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Abstract
This article introduced a three-parameter extension of the Generalized Inverse Rayleigh
distribution called half-logistic Generalized Rayleigh distribution, which has sub-models the
Generalized Rayleigh and Rayleigh distribution. The proposed model is quite flexible and
adaptable to model any kind of life-time data. Its probability density function may sometimes be
unimodal and its corresponding hazard rate may be of monotone or non-monotone shape.
Standard statistical properties such as it ordinary and incomplete moments, quantile function,
moment generating function, reliability function, Lorenz and Bonferroni curves. The maximum
likelihood method is used to obtain the estimates of the model parameters. An application of
the newly developed model to breast cancer data is presented.
Keywords and phrases: maximum likelihood estimation; monotone shape; entropy

1 Introduction

Over the last century, many significant distributions have been introduced to serve as models
in applied sciences. Among them, the so-called generalized beta distribution introduced by [18] is at
the top of the list in terms of usefulness. The main feature of the generalized beta distribution is to be
very rich; It includes a plethora of named distributions (to our knowledge, over thirty). In this paper,
we focus our attention on one of the most attractive of these distributions, known as the inverse
Lomax (IL) distribution. [22] introduced the inverse Rayleigh (IR) distribution as a model for analyzing
reliability and survival data. The model underwent further investigation by [23], he observed that the

lifetime distributions of various experimental units could be closely approximated with the inverse
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Rayleigh distribution. Additionally, Voda explored its properties and provided a maximum likelithood
(ML) estimator for the scale parameter. [12] carried an in-depth analysis of the inverse Rayleigh
distribution. [17] developed a percentile estimator for the scale parameter 6 of one-parameter inverse
Rayleigh distribution and investigated its asymptotic efficiency. [14] established Bayesian prediction
bounds for both Rayleigh and inverse Rayleigh lifetime models. [20] addressed both Bayesian and
non-Bayesian issues related to parameter estimation in the IR distribution [3] propose a two-parameter
extension of the inverse Rayleigh distribution, employing the half-logistic transformation to address
limitations in modeling moderately right-skewed or near-symmetrical lifetime data. Their theoretical
contributions encompass mathematical properties and empirical evidence, demonstrating the model’s
effectiveness in handling diverse right-skewed datasets.

The work in [6] present the inverse Rayleigh probability distribution as a robust model for
estimating extreme wind speeds, crucial in wind power production and mechanical safety assessment.
[7] introduce the compound inverse Rayleigh distribution as a model tailored for extreme wind speeds,
essential in wind power generation and turbine safety evaluation. They provide a useful practical
framework for real-world data analysis, accompanied by a novel Bayesian estimation approach,
supported by extensive numerical simulations and robustness assessments. In a different context, [4]
introduce the beta generalized inverse Rayleigh distribution, a four-parameter lifetime model, and
conduct a comprehensive investigation into its properties and applications, further expanding the
domain of inverse Rayleigh-based distributions.

Several generalizations of the inverse Rayleigh distribution have been recently proposed by
numerous authors, with the aim of enhancing its adaptability. For example, [13] introduced an
extension of the inverse Rayleigh distribution, termed the Burr XII inverse Rayleigh model, by
integrating the Burr XII family framework initially introduced by [10]. [2] explored the use of the
inverse Rayleigh distribution in mixture models to analyze the complex nature of engineering systems’
lifetimes. [5] introduced the exponential transformed inverse Rayleigh distribution.

The generation of new distributions by adding one or more parameters to standard distributions
enhances their applicability to complex data across various fields. Motivated by this approach, several
authors have proposed different methods for generating new distributions. These include the
Marshall-Olkin-G distribution by [15] the Beta-G distribution introduced by [11], the Kumaraswamy-
G distribution by [8] and the McDonald-G distribution by [1]. [19] developed the transmuted-G class

of distributions.
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2 Methodology/Model formulation

The techniques for modifying the classical distributions are usually referred to as generators in
literature and are capable of improving the goodness-of-fit of the modified distributions. These
features have been established by the results of many generators ([8];[11]). Recently, [1] proposed
an extension of the beta-generated family of distributions developed by [11]) and called it the
transformed-transformer (T-X) family of distributions. According to [1] the CDF of the T-X family

is defined as

—log(1-F(t))

6= [ r@de=Ri-logl - FOD ©

0

Here, we define r(t) as the probability density function (PDF) of the random variable T, R(t) is the
CDF of T and F(x) is the CDF of the random vatiable X. Although, the T — X method have been
embraced by several researchers, [24] proposed an extension of it in order to improve on some of the
drawbacks of the T — X method. The new family defined by [24] is called the exponentiated T — X
family of distributions.

