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Abstra
t

This work investigates the existen
e of the ba
kward bifur
ation phenomenon in a math-

emati
al model designed to simulate hyperendemi
 TB in the Asia-Pa
i�
 (James et al [7℄).

It is shown that the possibility of the ba
kward bifur
ation is determined by the loss of

partial immunity to TB, immunity 
onferred due to the administration of the BCG va

ine

and re
overy from a previous infe
tion due to treatment. The existen
e of the ba
kward

bifur
ation in the system has a very strong impli
ation for disease 
ontrol as the likelihood

of a stable high endemi
 level is possible even when the epidemiologi
al parameters are in-

di
ative of feasible 
ontrol strategies that normally should lead to disease eradi
ation when

the 
ontrol reprodu
tion number of the model is used as a tool for designing publi
 health


ontrol poli
ies.
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1 Introdu
tion

A 
lassi
al requirement for the eradi
ation of a disease in a population is for the basi
 (
ontrol)

reprodu
tion number (a threshold quantity whi
h measures the average number of new 
ases

generated by a typi
ally infe
ted individual in a wholly sus
eptible population) of an epidemi


mathemati
al model, des
ribing the transmission dynami
s of the disease, to be less than unity.

On the other hand, the disease will persist if the basi
 (
ontrol) reprodu
tion number ex
eeds

unity, where a stable endemi
 equilibrium exists. This phenomenon, where the disease-free

equilibrium loses its stability and a stable endemi
 equilibrium appears as the basi
 (
ontrol) re-

produ
tion number in
reases through one is known as forward bifur
ation. A s
hemati
 diagram

of forward bifur
ation is given in Figure 1. Some of the main 
hara
teristi
s of this phenomenon

are [3℄:

(i) the absen
e of positive (endemi
) equilibria near the DFE when the asso
iated reprodu
-

tion number is less than unity where in this 
ase, the DFE is often the only equilibrium;

(ii) a low endemi
 level when the asso
iated reprodu
tion number is slightly above unity.

Generally, the disease-free equilibrium (DFE) 
an be globally asymptoti
ally stable (GAS),

in this 
ase.

However, several resear
hers have demonstrated that it is possible for the DFE to 
o-exist

with two endemi
 equilibria, giving rise to the o

urren
e of a ba
kward bifur
ation, when the

asso
iated reprodu
tion number of the model is less than unity (one). In re
ent years, the

ba
kward bifur
ation phenomenon has been of interest to several resear
hers [4, 5, 6, 8, 9, 10,

11, 12, 13, 14℄. For example, the works in [9, 10℄, amongst several others, showed that exogenous

re-infe
tion is a 
ause of ba
kward bifur
ation in tuber
ulosis models that in
ludes exogenous
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re-infe
tion in the disease transmission pro
ess. When it is evident that there is the possibility

of a ba
kward bifur
ation in a system, then the requirement of having the basi
 reprodu
tion

number to be less than unity be
omes only a ne
essary, but not su�
ient 
ondition, for disease

eradi
ation, even when the reprodu
tion number is sustained at a value less than one.

Hen
e, the presen
e of ba
kward bifur
ation is important in a pra
ti
al sense be
ause 
ontrol

programs are aimed at redu
ing the basi
 (
ontrol) reprodu
tion number of the model below

unity (and sustaining it at this value) in order to a
hieve disease eradi
ation; this means that

the o

urren
e of a ba
kward bifur
ation in the system may have important publi
 health impli-


ations. More importantly, in a ba
kward bifur
ation setting, on
e the asso
iated reprodu
tion

number 
rosses unity, the disease 
an invade to a relatively high endemi
 level so that even when

the reprodu
tion number is redu
ed to a slightly lower level, it will not ne
essarily make the

disease disappear. A s
hemati
 diagram of ba
kward bifur
ation is given in Figure 2.

