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Abstract  
 

A fourth-grade fluid is an important subclass of differential type that is capable of describing 
shear thinning and shear thickening effects (examples are ketchup, blood, paint, cream, nail 
polish, etc.). This sort of model is used to explain the flow behaviour of non-Newtonian fluids 
which are considered vital and applicable in many industrial production processes such as in the 
drilling of oil and gas wells, polymer extrusion from dye, glass fibre, paper production and 
draining of plastics films, etc. There is a dearth of knowledge in this area, therefore, this study 
investigated the thermal radiation and chemical reaction effects on unsteady 
magnetohydrodynamics plane – poiseuille flow of fourth-grade fluid in horizontal parallel plates 
channel. The equations that governed the flow were the momentum equation; which is a coupled 
nonlinear differential equation, the energy equation and concentration equation. The partial 
differential equations were solved using He – Laplace method which is a combination of 
Homotopy perturbation method and Laplace transformation method. The findings of the study 
revealed that: (i) Velocity and temperature fields rise due to the increment of thermal radiation 
parameter. (ii) For upsurging data of chemical reaction, velocity and concentration fields 
diminish. (iii) Velocity profile goes up when third and fourth-grade parameters get to raise; 
Velocity and skin friction fields decline due to the increment of magnetic parameter. (iv) 
Increasing Prandtl number tend to diminish the velocity and temperature profiles. (v) Strong 
values of Schmidt number decrease the boundary layer of the Sherwood number field. The 
results of this work are applicable to industrial processes such polymer extrusion of dye, draining 
of plastic films etc. 
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1    Introduction    

The study of thermal radiation and chemical reaction is of most realistic significance to engineers and 

scientists because of its universal incidence in many branches of science and engineering. This 

phenomenon plays a significant role in chemical industry, power and cooling industry for dying, 

evaporation, energy transfer in cooling tower and flow in s desert cooler, etc. [1].  

       Thermal radiation is the process by which energy in the form of electromagnetic radiation, is 

emitted by a heated surface in all directions and travels directly to its point of absorption at the speed 

of light. While, Chemical reaction is a process that involves rearrangement of the molecular or ionic 

structure of a substance, as distinct from a change in physical form or nuclear reaction. There are two 

types of such reactions namely homogeneous reaction which occurs uniformly throughout a given 

phase of a flow and heterogeneous reaction which takes place in a particular region or within the 

boundary of a phase [2]. And Magneto hydrodynamics (MHD) is the study of the magnetic properties 

and behaviour of electrically conducting fluids. Example of such magneto fluids include plasma, liquid 

metals, salt water and electrolytes. The fundamental concept of MHD is that magnetic fields can 

induce currents in a moving conductive fluid, which in turn polarizes the fluid and reciprocally changes 

the magnetic field itself. And, couette flow is the flow of a viscous fluid in the space between two 

surfaces, one of which is moving tangentially relative to the other. The configuration often takes the 

form of two parallel plates. 

        The fourth-grade fluid flow model is an exceptional model which is being used to explain the 

flow attitude of non-Newtonian fluids, which are considered vital and applicable in many industrial 

producing processes such in the drilling of oil and gas wells, polymer extrusion from dye, glass fibre, 

paper production and draining of plastics films etc. 

      A vast analysis of non-Newtonian fluids problems has been done by many researches, amongst 

whom are [3 – 14]. Researchers that considered the effects of thermal radiation and chemical reaction 

include [15], who investigated the unsteady flow of an electrically conducting incompressible non-

Newtonian viscoelastic fluid through a porous medium filled in a vertical porous channel in the 

presence of transverse magnetic field. The fluid and the channel rotate as a solid body with constant 

angular velocity about an axis perpendicular to the planes of the plates. The effects of thermal radiation 

and chemical reaction are taken into account embedded with slip boundary condition. The closed-

form analytical solutions are obtained for momentum, energy and concentration equations. The 

influences of the various parameters entering into the problem in the velocity, temperature and 

concentration field are discussed with the help of graphs. Also, numerical values of physical quantities, 

such as skin friction coefficient, Nusselt number and Sherwood number are presented in tabular form. 

