 2220 (g |+ | d S L s |+ | d
< 120 > [t = < 1200 ) o | + [y 1+ [ nig [+ L [ dnea |

49p5

7
s | U6 | O,

_|_

As h — 0, with the exception of | d,,| every other term on the right hand side tends to zero while on
the left hand side, we are left with | d,,41 | and by the definition of convergence,

lim 1= * .
B0 Yn+ Yn+1

Subtract yp, 12 from y;, , 5 to obtain

. B ﬁ%4Mh+3%ﬁﬂ_2mﬂ%%fmmwg_Mﬁﬁ
Ynt2 = Ynt2 =Y T TR 15 10 25 15
o [Mhfe 38hfan 2Thary | S4MSurg dhfi
In 150 15 10 25 15
447h6 *©)(¢,) + Ry
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Expanding the above,

In the same vein,

y;+2 — Ynt+2 = y;: —Yn

41 .
+ Tm[f(xmyn) - f(l'myn)]
38 .
T [f(@ns1,yni1) = F(@ng1s Yns1)]
27h .
10 f(xn-t,-%?ynJr%) - f($n+%, yn+§)
54h .
T5[f(xn+§’yn+g) - f(anrg’ynJr%)]
4h .
BT [f(@ny2, ynia) = f(Tni2, Yni2)]
6
+ fmy % (&) + Rr.

27h 54h
150

38h
dn+2s(+L)|dn|+ Ll dnir | 42000 s |42 | d s |

4h hS
Ll dniz | + 5

The above expression reduces to

4 41
<1_hL> |dpt2 |< <1—hL)|dn| ﬁL|dn+1| 7(:LL|dn+§|

15 150

54h h6

7

Ash =0, | dny2 |<| dp |and ¥} o —y5, = Yns2—Yn is satisfied. The convergence of 3/, 2 is established
in agreement with [23]. In the same vain, it can be shown that the other y,,1;’s fori € {%, %} converge.
Hence, we have shown that the new block hybrid method is convergent. The remainder term Rg which

is

Rpy1 = CprohPP2y 02 (€) = o(h7).

Hence, the order of convergence of the new method is p + 2 which is seven.

2.4 Region of absolute stability.

Generally, in designing a new numerical method, it is very important to consider the stability properties

of the methods.

We plotted the region of absolute stability of the new method using the stability

polynomial. To get the stability polynomial which we used in plotting the region of absolute stability
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of the new method in this paper, we reformulate the block hybrid methods in linear multistep form as

1 0 0 O Yn+1 0 0 01 Yn—1
01 00 Ynsd | _ 00 01 Yn—9
0010 Ypys - 00 0 1 Yn—3
3
00 01 Ynt2 00 01 Un
- 287 243 351 23 7 [
1024 14 128 152
05 5 75 405 Frts
_l’_
1625 125 15 125 fos
4683 48 8 324 n+32
38 _2r 54 _ 4
L 15 0 25 15 4 | fare
[0 0 0 7555 ][ fa1 ]
000 2 Fr—2
_l’_
000 222 fa_3
(000 & || fo |

We also used the following to explain the zero stability of the new method, whereas the matrices

are
1 0 0 O 00 01
01 0 O 0 0 0 1
A= 001 0}’ B = 00 0 1]’
0 0 01 0 0 0 1
- 287 243 351 23 - - 329 -
120 T80 200 60 0 0 0 1355
1024 14 128 152 554
205 5 75 o5 00 0 o595
F = s J:
1625 125 15 125 355
a8 T8 8 324 00 0 13596
38 27 54 4 41
L 5~ 2 15 A L0 00 75 |
The matrices above are used to find the determinant
p(w, z) = det|[Aw — B — Jz — Fzw],
where i/ = Ay, z = Mh is the usual test equation, w = ¢ = —1 and § € [0, 7]. This results in the

following stability polynomial

(20wt = 2w?)2* + (—(114w?) — 24w?)z3 + (357w — 141w?) 22
540
N (—(648w*) — 432w3)z + 540w* — 540w3
540 ‘

det(Aw—B—Jz—sz)

The above polynomial which is the stability polynomial is used to plot the region of absolute stability
using octave and the result is shown in Figure [I| which is A-stable.
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Re(2)

Figure 1: Region of absolute stability of the method.

