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Abstract

Currently, the disruptions to routine vaccination programs induced during COVID-19 pan-
demic have raised worries about possible resurgence of vaccine-preventable diseases like diphtheria
and pertussis, particularly in infants and children with zero vaccination. This study aims to assess
the risk of diphtheria-pertussis co-dynamics and control strategies in the post-pandemic era using
modified SIR-type mathematical model. Our research is hinged on the premise that pathogens
can coexist in a host and that diphtheria-pertussis are both preventable by (Diphtheria-Tetanus-
Pertussis) DTAP vaccine. Therefore, the presented model captures epidemiological parameters and
varying disease control coverage inputs to simulate disease behaviour in a population susceptible to
both infections. Key non-optimal control parameters used are vaccination at birth, maternal de-
rived immunity and partial quarantine for diphtheria only. The next generation matrix was used to
derive the basic reproduction number R0 , after which stability analysis was conducted and it was
observed that the formulated model exhibits four equilibrium points. The disease-free equilibrium
and endemic equilibrium are shown to be locally and globally asymptotically stable. The forward
sensitivity index was employed to pinpoint the effects of the hierarchy of parameters within R0.
Furthermore, it was observed that the model would undergo backward bifurcation under certain
conditions, Consequently, optimal control inputs should be considered for future research. Finally,
theoretical accuracy of the diseases co-existence is validated via Numerical simulations and relevant
graphical illustrations are displayed using MATLAB 2021a.

Keywords and phrases: co-dynamics; effective reproduction number; sensitivity analysis; backward
bifurcation; gaussian elimination

1 Introduction

The current trend in re-emergence of vaccine-preventable respiratory infectious diseases persist to be a
global health concern with the increasing disruption on routine immunization by recent COVID-19
Pandemic [1, 2]. WHO and UNICEF Report available up to 2021 [3] estimated that about 25 mil-
lion children missed out on DTP (Diphtheria-Tetanus-Pertussis) routine vaccines. According to [4],
respiratory system disease affecting the lungs and other organs have long been a concern in children,
pathogenic bacteria and virus that infect a human being can also be nested inside individual (host) itself.
Hence, great importance is attributed to the characterization of co-infection by understanding how
such pathogens intera t directly or indirectly through a carrier or its immigratory system [5, 6, 7, 8].
Diphtheria and pertussis are bacterial respiratory diseases with varying degrees of infection risk, both
of which can be prevented by the DTaP (Diphtheria-Tetanus-Pertussis) vaccine [9, 10, 11]. Diphthe-
ria, caused by the Corynebacterium species as noted by [12], can result in serious complications such
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as paralysis or death if the infection becomes chronic. The disease spreads through droplets or close
contact with an infected individual, as the bacterium Corynebacterium diphtheriae releases a toxin that
causes the illness. Pertussis, commonly known as whooping cough, is a highly contagious respiratory
infection caused by the bacterium Bordetella pertussis. It spreads through droplets from an infected indi-
vidual [13]. While severe pertussis can result in serious illness and even death, particularly in newborns
and infants, the disease often goes undetected [14]. Research indicates that adolescents and adults, who
may be asymptomatic carriers, are the primary source of infection for vulnerable infants. Recently,
the co-interaction of pathogens has garnered significant attention from mathematicians worldwide. For
example, [15] analyzed a co-dynamic model of pertussis-pneumonia, which includes a compartment
for MDI (maternal-derived immunity) and temporary immunity among infected infants. Additionally,
various studies have investigated the co-dynamic effects of pneumonia with other diseases, such as the
HIV/AIDS-pneumonia co-infection dynamics studied by [16], and [17] examination of COVID-19 and
bacterial pneumonia co-infection dynamics. In [18], a model was proposed for pneumonia-meningitis
co-infection, while [19] studied influenza-meningitis co-infection, with a focus on quarantine and re-
covery rates. Additionally, [20] examined optimal control strategies for co-infections between chronic
hepatitis B virus (HBV) and SARS-CoV-2, presenting a dynamic model that explores various equilib-
ria and highlights the occurrence of backward bifurcation triggered by co-infection. The authors of
[21, 22] utilized the Normalized Forward Sensitivity Index to assess the hierarchical influence of pa-
rameters on the reproduction number within the model. Furthermore, [22] investigated the potential
coexistence of diphtheria and pertussis through mathematical modeling.

2 Model formulation

The diphtheria-pertussis co-infection model presented, comprises of eight different compartments,
where, the total population at time (t) denoted as N(t) is given by

N(t) = S(t) + IAD(t) + ISD(t) + IAP (t) + ISP (t) + ISDP (t) +QSD(t) +R(t) (1)

the compartments are Susceptible individuals S(t), the infected individuals with diphtheria in asymp-
tomatic stage IAD(t), the infected individuals with diphtheria in symptomatic stage ISD(t), the infected
individuals with pertussis in asymptomatic stage IAP (t), the infected individuals with pertussis in symp-
tomatic stage ISP (t), the infected individuals with both diphtheria and pertussis in there symptomatic
stage ISDP (t), individuals who has recovered from diphtheria, pertussis or dual infection. R(t), Quar-
antine of individuals showing clinical symptoms of diphtheria QSD(t). In the model formulation, we
assumed that κ = bN(1−V ) is the total proportion of zero vaccinated individuals where b is the birth
rate and V is the vaccinated at birth. we also assume that due to vaccination during pregnancy, the
mother would have passed on strong immunity to the infant via placenta at fetus stage. Therefore, the
Susceptible or Vulnerable compartment S increases by the influx of non-vaccinated individuals and indi-
viduals who recovers from asymptomatic stage due to Maternal Derived Immunity (MDI) represented
by ξDIAD and ξP IAP respectively.

