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Abstract

The major short coming associated with the use of antibiotics to combat anthrax in a
population under the siege of its attack, is the emergence and transmission of anthrax that
are resistant to these drugs. Consequently, our focus in this work is the formulation of a
new deterministic treatment model which incorporates a wild (drug-sensitive) and drug-
resistant strain for gaining insight into the dynamical features of the two strains of anthrax,
with a view to determining result-oriented, and effective ways to control the spread of the
disease and its treatment in this circumstance. Discoveries from both the qualitative and
numerical analysis of the model, is that the model has two equilibria: the disease free
equilibrium (DFE) which is locally asymptotically stable when a certain epidemiological

threshold R (the associated reproduction number) is not up to unity, that is, Ry <land
the disease will persist in the community when the threshold exceeds unity, thatis, Rj =1

. In addition, for the case whete Ré > 1, itis shown that the model can have two co-existing
endemic equilibria and there is occurrence of a phenomenon, competitive exclusion
whenever the associated reproduction number of the drug-resistant strain ( R,; ) is greater
than that of the wild strain (R},). On the other hand, unlike in the treatment model, it is
shown that the model without treatment can have a family of infinitely many endemic

equilibria when its associated epidemiological threshold (R,) exceeds unity. Whenever

R\;v - R; and R\;v >1, it is shown that widespread application of treatment regimen of

combination of prophylaxis and antibiotics against the wild strain of the disease can lead to
its elimination from the community if the associated reduction in infectiousness of infected
individuals who were treated for the wild strain infection does not exceed a certain

threshold value, which in this case, is the use of treatment expected to make R\;v =< R; .
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1 Introduction

Bacillus anthracis is the bacteria causing an acute infectious disease referred to as Anthrax. Anthrax
causative bacterium, a non-motile, spore-forming bacterium, produces spores, small resistant cells that
are capable of surviving for many years in the environment [1, 2]. The disease which commonly occur
in wild or domesticated animals has an occurrence in humans due to exposure to infected animals or
tissue from animals that have been infected with the disease or expose directly to Bacillus anthracis.
There are basically three forms of occurrence: coetaneous, gastrointestinal, and inhalation [3]. The
time between becoming infected and developing symptoms of the disease, - incubation period - is
usually one to seven days, commonly but can be up to two months at times. The neurological
symptoms of anthrax at prodromal stage are non-headache, such as fever, fatigue, and muscle aches.
Strict adherence to prophylaxis during incubation stage will not lead to illness. The veterinary vaccine
that is currently in use in the U.S. is a spore suspension from a virulent non-encapsulated strain [5, 6].
Original human anthrax vaccine have been developed in the 1950s. From the examination of the safety
of the vaccine, [7] concluded that there is relatively minor individual reactions to it. Antibiotics such
as Penicillin G., Amoxicillin, Doxycyline and Ciproflaxacin have been found to be effective for the
treatment of anthrax [6, 7]. However, there is report that 20% of untreated people may die of the
disease. A large numbers of humans and animals were killed by the disease in the middle ages when it
swept across Europe [8]. With the industrialization of Europe, however, smaller outbreaks of anthrax
began to occur in factories where imported animal hides and hair were processed [9]. It is pertinent
to note that anthrax is a potential agent for use in biological warfare due to the fact that it has virulent
characteristics that have made it attractive as a bio-weapon. Cases of use of anthrax as a bio-terrorism
weapon has been reported by many researchers, which include [14-16, 34]. It should be noted that
although, the scourge of anthrax can be combatted with vaccine and effective treatment with
ciprofloxacin and doxycycline; however, with low dosage of antibiotics, treatment can fail [17]. There
now abound evidences of development of resistance to Penicillin G., and Amoxicillin and other
antibiotics used in the treatment of anthrax [18-20].

Mathematical models have been found to provide key insights into the causes of an outbreak
of disease and help the management in the allocation of healthcare resources optimally by investigating
the impact of alternative interventions [31]. In literature, there exist several attempts to study the
dynamics of the transmission of anthrax in a population. [21] formulated a model considering only
the susceptible animals, the environmental contamination and the number of carcasses of
animals that may have died of anthrax. [22, 23] in their models investigated the contamination of
environment and the contact between animal and infected carcasses, they discovered that if there is
early and effective treatment, the infected animals can be cured. [24] formulated epidemic models on
anthrax transmission in animals; they do not consider anthrax as a zoonotic disease. As a result of the
renewed interest in anthrax, other researchers such as [24-28] provided comprehensive and
complementary perspectives on this disease.

Arising from the reported cases of the deployment of anthrax as bio-terrorism weapon in
literature, then the objective of this study, therefore, is to design a new deterministic treatment model
which incorporates the drug-sensitive and drug-resistant strain into the transmission dynamics of
anthrax in a population where it is deployed as bio-terrorism weapon such that the two strains of the
disease are co circulating. We shall undergo rigorous analysis of the resulting deterministic system of
non-linear differential equations with a view to gaining insight into its dynamical features towards
exploring the strategies for its control and cure.
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2 Model formulation

We split the total population of the people in the community at time t, denoted by N (t), into
mutually exclusive compartments of Susceptible people that are not on prophylactic treatment (usually

called Prophylaxis) within 48 hours of case detection in their household §; (t) , susceptible people
that are on eatly Prophylaxis Sgp (t) , susceptible people that are on late Prophylaxis S, (t) , exposed
people with wild strain of the disease E, (t), exposed people with resistance strain of the disease
(= (t) , asymptomatic infectious people with the wild strain |, (t) , symptomatic infectious people
with the wild strain lg, (t) , asymptomatic infectious people with the resistance strain |4 (t) ,
symptomatic infectious people with the resistance strain lgq (t), the treated class Ty (t) of the wild

strain, and the recovered people R (t) , so that we have:

N (t) =Sy (t)+Sep (t)+Sip (t)+Ey (1) + Eg (t)+ Loy (1) + gy () + g (1) + 1 (1) + Ty (1) +R(Y)

We generated the population of Susceptible people that are not on prophylaxis within 48 hours of
case detection in their household § (1’), by the birth of children at a rate 7 and diminished by

individuals who acquire infection following contact with infected individuals at the rate A, , primary

infection with wild strain and Ag, primary infection with resistant strain. There is a further reduction

in this population by individuals who progressed at rate @ to the class of susceptible on early
prophylaxis and natural death (at a rate  ; natural death occur in all epidemiological compartments at

this rate), so that we have:

ds,
dt

=7 —(Ay +25)Sy —(a+ u)S,

We generated the population of susceptible people that are on eatly Prophylaxis Sgp (t) , following the

prophylaxis of the fraction, Kk, where 0 <k <1 of susceptible individuals not on prophylaxis at the
rate Kar. This population is diminished by susceptible individuals who are on early prophylaxis who

came in contact with infected individuals at the rate (1—81)ﬂw and (1—81)2,R (where & is the

efficacy of the early prophylaxis) and natural death, so that we have:

dSep

=kaS, —(1-&)(Ay + ) Sep — HSep
We generated the population of susceptible people that are on late prophylaxis S, p (t) , following the

prophylaxis of the fraction, k, where 0 < k < 1 of susceptible individuals not on prophylaxis at the

rate (1— k)a . This population is diminished by susceptible individuals who are on late prophylaxis
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who came in contact with infected individuals at the rate (1-¢,) A4, and (1-¢,) 4z (where &, is the

efficacy of the late prophylaxis) and 0 < &, < &) and natural death, so that:

dSp
dt

= (1-K)aSy —(1-&,)(Ay + 25 ) Sip — 4S1»

We generated the population of exposed individuals to the wild strain of the disease E, (t) by
susceptible individuals not on prophylaxis who came in contact with those who are infected by the
wild strain at the rate A, and susceptible individuals on early prophylaxis who came in contact with
those who are infected by the wild strain of the disease at the rate (1—81)ZW and susceptible
individuals on late prophylaxis who came in contact with those who are infected by the wild strain of
the disease at the rate (l—SZ)ZW. This population is diminished by exposed individuals who
progressed to infected class with the wild strain of the disease at the rate o, and natural death, so
that we have:

¢,

dt :{SU +(1—€1)SEP +(1—82)SLP}2W +(GW +,u)EW

Likewise, we generated the population of exposed individuals to the resistance strain of the disease
which is given by:

dE,
dt

={SU +(1-&) S +(1—52)SLP}/1R +(oq + 1) Eq

We generated the population of the asymptomatic infected class with the wild strain of the disease
I (t) by the fraction, f,, where 0< f, <1 of individuals that progressed from exposed with wild
strain to asymptotically infected with the wild strain at the rate (1— fl)O'W. This population is
diminished by those who progressed to symptomatic infected class with the wild strain at the rate y,

