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A note on the backward bifurcation phenomenon in a
tuberculosis mathematical model for highly endemic
regions

A. Nwankwo*and D. Okuonghae’

Abstract

This work investigates the existence of the backward bifurcation phenomenon in a math-
ematical model designed to simulate hyperendemic TB in the Asia-Pacific (James et al [7]).
It is shown that the possibility of the backward bifurcation is determined by the loss of
partial immunity to TB, immunity conferred due to the administration of the BCG vaccine
and recovery from a previous infection due to treatment. The existence of the backward
bifurcation in the system has a very strong implication for disease control as the likelihood
of a stable high endemic level is possible even when the epidemiological parameters are in-
dicative of feasible control strategies that normally should lead to disease eradication when
the control reproduction number of the model is used as a tool for designing public health
control policies.
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1 Introduction

A classical requirement for the eradication of a disease in a population is for the basic (control)
reproduction number (a threshold quantity which measures the average number of new cases
generated by a typically infected individual in a wholly susceptible population) of an epidemic
mathematical model, describing the transmission dynamics of the disease, to be less than unity.
On the other hand, the disease will persist if the basic (control) reproduction number exceeds
unity, where a stable endemic equilibrium exists. This phenomenon, where the disease-free
equilibrium loses its stability and a stable endemic equilibrium appears as the basic (control) re-
production number increases through one is known as forward bifurcation. A schematic diagram
of forward bifurcation is given in Figure 1. Some of the main characteristics of this phenomenon
are [3]:

(i) the absence of positive (endemic) equilibria near the DFE when the associated reproduc-
tion number is less than unity where in this case, the DFE is often the only equilibrium;

(ii) a low endemic level when the associated reproduction number is slightly above unity.

Generally, the disease-free equilibrium (DFE) can be globally asymptotically stable (GAS),
in this case.

However, several researchers have demonstrated that it is possible for the DFE to co-exist
with two endemic equilibria, giving rise to the occurrence of a backward bifurcation, when the
associated reproduction number of the model is less than unity (one). In recent years, the
backward bifurcation phenomenon has been of interest to several researchers [4, 5, 6, 8, 9, 10,
11, 12, 13, 14]. For example, the works in [9, 10], amongst several others, showed that exogenous
re-infection is a cause of backward bifurcation in tuberculosis models that includes exogenous
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re-infection in the disease transmission process. When it is evident that there is the possibility
of a backward bifurcation in a system, then the requirement of having the basic reproduction
number to be less than unity becomes only a necessary, but not sufficient condition, for disease
eradication, even when the reproduction number is sustained at a value less than one.

Hence, the presence of backward bifurcation is important in a practical sense because control
programs are aimed at reducing the basic (control) reproduction number of the model below
unity (and sustaining it at this value) in order to achieve disease eradication; this means that
the occurrence of a backward bifurcation in the system may have important public health impli-
cations. More importantly, in a backward bifurcation setting, once the associated reproduction
number crosses unity, the disease can invade to a relatively high endemic level so that even when
the reproduction number is reduced to a slightly lower level, it will not necessarily make the
disease disappear. A schematic diagram of backward bifurcation is given in Figure 2.

The work by James et al [7] includes a formulated mathematical model for simulating the
dynamics of tuberculosis in the highly endemic regions of the Asia-pacific. However, in this short
work, we want to show that high endemic levels can still be achieved even when the assumed
reproduction number of the model is less than one. Therefore, examining the cause of the
backward bifurcation in such a setting is very important especially with regards to measuring
the disease endemic level when condition(s) for the backward bifurcation exists and comparing
this to the calculated value of the reproduction number of the model, in this case.
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Figure 1: Forward bifurcation diagram. Source: Gumel A.B. [5].