Furthermore, The Susceptible compartment could get infected with diphtheria only at the rate
ΦD = βD(αDIAD+ISD)

N , Pertussis only at rate ΦP = βP (αP IAP +ISP )
N , and dual infection at rate ΦDP =

βDP ISDP
N respectively. Individuals at the symptomatic stage of diphtheria and pertussis could get infected

with a second infection at rates γ1
βP (αP IAP +ISP )

N ISD and γ2
βD(αDIAD+ISD)

N ISP respectively, where γ1

and γ2 denotes vulnerability to a second infection. We also assume that vaccinated individuals at birth
are immune against disease and flows directly into the recovered compartment R at rate V bN . Other
parameter used are described in Table 1

Based on the model description and assumptions above, we formulated the model governing equa-
tion (2).
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Table 1: Values of parameters used in simulation.

Parameter Symbol Value Cite
βD Effective contact rate for Diphtheria 0.57/day [23]
βP Effective contact rate for Pertussis 0.5-1/day [15]
βDP Diphtheria-Pertussis contact rate 0.2/day fitted
ξD MDI against Diphtheria infection 0.35 [15],
ξP MDI against Pertussis 0.35 [15, 30]
ξDP MDI Dual infection 0.35 [15]
Ω Recovery rate of Quarantine 0.1-0.9 Assumed
ηD Diphtheria Recovery rate. 0.5 [15]
ηP Pertussis Recovery rate [ 1

14 , 0.0206 [15]
ηDP Diphtheria-Pertussis Recovery rate 0.15/day [19]
$D Diphtheria induced death rate 0.05 [23]
$P Pertussis induced death rate 0.0309 [15]
$DP Disease induced death rate of Dual infection 0.005/day [23]
µ Natural death rate 0.006 [23]
θ Diphtheria infected Quarantined 0.1/day Assumed
V Vaccination 0.1-1.2 Assumed

αD, αP Modification parameter 0.5 [15]
γ1, γ2 Modification parameter 1 [19]
b Birth rate 0.019 [23]

φD, φP Progression to symptomatic infected stage [3
7 ]/day , [7

7 ]/day Fitted

dS

dt
(t) = bN(1− V ) + ξDIAD + ξP IAP

−
(
βD(αDIAD + ISD)

N
+
βP (αP IAP + ISP )

N
+
βDP ISDP

N

)
S − µS

dIAD
dt

(t) =
βD(αDIAD + ISD)

N
S − (φD + ξD + µ)IAD

dISD
dt

(t) = φDIAD − (θ + ηD +$D + µ)ISD − γ1
βP (αP IAP + ISP )

N
ISD

dIAP
dt

(t) =
βP (αP IAP + ISP )

N
S − (φP + ξP + µ)IAP

dISP
dt

(t) = φP IAP − (ηP +$P + µ)ISP − γ2
βD(αDIAD + ISD)

N
ISP

dISDP
dt

(t) =
βDP ISDP

N
S + γ1

βP (αP IAP + ISP )

N
ISD + γ2

βD(αDIAD + ISD)

N
ISP

− (ηDP +$DP + µ)ISDP

dQSD
dt

(t) = θISD − (Ω + µ)QSD

dR

dt
(t) = V bN + ηP ISP + ηDISD + ηDP ISDP + ΩQSD − µR

(2)

S(0) > 0, IAD(0) > 0, ISD(0) > 0, IAP (0) > 0, ISP (0) > 0, ISDP (0) > 0, QSD(0) > 0

Model Schematic Diagram is seen in Figure 1:
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Figure 1: Schematic Diagram of Diphtheria-Pertussis transmission dynamics.

3 Analysis of the model

3.1 Model existence and uniqueness

To ensure that this diphtheria-pertussis transmission model is both mathematically and epidemiological
sound, the dynamic system outlined in equation (2) must satisfy the subsequent theorems. We recall that
the infection forces is ΦD = βD(αDIAD+ISD)

N , ΦP = βP (αP IAP +ISP )
N , and ΦDP = βDP ISDP

N respectively
which will subsequently be used interchangeably.

Theorem 1 (non-negativity or positively of model). If the initial value conditions for S(0) >
0, IAD(0) > 0, ISD(0) > 0, IAP (0) > 0, ISP (0) > 0, ISDP (0) > 0, R(0) > 0, QSP (0) > 0 and
t(0) > 0 ∀ tε[0, t0] then, S(t), IAD(t), ISD(t), IAP (t), ISP (t), ISDP (t), R(t) and QSD(t) Maintains
positivity throughout in R8

+.
Proof. Giving that we are dealing with human populations, it is presupposed that all the employed

parameter are non-negative. From equation (2), we assume that the Susceptible compartment is,

dS

dt
= κ+ ξDIAD + ξP IAP − (ΦD + ΦP + ΦDP + µ)S ≥ −(ΦD + ΦP + ΦDP + µ)S (3)

