AN A4
C0:009°

International
Journal of
Mathematical
Analysis and
Modelling

(Formerly Journal of the Nigerian Society
for Mathematical Biology)

Volume 7 Issue 2, 2024

ISSN (Print): 2682 - 5694
ISSN (Online): 2682 - 5708
www.tnsmb.org




International Journal of Mathematical Analysis and Modelling (2024) 7(2):474-489
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of strictly pseudo-contractive mappings in Hilbert spaces
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Abstract

It is our purpose in this paper to construct and study a Halpern-type algorithm with inertial and
error terms for approximating common fixed points of strictly pseudo-contractive mappings in the
framework of real Hilbert spaces. We prove strong convergence theorem for the sequence generated
by the algorithm under certain mild conditions on the control sequences. Numerical examples are
given to illustrate the effectiveness of this algorithm. Our result is intended to complement and
extend some well known results in the literature.
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1 Introduction

Let H be a real Hilbert space. Let 7; : H — H,i = 1,2, ...,N be any mapping for each i defined on H.
Let NY, Fiz(T;) represent finite intersection of a non-empty, closed and convex family of mappings
which is a subset of H, where

Fix(T;) :=={x € H : x = T;(x), for eachi > 1}, (1)

is the fixed point set of a family of mappings and N is the set of all natural numbers. Let P\~ Fia(T)) (x)

denote a metric projection of H onto MY, Fiz(T;) defined by
12 = Py piairy (@)l = inf{lle — 2| : 2 € N, Fiz(T;)}, ¥ )
and the metric projection holds true if and only if it satisfies the variational inequality
(z — Pﬂﬁv:IFiz(Ti)('r)? = ng\’:lFiz(Ti)(ﬂﬁ» < 0. 3)

Using this characterization, we get that a metric projection Py Fiz(r,)(%) is nonexpansive, that is

1Py | pia(r) (®) = Py | piaery W2 < llz = yl?, Yo,y € H.
A mapping T': H — H is called

(a) Lipschitzian if there exists L > 0 such that

|ITa — Ty|* < Lljz — yl|*,Va,y € H, (4)
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(b) quasi nonexpansive if

T2 —pll* < |z - pl*,Vz € H,p € Fiz(T). (5)

(c) strictly pseudocontractive [[1]] if there exists a constant k& € [0, 1) such that
Tz = Ty||* < |l = ylI* + kl|(z — y) — (Tx = Ty)||*,Vz,y € H. (6)
or equivalently, if there exists a constant A > 0 such that

(—y,Te—Ty) < |z —y|* = AM|{(x —y) — (Tz — Ty)||*,Va,y € H. )

(d) demicontraction (or k-demicontractive) (see [2]) if there exists a constant k € [0, 1) and Fiix(T) #
() such that

|7 — Tl < lle — p|® + kllz — Ta|%, ¥z € H,p € Fix(T). (8)

The mapping T is called a contraction if 0 < L < 1. It is called nonexpansive if L = 1. It is
demiclosed at a point p € Fiz(T) if Fiz(T') contains a sequence {x,, }°2 ; which converges weakly to
z € Fiz(T)(xy, — &) and T'x,, converges strongly to p (T'z,, — p) and Tz = p.

Many authors have proposed and studied different iterative schemes for the approximation of fixed
points of contractive, nonexpansive and pseudo-contractive mappings in Hilbert space, (see for example,
(21, 30, [4D.

If given contraction mapping (i.e) T': H — H, and if there exists a constant L € [0, 1) such that
d(Tz,Ty) < L.d(x,y), forallz,y € H, C)

then T has a unique fixed point p € H and the n'” iterate of x under T, (i.e) the Picard iteration (see
[5Dfor some xy € H, the sequence {x,,} given by

Tp =T"(xo),n > 1, (10)

converges to the fixed point p asn — oo and for each x € H. However, we observed that if the mapping
T is not a (strict) contraction, that is, if there is no L € [0,1), then the Picard’s iterative technique
fails to converge to its fixed point. Hence the need for more consideration of some other iterative
techniques. In the literature, some authors have considered mappings with compactness conditions to
guarantee strong convergence since strong convergence has advantage over weak convergence.

