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A stable algorithm for computing a nearby defective matrix

R.O. Akinola∗

Abstract

Given that A is a matrix with n distinct eigenvalues, in this paper, we describe a stable numerical
method for computing a nearby defective matrix to A and the distance between them. The method
makes use of the Gauss-Newton method which converges quadratically and only works in the case
where the nearby defective matrix is real. Numerical experiments are given which confirms the
theory.
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1 Introduction

Let A ∈ Rn×n be a matrix with n distinct eigenvalues. The aim of this paper, is to describe how to find
a nearby defective matrix to A. In more precise terms, we attempt to provide an answer to a question
posed by Wilkinson [1] i. e., given a simple matrix A, find d(A) ([2, p. 274], [1, pp.90-93]);

d(A) = inf{‖A− B‖ : B is a defective matrix},

such that B is defective. Hence, d(A) is the distance of A to the set of matrices which have a Jordan
block of at least dimension 2. The main reason for computing a nearby defective matrix to A is because:
if A has a nearby defective matrix, then it has ill-conditioned eigenvalues.

Alam and Bora [2, p. 284] proved that given A ∈ Cn×n, with λ ∈ C\Λ(A) which has to be found,
u and v are a pair of normalized left and right singular vectors of A− λI corresponding to the smallest
singular value ε such that they are orthogonal, e.g., uHv = 0, then the nearest defective matrix to A is
given by the formula; B = A− εuvH. It was shown that u and v are left and right eigenvectors of B
corresponding to the eigenvalue λ i.e., uHB = λuH, Bv = λv. Since uHv = 0, this implies that λ
is a multiple eigenvalue of B, hence d(A) = ε. However, their analysis and computational procedure
for finding the values of λ and ε and the nearest defective matrix to A relies on the ε-pseudospectrum
of A.

For any ε > 0, the ε-pseudospectrum of A, Λε(A) (to be defined shortly) consists of nontrivial
components and the interior of each of its component contains at least one eigenvalue of A. As ε is
increased, the components of Λε(A) coalesce and λ is found from the point of coalescence. Though
the paper [2], provides the solution to Wilkinson’s problem, the algorithm that they gave for the
computation of d(A) and the nearest defective matrix is slow and requires human intervention. Before
we continue, lets define what it mean for an eigenvalue of a matrix to be defective.

Definition 1.1. An eigenvalue is said to be defective if its algebraic multiplicity is greater than its geometric
multiplicity. A matrix is said to be defective if it has one or more defective eigenvalues.

The distance of a simple matrix to a defective matrix is linked with the sensitivity analysis of eigen-
values. The condition number of a simple eigenvalue λ is given by 1/|yHx|, (see [1]) where x and y
are normalised right and left eigenvectors respectively corresponding to λ. For a defective eigenvalue,
we have yHx = 0. Hence, the condition number of the eigenvalue λ, is infinite.
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However, it is well-known that even if the eigenvalues of a matrix are simple and well-separated
from each other, they can be ill-conditioned [1]. Hence the measure of the distance d(A) of a matrix
A to a defective matrix B is important for determining the sensitivity of an eigendecomposition. There
is a very informative discussion and history of this problem in [3], where the contributions of Demmel
[4, 5] and Wilkinson [6, 7] are discussed in detail. Another important paper is that by Lippert and
Edelman [8], who use ideas from differential geometry and singularity theory to discuss the sensitivity
of double eigenvalues. In particular, they present a condition that measures the ill-conditioning of a
matrix with a 2-dimensional Jordan block.

Following Trefethen and Embree [9], the ε-pseudospectrum Λε(A) of a matrix A is given by

Λε(A) = {σmin(A− zI) < ε},
where ε > 0, σmin denotes the smallest singular value and z ∈ C. Equivalently,

Λε(A) = {z ∈ C | det(A + E− zI) = 0, for some E ∈ Cn×n with ‖E‖ < ε}.
If Λε(A) has n components, then A + E has n distinct eigenvalues for all perturbation matrices E ∈
Cn×n with ‖E‖ < ε and hence, A + E is not defective. Alam and Bora [2] take these ideas and seek
the smallest perturbation matrix E such that the pseudospectra of A + E coalesce. They present the
following theorem (see [2, Theorem 4.1] and [3, Lemma 1]) but the following proof is new, different,
clearer and comprehensible.