By separating variables in equation (3) and applying the integrating factor method, we derive

dS

dt
≥ −(ΦD + ΦP + ΦDP + µ)S ≡ dS

S
≥ −(ΦD + ΦP + ΦDP + µ)dt

∫ S

0

dS

S
≥ −

∫ t

0
(ΦD + ΦP + ΦDP + µ)dt

ln |S(t)| ≥ −(ΦD + ΦP + ΦDP + µ)t+ C

S(t) ≥ Ce−(ΦD+ΦP +ΦDP +µ)t

Hence, if (t = 0) we have (S(t) ≥ S(0)e−(ΦD+ΦP +ΦDP +µ)t ≥ 0)(∀t > 0) since (ΦD+ΦP+ΦDP+
µ) > 0. Similarly, we can show that (IAD(t), ISD(t), IAP (t), ISP (t), ISDP (t), R(t)) and QSD(t) are
non-negative.
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Theorem 2 (Boundedness). The closed set given byB∗ = (S, IAD, ISD, IAP , ISP , ISDP , R,QSD)
∈ R8

+ : S + IAD + ISD + IAP + ISP + ISDP +R+QSD ≤ κ
µ} is positively invariant with respect to

the dynamic system equation (2).
Proof. Adding equation (2) and equating it to zero at initial time (t = $D = $P = $DP = 0 )

gives:

dN

dt
+ µN(t) ≤ κ (4)

Again, applying the integrating factor method to equation (4) and employing Gronwall’s-Bellman
inequality [21], followed by simplification, results in:

N(t) ≤ κ

µ
+ (N(0)− κ

µ
)e−µt,⇒ N(t) ≤ κ

µ

As t→∞, the equation (2) has the solution in B∗ and thus positively invariant.

Theorem 3 (Existence and uniqueness). Starting from the Initial values of the equation (2) , which
are S(0) > 0, IAD(0) > 0, ISD(0) > 0, IAP (0) > 0, ISP (0) > 0, ISDP (0) > 0, R(0) > 0, QSD(0) >
0, then t ∈ R, the solutions S(t), IAD(t), ISD(t), IAP (t), ISP (t), ISDP (t), QSD(t), R(t) exist in R8

+.
Proof. If the model equation (2) can be expressed in the form ẋ = f(x) where,

ẋ =



S
IAD
ISD
IAP
ISP
ISDP
QSD
R



f(x) =



κ+ ξDIAD + ξP IAP − (ΦD + ΦP + ΦDP )S − µS
ΦDS − (φD + ξD + µ)IAD

φDIAD − (θ + ηD +$D + µ)ISD − γ1ΦP ISD
ΦPS − (φP + ξP + µ)IAP

φP IAP − (ηP +$P + µ)ISP − γ2ΦDISP
ΦDPS + γ1ΦP ISD + γ2ΦDISP − (ηDP +$DP + µ)ISDP

θQSD − (Ω + µ)QSD
ηP ISD + ηDISP + ηSDP ISDP + ΩQSD − µR


(5)

Then equation (5) is proved by the existence and uniqueness theorem, since f has a continuous
first derivative in R8

+ and is locally Lipschitz, therefore, there exists a unique, positive, and bounded
solution for the governing equation (2) in R8

+.

3.1.1 Equilibrium solutions

Here, The equilibrium points is derived by equating all compartments in equation (2) to zero, i.e.,

dN

dt
=
dS

dt
+
dIAD
dt

+
dISD
dt

+
dIAP
dt

+
dISP
dt

+
dISDP
dt

+
dQSD
dt

+
dR

dt
= 0

Upon diphtheria-pertussis initial outbreak which is the Disease Free Equilibrium we obtain:

N0 = (S0 + IAD0 + ISD0 + IAP0 + ISP0 + ISDP0 +QSD0 +R0)

= (
κ

µ
, 0, 0, 0, 0, 0, 0, 0)
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Solving for the endemic Equilibria
In the absence of pertussis disease: E∗D = (S∗, I∗AD, I

∗
SD, 0, 0, 0, R

∗) This account for the endemic
equilibrium point of Diphtheria disease denoted as,

S∗ =
bN(1− V ) + ξDI

∗
AD

Φ∗D + µ
, I∗AD =

βDI
∗
SDS

∗

(φD + ξD + µ)− βDαD
,

I∗SD =
φDI

∗
AD

(θ + ηD +$D + µ)
, R∗ =

V bN + ηDI
∗
SD

µ
.

In the absence of Diphtheria disease: E∗P = (S∗, 0, 0, I∗AP , I
∗
SP , 0, R

∗) This account for the endemic
equilibrium point of pertussis disease, denoted as,

S∗ =
bN(1− V ) + ξP I

∗
AP

Φ∗P + µ
, I∗AP =

βP I
∗
SPS

∗

(φP + ξP + µ)− βPαP
,

I∗SP =
φP I

∗
AP

(θ + ηP +$P + µ)
, R∗ =

V bN + ηP I
∗
AP

µ

In the presence of both diphtheria and pertussis co-infection state,E∗D = (S∗, I∗AD, I
∗
SD, I

∗
AP , I

∗
SP , I

∗
SDP , R

∗)
This gives rise to the diphtheria-pertussis endemic equilibrium state given by.

