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Abstract

Diphtheria is an acute bacterial infection primarily affecting the upper respiratory tract, caused
by Corynebacterium diphtheriae. This study uses a fractional-order mathematical model to assess
the effects of therapy and vaccination on diphtheria transmission dynamics. Initially, the model
employs integer-order nonlinear differential equations with minimal vaccination and treatment.
To better understand disease dynamics, it is then adapted with fractional-order derivatives and
power laws. The research includes a stability analysis of the endemic equilibrium using the Lya-
punov function approach and establishes conditions for the existence and uniqueness of solutions
in the fractional-order model. To explore factors influencing disease spread, a sensitivity analy-
sis of the basic reproduction number was conducted. Numerical simulations using the fractional
Adams-Bashforth-Moulton method offer insights into how model parameters and fractional-order
values impact diphtheria dynamics and control. Additional simulations with surface and contour
plots revealed that higher contact rates and lower vaccine efficiency would increase diphtheria preva-
lence. Conversely, improving treatment and immunization programs is expected to reduce the
incidence of diphtheria in the general population.
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1 Introduction

Exotoxins produced by Corynebacterium bacteria, which cause diphtheria, are known to cause dam-
age to human tissue [[1]. Hippocrates, in the fifth century BC; is the first recorded mention of this
illness, which has afflicted humans for ages. For a long time, diphtheria has been a leading cause of
infant mortality and a devastating menace in both industrialized and developing countries [2]. Many
individuals in contemporary and emerging nations are still susceptible to diphtheria despite extensive
immunization [3]. The disease is endemic in a number of places, including Brazil, the tropics, South
America, Africa, and India, even in locations with high exposure over a period of five to ten years, as
recorded cases continue to occur{4]],[5],06]]. In the Russian Federation, diphtheria has been on the rise
since the early 1990s and has spread to all of the Newly Independent States (NIS). Between 64 Percent

*E-mail: abahemmanuel1995@gmail.com; Department of Mathematics Sciences, Prince Abubakar Audu University,
Anyiba, Nigeria

"Department of Mathematics Sciences, Prince Abubakar Audu University, Anyigba, Nigeria; E-mail: bolar-
inwa.s.bolaji@gmail.com

*Corresponding Author; E-mail: williamsatokolo@gmail.com

SDepartment of Mathematics Sciences, Prince Abubakar Audu University, Anyigba, Nigeria

YDepartment of Mathematics Sciences, Prince Abubakar Audu University, Anyigba, Nigeria; E-mail: achenejegod-
win@gmail.com

”Department of Mathematics Sciences, Prince Abubakar Audu University, Anyigba, Nigeria; E-mail: ben-
jaminomede 197 @gmail.com

**Department of Mathematics Sciences, Prince Abubakar Audu University, Anyigba, Nigeria; E-mail:
amosjeremiah1997 @gmail.com

"' Department of Mathematics Sciences, Prince Abubakar Audu University, Anyigba, Nigeria; E-mail: ome-
jedaniel3269@gmail.com

398 IJMAM, Vol. 7, Issue 2 (2024) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



E. Abah et al. (2024) Int. J. Math. Anal. &° Mod., 7(2):398-422

and 82 percent of people over the age of 15 contract diphtheria each year; by 1999, this had resulted
in a considerable number of cases and fatalities. Nearly half of all deaths in several nations occur in
individuals between the ages of 40 and 49, who are disproportionately impacted; cases in adults over
50 are less common [3]. The bacteria readily attach themselves to the tissue in the throat, releasing
exotoxins that eventually cause a pseudo membrane to form [7],[8]]. The initial set of symptoms re-
sembles those of the flu, but they also include fever, swollen lymph nodes, coughing, hoarseness, and
shortness of breath. Additionally, some patients may have skin involvement that leads to skin ulcers.
IIl health and compromised respiratory defenses increase the severity of diphtheria [[9]. The study of
mathematical epidemiology has made significant contributions to our understanding of the dynamics of
infectious illnesses, their effects, and potential future spread forecasts. Different prevention, detection,
control, and rehabilitation programs are compared, evaluated, planned, implemented, and optimized
using mathematical models.