To describe the zero stability of the method, we find the zeros of
det[rA — Bl =7t — 3 = r3(r — 1).

Hence, the roots are = 0 (thrice) and r = 1 (simple). Therefore, our method is zero stable, consistent
and convergent by definition [34]].

3 Numerical simulations and discussion

In this section, we compared the performances of the new block hybrid method with the pre-existing
hybrid methods. Throughout this section, all the results are self explanatory.

Example 3.1. Kaps Problem This is a well known problem and we are using it to test our method
since it has an exact solution. The differential equations are y; = —1002y; () + 1000y3(z), and

yo = y1(x) — y2(x)? — yo(x) satisfying y1(0) = 1, and 2(0) = 1. For h = 0.1, we compared our
solution’32| with those in the literature.

The results of our method applied on this problem is presented in Tables[2]and[3| In comparison to
the works of Yakubu et al. [35], as shown in Table it is a no brainer that our method outperformed
their’s as depicted in columns three and seven. Furthermore, a closer look at the same table showed
that the new method gave a smaller error by a factor of respectively 0.9723, 0.9277, 0.9725, 0.8070
when compared with column four in an earlier work by the first author [36]. Lastly, from Table[3] the
error of our method is smaller when compared to those of [38] and [39] in absolute value sense.

Example 3.2. Chemical AKZO Nobel Problem

The Chemical AKZO problem arose from the AKZO Nobel Central Research in Arnhem, Holland
[37]]. The problem describes a chemical process, in which two species, FBL and ZUL, are mixed, while
Carbon (IV) Oxide is continuously added. The resulting species of importance is ZAL. The names

8825The exact solution is y1 (z) = exp(—2x) and y2(z) = exp(—z).
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Table 2: Absolute error of the Kaps problem when compared with the exact solution.

x Y Absolute Error

5 | y1 | 4.7063607470752025x10~97
Yo | 4.8980745824718508x10~%8
10 | o1 | 2.1367340022195365x 101!
Yo | 3.2449617970962963x 10710
20 | 41 | 4.4043129134540812x10~%°
yo | 1.4300959134127165x10~14
30 | 31 | 9.0783278425106747 x 10~
Yo | 6.2969962352740103x 10719
40 | 4 | 1.8712575128713415x10%7
yo | 2.7700163840899019x 1023
50 | y1 | 3.8571031302102944 <106
yo | 1.2172633338013624x10~%7

Table 3: Absolute error of the Kaps problem solved using our method when compared with some
results in the literature. NA means Not Available.

Yakubu et al. | Akinola et al. | 3POBBDEF(5) Error in
|y [35] [36]] [38]] [39] New Method
5 |y | 1.22x 1079 | 4.84 x 10797 NA NA 4.70 x 10797
yo | 1.29 x 1079 | 5.28 x 10798 NA NA 4.89 x 10798
50 [ 1 | 3.32x107% [ 3.96 x 107 | 7.38x107%* | 7.14x1072! | 3.85 x 10~%6
y1 | 9.88 x 107%% | 1.50 x 10727 | 4.83x1072° | 3.34x10719 | 1.21 x 10727

of the reactants are dummy ’variables’ due to the commercial competition in this field. The chemical
reactions are as listed below,

1
2FBL + SCOy Ky FBLT + H,O

k2

ZAL+FBL\—£——FBLT+ZUH

ko

FBL +2ZUH + COy **5 BL + nitrate
1

FBL.ZUH + ;COy ki 7AL + H,0

FBL+ ZUH = FBLT.ZUH,

FBL.ZUH
[E’BLHZUHJ] = 115.83 is an equilibrium constant and brackets refers to concentrations.

