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Abstract

In this study, new theorems with proofs for new inequalities on polynomials which are of the
importance in the theory of transcendental numbers, the product of polynomials and their associated
roots were developed. Jensen’s integral formula was applied to obtain new results about the bounds on
the poles and roots of complex functions with positive real parts and Gauss Mean Value Theorem
through the relationship between the coefficients and zeros of polynomials. It was shown that if the k-
polynomials have n; roots, i = 1,2,3, ..., k, then their products f;(2)f(2)... fx—1(2)fx(z) have distinct
roots of Ny + Ny + N3 ...+ Np_1 + ny.

Keywords and phrases: Jensen’s formulae; polynomials; complex variable; meromorphic

functions; zeros and roots of multiplicity

1 Introduction
Polynomials are a natural type of function to consider: a generalization of linear, quadratic and

cubic functions. They can sometimes be solved exactly. They graphs can be sketched. Many
quantities in the real world are related by polynomial functions. Importantly, any smooth function
can be approximated by polynomials. So proficiency in dealing with polynomial is also important.

In [1, 2, 3], a polynomial of degree ‘n’ is a function of the form f(x) = a,x™ + A x™ 1 +

THCotresponding Author; E-mail: Osu.bright@abiastateuniversity.edu.ng (https://otcid.org/0000-0003-2463-430X)
THiDepartment of Mathematics, Abia State University, Uturu, Nigeria.

*tDepartment of of Mathematics, Michael Okpara University of Agriculture, Umudike, Nigeria.

*+E-mail: ng.emenogi@mouau.cdu.ng

TDepartment of Mathematics, National Open University, Nigeria

§E-mail: cishola@noun.edu.ng

T{Department of Mathematics, Abia State University, Uturu, Nigeria

E-mail: iedugbe01(@gmail.com

1T** Department of Insurance, University of Jos, Jos, Nigeria

+E-mail: chigoziec@unijos.edu.ng (https://orcid.org/0000- 0002-3174-7751)

293 IJMAM, Vol. 7, Issue 2 (2024) oONSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)


mailto:Osu.bright@abiastateuniversity.edu.ng
https://orcid.org/0000-0003-2463-430X
mailto:orcid.org/0000-0002-3174-7751

G.N. Emenoguet al. (2024) Int. J. Math. Anal. &Mod., 7(2):293-323

o4 ayx% + ayx + ay where the &’s are real numbers (sometimes called the coefficient of the
polynomial and n is an integer). The degree of a polynomial is the highest of X in its expression.
Polynomial of degree 1, 2, 3, 4, 5 are respectively are called linear, quadratic, cubic, quartic and
quintic. A degree zero polynomial is just a constant function. A root or a zero polynomial f{x) is a
number r such that f{r) =0. According to [4, 5], a polynomial function is a function such as a
quadratic, a cubic etc involving only non-negative-integer power of x. The highest degree term
anpx™ is called the leading term and its coefficient a, is called the leading coefficient. If the
leading coefficient is 1, the polynomial is called Monic. The term aq is called the constant term.
However, the leading coefficient is always non-zero as it is the coefficient of the highest power of
x which actually appears. Jensen’s formula has been applied by many scholars to study roots and
poles of meromorphic function which is only analytic everywhere in the finite plane. [6,7,8,9,10]
applied Jensen’s formula in geometry of the zeros of the derivative of a polynomial a central role
is taken by luca’s theorem in which the derivative lie in the smallest convex polygon containing
the zeros of the original polynomial under certain conditions. [11,12,13] studied multivariate
polynomial with complex coefficients with concerns in plurisubharmonic functions with very
small order to determine area of the intersection of the analytic set and inequality similarly to the
case of p complex variable and where the unit disk in C is replaced by the unit ball of C P, [14, 15,
16,] used theory of transcendental number to obtain an inequality for a pair of relatively prime

polynomials.

These researchers encountered a setback in the generalization of its inequality which involves
several numbers and weights of measure theory in probability form. In order to overcome this
setback, this research aims at applying Jensen’s Integral formula on meromorphic function which
is not only analytic everywhere in the finite plane but also at a finite number of poles and applying
it to polynomials of entire function with positive real parts and Gauss Mean Value Theorem to
determine the relationship between the coetficients and zeros of polynomials and give theorems
about the product polynomials and their associated roots. Entire function is a function that is
analytic everywhere in the finite plane except at . To achieve the aim of this research, this paper
focuses on functions of one complex variable z, Q(z) which are regular inside and on the
circle|z| = r; when Q(0) # 0 and all the zeros of Q(z) satisfying |ay| < r where multiple zeros
are counted as many times as their multiplicity with Q(z) having the exact degree of d(Q) = n to
obtain new proofs, new results about the number of roots of the product of polynomial and new
results on functions with positive real parts for new inequalities on polynomials through the
application of Jensen’s integral formula developed by [17]