To help medical professionals reduce the disease loads of infectious diseases within any community,
a variety of mathematical models have been developed by various authors. When studying and exam-
ining the dynamics of infectious disease transmission within a population, these models are a priceless
resource. For example, Atokolo et al [[10] formulated strategies for limiting the Zikavirus’s propagation
and investigated the fractional order sterile insect technology (SIT) paradigm. The model’s analytical
solution was created using the Laplace-Adomian decomposition method (LADM), and it perfectly
converges to the right value. The response behaviors of the model are more flexible due to its fractional
order structure. The report notes that, to the best of current knowledge, this is the first instance of
using LADM to solve a SIT model. In order to investigate the epidemiology of Lassa fever, Atokolo
et al. [[11] combined integer-order nonlinear differential equations with fractional-order derivatives to
create a fractional-order mathematical model that allowed them to analyze the dynamics of the illness.
Numerical simulations indicate that lower vaccine effectiveness and greater contact rates are positively
correlated with the prevalence of Lassa disease. Improving vaccination and treatment plans may help
lower this incidence, the report suggests. A stability analysis of the endemic equilibrium is also included
in the work. Agahiu et al. [[12] offered a mathematical model designed to comprehend the dynamics
of the co-infections of the Zika and Chikungunya viruses. The model uses the Laplace Adomians
Decomposition Method (LADM) to account for the intricate interactions that take place between hu-
man populations and sick insects. Numerical models demonstrate that increasing bed net usage and
decreasing mosquito biting rates might significantly control the dynamics of Zika-Chikungunya co-
infections in Espirito Santo State, Brazil. Odionyenma et al. [[13] provided a fractional derivative
model that analyzes the dynamics of the co-infection between Chlamydia and Gonorrhea while ensur-
ing positivity boundedness and uniqueness using the Laplace transform and fixed point theorems. It
demonstrates Ulam-Hyers-Rassias stability in comparison to conventional integer-order models, indi-
cating its robustness in accurately and realistically describing the dynamics of Chlamydia-Gonorrhea
co-infection. Zhang et al. [[14] offered a novel mathematical model for analyzing the COVID-19
pandemic that takes into account five distinct categories: susceptible, exposed, infected, isolated, and
recovered people. Using the adaptive predictor-corrector algorithm and the fourth-order Runge-Kutta
method, the paper investigates the numerical approximations and dynamics of the model, addressing
themes such as positivity, boundedness, basic reproduction number calculation, asymptotic stability,
and simulation methodologies. The theoretical conclusions are corroborated by the study’s numerical
simulations. Ghani et al. [[15] offered a fractional mathematical model with variables for innate im-
munity, treatment, and vaccination for studying diphtheria. The model consists of five compartments:
exposed, infected, isolated, recovered, and vulnerable individuals. Analytical proofs are provided for
the model’s well-posedness, stability characteristics, and predictor-corrector scheme. Numerical simu-
lations are validated using the least squares method, and results are reported that are comparable across
different fractional orders. Mangal et al. [[16] studied how vaccination campaigns and booster doses
affect highly contagious diseases using a fractional-order epidemic model. It looks into stability analy-
sis, Hopf bifurcation occurrences, and the dynamics of disease transmission. The research concludes
that awareness programs are a more effective strategy to reduce outbreaks than booster immunizations,
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after validating the model with real COVID-19 patient data from Canada and Norway. Rajan et al.
[[17] used a fractional modeling method to investigate the dynamics of HPV transmission and the con-
nection between HPV and cervical cancer. Compartmental modeling is utilized to identify vulnerable,
infected, and recovered populations. The model incorporates a Caputo fractional derivative to account
for the development of non-local illnesses and long-term memory effects. The Banach fixed point the-
orem, Lyapunov functions, and numerical simulations are used in the study to validate its theoretical
findings. According to the research, vaccination campaigns can help prevent HPV infection and reduce
the risk of cervical cancer. Yunus and Olayiwola [[18] highlighted the significance of COVID-19 vac-
cinations for Nigeria’s pandemic control plan. It uses mathematical modeling at the fractional order
to evaluate the duration, effectiveness, and impact of immunization campaigns. The findings indicate
that immunization strategies with integer ordering are particularly effective in stopping the COVID-19
virus from spreading. As a critical public health measure, the study emphasizes the need for coordi-
nated international efforts to increase vaccination uptake. According to Akogwu [[19]], the Differential
Transform Method (DTM) was employed to obtain the series solution of the SIRV COVID-19 model
in Nigeria. The validity of the DTM in solving the model was confirmed through comparison with
Maple 21’s Classical fourth-order Runge-Kutta method (RK4). The comparison between DTM and
RK4 solutions showed a good correlation, validating the accuracy and efficiency of the DTM in solving
the model.

The following are the goals of this paper:

¢ In the fractional instance, establish conditions that guarantee the existence and uniqueness of the
model’s solution.

¢ Describe the Lyapunov function approach’s stability study of the endemic equilibrium point.
e perform the sensitivity analysis of the model
¢ Utilizing the fractional Adams-Bashforth-Moulton approach, ascertain numerical solutions.

We found that no research has evaluated the transmission dynamics and control of Diphtheria using a
fractional calculus approach combined with the Adams-Bashforth—-Moulton method to obtain numeri-
cal simulations of the model, despite reviewing several studies on mathematical models and transmission
dynamics.

The rest of this essay is structured as follows: The model’s formulation is covered in Section 2,
its analysis is presented in Section 3, the fractional-order model’s numerical findings are presented in
Section 4, and concluding thoughts are provided in Section 5.

1.1 Preliminary

In this section, we cover several fundamental concepts and findings from fractional calculus. In this
investigation, the fractional Caputo derivatives on the right and left will be utilized [20],[21] . The use
of fractional calculus to simulate real-world issues in physics, engineering, biomathematics, and other
scientific domains is also highlighted in this work.

Definition 1: let f € A°°(R), then the right and left Function’s Caputo fractional derivative f is
given by:

'Dps) = (100, (4) 1)
DEF() = o / (£ =21 p7 () ax (M
0
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similarly

Definition 2:The Mittag-Leffler function in generalized form Ey 5 () for x € R is given by:

E a,8>0 2
6.8 ZO T (ép 1 5 a,f 2)
p_
This alternatively can be shown as
1

Bop (@) = Byot5) + 7 )

The function t° “1Es 5 (:I:wtd’)is Laplace transformed as

So—=8
p-1 -

L[ By paune)| = gog " *

1.2 Proposition

Let f € A°(R)Nb(R)and ¢ € R, p— 1 < ¢ < p, Consequently, the following requirements are
met:

P DYICf () = f(t)

p—k tF .
DR =F ()= f"(t).

k=0 k!