2 Tuberculosis Mathematical Model (James et al [7])

The model for the transmission dynamics of TB designed for simulating the highly endemic
regions of the Asia-pacific is as given in |7] and presented in (1) (the associated variables and
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Figure 2: Backward bifurcation diagram. Source: Gumel A.B. [5].

parameters of the model are described in Table 1).

s,
dt
dSp
dt
dL 4
dt
dLAm
dt

dL
d—tB =kLa+~vI — (Aa+ Aam + v+ 1)L,
(1)

=1—=0rN— A+ A+ 1)Sa,
=ImN 4+ T + ¢ Tm — (Ad + Aam + 11)SB,

=ASa+M(Sp+ L+ Lpy) — (e+k+ pn)La,

= AmSa + )‘dm(SB +Lp+ LBm) - (5 + K+ M)LAma

dij = KL am +vIm — (A + Aam + v + 1) Lpm,
% =cLa+vLp+ (1 —nwTl — (v + 0+ w)l,
% =¢eLam + vLpm + T + Ty — (v + 0m + 14i) I,
‘i_f = 01— (p+w+ )T,
ddi;" = SmIm — (Om +w + 1) T,

where N = Sa+Sg+La+ Lanm+ Lg+ Ly +1+ 1, +T + 1T, is the total population.
The forces of infection were given as

_ Bpl +0T) _ xBpU +0T) _ BmpUm + 0T3n)

A ~ , M I . Am I and
A _ Xﬁmp(Im + OTm)
dm N .
The system (1) has a disease free equilibrium (DFE) given by
1—-0)rN IxN
€0 = (S, S, LY, LYy, Ly, LYy, I5, 5, T, T = <( JnN ,0,0,0,0,0,0,0,0>
i [

The local stability of the DFE (), can be established using the next generation method
approach in [2] and the effective reproduction number, denoted by R.s¢, can be computed and
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Variable Interpretation
Sa Population of susceptible individuals
SB Population of susceptible individuals with improved immunity due to
previous infection and vaccination
L4(Lam) | Population of infected individuals with early latent DS-TB (MDR-TB)
Lp(Lpm) | Population of infected individuals with late latent DS-TB (MDR-TB)
I(I,) Population of infectious individuals with DS-TB (MDR-TB)
T(Ty) Population of individuals treated of DS-TB (MDR-TB)
Parameter | Interpretation
I TB-free mortality rate
i TB-specific mortality rate
1t Treated TB-specific mortality rate
m Birth-rate
l BCG vaccination rate
B (Bm) Effective contact rate for DS-TB (MDR-TB)
€ Early progression
K Transition to late latency
p Infectious proportion
vy Spontaneous recovery
n Amplification
0 Treatment modification of infectiousness
X Partial immunity
o(em) Treatment rate for DS-TB (MDR-TB)
5(m) Detection rate for DS-TB (MDR-TB)
w Default rate
v Reactivation
Table 1: Description of variables and parameters in the model (1) [7].
14 J. Nig. Soc. for Math. Bio., Vol.

1 (2018).



Journal of the Nigerian Society for Mathematical Biology
Volume 1 (2018), pp. 11 - 18

is

Reff = max(Rd, Rm),
where R4 and R, are the control reproduction numbers for the drug susceptible strain and the
multi-drug resistant strain, respectively, and are given as

R, — —Bp(1 =1+ x1) (kv + £g2) (60 + gs5)
q=

>0 and
g1(yvgs + g2dw(n — 1) — g29395) @)

_ ZBmp( = L+ XD (kv + €g2)(Omo + 96) _
91(7vg6 + 920mw — g29496)

Rm

The result below follows from Theorem 2 in [2].

Lemma 2.1 The DFE (&) of the model (1) is locally-asymptotically stable (LAS) if Resr < 1,
and unstable if Repp > 1.

3 Backward Bifurcation Analysis

We claim the following.

Theorem 3.1 The model (1) exhibits backward bifurcation at R.rs = 1 whenever a bifurcation
coefficient, denoted by a (and given by (6)), is positive.

Proof. Suppose

51 = (SZ*’SE*’L*A*aLZ*maLE’LEmaI** Iy T**7T;L*)

sim oy

represents any arbitrary endemic equilibrium of the model (1) (that is, an equilibrium of the
model in which at least one of the infected compartments is non-zero). The existence of the
backward bifurcation will be explored using the Centre Manifold theory [1]. Let