Theorem 1.2. Let A ∈ Cn×n and z ∈ C \ Λ(A), so that A− zI has a simple smallest singular value
ε > 0 with corresponding left and right singular vectors u and v such that (A− zI)v = εu. Then z is an
eigenvalue of B = A− εuvH with geometric multiplicity 1 and corresponding left and right eigenvectors u
and v respectively. Furthermore, if uHv = 0, then z has algebraic multiplicity greater than one, hence it is
a defective eigenvalue of B and ‖A− B‖ = ε.
Proof. First, we want to show that z is an eigenvalue of B. To do this, we subtract zI from both

sides of B = A− εuvH to obtain

B− zI = A− zI− εuvH,

and by post multiplying both sides by the right singular vector v we have,

(B− zI)v = (A− zI− εuvH)v,

After expanding the right hand side, we have (B− zI)v = (A− zI)v− εu = 0. We arrived at the
last equality by using the fact that (A− zI)v = εu. Since B− zI = 0, hence, Bv = zv. In a similar
fashion, it can be shown that uHB = zuH. This shows that u and v are left and right eigenvectors
corresponding to the eigenvalue z.

Next, we want to show that the geometric multiplicity of B is one. From

(B− zI)v = (A− zI− εuvH)v,

and using the singular value decomposition

A− zI = UΣVH =
n

∑
k=1

σkukvH
k ,

where u = un, σn = ε and v = vn. Thus,

B− zI =
n

∑
k=1

σkukvH
k − εuvH

=
n−1

∑
k=1

σkukvH
k + σnunvH

n − εunvH
n

=
n−1

∑
k=1

σkukvH
k

= Un−1Σn−1VH
n−1.
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This shows that the rank of B− zI is n− 1. Now, B has a geometric multiplicity of 11. Furthermore,
we want to show that uHv = 0. Let v̂ be the right generalized eigenvector corresponding to the
eigenvalue z such that (B− zI)v̂ = v with vHv̂ = 0 and uHv̂ 6= 0. The condition uHv̂ 6= 0 ensures
that B has a 2-dimensional Jordan block only. Premultiply both sides of (B− zI)v̂ = v by uH. This
leads to uH(B− zI)v̂ = uHv. But since uH(B− zI) = 0H, this means that uHv = 0.

The fact that z is an algebraically double eigenvalue of B can be seen by multiplying both sides of
(B− zI)v̂ = v by (B− zI), which implies that

(B− zI)2v̂ = (B− zI)v = 0,

since Bv = zv. This shows that indeed the algebraic multiplicity of B is greater than its geometric
multiplicity. Therefore, B is defective by definition because the algebraic multiplicity of z exceeds its
geometric multiplicity.

Theorem 1.2 leads to the result E := −εuvH so that B = A+E is a defective matrix and d(A) = ε,
since vHv = uHu = 1. One drawback of the algorithm in [2] is that it is rather expensive since it
involves repeated calculation of pseudospectra. Also a decision on when two pseudospectral curves
coalesce is required. In [3], a method based on calculating lowest generalised saddle points of singular
values is described.

Our approach to find a nearby defective matrix to a real n by n matrix will be built around the
same idea of Alam and Bora [2]. We consider u and v as left and right singular vectors of A− λI
corresponding to the smallest singular value ε. This implies that, for λ ∈ R,
(A− λI)v = εu, (A− λI)Tu = εv. Since we want to find a nearby defective matrix to A, we impose
the further condition that the left and right singular vectors are orthogonal, i.e. uTv = 0, and that
u and v are each normalized to have norm one. This results in solving an over-determined nonlinear
system of 2n + 3 real equations for the 2n + 2 real unknowns z = [v, ε, u, λ]T, which is a nonlinear
least squares problem. The solution of which will be solved using a Gauss-Newton based method (see,
for example, [10, ch. 10]).

A nearby2 defective matrix will then be computed by the formula: B = A− εuvT, where ε is the
distance between A and B. The proposed approach, is very fast, does not rely on the computation of
the ε-pseudospectrum of A and converges quadratically. In addition, it gives rise to the first known
algorithm for computing a nearby defective matrix to a simple matrix. However, it suffers the disad-
vantage that it relies on good initial guesses to ε and λ, and there is no proof that the computed defective
matrix is the closest.

The plan of this paper is as follows: in Section 2.1, we present the nonlinear system of equations
for finding d(A) and a nearby defective matrix. Main results are presented. In Section 3, results of
numerical experiments are given which supports our theoretical discussion.

2 Methodology

2.1 Nonlinear system for finding d(A) and a nearby defective matrix

In this section, we present another approach for computing a nearby defective matrix B from A and the
distance between them which is slightly different from the approach described in Akinola et al., [11].
This approach involves solving an over-determined nonlinear system of 2n + 3 equations in 2n + 2
unknowns. A method based on Gauss-Newton theory for computing a nearby defective matrix to A
and the distance between them, which is more efficient than the approach proposed by Alam of Bora
[2], even though it does not guarantee that the computed defective matrix is the nearest. Be that as it
may, the method only works when z is real.