2 Methodology/Model formulation
In [18], Jensen’s integral formula was adapted and presented below

2y nlQe)] d6 = inlQ(O)| + Tiy In 2y 0
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Let £2 € C be a region (connected open set). A a function U: 2 > R is said to be harmonic if
u€C* () and Au(z) = O for all z € (2. Here,

Au(z) = Uy (2) + vy y(2);2 = x + iy 2)

2.1 Basic Properties of Meromorphic or harmonic Function [19, 20, 21]

i). Mean value property: let uEC*(2). Then u is harmonic if and only if it has the mean value
property (MVP). Recall that u is said to have MVP if

— 1 om i0
w2 = [, u(z+re)do ?3)
for all z € 2 and r > 0 such that

D(z, 1) € (1. Hence we have averaged u over a circle centered at z. one can also average over disk.

In the other words, MVP is equivalent to saying

1
Tr2 fD (z7)

u(z) = u(w)dm(w) 4

for all z € 2 and r > 0 such that D(z, 1) € .

ii). Maximum principle: let £ be a bounded region, u € C(2) and Au = 0 in £2. Then maxu =
maxu. Further, if u(z) = max u for some z € f2, then the U must be constant. Since - U is

harmonic whenever U is the same holds for the minimum too.

iii). (relationship analytic function): If f: (2 — ¢ is holomorphic, then u = Re f is harmonic in (2.

The converse is true if 2 is a disk.

i.e. if £2is a disk and u is a harmonic on {2, then there is a holomorphic function on {2 whose real

part is equal to U. An algebra is of the form;
P(z)=apz"+a,_1z"1+a;z+a,=0 (5)

where a; is the complex number and the degree of the equation is n(if a, # 0).

2.2.1 Zeroes and Roots

A number 7 is a zero of multiplicity m of a polynomial P(Zz) if there is a polynomial Q(z) with
Q(r) # 0 such that P(z) = (z —r)™Q(2). Also, 7 is a root of multiplicity m of the equation
P(z) =0. If r is a root of multplicity m(m = 1) of the equation P(z) =0, then 7 is a root of
multiplicity m — 1of the equation P'(z) = 0.
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2.2.2 The Factor Theorem

P(2) contains the factor z —r < P(r) =0

P(2) contains the factor (z —1r)™ & P(r) = P'(r) = P™V(r) = 0
2.2.3 The Fundamental Theorem of Algebra

An algebra equation P(z) = 0 of degree n has exactly n roots (including muldplicity) in C. if the

roots are 1y, ..., Iy, then
P(z) =ay(z—r11),....(z— 1) (©)
2.2.4 Relationship between Roots and Coefficients

If ry, ..., 1y, are the roots (4), then

an—

( T+ Ty, = — /2
| an

_ _ Qn-2
47'17'2 + Tyt gty = N Ty = . 7

— n 2o
l nry ..1m, = (—1) —
n

3 Discussions and conclusion

In this work new proofs are obtained for new inequalities on polynomials following Jensen’s
Integral formula which are of importance in the theory of transcendental numbers different from
the initial results carried-out by other researchers which are not fully connected to the basic
properties of meromorphic or harmonic function, we shall deduce the new proofs of inequalities
on polynomials from the same source, viz from Jensens integral formula in the theory of analytic
functions.

Link between Coefficient and Roots of Polynomials
Theorem 1
Let aq, @y, ..., Ay be all the zeroes of the n™ degree polynomial
0.(2) = apz™ + az" 1+t ap_yz? + a1z + 8)

Whete ay, k = 0,1,2,...,n ate arbitrary real or complex coefficients. With a, # 0 and ay # 0
then
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@) Qn(0) = (D" ay.a;.03 ... ap_3.An_3.Ap_1.Ay (82)
(i1) @, (2) has exact degree d(Q,(z) = n and does not vanish for z = 0. (8b)
Proof

Let aq, @y, ..., Ay be the only zeroes of Q,,(z), these are all different from 0.

Since @, (2) is of exact degree n, the fundamental theorem of algebra affirms that Q,(z) has

exactly n zeroes aq, dy, A3 ... Ap_20y_1, Ay and can be written as

Qn(2) =(z—a))(z—a)(z—a3)..(z— an_2)(Z— an_1)(z — a,)
=a (ail— 1)a2 (aiz— 7)a3...an_2(a52— 7)an_7(ai7— 7) an(ain— 7)

zZ
= (— 7)na7a2a3 e QoA _1Qp l_[}:=7 (7 - a_k)
©)

In the form (9) @Q,(2) is expressed in an finite product and we need not bother about its

convergence from (8) it follows that

1Qn(0)| = la;llazllas] ... [an—sllan—;llax]
(10)

From (10)

Z

00| = la,llallas] . lanollan-llan] Tz, | (7= 2)

Ay

VA
0n (I T/ (7 - Z)
(11)
It will be convenient to order the zeroes so that

la;| < lay| < a;| < <layl £ 7 < |lays;| £ laysol £ - < ayl.