. This population is further reduced by disease-induced death at the rate &, and natural death, so that:

dlaw _

dt (1_ fl)O-WEvv_(7w+5vv+ﬂ)|AW

We generated the population of the symptomatic infected class with the wild strain of the disease
low (t) by the remaining fraction of those individuals that progressed from exposed wild strain to
symptomatic infected individuals with the wild strain at the rate f,0;, and individuals who progressed

from infected asymptomatic wild strain to symptomatic infected individuals with the wild strain at the

rate 7, . This population is diminished by those who progressed to treatment class at the ratez,, .
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There is a further reduction in this population by disease-induced death at the rate &, and natural

death, so that we have:

dlg,
dt

= fow By + 7w Law _(TW +0y +,u)|sw

We generated the population of the asymptomatic infected class with the resistance strain of the
disease |, (t) by the fraction, f, , where 0< f, <1 of individuals that progressed from exposed with
resistance strain to asymptotically infected with the resistance strain at the rate (1— fz)GR; the
population is further increased by the fraction f,, where 0< f; <1 of individuals who resisted
treatment in the treatment class at the rate fyy, . This population is diminished by those who
progressed to the class of symptomatic infected with resistance strain at the rate 7. This class is

further reduced by disease-induced death at the rate d; and natural death, so that:

dl g
dt

:(l_ fZ)GRER + f T _(7/R +0p +lu)IAR

We generated the population of the symptomatic infected class with the resistance strain of the disease
I (t) by the remaining fraction of those individuals that progressed from exposed resistance strain
to symptomatic infected individuals with the resistance strain at the rate f,0p;this population is
further increased by the remaining fraction (1— f3) of individuals who resisted treatment in the

treatment class at the rate (1— f3)l//w that progressed to this class. There is further increment in this

population by the individuals who progressed to this class from the asymptomatic infected class at the
rate ¥5. This population is diminished by disease-induced death at the rate 0 and natural death, so

that we have:

dl
iR = f,oq +(1_ fs)l//WTW +7rlar _(5R +/U) s

We generated the population of the treated class T, (t) following the individuals who are symptomatic
infected with the wild strain of the disease and progressed to the treatment class at the rate 7, ; but
this population is diminished by those individuals who resist treatment at the rate ¥, and progression

from treated class to recovered class at the rate V. There is a further reduction in population by

disease-induced death at slower rate 86,, and natural death, so that the treated class is given by:

dT.
d—r’:rwlsw —(py +V+68, + 1T,
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We generated the population of the recovered class R(t) by those who recovered from the disease

due to treatment at the rateV ; while the population of the class is diminished by natural death; so that
we have:

drR
E:VTW —IUR

Based on the above formulations and assumptions, the model for the transmission dynamics of the
two strains of anthrax is given by the following deterministic system of non-linear differential

equations:
djtu =7 —(Ay + 2 )Sy —(a+ u)S,
ds
TEP = (1— k)aSU —(1—81)(/1\,\, + /1R)SEP — USgp
ds,,

=kas, _(1_82)(ﬂw +/1R)SLP —HSp

dﬂ:{su +(1—81)SEP +(1_82)SLP}2W _(O-W +'U)EW

dt
ddEtR ={S, +(1-£,)Sep +(1-,)Sip | & —(0n + 1) Eq )
d:j%:(l_ f) O B = (% + S +44) Law
d:jstw = f.00 Ew + 2w law — (7w + 8y + 1) lgy
%:(1— f,)orEr + Ty —(7a + 05 + 1) L e
d(lj;R = 1,00 B + (1= £y Ty +7plar = (6 + 1) 1
CLLE[N=TWISW—(1//W+V+49QN + 1) Ty
?j—?:vTW—yR
where A\N:AN(IAVKI+ISW)and ﬂR:ﬁR(IAKI‘HSR)
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It should be noted that the effective contact rate with infected individuals having the wild strain and

resistant strain of the disease is £, and [ respectively.

Below is the itemization of some of the main assumptions made in the formulation of the model:

(i) The disease-induced death rate in all the infected compartments and natural death rate in all

the compartments are the same.

(i) In the treatment class, infection takes place.

(iii) There cannot be natural recovery from the infection [17].

It is pertinent to note that model (1) is an extension of models for transmission of anthrax in the
literature such as those in [11, 12, 16, 21, 22, 23] by inter alia:

M

2

3)

40

As against the transmission dynamics of anthrax in literature, including those in [11, 12, 16,
21, 22, 23], we considered the two strains of the disease that can co-circulate in a given
population where anthrax is endemic, the drug-sensitive and drug-resistance strain. It should
be noted that this was not done in any of the afore-mentioned works; they only considered a
single strain of the disease. The motivating factor for incorporating the two strains into our
model is the community — wide impact of the two strains of the disease co circulating in the
community that now abounds [18, 19]; and there is need to qualitatively assess them;

Including the dynamics of Exposed individuals to the dynamics of the disease by incorporating

classes E, & E. This is not included in any of the afore-mentioned models;

Including a compartment for the treated individuals against the infection of anthrax, since
there exist treatment for the disease as obtained in literature (see [6, 7]); however, it should be
noted that this is not included in any of the afore-mentioned models.
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Figure 1: Schematic diagram of the model
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Table 1. Description of variables and parameters for model (1)

Variables Interpretation
Sy Population of susceptible individuals not on prophylaxis
Sep Population of susceptible individuals on early prophylaxis
Sip Population of susceptible individuals on late prophylaxis
Ey Population of exposed individuals to wild strain
Eg Population of exposed individuals to resistance strain
Ly Population of asymptomatic infectious individuals with the wild strain
Lsw Population of symptomatic infectious individuals with the wild strain
Lig Population of asymptomatic infectious individuals with the resistance strain
Isg Population of symptomatic infectious individuals with the resistance strain
Tw Population of treated individuals who are infected with the wild strain
R Population of the recovered individuals
Parameters Interpretation
T Recruitment rate
a Progression rate of susceptible people not on prophylaxis to the class of susceptible

people on eatly/late prophylaxis

Aw (AR) Force of infection for wild (resistance) strain
£1/&; Efficacy of prophylaxis drug for eatly/late treatment respectively
U Natural death rate
ow (og) Progression rate of people in exposed class of wild (resistance) strain to infectious

class of wild (resistance) strain
Sw(6R) Disease-induced death rate due to wild (resistance) strain of the disease

Yw ¥r) Progression rate from asymptomatic infected people with wild (resistant) strain to
symptomatic infected wild (resistant) strain

Yy Progression rate of people who resist treatment (fail) to symptomatic or
asymptomatic infected class

Tw Rate of treatment of symptomatic infected people with the wild strain of the disease
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6 Modification factor for progression to death by treated individuals

f Fraction of people in exposed class of wild (resistance) strain who progressed to
infectious classes

k Fraction of people who are susceptible but not on prophylaxis who progressed to
class of susceptible on early or late prophylaxis

Bw (Br) The effective contact rate with infected individuals having the wild strain (resistant
strain) of the disease

v Rate of progression from treatment class to recovery class

2.1 Basic Properties

In order for the model (1) to be meaningful epidemiologically, there is the need to prove that all the
state variables of the model are non-negative for all time (#). So to say that the solution with positives
of the model (1) with positive initial data will remain positive for all t>0. We do this as follows:

Note that, initially,

Sy (1) +Sep (1) +S,p (0) + Eyy (1) + Eq (1) + 1y () + 1y (©) + 1og () + 1o (0) + T, (£) + R = N(t).
Thus, at any time 4 Sy, (t) < N(t), S (1) < N (1), S5 (£) < N(t), E,, (t) < N(t), Eq (t) < N (1),

e © < N, Ty (©) < N, 1 (1) < N(D), 1 (8) < N (), T, (£) < N(t),and R < N(t), so that

ds,
dt

=7 = AySy — A4Sy —aSy — Sy 2 Ay Sy — A4Sy —aSy — 1Sy

2 =255, =25y —aS, — 1S,

From here, it is clear that
S(t) = S(0)e P4t o, for t>0 and S(0) > 0.

By using similar approach, it can equally be shown that Sg, (t) >~ 0,S - (t) > 0,E,, (t) = 0, E;(t) >0,
Faw (1) =0, 1g, (1) =0, 1,5(t) = 0,1 (t) >=0,T, (t) =0, and R > 0, respectively. Hence the solution

of the model remains non-negative for all non-negative initial conditions.

Lemma 2.1

The region D={(SU,SEP,SLP,EW,ER, L s Lo s L ars ISR,TW,R)E Ril: N Sz} is positively-
u
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invariant and attracts all the solution in Ril.

Proof: By adding the equations in the model system, we have:

dN
E:ﬂ_ﬂN_é‘W(IAW+ISW)_5R(IAR+ISR)_65WTW @

In the absence of disease, J,, and J; equals zero; therefore equation (2) becomes:

N
—<m7—uN
dt H

N
Thus, whenever N > z then—— < 0. Hence, since it follows from the right hand side of the
Y7,
inequality that — is bounded by 7 — N | a standard compatison theorem can be used to show that:

N(t)<N(0)e™ +;(1—e”t).

If N (O) < ,then N (t) < Thus, D is a positively-invariant set under the flow described by model
7

(1) so that no solution path leaves through the boundary of region D. Hence, it is sufficient to consider
the dynamics of the model in region D. Thus, in this region, the model can be considered as been
epidemiologically and mathematically well-posed [29].

This ends the proof.