The relation between mathematical and chemical formulation is y1 = [F'BL]|,y2 = [CO2],y3 =
[FBLT),ys = [ZUH],ys = [ZAL] and ys = [FBL.ZU H]. The velocities of the system of chemical

where K, =

41 IJMAM, Vol. 8, Issue 1 (2025) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



R.O. Akinola et al. (2025) Int. J. Math. Anal. &° Mod., 8(1):31-53

equations are given by:

r = kyivie,

ro = kayzya,
ko

r3 = Ey?)yf)v

ry = k3y1y3,

s = k4y§\/?£7
o p(O2)
an = k1A< H y2)7

where ki = 18.7, ko = 0.58, k3 = 0.009, ks = 0.42, klA = 3.3, H = 737, K = 34.4 and p(O3) = 0.9.

The mathematical model is stiff and consists of six non-linear system of ordinary differential equations:

Yy = —2r1 + 19 — 13 — T4y (10)
Yo = —%7’1 — Ty — %’I“g, + Fin, (11)
Y3 =11 — T2 + 73, (12)
Yy = —ro + 13 — 21y, (13)
Ys =19 — T3+ 715, (14)
Y6 = Ksy19296, (15)

satisfying the initial conditions

[yl (0)7 Y2 (O)a y3(0)7 y4(0)7 Ys (O)a y6(0)}T = [0447 0.00123, O, OOO?a Oa O]TmO]'/liter'

In this paper, we present two different versions of the chemical AKZO nobel problem; which
consists of six nonlinear ordinary differential equations found in the literature. While the first five
differential equations in the two versions are the same, the only marked difference is in the last. The
first version has yi; = K12y, as the last equation while the second has y; = —k4y§\/y3 = —r5 [40].

In solving the first version of the problem, we used three different initial conditions:
[0.44,0.00123, 0, 0.007, 0, 0] as in [37], which proved to be unrealistic, [0.44,0.00123,0, 0,0, 0.007]”
as in [37]], and [0.44,0.00123, 0,0, 0, 0.36]7". These two scenarios are presented in Sections and
respectively.

We considered the following initial conditions while solving the second version of the problem
albeit [0.44,0.00123,0,0,0,0.36]7 as in [37] and [0.437,0.00123,0,0,0,0.367]7 as used in [40] and
[39]. Computational results are discussed and presented with these initial conditions in Sections [3.3]
and[3.4] Finally, we used odel5s as the exact solution and compared our errors at ¢t = 180 with those
of [39] in absolute value sense. Our results outperformed those of [39] which confirms the reliability
of our newly developed method for the solution of stiff IVPs.

Furthermore, because the solution of y4 in Amat et al.’s [37]] paper depicts an initial value of
ys4 = 0.007 and the trajectory of the solutions showed that they used y§ = —r5 as the last equation.
This is what informs the choice of [0.437,0.00123,0,0.007,0,0.367]7 as initial conditions and our

discussion in Section [3.5| with corresponding tables of comparison made.

3.1 Solution of the Chemical AKZO nobel problem with [0.44,0.00123,0,0,0,0.007]"

as initial conditions

According to Amat et al. [37]], initially, 0.44 of FBL were mixed with 0.007 of ZUH, but in the course

of our numerical computation, it was discovered that with the above initial values the concentration
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Table 4: Solution of the AKZO NOBEL problem at ¢ = 180 minutes using the new method.

yi | Amat et al [37] | New method | New method | New method
h=0.1 h =0.01 h = 0.001
Y1 0.11493515 0.11426732 | 0.11426841 | 0.11426843
Y2 0.00118672 0.00109041 0.00109036 0.00109037
Y3 0.16486622 0.16304979 | 0.16304932 | 0.16304932
Y4 0.00331426 0.00036691 | 0.00036707 | 0.00036707
U5 0.16571073 0.02374728 | 0.02375735 | 0.02375751
Y6 0.19396618 0.23466433 | 0.23471397 | 0.23471475
3 g'ogg " S 0.001
E 0:02% —— y, ode15s E 88882 Y2
= 0.2 *; 0.0004 —— yp 0de15s
= 0.15 < 0.0002
0.1 0
0 50 100 150 0 50 100 150
Time (min) Time (min)
_ 0.2 _ 0.0004
3 0.15 3 0.0003 Ve
E 0.1 ¥ E 0.0002 —— y,0de15s
5 0.05 T ¥s0de1Ss | %5 0.0001
0 0
0 50 100 150 0 50 100 150
Time (min) Time (min)
_ 0.025 _ 025
S 0.02 3 0.2
€ 0.015 ¥s € 0.15 Yo
= 0.01 — ys ode15s = 0.1 — yg 0de15s
5 0.005 % 0.05
0 0
0 50 100 150 0 50 100 150
Time (min) Time (min)