In this work, our attention is focus on one of the most attractive of these distributions, known as the
Generalized Rayleigh (GR) distribution. If the random variable X has a GIR distribution when its

cumulative distribution function (CDF) can be represented by

Fng@)=1—(1-e @)’ . x>0,0,6 >0 2)
The corresponding probability density function to equation (2) is given as
20 -e02(1 — g0
fan, @) = g7 e (1—e ) 5x>0,060>0 (3)

where ¢ is a shape parameter and 8 is a scale parameter. If ¢ = 1, GIR reverses back to the well-
known Inverse Rayleigh distribution. The main motivations behind the half logistic generated family
are as follows. First, it is proved in [24] that the combined effect of the considered ratio and power
transformations can significantly enrich the parental distribution, improving the flexibility of the
mode, median, skewness and tail, with a positive impact on the analyses of practical data sets.
However, the half logistic generated family remains underexploited and, based on the previous

promising studies, needs more thorough attention.
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2.1  Half Logistic Generalized Rayleigh distribution
Based on the work of [9], the CDF of half-logistic generalized family is defined by:

1-[1-F@x9l*
G(x;A,g):HE_Fg_g}A, x €R @

where X is a positive shape parameter and F(x;¢) represents a CDF of a continuous distribution,
otherwise known as the baseline distribution. Here, ¢ represents a vector of parameter(s) related to
the corresponding baseline distribution. The chief motivations behind the half-logistic family of
distributions are as follows. [9] showed that the effect of the power transformation can enormously
enrich the baseline distribution, improving the flexibility of the median, mode, skewness and tail,
which provides a positive impact on the analyses of real-life data sets. The normal, Frechet, Weibull,
and inverse Lomax distributions have been considered as baseline in the previous work using the half-
logistic generated family by [12]. In recent studies, [29] developed and studied the type 1 half logistic
Gompertz distribution, the Half-Logistic Generalized Weibull Distribution, type I half-logistic Topp-
Leone distribution was proposed and studied by [29]. [30] proposed and studied the half logistic
generalized Rayleigh distribution. However, the half logistic-g family has not been completely explored
and, based on the studies carried out in the past, more work needs to be done to fully explore the
richness of this generated family of distribution. In this paper, we consider the baseline distribution
as Inverse Generalised Rayleigh (IGR) distribution.

Thus, we introduce a new flexible lifetime distribution with three parameters called the half-logistic
Generalized Rayleigh (HLGIR) distribution. The CDF of the HLGIR distribution with parameter
vector { = (0, @, 1) is obtained by inserting (3.1) into (3.3) as

1-[1-(1- e-(ex)-Z)"’]l
1+([[1-(1- e—(ex)—Z)‘P]r'

The associated PDF to (5) is given by

G(x; A, ,0) = x €ER (5

20e” 07 (1 - (3‘(‘9")_2)(p_1 [1 -(1- e‘(ex)_z)(p]l_l

623 (1 +[1-(1- e—(ex>—2)"’]ﬂ>2

gl A, e,0) = , X€ER (6)

where @ and A are positive shape parameters and 6 is a positive scale parameter.
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The survival (§(x)), hazard (h(x)),and the cumulative hazard (H(x)) ate, respectively, given as

2[1-(1- e—<9x)-2)"’r

S =1-6(x9) = T x€R (7)
1+[1-(1—e-607)%)
and S(x; () =1 forx <0,
. —(6x)72(1 _ ,—(6x)"2?71

GO a1 - (1 e@)?) (14 [[1- (1 - ey )

and h(x;{) = 0 for x < 0, and

H(x) = —log[S(x; 0]
= log(2) + Alog [1 —(1- e_(ex)_z)(p] —log [1 + [[1 —(1- e_(ex)_z)q)”)ll. (8)

and H(x;{) = 0 for x < 0. The graph of distribution, density, survival function(sf) and hazard
function (hf) are respectively, given in Figures 3.1, 3.2, 3.3 and 3.4 for various hypothetical values of

the parameters of the distributions.