3 Treatment-free model

For convenience we first study a version of model (1) in the absence of treatment by setting

Ty =7y =0 =y, =0 before we proceed to analyze the treatment model (1); thus, we obtain a

treatment-free model:

djtu =7Z-_(AW +/1R)SU _(OH‘,U)SU

ds

52 = (1-K)aS, —(1-5) (s + /) Sen — e
djtw —KkaS, —(1-8,) (A + 4 )i — S0
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dﬂ:{su +(1-£)Ser +(1-5,)Sip | Ay —(ow + 1) Ey

dt
dE
- ={Sy +(1-£)Se +(1-5,) S } A4 —(0r + 1) Eq ©)
dl
%:(1_ f,)ow By = (i + 0 +2) Law
dl
dStW = fiowEw + 70l aw _(§W +/u)|sw
dl
d—/;R :(1_ fZ)O-RER _(7R + 0 +/u)IAR
dl
diR = f00Er + 7w law _(5R +:u)ISR
dR
— =—uR
dt HR
I +1 I+ 1
where ﬂW=AN( AV|<| SW)and ﬂR:—ﬂR( Alij SR).
For the treatment-free model (3), it can be shown that the following region is positively, invariant and
attracting: D, ={(sU SerSipr B B L T Lo 1  R)€ R EN sﬁ}
Y7

So that it is sufficient to consider the dynamics of the treatment-free model (3) in D, .

3.1 Local stability of disease-free equilibrium

For the treatment-free model (3), the disease-free equilibrium (DFE) is given by:

o am ak x w e e o ko w Ka  wll-k
&y :{(SU’SEP’SLP'EW’ER’IAW’ISW’IAR’ISR’R ):(af,u',u(af,u)’Z((a—i—;)ja)'oyo,oyo,o’o’oj}

)
By using the notations in [30], using next generation operator method on the system (3), we establish
the linear stability of &, by obtaining the matrices F and V, for the new infection terms and the

remaining transfer terms respectively, given by:
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00 A 0 0 0
Sy +Se +Sp Sy +Se +Sip
00 0 0 - Q'*BR - - Q'*BR — 0
Sy +Se +S1p Sy +Sg +5p
F-|0 O 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
00 0 0 0 0 0
B 0 0 0 0 0 O
0 B 0 0 0 0 O
- B, 0 e 0 0 0 O
And V =|-f0, 0 —7w By O 0 0
0 - B, 0 o B, 0 O
0 -f,on O 0 —yx B; O
0 0 0 0 0 -v u
Where B, =a+ 4, B,=(1-k)a, B,=(1-¢), B,=(1-¢,), Bi=o0y +u,

—~

Bi=ogx+u, B =(1-f)oy,, By=py+8 +u By=1,+6, +u
By=(1-f,)oq, By=rg+5+u B,=(1-1)wy,
By =0z + 1, and Q=9 +B,S, +B,S,,
It follows that the reproduction number, denoted by R, = p(FV ™), is given by:
R, =max{R.,R, },

By (B,B, +kaB, + u)( f,0,,B; + B,By + 7, B, )

With =
" B,B;B;B,
And R, = 'BR(BZBS +kaB, +:u)( f,0:B,; + BBy +7RB10)
B,BsB.1By

By subtituting back the values of By, B, e.t.c as defined eatlier into each of the reproduction numbers

above, we obtain:

R — ﬂw[/1+(1_‘91)ka+(1_‘92)(1_k)0‘][f10'w (7W + 0y +ﬂ)+(1_ fl)aw (Tw + 0y +/U)+7vv (1_ fl)o'vv]
" (a+ﬂ)(aw+/'l)(7w+5w+/u)(rw+5W+/U)
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R, = Belp+ Q- )ka+1-&, JL-K)a] f00 (e + s + 1)+ LT, Jore (8 + 1)+ 7e (L= f, )0 ]
(0{ + /‘)(O_R + /‘)(VR +0g + /1)(5R + /J)
where R, and Ry ate the basic Reproduction number for wild and drug-resistant strain of the disease.

We define the basic reproduction number as the expected number of secondary cases of infection
which would occur due to a primary case in a completely susceptible population [23]. This is a
parameter useful in determining the stability of the disease-free equilibrium towards measuring the

peak and final size of an epidemic. If R;< 1, then a few infected individuals introduced into a
completely susceptible population will, on average, fail to replace themselves, and the disease will not
spread. On the other hand, when R;> 1, then the number of infected individuals will increase with

each generation and ultimately, the disease will spread.
3.11 Interpretation of the reproduction number

In this section, we proceed to give interpretation of the reproduction numbers computed above so
that the heathcare practitioners can have a good understanding of what it stands for and how to apply
them in their work on the curtailment and control of the disease.

For the reproduction number Ry for the wild strain, given as:

R — ﬁw[/l+(1_51)ka+(1_‘92)(1_k)a][flo'w (7/W +0y +ﬂ)+(1_ fl)O-W (Tw + 0y +ﬂ)+7w (1_ fz)o'w]
" (a+/‘)(aw+ﬂ)(7w+5w+:u)(7w+5w+/‘)
Observe that at DFE,

B [Slj +(1_51)SEP +(1_81)SEP]: B [,u+(1—gl)ka+(1—52)(l—k)a,u]

N a+ i
Thus,
R, [S +1 gl)SEP+(1 51 SLP] [fo'w(7/W+5 +/1)+(1 f)o'w(fw+5 +,u)+7w(1 f)o'vv]
N" (ow + frw + S + ey + 6y +p1)
R — lSlj +(1_81)SI;P +(1_‘91)SIPJ
w = Pu N
x{ fiow + (- f,)o n ull=f,)oy
(O-W +:u)(TW + 8y + 1) (GW +ﬂ)(7w + 0y +,u) (O-W +/U)(7W + 0y +,U)(TW + 0y +/1)

Ry = [Infection rate at DFE] [(FractionthatsurvivesE,, & movesto I ,, class)(durationin| ,, class)
+ (Fraction that survives E, and moves to lg,, class)(Duration in |, class) +
(Fraction that survives By, and moves to | 5, class)(fraction that survives |,, and

moves to lg, )(Duration in |y, class)].
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Likewise, we interprete the reproduction number for the drug-resistant strain, given as:

R — Bl +Q-g ka + Q-5 J1-K)a]f,00 (g + s + 1)+ L= f,)ow (S + 1)+ 7 (L= T, o]
" (@ + u)og + u)re +6x + 1)0x + 1)

Observe that at DFE,
. [ +-z)See +(1-2)50p ] _ Bulu+ -2 )ka+ (-2, )J1-K)a]
" N a+ i
Thus,

R, = [SG +(1_51)SEP +(l_81)S:P [fzo'R(7R + 8 + 1)+ (L= F, )0 (5 + 1)+ yp(l- fZ)O-R]

N (O-R+/J)(7/R+5R+IUX5R+/U)
R, = [Slj +(1_81)SEP +(1_€1)S:P]
R = Pr NE
y f,oq n (1_ fZ)GR + 7R(1_ fZ)O-R

(GR +,U)(§R +,u) (O-R +4”)(7R + 6 +,u) (O-R +/u)(7R + O +,U)(5R +,u)

Rk = [Infection rate at DFE ][(Fraction that sutvives Ejand moves to | 55 class)(Duration in | 55
class )+ (fraction that survives E; class and moves to | class )(Duration in lg; class) +

(fraction that survives Eg class and moves to | 5z )(fraction that survives | 45 class and

moves to | class)(Duration in | class )]

By using theorem 2 in [30], we establish the following result:
Lemma 2: The Disease-Free Equilibrium (DFE) of the treatment-free model (3), given by equation
(4), is Locally Asymptotically Stable (LAS) if Ry< 1, & unstable if Ry >1.

It should be noted that Ry is the basic reproduction number of the wild strain of the disease while
Ry is the basic reproduction number of the resistance strain of the disease. It is worth stating that
Ry and Rp measures respectively, the average number of new infections brought about by the
introduction of a single infected individual with the wild or resistance strain of the disease to a
completely susceptible population.

The meaning of Lemma 2 epidemiologically, is that the disease, anthrax (Anthraces Bacillus) can be
eliminated from the community when Ry< 1, if the initial sizes of the subpopulations of the model
are in the basin of attraction of &.

Remark:

However, in order to ensure that the elimination of the disease is independent of the initial sizes of
the subpopulations, it is necessary to show that the DFE is Globally Asymptotically Stable (GAS) in
D;. This is as established below:
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3.2 Global stability of Disease Free Equilibrium (DFE)

Theorem 1: The DFE of the model (3) given by equation (4) is Globally Asymptotically Stable
(GAS) in D; wheneverR; <1.