In the iterative approximation of fixed points of nonexpansive maps and strictly pseudocontractive
mappings, the iterative schemes of Mann [6]:

Tnt1 = (1 —ap)zy + apTx,,n >0, (11
where {a,,} C [0, 1]. and Ishikawa [7]]:
Tn+l = (1 - an)xn + anT$n [(1 - 5n)xn + 6nTxn] , 1 > 07 (12)

where {a,,},{8,} C are suitable control sequences in [0, 1], play an important role. However, the
two iteration schemes yield weak convergence only, and require the “compactness” assumption either
on the mappings or the domain of the mappings or even both to yield the desired strong convergence.
Often strong conditions are needed to impose on the fixed point point set, F'iz:(T'), to obtain the strong
convergence by using Mann or the Ishikawa iteration process. For example, Qilhou in [8]] required that
Fix(T) is finite where T is a continuous pseudocontractive-type self-mapping of a nonempty convex
compact of a Hilbert space and in [9]] required that the interior of Fiz(T) is nonempty. Recently many
new algorithms have been constructed and studied to achieve strong convergence with mild assumptions
on the mappings, their ambient domain, their fixed point sets and other necessary components, see ([2]],
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[10]). Meanwhile, the Halpern ([[11]]), iterative method generated by {x,} and for xy € H is defined
recursively by
Tnt1 = anxo + (1 — ap)Txn,n > 0. (13)

where «,, = 0 satisfies certain necessary conditions to guarantee strong convergence of the sequence
generated by (13).

Several authors have studied nonexpansive mapping and pseudocontractive mappings and proposed
different iterative methods to approximate the fixed points of their mappings in Hilbert spaces but
without the inertial and error terms (see for example [|12]], [[13]], [21], [15], [[16], [17]). To be sure,
the study of fixed point of nonexpansive mappings and its generalization is important in many areas
of Mathematical applications (see for example [[4]]). Besides, there have been a growing interest among
authors to speed up the rate of convergence of algorithms. The inertial method introduced by Polyak
(see [110], [[18], [[19]) is one of the methods for speeding up the convergence rates. This method was
firstly introduced by Polyak in 1964 as acceleration process which solves a smooth convex minimization
problem (see [?]). It is a two-step iterative technique in which the next iterate is defined recursively
with the use of the previous two iterates as follows: initialize z_1, 29 € X and let {x,} be generated
by

Tpt1 = Ty — aP(zy) + B(zn — Tp—1),n >0, (14)

where P is an operator usually linear defined on a Banach space X, and o, 8 € (0,1). It is easy to
observe that when P = 0, then (14) reduces to

Tptl = Tp + /8($n - -fUnfl)a n > 07 (15)

Recently, [4]], studied fixed point of nonexpansive mappings using the following algorithm:
Zn :xn+Tn(xn_xn—l>7 (16)
Tpt1 = Qo + Bryn + M Tyn + en,n > 1,

where {0 }02 1, {Bn}o2 1, {nn 52, are sequences in (0,1), {0,}°° is a positive sequences and e,
is an error sequence satisfying some convergence conditions. The sequence {z,,} generated by the
algorithm (16 converges strongly to metric projection of H onto Fiz(T'), which is the fixed point of
nonexpansive mapping. They applied it to solve compressed sensing problem.

Similarly, the authors in citeagb, studied fixed point of strictly pseudo-contractive mapping and
zeros of inverse strongly monotone operators using the same algorithm as (16)) and the sequences satis-
fying suitable convergence conditions. The sequence {z,,} converges strongly to metric projection of
H onto Fiz(T'), which is the fixed point of strictly pseudo-contractive mapping.

Consequently, Ekuma-Okereke, et.al [20] proposed and studied a modified Mann-type iterative
procedure with inertial term for the approximation of fixed point of strictly pseudo-contractive map-
pings defined on a closed and convex subset of real Hilbert spaces. below is their algorithm: Let the
sequence {x,} € C be generated by choosing 21 < z¢ € C' and using the procedure

Zp = Tp + Tn(xn - xn—1)7
Yn = QnZo + (1 - Oén)Zn, (17)
Ln+1 = PC(Bnyn + (1 - /Bn)Tyn)v n=>1,

where {,}7°, € (k,1) forany k € [0,1), {on }02, € (0,1), {6,,}52; is a positive sequence satisfying
required convergence conditions and P¢ is the metric projection onto a nonempty, closed and convex
subset subset C' of H. Then {z,} generated by converges strongly to metric projection of C' onto
Fix(T).

Question 1. Is it possible to construct an algorithm with inertial and error terms that converges
strongly to a common fixed point of a family of strictly pseudocontractive mappings more general than
nonexpansive mappings?
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Thus, we are inspired by the above results to construct a Halpern-type iterative with inertial and
error terms algorithm for approximating a common fixed point of a family of strictly pseudocontractive

mappings in a real Hilbert space. It is intended that our method complement and extend some results
cited here.