The work by James et al [7℄ in
ludes a formulated mathemati
al model for simulating the

dynami
s of tuber
ulosis in the highly endemi
 regions of the Asia-pa
i�
. However, in this short

work, we want to show that high endemi
 levels 
an still be a
hieved even when the assumed

reprodu
tion number of the model is less than one. Therefore, examining the 
ause of the

ba
kward bifur
ation in su
h a setting is very important espe
ially with regards to measuring

the disease endemi
 level when 
ondition(s) for the ba
kward bifur
ation exists and 
omparing

this to the 
al
ulated value of the reprodu
tion number of the model, in this 
ase.

Figure 1: Forward bifur
ation diagram. Sour
e: Gumel A.B. [5℄.

2 Tuber
ulosis Mathemati
al Model (James et al [7℄)

The model for the transmission dynami
s of TB designed for simulating the highly endemi


regions of the Asia-pa
i�
 is as given in [7℄ and presented in (1) (the asso
iated variables and
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Figure 2: Ba
kward bifur
ation diagram. Sour
e: Gumel A.B. [5℄.

parameters of the model are des
ribed in Table 1).

dSA

dt
= (1− l)πN − (λ+ λm + µ)SA,

dSB

dt
= lπN + ϕT + ϕmTm − (λd + λdm + µ)SB ,

dLA

dt
= λSA + λd(SB + LB + LBm)− (ε+ κ+ µ)LA,

dLAm

dt
= λmSA + λdm(SB + LB + LBm)− (ε+ κ+ µ)LAm,

dLB

dt
= κLA + γI − (λd + λdm + ν + µ)LB ,

dLBm

dt
= κLAm + γIm − (λd + λdm + ν + µ)LBm,

dI

dt
= εLA + νLB + (1− η)ωT − (γ + δ + µi)I,

dIm

dt
= εLAm + νLBm + ηωT + ωTm − (γ + δm + µi)Im,

dT

dt
= δI − (ϕ+ ω + µt)T,

dTm

dt
= δmIm − (ϕm + ω + µt)Tm,

(1)

where N = SA + SB + LA + LAm + LB + LBm + I + Im + T + Tm is the total population.

The for
es of infe
tion were given as

λ =
βρ(I + oT )

N
, λd =

χβρ(I + oT )

N
, λm =

βmρ(Im + oTm)

N
and

λdm =
χβmρ(Im + oTm)

N
.

The system (1) has a disease free equilibrium (DFE) given by

ξ0 = (S∗
A, S

∗
B , L

∗
A, L

∗
Am, L∗

B , L
∗
Bm, I∗, I∗m, T ∗, T ∗

m) =

(

(1− l)πN

µ
,
lπN

µ
, 0, 0, 0, 0, 0, 0, 0, 0

)

The lo
al stability of the DFE (ξ0), 
an be established using the next generation method

approa
h in [2℄ and the e�e
tive reprodu
tion number, denoted by Reff , 
an be 
omputed and
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Variable Interpretation

SA Population of sus
eptible individuals

SB Population of sus
eptible individuals with improved immunity due to

previous infe
tion and va

ination

LA(LAm) Population of infe
ted individuals with early latent DS-TB (MDR-TB)

LB(LBm) Population of infe
ted individuals with late latent DS-TB (MDR-TB)

I(Im) Population of infe
tious individuals with DS-TB (MDR-TB)

T (Tm) Population of individuals treated of DS-TB (MDR-TB)

Parameter Interpretation

µ TB-free mortality rate

µi TB-spe
i�
 mortality rate

µt Treated TB-spe
i�
 mortality rate

π Birth-rate

l BCG va

ination rate

β (βm) E�e
tive 
onta
t rate for DS-TB (MDR-TB)

ε Early progression

κ Transition to late laten
y

ρ Infe
tious proportion

γ Spontaneous re
overy

η Ampli�
ation

o Treatment modi�
ation of infe
tiousness

χ Partial immunity

ϕ(ϕm) Treatment rate for DS-TB (MDR-TB)

δ(δm) Dete
tion rate for DS-TB (MDR-TB)

ω Default rate

ν Rea
tivation

Table 1: Des
ription of variables and parameters in the model (1) [7℄.
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is

Reff = max(Rd,Rm),

where Rd and Rm are the 
ontrol reprodu
tion numbers for the drug sus
eptible strain and the

multi-drug resistant strain, respe
tively, and are given as

Rd =
−βρ(1− l + χl)(κν + εg2)(δo + g5)

g1(γνg5 + g2δω(η − 1)− g2g3g5)
> 0 and

Rm =
−βmρ(1− l + χl)(κν + εg2)(δmo+ g6)

g1(γνg6 + g2δmω − g2g4g6)
> 0.