S∗ =
bN(1− V ) + ξDI

∗
AD + ξP I

∗
AP

Φ∗D + Φ∗P + Φ∗DP + µ
, I∗AD =

βDI
∗
SDS

∗

(φD + ξD + µ)− βDαD
,

I∗SD =
φDI

∗
AD

(θ + ηD +$D + µ) + γ1βP (αP I∗AP + I∗SP )
,

I∗AP =
βP I

∗
SPS

∗

(φP + ξP + µ)− βPαP
, I∗SP =

φP I
∗
AP

(ηP +$P + µ) + γ1βD(αDI∗AD + I∗SD)
,

I∗SDP =
γ1βP (αP I

∗
AP + I∗SP ) + γ2βD(αDI

∗
AD + I∗SD)

(ηDP + ξDP +$DP + µ)− βDP
,

R∗ =
V bN + ηDI

∗
AD + ηP I

∗
AP + ηDP I

∗
SDP

µ

In a special case where the three infection forces are at steady state Φ∗D =
βDI

∗
SD

N∗ , Φ∗P =
βP I

∗
SP

N∗ ,
and Φ∗DP =

βDP I
∗
SDP

N∗ . The equation (2) possess co-existence endemic equilibria.

S∗ =
κ+ ξDI

∗
AD + ξP I

∗
AP

Φ∗D + Φ∗P + Φ∗DP + µ
, I∗AD =

Φ∗D(κ+ ξDI
∗
AD + ξP I

∗
AP )

k1(Φ∗D + Φ∗P + Φ∗DP + µ)
,

I∗SD =
αDΦ∗D(κ+ ξDI

∗
AD + ξP I

∗
AP )

k1k2(Φ∗D + Φ∗P + Φ∗DP + µ)
, I∗AP =

Φ∗P (κ+ ξDI
∗
AD + ξP I

∗
AP )

k3(Φ∗D + Φ∗P + Φ∗DP + µ)
,

I∗SP =
αPΦ∗P (κ+ ξDI

∗
AD + ξP I

∗
AP )

k3k4(Φ∗D + Φ∗P + Φ∗DP + µ)
, I∗SDP =

Φ∗DP (κ+ ξDI
∗
AD + ξP I

∗
AP )

k5(Φ∗D + Φ∗P + Φ∗DP + µ)
,

R∗ =
(κ+ ξDI

∗
AD + ξP I

∗
AP ) (Φ∗DηDαDk3k4k5 + Φ∗P ηPαPk1k2k5 + Φ∗DP ηDPk1k2k3k4)

µk1k2k3k4k5(Φ∗D + Φ∗P + Φ∗DP + µ)

3.2 Basic reproduction number

The Basic reproduction numberR0 which represents average number of secondary infections produced
by an infected and infectious individual. Which implies that When R0 > 1, the disease will persist
within the population, particularly infants [24]. The next generation matrix is used to derive the
basic reproduction number[24, 25] R0 = ρFV −1, where ρ is the spectral radius and transition and
transmission matrix are denoted by Fi(a) and Vi(a) at N0 Respectively. Now let

k1 = (φD + ξD + µ)IAD, k2 = (θ + ηD +$D + µ)ISD, k3 = (φP + ξP + µ)IAP ,
k4 = (ηP +$P + µ)ISP , k5 = (ηPD +$PD + µ)ISPD.
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FV −1 =


βDαDS βDS 0 0 0

0 0 0 0 0
0 0 βPαPS βPS 0
0 0 0 0 0
0 0 0 0 βDPS

×


1
k1

0 0 0 0
φD
k1k2

1
k2

0 0 0

0 0 1
k3

0 0

0 0 φP
k3k4

1
k4

0

0 0 0 0 1
k5


The Gaussian Elimination method was used to determine V −1 and dominant eigenvalue of FV −1

is given by

R0 = ρFV −1 = max{R0D, R0P , R0DP }

R0 = max

{
b(1− v)

µ

(
βD(αDk2 + φD)

k1k2
,
βP (αPk4 + φP )

k3k4
,
βDP
k5

)}
where, S = κ

µ = b(1−v)
µ

3.3 Stability analysis

The stability analysis of the disease free equilibrium point is carried out.

3.3.1 Local stability analysis of DFEP

Theorem 4 The diseases free equilibrium point is locally asymptomatic stable if R0 < 1 and
unstable if R0 > 1, Proof. Jacobian matrix of the model equation (2) estimated at the disease-free
equilibrium which yields

Jdfe =



−µ −βDαD −βD βPαP −βP −βDP 0
0 βDαD − k1 βD 0 0 0 0
0 φD −k2 0 0 0 0
0 0 0 βPαP − k3 βP 0 0
0 0 0 φD −k4 0 0
0 0 0 0 0 βDP − k5 0
0 0 ηD 0 ηP ηSDP −µ


(6)

Then characteristic equation is expanded and determined using |Jdfe − λI| = 0, where λ1 = 0 twice
and solutions of the equations is given by the remaining 2× 2 , 1× 1 sub-matrices below R0Dk1k2 =
βD(αDk2 + φD),

Jdfe =

[
(βDαD − k1)− λ βD

φD −k2 − λ

]
= λ2 + (k1 + k2 − βDαD)λ+ k1k2(1−R0D) = 0

R0Pk3k4 = βP (αPk4 + φP ),

Jdfe =

[
(βPαP − k3)− λ βP

φD −k4 − λ

]
= λ2 + (k3 + k4 − βPαP )λ+ k3k4(1−R0P ) = 0

(βDP − k5)− λ = λ+ k5(1−R0DP )

