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Abstract

Resurgence of vaccine preventable infectious illnesses like diphtheria and pertussis place a heavy
burden on global health especially in developing countries. In this article, a modified SIR-type
fractional-order compartmental model was used to study the transmission dynamics of pertussis
and diphtheria co-infection. Fractional-order models through fractional calculus provides heuris-
tic approach to improving flexibility, convergence, and accuracy in long-term disease predictions.
In Particular, the Laplace-Adomian decomposition method (LADM) is applied to solve the com-
plexity of diphtheria-pertussis co-dynamics model by adding fractional derivatives to account for
non-integer order dynamics. The approximate solutions of the model is obtained in the form of
an infinite series which shows convergence to equilibrium point. The efficiency and reliability of
(LADM) is demonstrated in different time intervals by the numerical simulations.

Keywords and phrases: Co-infection; fractional-order; Laplace-Adomian decomposition method;
Caputo fractional derivative.

1 Introduction

The rise in vaccine-preventable respiratory infections is a global health concern, worsened by dis-
ruptions to routine immunization during the COVID-19 pandemic [1-4]. In 2021, the WHO and
UNICEEF report [5] found that about 25 million children missed their DTP vaccines. Respiratory
diseases remain a significant threat to children’s health. It is crucial to understand how different
pathogens interact within a host, as co-infections are common and can influence disease severity and
outcomes. [/-10].

Diphtheria and pertussis are bacterial respiratory diseases that can be prevented with the DTaP
vaccine [|[11H14]). Diphtheria, caused by Corynebacterium species, can cause serious complications such
as paralysis or death and spreads through droplets or close contact with an infected person [[15]. In
addition, Whooping cough (pertussis) is extremely contagious and spreads easily through the air. It
poses a serious health risk, particularly in infants, and can be difficult to diagnose [[1/H19]. Studies
show that asymptomatic adolescents and adults are the main carriers, spreading the disease to infants.

Recently, mathematicians have focused on studying the interaction between these pathogens using
a fractional-order compartmental approach to account for non-integer dynamics, convergence, and
long-term prediction accuracy [[20,{21]. For example, [20] applied Laplace Adomian Decomposition
Method (LADM) to study COVID-19 and Influenza dynamics, while [21] used it for COVID-19
and Monkeypox. [22]] used fractional calculus in an SEIR model without vaccination, showing the
importance of timely vaccination. [23]] developed a fractional order model for malaria and COVID-19
co-infection, suggesting that preventive measures could reduce the risk of co-infection and potentially
eliminate both diseases.
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2 Model formulation

In this article, the Caputo derivative is used as a differential operator. This section outlines the key
terms and concepts used in this study.

2.1 Preliminary Definitions

Definition [24]] Let f(t) be a function defined on the interval 0 < ¢ < oo, the following integral
converges in a certain region of s, where F'(s) is the Laplace transform of f(t), .Z is Laplace operator
and s is a complex parameter.

F(s) = Z[f () = /0 " f(t)etat (1)

Proposition [25,26]]. Let 0 < ¢ < 1, then the Laplace transformation of the Caputo derivative is
given by

LD ()} = L1f(1)] — 577 £(0), )

Definition [27]] Let ¢ € [0, 1] The Caputo fractional time derivative of a function f of order q is
defined by:

LEDIf(1)) = —— | /0 (t— 5" L f0) (5)ds 3)

I'(n—gq

Where g represents the integer part of q. Therefore, when n = 1 the Caputo derivative becomes:

LEDYO) = 1= [ e @

The diphtheria-pertussis dual infection model with total population N (t) consist of eight sub-
population given by

N(t) = 5(t) + 1ap(t) + Isp(t) + 1ap(t) + Isp(t) + Ispp(t) + Qsp(t) + R(t) )
The following Table gives a summary Definition of model parameters and variables:

Table 1: Values of parameters used in simulation.

Variables Description Unit
S(t) susceptible People
Iap(t) | asymptomatic diphtheria infected | People
Isp(t) | symptomatic diphtheria infected | People

Iap(t) asymptomatic pertussis infected | People
Isp(t) symptomatic pertussis infected | People
Ispp(t) | diphtheria-pertussis co-infected | People

Qsp(t) | quarantined diphtheria infected | People
R(t) Recovered People

This article models a population where the susceptible group (S) grows due to two factors: the
addition of unvaccinated individuals bN(1 — V') and the movement of vaccinated newborns directly

into the recovered group VON.