Let Q(z) be a function of a complex variable z, which is regular inside and on the citcle |z| =1,
let Q(0) # 0 and let ay, a,, ..., Ay be all the zeroes of Q(z) satisfying |ay| < r where the multiple

zeroes are counted as many times as their multiplicity.
A polynomial of degree n is written as
0.(2) =ayz™+ a2V + -+ an_z° + an_z + ay,

(12)
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where
Ay, k = 0,1,2, ...,n are arbitrary real or complex coefficients. We shall assume that

ay# 0, a, # 0. so that Q(2)is of exact degree n there is no restriction in assuming that the

zeroes have been numbered so that some are less than 1 and others greater than 1.That is:
la;| < la,l < < lay| £ 7 < laysil < laysol < - < ay| (13)

Suppose r = 7 in Jensen’s integral formula developed by [18], then

;" Q™| d6 = mlQ(O)| + Ti-, In—
(14)

It follows then that

L 2n i _ N L _ Apa;ar03..aNAN+7AN42... On
g J;" In|Q(e'®)| db = In|a,| + Zv=7ln|ak| =lIn P
(15)

Thus (15) may also be written as

1 p2 .
zfonln|Q(e19)|d9 = Inlayay Qs - an

(16)
Let

i7,15 ... Iy, be an arbitrary set of not more than n distinct suffixes 1, 2, ... n; neither of the cases

whenm = 0, and m = n is excluded. From the numbering of the zeros, it is obvious that
lavai,ai, ...a;, | < lagansanys .. anl
Hence, the identity (16) implies the inequality

n|aya; a;,...a; | < éfom In|Q(e™)|d6

(17)
n
Apart from a factor %7, each coefficient &, of Q(z) is a sum of (m) terms of same form

aoai7ai2 A

m
From (17)
lagl + la;| + -+ |ay| < Zlaoai7ai2 ---aim|
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where the summation extends over all possible sets of suffixes

.. . . n n n
1,15 ... I;, since M can have the value 0,1,...,n, the sum has (0) + (1) + -+ (n) = 2™ terms

More ever, each term satisfies the inequality (16), we have
In (Jagl + lag| + -+ |ay]) < d(Q)In2 + %fozn ln|Q(ei9)|d9 (18)
The upper estimate for the integral
|Q(e®)| < lagl + layl + -+ lay| for0< 6 < 2m

So also

— [T in]Q(e™®)|d < Inlagl + lay| + -+ + |a] (19)
From Feldman and Gelfond inequalities, we have by combining (12) and (14), we find that

laoai,a;, ..a;, | < lagl + lag] + -+ |ay] (20)

Then the strengthened form of Feldman’s inequality, let Q(z) be written as a product of

polynomials

Q(2) = [I5=1 Qs (2)

We use the abbreviation
S@Q) = lagl + lay| + -+ |agl @1
(21) implies therefore the s relation
$(Qs) = dQ)2 + - [" In|Q(e®)|do (6=12,..5) (22
where

2o d(Qs) = d(Q)

Hence, adding these inequalities
n[T521 S(Q0) < d(@In 2+ [7™ In|Q(e'®)|d6
Hence, it follows from (17) that Gelfond’s inequality is;
5=15(Qx) < 2@ 5(Q). (23)
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Application of Jensens’s integral formula to entire functions with positive real part
order axioms of set positive numbers

Let R be the set of real numbers, then R is a ring and three exits a subset IR™ of IR whose

elements are called positive real numbers, such that the following statements are true.

Axioms (a) (close of IR™): If a and bare positive real numbers, then so are a + b and ab

(juxtapositions means ordinary multiplication).

Axioms (b) (Trichotomy axiom of IR"): if a is a real number then one and only one of the

following three statement is true: ael R*, —aelRT,ora=0

Axioms (c) (cancellation law of IR*): if @ > b then a+c¢ > b + ¢ for any a,b in IRTand
cinlR.

Lemma 1
Ifa, b, c,and d are in IRT and a < b and ¢ < d, then

(i) a+c<b+d

(ii) ac < bd
Proof
Ifa<bthenb—a>0 ieb—aelR™.
Ifc<dthend —c >0 ied—celR*
By the closure property of IR*
(b—a)+(d—c)>0 hence,

(b+d)—(a+c)>0

Or
a+c<b+d
(ii). (b —a)c > 0 and b(d —¢c) >0
Or
(bc —ac) >0 and (bd — bc) >0
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or
ac < bc and bc < bd
Hence,
ac < bd
Lemma 2

If0 <A< B <C then

().e? <ef < e’