Thus, by Routh-hurwitz Stability criteria, all the roots of equation (6) have negative real parts⇔
R0D < 1 , R0P < 1 and R0DP < 1 Respectively. Therefore the disease free equilibrium is Asymptotic
stable if R0 = max{R0D, R0P , R0DP } < 0.
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3.3.2 Global stability analyses of DFEP and EEP

In this section, we will use Lyapunov function method to show the global asymptotic stability of DFE
and EEP by the following theorems

Theorem 5 The pertussis-free equilibrium is globally asymptotically stable⇔ R0 ≤ 1.
Proof. to prove that the pertussis-free equilibrium is globally asymptotically stable, we will employ

the Lyapunov function method by [27] . Now we will Consider a Lyapunov function candidate,

VAD =
IAD

φD + ξD + µ

Taking the time derivative of VAD:

dVAD
dt

=
1

φD + ξD + µ

dIAD
dt

Substituting the value of dIAD
dt :

dVAD
dt

=
(βDαDS − (φD + ξD + µ))IAD

φD + ξD + µ

⇒ dVAD
dt

=
βDαDS

φD + ξD + µ
IAD − IAD

⇒ dVAD
dt

≤
(

βDαDS

φD + ξD + µ
− 1

)
IAD

⇒ dVAD
dt

≤
(
b(1− V )βDαD
µ(φD + ξD + µ)

− 1

)
IAD

dVAD
dt

≤ (R0AD − 1)IAD

The above analysis shows that dVAD
dt ≤ 0 ⇔ R0AD ≤ 1 and also, dVAD

dt = 0 ⇔ IAD = 0 or R0AD

Thus, the pertussis-free equilibrium is globally asymptotically stable if R0AD ≤ 1.

Theorem 6 The diphtheria-free equilibrium is globally asymptotically stable⇔ R0AP ≤ 1.
Proof. to prove that the diphtheria-free equilibrium is globally asymptotically stable, we will employ

the Lyapunov function method by [27]. Now we will Consider a Lyapunov function candidate,

VAP =
IAP

φP + ξP + µ

Taking the time derivative of VAP :

dVAP
dt

=
1

φP + ξP + µ

dIAP
dt

Substituting the value of dIAP
dt :

dVAP
dt

=
(βPαPS − (φP + ξP + µ))IAP

φP + ξP + µ

⇒ dVAP
dt

=
βPαPS

φP + ξP + µ
IAP − IAP

⇒ dVAP
dt
≤
(

βPαPS

φP + ξP + µ
− 1

)
IAP
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⇒ dVAP
dt
≤
(
b(1− V )βPαP
µ(φP + ξP + µ)

− 1

)
IAP

dVAP
dt
≤ (R0AP − 1)IAP

The above analysis shows that dVAP
dt ≤ 0 ⇔ R0AP ≤ 1 and also, dVAP

dt = 0 ⇔ IAP = 0 or R0AP

Thus, the pertussis-free equilibrium is globally asymptotically stable if R0AP ≤ 1.

Theorem 7 The co-infection endemic equilibrium of the basic model equation (2) is globally
asymptotically stable.⇔ R0AP ≤ 1
Proof. Using the common quadratic Lyapunov function method as in [27] and Considering a

Lyapunov function candidate,

G(S, IAD, ISD, IAP , ISP , ISDP , Q,R) =
1
2 [(S − S∗) + (IAD − I∗AD) + (ISD − I∗SD) + (IAP − I∗AP )

+(ISP − I∗SP ) + (ISDP − I∗SDP ) + (QSD −Q∗SD) + (R−R∗)]2

The time derivative of the Lyapunov function (G) is given by

dG
dt = [(S − S∗) + (IAD − I∗AD) + (ISD − I∗SD) + (IAP − I∗AP )

+(ISP − I∗SP ) + (ISDP − I∗SDP ) + (QSD −Q∗SD) + (R−R∗)][dSdt + dIAD
dt

+dISD
dt + dIAP

dt + dISP
dt + dISDP

dt + dQSD
dt + dR

dt ]

dG
dt = [(S − S∗) + (IAD − I∗AD) + (ISD − I∗SD) + (IAP − I∗AP )

+(ISP − I∗SP ) + (ISDP − I∗SDP ) + (QSD −Q∗SD)
+(R−R∗)][κ− µ(S + IAD + ISD + IAP + ISP + ISDP +R+QSD)]

given that
κ = µ(S + IAD + ISD + IAP + ISP + ISDP +R+QSD)

dG
dt = [(S − S∗) + (IAD − I∗AD) + (ISD − I∗SD) + (IAP − I∗AP )

+(ISP − I∗SP ) + (ISDP − I∗SDP ) + (Q−Q)∗)
+(R−R)∗][κ− µ(S − S∗) + (IAD − I∗AD) + (ISD − I∗SD) + (IAP − I∗AP )

+(ISP − I∗SP ) + (ISDP − I∗SDP ) + (Q−Q∗) + (R−R∗))]
= −µ[(S − S∗) + (IAD − I∗AD) + (ISD − I∗SD) + (IAP − I∗AP )

+(ISP − I∗SP ) + (ISDP − I∗SDP ) + (QSD −Q∗SD) + (R−R∗))]2 ≤ 0

Here, dG
dt ≤ 0 Note also that dG

dt = 0 ⇔ S = S∗, IAD = I∗AD, ISD = I∗SD, IAP = I∗AP , ISP =
I∗SP , ISDP = I∗SDP , QSD−Q∗SD, R−R∗. It is seen that by the common quadratic Lyapunov method,
the co-infection endemic equilibrium is globally asymptotically stable.