Furthermore, S get infected with diphtheria only with infection force ®p = W,

Bp(aplap+Isp)
N

Pertussis only with infection force ®p = , and diphtheria- Pertussis dual infection

_ Bprlspp
- N

force ®pp respectively. Individuals exhibiting symptoms of diphtheria or pertussis are
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Table 2: Values of parameters used in simulation.

Parameters Description Values Cite
Bp Contact rate for Diphtheria 0.57/day [130]
Bp Contact rate for Pertussis 0.5-1/day (28]

Bpp Diphtheria and Pertussis dual transmission 0.2/day fitted
Q Recovery rate of Quarantine 0.1-0.9 Assumed
np Diphtheria Recovery rate. 0.5 (28]
np Pertussis Recovery rate [1—14, 0.0206 (28]
npp Dual infection Recovery rate 0.15/day [29]
@D Disease induced death rate of Diphtheria 0.05 [30]
wp Disease induced death rate of Pertussis 0.0309 [28]
wWpP Disease induced death rate of Dual infection 0.005/day [130]
7 Natural death rate 0.006 [30]
6 Diphtheria Quarantined rate 0.1/day Assumed
Vv Vaccination 0.1-1.2 Assumed
ap,ap Modification parameter 0.5 [128]
Y15 V2 Modification parameter 1 [129]
b Birth rate 0.019 [30]
OD,dp Progression to symptomatic infected stage | [2]/day , [%] /day | Fitted

. . . 1 I I 1
susceptible to secondary infections at rates 1 WI sp and ¥ WI sp.The model
parameters are listed in Table 2], with the governing equations in equation (g).

dsS
%(t) = bN(l — V) — ((I)D +®p —i-(I)DP)S —MS,

dlsp
dt

dt

dl
djp (t) =2pS — (¢p + p)lap,

dIsp ©)
W(t) = ¢plap — (np +wp + p)Isp — 2Pplsp,
dIspp
dt
dQsp
dt
dR

dt

(t) = ®pS — (¢p + p)lap,

(t) = ¢plap — (0 +np +wp + w)lsp — 1®plsp,

(t) = ¢ppS+11®pIsp +v2®plsp — (npp + wpp + 1) Ispp,

(t) = 0lsp — (2 + p)Qsp,

(t) = VON +nplap +nplap +nspprlspp — pR.

S(0) >0, Iap(0) >0, Isp(0) >0, I4p(0) >0, Isp(0) >0, Ispp(0) >0, Qsp(0) >0

3 Fractional-order of Diphtheria-Pertussis co-infection model

This section incorporates the Caputo fractional derivative into our diphtheria-pertussis co-infection
model. Fractional calculus is applied because it effectively models systems and processes exhibiting
memory and hereditary characteristics [22]]. Therefore, the fractional-order model is constructed as
follows:
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CDqS(t): (1—V)—(<I)D+(I)P+(I)DP)S—,LLS,
“DiIap(t) = ®pS — (¢p + ) lap,
“DUsp(t) = dplap — (0 +np +wp + p)Isp — 1 ®plsp,
CDUap(t) = ®pS — (¢pp + p) L ap, 7
“DiIsp(t) = ¢pplap — (np +wp + ) Isp — 12@plsp,
CDIIspp(t) = PppS + 11 ®plsp + 12 Pplsp — (Mpp + wpp + 1) Ispp,
“DIQsp(t) = 0Isp — (Q+ 1)Qsp,
CDIR(t) = VBN +nplsp + nplsp + nspplspp + QQsp — uR.

With the following initial conditions;

S(O) > 0, IAD(O) > 0, ISD(O) > 0, IAP(O) > 0, ISP(O) >0, ISDP(O) > 0, QSD(O) > 0, R(O) = 0.