(i) InA < InB < InC
Proof

(i). the positive number axiom for this expression is: if ¢ > 0 then e® > 1

Therefore,
A < BimpliesB—A>0
So,
e~ >1
Or
efe ™ >1
That is,
ef > e4 (24)
Similarly,
B < CimpliessC —B >0
Then,
et B>1
Or
eCe >1
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That is
et > ef (25)
Then equation (24) and (25) lead to

ed <eBandef < e

ed <ef <e€
(ii). The IR* axiom for this case is if @ > 1 then, In® > 0,
Now, if A<Bthen§>1
and by the axiom
In%>0orInB —InA >0

That is

InA < InB (26)

On the other hand, if B < C then, % > 1 and by the axiom

1n§>oorlnc—ln3 >0

that is

InB < InC 27)
By equation (26) and (27)

InA <InB < InC (28)
Definition 1

The set Q = {f(2):z € E} is called a set of functions with positive real parts if its members
satisfying the following conditions,

O-f(2) =1+ q:z+qz" + -+ quz" + - = + X3l qz” (292)
that are regular in E= {z:|z| < 1} and such that for z in E
(). Re(f(2)) > 0 (29b)
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Examples following Definition 1

" 7z z?  z3 zn

he?=1l+z+=—+—-++—+-|z]| <00 (30)
| | i
2! 3! n!

.. sinz _ 1 z5 z%2 z* 26

T R B R R 61

(ﬁi)_Sin_lz:]_-l—li‘FEi'i‘isz +. +F(ll322) (32)
z z 3 24 5 246 7 2’2’2

(v). (L +2)P =1 +pz+ 20052 4 $ BRI n y ) < (33)
tanTlz _ gz 2t qyn-12
). =14 D) 7 < 1 (34)

Any function in Q is called a function with positive real part in E.

Thusf(z) =1+ 2z" is in Q for any integer n = 0. it is clear that with sufficient labour, any
theorem about the class @ can be transformed into a suitable theorem about a fraction g(z) that

carries E' into some prescribed half plane.

The mobius function
1+z 2 oo n
LO(Z)=E=1+2Z+ZZ +ee=1423)0 12 (35)

Plays a central role in the class Q, it is regular in E, and maps E onto the half-plane H*, and

maximizes |q,| in the Q.

Some operations that carry functions in @ into function in Q are given (33).

Definition 2

Let f(z) and F(z) be given by the power series

(@) = 5mp an2” 36
and F(z) = Yo AnZ™ (37)

Convergent in some disk Eg:|z| < R,R > 0. e say that f(z) is dominated by F(z) or F(z)
dominates f(z), and we write f(z) < F(2) if for each integer n = 0.

la,| < A, 38)
Theorem 2

Suppose that f(z) < F(z) .then 4, 2 0,n=0,1,2, ...
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If(2)| <F(@),0<|zl=r <R (39)
f'(2) < F'(2)
J F@d < [ F(Q)dg
ef (@) « oF@)
And if |F(2)| < 1 in some disk Ethen in that disk - In(—f(2)) < —In(1 — F(2))
Further, if |[b| < B and k = 0 is any integer, then bz* f (z) < BZ*F(z)
and [f (2)]* < [F(2)]*
Finally, if f(z) < F(2) and g(z) < G(2), then f(2) + g(z) K F(2) + G(2)

And f(2)g(z) K F(2)G(2)
Theorem 3

Suppose that f(z) is in Q, then the function g(z) is in Q, where,

g(2) = f(e*2), a real. (40)
9@) =[f@)] org(2d) = f(tz) —-1<t<1 (41)
9@ =15 42
Theotrem 4

Let N > 1 be a fixed integer. If f(z), given by (4.4.4(2)) is in Q, then

lgnl < 2 (43)
2mi
This inequality is sharp, if n = e N and
1+n¥ oo
f(@) =i, = 1+ 2 guz” (44)

where pp =20 fork=1,2,..,N and

k=1t =1 (45)
Then, f(2) is in Q and gN=2
Theorem 5
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If f(z) isin Q and z = re'®, then

1+r

—<If@l <= (40)

1+7r

@) <

(47)
Theorem 6

If f(z)isinQandz =71e®,r <1 then
1—r m.pm nor* 14r
T T

where a;, b i =1,2,3...,mandj = 1,2,3,...,n are the roots and poles respectively of f(z) and

f(2) has neither zeros not poles on |z] = 1
Proof

(i) Fromlemma 1

In= < In|f(2)] < In =

Taking the integral

1+7r

1 27 1-r 1 p2m 1
—Jy In—do < — [ lnlf(z)ldesz—f In—do
ﬂ LIZH 1+7r

n|f(2)|d6 < In2Z

By lemma 2

1+r
Zln—sln
|| -

) < exp (mlf D) + (iz ") e (Y iy < exp (n
S ex n ex n—,)—ex n—) s ex n—-—
1+7 P P Lo layl P < |b;] P+

exp (In

1—r L o LT+ Ty 147
—< e(mla1|+|a2|'"+am) - e(ln|b1|+lbzl"'+|bn|) <

1+r— T 1-r
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1-—r m  pm no o 14r
T T
Theorem 7

If f(z)isinQandz=re',r <1 then

2r(1+r)
PRy

Proof

, 2
If|f'(2)| < e then

1 < 1+7r
lf()| ~ 1-r
By lemma 2
['@| 20+
f@|~ A-7r)
(F@|, _[20a+n
Of | =) a=
But
j‘|f'(Z) f (J
f(2) @l
Since
|dz| = rd6
21
f'(z) 2(1+7)
jc m rdo < J m?‘de
But from 18

dz=N-P

|
2mi J,.
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Then

2r(1+r)
N=P=ap

Theorem 8

If f(z)and g(z) are polynomials of degree n and m respectively then the number of roots of fg
is the number of roots of f plus the number of roots of g.