(2)

The result below follows from Theorem 2 in [2℄.

Lemma 2.1 The DFE (ξ0) of the model (1) is lo
ally-asymptoti
ally stable (LAS) if Reff < 1,
and unstable if Reff > 1.

3 Ba
kward Bifur
ation Analysis

We 
laim the following.

Theorem 3.1 The model (1) exhibits ba
kward bifur
ation at Reff = 1 whenever a bifur
ation


oe�
ient, denoted by a (and given by (6)), is positive.

Proof. Suppose

ξ1 = (S∗∗
A , S∗∗

B , L∗∗
A , L∗∗

Am, L∗∗
B , L∗∗

Bm, I∗∗, I∗∗m , T ∗∗, T ∗∗
m )

represents any arbitrary endemi
 equilibrium of the model (1) (that is, an equilibrium of the

model in whi
h at least one of the infe
ted 
ompartments is non-zero). The existen
e of the

ba
kward bifur
ation will be explored using the Centre Manifold theory [1℄. Let

SA = x1, SB = x2, LA = x3, LAm = x4, LB = x5, LBm = x6, I = x7,

Im = x8, T = x9 and Tm = x10, where N =

i=10
∑

i=1

xi.

Let F (x) = (x1, x2, ..., x10). Hen
e, the model (1) 
an be written as

ẋ1 ≡ f1 = (1− l)πN − (λ+ λm + µ)x1,

ẋ2 ≡ f2 = lπN + ϕx9 + ϕmx10 − (λd + λdm + µ)x2,

ẋ3 ≡ f3 = λx1 + λd(x2 + x5 + x6)− (ε+ κ+ µ)x3,

ẋ4 ≡ f4 = λmx1 + λdm(x2 + x5 + x6)− (ε+ κ+ µ)x4,

ẋ5 ≡ f5 = κx3 + γx7 − (λd + λdm + ν + µ)x5,

ẋ6 ≡ f6 = κx4 + γx8 − (λd + λdm + ν + µ)x6,

ẋ7 ≡ f7 = εx3 + νx5 + (1− η)ωx9 − (γ + δ + µi)x7,

ẋ8 ≡ f8 = εx4 + νx6 + ηωx9 + ωx10 − (γ + δm + µi)x8,

ẋ9 ≡ f9 = δx7 − (ϕ+ ω + µt)x9,

ẋ10 ≡ f10 = δmx8 − (ϕm + ω + µt)x10,

(3)

with

λ =
βρ(x7 + ox9)
∑i=10

i=1 xi
, λd =

χβρ(x7 + ox9)
∑i=10

i=1 xi
, λm =

βmρ(x8 + ox10)
∑i=10

i=1 xi
, and

λdm =
χβmρ(x8 + ox10)

∑i=10
i=1 xi

.
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Without loss of generality, 
onsider the 
ase when Reff = 1. Furthermore, let β = β∗
, be a

bifur
ation parameter. Solving for β = β∗
from Rd = 1 gives

β = β∗ =
g1(γνg5 + g2δω(η − 1)− g2g3g5)

−ρ(1− l + χl)(κν + εg2)(δo + g5)
> 0.