3.1 Applying Laplace-Adomian Decomposition method solution

Here, we will apply Laplace transformation to convert the governing system of differential equations
() into a system of algebraic equations. Furthermore, apply the Laplace Adomian Decomposition

Method (LADM) to solve equation (7)), and obtain the solution in terms of series;

L{ODIS(t)} = L{bN(1 = V) — (®p + ®p + Ppp) S — pS},

L{DUap(t)} = Z{®pS — (¢p + 1) Lan},

L{EDUsp(t)y = L{épIap — (0 +np +wp + ) lsp — nPrlsp},

L{EDUAp(t)} = L{PpS — (¢p + p)Iar}, )

L{DUsp(t)y = Z{dplar — (np + @wp + p)Isp — 12®plsp},
L{DUspp(t)} = L{®ppS +11Pplsp +12Pplsp — (npp + @pp + 1)Ispp},
L{DQsp(t)} = L{0Isp — (2 + w)Qsp},

L{DIR(t)} = L{VON + nplsp +nplsp + nspplspp + QQsp — pR}.

which is equivalent to;

s1.2{S(t)} — s7715(0) = L{bN(1 - V) —

qg{IAD( )} —SqflfAD 0 :g{‘I)DS—

(®p +Pp+ Ppp) S — S},
(¢D +:U’)IAD}7

SQX{ISD )}—Sq_1[SD 0
X{IAP )}—Sq_IIAP 0
s1.Z{Ispp(t)} — s* 'spp(0

s1.2{Qsp(t)} — 7' Qsp(0

(0)

(0)

(t (0)

(t (0)
s1.2{Isp(t)} — s9 1 I5p(0)
) (0)

(0)

s2.Z{R(t)} — s771R(0)

= ZL{¢éplap — (0 +np +wp +pu)lsp — n®prlsp},
=2{®pS — (¢r + W) lar},

= Z{¢plap — (np + wp + p)lsp — 12®plsp},

= ZL{®ppS+mPprlsp +72®plsp — (npp +wpp + 1)Ispp},
=ZL{0Isp — (2 + u)Qsn},

= Z{VbN +nplsp +nplsp +nspprlspp + QQsp — nR}.
)

Substituting the initial conditions and Dividing equation (9) by (s7) we have
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K 1
@ — [sfq.iﬂ{(‘bp + (I)P + ‘I)DP)S — ,U,S}],

250} =2 1

L{Iap(t)} = IASDO + [éf{‘l’DS — (¢p + 1) Iap}l,

I 1
L{Isp(t)} = SSDO + [Sjg{¢DIAD — (@ +np +wp + p)lsp —11Pplsp}l,

LALip()} = A 4 [ 2808 — (60 + ) Lap}],

I 1
L{Isp(t)} = ipo + [Eg{¢PIAP — (np +wp + p)lsp — 2®plspll,
I 1
ZL{lspp(t)} = % + [Eg{q)DPS +71®plsp +2Pplsp — (npp +wpp + 1) Ispr}l,
1
21Qs(t)} = @ + 2 {0lsp — (@ + 1)Qsp)),

LRt} = 2+ [ - Z{VON +nplsp +nplsp + nspplspp + QQsp — pR}Y].
(10)

Expressing the obtained solutions as an infinite series,

S(t) = £ 8.0, Lan(t) = 3 Lap, (0. Isn(®) = X Isp,(t) Lap(t) = X La, (). Isp(t) =
2} Isp,(t), Ispp(t) = ijo Ispp,(t), Qsp(t) = Z::O Qsp, (1), R(t) = ZZ:O IR, (1) .

S(t)Iap(t), S(t)Ipp(t), S(t)Iap(t), S(t)Isp(t), and S(t)Ispp(t), are the non-linear term in the

model and it can be decomposed by Adomian polynomial.
Iap(t)S(t) = > Ay, Isp(t)S(t) = > By, Iap(t)S(t) = > Cy, Isp(t)S(t) = > Dn,
n=0 n=0 n=0 n=0
Ispp(t)S(t) = E E,.
n=0

where A,,, By, Cy,, D,, and E,, are Adomian polynomials [21]].

1 d T Nt ]
An: v k’I k
Tt ) d)\”_;::)\ AD(k)kZ:O/\ S(k)_)\zo
L A k]
Bn = F(n+1)W-Z)\ ISD(k)ZA SE), L,

1 d" = & kg (11)
n= ST I
¢ T(n+1)dn L kzo NI ap(k Z A8 Ix=0

_ 1 d" T k k |
Dn= g1y av _kZOA Isp(k)kzo)\ S(k)|

S SN R Y S\
B =ty .ZA ISDP(’“)ZA S(k)hzo

The first three terms of polynomials A(n), B(n),C(n), D(n) and E(n) calculated as