Proof

f9)' =f'g+rg

Hence
U9’ _f'g n fg'
fg fg fg
_r. g
f + g
So
1 I 1 ! 1 !
- 79) dz = _jgf—dz+—_§g—dz
2ni) fg 2ni ) f 2ni ) g
Nfg: Nf+Ng
Theorem 9

The number of the roots of the product of k- polynomials is the sum of the number of the roots

of each of the polynomials in the product

Proof

(1@ fo o fi-1Dfi (@) = 1D f2@) - fu-1(D) fi(2) +
i@ f'2(2) . fr-1@Dfi (D) + .+ 1@ f2 - fe-1(@ [k (2)

(1(2) f2 - fre-1(2) [ (2))’
(1(@) fa - fr-1(@) fr(2))
_ 1@ - fii(2)fi(2) _I_f1(Z) f2(2) .. fr-1(2) [ (2) b
f1(@) fa - fre-1(@) fr(2) [@D)f2(2) ... fre-1(2) fi(2)
N f1(2) f2 - fre-1(2) [ (2)
i@ f2 o fru-1(@D fi(2)
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1 [ (A@ fo - fies @ fe@)’
211 Y (@) fy o e @ fe@)
_1 i@, 1 1 (f@

2w fi(z) z+ 2ni ) f7(2) dzt -+ 2ni ) fi(2)

dz

Z

Nfl(Z) fz...fk(z): Nf1+Nf2+~- '+NfK

Application of Jensens’s Integral Formula to Gauss Mean Value Theorem

Theorem 10

Suppose f(z) is analytic inside and on circle C with center at @ and radius . Then f(a)is the
mean of the value of f(z) on C for

z—a|<r, z=a+re?|al <rand
2 .
fla) = ifo "f(a+ret®)de. 48)

Lemma 3
Harmonicity of In|f(z)]
If f(2) is analytic and non-zero for |z| < R. Then In|f(z)| is harmonic for
|z| < R. (49
Proof
If f(z) #0,|z] <R.

There exists an analytic function g(z) for which

f(2) = e

Let

9(2) = u(z) +iv(2)
Then

£(z) = ev@+iv(@
= o@D piv(2)

So
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F@)] = &4
Therefore
In|f(2)| = ne*® = u(z)
Hence
In|f(z)] is a harmonic function for |z| < R
Lemma 4
MVP for In|h(z)|

If h(z) is analytic and non-zero for all z such that|z| < R, then.

In|h(z)| =5- [, " In|h(z + Re®®)| do (50)
Proof
_ 1 h(z)
lnlh(a)l = zfcln ; dz

letz—a = Re'® thendz = iRe??,0<60 <21

So
i0 i
inlh(a)| == (7R D] et gg
In|h(a)| = ;" In|h(a + Re'®)| do
Hence
1 (%" .
Inlh(z)| = —f ln|h(z + Re‘9)| do
21 J,
Corollary 1

If h(z) is analytic and non-zero for all z such that |z]| < R

Then

In|h(0)| = — [7" In|h(Re'®)| do (1)
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Proof
Letz = 0 in equation (50) from lemma 4
Then
In|h(0)| = - [;" In|h(Re®)| d6
Theorem 11
Let f(z) be analytic inside and on a simple closed curve C except for a pole z = a

of order (multiplicity) p inside C. suppose also that inside C, f(z) has only one zero z =

of order (multiplicity) n and no zero on C then

L ¢ LD gz =n—p. (52)

If f(z) has a pole at Z = a of order p and a zero at z = [ of order n
Let ¢, and I be non-ovetlapping circles lying inside C and enclosing z = a and

Z = B respectively as shown below

Then

f! (Z) f' (Z) @)
f (Z) = Zmi fC1 f(z) Zm f62 f(2) dz (33)

Now

Since f(z) has a pole of order P at z = & we have

fz) = L2 (54)

(z—a)P

Upon differentiation

f’(Z) — [z  pf@)

P  (z-a)

Dividing through by equation (54)

'@ _ f'@) | @af _ pf@) | @—aP
f@) ~ @aP  fz)  (@EaPtt f(2)
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'@ _f'@_ _»
@ f@ o

Upon integration we have

f f'@ (Z) ff (Z) _ P J‘
2mi JC1 f(z) 2m f(z) 2mi Y (z— a)