1rank(B− zI) = n− dimN (B− zI) = n− 1. This means that the dimension of the nullspace of B− zI is 1 or B has
a geometric multiplicity of 1.

2The term “nearby” is so used in this context rather than “nearest” because there is no proof in our analysis that the
computed defective matrix is the nearest. Besides, Newton’s method gives no such guarantee.
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We begin by presenting the nonlinear system of equations (1), find analytic expressions for the
Jacobian and present the key result; Theorem 2.1 which shows that the Jacobian is of full rank and so
the method should have quadratic convergence with a close enough guess.

As mentioned earlier in the introduction, the new approach stems from the paper of Alam and
Bora [2] in which they defined u and v as left and right singular vectors of A− zI corresponding to
the smallest singular value ε. We build on the same assumption by referring to both u and v as left
and right singular vectors of A− zI corresponding to the smallest singular value ε. This implies that
(A− zI)v = εu and (AT − zI)u = εv. We also assume that the left and right singular vectors are
orthogonal, i.e., uTv = 0, and that u, v are each normalized to have norm one. These, leads to solving
the following over-determined nonlinear system of 2n + 3 real equations

(A− zI)v = εu
1
2

vTv =
1
2

(AT − zI)u = εv (1)
1
2

uTu =
1
2

uTv = 0,

in 2n + 2 real unknowns: w = [v, ε, u, z]T. After solving for w in (1), we will then compute a nearby
defective matrix B by the formula B = A− εuvT in line with Alam and Bora [2]. The computed value
of ε is then the distance between the simple matrix A and the defective B.
In compact form F(w) = 0, (1) can be expressed as

F(w) =


(A− zI)v− εu
− 1

2 vTv + 1
2

(AT − zI)u− εv
− 1

2 uTu + 1
2

uTv

 = 0, (2)

and the Jacobian of the system of equations (2) is given by

Fw(w) =


(A− zI) −u −εI −v
−vT 0 0T 0
−εI −v (AT − zI) −u
0T 0 −uT 0
uT 0 vT 0

 . (3)

Let A− zI = UΣVT be the singular value decomposition of A− zI where

Σ =

[
Σ1

ε

]
, with Σ1 =


σ1

σ2
. . .

σn−1

 , σn−1 > ε. (4)

and ε is a simple smallest singular value of A− zI. Further, let the Jacobian Fw(w) in (3) be decomposed
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as Fw(w) = UFGFVT
F ,

Fw(w) =


UΣVT −Uen −εI −Uν
−(Ven)T 0 0T 0
−εI −Ven (UΣVT)T −Vµ
0T 0 −(Uen)T 0

(Vµ)T 0 (Uν)T 0



=


U

1
V

1
1




Σ −en −εI −ν
−eT

n 0 0T 0
−εI −en Σ −µ
0T 0 −eT

n 0
µT 0 νT 0




VT

1
UT

1

 , (5)

where en is the nth column of the n by n identity matrix, UF ∈ R(2n+3)×(2n+3), GF ∈ R(2n+3)×(2n+2),
and VF ∈ R(2n+2)×(2n+2). Note that in the above factorization of the Jacobian (5), the vectors u and
v of (3) each have two different expressions, i.e. v = Ven, v = Uν and u = Uen, u = Vµ. By using
the fact that u and v are orthogonal i.e., uTv = 0. This gives

uTv = (Uen)
TUν = eT

n (U
TU)ν = eT

n ν = νn. (6)

Which implies that νn = 0. In the same vein, it can be shown that µn = 0. So that ν and µ become
respectively [νn−1, 0]T and [µn−1, 0]T.

In expanded form, we rewrite the matrix GF as

GF =



Σ1 0n−1 0n−1 −εIn−1 0n−1 −νn−1
0T

n−1 ε −1 0T
n−1 −ε 0

0T
n−1 −1 0 0T

n−1 0 0
−εIn−1 0n−1 0n−1 Σ1 0n−1 −µn−1

0T
n−1 −ε −1 0T

n−1 ε 0
0T

n−1 0 0 0T
n−1 −1 0

µT
n−1 0 0 νT

n−1 0 0


. (7)

The following preminary analysis contains some important relationships that will help in proving The-
orem 2.1 and Lemma 2.2 shortly. We build on the assumption that z is a multiple eigenvalue of B
by defining v̂ = Vβ as the right generalized eigenvector corresponding to the eigenvalue z such that
(B− zI)v̂ = v with vTv̂ = 0 and uTv̂ 6= 0. The condition uTv̂ 6= 0 ensures that B has a 2-dimensional
Jordan block only.

In the same vein, we define û = Uα as the left generalized eigenvector corresponding to z such that
(BT − zI)û = u with uTû = 0 and vTû 6= 0. By taking tranpose of both sides of (B− zI)v̂ = v, we
have vT = v̂T(BT − zI), and postmultiplying by û yields

vTû = v̂T(BT − zI)û

= v̂Tu

= uTv̂.