2 Methodology/Model formulation

This section formulate a Halpern algorithm with inertial-like and error terms for approximating a

common fixed point of a finite family of strictly pseudo-contractive mappings and then discuss its
convergence analysis in the next section.

Model/Algorithm Hypotheses
C1) Let H be a real Hilbert Space.

Cy) LetT;: H— H,i=1,2,..., N, represent a strictly pseudo-contractive mappings.

(
(C2)
(C3) Let F' = L, F(T;) # 0.
(Ca)

Cy) Let {89} ,,{B15°, € (0,1) for each i, {a, }5°; € (0,1) be positive sequences and {(,, }°;
be an error sequence which positive.

Let the sequences satisfy the following conditions:

- . G
(1) limy oo i = 0,500 | @y = 00, Y o0 1 n < 00, limy 00, — = 0,
n

(i) liminf, oo V4[Bn — (1 — an)k] > 0, where B, = (1 — ay) B, v = (1 — o) Zfil B
(i) n + Bn +7h =1, 3N 8L =1

(iv) 7 €[0,1) such that 0 < 7,, < 1 with

min{mfinu, 7}, whenever z,, # x,_1
Tn = n n—1
T, otherwise .

Algorithm 2.1

Initialization: Let 1,29 € H. Given x,,_1, T, then calculate x,, 11 as follows:
Step 1: Compute

Zn = Tp + Cn(zn - znfl) (18)
where
{min{xi';ln, 7}, whenever z,, # x,_1
Tp = neoone

7, otherwise .

Step 2: Compute

N
Tp+l = QpTo + (1 - an) (ﬁgzn + Zﬁ%ﬂzn + n ) ,n=>1. (19)
=1

Set n:=mn+ 1 and go to Step 1. Stop if xp41 =y = Tp—1 = 2n.

The following Lemmas are needed in the sequel.

Lemma 2.1. ¢f-(|21)]) Let H be a real Hilbert space. Given x,y € H, then the inequality holds:

lz +ylI* < llel® + 2{y, @ + ). (20)
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Lemma 2.2. ¢f-(|21) Let H be a real Hilbert space. Given x,y € H, then the equality hold:
low + By|* = a(a+ B)l* + Bla + Blyl* — aBlle — yl*,Vo.y € Hoa, FeR  (21)

Lemma 2.3. ¢f.(|22]) Let H be a real Hilbert space. Forall x; € H,; € [0,1],i = 0,1,2, ..., n satisfying
ap + a1 + ag + ... + ay, = 1, then we have the equality condition as follows:

n
laozo + a1y + asws + .+ onzn|? =D aillzl? = Y aiglla — ) (22)
i=0 0<i,j<n

Lemma 2.4. ([2]) Let C represent a non-empty, closed and convex subset of a real Hilbert space H. Let
T : C — C, represent a strictly pseudo-contractive mapping. Then

(i) (1 — T is demiclosed at 0 and x,, — Tx,, — 0, then v = T'x,

(i) Fiz(T) is closed and convex subset of C.

Lemma 2.5. ([23]) Let {a, }5° 1, {cn}22 1, {€n}5°, besequences contain in [0, 00), {b,}5° | C (0,1) and
{dn}2 | be a sequence contain in (—oo, +00) such that

ant+1 < [1 = by, + cplan +dp, + en,n > 1. (23)

IFY 0 en <00, > 07 e,,00, then

(i) if d,, < Mb,, for some M > 0, then {ay, }5°, is bounded.

. d
(1) if limy, 00 by, = 0, Y17 | ¢ = 00 and limsup,,_, b—" <0, then limy, o0 &y, = 0.
n

Lemma 2.6. ([24)) Let {cv, } oo, be a sequence of non-negative real numbers satisfying the following relation:
Ap+41 < (1 - an)an + andnan > ng (24)

where {cu, } -, is a sequence in (0, 1), {3, } is a sequence in (—oco, +00) satisfying the following conditions:
(l) limy, 00 atp = 0, Z;L.Ozl Qp = 00,

(12) lim,, _, o sUPd,, < 0. Then lim,, o0 a,, = 0.

Lemma 2.7. (|125]) Let {cv,},- | be a sequence of real numbers such that there exists a nondecreasing subse-
quence {n;} of {n} that is a,, < an,,, Vi € N. Then there exists a nondecreasing subsequence {my} C N

such that my, — oo and the following properties are satisfied for all (sufficiently large number) k € N:
Uy, < Gy, and ay, < G, Infact, myp = max {j <k :aj <ajp1}.