3.3.3 Backward bifurcation analysis

ver time, several researchers globally has accepted that reducing the reproduction number to less than
one infectious personR0 < 1 is necessary and sufficient to eradicate a disease. However, in recent times
this perspective has been challenged by several mathematicians globally and to this effect, numerous the-
oretical studies has been done to show that this criterion might not always be enough or adequate. The
backward bifurcation phenomenon provides an alternative explanation, since it demonstrates that un-
der certain conditions, even when the Disease-Free Equilibrium is stable and the reproduction number
is less than unity R0 < 1, At that point, there might exist a stable endemic equilibrium coexisting
simultaneously.

Our aim in this section is to adopt the Castillo Chavez and Song approach [28] to show the existence
of backward bifurcation at R = 1. Now, replacing the state variables as shown bellow;

S = x1, IAD = x2, ISD = x3, IAP = x4, ISP = x5, ISDP = x6, QSD = x7, R = x8
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so that the total population becomes

N = x1 + x2 + x3 + x4 + x5 + x6 + x7 + x8

Then, equation (2) takes on the new form

dx1

dt
(t) ≡ f1 = bN(1− V ) + ξDx2 + ξPx4

−
(
βD(αDx2 + x3)

N
+
βP (αPx4 + x5)

N
+
βDPx6

N

)
x1 − µx1

dx2

dt
(t) ≡ f2 =

βD(αDx2 + x3)

N
x1 − (φD + ξD + µ)x2

dx3

dt
(t) ≡ f3 = φDx2 − (θ + ηD +$D + µ)x3 − γ1

βP (αPx4 + x5)

N
x3

dx4

dt
(t) ≡ f4 =

βP (αPx4 + x5)

N
x1 − (φP + ξP + µ)x4

dx5

dt
(t) ≡ f5 = φPx4 − (ηP +$P + µ)x5 − γ2

βD(αDx2 + x3)

N
x5

dx6

dt
(t) ≡ f6 =

βDPx6

N
x1 + γ1

βP (αPx4 + x5)

N
x3

+ γ2
βD(αDx2 + x3)

N
x5 − (ηDP + ξDP +$DP + µ)x6

dx7

dt
(t) ≡ f7 = V bN + ηP ISP + ηDx3 + ηDPx6 − µx7

(7)

where,

N =
7∑
i=1

xi

now lets consider a special case when the reproduction numberR0 = max {R0D, R0P , R0DP } = 1
Also, we suppose that βD = β∗D be chosen as a bifurcation coefficient. from R0D = 1, then equation
becomes

⇒ 1 =
βD(αDk2 + φD)

k1k2
⇒ βD = β∗D =

k1k2

αDk2 + φD

Now, taking the Jacobian matrix of the system of equations at the disease free equilibrium point E0D,
denoted by J(E0D), which yields

J(E0D) =



−µ −βDαD −βD −βPαP −βP 0 0
0 βDαD − k1 βD 0 0 0 0
0 φD −k2 0 0 0 0
0 0 0 βPαP − k3 βP 0 0
0 0 0 φD −k4 0 0
0 0 0 0 0 −k5 0
0 0 ηD 0 ηP ηDP −µ


before employing the assumptions in theorem 4.1 of [28], it is vital to note the two types of eigenvectors
of the matrix J(E0D) for the case R0D = 1 of the system equation (7) at the selected βD = β∗D
which are the right and left eigenvectors linked with the zero eigenvalues of J(E0D). given by ψ =
(ψ1, ψ2, ψ3, ψ4, ψ5, ψ6, ψ7)T are determined as

J(E0D) · ψ = 0
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implies



−µ −βDαD −βD −βPαP −βP 0 0
0 βDαD − k1 βD 0 0 0 0
0 φD −k2 0 0 0 0
0 0 0 βPαP − k3 βP 0 0
0 0 0 φP −k4 0 0
0 0 0 0 0 −k5 0
0 0 ηD 0 ηP ηDP −µ


×



ψ1

ψ2

ψ3

ψ4

ψ5

ψ6

ψ7


=



0
0
0
0
0
0
0


⇒
In order to observe assumptions 2 in theorem 4.1 of [28], that is making the right eigenvector

non-negative from the third equation, solving ψ3 in terms of ψ2 gives

ψ3 =
φDψ2

k2

Substituting ψ3 above into the second equation (βDαD − k1)ψ2 + βDψ3 = 0⇒

ψ2 = (βDαD − k1)ψ2 +
βDφDψ2

k2
= (βDαD − k1 +

βDφD
k2

)ψ2 = 0

for ψ2 6= 0, means that ψ2 coefficient (βDαD − k1 + βDφD
k2

) = 0, so that k1 = (βDαD + βDφD
k2

). Now,
in a non-trivial sense, we can say ψ2 = ψ2 > 0 since it does not necessarily make ψ2 tend to zero.
Therefore, in same vein, ψ3 = φDψ2

k2
> 0 , ψ4 = ψ4 > 0, ψ5 = φDψ4

k4
> 0, ψ6 = 0,

ν · J(E0D) = 0

implies



ν1

ν2

ν3

ν4

ν5

ν6

ν7



T

×



−µ −βDαD −βD −βPαP −βP 0 0
0 βDαD − k1 βD 0 0 0 0
0 φD −k2 0 0 0 0
0 0 0 βPαP − k3 βP 0 0
0 0 0 φP −k4 0 0
0 0 0 0 0 −k5 0
0 0 ηD 0 ηP ηDP −µ