By CIF

f'(2)
il e 42 = P

If £ (2) has a zero of multiple n at z = 8 we have

f@)=(z-p)"g(2),9(B) #0 (55)
Differentiating equation (55)

f'@)=g"@@z-p"+ng(2)(z— " (56)
Dividing through by equation (54) we have

'@ _ ' @E-p" | ng@E-pH""
f@  g@E-pH" 9@ (="

'@ _gd@  _n
@~ 9@ " @B

Upon integration

[ L@y J@, oo dz
C2 f(z) Zm (z) Zm' z— [:’
By CIF
f' (Z)
2mi sz f(z) =n (57)

Adding equation (53) and (54) and from (55) give

f! (Z) f! @ _
2mi fC1 f(z) Zm sz f(2 P
Lemma 5
Forallz € C andanyr >0
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Inlz|if |z| <r
ifoznln|z —re|do =1 Inrif|z| =7
—In|z| if|z| > r

Proof
If |z| <Tr
z—relf = —(ret? — 2)
_ i6 z
=~ (r-25)
_ _ b (z _i)
- z  rel®
_ _,i6 l_ 1 )
€ Z(z retf
Hence
— yeif] = 1__1
zZ—re |—|r||Z| b
and

In|z —re'| = In|z| + Inr + In E— %e‘i9|

So integrating over 8 from 8 = 0to 8 = 21

1

21 i 2 21 2 1
Jy In|z —re®|do = [ in|zld6 + [ Inrd6+ [ In |Z_rei9 do
So that
1 /2@ i0 _ 2 E_L
—Jy In|z—1e®|do = Inlz| + inr + [ In |Z —5|do
Set
In |l—le‘i9 = In|Z —Re®|,Z=R=20 = -6, df = —dD
z T z T
Then
, _ 110
L[|l Le-io|qg = L 0 In|Z ~Re®|d®
20 z r 2m’-2m
= ifzn In|Z — Re®|d@ = in|Z|
“2nJo -
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Since

Z=2,R=2and
T

Z

|Z| < R.then |3| <1
Z T

Hence if |z| > r

2 .
= "ln|z —re'|do = In+ = —In|z|
27 Y0 |z
Now, suppose

lz| <r

%fozn In|z —re®|do = Inr

Proof
Set
lz| < r
We have that
z—re? =—(re? -2
— 1]
—el (T — ~
_ i0 (rz rz )
z  reif
— _,li0 l_ 1 )
€ Z(z retb
Hence
ol _ 1 1
z—re | = |r||z| -~ =%
and
ln|z — re‘9| = In|z|+Inr+In |; — ;e“9|

Integrating over 8

2 i 2 2 2 1 1
fonln|z—rele|d9 = fonlnlzldH + fonlnrdH + fonln |Z_rei9|d9
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do

retf

2m In|z| + 2minr + f Inrd6 + f |; _ L

So

do

rett

—f ln|z—re‘9|d0—lnlzl+lnr+f l|———

The last integral, In |§| Adding the first five terms we have

1 1

1 2w i9 _
— I, In|z—re®®|d6 = =

|z I r
If |z| <r
Then
%foznln|z —re’|df = Ins
Lemma 6 (Jensen’s Lemma)

Let fbe a meromorphic function on the whole plane. If f(0) # 0,00 then , for any r > 0 we

have

ln|f(re“9)| do = In|f(0)| + XM, ln oy ln— (58)

|b |
where @; ... @y, are the zeros of f in |z| < 1 and by ... by, ate the poles of fin |z]| < 7.
Proof

Let

f(2) = 9@ T (2 — a)[[Ter(z — )]

where g(z) is an analytic function on the whole plane that has no zeros ot poles in |z| < r. Then

_ (z—aq)(z—ay)..(z—am)
IF@)l = |g 2) (z—b1)(z—b3)...(z—by)

— (—611)(—a2)...(—am)
£ =1g(0)] (=b1)(=b3)..(—=by)

and
_ (z=a4)(z=a3)...(z—am)
In|f(2)| = In |g D oG b2) 2w
Thus
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Inlf(2)| = Inlg(D] + In{lz — ay|z — a;| ... 1z — an}

—In{|z — by||z — by| ... 1z — by |}

Inlf(2)| = Inlg(@| + XLy Inlz — a;| = X}, In|z — by
and
In|f(0)| = In|g(0)| + X2, Inla;| — X7, In|bj| (59)

Upon integration for |z| = 1, we get

— [ Inlf ()|d6 =— [" In|g(2)|d6 + — [;" EI, In|z — a;]d6

_ifoz"z;.;l In|z — b;|d6
ifozn In|f(ret®|do = %fom In|g(re®®|do + ifozn In|ret® — a;|do
—— [ " In|re®® — b;|do
But by lemma 4 and equation (50)
ifoznln|f(rei9|d0 = In|g(0)| + minr — ninr