This shows that vTû = uTv̂. Since B = A− εuvT, by post multiplying both sides of
B− zI = A− zI− εuvT by v̂, and after simplifying we get

(B− zI)v̂ = (A− zI)v̂.

Similarly, it can be shown that (BT − zI)û = (AT − zI)û. Since (B − zI)v̂ = v is the same as
(A− zI)v̂ = v, we have that UΣ(VTV)β = Uν. Because U , V are orthogonal, Σβ = ν and[

Σ1
ε

] [
βn−1

βn

]
=

[
νn−1

0

]
,
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hence, βn−1 = Σ−1
1 νn−1. After premultiplying v̂ = Vβ by VT, we have β = VTv̂. By following the

steps that led to (6) using vTv̂ = 0, with v = Ven and v̂ = Vβ, it can be shown that βn = 0. This
means that

βn−1 = VT
n−1v̂n−1 = Σ−1

1 νn−1.

Similarly, taking û = Uα, and (AT − zI)û = u, it can be shown as above that

αn−1 = UT
n−1ûn−1 = Σ−1

1 µn−1,

and by using the fact that uTv̂ 6= 0,

uTv̂ = µTVTVβ = µT β = µT
n−1βn−1 = µT

n−1Σ−1
1 νn−1 6= 0. (8)

In order to apply the Gauss-Newton theory to find the solution to the nonlinear least squares problem
(2), we need to show that the Jacobian Fw(w) in (3) is of full rank. Before we prove that the Jacobian
is of full rank, we define the matrix

M =

 Σ1 −εI −νn−1
−εI Σ1 −µn−1
µT

n−1 νT
n−1 0

 . (9)

M is obtained from the expanded form of GF in (7) by deleting appropriate rows and columns-reason
of which will be made clear in the proof of Theorem 2.1.

Theorem 2.1. The rank of the Jacobian Fw(w) in (3) is 2n + 2 or of full rank ifM is nonsingular.

Proof. Let M be nonsingular and p = [pn−1, pn]T, r = [rn−1, rn]T be nonzero vectors, then we
want to show that the rank of Fw(w) is 2n + 2. The rank of Fw(w) equals the rank of GF, because in
the decomposition Fw(w) = UFGFVT

F , the matrices UF ∈ R(2n+3)×(2n+2) and VF ∈ R(2n+2)×(2n+2)

are orthogonal, while GF ∈ R(2n+3)×(2n+2) is of the same size as Fw(w). So it is enough to show that
the rank of GF equals 2n + 2. This is the same as showing that the 2n + 2 vectors [p, q, r, s]T are zero
in 

Σ −en −εI −ν
−eT

n 0 0T 0
−εI −en Σ −µ
0T 0 −eT

n 0
µT 0 νT 0




p
q
r
s

 = 0.

To make things easier, we will use the expanded form of GF in (7) in our analysis. Multiply GF from
the right by the vector [pn−1, pn, q, rn−1, rn, s]T, upon expanding the matrix vector multiplication and
equating to the zero vector on the right hand side, we obtain pn = q = rn = 0. This is equivalent
to deleting the nth, (n + 1)th, (2n + 1)th columns and the nth, (n + 1)th, (2n + 1)th, (2n + 2)th
rows of GF, the remaining nonzero entries constitute the matrix M. Thus, we are left to show that
pn−1 = rn−1 = 0 and s = 0 in

Σ1pn−1 − εrn−1 − νn−1s = 0
−εpn−1 + Σ1rn−1 − µn−1s = 0 (10)

µT
n−1pn−1 + νT

n−1rn−1 = 0,

which amounts to showing that M is nonsingular. But by assumption, M is nonsingular, hence, pn−1 =
rn−1 = 0 and s = 0. Therefore, [p, q, r, s] = [pn−1, pn, q, rn−1, rn, s] = 0 and
rank(GF) = 2n + 2. Since rank(Fw(w)) = rank(GF), thus rank(Fw(w)) = 2n + 2 or the Jacobian
is of full rank.

Because we will make use of Keller’s [12] ABCD Lemma to prove that M nonsingular, we partition
M as follows where in this case

A =

[
Σ1 −εI
−εI Σ1

]
; b =

[
−νn−1
−µn−1

]
, cT = [µT

n−1, νT
n−1] and d = 0. (11)
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One of the conditions of the ABCD Lemma [12] for showing that the partitioned matrix M is nonsin-
gular, is that the matrix A must be nonsingular. So, we need to show that A is nonsingular. Which is
equivalent to showing that a and h are both zero vectors in[

Σ1 −εI
−εI Σ1

] [
a
h

]
=

[
0
0

]
. (12)

Multiply the first n rows by ε and the second by Σ1 and after adding, we have[
Σ1 −εI
0I Σ2

1 − ε2I

] [
a
h

]
=

[
0
0

]
.