2 Methodology/Model formulation

The total number of individuals at time t, indicated N (t) , is divided into (7) mutually exclusive com-
partments of susceptible individual S;(t), Exposed individuals to diphtheriaFy (¢), Vaccinated individ-
ual with diphtheria V; (t), infected individual with diphtheria I; (t), treatment class for individuals
with diphtheriaTy (t), Bacteria Class B(t), and Set of individual that recovered from the disease Ry (t).
Humans’ population is represented as;

N (t)=5a(t)+ Ea(t)+ 1q(t) + T (t) + Va(t) + Ra (1)

The bacteria class is denoted B(t)

Diphtheria Susceptible Individuals Sy is recruited at the rate of A, the class reduces by natural
death rate p as well as by the percentage of those that contract the disease after coming into touch
with a human who has diphtheria I; at rates of 3 and 1. This class also reduces by the rate a,, These
susceptible individuals grow by the rate v at which the vaccination wanes so that the vaccinated become
susceptible again at the rate w. the dynamics of this class is formulated as;

dSq BIS 61B
%—A— <N+ K+ B Si+wRg+YVi—aSqg — pSa
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Diphtheria Exposed Individuals F; rises due to the percentage of people who contract new infections
at a rate of 3 and f; respectively. This class reduces by the rate at which the exposed becomes fully
infected at rate 6 and by natural death rate pi. This population is formulated as follows;

dEq _ de5d+ /1B
dt N K+ B

>Sd—(9+M)E

Diphtheria infected Individuals I; grows as a result of the exposed class’s advancement to the infected
class at rate 6. this class reduces by natural mortality rate i , death due to disease at rate dand the rate
at which the infected are taken for treatment o, The dynamics of this class is formulated as;

dly

— =0F; — 1) I,
” a—(0+d+p)ly

Diphtheria infected Individuals 7}; increases in proportion to the rate at which the afflicted are treated
0, due to both disease induced and natural death at rate 6 and p respectively. Finally, the class reduces
as a result of recovery at the rate € of the treated individuals. The following is a presentation of this
population’s dynamics;

dTy

— =olg— T,
o = ola (e+¢d+p) Ty

Vaccinated individuals against diphtheria V; population grows due to vaccination rate « and eventu-
ally diminishes as a result of the declining vaccination rate and natural death at rate 1) and p respectively.
The dynamics of people who have received a diphtheria vaccination are modeled as follows;

vy
= aSq— (Y +p) Va

dt
Bacteria class B population grows due to the shedding rate of the bacteria into the infected and treat-
ment classes at the rate P, and P, respectively. The population reduces by natural death rate p5. The
following is a presentation of this population’s dynamics;

dB

= Pilg+ P1g— ppB
dt

Diphtheria recovered individuals R; grows due to treatment recovery rate €. The class eventually

decreases because of how quickly the recovered individuals become vulnerable at the rate w and natural

death rate p.
dR
—dtd =eTy— (w+p) Ry

The population-related force of infection is A =

B14S. p1B

]‘if 4+ K:—B
The model flow diagram that aligns with our hypothesis is displayed in Fig. 1; Similarly, the
following describes the mathematical model that matches our presumptions and the above description:

D = N — \Sy +wRy + Vg — aSq — uSa,
dEd =AS; — (9 + M) Ey,
‘”d = 0By~ (o + 6+ 1) L
dg;ZV: iId — (e + @0+ p) Tu, ©)
gt =aSa= (V) Vi,
=Pl + P.T; — upB,

dﬁ‘i =ely — (w+p) Ry ),
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(")R:_-
Rd
1
6E, I * ol ;

(6= u)

Figure 1: model schematic flow diagram.

2.1 Fractional Diphtheria mathematical model

—Y

(S = 1)

Using the Caputo fractional derivative operator, we expand the integer model of Diphtheria given in

Eq. (5) in this section. Compared to the classical model given in Eq. (5), the new model presented

using the Caputo fractional derivative operator has a higher degree of freedom because the output of

the fractional order model can be modified to have different responses. Thus, the fractional Diphtheria

technique is explained as follows:

than =A-ASg+wRg+ Vg — aSg — 1Sy,
DBy = \Sy — M1 Ey,
"D¢ly = 0By — Maoly,
bDOTy = ol — M3Ty,
"DeVy = aSq — My Vy,
"D¢B = P+ PoTy — g,
"DeRy = eTy — MsRy.

7

(6)

Where M1 = (0 +p), Mo = (0 4+ 06+ p), Ms = (e + ¢d + p), My = (¢ 4+ p), and M5 = (w + p).

Assuming favorable initial conditions

S4(0) = Sa0, £4(0) = Eqo, 14 (0) = Lo, Ta (0) = Tygo, Va (0) = Vao, B (0) = Bo, Rq (0) = Rgp.

%
3 Analysis of the model
3.1 Positivity of model solution
We took the initial values’ non-negativity into account.
. A
lim Sup.N (t) < —,
L
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Secondly, If lim Sup. Ny (t) < %, then the feasible domain of our model is provided by;

A
Q= {(Sd,Ed,Id,Td,Vd,B,Rd) CRZ_ Sy Eg+1g+Ty+Vyg+ B+ Ry < ,}

=

so that
QC R,

Hence Qis positively invariant.

if Sq0, Eao, Lo, Tao, Vao, Bo, Rqo are non-negative, therefore model (6)’s solution will also be non-
negative for ¢t > 0 Selecting the first equation from Eq. (6), we have that

than:A—()\+04+M)Sd+wRd+l/JVd,

"DESy+ A+ a+p)Sqg=A+wRy+ Vg,

But
A+ wRg+YVy >0,

then
"DESa+ (A +a+p) Sy >0

Using the acquired Laplace transform;

L [bpgsd} FL[(A+a+u)Sqd >0

584 (s) = S5 (0) + (A + a + p) Sq (s) > 0,

Safl

Sa(t) = (Se+ (A +a+p)

Sdo-

Using the inverse Laplace transform, we were able to obtain;

Sa(t) > Ean (= (A +a+p)) Sao (8)

Given that the term in Eq. (8) on the right is positive, we can now deduce that Sy > 0 for t > 0 In
the same way, we also have that E; > 0,1, > 0,7, >0,Vy > 0,B > 0,Rq > 0, since they are
positive aspects, the solution will continue to be in for all with positive initial conditions.