By application of equation (57), this become

ifoznln|f(rei9|d6 =In|f(0)| — X, Inla;| + X7, In|b;| + minr — ninr

In|f(0)| + Inr + Inr + -+ + Inr — (In|a,| + In|a,| + - + In]a,,|)

—Inr —lnr — -« — Inr + (In|by| + In|b,| + -+ In|b,|)
Then
e )49 = T it
— Jy " In|f(re®®|d6 = In|f(0)| + lnla1I + lnla2| + 4 lnlaml
(It I 4 oo 4 In—
—_— n— n_ cee n—
|b, |b, | |by,|
Then
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2
— [ In|f (re'®|do = In|f(0)| + Sy I - B 1l"|b |
Hence,

In|f(0)] = _fznlnlf(releldﬁ »i 1ln +Z 1ln|b|

Theotrem 12
Let f(z)and g(z) be analytic inside and on simple closed curve C except that f(z) has
zeto at Aq, Ay, ... Ay, and poles at by, by, .... by, of orders (multiplicity) py, P2, - Pm

and qy, 43, ... 4y respectively. Then

45 ()};((Z))dz— ke1Prg(@y) — Xk=1 919 (by)

2mi

Theorem 13
Suppose f(z) is analytic inside and on the |z| = R except for zeros at a4, @y, ..., Ay,

of multiplicities « 1, @3,...,%y and poles at by, b,,...,b, of muldplicides By, 7, ..., Bn
respectively and suppose f(0) is finite and different from zero. Then

— 7 In|f (Re™)|d6 = In|f (0)] + X 1“kl"(|a |) Lic=1 Beln (|b |)
Proof

Let

f(2) = (@) T4 (2 — @)™ [Ty (z — by)Pn] "

1 (2-05)%2 ..(2—am) M

_ (z—aq)
f(Z) - g(Z) (z=b1)P1(z—b3)P2..(z—by)Pn

Where g(z) is analytic and has no zero on |z| < R

and

(-a))*1 (=az)*2..(—am)*m
(=b1)P1(=b2)P2..(~bp)Pn

In|f(0)| = |g(0)]

(2-a1) "1 (2-05)2 .. (z=am) “m

(z=b1)P1(z=b2)P2..(z=bpn)Pn

Inlf(2)| = In|g(2)

In|f(2)] = Inlg(D] + In|(z = a1)*(z = a)** ... (2 = am) ™|
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—In|(z — by)P1(z — by)P...(z — by)Pr|
In|f(z2)| = Inlg(2)| + a;ln|z — a;| + ayln|z — ay| + -+ + apln|z — ay,
—(B1ln|z — by| + B2ln|z — by| + -+ + Brin|z — by|)

In|f(2)| = Inlg(D)| + Lty axln |z — ax| = Xje=1 Brln |z — by|

and

In|f(0)| = g(0)| + XkLy arln |ax| — Y=y Bicln |y (60)

Upon integration for Z = R we get
= [ lf (2)|do = — [ In|g(2)d6 + ¥y — [, ayeln|z — a;c|de
—Spoao-Jy " Belnlz — by|do
%foznlnlf(z)lde = if In|g(Re®)|d6 + X, - — [T ayIn|Re® — a;|d6
Yh=15, f " Brln|Re' — b, |d6
ifozn a;In|z — a,,| d6 + ifoznazlnlz —a,|dg + -+ %fozn ay,inlz — a,,|do
~(=Jy " BuInlz = by| A0 + —— [ Byln|z — by|d6 + - + — [ yln|z — by|do

= a1InR + ay,InR + -+ a,,InR — (B1InR + ByInR + -+ + BpInR)

But by lemma 6 and equation (57)

— 7 In|f (Re™®)|d6 = In|g(0)] + TiLy arlnR — Xp_; BrlnR

Thus, using equation (58) to eliminate In|g(0)|, we have

m

1 2w .
7| mlr(Re®)]a0 =nf(©@) = ) ayin o

k=1

+ Y01 Brln|b| + Tht; aglnR — X1y BiInR

1 (2" .
Ef In|f(Re'?)|do = In|f(0)| + ay[InR +InR + - —
0
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(lnR + In|a.| + Inlay| + - + In]ay|)

—Br[(InR + InR + -+ InR ) + (In|by| + In|by| + -+ + In|by|)]

1 (2w i - R B R
— I, mew)mg_mvmn+aﬂmmﬂ+mmﬂ+ +n)

B (1 +1 K +o 1 K
n— n— n—--
§ | N |b,| |by|

Hence
1 r2m i R
= Iy il f(Re'®)|do = nlf ()] + ZiLy ax In () = Tiews Biln (i)
Theorem 14
Let a complex variable be given by z = re'® then
(i) 'The function f(z) is analytical in the region |z| < R
(ii)  f(2) has no zeroes on |z| = R, and
(iii) f(0) =1 then
1 2w i Rn(r)
— Iy In|f(Re®)|dr = [ —=dr (61)
Where the function n(r) is the number of zeroes of f(z) inside the disc |z| = 7.