Figure 2: AKZO nobel problem for h = 0.1 using the new method on the interval ¢ € [0, 180].

of FBL.ZUH was zero for all values of ¢ which is impossible. This is what informs the use of the
following initial conditions:

[1(0), 12(0), y3(0), 4(0), y5(0), y6(0)]1 = [0.44,0.00123,0, 0,0, 0.007] " mo1/1iter.

Table (4 shows a comparison of our numerical results with those of Amat et al [37] at ¢ = 180. In
addition to this, we compared our results with the stiff solver ode15s and these are presented in Figure

Plfor h = 0.1 and Figure[d|for h = 0.01. In Figures[3} [5|and[6], we showed a comparison of our method
with odel5s on the interval [0, 5], for h = 0.1,h = 0.01 and h = 0.001 respectively and our results
showed greater promise.

3.2 Solution of the Chemical AKZO nobel problem with
y(0) = [0.44,0.00123,0,0,0,0.36]7 as initial conditions.

The main aim in this section is to present numerical solution of the chemical AKZO problem, compare
our solution to those of odel5s and show some plots of our solution albeit with the initial values
y(0) = [0.44,0.00123,0,0,0,0.36]7 instead of y(0) = [0.44,0.00123,0,0,0,0.007]7 which was used
in the last section.

Table shows that our method performed at par with those of ode15s and FiguresIZI, andl?lfurther
illustrates the strength of the method on the intervals 0 < ¢ < 180 and 0 <t < 5.
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Figure 3: AKZO Nobel problem for h = 0.1 using the new method on the interval 0 < ¢ < 5.
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Figure 4: AKZO Nobel problem for h = 0.01 using the new method on the interval 0 < ¢ < 180.
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Figure 5: AKZO Nobel problem for h = 0.01 using the new method on the interval 0 <t < 5.
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Figure 6: AKZO Nobel problem for h = 0.001 using the new method on the interval 0 < ¢ < 5.

Table 5: Solution of the AKZO NOBEL problem at ¢ = 180 minutes using the new method.

Yi odel5s New method | New method | New method
h=0.1 h =0.01 h =0.001
y1 | 0.13030558 | 0.13047147 | 0.13047551 | 0.13047561
yo | 0.00012367 | 0.00012396 | 0.00012394 | 0.00012394
y3 | 0.16504885 | 0.16498573 | 0.16498455 | 0.16498452
yq | 0.02037300 | 0.02041253 | 0.02041420 | 0.02041424
ys | 0.93651090 | 0.93707492 | 0.93711326 | 0.93711417
ye | 1.23971159 | 1.23929545 | 1.23933452 | 1.23933546
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Figure 7: AKZO Nobel problem for h = 0.1 using the new first derivative block hybrid method.
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Figure 8: AKZO Nobel problem for h = 0.001 using the new method.
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Figure 9: AKZO Nobel problem for h = 0.001 using the new method.
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Table 6: Solution of the AKZO NOBEL problem at ¢ = 180 minutes using the new method.

yi | Amat et al [37] | New method | New method | New method
h=0.1 h =0.01 h =0.001
y1 | 0.11493515 0.11616715 | 0.11616793 | 0.11616795
y2 | 0.00118672 0.00112122 | 0.00112122 | 0.00112122
ys | 0.16486622 0.16355394 | 0.16355355 | 0.16355354
ye | 0.00331426 0.00327360 | 0.00327358 | 0.00327358
ys | 0.16571073 0.15996171 | 0.15995924 | 0.15995919
ye | 0.19396618 0.19676181 | 0.19676430 | 0.19676435

3.3 Solution of the AKZO nobel problem when the last differential equation is y5; = —r;5
and [0.44,0.00123, 0,0, 0, 0.36]7 [37] as initial conditions

In this section, we replace the last equation of (I0) with yi; = —r5 in line with [40] and [39].