Graph of distribution function of HLGIR distribution
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Figure 3.1. Graph of the CDF of HLGIR distribution
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Graph of density function of HLGIR distribution
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Figure 3.2. Graph of the CDF of HLGIR distribution
Graph of survival function of HLGIR distribution
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Figure 3.3. Graph of the survival function and the hazard function of HLGIR distribution

e From figure 3.3 it can be observed that the failur

the form of bathtub-shaped.
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Graph of hazard function of HLGIR distribution
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v' The graph of the hazard function in figure 3.4 for various parameter values for HLGIR

distribution indicates that the new model exhibits various shapes such as monotonically

increasing, decreasing, and upside-down bathtub shapes. This property clearly explains the

flexibility of HLGIR distribution and its applicability in modeling non-monotonic and

monotonic hazard behavior which are often encountered in real-life data.

3.1 Important representation

In this subsection, an important tool for the expansion of the PDF for HLGIR is provided. From

the generalized binomial series given by

(1+) = i(—ni(b T
i=0

l

€)

For |v| < 1 and b is a positive real non-integer. Then, by applying the binomial theorem (9) in (6),

the density function of HLGIR distribution becomes

9(0) = 29_(2) i (—1)itit (i + 1) (/'l(i + '1) - 1) ((p(]' + 1)) (D)

i k
i,j,k=0 J

3.1  Statistical characteristics of HLGIR distribution
3.1.1 The quantiles, median and the upper quartile
An expression for the quantile and the median of HLGR are obtained in this subsection.
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The quantile x, of the HLGR is represented as follows

_1/2

1
/
%, ==4—1og[1- 1_(1;")1/1 Y 1)
7 9 1+¢q

The median and the upper quartile of HLGIR are found by putting ¢ = 0.5 and 0.75 in (11),

respectively, as follows:

Vo) 2
1 0.5\ /2
Xo5 = ] —log|1—|1- (1—5) (12)
and
1 _1/2
1 025 V2] "*
Xg.75 = 5 —lOg 1—11- (m) (13)

3.2  Theordinary and incomplete moments of HLGIR distribution

Moments are the anticipated outcome of a particular function of a random variable. Due to the
mathematical tractability of the various kinds of moments of HLGIR distribution, the moments can
be calculated directly. In a similar vein, Bonferroni and Lorenz curves, the mean waiting time, and the
mean residual life can be computed using the first incomplete moment. Thus, the rth ordinary

moment of a distribution is given by
pr = E(x)"

Thus the 7" moment of HLGIR distribution is given by

o]
p= | xfen, 00dx a4
—00
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Putting equation (10) in (14), we have

20 A IN[A+1) -1 1N [ .
‘u;ze_(f Z (_1)l+]+k (l ; )( (l ]) ><(p(]k )> fxr—Se—(lHl)((px) dx

i,j,k=0 —00
(15)

Lettingm = (k + 1)(px)"2, x = é(k + 1) /2m 2 dx = —i (k + 1)/2m="/2dm and
substitute it in (15), we have

= 2 o () (m +j1>—1) (FU D) EE Bz-r/zofwm;e_m »

Finally, we have,

i = gi Z’; (1) (z J: 1) </1(l +]1) - 1) (<p(1l:r 1)) (k + 1)1 /2 “r(1 - T,)  (16)

Where I'(.) is a gamma function. It should be noted that the mean (u;) and the variance
(62 = ) — {u;}?) of HLGIL can respectively, be obtained by taking r = 1,2.
The mean is given by

oo

=gz 3. o (T (T RT(ED)EED (17)

[
i,j,k=0 J ¢

The variance is given as

o’ =ai2 i (—1)iti*k (i J: 1) </1(i +jl) - 1) (<P(i ]:L 1)) %

i,j,k=0

AN ik (T (ACHD =1\ (eG+ DK+ 4
_ ﬁi;()(—l) j k( i )( j )( ) ) = r(t/y)| @as)
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3.3 Incomplete Moments Of HLGIL distribution
Thus the " moment of HLGIR distribution is given by

t

v, = fxrf(x; @,0,1)dx

0

(19)