3.2 Boundedness of fractional model solution

The total number of people in our model is provided by;

N(t) = Sa(t) + Ea(t) + La(t) + Ta(t) + Va(t) + Ra(t)-

Thus, using our fractional model (6), we can now
"D N(t) = "DiSa(t) + "D Ba(t) + "D La(t) + "D Ta(t) + "D Va(t) + "D Ra(t).-
"DEN(t) = A — uN (1) )
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Using (9)’s Laplace transformation, we arrived at;
L[PDEN(®)] < LIA - N (1)

S“N(S) — S*IN(0) + uN(S) < 2,

Sa—1 A
N(s) < —N0)+ ————— (10)
O = w0 s
Taking Eq. (10)’s inverse Laplace transform gave us;
N(t) < Ea,l (*Mta) N(O) + AEa,a+1 (7Mta) (11)

At t — oo, the limit of Eq. (11) becomes

. A
tliglo SupN (t) = m

This means that, if N < % which implies that, N (t)is bounded. We therefore draw the conclusion that
epidemiologically, this region (2 is similarly plausible and well posed.

3.3 Existence and uniqueness of our model solution

Let T be a real nonnegative number, given that Z = [0, T'|. The collection of every continuous function

defined onZ is denoted by N?Z with norm as
1G]l = sup {|G ()| £, € 2} .

Taking into account model (6) with the starting conditions given in (7), which is modeled as an initial

value problem (IVP) in (12)

DYG (1) =Q(t,G(z),0<t<T < o0,

G (0) = Gy. (12)

where G (t) = (Sq(t),Eq(t),14(t), Ty (t),Vy(t),B(t), Ry (t)) symbolizes the classes, and @ is a

continuous function with the following definition;

Q1 (t,54 (1)) A- (% + 51%) Sa+wRq + Ve — aSa — piSa
Qs (t, Ea (1)) (24Ee + £25,) Sa— 0+ 1) B
Qs (t,1a (1)) 0E; — (0 4+ 04 p) Ig
Q1 (t,G()=| Qu(t,Ta(t)) | = ol — (e + 60 + ) Ty
Qs (t, Va (1)) @Sy — (¥ + 1) Vi
Qs (1, B (1)) Pily+ PoTy— g
Q7 (t, Ra (1)) Ty — (w+ p) Ra
(13)
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Using proposition (2.1), we have that,

B1S | BB
N K+ B
1;S, B
Ey(t) = Eg + I {(ﬁ]‘i]d—l—]f:_B)Sd—(QvLu)Ed}

Ly(t) = Lo+ I8 [0Fa — (o + 8+ 1) 1],
Td(t):Td0+If‘[OId—(E+¢5+M)Td],
Va(t) = Vao + I} [aSq — (¢ + 1) Val ,
B(t) = Bo + I} [P g + P2Ty — 5],
Rd(t):Rd—i-Ita [z’de—(w—i-/L)Rd].

Sd(t)ZSdO‘FIf[A—( >Sd+WRd+¢Vd_an_,uSd]a

(14)
Here is how we get the Picard iteration of (14):
1t o
Sq (t) = Sao + F(a)/o (t = N*7'Q1 (N San_1y) (V) @,
t
Balt) = Ean+ g | (=27 Qa (A Eaayy (V)
t
Ta(0) = T+ s | (6= 2°71Qs (0 Ty ()
t
Ta(t) =T+ i /0 (1= 2)71Qs (A Typury (V) dA.
t
Valt) = Vin+ g5 | (6= 077 Qs (0 Vi (O0)
t
B0 =Byt gy [ (=276 (M By ()
t
Rq = Rao + 1‘(1)/0 (t—N*7'Q7 (N Ragn_1y (V) dX
(15)
Now, we changed the initial value problem in Eq. (12) to get ;
G(t)=G(0)+ 1 /t (t—=N*"TQ (NG (N)dA (16)
B I'(a) Jo 7 .

Lemma 1, Vector satisfies the Lipchitz requirement as stated in Eq. (13) Q (¢, G (¢)) onaset [0, T x R,
with the Lipchitz constant given as;

_ (5*+5i‘+M)7(9+M),(0+5+M),(€+¢5+M),)
C‘“‘“( np, (¥ + 1), (@0 + ).
Proof
Q1 (,5) — Q1 (¢, 9)]
_((57_}_ >+M)Sd—oz5d+wRd+1/)Vd
— (A= (% +£25) + 1)) Su — (@Sa+wRa+ ¥Va)
BIS B
H < K—B:_B>(Sd_sd1)+ﬂ(5d_sdl)
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< (B7 + Ba) 1(Sa — Sa) |l + I (Sa — San) |

1Q1 (¢, Sa) — Q1 (t, San)ll < (B7 + Bi2+ u) [1Sa — Sl -

Likewise, we discovered the following:

1Q2 (¢, Eq) — Q2 (t, Ear)|| < (0 + p) [|Ea — Eanl
1Q3 (¢, 1a) = @3 (¢, Lar)|| < (0 + 0 + p) [ La — La ],
1Qa (¢, Ta) — Qa (t, Tar)|| < (e + ¢0 + ) | Ta = Tan
1Qs (¢, Va) = @s (¢, Va)) | < (¥ + p) [IVa = Vaull,
1Q6 (t, B) = Q6 (t, B1)|| < pp || B = B,
1Q7 (¢, Ra) — Q7 (t, Ray)|| < (w + p) [Ra — Raa ],

(17)
Where we obtained
1Q (G (1) —Q(t,G2 ()| < C[|G1 — G2l
_ B+ B+ ), O+ p),(0+5+n),(e+dd+p),
C_max<u3,(¢+u),(w+u)- ) (18)

Lemma 2.There is a solution to the initially value problems (6), (7) in Eq. (18).