/

Yy = —2r1 +1r9 — 13 — T4,

Ys = *%7’1*7“4*%T5+Fm,

Yz =11 — T2 + 73,

Yy = —T2 + 13 — 21y,

Y5 =12 — 713+ 75,

Y6 = 75, (16)

we used the following initial conditions y(0) = [0.44,0.00123,0,0,0,0.36]7 in line with [37]. The
results are as shown in Table [f|and Figures[I0} [11} and[I2] For all the six concentration variables y; to
Y6, the solutions obtained using the new method closely match those of the odel5s solver. The close
allignment between the curve from the new method and the odel5s results indicates that our method
accurately replicates the solution provided by the well established odel5s solver. This suggests that our
method is effective and reliable. Figure captured the behaviour of the concentration y2(t) over time
with high precision.

3.4 Solution of the AKZO Nobel Problem when the last differential equation is y§ = —7r;
and [0.437,0.00123, 0,0, 0,0.367]7 [4Q] as initial conditions.

The focus in this last section is to solve the same version of the AKZO nobel problem as in the
last section, but with a different initial condition albeit [0.437,0.00123,0,0,0,0.367]7 [4Q] instead
of [0.44,0.00123,0,0,0,0.36]7 as initial conditions. It appears that the little approximations in the
first and sixth components of the initial conditions will make no difference, but this is proved wrong
as shown in Table [7] versus Table [6l

Besides, we compared the absolute errors of our method with those of [39], Table |[8| shows the
superior accuracy of our method than theirs. Table[9]shows the CPU times for different step sizes for
our method in seconds and in minutes.

3.5 Solution of the AKZO Nobel Problem when the last differential equation is y; = —7;
and [0.437,0.00123, 0, 0.007, 0, 0.367]" [37] as initial conditions.

The main point in this section is to correctly use the right initial conditions in Amat et al’s [37]] paper
and compare the results accordingly. Results of the solution of the chemical Akzo nobel problem with
the above initial conditions as well as comparison with [37] is shown in Table We could not make
the same comparison in Sections [3.1] and [3.2] as in this section because of the non-consistent initial
conditions as well as the difference in the last differential equation. The table shows the superiority and
reliability of our method.
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Figure 10: Solution of the chemical AKZO nobel problem with step size h = 0.1.

Table 7: Comparison of the solution of the AKZO NOBEL problem at ¢ = 180 with ode15s.

Yi odelbs New method | New method | New method
h=0.1 h =0.01 h = 0.001
y1 | 0.1161498551 | 0.11618018 | 0.11618117 | 0.11618119
yo | 0.0011194263 | 0.00111944 | 0.00111944 | 0.00111944
ys | 0.1621245886 | 0.16211103 | 0.16211053 | 0.16211052
y4 | 0.0033974720 | 0.00340069 | 0.00340066 | 0.00340066
ys | 0.1646260981 | 0.16464670 | 0.16464367 | 0.16464362
ye | 0.1989733082 | 0.19894949 | 0.19895255 | 0.19895260

Table 8: Comparison of the solution of the AKZO NOBEL problem at t = 180 with [39].

Yi

Absolute Error in [39]]

Max absolute Error of our method

Y
Y2
Y3
Y4
Ys
Ye

1.16162x 1079t
1.11941x10793
1.62125%x 10791
3.39591x10793
1.64618x 10791
1.98954x 1001

3.13348x107%
1.36607 %1098
1.40686x1079°
3.21790x 10~
2.06018x10~%
2.38189x10~%
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Figure 11: Solution of the chemical AKZO nobel problem with step size of h = 0.01.

Table 9: CPU time of the solution of the AKZO NOBEL problem for different step sizes.

CPU time

In seconds
In Minutes

h=0.1
10.1818
1.6969

h =0.01
152.1100
2.5351

h =0.001
1816.8000
3.0280

Table 10: Comparison of the solution of the AKZO NOBEL problem at ¢ = 180 with [37]].