Using (13), the fact that Σ2
1 − ε2I is nonsingular if ε < σn−1, accordingly, h = 0. In the same fashion,

because Σ1 is nonsingular we obtain a = 0. Therefore, A is nonsingular.
The following lemma shows that under certain conditions on ε, the matrix M defined by (9) is

nonsingular.

Lemma 2.2. Assume that
ε < σn−1. (13)

Also, assume ε is so small that its second and higher powers can be neglected, and that

ε <
2uTv̂

‖ûn−1‖2 + ‖v̂n−1‖2 , (14)

then the matrixM is nonsingular.

Proof. Since A has been shown to be nonsingular, in establishing the nonsingularity of M using the
ABCD Lemma, all we need is to show that the expression d− cTA−1b, is not equal to zero, where b,
cT and d are as defined in (11). To begin, we note that A−1b is the same as solving for [f, g]T in[

Σ1 −εI
−εI Σ1

] [
f
g

]
=

[
−νn−1
−µn−1

]
. (15)

Multiply the first n-equations by ε and the second one by Σ1, add them together, solve for g to obtain

g = −[Σ2
1 − ε2I]−1(Σ1µn−1 + ενn−1). (16)

Hence, by substituting g into Σ1f− εg = −νn−1; we obtain

f = εΣ−1
1 g− Σ−1

1 νn−1.

Which is equivalent to

f = −
{

εΣ−1
1 [Σ2

1 − ε2I]−1(Σ1µn−1 + ενn−1) + Σ−1
1 νn−1

}
. (17)

So that

d− cTA−1b = −[µT
n−1 νT

n−1]

[
f
g

]
= εµT

n−1Σ−1
1 [Σ2

1 − ε2I]−1(Σ1µn−1 + ενn−1) + µT
n−1Σ−1

1 νn−1 (18)

+ νT
n−1[Σ

2
1 − ε2I]−1(Σ1µn−1 + ενn−1).
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From the statement of the Lemma, if ε is so small that its second and higher powers can be neglected,
with some simplifications, we have

d− cTA−1b = 2µT
n−1Σ−1

1 νn−1 + ε(µT
n−1Σ−2

1 µn−1 + νT
n−1Σ−2

1 νn−1)

= 2µT
n−1Σ−1

1 νn−1 + ε[(Σ−1
1 µn−1)

T(Σ−1
1 µn−1)

+ (Σ−1
1 νn−1)

T(Σ−1
1 νn−1)]

= 2µT
n−1Σ−1

1 νn−1 + ε(‖Σ−1
1 µn−1‖2 + ‖Σ−1

1 νn−1‖2). (19)

It remains to be shown that the expression on the right side of (19) is nonzero provided (13) and (14)
holds. With the simplified expression,

uTv̂ = µT
n−1Σ−1

1 νn−1 6= 0,

in (8), (19) now becomes

d− cTA−1b = 2uTv̂ + ε(‖UT
n−1ûn−1‖2 + ‖VT

n−1v̂n−1‖2)

= 2uTv̂ + ε(‖ûn−1‖2 + ‖v̂n−1‖2). (20)

In arriving at the expression on the right hand side of the above, we made use of the fact that the
matrices Vn−1 and Un−1 are orthogonal. Therefore, d− cTA−1b is not equal to zero if

ε <
2uTv̂

‖ûn−1‖2 + ‖v̂n−1‖2 . (21)

This shows that the matrix M is nonsingular if (13) and (14) holds.
Note that the Jacobian is of full rank under the conditions in which the matrix M is nonsingular.

Since we have established that the Jacobian is of full rank, we can conveniently seek a solution for ∆w(k)

using Gauss-Newton method. If we apply the standard Gauss-Newton method to the over-determined
nonlinear system (2), then we obtain the following,

R∆w(k) = −QTF(w(k)), and w(k+1) = w(k) + ∆w(k),

where in this case, Q ∈ R(2n+3)×(2n+2) and R ∈ R(2n+2)×(2n+2). Now, we present a Gauss-Newton
based algorithm for finding the parameters for computing a nearby defective matrix to a simple matrix.
This is presented in Algorithm 2.3.