G(t)e LY (F).

We examine the solution of using fixed point theory and Picard-Lindel of G (t) = S (G (t)) , When the

Picard operator, represented as .S, is defined as;

S: LY (F,RY) — LY (F,RY).

S(G(t) =G (0)+ —— /Ot (t—=XN*TG (A, G (V) dA

Hr(la) / (- QG ) — QG (V) dMH

(/ QA Gr (V) — Q (A, G2 (V) dA|

C i a—1
Sr@/o (t— X |Gy — Gl dA
IS (G () =S G2 (DI < 7775

(a =y S < 1theanswer to Egs. (6) and (7) is unique since the Picard operator produces a contradiction.
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3.4 The basic reproduction number Ry and model equilibrium points
The model (5)’s disease-free equilibrium point can be written as follows:
Ao+ p) Aa }
DDFEP = {8, E5, 15, T8, B R\ =4 — 2T 900, 2% 9 19
80, B 10, T i {Ozu+w+u2 ap -+ pu + pi? 1)
We utilize the procedure described by [[22] to calculate the fundamental reproduction number.

Let u= (Ed,Id,Td,B)

So, that %:F—V

B(p+u) AB
oEH O] Mo
- |0 0 0 0 N 2 .
Where; F' = 0 0 0 0 , Vo= 0 -0 My 0 Mathematically, the
0 0 0 0 0 —-P —-P, pup

basic reproduction number is computed as Ry = p (FV ') where p is the dominant Eigen value of
the system is the dominant Eigen value of the system (FV~!). Where R4 is the basic reproduction
number associated with the individuals in the population.

0 (WK MspupB (Y +p) + (a+ 9+ p) MgPLABy + (a+ ¢ + p) PaoABy)
(a + +,u) My MouK Msup

Where M1 = (0 +p), Mo = (0 4+ 0+ p), Ms = (e + ¢d + p), My = (¢ + p), and M5 = (w + p).

Ry = (20)

3.5 Endemic equilibrium point

We looked into the potential for an endemic equilibrium point. Where the disease persists in the pop-
ulation, there is a positive stable state known as the endemic equilibrium point. The variables in the
model are not zero at this equilibrium point.

(S5 #0,E5#0, If £0, T #0, Vi #0,B% # 0 and Rl # 0)

The model equations are solved in terms of the force of infection linked with human populations in
order to examine the endemic equilibrium point. Based on the fractional Diphtheria model (6), the
endemic equilibrium state is symbolised as follows:

77** — (S&k* E§*7 I**, T$*7Vd**,B**7 Rji—}k)’

Defined as;
S, = A My Mo Ms My Ms
MoMsMs ((ov + A+ p) My — arp) My — Awo 6 My
B _ AA Moy M3 My Ms
4 MaMsMs (o + A+ ) My — ap) My — dwod M,
o ONA M3 My M
4 MoMsMs (o + A+ ) My — ath) My — dwo M,y
T ONAMyMso
4 MoMsMs (o + A+ p) My — o)) My — Awo O My
Vi — aAM1M2M3M5
4 MyMsMs (o + X+ p) My — arh) My — dwof M,y
e (0 Py + M3Py) AM5 MO\
wp (MaMsMs (o + X+ p) My — arp) My — Awo O My)
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R o MsAON
4 MyMsMs ((a+ X+ p) My — arh) My — Awof My

Where My = (60 + p), Mo = (0 + 0+ p), M3z = (e + ¢p0 + p), Ms = (¢ + p), and M5 = (w + p).

Substituting the equations above into the force of infection \** = WI + KiBB we obtained;

FO) = A*By + By =0

*O’Gf’g — 9M3P1 + P10 (51 + ﬁ) M3
B - MMM +(749+MM M+()49M+

— ((MlMgMg + 06+ M2M3) Ms + )\09) My — KMy My Mspy

O (WK MsppB (¢ + p) + (o + 1 + p) M3 P ABy + (o4 9 + 1) P20A61)>
(v + 1+ p) My MopK Mspp

> M5M429wa

B2 = M1M2M3 (Ot + A +,u) M5 <1 —
By = My MaMs (a + A+ p) M5 (1 — Ro)

From above we observed that for A** > 1 then Ry > 1 Which implies that, the endemic equilibrium
point of model (6) is stable.

3.6 Sensitivity Analysis of the Diphtheria Model

Sensitivity analysis is used to identify the factors that improve an infection’s ability to spread and be
controlled within a population. With regard to any parameter, let’s say p, the sensitivity index of the
reproduction number of the Diphtheria model is as follows:

0 (WK MspupB (Y +p) + (a+ 9+ p) MgPLABy + (a+ ¢ + p) PaoABy)
(a + +,u) My MouK Msup

R _ pKpp (Y +p) (0 ++up) B
(a4 +p) (Pip+ (0¢+) PL+oP) AL+ pKpp (Y + p) (6¢ + +p) B

o= & —0.0763

Ry =

= 0.1003

0+ p
qRo _ d (a4 +p) PooApro — _0.0008
¢ (66 + +p) (0 + 0+ p) (Prp+ (6¢+) PL+ 0 Po) AB1 + nKpug (¥ + p) (06 + +1) B) '
qRo _ pEppaf (06 + +p) — 0.0516
v (a+ P+ p) (a0 +p) (Pip+ (00+) P+ o P)ABL + nKpup (0 +p) 66 ++p) 5)
oRo _ _ pEpp (§+p) (06 + +p) fa 00532
o (a@+p+p) ((a+v+p) (Pip+ (8¢+) PL+oP) APy + puKup (¥ + u) (66 + +u) B) '
3 = —0.0159
gho — _ (aty+p)PoAp — _0.4162
: (64 +u) (a+v+p) (Pip+ (6¢+) PL+0P)ABy + pKpup (1 + p) (66 + +41) B) '
qRo _ (06 ++p) (a++p) PLAS 04615
Pe (a9 + ) (Pip+ (06+) P+ oP) AL+ nKpp (W +p) (06 ++p) B
Sfo = —0.1441
~Ro oABL Py (a+ 1 + ) — (0.4383