Putting equation (10) in (19), we have

0 . . t
o= 2¢ Z (—1)ititk (1 + 1) A+ .1) -1 (] + 1) fxr‘3e‘(k+1)(‘ﬂx)_2dx 20)
0% s i J
i,j,k=0 0
Letting m = (k + 1)(px) 72, x

substitute it in (20), we have

= %(k + 1)1/2m_1/2 dx = —%(k + 1)1/2m_3/2dm and

© ) .
1 i IN(AG D) =1 e+ D\ (k+ D2 -
= _1)it+j+k (k+1)7/2 "
G i,j,zk:o( D ( i )< J >( k ) @3 J m2e Mdx (21)

Finally, we have,

=l 3 oy (i) [ D) (00 0y

[
i,j,k=0

X I(1="/y,(k+1)(pt)"?) (22)

The first incomplete moment is obtained by taking = 1, and we have

v

, 1% e (FF LY A+ 1) = 1) (0 + Dy (k + 1)
1—9—; 1),k<l)< ) )( ) T D ™) @23)

3.4 Moments generating function

The moment generating function (MGF) of a random variable X provides an alternative method that

can be used in describing the characteristics of a distribution. Mathematically, the MGF is defined as
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My (t) = E(e™) = Z%E(Xr). (24)

Putting (23) in (24) for E(X™) for HLGIL model, we obtain

1 O, (P IV (A1) =1\ o+ DY (k + 1)
Mx () =23 Z D J""( ; )( i )( k )Tf(l—r/z)
i,j,kr=0

(25)

By setting t = it in (25), we derived an expression for the characteristics function of the HLGIL model

as

i + 1) (A(i + .1) - 1) ((p(]' + 1)) (k+ 1)z

GO= S n
X CE r! i J k QT3

i,j,kr=0

r(1="/,)

(26)

35 Mean deviation about the Mean and the Median

The mean deviation, about the mean and the median, are used to determine the degree of spread
(scatter) in a population. Let 4 = (X) and M be the median and the mean of the HLGIL distribution
given by (12) and (23) respectively

The mean deviation of HLGIL model about the mean can be calculated as

[00]

LX) = E|X — | = j X — ulfCx; 0, 6, Ddx, @7)
0

(o]

= 2uF (u; v,w, 1) — 2u + ZJ xf(x; ,0,1)dx
u

1-[1-(1- e—<ex)-2)"’r

2 < e (LT (A + D -1
= 2p -2ty Y (T )<( D )
1+[[1- (1 - e=®07)7]] o720 : J
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. 1-7/
< (PUFDY L By et Do) 29

k (pr—3

The mean deviation about the median can also be calculated as

I,(X) = E|X — M| = f X — MIf(x)dx, 29)

co

= —u+2fxf(x;<p,9,/1)dx

_ 2 N i (FED (A + D =1\ (0 + D) (k+ D)7/
= —pt o ik )( . )( )—

2 r—3
0 i,j,k=0 J k ¢

r(1-="/y,k+1)(em)?) (30)

3.6 Bonferroni and Lorenz curves

The Bonferroni and Lorenz curves have been found suitable to have applications not only in
economics to study income and poverty analysis, but also in other fields like demography,

insurance, and reliability. The Bonferroni and Lorenz curves are defined by

q
B(p) = pi# OJ xf(x; A, ¢,0)dx (31)
and
q
L(p) = lfxf(xvl ¢, 0)dx (32)
p Ao,

0
Respectively, where u = E(X) and g = F~1(p). In the case of HLGIR distribution, we obtain

600 IJMAM, Vol. 7, Issue 2 (2024) oNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



0.1. Oseghale and E. S. Micah (2024) Int. J. Math. Anal. & Mod., 7(2):589—606

1 < A INAGH D =1\ foG + D (k+ 1
B =— > (D (T )( oy )((p(]+ NER r@+ e

uBZpi,j,k:O J &
(33)
and
10X e (FF LY (A + D) = 1) 0 + Dy (k+ 1) )
L(p)_Wi,;o(_D e )( ; )( ) o Tkt D™
(34)