Proof: we consider the following Lyapunov function:

(12+kaB, +B,B,)
a+u

= :{(ﬂ+ka83 + BzBs)(

f,on B + BB, +7/WB7):|EW "{
a+u

Bs(7w + BQ):|IAW +

+kaB, +B,B +kaoB, +B,B
{(ﬂ 3 2 3)BSBS:|ISW +{('u £ 2 3)(f20RBll+BIOBl3+}/RBlo)i|ER+
a+u a+pu

{(y+ka83 + BZBs)BG(yR . Bls)}lm +[(,u+kaBS +B,B,)

BGBll:|ISR
o+ u a+ u

With Lyapunov derivative (where a dot represents differentiation with respect to time)

F :[(,u+k(xB3 b BZBg)(flo'wBs + B, B, +7/WB7)}E.W+{(IU+I<0{B3 : BZBa)Bs(‘//W + Bg)}“""*’
a+u a+pu

kaB, + B, B - kaB, +B,B '
{(/‘H' s+ 5 3)BSBS}|sw+{(ﬂ+ 27 22 3)(f26RBll+BlOBl3+7RBlO):|ER+
a+u atu

{(M kaB, +B,B,) B.(r. + BB)} i AR{(M kaB, +B,B,)

B, Bn} | sr
a+ u a+u

By putting the values of E,, | ,, , e.t.cinto this we obtained:

e (y+kaB3+BzB3)(
a+u

f,owBg +B;By + 7y BJ}[(SG +(1_€l)SI;P +(1._81)S|ip)/1w - BSEW]+

(12 +kaB, +B,B,)
a+u

Bs(7w + Bg)}[flaw Ew —Bglaw ]+

+koB, +B,B
{(ﬂ ab, 2 3)3538}[BNEW+l//WIAW—BQISW]+
a+
+koB, +B,B
{(ﬂ aj” 2 3)(810813 + f,0:By, +7R810)}[(SU +(1—81)SEP +(1—51)SLP)1R _BGER]+
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+kaB, +B,B .
|:(lu ab, 2 3>B@(7R +Bls)}[fZO'RER _BlllAR]+
a+u
+kaoB, +B,B
|:(lu ab, 2 3)BSBll:|[fZO-RER +7:l g _BlalsR]
a+u
+KkaB, +B,B '
:|:(’u a-i/u 2 3):|[flo'w Bg+B7Bg+B7}/W ][(Su +(1_81)SEP+(1_81)SLP)]2W B

[(,u+kaB3 + BZB3)BngBg(IAW . ISW)}{(/thaBs +B,B,)

:|[f20_w Bi + BBy + Bm?’R]
a+u a+u

1 +kaB, + B,B,)
a+u

><[(Su +(1_51)SE.P +(1_51)SLP)];LR _[( BsBy1Bs(l e + I )}

- (1 +kaB, +B,B,)
B a+ i

BSBBBQ(IAW + ISW ):|

y B [flo-W By +.B7Bg + By ](Su +(1_gl)SEP +(1_51)S|_P)_1 +
B.ByB,N

(,u"'kaBa"'BzBs)B B.B (l 1 )x ﬁR[fZO-RBll+BlOBl3+BlO7/R](sU +(1_51)SEP+(1_‘91)SLP)_1
P 6P B\ ar T g B,B, BN

For Sy +(L—5)Se +([L-5)S5 <1
N <

Then

: {(;H kaB, + B,B,)

F< atH
a+ u

R, -1+
u+kaB, +B,B;) " }

BB, B, (I +ISW)L

(1 +kaB, +B,B,) a+u
BsB.:B;ll I Rg -1
|: a +ﬂ 611 13( AW + SW) (ﬂ+ kaB3 + BzBs) R

a+
i R, 1|+
1 +kaB, +B,B,)

E o (12 +kaB, +B,B,)
B a+u

BB, B, (I u +|SW)L

(12+kaB, + B,B,) a+u
B,B,, B, | Ry —1
|: a+lu 611 13( AW + SW) (lLl+kC(B3 + Bng) R

We rewrite this as follows:

: 1 1
F < PB.B,B, (I 5y + I ){E Ry, —1} PBB,B,;(I ;x + ){E R, —1}
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where P — (y+kaB3+BzB3),
a+u
- 1 1
F<0 IfP<L, —Ry<land SR, <1

Since all the model parameters are non-negative, it follows that F <0 for R, <1 with F =0 ifand
only if E, =E; =1,, =1, =13 =1 =0. Hence, F is a Lyapunov function on D,.Therefore,
by LaSalle’s invariance principle [35], every solution to the equations in the treatment-free model (3),

with initial conditions in D,, approaches ¢, as t — .

Thus, theorem 1 shows that the necessary and sufficient condition for the elimination of the disease

from the community is the classical requitement that R, <1.

Epidemiologically, the implication of this theorem is that both strains will be eliminated from the
community if the use of prophylaxis/antibiotics treatment can lead to a reduction of the maximum of
the reproduction numbers of the two strains below unity.

3.3  Existence and local stability of boundary equilibria

The non-trivial equilibria of the treatment-free model (3) occur when at least one of the infected
variables there in it is non-zero; as these cannot be cleanly expressed in closed form, we use the
approach in [31] to explore the possibility of the existence and stability of the non-trivial equilibria.
By inspection, the possible equilibria of the model (3) are as stated below:

(1)No resistance strain boundary equilibrium, wild strain-only

e =(85.5t.515 En 0.y 154 00.R’)

(2)No wild strain boundary equilibrium, drug-resistant strain-only

&R = (Su v SeprS1p 0, ERl0,0, I 4r, 155, R )
(3) Co-existence equilibrium, that is, the two strains co-exist,
Ewr :(Su +SepsSip Bw Erilaw i Tsw s Tars 0 R )

By solving the treatment-free model (3) at steady state, we obtained:

g™ _ T g™ _ ﬂ(l—k)a

YA+ A ra+p Foola-e )y A7 )+ u)(ay + 25 )+ o+
g™ _ Ko £~ :Aﬂ T

ol [(1—32)(1;’; +i:)+yl(ﬂv”; +I§)+a+y]’ W By | Ay +An +a+ul|
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£ = ate il 1~ = B d

i By | Ay +An +ax+u| M BBy | Ay A vt |
15— AL f,owBs + B,y T ™ :ABlOﬂ: T

W B:ByBy | Ay +An tatu M UBBy | Ay +An vt
17 = A/i**[ f20u B + B | 7 } and R™ =0 5)
. " B:B.B, | Ay +An ta+u

Note that at endemic state, the expressions for Ay, and Az denoted by Ay and AR" are given by:

o PV Iy . | + o
ﬂW:IBIAm:ISW and A =ﬁ<*:s'?) ©6)

By substituting the expressions in equation (5) into (6) we obtained:

By AL T B,B, + f,0,,Bg + B,y
- H): v Aoy +An +a+u B,B,B,

ﬂ;\; _¢1(/1W’A’R N**
B AL T BioBis + f,0:B;; + By
- . R R ﬂ\:+i:+a+ﬂ 86811813
/1R :¢2(ﬂw’/1R)_ N~ (7)

Where

B:B;B,

} C +{,uBBBg + u(l- f,)o, B, + tf 0, By + 1B, 7, }A/ﬁ; N

N**_ T
Ay + A +a+pu

1By, By; + 1B ;B + 1,00 By + 1By o
Adg
B:B.1Bis

Aol (1—81)(1—k)(1 N (1—82)ka
-y + 20 )+ (=2, N + 47 )+ 1

b

(1K) ka
A d C:]. o o ok ok )
" R s PPN (Y Py P

The equilibria of the model can then be obtained by finding the fixed points of the system:

x=@(x)= ((él(jw e )] where X = [jﬁ} )

6,2 27 ;

as follows:
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3.3.1. Existence and stability of wild strain-only equilibrium (gw )

We claim the following:

Theorem 2: The treatment-free model (3) has a unique positive wild strain-only boundary
equilibrium &, , whenever Ry <1< R, . This equilibrium is locally asymptotically stable whenever it

exists.

Proof: Let Ry <1. it can easily be shown that for Ry <1, (I 4,1 )= (0,0)t — co. In addition, it
is clear from equation (7) that ¢, (ﬂ:; ,0)= 0. Thus a fixed point of ¢l(ﬂ:; ,ﬂ:)= Ois obtained by
solving equation ¢, (/7:; ,O): Ay - Hence, it follows that A, is the root of equation:

Gl(ﬂvﬁvg)+G2(ﬂv*\72)+Ga(ﬂ1*/\7)+ﬂ2[l_RW]:0 ©)
Where
G, =(-¢ )1-¢, BB, + 1B, f,0, + 1B, |0

G, = [(1_‘91)(1_‘92)"'/1(1_51)"'/1(1_82)][!’8889 +1Bg fioy + 1B, 7y +/1(1_51X1_‘92)]
[BSBBBQ = Pu (B7B9 +BgBy + By )]

Gy =|u” + ull— 2, Ka + par(L- £, Y1~ K)[(1By By + 1By Ty, + 1By )
‘*‘ﬂBsBng[a(l_k)(1_51)+ﬂ(1_52)+ak(l_gz)_ﬂw [0‘(1_k)(l_gl)"‘ﬂ(1_81)+ﬂ(1_52)]]
[B,B, + B, f,o, + B, ]

From the polynomial above, regardless of the sign of G,, the polynomial has a unique positive solution
whenever R, ~1. Furthermore, for the equilibrium &, to exist alone, it is necessary that the drug
resistant strain of the disease does not exist, (that is R, <1). Thus, by putting all these together, it

shows that a unique wild strain-only boundary equilibrium, &, exists, whenever R, <1<R,,.