AO = SOIADoa BO = SOISD(H
A(n) Ay = S1lap, + Solap,, B(n) By = S1lsp, + Solsp,,
n)= n)=
Ao = Solap, + S11ap, + Solap, By = S21Isp, + Silsp, + Solsp,
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Co = Solap,, Do = Solsp,,
Cln) = C1 = S1lap, + Solap,, D) = Dy = S1Isp, + Solsp,,
Cy = Salap, + S1lap, + Solap, Dy = Solgp, + Silsp, + Solsp,
Eo = Solspr,,
Ey = S1Ispp, + Solspp,,
Esy = Solspp, +Silspp, + Solspp,

Substituting the infinite series into equation (9)), by matching the terms on both sides we obtain the
following iterative algorithm
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Splap 3 An) + 3 B(m)

203 Sk = 24 Lefva-v) - (

N
n=0
Splap 32 C(n)+ S D) fop 32 Em)
e ) e s,
. Loy Bolap S AM)+ > B) o
Z{Y) 1ap,} = Af"+§$[ = N =0 —(¢D+M)ZIADJ,
n=0 n=0

I 1 o0 oo
X{ZISDn+1}: SSD” —I—S—qg[ngZIADn —(9+77D+WD+M)ZISDn

n=0 n=0 n=0
Be(ap Y, C(n)+ > D(n))
-m n=0 7 n=0 Z[SDn}y
N 1 Belar S C(n)+ 3 D(n)) -
X{Z Iap, 1} = SP" + 873[ n=0 N 2t — (¢p + ) ZIAPn]7
> Isp. 1 > >
L Isp, ) = P s7$[¢P > Iap, —(p+wp+p)>  Isp,
n=0 n=0 n=0
Bp(ap ioj A(n) + ioj B(n))
— 72 n=0 N n=0 Z ISPni|)
& o [BDP > B(m)  Aplar X Cln)+ X D) S
L) Ispp,,} = . *-i”—JrV = = Isp,
2 SD Py ~ 1 ~ SD
,BD(CVD Z A(n) + Z B(n)) [e'e) o7}
+ 2 n=0 7 =0 Z Isp, — (npp + wpp + 1) Z ISDPH} ;
n=0

f{z Q5D (1)} = QSD" + X[HZISDH (Q+p) ZQSDn]a

n=0
oo o0
.Z{Z R} = —+ .f[VbN + TIPZIAP,L +np ZIADn +nspp Y Isp, — ,LLZRn:|-
n=0 n=0 n=0 n=0 n=0
(12)
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Evaluating the Laplace transform of the second equation at the RHS of equation (12)), [21]] we get

Bolan 3 A(n)+ 3. B(n))

Z{Z Sn+1} = % + [bN(l — V) — ( n=0 - n—=0
n=0

Brlap 3 Cn)+ 3. D(n))  Bpp > B(n)

n=0 n=0 n=0
+ N + N ) K Z } sat1’
00 IAD ,BD(OéD EOA(TL) + EOB(TL)) o] 1
g{nz_;)IAD"H} = s + [ N - (¢D+M)T;)IAD"}S‘1'H7
> I
.Z{z:ofspnﬂ} = SSD" [¢DZIAD,L (0 +np +wp + ) E:OISDn
Br(ap 3 Cn)+ % D)) )
_ n=0 n=0 Z I }
Y1 N ~ SDy+1 Sq+1 5
0o Tim Bp(ap Z_:O C(n)+ Z_:OD(n)) 00 1
L araad =70 ¢ — == —(r+w) > Lar, OlfF==%
iﬂ{iISP } = Lse, + [¢P§:IAP —(np +wp +/~L)§:ISD
n=0 " s n=0 " n=0 !
Bplap >- A(n) + 3- B(n)) o )
_ n=0 n=0 ZI }7
Y2 N —~ SPp+1 Sq+1 )
i~ Tepp Bpp Zo E(n) Bp(ap Zo C(n) + ZOD(”)) o0
-i”{nz_:o Ispp,,,} = ; ~ 4 N +m N Z Isp,
Bp(ap EOA(TL) + ZOB(TL)) o0 o0 )
+72 = N = ZISPn — (mpp +@wpP +u)z_%lsppn]sq+1,
0o B QSDn 0o 0o 1
Z{> Qsp,.\} = P [GZISDH - (Q+M)ZQSD71]@,
n=0 n=0
1
«iﬂ{z Rup1}=—"+ {VbN +np ZISPn + 1D ZISDn +nspp ZISPn — MZR } e
n=0 n=0 n=0 n=0
(13)
Taking the inverse Laplace transform of equation (13)
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B(ap n§0A<n> + 3 B(®))

n=0

7;)5”+1:Sn+ bN(l—V)—( ~

Sp(ap 3= C(n) + 3= D) fpp 3 E(n)

n=0 0 n=0 - t
* N + N )_MRE:OS"}F(qul)’
. Bolop > Aln) + X B(n)) x p
ZIADnJrl :IADn+ [ n=0 N n=0 —(¢D+H)ZIADn:| F(q+1)’
n=0 n=0