3 Analysis of the model

Theorem 3.1. Suppose that conditions Cy — Cy are satisfied. Then the sequence {x,,} generated by Algo-
rithm 2. 1 converges strongly to a point x* € F.

Proof. We first show that the sequence {z,,} generated by Algorithm 2.1 is bounded. To do this,
we set B, = (1 — ) B, 75 = (1 — ) Zfil Bt with o, + B, + 7., = 1. Also, we let p € F. In view
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of Lemma[2.3]and the property of T; for each i, we get

N
; G
lentr = pl* = flanzo + (1 = ) (ﬁSZn I
i=1 n

N
= [lanzo + (1 = an)Bpzn + (1 — an) Zﬂ%Tzzn + G —pl?
i=1

N

= llan(zo — p) + (1 = @) B (20 — p) + (1 = @) Y Bu(Tizn — D)II” + 1 Gall?
i=1

N
+2(Gns an(@o — p) + (1= an)Bp (20 —p) + (L — ) Y 81 (Tizn — p))
=1
< agllzo = plI* + Bullza — pII* + vl Tz — 01> + [1Gall?
— anfBnllro — Zn||2 - an'ﬁLHfEO - TiZnH2 - /Bn'Y:L”Zn - Tian2
+ 2[|Gall [enllzo = 2l + Ballzn = pll + 5| Tizn — ll]
< anllzo = plI* + Ballza = pII* + 77 (120 = 2l + kll2n = Tizall?) + [1Gall®
— anfullzo — anZ - an%iszO - Tizn”2 - /Bn’Y:z”Zn - Tianz
+ 2[|Gall [enllzo =l + Ballzn — pll + 75 Lllz0 — pl] -
< anllzo = P> + [Ba + 70 120 = 2l = % (Bn = )20 — Tizall* + [1Gall?
— anfnlzo — ZnH2 - O‘n%iszO - TianQ - /8717717,"271 - TzZnH2

+2[[Gall [enllzo = pll + Bnllzn — pll + 75 Lllz0 — plI] - (25)
Furthermore,
ll2n — p||2 = [|[zn + Tn(@n — Tn—1) —p||2

= H(mn - p) + Tn(‘rn - 3J’n—l)

= [lzn = pl* + 72 lwn — 2n-1|® + 270 (20 — Tn-1, 20 = )

I

< ||y _pH2 + TT%H:L‘H - xnleZ + 27| — T[] |20 — p||2 + 27 || — T |

=1+ 27|20 — Tno1l])|2n — pI? + 7220 — Taea||® + 270 l|lTn — Ta1])- (26)
Substituting (26) into (25)), we get

|Znt1 = pl* < anllzo = pl* + [Ba + 7]
X (1427 ||lzn — zn-al].[|zn — p”2 + Tguxn - $n—1”2 + 27p[| @0 — Tn—1 |
— (B = F)l|2n = Tiznll* + [|Gall?
— anfBnllwo — ZnH2 — anyllzo — TzanQ — Buvllzn — Tzan2
+2/|¢all [anH$0 —pll+ B+ V:LL] X (L4 27 [lzn — zp-al]lzn — sz + Tr%Hxn - xn—1||2 + 272y -
<[ —oan+2(8n+ 'Y%Tn)Hxn — Tp—1 |
+2(B + 1 D)IGa | (1 + 270 |20 — 2p-1) 20 — pII?
+[(Bn + 7)) + 2080 + 1 D)1Gall] X [72llen — @nall® + 27 llen — znall]
+ anllzn = pl|* + 2an|Gallllzo — pll + 116l + 2080 + D)1 Gall- 27)
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rl

n

If lim,, oo

= 0, the above inequality can be expressed thus

|l Zn41 —pH (1 _O‘n+2an(/3n+'7n) ||$n — Tp—1]|
[1¢nll
«

n

2(ﬁn+’7:'zL)an X (1+2Tonn_mn—l”)]Hxn_pHQ

2
; T, T,
[ (B 98+ 2080 + L) Ao 02 s B, — 12 4 200 T g — ]
(679 ag, (079
tanllen —pl? + 202000 p 021l o, 4 iy, Jnl 28)
(a7 an 79

By our hypothesis,there exists a positive integer /N such that

\V)