UP T UK up (0 + 1) 06+ +1) B+ (06 + +0) (at &+ 1) PUABL + o ABI Py (at & + p)
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%RO _ (a + 1/1 + ,u) Aﬁl (((5¢ + +M) P+ JPQ) — _0.8997

e (a+ 0+ p)ABL (0 + +1) Py +0Po) + nKpup (¥ + 1) (5¢ + +p) B

SR = _ (a+ ¢+ ) ABL((0¢ + +p) PL+ o Py) 0.4984

(a4 +p)ABL (6 ++p) PL+ 0 Py) + uKpup (¥ + p) (66 + +u) B

Sensitivity indices

] g 10 12 14
Parameters

[}
oy

Figure 2: Bar chat of Diphtheria sensitivity Indices

3.7 Interpretation of the diphtheria Sensitivity Analysis

From the sensitivity analysis above, it is observed that the parameters like 5, which is the contact rate of
susceptible and infected humans, progression rate from exposed class to infected class 6, waning rate of
vaccine 1), shedding rate of bacteria P; and P, are all with positive sensitivity indices which enhances the
spread of Diphtheria within the human population. Also the parameters like ¢ modification parameter
that accounts for diphtheria induced death, rate at which susceptible individuals are vaccinated «, rate
of treatment o, the rate at which individuals under treatment recovered ¢, disease induced death rate 4,
Natural death rate ;o and bacteria Natural death rate i are with negative sensitivity indices and will
reduces the prevalence of diphtheria within the humans population.

3.8 Global stability analysis at endemic equilibrium state

Using the direct Lyapunov approach for equilibrium point, the global stability is examined. When
Ry > 1, the endemic equilibrium point is globally stable, According to epidemiology, this implies that
the disease will spread throughout the population regardless of the original population under consider-
ation According to the fractional model (6).

B14Sq /1B
A p—
N + K+ B
where \
N<—ast— o
1
A= B14S4 (K + B) + u(p1B)
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Then, Our fractional model now becomes:

thO‘Sd =A—-MSg+wRy+YVy—aSg— puSq )
"DPEy = M\Sq— M1 Ey
DTy = 0By — Moly
thaTd = O'Id - M3Td (21)
"DeVy = aSy — M4V
"DeB = Pyl + PoTy — pup
"DeRy = Ty — MsRy

The following outcomes of Equation (21) at equilibrium point
A= A= NSRS+ YV — ST — pST = NFST — M B = OB — Mo I7* = oI 7" — M3T7™
= aS¥™ — MyV*® = Pl 4 PyT% — ppB* = T — MsR**

Theorem 1.
Model (21) is globally asymptotically stable if Ry > 1
Whenever
7ﬁ+ﬁ 175dE§ LBy Ty Tjlg <0
S A ShEq LE, T; T
Let

L(t)=Lu(t)

be the non-linear Lyaponov function shown in the following equation (22):

L(t) =Ly (Sa— S5~ S3In$t) + Ly (Ba— B - B Ed) + Ly (Lo — I — IgIngt) +
Ly (Ty—Tj = Tyt ) + Ls (Va = Vi = ViIngt ) + Lo (Ba— By — BjIngt ) +
* * R
Lr (Ra— Ry — RyIn’
(22)
Using Eq. (22), we obtain the Caputo Fractional order derivative.

bDOL (t) = "D¥Ly (t) < Ly (1 - %) DS, (t) + Lo ( EE—) YDEE, (t) + Ls (1 - %) DS, (t)
+Ls (1 5) DpTy (8) + Ls (17V—) DoV (t) + Le (1 — B) DEB (1)
R**
+L7 (1 50) Do Ry (1)

= iS5 ((1 — ) t0pSa (1) + (1 55 ) *DfEa ) + Ls (1= 1) D1 () + (1 - %) *DeTa (1)
+ (1= ) DV () + (1 - %)bDaBm )P0 Ra (1)

S Sy
<1 sZ) "D = (1 - sd> (A3Sa + pSg + wRy + Vg + aSy — N*Sq — wRa — YVy + aSq — pSa)
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v o Sidar SE Aa \ Sa S5\ Ry Va A
= 1— 2 — 2L 1— 2 1—
A4 ( SHNEE Sy * A S S Sy R - v Sy

(1 — Ei) th Ed = (1 - Ei) <)\d15d )\dl d E**>

)\** ok SdAdl E:jk* E:jk* + Sd/\:;){
N SN Eg Eq SN ’

M, I\ 4 _ M I I
et I DI, 1— =2 (0FE; — My=2T% ),
0 < Id> t 0 I S
E;, 15 Eqly
=N\ SE (14 =2 — 22
dl d( +E;; I Eili)’

My M. T; My M. TN (I, TS
122 (1 - Zd ) bpeq, = T2 (g Zd ) (4 Zd )
o Ta o Ta Izlk Ta

T LT 1
(12 - 1),
T; LT, I

Vv Vi Vi
O‘+“<1—d>bD?Vd:a+“(1—d> (an—M4V )
«

o V., Va
o ViS5
_)\21(1—5—%— dd>7

(23)
Hence, Eq. (23) now becomes;
"DL(t) < Njj Syt
(7_ 544 (1 _ sdE:;> _ LBy T, _ Tdfd)
d1 SS*;EQ S* * V* V* R R
—(a+u)spgl ((F-1-m3)+ (¥ -1-15) + (F - 1-1m51))
)k Qk V. R S
_de )\dlsd ( Vc’i) ( - R7g> ( Sg)

Which implies that, * DY L (t) < )\**S**ﬁ RO DA G*

B(Ro—1), . | CrmSi((F-1-13)+ (¥ —1- i) + (F2 -1 Infd))
T g (1 (- ) (1) A

Therefore, DL (t) < 0 for Ry > 1. This implies that n** = (S3* Ex*, I'*, I'* | Ta*, RY),
is the endemic equilibrium point, then it is globally asymptotically stable in 2 whenever Ry > 1.

according to LaSalle’s invariance principle.