[e o] [e.e] o
> Isp,,, = Isp, + [¢D Y Iap, — O +np+wp+4) Y Isp,
n=0

n=0 n=0

Splap 3 C(n)+ 3 D(w)

= n=0 = t1
_ I } 7
n N ;} PTG+ 1)
00 Bp(ap ZO C(n) + ZO D(n)) o0 s
Inp,., =1 [ n= n= - Lar,| 5
> Isp,., =Isp, + [cbp > Iap, —(p+@wp+p)> Isp,
n=0 n=0 n=0
Bplap 32 A(n) + >3- B(n)) «
— 9 n=0 n=0 Z Isp } 14
N = 7T (g+ 1)
. for 3 B(n)  Brlar 3 On)+ 3 D)
;ISDP”H = Ispp, + [ N +7 N gISDn
Bp(ap ZOA(R) + ZOB(”)) 0 > 4
n= n= Isp, — Ispp, |
+ 72 N 7;) sp, — (Npp +@wpp + 1) 7;) SDP, T(q+1)
- Isp. — (Q }
Z%QSDHH Qsp, + [9; sp, — (2 +p) ;Qsm NCESIA
> Rpp1=R,+ [VbN +np Y Iap, 10 Y Iap, +nspp Y Isp, —p Y Rn:| Tlg+1)
n=0 n=0 n=0 n=0 n=0
(14)
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forn=0

Ao+ B D F,
51:So+[bN(1V)(5D(aDNO+ °)+5P(O‘Pi?+ °)+BD§ )
t4

- ,USO} NCESk

Iap, = Iap, + :BD(O&D?) 5 _ (ép + M)IADO} F(qtj—l)’
Isp, = Isp, + :¢DIAD0 — (@ +np +wp+w)lsp, — M 5P(QP]C\? i DO)ISDO} F(qt: 1)’
Iap, = Iap, + :ﬁP(aP?\;)-i-DO) —(¢P+M)IAP0]F(;Z_1>7 5
Isp, = Isp, + :¢PIAP0 —(np+wp + u)lsp, — 72 BD(QDJ;O + Bo) spo} F(qt: ok
Ispp, = Ispp, + [ﬁDJI\D,EO +mn ﬁp(ap?\? ha DO)ISDO
+ 7 5D(O¢Dz§fo + BO)[SpO — (npp + wpp + u)ISDPO} I‘(qﬂll)’
Q51 = Qspy + [015p, = 2+ 1)Qsmy| 7
Ri = Ry + [VbN +nplap, +nplap, +nspplsp, — uRo} F(qtil)

4 Numerical Simulations

In this section, we will use the parameters in Table [2| and assign initial values to the compartments.
The Figure|[I]illustrates Effect of Varying ¢ on the System Variables at n = 0 using equation with
S(0) =990, Iap(0) = 10, Isp(0) =5, I4p(0) =7, Isp(0) = 4, Ispp(0) > 3, Qsp(0) = 2

respectively.
IM)1 vs q ISD1 vs q
5.15
- o 96 o
® < & 51
Q.Z E
05 1 15 2 05 1 15 2
q q q
IAP Vs q ISP vs q ISDP Vs q
2.95
o 29
05 1 15 2
q
q q
Figure 1: Effect of Varying ¢ on the System Variables at n = 0.
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Figure 4: Plots on the effect of varying ¢ on Igp and I4p compartments over time.

5 Conclusion

In this article, we developed a fractional-order compartmental model to investigate the transmission
dynamics of Diphtheria and Pertussis co-infections within the human population. To analyze and solve
the model, we applied the Laplace-Adomian Decomposition Method, yielding a series of solutions
that demonstrably converge to exact values. Our findings highlight the critical role of fractional-order
models in understanding and controlling disease outbreaks.
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