Algorithm 2.3. Gauss-Newton algorithm for solving over-determined nonlinear systems

1. Input: w(0) = [v(0), ε(0), u(0), z(0)]T, kmax and tol.

2. For k = 0, 1, 2, until convergence

3. Find the reduced QR factorization of Fw(w(k)), [Q, R] = qr(Fw(w(k)), 0).

4. Compute the matrix-vector multiplication y(k) = −QTF(w(k)).

5. Solve the upper-triangular system R∆w(k) = y(k) for ∆w(k).

6. Update,w(k+1) = w(k) + ∆w(k).

7. Output: w(kmax).

Algorithm 2.3 should be stopped as soon as the norm of ∆w(k) is less than or equal to some user
defined tolerance.
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2.2 Optimal starting vectors

In this subsection, given a simple matrix A, we discuss a schematic way to choose good starting guesses
for computing d(A) and a nearby defective matrix to A.

1. Take z(0) as the average of the two smallest diagonal elements, for example, for the Kahan matrix
we could take z(0) = sn−1+sn

2 , or a value close to the average of two diagonal elements where the
defective eigenvalues is suspected to be lurking (if they are known before hand), e.g., Trefethen
and Wilkinson matrix.

2. Find the svd of (A− z(0)I).

3. Choose ε(0) as the minimum singular value of (A− z(0)I).

4. Choose u(0), v(0), as the left and right singular vectors respectively corresponding to the smallest
singular value ε(0) of (A− z(0)I).

In the next section, we present the result of numerical experiments which confirms the theory.

3 Numerical simulation and discussion

We now illustrate the numerical performance of our method with several examples which are taken
from [2]. As has been mentioned earlier, since our method is based on Newton’s method it finds a
nearby defective matrix. We cannot guarantee it finds the closest defective matrix. However, in all
cases considered here our method found the nearest defective matrix according to Alam and Bora [2]
(but at much less cost, of course). Throughout this section,
∆y(k) = [∆α(k), ∆β(k), ∆ε(k)]T.

In this section, we present result of numerical experiments which confirms the theory discussed in
the last section. We show that Algorithm 2.3 works for the Trefethen, Kahan, Frank and Wilkinson
matrices.

Example 3.1. Consider the matrix A =

[
−1 5
0 −2

]
, (see [9]). As initial guesses we choose

α(0) = β(0) = 0, ε(0) = σmin, u(0) = umin and v(0) = vmin, where σmin is the minimum singular value
of A with corresponding left and right singular vectors umin and vmin. We stop the iteration once

‖w(k+1) −w(k)‖
‖w(k+1)‖

< 6.0× 10−16.

Table 1: Column seven shows quadratic convergence for Example 3.1.

k α(k) ε(k) |ε(k+1) − ε(k)| |α(k+1) − α(k)| ‖F(w(k))‖ ‖w(k+1)−w(k)‖
‖w(k+1)‖

0 0.0000 3.6597e-01 1.0e+00 2.0e+00 5.1e-01 8.9e-01
1 -2.0400 -6.8361e-01 6.0e-01 5.0e-01 1.2e+00 3.7e-01
2 -1.5386 -8.5612e-02 3.6e-02 3.8e-02 7.0e-02 2.6e-02
3 -1.5001 -4.9585e-02 7.6e-05 8.1e-05 1.5e-04 5.4e-05
4 -1.5000 -4.9510e-02 1.6e-10 1.7e-10 3.3e-10 1.1e-10
5 -1.5000 -4.9510e-02 6.9e-18 0.0e+00 1.7e-17 5.0e-18

Table 1 shows the results for Example 3.1. Hence z = −1.5 is a degenerate common boundary
point of the pseudospectrum, according to [2]. With ε = −4.9510× 10−2,
u = [−9.8538× 10−2, −9.9513× 10−1]T and v = [9.9513× 10−1, −9.8538× 10−2]T we have that
B = A− εuvH is a defective matrix. The method converges quadratically in 5 iterations, as expected
from Newton’s method.
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Example 3.2. [13] Let A ∈ Cn×n be the Kahan matrix [9], which is given by [13, p. 791], (see also,
[2, p. 293]

A =


0, if i > j
si−1, if i = j
−csi−1, if i < j,

=



1 −c −c −c · · · −c
s −sc −sc · · · −sc

s2 −s2c · · · −s2c
. . . . . .

...
. . . −sn−2c

sn−1


, (22)

for i, j = 1, . . . , n, s2 + c2 = 1 and ann = sn−1 is the smallest element on the diagonal. We consider
this matrix for n = 6, 15, 20. The starting values and stopping condition are chosen as in Example 3.1.