=



0
0
0
0
0
0
0


Similarly, the left eigenvectors components of J(E0D)|β=β∗ , ν = (ν1, ν2, ν3, ν4, ν5, ν6, ν7) satisfy-

ing ψ � ν = 1 are: ν2 = ν2 > 0, ν3 = βDν2
k2

> 0, ν4 = ν4 > 0 , ν5 = βP ν4
k4

> 0, ν6 = 0,
Considering assumption 1 and 2 earlier cited in theorem 4.1 of [28], the sign of a and b in the equations
below ensures whether the model undergoes forward or backward bifurcation.

a =
7∑

i,j,k=1

νiψjψk
∂2fi

∂xj∂xk
(0, 0) and b =

7∑
i,j,k=1

νiψj
∂2fi

∂xj∂β∗D
(0, 0)

a = ν2

7∑
i,j,k=1

ψjψk
∂2f1

∂xj∂xk
+ ν4

7∑
i,j,k=1

ψjψk
∂2f1

∂xj∂xk
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∂2f2

∂x1∂x2
=

∂2f2

∂x2∂x1
= −βDαD

N
,

∂2f2

∂x1∂x3
=

∂2f2

∂x3∂x1
= −βD

N
,

∂2f4

∂x1∂x4
=

∂2f4

∂x4∂x1
= −βPαP

N
,

∂2f4

∂x1∂x5
=

∂2f4

∂x5∂x1
= −βP

N
,

∂2f6

∂x1∂x6
=

∂2f6

∂x6∂x1
= −βDP

N
,

∂2f3

∂x3∂x4
=

∂2f3

∂x4∂x3
= −γ1

βPαP
N

,

∂2f3

∂x3∂x5
=

∂2f3

∂x5∂x3
= −γ1

βP
N
,

∂2f5

∂x2∂x5
=

∂2f5

∂x5∂x2
= −γ2

βDαD
N

,

∂2f5

∂x3∂x5
=

∂2f5

∂x5∂x3
= −γ2

βD
N
.

= ν2

( ∂2f2

∂x1∂x3
+

∂2f2

∂x3∂x1

)
+ ν4

( ∂2f4

∂x1∂x5
+

∂2f4

∂x5∂x1

)
+ ν3

( ∂2f3

∂x3∂x5
+

∂2f3

∂x5∂x3

)
+

ν5

( ∂2f5

∂x3∂x5
+

∂2f5

∂x5∂x3

)
+ ν6

( ∂2f6

∂x1∂x6
+

∂2f6

∂x6∂x1

)
= −ν2

(
ψ1ψ2

βD
N

+ ψ2ψ1
βD
N

)
− ν4

(
ψ1ψ5

βP
N

+ ψ5ψ1
βP
N

)
− ν3γ1

(
ψ3ψ5

βP
N

+ ψ5ψ3
βP
N

)
−

ν5γ2

(
ψ3ψ5

βD
N

+ ψ5ψ3
βD
N

)
− ν6

(
ψ1ψ6

βDP
N

+ ψ6ψ1
βDP
N

)
Substituting ψ yields

= −2
βD
N
ν2ψ1ψ2 − 2

βP
N
ν4ψ5ψ1 − 2

βP
N
ν3γ1ψ3ψ5 − 2

βD
N
ν5γ2ψ3ψ5 − 2

βDP
N

ν6ψ1ψ6

a = 2
βD
µN

ψ2ψ3ν2

(
βD(αDψ2 + ψ3) + βP (αPψ4 + ψ5)

)
− 2

φDβP
k4µN

ν4ψ4

(
βD(αDψ2 + ψ3) + βP (αPψ4 + ψ5)

)
(8)

b =
n∑

i,j,k=1

νiψj
∂2fi

∂xj∂β∗D
(x0, β

∗
D) = ν2

∂2f2

∂x1∂β∗D
= ν2(αDψ2 + ψ3) > 0 (9)

In accordance with theorem 4.1 of [28], based on the coefficients of a and b, the systems of equation (7)
will undergo backward bifurcation.

3.3.4 Sensitivity analysis of the reproductive number

In this subsection, the normalized forward sensitivity index of R0 will be used to pinpoint the strength
and weakness of each parameter in the models prediction. Therefore, The Normalized forward sensi-
tivity index of R0 differentiable with respect to a given parameter β defined as [29]

ΥR0
βD

=
β

R0

∂R0

∂βD

where
R0 =

b(1− V )(βD(αD(θ + ηD +$D + µ) + φD))

µ(φD + ξD + µ)(θ + ηD +$D + µ)

Manual calculation of the sensitivity to parameter βD

βD
R0

= βD
µ(φD + ξD + µ)(θ + ηD +$D + µ)

b(1− V )(βD(αD(θ + ηD +$D + µ) + φD))

∂R0

∂βD
=
b(1− V )(αD(θ + ηD +$D + µ) + φD)

µ(φD + ξD + µ)(θ + ηD +$D + µ)

By substituting the values of the epidemiological parameters to the above equations will manually
compute the sensitivity of βD, other parameters can be calculated.