Sa=x1, Sp=wx2, La=23, Lan=z4, Lp=25 Lpn=x¢ I1=u7,
i=10

I, =23, T=x9 and T,, =x19, where N = E ;.
i1

Let F(x) = (21,2, ...,x10). Hence, the model (1) can be written as

T1=f=0-0)aN— A+ \p, + p)z1,
B9 = fo=ImN + px9 + Pmz10 — (Ad + Adm + 1) T2,
T3 = f3 = Av1 + Aa(72 + 75 + 26) — (€ + K + )3,
T4 = fo = A1 + Aam (22 + x5 + 26) — (6 + K + p)ay,
@5 = fs = kw3 +y27 — (Mg + A + v + p) 25,
@6 = fo = kra + 28 — (Mg + A + v + 1) 6,
7 = fr=exs+vas + (1 —n)wzg — (v + 6 + p;)x7,
ig = fs = exq + vag + nwrg + wrig — (v + O + pi)Ts,
Tg = fo = ox7 — (¢ +w + )y,
T10 = f10 = OmTs — (Pm + w + )10,

with
Bp(x7 + oxg) xBp(z7 + oxg) Bmp(Ts + 0x10)
A== ME T =, 0 Am = =0 and
Dicl Ti Dicl Ti Dicl Ti
Agpy = XBmp(xs + 0x10)
" Yo
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Without loss of generality, consider the case when R.ry = 1. Furthermore, let 3 = 3%, be a
bifurcation parameter. Solving for § = 5* from Ry = 1 gives

5= = 91(yvgs + g20w(n — 1) — g2g395)

> 0.
—p(1 =1+ x1)(kv + £g2) (60 + g5)

The Jacobian of the transformed system (3), evaluated at the DFE (&) with g = *, is given by

— U 0 0 0 0 0 —A1 —AQ —0A1 —0A2

0 —p O 0 0 0 —As —Ay © — 0As ©m — 0A4

0 0 —ag1 0 0 0 A + Aj 0 0(141 + Ag) 0

0 0 0 —-g1 O 0 0 A+ Ay 0 o(As + Ay)

0 0 K 0 —g O ol 0 0 0
J@lls=s-=1 10 o o & o0 —g9 0 ~ 0 0

0 0 5 0 v 0 —g3 0 (1—-nw 0

0 0 0 € 0 v 0 —g4 nw w

0 0 0 0 0 0 1) 0 —g5 0

0 0 0 0 0 0 0 Om 0 —J6
where

Ar=p"p(1=1), Ay =PBmp(1—1), Asz=xB"pl, As=XxBmpl, g1=c+r+u,
G2=v+u, gg=7+0+u, g1=7+0m+p, g=¢+twtpu and gs=pm+w+ .

We obtain the components of the right eigenvectors of J(&p)|s=g~, associated with the zero
eigenvalue, which is given as w = (w1, wo, ...,wlo)T, to be

W
pgs X (1 — Rom)
_ ( 6 PmOmgigawnd Az Asgigagewnd  0Aszd 0A45m9192w775>

wy = — (A195X (1 — Rpp) + A2919296wnd + 0A16X (1 — Ry,) + 0A20m9192wn9) ,

pgs  pgsX(1—Rm) p pgsX(1—Rm)  pgs  pgsX(1— Ron)

(95 + 05) (AQ + A4)(05m + ge)ggwn5w7

=(A A = >0 =

w3 = (A1 + Az)wr oy >0, wy 5 X (1= Ro) ,
A A 1) A A O 1)
ws = 7 <7+ r(Ar+ A3)(gs + 0 )) S0, g = (91967 + A(As + A4)(00m + go)wmdwr.
92 9195 95X (1 —Rm)
919296wniwsr dwr 91920 mwnéwy

= wr >0 = JL92968M9%7 — %7 -0 and = NG20mNoWT

wr wy >0, wsg g5X(1 _Rm), w9 e > an w10 g5X(1 —’Rm)’

(4)

where X = [g1929196 — 9192w6m — VYg196)-
Also,the components of the left eigenvector of J(&)|s=p+, denoted by v = (v1,v2, ..., v10)7,
satisfying v.w = 1, are given by

(kv + €g2) vy
m=wvy=u=rv=v3=vy=0 vy=vi—-"TT", Vs=—,
gng 92 (5)
A A 1—
vp=v7 >0 and vy = (041 + 0A3) (kv + ega)vr n ( n)wW.
919295 g5