We now explore the local stability property of &, ; we note that the Jacobian of the system (8) is given
by:

dk Rk

AT A

ok

. B 62:; 0Aq 10
W 2)=| g (2 22) anlic o) o
o o
1 ol A7)
So that (25 .0)= Ru O igo)
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- R
From this equation, observe that the eigen values of J (ﬂw ,O) are A, = i and 4, = R—R , Then, if

W W

Rz <1, from here, then it implies that the wild strain-only equilibrium , &, , is locally asymptotically

R
stable whenever |—| <1, (that is R, =1) and | =<1, (thatis Ry < R, ). Hence, &, , is locally

R W

asymptotically stable whenever Rz <1< R,

3.3.2. Existence and stability of drug resistant strain-only equilibrium (ER)

We claim the following result.

Theorem 3: The treatment-free model (3) has a unique positive drug-resistant strain-only
boundary equilibrium &5, whenever R, <1< Ry. This equilibrium is locally asymptotically stable
whenever it exists.

Proof: Let R, <1. so that (I,,1g,)— (0,0) as t — oo, In addition, it is clear from equation (7) that
@, (0, /1:): 0. Thus a fixed point of ¢ (/1;\,* , ﬂ:)= 0 is obtained by solving equation ¢, (O,i:)z s

Hence, it follows that A, is the root of equation:

Gll(/fl:g)Jr Glz(/fsz )+ Gla(ﬂ,:)+/u2 [1_ RR]:O (11)
Where
G, = (1_ & )(1_ & )[/1811 Bs + 1BBy, By + 1By, fro ] >0

1B, B+ uBB,,B,; +
Glz=[a(l—gl)(1—82)+,u(l—8l)+/1(1—82){( nos 6710713
1By, 00 + 1Bioyy

[Be Bi1Bis — B (Blo Bis + By f,o0 + By )]

Gy = BBy B, [0!(1— e utka)+pull-g)+all-e, N1~ k)]"' [/'12 + pa(l-e N1- k)]
(/’lBllBl3 + uBg By, By + By fioy + 1Biry )_ Br (Ot(l— ‘91)(1_ 52)"' ,u(l— & ))[Blo Bis + By, fon + Blo7R]

j+y(1—gl)(l—gz)}

It follows from the polynomial above, that regardless of the sign of G,;, the polynomial has a unique
positive solution whenever Ry > 1. Furthermore, for the equilibrium &5 to exist alone, it is necessary
that the wild strain of the disease does not exist, (thatis R, <1). Thus, by putting all these together,

it shows that a unique drug resistant strain-only boundary equilibrium, &g exist, whenever

Ry <1<R;.

By evaluating J at (0, /1:) we have:
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R

W 0
_ R
05 apl i) 1|
% os) R

1 <1, (that

From here it follows that the local asymptotic stability of the equilibrium &g, requires

R

Ry

is Ry =1) and <1, (R, <Ry). Thus, the drug resistant strain-only boundary equilibrium &g, is

R

locally asymptotically stable provided that R, <1<R, .

3.4 Existence and local stability of co-existence equilibria

We rewrite the expressions in equation (7) as follows:

Bl +15) AR,
N~ 1+ D+ A, L, + A4 L,

Dy =

o Bl 15 iR,

Hok

N 1+D+ A, L, + A4 L,

r ) (1—k)a ko
Where D = (1_81)(/1\*; +,1:)+y " (1—82)(/1\*; +ﬂ«:)+“

L = 4Bg By +ﬂ(1_ fl)o'w B, + uf,0, By + 1B,y A
=
B;B;B,

and (12)

L — {,UBnBls + 1B3 By + 1,0 By, + 1By }A
, =
BsB11Bis

It follows from equation (12) that
Al + AL, =Ry -1
Juby + AL, =R =1 (13)

Since the left-hand sides of the expressions in equation (13) are always positive, it is necessary that
Ry =1 and Ry =1.1If R, # Ry, then the system (13) is inconsistent, and there is no positive co-
existence equilibrium in this case. Consequently, for equation (13) to be consistent, it is necessary that
Ry = Rg >=1. There is a need to state that in this case, infinitely many equilibria (otherwise called a

continuum of endemic equilibria) will arise. It should be noted that this phenomenon was observed
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in a study of multi-strains model of HIV dynamics [31]. The implication of this is, is that by setting
Ry =Rx =R>1

AgL + AL, =R -1, (14)

So that 0-<ﬂ:; -<% and 0-</1:-<(RL_1).

2

We summarize the results below:

Theotrem 4: There is a continuum of positive co-existence endemic equilibria, &yr (N € Z,), for the

treatment-free model (3), whenever the following conditions hold:

@  Ry=Ry=R>1 o) 0%@%,

- - « R-1-ATL
©) 0</1R<(R 1), d =—)“R 2
L, L,

And no co-existence endemic equilibria otherwise.

It should be noted that conditions (b) — (d) are needed to preserve the non-negativity of Ay and Ay

in equation (13).

We then consider the stability of the continuum of positive co-existence endemic equilibria, &yg , is

considered. For computational convenience, let

Let Rjr = , heZ,,
2
With T, =[a¢j +5(ij _+R
O O N )

and T, =| S0 0000 00
oX Ok AN on

(% .4) R

With R, = R; = R. We claim the following result.

Theorem 5: The continuum of positive co-existence endemic equilibria, &yg is neutrally stable

whenever R >=1.
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Proof: It can be shown that the eigenvalues of the Jacobian of ¢ at Aw and A in the region (b) to

(0), given by equation (10), satisfy the following characteristics polynomial:

/- —x[ op, 8192J {8401 op, _ 0, G%J o
O O J ) \Oay O O Oy )
Which is equivalent to:
p —Z(—lJ;Rj+%:O 15

1
The roots of the quadratic equation (15) are y =1 and y = R’ so that the family of co-existence
endemic equilibrium, &5 is neutrally stable (since y =1is an eigenvalue).

Itis worthy of note that for the case R=1, #he solution of the system (13) is the trivial solution (/ﬁ , ﬂ:) = (0,0)
corresponding to the disease-free equilibrium.

It is necessary to offer the following conjectures on competitive exclusion:

CONJECTURE 1: The treatment-free model (3) has a unique and locally asymptotically stable
positive wild strain-only boundary equilibrium, &, , whenever Ry, <R, ,and R, >1.

CONJECTURE 2: The treatment-free model (3) has a unique and locally asymptotically stable

positive drug-resistant strain-only boundary equilibrium, &g, whenever R, < Ry, and Ry > 1.

4 Analysis of Treatment model

4.1 Local stability of the Disease Free Equilibrium (DFE)

For the treatment-free model (1), it can be shown that the following region is positively, invariant and
attracting:

D, :{(SU,SEP,SLP,EW,ER,IAW,ISW,IAR,ISR,T,R)GR+”:N s%}

So that it is sufficient to consider the dynamics of the treatment-free model (1) in D, .

The treatment-free model (1) has a disease-free equilibrium (DFE) given by:

ok ki x iwx ok Ka  mll-k
g(t) :{(SU7SEP7SLP’EW’ER1IAW7ISW'IAR’ISR’TW’R ):(azﬂ.ﬂ((lfﬂ)’z((a-i-zg

,0,0,0,0,0,0,0,0j}

(16)
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Likewise, as we did for the treatment-free model, the next generation matrices are given by:

0 0 — Q'ﬁ” - = Q'*&N < 0 0 00
Sy+Sep+Sp Sy +Se;+S,
0 0 0 0 % %
Su+Se +Sp Sy +Se+S5,
e 0 0 0 0 0 0 00
|00 0 0 0 0 00
00 0 0 0 0 00
0 0 0 0 0 0 00
0 0 0 0 0 0 00
0 0 0 0 0 0 00
B 0 0 0 0 0 0 0
0 B; 0 0 0 0 0 0
B 0O B O 0 O 0 0
y_|~few 0 % B 0 0 0 0
/' o -B, 0 0 B, 0 -fy, O
0 foon 0 0 -7 By -B, O
0 o 0 -z 0 0 B, O
0 O 0 0 0 0 —v u
Whete B, =a+ 4, B, =(1-k)a, B, =(1-¢)
Bu :(1_52)’
Bis = ow + 4, By =0r + 4, By, = (1_ 1El)o-w’
Bis = 7w t6w + 44
By =7y +0y + 4, Bzoz(l_ fz)O-R’ B, =7r +0g + 44, Bzzz(l_ fa)‘//Wv
B, =0; + 4, B,, =y, +v+60, +u, and Q=S5 +B;;S. +B,S,;,

It follows that the reproduction number, denoted by R; = p(FV _1), is given by:

Ry =max{Ry ., Re J,

_ P (ﬂ +kaB,, + B, Bls)( f100 B + BBy + 74 B17)

With Ry, =
B.1BisBisBig
And R! = Br (/U +kaB,, + B, BlB)(fZZGR By + BBy + 7k Bzo)
L=
B11BisB,: By
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By subtituting back the values of B,;, B}, e.t.c as defined eatlier into each of the reproduction numbers

above, we obtain:

R ::Bw[fl+(1_51)ka+(1_52)(1_k)a][flaw(Vw + Oy +ﬂ)+(1_ fl)o'w(Tw + 0y +/l)+7/w(l_ fl)GW]
" (a+/1)(o-w +/U)(7/W + 0y +ﬂ)(7w + 0y +ﬂ)

Rt — ﬁR[/’l_'_(l_gl)ka+(1_82X1_k)a][f20-R(7/R +0¢ +,u)+(1— fZ)O-R(é‘R +/J)+7R(l_ f2)O-R]
" (a"‘ﬂ)(o_R+:U)(7/R+5R+,U)((5R+;U))

R}, and R} are the basic Reproduction number for wild and drug-resistant strain of the disease.