4 Fractional order model numerical results

We employed a numerical approach to solve the fractional order Diphtheria model, utilizing the gener-
alized fractional Adams Bashforth—-Moulton method described by [123]] . Table 1 displays the values of
the model parameters that were utilized, and also considers and simulates several values of the fractional
order a.

4.1 Implementation of fractional Adams-Bashforth-Moulton method

In this work, the approach outlined by Baskonus and Bulut; Diethelm, is utilized [24],[25]. Using the

fractional Adam-Bashforth-Moulton approach, we were able to derive an approximate solution of the
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fractional Diphtheria model given in (6). The representation of the fractional model (6) in (23) is as
follows:

DY (1) =Z (1, Y (1), 0 <t <,

Y™ (0)=v,", n=1,0, ..,Y,Y = [q] (24)

where Y = (S;,E;,I;,T;{, Vd*,Bé,R;{) € RZF and P (t,Y (t)) is a real valued function that is
continous.
Therefore, the following representation of Eq. (24) can be made using the idea of a fractional integral:

vy =S vl 1/t (t—2)" 'P(2,Y (z))dz (25)
: 0

Using the method described by [24], we let the step size h = 3;, N € N with a grid that is uniform
on [0,¢]. Where t. = cr, ¢ =0,1,1, ...N Therefore, the fractional order model of Diphtheria model
presented in (6) can be approximated as:

Sar11 () = Sao + ey {A — (BI} + B1B") wwgirpmy + wRY + V] — aS) — /ASZ}} +
k
sy X ekt 1A= (Bl + B1Ba) g+ 0Rae + Vae — e — S .

Egpy1 (1) = Eqo + p(a+2 {(51 + 81B™) % - M1Eg} +
i z da,k +1 {(ﬁIderﬁlB ) 3oy — MiBa ),
Tag i1 ( ) = Iqo + p a+2 {0E] — MaI}} +
F(a+2 Z dz, k + 1{0Eq — Mala.},
Ty (t) = TdO + p(a+2 y{oly — M3Ty'} +

a+2) Z dr,k+1 {UIdx Mgde},

Tapsr (t) = Tao + I‘(a+2 y{asSq — M4V} +
a+2) Z dz,k 4+ 1{aSaqy — MaVy, },
Vg1 (t) = Vao + s vy AP} + BT} — upB )+
p(a+2) Z de,k+ 1{P1 14, + PoTy, — upBy},
Rapy1 (t) = Rao + I‘ a+2 {eTy — Ms Ry} +
Ty Z dz,k +1{eTy, — M5Rqy}.
(26)
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Where

k
1 1
Sakt1 (1) = 775 @ > eki+1 {A — (Blaz + B1Bz) N, (K +B,) + whaz + YVie — Sge — USda:}a
=0 z x

k
r(la) D ew k41 {(mdz + B1By)

=0

de }
Egpy () = LR
dk-i—l( ) N, (K—FBx) 1Ldzx

k
1
Idk+1 (t) = 7P (a) E €z, k+1 {Gde — MgIdw},
=0

k

1
Tagy1 (1) = T () > erk+1{olsy — MsTy,},
=0
k

1
Tap41 (t) = (o) Z ez, k + 1{aSa, — MaVyy },
=0

k
1
de-‘rl (t) = F(O{) E €x7k+1{P1[dx+P2de_/LBBI}a
z=0

k
1
Rapy1 (t) = (o) > 1,k +1{eTyy — M5By, }-
=0

(27)
Equations (25) and (26) provided us with;

dr,gce = K —(k—a) (k+a), 2 =0

(k—z+2)" 4 (h—a)* —2k—2+1)", 1<z <k

l,r=k+14
And

«

€x7k+1:E[(k_x‘f'l)a(k_x)a}, 0<z<k
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4.2 parameters descriptions

Table 1: Values of parameters used in the simulation.

Parameters Symbol | Value (per day) | Source

Recruitment rate of individuals into the susceptible class A 0.29 Assumed
Rate at which susceptible individuals come into contact with diphtheria B 0.570 [26]
Rate at which exposed individuals progress to infection 0 0.230 1271

Rate at which individuals contact bacteria 51 0.341 Assumed

Rate at which infected individuals receive treatment o 0.36 Assumed

Recovery rate of treated individuals € 0.8 Assumed
Vaccination rate for susceptible individuals « 0.500 [26]

Rate at which vaccine-induced immunity wanes Y 0.43 Assumed

Rate at which bacteria are shed into the environment P, P 0.007 Assumed

Natural death rate of the bacteria uB 0.047 Assumed
Natural death rate of humans 1 0.019 [128]
Rate at which recovered individuals become susceptible again w 0.7 Assumed
Density of bacteria in the environment K 0.005 Assumed
Death rate due to diphtheria 6 0.006 (28]
Modification parameter for death in treated individuals 0] 0.1 Assumed

4.3 The fractional Adam-Bashforth Moulton approach is crucial for obtaining the model’s
numerical solutions

¢ The fractional Adam-Bashforth Moulton method attains high-order accuracy with just one extra
function evaluation every step.