(200 + 28 o — |+ 2000 +950) x 2L 1 2y — i) < vz . @9

In addition, we can find a positive constant M such that

, T,
2{(80 +75) + 2000 + A P, — 12 427, — )
Qp O Qnp,

2 HCnH 1l iy 16l
2 — plI* + 2a lzo = pll + an =5 +2(Bn + L)~} < M (30)

n n

Substituting (29) and (30) into (28], we get
o

s = pl? < [1 = 22z — pl? + S22, > . 6y

Following from Lemma (2.5)), the sequence {z,} is bounded. On the other hand, if >, ; [|(x]| < o0,
let N be a positive integer such that

(B”—I_/yn) Hxn_xn 1||< VTL>N

In addition, let M7, My and M3 be positive integers such that

+2(Bn + 'Y;';,)(l + 27 |7 — Tp-a])} < My,

2
T T,
2(Bn + ’Y%)[;g”xn - xn—1||2 + Qal“xn — Tn-1|l] + | — pH2 + 2[|Gallllzo — pll < Mo,
n n

and
[2(8n + VZLL) (Tgnxn - an—1H2 + 27|70 — Tp—1 + 1) + [Call]lICnll < Ms.
From (7)), we get

«
lenss = pl> < [ = 5+ Mal[Gallllan = pII* + 5-Ma + [[Gall M3, ¥ = N. (32)

2
Following from Lemma [2.5]the sequence {z;,} is bounded. Now, from Lemma[2.1]

20 = plI2 = |20 + 7o (20 — 2n_1) — p|)?
= |lzn — P> + Tillzn — Tao1]|? + 2(70 (20 — Tn-1, 20 — p))

< Hxn —P||2 + Tonn - xn—1H2 + 2Tn<xn — Tn—1,Tn —P>~ (33)

480 IJMAM, Vol. 7, Issue 2 (2024) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



E. Ekuma-Okereke et al. (2024) Int. J. Math. Anal. & Mod., 7(2):474-489

Note that,
|21 —PH2 = [|zn-1 — 20 + 2n _pH2
= llzn = pI* = 2(@n — 2p—1, 20 = p) + |20 — 21, (34)
(34) implies that
2z — @1, 20— p) = —[@a—1 = plI* + [[2n = pI® + |20 — @na . (35)

Plugging (35) into (33) gives
len = Bl < 7 = B + 7o ll2n = Zn 1P+ 7l 1 — Bl + 1m = DI + 0 — ]
= ||lzn - pH2 + 272 — 2 [P+ Tll2n — pH2 — Tnllen-1 — pHQ]- (36)
On the other hand, we show that the sequence {z,} generated by Algorithm 2.1 converges to the

metric projection mapping of H onto N ; Fiz(T;). To do this, we let p = P, N pia(1;)%0- In view of
the construction of algorithm (T8)-(T9), Lemmas[2.1}[2.2and the approach used to get inequality (27)),

we get

|Znr1 = pl* = llanzo + Buzn + 73 Tizn + Go —

= flan(@o P+ )+ Bulzn — ) + 74 (Tizn P

n

< IBalen = P) +2h(Tizn = )P + 2an(eo = p+ = 01 —p)
= Bn(Bn + 'V;L)H(Zn - p)H2 + 7n

(Bn + i) Tizn — plI> = Buvi | Tizn — 2n?
+ 2am(wo — p+ 2 — )

(

)

TL

< BB+ 1) (0 = P + 9B+ 1) llzn = PI* + kllz0 = Tizall’] = Bl Tizn — 20

+ 2(ap(zo —p + n  Tptl — D)

= (B +75)%1(zn — DI = ¥a[Bn — (B + 2K |20 — Tizn||* + 2{cn(wo — p + %733n+1 - D))
< (1 —an)llzn = plI> = 7E[Bn — (Bn + ¥5)K]ll 20 — Tiznl)?

+2{an(zo—p+ s ). (37)

n
Plugging (36) into (37)), we get
[#nt1 —p* < (1 — an)lllzn = plI? + 27allzn — 21 |® + Talllzn — pI? = Tallzn-1 - pl’]

+ 2<an($0 -p+— C y In41 — p)>

TL
= (1~ an)llzn = plI* = 748 — (Bn + 70 )kl|2n — Tizal?
+270(1 — ) |25 — 211 + Tallzn — plI* = l|lzn-1 — p[%]

+ 2({an(zo —p + O%",xnﬂ —p)) (38)

n

Next, we consider two cases to complete the proof of our Theorem.
Case 1. If we suppose to find ng € N such that {||z,, — p|[};Z,, is decreasing, then we can get
{llzn — pll}nZy, is convergent and hence

lzn = pll = [&n41 = pll = 0,n = oo. (39)
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Consequently,
[2n-1 = pll = [lzn — pl| = 0,7 — o0 (40)
and
|zn — 21l = |zn =P+ D — Tp_1]|
< ||zn — pll + [[#n-1 —pll = 0,n = o0 (41)
In view of (38)) we get

VlB = (B + 1 )klll2n — Tizal* < llen — plI* = l|zn41 — 2l = anllzn — pl?