4.11 Interpretation of the reproduction number

We proceed to give interpretation of the reproduction numbers computed above so that the heath
care practitioners can have a good understanding of what it stands for and how to apply them in their
work on the curtailment and control of the disease, this we do in this section, as follows:

For the reproduction number R}, for the wild strain, given as:

Rl — B [,u+(1—gl)ka +(1_82)(1_ k)a][flaw (7W + Oy +/u)+ (1_ fl)o_w (Tw + 0y +;u)+7w (1_ fz)aw]
W (a + ,u)(O'W + ,u)(}/w + Oy + u)(rw +0y + ,u)
Observe that at Disease Free Equilibrium (DFE),

[Slj +(1_81)SEP +(1_‘91)SEP] _ B [,u+(1—81)k05+(1—82)(1—k)aﬂ]
N - a+u

Bu
Thus,

R - A [Slj +(1_81)S;P +(1_£1)S:PJX [flaw (7W + Sy +/u)+(1_ fl)o-w(fw + Sy +,u)+7w(1_ fz)aw]
" " i (O-W+ﬂ)(7w+5w+,u)(rw+5w+;u)

N

t [SJ +(1_‘91)SEP +(1_81)SEP]
Rw = Bu N

><|: fon n (1_ fl)GW " Yw (l_ fZ)O-W :|
(GW +,u)(TW + 0y +,u) (GW +,u)(7w + 0y +,u) (UW +,u)(7w + 0y +y)(z’w + 0y +,u)

Ry = [Infection rate at DFE] [(FractionthatsurvivesE, &movestol ,, class)(durationinl ,, class)
+ (Fraction that survives E, and moves to lg,, class)(Duration in |, class) +
(Fraction that survives By, and moves to | 5, class)(fraction that survives |,, and

moves to lg, )(Durationin lg, class)]

Likewise, we interprete the reproduction number for the drug-resistant strain, given as:
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Rt — ﬂR[fH' (1_‘91)ka + (1_‘92)(1_ k)a][fzo_R (7R +0g + /U)+ (1_ f2)O-R (5R +,u)+ VR (1_ fz)O_R]
" (a+pdow + )re +q + u)(5: + 1))
Observe that at Disease Free Equilibrium DFE,

5 [ +-z)se +-2)50 ] _ Aulu+ e ke + -z, Y1-K)a]
Y N - a+u
Thus,

R! — ﬂR[(l_k)a(l_gl)+ ka(l_gz)"‘ﬂ][fzo'rz(ﬂ/rz + 05 +ﬂ)+(1_ fz)O'R(5R +,U)+7R(1_ fZ)O-R]
" (a+lu)(0R +/U)(7R +0g +/U)(5R +,u)

R! ) [Slj +(1_81)SEP +(1_‘91)SEP]
R R NE

{( fow . O-f)ow vl f,)on }

ORr +,U)(5R +,U) (O-R +/J)(7R + 6y +,U) (O-R +/4)(7R + 6y +ﬂ)(5R+/1)

R}, = [Infection rate at DFE ][(Fraction that survives E;and moves to | 4 class)(Duration in
| 5 class) + (fraction that survives Ej class and moves to | class )(Duration in 14

class ) + (fraction that survives Ey class and moves to | ;3 )(fraction that survives | 55

class and moves to | class) (Duration in | class )]

By using theorem 2 in [30], we establish the following result:

Lemma 3: The Disease-Free Equilibrium (DFE) of the treatment model (1), given by equation (16)
is locally asymptotically stable (LAS) if Ri <0 and unstable if Ry =0

The implication of the above Lemma is that the use of antibiotics for treatment of the disease anthrax
(Anthraces Bacillus) can be eliminated from the community when Ry <0, if the initial sizes of the
subpopulations of the model are in the basin of attraction of & .

However, in order to ensure that the elimination of the disease is independent of the initial sizes of
the subpopulations, it is necessary to show that the DFE of the model (1) is Globally Asymptotically
Stable (GAS) in D;. This is as established below:

4.2  Global stability of Disease Free Equilibrium (DFE)

Theorem 6: The DFE of the model (1) given by equation (106) is Globally Asymptotically Stable
(GAS) in Dy whenever Ry <0.

60 JNSMB, Vol. 3 (2020) ©NSMB; www.tnsmb.org



P.O. Ameh, B.l. Omede and B. Bolaji

Proof: the proof of this theorem is based on comparison theorem. We first rewrite the equations for
the infected components in model (1) in compact form as follows:

dEy(t)

dEdt(t) 0 0 PGy PBy O 0 0
R0 Ew (t) 0 0 O 0 PBr PBr O Ew ()
daw® Er(®) o0 0 0 0 0 o0 |]FfFO
dt _ Law (1) 1 Law (t)
dsw® |= (F—V> Isw(t) | - (1 —ﬁ) 0 0 0 0 0 0 0 Isw(t)
dLiit) I4R(t) 0 0 O 0 0 0 0 I4R(t)
—AR= Isgp(t) 0 0 0 0 0 0 0 Isgr(t)
dIgp(t) R(t) R(t)
dt 0 0 0 0 0 v —u
dR(t)
at
Where matrices IF and V are as defined initially in section 4.1, and
P— [Stj +(l_‘gl)S;;P + (1_81)S:P
N * b
Since S(t) < N(t) forall t > N(t) in D, it follows that:
dEy (t)
dt
R0 Ew (®
A aw (®) Er()
dt | Taw(t) 1
asw® | < EV) | i | 17)
d,:;(t) I4R(t)
T Isr(t)
dIsR(t) R(t)
dt
dR(t)
at

By using the fact that the eigen values of the matrix F - [ all have negative real parts (see local stability
result in lemma 3, where p(FV") < 1, if R; <1, which is equivalent to F-I” having eigen values with

negative real parts when R; <1, then it implies that the linearized differential inequality system (17)

is stable whenever Ré =<1. Consequently,
(Ey (), Eq () 1 (t) Tgyy ()10 (t) 15 (1), R(t)) = (0,0,0,0,0,0,0) as t-—>00. Hence, by comparison
theorem (see for instance [31,32]) that (E, (t), E(t), 1y () Igy () 14 (1) 1 (1), R(t)) > (0,0,0,0,0,0,0),

By substituting E,, (t)= Eg(t) =1, (t)= g, )=

equation (1) we have: (S, (t) + Sgp (t) + S, (1)) > % as t —oo. Thus,

( )— I (t)— R(t)z Oin the first expression of

(5o 05 05 0).E, <t>.ER(t>,IAW@).ISW«),IARa),|SR<t),T<t>,R<t»»( 7| _rka .”(1‘k)“,o,o,o,o,o,o,o,o]

a+p’ o+ ) plo+ )
as t—o0 for R} <1, so that &, is globally asymptotically stable in D, if Ry <1.
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Epidemiologically, the implication of this theorem is that if the use of prophylaxis and treatment can
lead to a reduction of the maximum of the reproduction numbers of the two strains of the disease
below unity, then both strains will be eliminated from the community.

4.3 Existence and local stability of boundary equilibria

For model (1), we investigate the existence and stability of the equilibria associated with it here; we
take note of the following points:

(i) The only way individuals are generated into the infected wild strain classes | ,, and lg, is

when susceptibles individuals acquire primary infection with the wild strain of the disease at
the rate A, .

(ii) For the infected drug-resistant classes | 5 and |, individuals are generated there only by
these two ways:
(a) When Susceptible individuals acquire primary infection with the drug-resistant strain of the
disease at the rate Ag.
(b) When treated individuals infected with the wild strain of the disease develop resistant to
treatment (that is, they fail treatment) at the rate 7, .
Therefore, the possible equilibria of the model (1) by taking into account (i) and (ii) above are as
follows:
(1) Drug resistant strain-only boundary equilibria EFL = (SG*, S;; , Sf;, ,0, E:,0,0, | :;, |;*R .0, R**)
(no wild strain).
(2) Low endemicity co-existence equilibrium, that is the two strains co-exist, which is denoted
by ngle Z(S:,S;:,,S:;, E\;\,*, E:, I:s» |;\:\,,|:R, |;*R,TH,R**). There is occurrence of this
equilibrium since there is no primary transmission of the resistant strain which is obtained by
setting Az =0 in model (1). It should however be noted that, even in the class, the sub
populations | ,5 and | are non-zero, since treated individuals will develop resistance at a

e =0

and lim_,_ Iy, =0 even if A; =0. In order to distinguish it from the other co-existence

rate7,, (exceptif lim_,_ T, =0)and move to the class | . In other words, lim

t—ow t—oo

equilibrium for which primary transmission of the drug resistance strain of the disease occurs,
this equilibrium is so called: low endemicity co-existence equilibrium.
(3)High endemicity co-existence equilibrium, meaning both strains co-exist, which is denoted