Yi

Absolute Error
in [37]]

Absolute Error
for h =0.1

Absolute Error
for h =0.01

Absolute Error
for h = 0.001

U
Y2
Y3
Ya
Ys
Ye

1.82735x10"%
6.59639x10~%
4.98924x10793
1.97534x10~%
8.69132x107%4
2.93284x10793

6.06282x10~%
5.39241x10798
2.93681x10~%
1.88430x 10796
1.03376x1079°
8.43813x1076

5.98382x10~%
4.39241x10798
2.89681x10~9°
1.90430x 10796
7.86765x10796
5.95813x 109

5.98182x10~%
4.39241x10798
2.89581x10~9°
1.90430x 10796
7.80765x10~96
5.89813x 106
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Figure 12: AKZO Nobel problem for & = 0.001 using the new method.
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Figure 13: AKZO Nobel problem for h = 0.001 using the method. The z-axis represents time in

minutes, ranging from zero to five minutes.
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4 Discussions and conclusion

In this paper, we have carefully discussed and analyzed the numerical solution of two versions of the
chemical Akzo nobel problem using a two-step, self starting block hybrid method which is zero stable,
consistent, convergent and A-stable. After comparing the results with the well known stiff solver
ode15s, which we used as the exact solution, we discovered that our method gave the minimum absolute
error than those of [39]] and [37] using the same initial conditions. Therefore, we recommend the new
method for the solution of other stiff ODEs because of its improved accuracy.

Acknowledgement

The authors acknowledge financial support from the Tertiary Education Fund (TETfund) and the
Office of Research and Development (ORD) of the University of Jos.

References

[1] Schwarzenbach, R. P., Gschwend, P. M., and Imboden, D. M. (2016). Environmental Organic
Chemistry (3rd ed.). Wiley.

[2] Brusseau, M. L., and Artiola, J. F. (2019). Chemical contaminants. Environmental and Pollution
Science, 175-190. doi:10.1016/b978-0-12-814719-1.00012-4.

[3] Dunnivant, F. M., and Anders, E. (2006). A basic introduction to pollutant fate and transport:
An integrated approach. John Wiley and Sons.

[4] Logan, B. E. (2012). Environmental Transport Processes. Wiley.

[5] Carrera, J., Saaltink, M. W., Soler-Sagarra, J., Wang, J., and Valhondo, C. (2022). Reactive trans-
port: A review of basic concepts with emphasis on biochemical processes. Energies, 15(3), 925.

https://doi.org/10.3390/en15030925 .
[6] Rasheed, T., Bilal, M., Nabeel, F., Adeel, M., and Igbal, H. M. N. (n.d.). Environmentally-

related contaminants of high concern: Potential sources and analytical modalities for
detection, quantification, and treatment. Chemosphere. Advance online publication.

https://doi.org/10.1016 /j.chemosphere.2022.137056.
[7] Pinto da Costa, J., Avellan, A., Mouneyrac, C., Duarte, A., and Rocha-Santos,

T. (2022). Plastic additives and microplastics as emerging contaminants:  Mecha-

nisms and analytical assessment. TrAC Trends in Analytical Chemistry, 157, 116898.
https://doi.org/10.1016 /j.trac.2022.116898.

[8] Taylor, K. M. (2012). The chemical oxidation of polycyclic aromatic hydrocarbons at a former
manufactured gas plant in Bay Shore, New York (Master’s thesis, Stony Brook University). Stony
Brook University Libraries.

[9] Yadav, R., and Pandey, P. (2018). Volatile organic compounds (VOC:s) as environmental pollu-

tants: Fate and distribution. International Journal of Plant and Environment, 4(2), 14-26.

[10] US. EPA. (2024). Record of Decision: Akzo Nobel Chemicals, Inc. Site. Region 2, U.S. Envi-

ronmental Protection Agency.
[11] Alexander, M. (1999). Biodegradation and Bioremediation (2nd ed.). Academic Press.