+ 27 (1 — an) || zn — wn—le + Tnll|zn — p”2 — [|zn—1 —PHQ}

+2{an(zo—p+ s ). (42)

n

Invoking (39), (40), (#1) and conditions (i) and (ii) of our hypothesis, we get
|zn — Tizn|| — 0, for each i=1,2.3,...N,n — oo. (43)
Now from the definition of 2, and conditions (i) and (v), we get

|2n — anQ = ||z + oz — Tn-1) — anz
= ||ITn(zn — xn—l)”2
< Tonn - xnfl”Q

0
< op— — 0,n — 00.
n

Thus,
|z — zp|| = 0,n — oc. (44)

Since {z,} is bounded, we choose a subsequence {z,, } of {2,,} such that z,,, = z € H and

limsup(zg — p, 2z, — p) = limsup(zo — p, 2n, — D)
n—oo 1—00

= (0 —p, 2 — D). (45)

Now, in view of (44)), it follows that z,,, — z € H. From (43) and Lemma, we get 2 € NN F(T;).
By invoking (38) and Lemma we find that lim,,_, ||z, — p|| = 0. Consequently, z,, — p =
Foy , p(ryo-

Case 2. Suppose we find a subsequence n; of n # ng such that {||z,, — p|[};2,,, is decreasing, that
is

[2n; = pll < lln; 41 —pll, Vi € N.

Now invoking Lemma [2.7], and following the same line of argument as in Case 1, we find that z,, —
p=Dp= Pﬁf-vle(Ti)xO'

Corollary 3.2. Suppose that T; : H — H, i = 1 represent strictly pseudo-contractive self mapping and if
conditions C1,Cs, Cy are satisfied. Then the sequence {x.,} generated by iterative algorithm 2.1 converges
strongly to an element of the set of fixed point of a single strictly pseudo-contractive mapping.

Proof. Set i = 1, then the result holds for a single pseudo-contractive mapping and this reduces to

the results of [2] and [[19] respectively.
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Corollary 3.3. Suppose that T; : H — H, i = 1,2, ..., N represent nonexpansive self mappings and if
conditions C, Cs, Cy are satisfied with k = 0. Then the sequence {x,,} generated by iterative algorithm 2.1
conwverges strongly to a common element of the set of fixed points of a family of nonexpansive mappings.

Proof. It weset k = 0and T; : H — H,i = 1,2,..., N such that T} represent nonexpansive self
mappings in the proof of Theorem [3.1], then we get the conclusion of Corollary|3.3

Corollary 3.4. Suppose that T; : H — H, i = 1 represent a single nonexpansive self mapping and condi-
tions Cy, C'3, Cy aresatisfied. Then the sequence {x,, } generated by iterative algorithm 2.1 converges strongly
to an element of the set of fixed point of a single nonexpansive mapping.

Proof. If weset k = 0and T': H — H such that T represent a single nonexpansive self mapping in
the proof of Theorem [3.1] then we get the conclusion of Corollary [3.4 and our result reduces to that
of [14]].

4 Numerical simulations/sensitivity analysis

In this section we would demonstrate the effectiveness, implementation and strong convergence results

of our algorithm (I8)-(19) of Theorem [3.1]as discussed. All codes are written in Python software, run
on HP PC with Intel(R)Core(TM)i7-3520M CPU @ 2.90GHz.

Example 4.1. (See [2])
Let H = R denote the reals with the usual norm |.| and the inner product (z,y) = zy, let R denote
the reals and define T': R — R by

)3z +1 ifx e (—oo,0]
(@) = {é(a: +2) ifz € (0,00). (+6)

Then T is § strictly pseudo-contractive mapping with Fiz(T) = {2}.
Proof. We first prove that the fixed point is actually the 2. To see this, we make use of the definition
of fixed point as follows:

Fix(T)={x € R:Tx =z}

—{weR: J(r+2)=1)