The Ja
obian of the transformed system (3), evaluated at the DFE (ξ0) with β = β∗
, is given by

J(ξ0)|β=β∗ =

































−µ 0 0 0 0 0 −A1 −A2 −oA1 −oA2

0 −µ 0 0 0 0 −A3 −A4 ϕ− oA3 ϕm − oA4

0 0 −g1 0 0 0 A1 +A3 0 o(A1 +A3) 0
0 0 0 −g1 0 0 0 A2 +A4 0 o(A2 +A4)
0 0 κ 0 −g2 0 γ 0 0 0
0 0 0 κ 0 −g2 0 γ 0 0
0 0 ε 0 ν 0 −g3 0 (1− η)ω 0
0 0 0 ε 0 ν 0 −g4 ηω ω

0 0 0 0 0 0 δ 0 −g5 0
0 0 0 0 0 0 0 δm 0 −g6

































,

where

A1 = β∗ρ(1− l), A2 = βmρ(1− l), A3 = χβ∗ρl, A4 = χβmρl, g1 = ε+ κ+ µ,

g2 = ν + µ, g3 = γ + δ + µi, g4 = γ + δm + µi, g5 = ϕ+ ω + µt and g6 = ϕm + ω + µt.

We obtain the 
omponents of the right eigenve
tors of J(ξ0)|β=β∗
, asso
iated with the zero

eigenvalue, whi
h is given as w = (ω1, ω2, ..., ω10)
T
, to be

ω1 = −
ω7

µg5X(1 −Rm)
(A1g5X(1 −Rm) +A2g1g2g6ωηδ + oA1δX(1 −Rm) + oA2δmg1g2ωηδ) ,

ω2 = ω7

(

ϕδ

µg5
+

ϕmδmg1g2ωηδ

µg5X(1 −Rm)
−

A3

µ
−

A4g1g2g6ωηδ

µg5X(1−Rm)
−

oA3δ

µg5
−

oA4δmg1g2ωηδ

µg5X(1 −Rm)

)

,

ω3 = (A1 +A3)ω7
(g5 + oδ)

g1g5
> 0, ω4 =

(A2 +A4)(oδm + g6)g2ωηδω7

g5X(1−Rm)
,

ω5 =
ω7

g2

(

γ +
κ(A1 +A3)(g5 + oδ)

g1g5

)

> 0, ω6 =
(g1g6γ + κ(A2 +A4)(oδm + g6)ωηδω7

g5X(1−Rm)
,

ω7 = ω7 > 0, ω8 =
g1g2g6ωηδω7

g5X(1 −Rm)
, ω9 =

δω7

g5
> 0 and ω10 =

g1g2δmωηδω7

g5X(1−Rm)
,

(4)

where X = [g1g2g4g6 − g1g2ωδm − νγg1g6].
Also,the 
omponents of the left eigenve
tor of J(ξ0)|β=β∗

, denoted by v = (ν1, ν2, ..., ν10)
T
,

satisfying v.w = 1, are given by

ν1 = ν2 = ν4 = ν6 = ν8 = ν10 = 0, ν3 = ν7
(κν + εg2)

g1g2
, ν5 =

νν7

g2
,

ν7 = ν7 > 0 and ν9 =
(oA1 + oA3)(κν + εg2)ν7

g1g2g5
+

(1− η)ων7
g5

.

(5)

It follows from Theorem 4.1 in [1℄, by 
omputing the asso
iated non-zero partial derivatives of

F (x) of the system (3) (evaluated at the DFE (ξ0), that the asso
iated bifur
ation 
oe�
ients ,

a and b, are given by

a =
n
∑

k,i,j=1

νkωiωj
∂2fk

∂xi∂xj
(0, 0), and b =

n
∑

k,i=1

νkωi
∂2fk

∂xi∂β∗
v

(0, 0),
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whi
h, after several algebrai
 
al
ulations lead to

a =

{

−(G1 + χG2)[g1g2X(1−Rm)ϕδ + g21g
2
2ϕmδmωηδ

+ [2g1g2g5 + 2g1g2δ + g1g5γ + ρβ∗(1− l + χ)(g5 + oδ)(g2 + κ)]µX(1 −Rm)

+ g1g2ωηδ[g1g2g6 + g1g2δm + g1g6γ + (g6 + oδm)(g2 + κ)ρβm(1− l + χ)]]

−G3[ρβm(1− l)g21g
2
2ωηδ(g6 + oδm) + ρβ∗(1− l)g1g2X(1−Rm)(g5 + oδ)