Proof

Let
z=re'? for|z| <R, 0<r <R,

Since f(z) has no zero on the circumference of the circle of radius R, we have that a function

Yy (2) exist such that

f(z) =e’®
that is
y(z) = Inf (z)
Then
o= L@
318 IJMAM, Vol. 7, Issue 2 (2024) ©NSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



G.N. Emenoguet al. (2024) Int. J. Math. Anal. &Mod., 7(2):293-323

< f( ) df(Z)

df()

_ 1@ _ @
f@d@ @

That is, on the circumference of the circle, 0< 7 < R
Linf(z) =L2

Integrating with respect to r

i0 R / io
[y [0 [
0

R
inf (re®®)/1== ;' & ((Z)) dz

or

Inf(re®) —Inf(0) = [ ’; ((ZZ)) dz

Hence, considering the pole, 8 from 0 to 21, we integrate with respect to 6 we get

" Inf(Re'®)do — [ Inf(0)d6 = [ [] ’; ((Z))d

Inf(0)=0.If f(0) =1
So

" nf (Re?®)do = o [ (fy £ 2 dz) do

Now, if z = T'ele, then since r< R, we consider points in the interior of the circle of

circumference 2R. Then
dz = e“dr and dz = rie'do
So, the polar and radial variable are connected through
efdr = rie®do

riet

i6
l dr = rie?de
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Implies,
= =do
r
Hence,
1 com i0 _ 1 c2m(Rf'(2) dr
27rf0 lnf(Re )d@ - 27rf0 (fO f(2) dZ) ir
Since, 7 ((ZZ)) is continous on (0,R) we can interchange the double integrals to get
1 21 i _ 1 27 f'(2)
ano lnf(Re )d@ - fO {Zmrfo f(@ dz }d
_ (R( '@
- fo {zmr f|z|=r f(2) dZ} dr
But ! I @ g, = n(r),

2mir 7|z|=R f(2)
where n(r) is the number of zeroes of f(z) in the circle of radius t.

Hence

1 2m ; 3 Rn(r)
%L ln|f(Re e)ldQ—JO Td

Thus,

fR"(’")d (f”+fr2+f 4. +fr” +f 7 )@dr

Suppose that the zeros of the function f(z) ate at the points Zy, Z,, Z3, ..., Z,. These zeroes ate
isolated .Let

z; € (1, 141) @ =1,2,...,n without any zero in (0,7;) otzg € (ry71) and n(z;) =i
Then

fRn(r)d (frln(r)d frz n(r)d frg, n(r)d +. +frn n(r)d +J~ n(r)d )

0
10 21 32 m pn—1
f—drf —drf —dr + - +f dr+f —dr

r

n-1

= 0+ Inr|? + 2lnr|? 4+ -+ n— lUnr|;"_ + ninr|§
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= Inr, — Inry + 2(Inr; — Inry) + 3(Inr, — Inry) + -+ n — 1(Inr, — Inry,_;)
+ n(lnR — Inr,,_,)

= Inr, — Inry + 2lnr; — 2Inr, + 3lnr, — 3lnry + -+ (n — 1inr,) — (n — 1linr,_,
+ nlnR — Inr,

= —Inr, — Inr, — Inr; — Inry + ---nlnR — Inn,

=nlnR — (Inry + Inry, + Inrs + Inry + -+ Inny,

But
nInR = (1+1+1+'---+1+1) InR
n—times
Then
= —Inr; + InR — Inr, + InR — --- — Inr,, + InR
= —lnﬁ — lnr_z_ [p— lnr_n
R R R
=mE4tmEs o 4ml
1 Ty Tn
=X +m|X+ -+
T1 Ty n
N |rirar3.rpl

From our analysis In|Q(z)| is harmonic in any region in which Q(z) does not vanish, in particular
when Q(2z) is analytic and non zero for |z| < R and the Jensen’s formulae tells us that the average
value of In|Q(z)| on the circumference of the circle |Z| = R is increased by the presence of
zeros Q(z) within the circle, the closer these zeros are to the origin, the more this average value is
increased. Also the larger the number of zeros within the circle |Z| = R, the more rapidly the
average value of In|Q(z)| on the circumference of the circle grows as R increases. Also Q(z)
which is analytic inside and on the circle of center r attains its mean value at the evaluation of Q(z)
at z = r which is regular inside and on the citcle |z| = r,Q(0) # 0 and a, a,, ..., ay ate zeros of
Q(2) satisfying |ay| < r with multiple zeros counted as times as their multiplicity. Also the new
inequalities on polynomials are obtained using Jensen’s Integral formula and are of the
fundamental importance in the theory of transcendental numbers different from the initial results
carried-out by other researchers which are not fully connected to the basic properties of
meromorphic or harmonic function.
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