1
:{xER:§x+1:x}

={r€eR:x+2=2z}
={zeR:z=2¢€(0,00)}

Thus Fiz(T) = {2}.
ext, we prove that 1’ is =-strict seudo-contractive mapping. Now since = is the reals
Next, we p hat T is § ly pseud pping. N H = R, isth 1
with the usual norm, we have that the norm becomes absolute norm. That is

ITx = Ty|* < ||lz — ylI* + &ll(z —y) — (Tz = Ty)|*, Y,y € R (47)

becomes
T2 = Ty < |z = yI* + kl(z —y) = (Te = Ty)|", Yo,y € R (48)
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where Tz = =3z + 1 and Ty = —3y + 1,Vz, y € (—o0, 0]. So using [#8), we have

| =3z 4+1—(=3y+ D)2 <|z—yf+kl(z—y)— (-3z4+1—(=3y+1))]*,Vz,y € R
| =3z +3y|*> < |z —y]*> + k|(z —y) + 3z — 3y|®, Ve, y € R
| =3 —y))* < |z —y[> +kl(z —y) +3(z —y),Vo,y € R
9z —y|? < |z —yP> + k[(z —y) A+ 3)]2Vz,y € R
Iz —y* < |z —y|* + 16k|lx —y|>,Vz,y € R
9z —y*> < (14 16k)|z — y|>,V2,y € R
9 < (1+ 16k)
8 <16k
1 <2k
1

k=—.
2

Thus k = % € [0,1) as expected and that completes the proof of the example.

Example 4.2. Two Strictly Pseudo-contrative mappings with a common fixed points
Let H = R denote the reals with the usual norm |.| and the inner product (z,y) = zy, let R denote
the reals and define T; : R — R for eachi = 1,2 by

)8z 41 ifz e (—o0,0]
file) = {é(a: +2) ifz e (0,00). "

and

)2 if z € [0, 00)
Tofw) = {—3:L’ if v € (—00,0). 0

1
Then T} and T are strictly pseudo-contractive mappings with constant k = 3 and N2, Fiz(T;) = {2},

for eachi =1, 2.
Next, we implement our method in Python Program using this example to show the convergence
of the method to the common fixed point of these mappings. Now we construct the following ini-

)
n=1

an, = oo. Let (;, = —— such that

‘ 1+mn?
: : 1 1 27t :
limy, o0 ¢ = 0,1limy, 00, — = 0.Let 7, = mln{g, 1} = 3 Let 8! = ?,Vz =1,2,..., N which

) 21‘71 21‘71
implies that sz\il By, = Zfil 3 < 1. This implies that 3% = 1 — Zf\il T such that our hy-

pothesis are satisfied. With a stopping criterion of ||2,, — 11| < 1077, the results of Algorithm 2.1

tialization. Let o, = so that lim,, oo, = 0,

+1
Cn

are displayed:

n z[n] x[n] err[n]