Table 2: Results for Example 3.2, n = 6 using Algorithm 2.3.

k α(k) ε(k) |ε(k+1) − ε(k)| |α(k+1) − α(k)| ‖F(w(k))‖ ‖w(k+1)−w(k)‖
‖w(k+1)‖

0 0.0000e+00 9.9694e-03 2.2e-02 1.4e-01 1.6e-01 2.5e-01
1 1.3643e-01 -1.2145e-02 1.2e-02 2.0e-02 7.1e-02 1.5e-01
2 1.1639e-01 -3.7277e-04 6.1e-05 9.5e-03 2.5e-02 3.9e-02
3 1.2590e-01 -4.3373e-04 3.7e-05 1.7e-03 1.5e-03 9.3e-03
4 1.2760e-01 -4.7082e-04 3.3e-07 3.2e-05 8.9e-05 2.5e-04
5 1.2763e-01 -4.7049e-04 2.9e-10 1.3e-08 6.3e-08 1.0e-07
6 1.2763e-01 -4.7049e-04 4.4e-17 2.2e-15 1.1e-14 1.6e-14
7 1.2763e-01 -4.7049e-04 5.4e-20 0.0e+00 9.9e-17 4.6e-17

Table 2 shows the results for n = 6. In this case the eigenvalues 1.5849× 10−1 and 10−1 coalesce
at 1.2763× 10−1 for a value of ε = −4.7049× 10−4. The quadratic convergence rate is observed in
rows six and seven of column five.

Table 3: Results for Example 3.2, n = 15 using Algorithm 2.3.

k α(k) ε(k) |ε(k+1) − ε(k)| |α(k+1) − α(k)| ‖F(w(k))‖ ‖w(k+1)−w(k)‖
‖w(k+1)‖

0 0.0000e+00 4.7454e-04 7.3e-04 5.9e-02 1.2e-02 1.4e-01
1 5.9261e-02 -2.5746e-04 2.6e-04 2.5e-02 2.1e-02 1.6e-01
2 8.4526e-02 4.7975e-07 8.7e-07 1.3e-02 2.5e-02 1.2e-01
3 9.7390e-02 1.3523e-06 2.0e-06 7.2e-03 1.5e-02 7.8e-02
4 1.0455e-01 -6.6553e-07 1.3e-07 2.4e-03 6.3e-03 3.1e-02
5 1.0699e-01 -5.3550e-07 1.8e-08 3.0e-04 9.7e-04 4.0e-03
6 1.0728e-01 -5.1778e-07 2.0e-10 4.3e-06 1.6e-05 5.8e-05
7 1.0729e-01 -5.1757e-07 4.1e-14 8.9e-10 3.4e-09 1.2e-08
8 1.0729e-01 -5.1757e-07 1.8e-21 2.8e-17 1.3e-16 4.9e-16

Table 3 shows the results for n = 15. In this case the eigenvalues 1.1788× 10−1 and 10−1 coalesce
at 1.0729× 10−1 for a value of ε = −5.1757× 10−7.

Table 4 shows the results for n = 20. In this case the eigenvalues 1.1288× 10−1 and 10−1 coalesce
at 1.0501× 10−1 for a value of ε = −2.8841× 10−8.

Example 3.3. Let A ∈ Cn×n be the Frank matrix taken from the Matlab gallery A = gallery(′ f rank′, n),
where n = 6, 12. As initial guesses we choose α(0) = β(0) = 0, ε(0) = σmin, u(0) = umin and
v(0) = vmin, where σmin is the minimum singular value of A with corresponding left and right singular
vectors umin and vmin.
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Table 4: Results for Example 3.2, n = 20 using Algorithm 2.3.

k α(k) ε(k) |ε(k+1) − ε(k)| |α(k+1) − α(k)| ‖F(w(k))‖ ‖w(k+1)−w(k)‖
‖w(k+1)‖

0 0.0000e+00 1.3141e-04 1.9e-04 4.7e-02 4.0e-03 1.2e-01
1 4.7216e-02 -5.7554e-05 5.8e-05 2.7e-02 1.4e-02 1.4e-01
2 7.3921e-02 -3.1613e-08 4.3e-07 1.5e-02 1.9e-02 1.3e-01
3 8.9281e-02 4.0206e-07 4.5e-07 9.3e-03 1.6e-02 1.0e-01
4 9.8568e-02 -5.2530e-08 1.5e-08 4.7e-03 1.0e-02 6.3e-02
5 1.0329e-01 -3.7362e-08 7.9e-09 1.5e-03 4.0e-03 2.3e-02
6 1.0483e-01 -2.9487e-08 6.4e-10 1.8e-04 5.4e-04 2.7e-03
7 1.0501e-01 -2.8848e-08 7.3e-12 2.2e-06 7.5e-06 3.4e-05
8 1.0501e-01 -2.8841e-08 1.1e-15 3.3e-10 1.2e-09 5.1e-09
9 1.0501e-01 -2.8841e-08 3.0e-23 0.0e+00 1.6e-16 1.3e-16

Table 5: Results for Example 3.3, n = 6 using Algorithm 2.3.