[16], who presented an analytical solution to the problem of plane Poiseuille flow in a channel filled 

with a porous medium.  [17], who analysed heat and mass transfer characteristics of naturally corrective 

hydro-magnetic flows of fourth grade radiative fluid resulting from vertical porous plate. They 

considered non-linear order chemical reaction and heat generation with thermal diffusion. The 

complete fundamental equations were transformed into dimensionless equations by implementing 

finite difference scheme explicitly. 
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Others and recent investigations were made by [18], who carried out an analysis for unsteady 
magnetohydrodynamic (MHD) flow of a generalized third grade fluid between two parallel plates. The 
fluid flow was as a result of the plate oscillating, moving and pressure gradient. Three flow problems 
were investigated, namely: Couette, Poiseuille and Couette-Poiseuille flows and a number of nonlinear 
partial differential equations were obtained which were solved using the He-Laplace method. 
Expressions for the velocity field, temperature and concentration fields were given for each case and 
finally, effects of physical parameters on the fluid motion, temperature and concentration were plotted 
and discussed. They found that an increase in the thermal radiation parameter increases the 
temperature of the fluid and hence reduces the viscosity of the fluid while the concentration of the 
fluid reduces as the chemical reaction parameter increases.  [19] presented an analysis to explore 
analytical treatment for the computation of Poiseuille flow of a micropolar fluid in a channel placed 
in between two horizontal parallel plates. Both the plates were placed at constant wall temperatures. 
Therefore, the flow region was portioned into two different zones named zone I and zone II. 
Eringen’s micropolar fluid flow phenomena took place by assuming no-slip conditions at the interface. 
Suitable nondimensional variables were imposed for the transformation of governing equations. 
Analytical treatment was carried out by employing the in-house symbolic command using the MAPLE 
software. The behavior of several contributing parameters such as material parameters, the couple 
stresses for both the zones on the velocity, and microrotation profiles were investigated and presented 
via graphs. The volume flow rate was also calculated and presented in tabular form. The major 
outcomes of the results were presented as the higher the Reynolds number, the rate increases 
significantly. The profile was tiled near the central region with a pick starting from the lower plate 
region to the central region in zone I and retards from the central region to the upper plate in the zone 
II, and the profiles of angular momentum seem to be symmetric in nature about the central region 
that was shown in both the zones. And, [20] investigated the unsteady MHD flow of fourth-grade 
fluid in horizontal parallel plates channel. The upper plate was oscillating and moving while the bottom 
plate remained stationary. Solutions for momentum, energy and concentration equation were obtained 
by the He-Laplace scheme. The effect of various flow parameters controlling the physical situation is 
discussed with the aid of graphs. Significant results from this study, showed that velocity and 
temperature fields increase with the increase in thermal radiation parameter, while the velocity and 
concentric fields decrease with increase in chemical reaction parameter. Furthermore, velocity, 
temperature and concentric fields decrease with the increase in suction parameter.  
       However, in the above aforementioned investigations, the effect of thermal radiation and 
chemical reaction on the unsteady MHD plane – poiseuille flow of fourth-grade fluid in a horizontal 
parallel plates have not been paid attention. We shall therefore, consider this where both the lower 
plate and the upper plate are fixed. 

 

2    Methodology/Model formulation  

We consider an unsteady flow of an electrically incompressible fourth grade fluid between two parallel 

plates distance ℎ apart and subjected to a uniform transverse magnetic field 𝐵0. Here, both plates are 

fixed (stationary) and with constant fluid speed 𝑢. The thermally radiative and chemically reactive flow 

is heading 𝑥 – direction along infinite porous plate with heat generation. 
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Figure 1: Physical Configuration of the Flow 
 

The state of this fluid is determined by the history of the deformation gradient without a preferred 

reference configuration. Its constitute equation can be written as 

𝑇(𝑥, 𝑡) = −𝑃𝐼 + 𝑓𝑠=0
∞ (𝐹𝑡

𝑡(𝑠))      (2.1) 

Where 𝑃𝐼 is the undetermined part of the stress – tensor, 𝐹 is the deformation gradient and 𝑓 is the 

functional. 

[21] prescribed different sorts of incompressible fluid category  𝑛  as viscous fluid agreeing on [22 – 

23]. Incompressible fluid of differential type of grade 𝑛 is the simple fluid obeying the constitutive 

equation 

1

n

j

j

T PI S
=

= − +                    (2.2) 

obtained by asymptotic expansion of the functional in equation (2.1) through a retardation parameter 

𝛼. For 𝑛 = 4 as elucidate by [22], [23] and [17], the first four (4) tensors 𝑆𝑗 are given by  

                            𝑆1 = 𝜇𝐴1          (2.3) 

                           𝑆2 = 𝛼1𝐴2 + 𝛼2𝐴1
2         (2.4) 

                       𝑆3 = 𝛽1𝐴3 + 𝛽2(𝐴1𝐴2 + 𝐴2𝐴1) + 𝛽3(𝑡𝑟𝐴1
2)𝐴1     (2.5) 