1 1.3300000 1.0000000 0.2208333
2 1.2937083 1.2208333 0.0798843
3 1.1145873 1.1409491 0.0943320
4 1.0154875 1.0466170 0.0441352
5 0.9879172 1.0024818 0.0001889
6 1.0022306 1.0022929 0.0263274
7 1.0373084 1.0286203 0.0394170
8 1.0810450 1.0680373 0.0444176
9 1.1271128 1.1124550 0.0450747
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10 1.1724044 1.1575297 0.0435867
100 1.8830614 1.8826797 0.0011343
500 1.9761197 1.9761040 0.0000475
1000 1.9880298 1.9880259 0.0000119
10000 1.9988005 1.9988005 0.0000001
10003 1.9988007 1.9988006 0.0000001
10004 1.9988008 1.9988007 0.0000001
10005 1.9988009 1.9988009 0.0000001
10006 1.9988010 1.9988010 0.0000001
10007 1.9988011 1.9988011 0.0000001
10008 1.9988013 1.9988012 0.0000001
10009 1.9988014 1.9988013 0.0000001
10010 1.9988015 1.9988015 0.0000001
10011 1.9988016 1.9988016 0.0000001
13392 1.9991041 1.9991041 0.0000001
15487 1.9992253 1.9992253 0.0000001
15488 1.9992253 1.9992253 0.0000001
15489 1.9992254 1.9992254 0.0000000
lterations Vs Error
L ]
0.20 1
015 -
o
UEJ 0.10 1 I
.05 1
0.00 1
] ] ] ] ] ] ] ] ]
0 2000 4000 e000 B0OOQ 10000 12000 14000 16000
Iterations
Fig. 1
n z[n] x[n] err[n]
1 1.3300000 1.0000000 0.2766667
2 1.3679667 1.2766667 0.0242370
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3 1.2444314 1.2524296 0.0302139
4 1.2122451 1.2222157 0.0164719
5 1.2441233 1.2386876 0.0465091
6 1.3005447 1.2851967 0.0564273
7 1.3602450 1.3416240 0.0551856
8 1.4150208 1.3968096 0.0496985
9 1.4629086 1.4465081 0.0434322
10 1.5042729 1.4899403 0.0377019
50 1.8837069 1.8829398 0.0022357
51 1.8859134 1.8851756 0.0021521
52 1.8880379 1.8873277 0.0020731
53 1.8900849 1.8894007 0.0019983
54 1.8920585 1.8913990 0.0019275
55 1.8939626 1.8933266 0.0018604
56 1.8958009 1.8951870 0.0017967
57 1.8975766 1.8969837 0.0017363
58 1.8992929 1.8987200 0.0016788
59 1.9009528 1.9003988 0.0016241
60 1.9025589 1.9020229 0.0015721
61 1.9041138 1.9035950 0.0015225
62 1.9056199 1.9051175 0.0014752
63 1.9070795 1.9065927 0.0014301
64 1.9084948 1.9080228 0.0013870
65 1.9098676 1.9094099 0.0013459
66 1.9111999 1.9107558 0.0013065
67 1.9124934 1.9120623 0.0012689
68 1.9137499 1.9133312 0.0012328
69 1.9149708 1.9145640 0.0011983
70 1.9161577 1.9157622 0.0011652
71 1.9173119 1.9169274 0.0011334
72 1.9184348 1.9180608 0.0011029
73 1.9195276 1.9191637 0.0010736
74 1.9205916 1.9202373 0.0010455
75 1.9216279 1.9212829 0.0010185
76 1.9226375 1.9223014 0.0009925
77 1.9236214 1.9232938 0.0009675
78 1.9245806 1.9242613 0.0009434
79 1.9255161 1.9252047 0.0009202
80 1.9264286 1.9261249 0.0008979
81 1.9273191 1.9270228 0.0008763
82 1.9281883 1.9278991 0.0008555
83 1.9290370 1.9287546 0.0008355
84 1.9298658 1.9295901 0.0008161
85 1.9306756 1.9304063 0.0007974
86 1.9314668 1.9312037 0.0007794
87 1.9322403 1.9319831 0.0007619
88 1.9329964 1.9327450 0.0007451
89 1.9337359 1.9334901 0.0007287
90 1.9344593 1.9342188 0.0007130
91 1.9351670 1.9349318 0.0006977
92 1.9358597 1.9356294 0.0006829
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93 1.9365377 1.9363123 0.0006686
94 1.9372015 1.9369809 0.0006547
95 1.9378516 1.9376356 0.0006412
96 1.9384884 1.9382768 0.0006282
97 1.9391123 1.9389050 0.0006155
98 1.9397236 1.9395205 0.0006033
99 1.9403228 1.9401237 0.0005913
100 1.9409102 1.9407151 0.0005798
10950 1.9994521 1.9994521 0.0000001
10951 1.9994522 1.9994522 0.0000001
10952 1.9994522 1.9994522 0.0000001
lterations Vs Error
»
0.25 1
0.20 1
2015 A
e
e
Lid
0.10 1
0.05 1
0.00 1
] ] ] ] ] ]
] 2000 4000 OO0 good 10000
lterations
Fig. 2

5 Discussions and Conclusion

We observed that the choice of the control sequences of {a,}, {85}, {¢,} and {7,} satisfying the
convergence hypothesis, influenced to a great deal, the strong convergence of the Algorithm 2.1 to the
common fixed point of the family of mappings. With a stopping criteria of ||z, 11 — 7| < 1077, the
computation can be truncated after many iterations. If the stooping criteria is higher at ||z,,41 — 2, || <
1075, then truncating the computation early may have a negligible computational error. Consequently,
|zn —pll = |zn — 1| = F =X, F(T;) as n — oo. Thus, we introduced the Halpern type algorithm
with inertial and error terms for approximating the common fixed point of a family of strictly pseudo-
contractive mappings defined on a real Hilbert spaces. We proved strong convergence theorem for
it. We supported our paper with a some examples to illustrate the effectiveness of our algorithm. We
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observed that our algorithm performed favourably with a “good” stopping criteria ||z, — 2,1 1] < 1077.
Therefore, our algorithm is a good fit for approximating fixed points of strictly pseudo-contractive
mappings in Hilbert spaces.
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