[12] EPA. (2017). Akzo Nobel Delaware City Groundwater Contamination Site Update. Retrieved
from https:/ /www.epa.gov/superfund/akzonobel-delaware

51 IJMAM, Vol. 8, Issue 1 (2025) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



R.O. Akinola et al. (2025) Int. J. Math. Anal. &° Mod., 8(1):31-53

[13] U. S. Environmental Protection Agency. (2017). Technical Impracticability Waiver Fact Sheet —
Akzo Nobel Site, Delaware City, DE. Region 3 Superfund Program.

[14] Azadpour-Keeley, A., Russell, H. H., and Sewell, G. W. (1999). Microbial processes affecting
monitored natural attenuation of contaminants in the subsurface. U.S. Environmental Protection
Agency. Retrieved from https://clu-in.org .

[15] Essaid, H. L., Bekins, B. A., and Cozzarelli, I. M. (2015). Organic contaminant transport and fate
in the subsurface: Evolution of knowledge and understanding. Water Resources Research, 51(5),

3210-3229. hutps://doi.org/10.1002,/2015WR017121 .

[16] Ottosen, C. F., Bjerg, P. L., Kiimmel, S., Richnow, H. H., and others. (2024). Natural atten-
uation of sulfonamides and metabolites in contaminated groundwater—Review, advantages and
challenges of current documentation techniques. Water Research. Elsevier.

[17] Kauffman Jr., G. J. (2014). Governance, policy, and economics of clean water in the Delaware
River Basin. ProQuest.

[18] Marine, I. (2022). The role of finance in addressing marine chemical pollution. Back to Blue
Initiative. Retrieved from https://backtoblueinitiative.com

[19] Durant, N. D., Myers, V. B., and Eccles, L. A. (1993). EPA’s approach to vadose zone monitoring
at RCRA facilities. Journal of Environmental Monitoring and Remediation, 14(4), 225-234.
Wiley Online Library.

[20] Tarr, J. M. (2014). Should the United States Environmental Protection Agency’s policy on the

technical impracticability waivers be changed? ProQuest.

[21] Fenner, K., Elsner, M., Lueders, T., McLachlan, M. S., and others. (2021). Methodological ad-
vances to study contaminant biotransformation: New prospects for understanding and reducing
environmental persistence. Environmental Science and Technology, 55(24), 16137-16149

[22] Padhye, L. P., Srivastava, P., Jasemizad, T., Bolan, S., Hou, D., Shaheen, S. M., Rinklebe, J.,
O’Connor, D., Lamb, D., Wang, H., Siddique, K. H. M., and Bolan, N. (2023). Contaminant

containment for sustainable remediation of persistent contaminants in soil and groundwater. Jour-

nal of Hazardous Materials, 453, 131491.

[23] de Oliveira, L. P., and Hudebine, D. (2016). A review of kinetic modeling methodologies for
complex processes. Oil and Gas Science and Technology, 71(6), 37. IFP Energies Nouvelles.

[24] Essaid, H. I, Bekins, B. A., and Cozzarelli, I. M. (2015). Organic contaminant transport and fate
in the subsurface: Evolution of knowledge and understanding. Water Resources Research, 51(5),

3210-3229. Wiley Online Library. https://doi.org/10.1002/2015WR017121

[25] BBC News. (2017). Paint company fined £650,000 for polluting River Yealm. Retrieved from
https://www.bbc.com/news/uk-england-devon-40842694 .

[26] Fang, L., Xu, C., Li, ]., Borggaard, O. K., and Wang, D. (2017). The importance of environmen-
tal factors and matrices in the adsorption, desorption, and toxicity of butyltins: A review. Envi-
ronmental Science and Pollution Research, 24(9), 9159-9173. https://doi.org/10.1007 /s11356-
017-8597-7.