+ χ2ρβmlg21g
2
2ωηδ(g6 + oδm) + χ2ρβ∗lg1g2X(1 −Rm)(g5 + oδ)]

+ (G1 + χG2)[ρβm(1− l)g21g
2
2ωηδ(g6 + oδm) + ρβ∗(1− l)g1g2X(1 −Rm)(g5 + oδ)

+ χρβmlg21g
2
2ωηδ(g6 + oδm) + χρβ∗l(g5 + oδ)] +G3(χg1g2X(1−Rm)ϕδ

+ χg21g
2
2ϕmδmωηδ + χµX(1−Rm)[g1g5γ + κρβ∗(1− l + χ)(g5 + oδ)]

+ χg1g2ωηδ[g1g6γ + κρβm(1− l + χ)(g6 + oδm)

}

× ν7
(κν + εg2)

g1g2

ρβ∗ω2
7(1 +

δ
g5
)

g1g2g5µX(1−Rm)
,

(6)

where G1 =
(1−l)µ
πN

, G2 =
lµ
πN

, G3 =
µ
πN

and

b = ν7
(κν + εg2)

g1g2
ω7ρ(1− l + χl)

(

1 +
oδ

g5

)

> 0. (7)

Sin
e the bifur
ation parameter b is positive, the system (1) or the transformed system (3) will

undergo a ba
kward bifur
ation if the bifur
ation 
oe�
ient a given by (6) is positive. Consider

the 
ase of the model (1) with χ = 0. It is easy to show that, for this 
ase, the expression of the

ba
kward bifur
ation 
oe�
ient, a, given in (6) (and noting that all parameters of the model (1)

are positive and β∗ > 0), redu
es to

a =

{

−(G1[g1g2X(1−Rm)ϕδ + g21g
2
2ϕmδmωηδ + [2g1g2g5 + 2g1g2δ

+ g1g5γ + ρβ∗(1− l)(g5 + oδ)(g2 + κ)]µX(1 −Rm)

+ g1g2ωηδ(g1g2g6 + g1g2δm + g1g6γ + (g6 + oδm)(g2 + κ)ρβm(1− l))]

− [ρβm(1− l)g21g
2
2ωηδ(g6 + oδm) + ρβ∗(1− l)g1g2(g5 + oδ)X(1 −Rm)][G3 −G1]

}

× ν7
(κν + εg2)

g1g2

ρβ∗ω2
7(1 +

δ
g5
)

g1g2g5µX(1−Rm)
< 0,

(8)

sin
e G3 −G1 > 0.
This result remains the same whether Rm is less than unity or not. Thus, it follows from

Theorem 4.1 in [1℄ that the model (1) does not undergo ba
kward bifur
ation in the 
ase when

χ = 0. Hen
e, it is 
lear from Theorem 3.1 that the ba
kward bifur
ation phenomenon will not

o

ur if immunity due to re
overy from a previous infe
tion via treatment and va

ination with

BCG is life-long.

This work identi�es the fa
t that there 
ould be high endemi
 levels of tuber
ulosis infe
tion in

a population even when the asso
iated reprodu
tion number of the model in (1) is less than unity,

hereby rendering the requirement that the reprodu
tion number being less than unity, is only a

ne
essary, but not su�
ient, 
ondition for disease eradi
ation. The analysis above show that the

presen
e of partial immunity in the model (1) in [7℄ (designed for simulating the highly endemi


regions of the Asia-pa
i�
) 
an trigger the o

urren
e of the ba
kward bifur
ation phenomenon,

leading to the possibility of a stable, high endemi
 levels, even when model parameter values are

indi
ative of the possibility of disease eradi
ation. Hen
e, this study is suggesting that, in pla
es

where e�ort is being geared towards e�e
tive tuber
ulosis 
ontrol and it seems that endemi
 levels

are high, it is imperative to look out for fa
tors that 
an allow for the possibility of a ba
kward

bifur
ation in a model used to simulate the dynami
s of the disease in su
h populations.
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