I *k *k *k *k *k *k *k *k *k *k ok .
by Ehee = (S0 StmrSim Eur En Ui Vo Vi 152, T R™). Here we set Ag =0 in model
(1), that is, primary transmission of the drug-resistant strain occurs.
However, it is important to emphasize that there cannot be a wild strain-only boundary equilibrium,

for model (1), except lim,_, T, =0, note that this is not feasible here since treatment is a must for

t—oo
infected individuals.
As we did before, by solving model (1) at steady state, in terms of the force of infection:
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ﬂx:ﬁorwilgm) and A::ﬁ('failé;) (18)
N N
We obtain:
- r - -k . A n |
SU = Sgp = o o o o y By =A~| —m |
Ay + Az +a+u l(l—el)(ﬂw +AR)+,ul(ZW +AR)+0¢+,uJ Tr [ Aw +Ar ta+ i
o Ka - A zr 1
SLP = ok ok ok ok ’ ER = Ai T B
[(l—gz)(ﬂw +AR)+,ul(/1W +/1R)+a+yJ By | Ay +4g ta+u |
- B, Ay T o pm| fiowBig + By % |
law = = = ) Isw = A/iw - = )
BisBig | Ay +4g ta+u B1sBisBio Aw + A5 ta+ u |
A BooAn V4 1™ = AL f20w B +Byore 4
. BBy | Aw + g +a+ , * " BisB11Bys ﬂ:;"'/i:"'a"'ﬂ_
T = Aﬂ;v* I fldW BISBZ4 + By Bosrw T
" B16B2Baosrw ﬂx +/1: ta+pu ,
& R™ = Al - H” }K fi0w ByBis + BBy Jﬂv*; +[ f10w BosBiy + BysBroye }1:} (19)
H _Aw +Ag ta+pu BisBisBigBys BisB19B,1Bos

By substituting the expressions in equation (19), the components of the equilibrium at steady state
into the expressions in (18), by taking note that

N™ =S7,S; +S,p +Ey +Ep + 1l +1lgy +l g +1ee +T +R”

we obtained a fixed point problem of the form:

o [8027) where +_ (%
o=l e o[ o

Where 191 and 192 are defined as the right-hand sides of the equations for /?;V* and l:: in equation
(18) respectively.

4.4 Existence and stability of drug resistant strain-only equilibrium (gtR)
Theorem 7: The model (1) has a unique and locally asymptotical stability drug-resistant strain-

only boundary equilibrium &f, , whenever R}, <1< Ry, , and no boundary equilibrium otherwise.

Proof: The proofis as in section 3.4. We set & (0, l:): 0, so that the fixed point of 9, (ﬂ:; , /1:)= 0

is obtained by solving the equation 4, (0, /1:): An . It follows that A, satisfies the equation:
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Gsl(ﬂxs)+ Gs, (}L\i;v*2 )+ Gy (ﬂ\jv* )+ 7 [1_ Rr ] =0
Where G, = (1_ & )(1_ & )[/1521 Bys + 1B1sBBys + 1B, fr0 ] ~0

1B, B, + 1B, B,,B,; +
Gsz:[06(1—81)(1—52)+,u(1—51)+,u(1—32){( ame 16720723
1By F200 + 1By

[816 BZlBZ3 - ﬂR (BZO BZS + BZl fZO-R + B207/R )]

Gy, = 1BysBygByg[a(l—&, Nu+ ka)+ pll- &)+ all-¢, N1-K)|+ Luz + pa(l-g J1- k)J
(£B51Bys + 11B1Byy By + By, fioy, + 1By ) — Brlall-&, 1—&, )+ ull-¢,))
[Bzo By + By frop + Bzo7R]

+ul-e)i-¢,)
Jos-at-a

It follows from the polynomial above, that regardless of the sign of G,;, the polynomial has a unique
positive solution whenever Ry = 1. Furthermore, for the equilibrium & to exist alone, it is necessary

that the wild strain of the disease does not exist, (that is Ry, <1.).

For the local stability of this equilibrium, &5 ; we note that the Jacobian of the system (20) is given by:

o9 a7) o9 (4. 47)

>k

. o oAy
R ool ) ool i)
o oAy
Fszttv 0
So that 34 .0)= 09,17 1
oA (2.0) Ry

Thus, the local stability of drug-resistant strain-only, &g, is stable if 1 _4 (thatis R >=1) and
t

R

t
R

Ry _ 1(thatis R}, <R}). By putting all these together, it shows that a unique drug-resistant strain-only

boundary equilibrium, &, is locally asymptotically stable provided R}, <1< R}. Note that, as eatlier
Ty =0.

mentioned, a wild strain-only equilibtium is not feasible in this case except if lim,_

4.5 Existence and stability of co-existence equilibria
4.5.1. Existence and stability of the low-endemicity co-existence equilibtium (gyz, )

We claim the following:
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T+ Tlg — 4Ty
2

with T, = (g% . Z‘jg]
R

Theorem 8: Let Ry =

and T _[0% 09, 08 08,
2 oxy axr oxy oAy,

(2 0) (% 0)

The model (1) has a low-endemicity co-existence equilibrium, denoted by EJVRl, whenever R;, =1 in
the absence of primary infection with the drug resistant strain (/1R = 0), This equilibrium is locally

asymptotically stable whenever Rj, <1.

Proof: By Letting Az =0 in equation (19), accounting for the absence of the primary transmission

of the drug resistant strain of the disease, we obtain:

Sy = d S = ﬂ(l—k)a S™ — Ko
P a0 @)l rar ] T e XAl v al]
EV*J:A@#, E;*:A’l_R_**” ; |:W:ABMW o |
Tr [Aw ta+u By | Ay +tax+u BB | Ay +a+u
|: :AA\:—V*|:fIO-WBl8+Bl77W j||: T :| |;; =A/1:|: fZO-W BZl+BZOj/R :||: T :|
W = , _ ,
BisBisBig Ay ta+u B1sB,:Bys Ay Ta+u
T = Aﬂ\’;{ f,0w BisBas + By Bout }{ 4 :| - B, 1" { ﬁ }
W *k y _ _ l
816821823]/\,\/ ﬂW + (04 + ,Ll AR Bm le ﬂ,w +a+/u
& R” = Al{ 42 :| ( fiowBy,Bis + By By Jﬂ;v* o
M Ay tatp Bi5BigBigBys

With A as previously defined in section 3.3. by substituting the expressions in equation (21) into the

expression for Ay in equation (18) and simplifying, we obtain the non-zero equilibrium of the model

(1) satisfies:

G41( **3)+G42(;i\7\/*2)+643( **)+ﬂ2[1_ RR]:O (22)

Where

G, = (1_ é, )(1_ g, {ﬂBls BioByy + 4B, BgB,, + 1B, B,, f,0% + ByBy; By + .0

BisBys fzo-w + By B1gBys + By BigByy + By BigBys + B, BigByy |
(ﬂBan Bos + #BsB1oByy + £B,,B,, f,0% + BBy +]
G, = [/12 (1_ 51)‘*' a,u(l— & )(1_ 52) B11Bi3Bys + BigBioByy + B,Bi3B,, + B, B B3 By,
+ (1—81)(1— 6‘2)
[Bls BBy — ﬂzﬂw (B].O B13By + BBy, f0q + By Biore )]
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G43 — [,U3 +ﬂ2a(1_82 )(1_ k)+ quka(l_gl){zm Zlg 224 + BlSBlE) BZ4 + BlSBl4 BZA + BlSBlﬁ BZ4 +j|
151823 + BlS BllBZ3 + Bl3 BlB BZ4 + BlS B19 BZ4

[y(l— & ) + ﬂ(l_ & )][Bls BisBigBa — ﬂzﬂw (Bl7 B1oBys + BBy, fiow + By Boyyy )]

It follows from the polynomial in (22) above that regardless of the sign of G,;, the polynomial has a
unique positive solution whenever Ry, =1 (so that 4 ~0). With this, the existence of the low-

endemicity co-existence equilibrium is proved.

To obtain the local stability of &g, , we evaluate the Jacobian of the system at (4.0), to obtain:

o9 2 ) 28l An)
o) _ Oy (7 .0) Olg (%:.0)
1W5.0)- 0%, ) aslm ) |
M igo) % g

With eigenvalues satisfying:

, [089 a4,
X —X T
oAy o

oAy 04 OAn OAy

+[agl 09, 084 aszJ
(i 0)

(4 0)

It is not difficult to show that the dominant eigenvalue of J(ﬂx,O) is Ry. It follows that, the low-

endemicity equilibrium, Egra 15 locally asymptotically stable whenever Ry . <1.