[27] Lundstrom, M., and Wulandari, D. (2018). Corporate textile chemical management: How to
avoid problem shifting. Master’s thesis, Chalmers University of Technology. Retrieved from
https://odr.chalmers.se

52 IJMAM, Vol. 8, Issue 1 (2025) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



R.O. Akinola et al. (2025) Int. J. Math. Anal. &° Mod., 8(1):31-53

[28] Li, Z. (2023). Modeling environmental fate, transport, and transformation of pesticides: First-
order kinetic models for regional and global applications. Reviews of Environmental Contamina-

tion and Toxicology, 259, 1-23. Springer. https://doi.org/10.1007 /978-3-030-79679-3 1

[29] Weber, A. S., and Vieth, B. (2001). Contaminant fate modeling: limitations and opportunities
for improved accuracy. Environmental Progress, 20(3), 175-181.

[30] Sivashankar, M., Sabarinathan, S., Khan, H., and [Other Authors]. (2024). Stability and compu-
tational results for chemical kinetics reactions in enzyme. Mathematical Chemistry, 34(2), 123-

145.

[31] Akinyemi, M. L., and Bamigboye, A. I. (2023). Numerical analysis of fifth-order block hy-
brid methods for stiff kinetic systems. Journal of Computational and Applied Mathematics, 426,
115024.

[32] OnumanyiP., AwoyemiD. O., Jator S. N.& Sirisena U. W. (1994). “New linear multistep meth-
ods with continuous coefficients for first order initial value problems”, Journal of Nigerian Math-
ematics Society 37. https: //www.scirp.org/reference/referencespapers?referenceid=2699834.

[33] Lambert, J. D. (1991). Numerical methods for ordinary differential systems: The initial value
problem. Wiley.

[34] Henrici, P. (1962). Discrete Variable Methods in Ordinary Differential Equations. Wiley,
New York.

[35] Yakubu D. G., Shokri A., Kumleng G. M. & Marian D. (2022). Second deriva- tive block
hybrid methods for the the numerical integration of differ- ential systems, Fractal Fract. 6

https://doi.org/10.3390/ fractalfract6070386.

[36] Akinola R. O., Omole E. O., Sunday J., Kutchin S. Y. (2025). A ninth-order first derivative
method for numerical integration. J. Nig. Soc. Phys. Sci. 7, 2028.

[37] Amat S., Legaz J. M. and Ruiz-Alvarez J. (2019). On a Variational Method for Stiff
Differential Equations Arising from Chemistry Kinetics. MDPI Mathematics, 7, 459;
d0i:10.3390/math7050459.

[38] Soomro H., Zainuddin N., Daud H, Sunday J., Jamaludin N., Abdullah A., Mulono A., Kadir
E. A. (2023). 3-Point block backward differentiation formula with an off-step point for the
solutions of stiff chemical reaction problems. Journal of Mathematical Chemistry. 61:75-97

https://doi.org/10.1007 /s10910-022-01402-2.

[39] Khalsaraei N. M., Shokri A., and Molayi M. (2020). The new class of multistep multiderivative
hybrid meth- ods for the numerical solution of chemical stiff systems of first order IVPs. J. Math.
Chem. 58(9):1987-2012.

[40] Lioen, W.M. and De Swart, J.J.B. (1998). Test set for initial value problem solvers, Modelling,
Analysis and Simulation (MAS), MAS-R9832.

53 IJMAM, Vol. 8, Issue 1 (2025) cNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



	Introduction
	Methodology
	First derivative block hybrid method
	 Order and Consistency of the Method.
	Order Of Convergence
	Region of absolute stability.

	Numerical simulations and discussion
	Solution of the Chemical AKZO nobel problem with [0.44, 0.00123, 0, 0, 0, 0.007]T as initial conditions
	Solution of the Chemical AKZO nobel problem with  y(0)=[0.44, 0.00123, 0, 0, 0, 0.36]T as initial conditions.
	Solution of the AKZO nobel problem when the last differential equation is y'6=-r5 and [0.44, 0.00123, 0, 0, 0, 0.36]T amat as initial conditions
	Solution of the AKZO Nobel Problem when the last differential equation is y'6=-r5 and [0.437, 0.00123, 0, 0, 0, 0.367]T problems as initial conditions.
	Solution of the AKZO Nobel Problem when the last differential equation is y'6=-r5 and [0.437, 0.00123, 0, 0.007, 0, 0.367]T amat as initial conditions.

	Discussions and conclusion