¢ This method is a helpful tool for numerical solutions of partial and fractional order differential
equations and has potential applications in many fields, including engineering, chemistry, and
medicine.

¢ The Adam-Bashforth Moulton method, which is frequently included in packaged ODE solvers,

provides automatic error management.

4.4 Fractional order Diphtheria model simulation

In this section, we present the graphs obtained from numerical simulation of the fractional order Diph-
theria.

A closer look at the surface plot in Fig. 3(a) indicates that a rise in the parameters and
representing the contact rate between bacteria and susceptible humans, respectively, which
increases the incidence of diphtheria in human populations, as demonstrated by the basic re-
production number surpassing one (1). The surface plot in Fig. 3(b) shows the effects of
different between and , indicating the percentage of affected people receiving therapy and rate
of vaccination in relation to the population’s basic reproduction number . It was observed
that an increase in these parameters leads to a peak in the value of to a numerical value below
one. This implies that the burden of diphtheria among humans will eventually be reduced by
improving the treatment rate of affected persons and putting policies in place to encourage
vaccination rates. Figure 4(a) shows the impact of varying (the waning rate of the vaccine)
and (the progression rate from exposed to infected) on the basic reproduction number . If
appropriate measures are not implemented, these factors and can worsen the prevalence of
diphtheria, as evidenced by their effect on the basic reproduction number, causing it to rise
above one (1). The graph in Figure 4(b) presents a contour plot of in relation to . Analyzing
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Figure 4: surface plot and contour plot of the basic reproduction number

the numerical trends in the graph reveals that the maximum value reached by adjusting these
parameters is 0.6, which is below unity (1). This observation indicates that increasing these
parameters would not lead to a significant diphtheria outbreak in the population. Addition-
ally, raising the values of (the treatment rate of infected individuals) and (the vaccination rate
of susceptible individuals) would help reduce the burden of diphtheria among the population.
This conclusion is supported by Figure 5(a), where stays below unity (1). The plot in Fig-
ure 5(b) shows the effect of varying the fractional order derivative on the susceptible human
population over time. The plot clearly indicates that an increase in leads to a decline in the
susceptible population. This reduction is due to the implementation of treatment and vacci-
nation strategies, which lowers the number of individuals vulnerable to the disease. Figure
6(a) shows that the exposed population initially rises and then quickly declines as infection
rates increase. This indicates that despite the overall population decreasing due to higher in-
fectiousness, there is still a flow of individuals from the susceptible class into the exposed class.
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Figure 6(b) illustrates the dynamics of the infected human population over time. Initially, the
number of infected individuals increases due to the influx from the exposed class. However,
at a certain point, the number of infected individuals begins to decrease due to treatment in-
terventions. This suggests that utilizing treatment and vaccination strategies will ultimately
reduce the burden of diphtheria within the population. Figure 7(a) shows how the number of
individuals receiving treatment changes over time. Initially, there is an increase in the treated
population due to transfers from the infected group. Later, the number of individuals under-
going treatment gradually declines as successful medical interventions lead to recovery from
diphtheria. Figure 7(b) shows that the vaccinated segment of the population initially increases
as people follow vaccination protocols to prevent diphtheria. However, this population later
decreases due to the declining effectiveness of the diphtheria vaccine over time, due to its in-
herent imperfections. Figure 8(a) shows an increase in the infected human population due to
the presence of bacteria in the environment. Additionally, Figure 8(b) shows an increase in
the recovered human population as the treatment rate rises. This is due to the effectiveness of
the treatment strategies implemented by healthcare providers. This highlights the importance
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of establishing diphtheria treatment facilities by government authorities to help reduce the
prevalence of the disease in the population. Figure (9) shows an increase in the cumulative
number of new diphtheria cases as the treatment rate between susceptible and infected indi-
viduals increases. The graph indicates that increasing the treatment rate leads to a reduction
in the cumulative new cases of diphtheria, ultimately reducing the burden and prevalence of
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the disease within the population.

5 Conclusion

This manuscript presents a mathematical model for the transmission dynamics and control
of diphtheria using the Caputo fractional derivative. Initially, we developed an integer-order
nonlinear system with seven differential equations, dividing the human population into six
subgroups and including a separate bacteria class, resulting in a total of seven compartments.
Acknowledging the importance of fractional modeling, we extended the integer-order model to
fractional order using the Caputo operator. We began with a comprehensive theoretical analy-
sis of the fractional diphtheria model, covering aspects such as solution existence, uniqueness,
and equilibrium stability. We carried out the sensitivity analysis of the basic reproduction and
is observed that the parameters like ¢ modification parameter that accounts for diphtheria
induced death, rate at which susceptible individuals are vaccinated «, rate of treatment o, the
rate at which individuals under treatment recovered ¢, disease induced death rate ¢ , natu-
ral death rate ;1 and bacteria natural death rate jip are with negative sensitivity indices and
will reduces the prevalence of diphtheria within the humans population. Using the fractional
Adams-Bashforth—-Moulton method, we numerically solved the fractional model. The sim-
ulations visually demonstrated the impact of the disease incidence based on different model
parameter values and fractional orders of the Caputo operator. Additionally, we conducted
simulations by adjusting parameters such as the treatment rate for infected individuals, the
vaccination rate for susceptible individuals, the contact rate between susceptible and infected
individuals, the progression rate from exposed to infected, and the waning rate of the vaccine.
The results indicated that enhancing treatment and vaccination strategies will effectively re-
duce the prevalence of diphtheria among the population. The study of novel trial functions
and rogue waves in generalized breaking soliton equations using the bilinear neural network
method, as presented by [29]], suggests that this method could also be applied to solve nonlin-
ear partial differential equations in future work.
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