4.0  Application of HLGIR to Breast cancer data

Here, we demonstrate the flexibility of Half logistic Generalized Inverse Power Lomax distribution
using two lifetime data sets. The first data represent 121 breast cancer patients’ survival times during
a specific period from 1929 to 1938. The data source [20] studied these datasets. The observations are
listed as follows: 0.3, 0.3, 4.0, 5.0, 5.6, 6.2, 6.3, 6.6, 6.8, 7.4, 7.5, 8.4, 8.4,10.3, 11.0, 11.8, 12.2, 12.3,
13.5,14.4,14.4, 14.8, 15.5, 15.7,16.2, 16.3, 16.5, 16.8, 17.2, 17.3, 17.5, 17.9, 19.8, 20.4, 20.9,21.0, 21.0,
21.1, 23.0, 23.4, 23.6, 24.0, 24.0, 27.9, 28.2, 29.1,30.0, 31.0, 31.0, 32.0, 35.0, 35.0, 37.0, 37.0, 37.0, 38.0,
38.0,38.0, 39.0, 39.0, 40.0, 40.0, 40.0, 41.0, 41.0, 41.0, 42.0, 43.0, 43.0, 43.0, 44.0, 45.0, 45.0, 46.0, 46.0,
47.0, 48.0,49.0, 51.0, 51.0, 51.0, 52.0, 54.0, 55.0, 56.0, 57.0, 58.0, 59.0, 60.0, 60.0, 60.0, 61.0, 62.0, 65.0,
65.0, 67.0, 67.0, 68.0, 69.0, 78.0, 80.0, 83.0, 88.0, 89.0, 90.0, 93.0, 96.0, 103.0, 105.0, 109.0, 109.0, 111.0,
115.0,117.0, 125.0, 126.0, 127.0, 129.0, 129.0, 139.0,154.0. Then the fit of the Half logistic Generalized
Inverse Rayleigh model is compared with those of some competitive model such as Half logistic
Inverse Rayleigh distribution (HLIR) by [27] and the inverse Rayleigh model. The maximum likelihood
estimation procedure was used to determine the estimates of the parameters of the models considered.
We compute statistical measures which represent the measures of goodness of fits and this includes
Akaike Information Criterion (AIC), Bayesian Information Criterion (BIC), Consistent Akaike
Information Criterion (CAIC), and Hana Quin Information Criterion (HQIC). The model with the
smallest AIC, BIC, CAIC, and HQIC is assumed to be the best fit model in the class of models
considered. Table 4.1 shows that the breast cancer data is over-dispersed, positively skewed. Figure

4.1 shows that the Breast cancer data contains no outlier observation and it has a wider spread.
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Table 4.1 Exploratory data analysis of Breast cancer data
Min. q1 median | mean qs max Range | Skewness | Kurtosis | variance
0.0004 | 0.0095 | 0.7405 | 0.9765 | 1.4122 | 3.8474 | 3.8470 | 1.0432 3.4021 1244.46
Violin plot for the Breast cancer data
1
Figure 4.1.  Violin plot of Breast cancer data
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Figure 4.2.  Total time on test (TTT) Plot for Breast cancer data.

Table 4.2 Measures of goodness of fit of Breast cancer data
Parameter estimate Measures of goodness of fit
Model 0 ® A -1 AlC CAIC HQIC BIC

HLGIR | 1.213 3.569 0.003 276.76 | 559.52 | 559.72 |562.92 |567.90

(0.012) | (0.012) | (0.005)

HLIR | 7.070 — 0.0015 |419.60 |843.20 |843.29 |845.47 |848.79

(5.897) | (=) |(0.0117)

IR 5.338 — - 1092.55 | 2187.10 | 2187.12 | 2188.23 | 2189.89

(0.485) | (-) (-)

From Table 4.2, we observe that HLGIR model has a better fit than its existing sub-model models
which includes HLIR, and IR model because it possesses the smallest AIC, CAIC, HQIC, and BIC.
This result shows that the HLGIR is more suitable for modeling breast cancer data than other models

considered in the study.
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5 Discussions and conclusion

It is evident in this study that the new model developed show the potentiality of a process or
phenomenon under consideration. In the field of statistics many of these models were developed
through generalization, combination, or through modification of existing models to develop new one.
In this research, we have presented a new generalized distribution called the Half Logistic Generalized
Inverse Rayleigh distribution. The new distribution was developed using the Half logistic generalized
family of distributions introduced in the literature. Some mathematical properties of the new
developed generalized distribution were studied which includes: Renyi entropy, Bonferroni and
Lorenz curve, ordinary moments and incomplete moments, moment generating function, mean
deviations, quantile function, and also the parameters of the developed model are estimated using the
maximum likelihood estimation procedure. An application of the newly developed model to breast

cancer data demonstrates its attractiveness in modeling lifetime data.
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