k α(k) ε(k) |ε(k+1) − ε(k)| |α(k+1) − α(k)| ‖F(w(k))‖ ‖w(k+1)−w(k)‖
‖w(k+1)‖

0 0.0000e+00 3.4855e-03 7.1e-03 1.0e-01 7.0e-02 1.1e-01
1 1.0137e-01 -3.5747e-03 3.0e-03 2.4e-02 1.4e-02 3.0e-02
2 1.2532e-01 -6.0255e-04 4.7e-05 2.6e-03 1.1e-03 2.9e-03
3 1.2788e-01 -5.5588e-04 3.9e-07 2.4e-05 1.0e-05 2.7e-05
4 1.2790e-01 -5.5549e-04 3.6e-11 2.1e-09 8.8e-10 2.4e-09
5 1.2790e-01 -5.5549e-04 1.4e-18 5.6e-16 1.0e-15 6.4e-16
6 1.2790e-01 -5.5549e-04 2.1e-17 3.9e-16 9.1e-16 5.0e-16

Table 5 shows the results for n = 6. In this case the eigenvalues 7.7080× 10−2 and 1.8576× 10−1

closest to zero coalesce at 1.2790× 10−1 for a value of ε = −5.5549× 10−4.

Table 6: Results for Example 3.3, n = 12 using Algorithm 2.3.

k α(k) ε(k) |ε(k+1) − ε(k)| |α(k+1) − α(k)| ‖F(w(k))‖ ‖w(k+1)−w(k)‖
‖w(k+1)‖

0 0.0000e+00 1.1186e-08 1.6e-08 1.8e-02 8.6e-07 1.9e-02
1 1.8010e-02 -4.3454e-09 3.9e-09 1.3e-02 4.1e-04 1.4e-02
2 3.0849e-02 -4.1641e-10 2.0e-10 6.2e-03 2.1e-04 6.6e-03
3 3.7032e-02 -2.2016e-10 3.3e-11 1.5e-03 5.0e-05 1.6e-03
4 3.8559e-02 -1.8668e-10 1.7e-12 9.0e-05 3.1e-06 9.7e-05
5 3.8649e-02 -1.8499e-10 5.4e-15 3.0e-07 1.1e-08 3.3e-07
6 3.8649e-02 -1.8499e-10 3.4e-17 1.2e-11 1.2e-13 1.3e-11
7 3.8649e-02 -1.8499e-10 2.2e-17 1.2e-11 8.6e-16 1.2e-11
8 3.8649e-02 -1.8499e-10 1.5e-17 6.7e-12 1.6e-15 7.2e-12
9 3.8649e-02 -1.8499e-10 8.5e-18 3.7e-12 1.4e-15 4.0e-12
10 3.8649e-02 -1.8499e-10 1.0e-17 9.2e-13 7.4e-16 9.8e-13

Table 6 shows the results for n = 12. In this case the eigenvalues 3.1028× 10−2 and 4.9509× 10−2

closest to zero coalesce at 3.8649× 10−2 for a value of ε = −1.8499× 10−10.

Example 3.4. Consider the 20× 20 bi-diagonal matrix whose diagonal entries are 20, 19, . . . , 1 and the
super-diagonals are 20. This matrix was considered by Wilkinson [1] and has eigenvalues 1, 2, . . . , 20.
Results are as tabulated in Table 7.

4 Conclusion

In an attempt to provide a partial answer to the question posed by Wilkinson, we have succeeded in
presenting an algorithm based on Gauss-Newton method for computing a nearby defective matrix to
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Table 7: Results for Example 3.4 using Algorithm 2.3.

k α(k) ε(k) |ε(k+1) − ε(k)| |α(k+1) − α(k)| ‖F(w(k))‖ ‖w(k+1)−w(k)‖
‖w(k+1)‖

0 10.200 3.6322e-14 6.5e-14 4.2e-01 1.6e-13 3.9e-02
1 10.619 1.0152e-13 3.9e-14 1.0e-01 1.5e-02 9.5e-03
2 10.519 6.2702e-14 1.4e-15 1.9e-02 8.5e-04 1.8e-03
3 10.500 6.1312e-14 4.7e-17 1.9e-04 3.0e-05 1.8e-05
4 10.500 6.1264e-14 4.4e-21 5.1e-08 2.9e-09 4.9e-09
5 10.500 6.1264e-14 1.8e-28 3.4e-13 2.3e-15 3.2e-14
6 10.500 6.1264e-14 1.3e-29 0.0e+00 1.5e-15 8.9e-18

A and the distance between them. Though the new approach relies on good initial guesses, however,
we are guaranteed quadratic convergence and it is simple to apply and is significantly faster than the
technique in [2]. Numerical examples show and confirm that this technique performs well.
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