4.5.2 Existence and stability of the high-endemicity co-existence equilibrium (g,)

We rewrite the expressions in equation (18) as follows:

m:ﬁ(lrw"‘I;v)E A Ru
N™ 1+E+ Ay H, + Ao H,
and Pl 1g) 25 Re 23)
f N 1+E+ A H, + Ao H,
Where E = (1= K)or + Ker

(1—81)(/7.:; +}t:)+/1 (1—82)(/1;,* +/1;*)+/1

1BgBg + /1(1_ f) )Gw By, + uf 0y, Big + 1By + 1B, By, n
H, = BisBigBig A
fow BigBas + By B yw i f,ow By, Big + By Byyw

BlG BZl BZS Yw BlS BlB BlQ BZS
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H. = {,UBnst + 1B By + ;05 B,y + 1By 7k }A
, =
B1sB21Bys

It follows from equation (23) that
AgH, +H, =R, -1, (24)
AgH, +AiH, =R, -1, (25)

Since the left-hand sides of the expressions in equations (24) and (25) are always positive, it is necessary
that R}, =1 and Ry >1 for consistency. It should be noted that for consistency of the two strains, the

forces of infection 47 and A, at steady state, must ne non-zero. Consequently, we establish the

following results:

Theorem 9: The model (1) has a positive high-endemicity co-existence endemic equilibrium, g,

whenever RJV - R; and RJV =1.

Theorem 10: The positive high-endemicity co-existence endemic equilibrium of the model (1), given
by &,,18 locally asymptotically stable whenever R|, ~ R} and R}, ~1.

Proof: By evaluating the Jacobian of equation (20) at (ﬂv*\; , /1:), we have:

ool ) o9 Ar)
J(ﬂv*;,ﬂ:): a’i” ) 8/1{‘ ) | (26)
R 7 I N ¥
With eigenvalues satisfying:
7 —x[ 29, . aszJ +(asg 09, 09 ang _
Oy OF oy \ Oy OF 05 Oy )
From equation (20), it follows that the dominant eigenvalues of J(gx , 1‘;) is given by:
R! — T11 + \/Tﬁ _4T21
WR T 2 ’
t
Where Tll=[%+%] :1+R;, & T21:(a¢),i 5(/)j_a¢i 8(0’3(} _ RRZ,
O O Ny R Ody 02 O O i oy (RY)

By substituting the expressions of T, and T, into R|,,, shows that the roots of the quadratic equation

(20) are % _and R% . - Thus, the required result follows.
W W

A major revelation from the analysis of the two models (1) and (3) done so far, is that model (1)
exhibits some dynamical features that are not present in the treatment-free model (3). While there is
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exhibition of a continuum of co-existence equilibria when the reproduction numbers of the wild strain
and that of drug resistant strain of the disease is greater than unity, for the treatment-free model (3),
on the other hand, it is revealed that the treatment model (1) has a co-existence equilibrium of the two
strains only when the reproduction number of the wild strain is greater than unity and exceeds that of
the drug resistant strain of the disease.

A cursory look at equation (24), reveals that whenever R| =R} =1 then 27 =0 and equation (24)

reduces to:
= Ay =0.

Take note that H, is as previously defined in section 4.5.2. Consequently, if both the reproduction

AxH, =0

numbers are the same and equal to unity, then A, =0 and Ay =0, corresponding to disease free

equilibrium. By and large, in summary, while the treatment-free model (3) has a continuum of co-
existence endemic equilibria, the treatment model (1) has a low-endemicity and high-endemicity co-
existence equilibria.

5 Numerical simulations and discussions.

In this section, we carry out simulations whose main objective is to illustrate some of the theoretical
results obtained in this work as done earlier in the analysis of the models. We carefully chose from
literature a set of parameter values depicted in table 2 below, for this purpose for a population where
anthrax is deployed as bio-terrorism weapon, where about one hundred million people (that is 7 =
100 million) inhabits.

Table 2: Parameter values for the models.

parameters nominal values source
s 1000 Assumed
a 0.1 [16]
Bw (Br) 0.2 (0.1) [11]
&1/& %O Variable
U 0.0001 [11]
6w (6r) 0.102 (0.2) Inferred from [16]
oy (o) 0.2(0.1) [16]
Yw (V) 0.1(0.12) [11]
Uy 0.102 [11]
Tw 0.2 Assumed
6 0.1 Assumed
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Assumed
fi(f: 2) % (%)
k 0.42 Assumed

v 0.5 Assumed

We carried out the simulations as follows:

Treatment-free model: we first simulated the treatment —free model (3). By using the parameters in
table 2 above with B, = Sz =0.05, it follows that the reproduction number for the wild (drug-
resistant) strain of the disease is given by R, =0.7164 (R; =0.2469), so that R, =0.7164 < 1. This

confirms theorem 1, that the disease-free equilibrium of the model is globally asymptotically stable.
Under this scenario, with various initial conditions, figure 3 (a) depicts the simulation of the model,
and this confirms the global asymptotic stability property of the model as initially proved qualitatively

in section 3.2. We carried out additional simulations of the model for R; > R; with R; >1 where

(i, j =W,R andi # j), these simulations are as shown in figures 3(b),(c) and (d) where we sce that

the strain with higher reproduction number drives out the other, a phenomenon commonly refers to
as competitive exclusion. Note that this is in line with theorems 2 and 3 and conjectures 1 and 2.

Treatment model: we simulated the treatment model (1) next. By using the parameters in table 2
above with f, = Bz = 0.05, figure 4(a) shows that the two strains of the disease dies out since the

reproduction numbers are each less than one, confirming the global asymptotic stability of the
treatment model (1). Further simulations as shown in figure 4(b), illustrate the fact that for

Ry, = Ry =1 the drug-resistant strain dies out while for figure 4(c) for Ry = Ry, =1, the wild strain

of the disease dies out. In other words, the wild strain of the disease will be eliminated from the
community suffering from bio-terrorism attack via competitive exclusion if the use of prophylaxis and

antibiotics can reduce Ry, below Rgwith Ry 1. However, as can be seen from figure 4(d) for

R; <1< R\;v , both strain co-exist in the community with the system converging to low-endemicity

steady state.
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Figure 3.  Prevalence given by total number of infected individuals divided by the total
population of the community under the bio-terrorism attack as a function of time (years) for

treatment-free  model(3).3(a) B, = Bz =0.05,R, =0.7164& R; =0.2469;3(b) R,, > R; >1,
By =08,8,=033(c)R, - R, =1,8, =0.2,5; =0.8;3(d)R, ~R.,R, <1 5, =0.4,5; =0.1.
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Figure 4.  Prevalence given by total number of infected individuals divided by the total
population of the community under bio-terrorism attack as a function of time (years) for
treatment model (1).

4(a) R}, <RY<1B, =Pz =005; 4(b) R,>R,-1, B, =0878,=03; 4(c) R;=R} ~1,
B =02, =08; Hd)RY, = RY,RL <1; 8, =0.4, B, =0.1.
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Figure 6. Cumulative number of new cases of anthrax by varying administration of

prophylaxis plotted as a function of time (in years) for treatment model. 6(a) R < R, <1-

varying early administration of prophylaxis (&;) represented by E on the graph; 6(b)

Ry, <R, <1-varying late administration of prophylaxis (&, ) represented by E on the graph.
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The effect of efficacy of early administration of prophylaxis, &, on the cumulative number of new
cases of anthrax in the community under reference, is assessed by simulating the model using various

values of &;. The results obtained, depicted in Figure 6 (a) show a decrease in the cumulative number
of new cases with increasing values of &, for both strains of the disease. Similar conclusions were

arrived at when examining the effect of late administration of prophylaxis, &,, on the cumulative

number of new cases in the community, this is as depicted in Figure 6 (b). In both cases, we plotted
cumulative number of new cases of the disease by varying early and late administration of prophylaxis

g, and &, in the interval 0.2 for [0,1].

6 Conclusions

Summarily, from the qualitative analysis of the treatment-free model (3) and treatment model (1)
and the numerical results, the main findings in this work are as follows:

(1) There exists a global asymptotical stable disease-free equilibrium whenever the maximum of

the two reproduction numbers for each of the models (1) and (3) is less than unity, which implies that
effective control or elimination of the bio-terrorism attack of the disease in the community under
reference is feasible by applying a combination of prophylaxis and antibiotic treatment of individuals
under attack of anthrax, if the application of this combination of regimen of treatment can make the
maximum of the reproduction numbers less than unity.

(2) It is shown for the treatment-free model that the strain with higher reproduction number is
always dominant of the other at steady state while the other strain dies out in the community.
(3) For the treatment-free model, there exists continuum of co-existence endemic equilibria when

the two reproduction numbers are equal and greater than unity, while this feature is missing in the
treatment model.

(4) Tor the treatment model, there exist competitive exclusion only when Rg =1 and R§ = R}, .

(5) Quite unlike the treatment-free model, the treatment model, exhibits a low-endemicity and
high-endemicity co-existence equilibria under some certain conditions.
(6) There can be elimination of wild strain of the disease from the community under the attack of

anthrax as bio-terrorism weapon when there is wide spread use of treatment involving a combination
of prophylaxis and antibiotics in the case when the reproduction number for the wild strain exceeds
that of the drug resistant strain (and greater than unity) if infectiousness of infected individuals does
not exceed a certain threshold.

Conclusively, this study reveals that the widespread use of treatment involving a combination of
prophylaxis and antibiotics, despite the risk of the emergence and transmission of drug-resistant strain
of the disease, can ultimately lead to a significant reduction in the disease burden or even complete
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elimination of anthrax in the community under the siege of bio-terrorism attack, when certain
conditions are met. To mitigate the effects of resistant to drug in the treatment of anthrax, it is hereby
recommended that further study be focused on discovery and use of alternative drugs for treating the
resistant strain of the disease.
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