It follows from Theorem 4.1 in [1], by computing the associated non-zero partial derivatives of
F(z) of the system (3) (evaluated at the DFE (&), that the associated bifurcation coefficients ,
a and b, are given by

2

0" [k
Z kalw]a ax] (0,0), and b= Z Vg 0 (0,0),
k,i,j=1 k,i=1

16 J. Nig. Soc. for Math. Bio., Vol. 1 (2018).




Journal of the Nigerian Society for Mathematical Biology
Volume 1 (2018), pp. 11 - 18

which, after several algebraic calculations lead to

a= {—(Gl + XG2)[9192X (1 = Rin) 8 + G5 95 PmOmwnd

+ [2919295 + 291926 + 1957 + pB (1 — L+ x)(g5 + 00)(g2 + K)|uX (1 — Rp)

+ 9192wn8[919296 + 91920m + 91967 + (g6 + 00m ) (g2 + K)pBm (1 — 1+ X)]]

— G3[pPm(1 = D)gi g5wnd(gs + 06m) + pS8* (1 = 1)g1ga X (1 — Ron) (g5 + 00)

+ X PBml gt gownd(ge + 06m) + X*pB1g192 X (1 — Ron)(gs + 00)] (6)

+ (G 4 XG2)[pBm (1 — 1)gigownd(gs + 00m) + pB*(1 = D)g1g2 X (1 — Ryn) (g5 + 00)

+ XPBmlgi gownd(gs + 06m) + xpB*1(gs + 06)] + Gs(x9192X (1 — Rpn) 6

+ X195 PmOmwnd + xuX (1 = Rin)g1957 + kpBS (1 = 1+ x)(g5 + 00)]

(kv +egy)  PBR(1+ L)
9192 9192951 X (1 — Rp)

)

+ X9192wnd[g196Y + KpBm (1 — 1+ x) (g6 + oém)} X vy

1—
where Gy = W08 Gy = e Gy = & and

(kv + eg2)
9192

§
b=uvr wrp(1 =1+ x1) <1 + O—> > 0. (7)

95

Since the bifurcation parameter b is positive, the system (1) or the transformed system (3) will
undergo a backward bifurcation if the bifurcation coefficient a given by (6) is positive. Consider
the case of the model (1) with xy = 0. It is easy to show that, for this case, the expression of the
backward bifurcation coefficient, a, given in (6) (and noting that all parameters of the model (1)
are positive and * > 0), reduces to

a= {—(Gl [9192X (1 — Rin) @S + G795 0mOmwnd + 2919295 + 291920

+ 91957 + pB*(1 — 1) (g5 + 08) (g2 + K)]pX (1 — Ry)
+ 9192wnd(919296 + 91926m + 91967 + (g6 + 06m ) (92 + K)pBm (1 —1))]

— [pBm (1 = 1)g3 g3wnd(ge + 06m) + pB*(1 = 1)g192(g5 + 08) X (1 — Rpn)][Gs — Gl]}

" V7(/W +e92) pB*wF(1 + ;5_5) <0
9192 9192954 X (1 = Ry)
since Gg — G1 > 0.

This result remains the same whether R,, is less than unity or not. Thus, it follows from
Theorem 4.1 in [1] that the model (1) does not undergo backward bifurcation in the case when
x = 0. Hence, it is clear from Theorem 3.1 that the backward bifurcation phenomenon will not
occur if immunity due to recovery from a previous infection via treatment and vaccination with
BCG is life-long.

This work identifies the fact that there could be high endemic levels of tuberculosis infection in
a population even when the associated reproduction number of the model in (1) is less than unity,
hereby rendering the requirement that the reproduction number being less than unity, is only a
necessary, but not sufficient, condition for disease eradication. The analysis above show that the
presence of partial immunity in the model (1) in [7] (designed for simulating the highly endemic
regions of the Asia-pacific) can trigger the occurrence of the backward bifurcation phenomenon,
leading to the possibility of a stable, high endemic levels, even when model parameter values are
indicative of the possibility of disease eradication. Hence, this study is suggesting that, in places
where effort is being geared towards effective tuberculosis control and it seems that endemic levels
are high, it is imperative to look out for factors that can allow for the possibility of a backward
bifurcation in a model used to simulate the dynamics of the disease in such populations.

(8)
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