360 IJMAM, Vol. 7, Issue 2 (2024) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



S.O. Johnson et al. (2024) Int. J. Math. Anal. & Mod., 7(2):349–368

4 Numerical Simulations

In this section, Numerical simulation for diphtheria and pertussis co-infection model is performed,
The dynamics of the various compartments in the population was observed. Firstly, The epidemiology
parameters in Table 1 was substituted into the three terms of reproduction number derived. The Figure
2, Figure 3 and Figure 4 shows the effect of vaccination V and corresponding contact rates of Diphtheria
βD, Pertussis βP and diphtheria-pertussis βDP with contour plots respectively.

Figure 2: Effect of vaccination V and contact rate of diphtheria βD on R0 with contour plot.

Figure 3: Effect of vaccination V and contact rate of pertussis βP on R0 with contour plot.

Furthermore, each parameter sensitivity in reproduction number was examined by varying the
vaccination at birth V and quarantine of diphtheria θ as illustrated in the sensitivity bar chart Figure
6, Figure 7, Figure 8 and Figure 9. In Figure 8 We observed that When V = 0.01, and quarantine
of individuals infected with diphtheria θ = 0 arranging the parameter as regards its magnitude in
descending order is b = 1.0, $D = 0.59155, V = 0.5263, βP = 0.414355, βD = 0.363102, βDP =
0.3150, φP = 0.2524, $P = −0.206208, ξP = 0.191831, ξD = 0.168103, ηP = 0.167155, φD =
0.139104, ηD = −0.0903332, αD = 0.0318801, αP = 0.027965, $D = −0.0215079
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Figure 4: Effect of vaccination V and contact rate of pertussis βDP on R0 with contour plot.

Figure 5: Bar chart showing Effect of Vaccination at Birth V with improved Maternally derived im-
munity on the three terms of R0.

Figure 6: Bar chart showing Effect of Vaccination at Birth V with improved Maternally derived im-
munity on the three terms of R0.
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Figure 7: Impact of parameters on R0 with vaccination and zero partial quarantine of diphtheria-
pertussis model.

Figure 8: Impact of parameters on R0 with vaccination and partial quarantine of diphtheria.

Figure 9: Impact of improved vaccination, partial quarantine and maternal derived immunity parame-
ters on R0.

In the quest to obtain the best disease mitigating parameter for the non-optimal control strategy, a
combination of disease controller was explored by varying there values in (S, IAD, ISD, IAP , ISP , ISDP , QSD, R)
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model. The initial size of the total population at time t = 0 day was N(0) = 1000, S(0) = 900,
IAD0 = 10, ISD0 = 5, IAP0 = 15, ISP0 = 20, ISDP0 = 25, Q = 0, and R = 20 that is
(900, 10, 5, 15, 20, 25, 0, 20). The graphical experiment performed on the model dynamics at the ini-
tial instance of outbreak using table parameter without disease controller in Figure 10 shows that after
t = 100 days the model reads (176, 29, 103, 10, 44, 19, 0, 211). The model was also examined by increas-
ing vaccination at birth, Figure 10 and Figure 11 indicates that when V = 0.6 and ξD = ξP = θ = 0 the
model compartments is approximately (120, 12, 52, 0, 18, 4, 0, 992) after 100 days, . At a high vaccina-
tion administration V = 0.9, the model compartments approximately reads (63, 0, 14, 0, 3, 0, 0, 1374).

Figure 10: Zero Vaccination on (S, IAD, ISD, IAP , ISP , ISDP , QSD, R) Model.

Figure 11: Varying Vaccination impact on (S, IAD, ISD, IAP , ISP , ISDP , QSD, R) Model.
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Figure 12: Varying Vaccination effect on Susceptible and Recovered compartment.

Figure 13: Varying Vaccination effect on Symptomatic and Asymptomatic infectious individuals with
Diphtheria.

Figure 14: Varying Vaccination on symptomatically infected with diphtheria-pertussis and varying
quarantine effect on Symptomatic infectious individuals with Diphtheria.
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5 Discussion of results and conclusion

The theoretical results suggest that the (S, IAD, ISD, IAP , ISP , ISDP , QSD, R) model is both epidemi-
ological and mathematically well-posed. The 3D graphical and contour plots show that increasing
vaccination reduces the value of R0. Furthermore, to emphasize the effectiveness of disease control
measures, a bar chart was used to assess the impact of control reinforcement strategies. The findings
indicate that combining control measures significantly reduces R0.

A sensitivity analysis was conducted to identify the most influential parameter in R0. When V =
0.06 and θ = 0.6, the parameters arranged in descending order of influence are: V , $D, b, θ, βP , ξP ,
φP , ηDP , βDP , βD, ξD, αD, θ, αP , ηP , φD, ηD, $D, $P . Additionally, the impact of disease control
measures on each compartment in the model demonstrates that increasing vaccination rates significantly
mitigates disease spread.

The model also shows backward bifurcation under certain conditions, Therefore, optimal control
strategies should be explored in future research to effectively reduce multiple stable equilibria and con-
trol the disease dynamics.
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