𝑆4 = 𝛾1𝐴4 + 𝛾2(𝐴3𝐴1 + 𝐴1𝐴3) + 𝛾3𝐴2
2 + 𝛾4(𝐴2𝐴1

2 + 𝐴1
2𝐴2) + 𝛾5(𝑡𝑟𝐴2)𝐴2 + 𝛾6(𝑡𝑟𝐴2)𝐴1

2 +

[𝛾7𝑡𝑟𝐴3 + 𝛾8𝑡𝑟(𝐴2𝐴1)]𝐴1                       (2.6) 

Where, 𝜇 is the coefficient of shear viscosity, 𝛼𝑖(𝑖 = 1,2), 𝛽𝑖(𝑖 = 1,2,3) and 𝛾𝑖(𝑖 = 1(1)8) are 

material constants. The 𝐴𝑛 are the Rivlin – Ericksen tensors defined by the recursion relation 
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                         𝐴𝑛 =
𝑑

𝑑𝑡
𝐴𝑛−1 + 𝐴𝑛−1𝐿 + 𝐿

𝑇𝐴𝑛−1 ,   𝑛>1      (2.7) 

                         𝐴1 = 𝐿 + 𝐿
𝑇          (2.8) 

where 𝐿 = ∇𝑉, 
𝑑

𝑑𝑡
 is the material time derivative and 𝑉is the velocity. 

The thermally radiative and chemically reactive flow is heading 𝑥 – direction along infinite porous 

plate with heat generation. Here, 𝑈0 is the uniform velocity, 𝑇∞ and 𝐶∞ are the fluid temperature and 

concentration. 

Under the above consideration, the equations that described the physical circumstances are 

(I) The Momentum equation: 

𝜕𝑢

𝜕𝑡
=-

𝜕𝑝

𝜕𝑥
+ν

𝜕2𝑢

𝜕𝑦2
−
𝜕𝑢

𝜕𝑦
+
𝛼1𝜈

𝜌

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+
𝛽1𝜈

2

𝜌

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+
6(𝛽2+𝛽3)

𝜌
(
𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+
𝛾1𝜈

3

𝜌

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+

2ν(3𝛾2+𝛾3+𝛾4+𝛾5+𝛾7+𝛾8)

𝜌𝐶𝑝
[2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] −

𝜎𝐵0
2

𝜌𝐶𝑝
𝑢 + 𝑔𝛽𝑇(𝑇 − 𝑇∞) + 𝑔𝛽𝐶(𝐶 − 𝐶∞) −

𝜈

𝑘
𝑢             (2.9) 

(II) The Energy equation: 

𝜕𝑇

𝜕𝑡
=

𝑘

𝜌𝐶𝑝

𝜕2𝑇

𝜕𝑦2
+

𝜈

𝑘
(
𝜕𝑢

𝜕𝑦
)
2

−
1

𝜌𝐶𝑝

𝜕𝑞𝑟

𝜕𝑦
         (2.10)  

And,  

(III) The Concentration equation: 

𝜕𝐶

𝜕𝑡
= 𝐷

𝜕2𝐶

𝜕𝑦2
− 𝐾𝑐(𝐶 − 𝐶∞)          (2.11) 

Where 𝑢 is the fluid velocity, 𝑇 is the temperature, 𝐶 is the species concentration equationFrom 

equation (2.10), 𝑞𝑟 is the radiative heat flux define as 

 
𝜕𝑞𝑟

𝜕𝑦
= 4𝛼2(𝑇𝑤 − 𝑇∞)        (2.11i) 

We note that, when 𝛾𝑖 = 0, the fourth grade model reduces to the third grade model. When 𝛽𝑖 = 0, 

the third grade model reduces to second grade model. When 𝛼𝑖 = 0, 𝛽𝑖 = 0 and 𝛾𝑖 = 0 then the 

model reduces to classical Navier – Stoke equation. 

The initial and boundary conditions (Idowu and Sani (2019)) are 
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𝑢(𝑦, 𝑡) = ℎ + ℎ cos(𝜔𝑦) , 𝜃(𝑦, 𝑡) = ℎ + ℎ cos(𝜔𝑦), 𝐶(𝑦, 𝑡) = ℎ + ℎ cos(𝜔𝑦)  𝑎𝑡 𝑦 > 0, 𝑡 = 0

𝑢(𝑦, 𝑡) = 1, 𝜃(𝑦, 𝑡) = 1, 𝐶(𝑦, 𝑡) = 1 𝑎𝑡 𝑦 = 0 𝑎𝑛𝑑 𝑡 ≥ 0

𝑢(𝑦, 𝑡) → ∞, 𝜃(𝑦, 𝑡) → ∞, 𝐶(𝑦, 𝑡) → ∞ 𝑎𝑠 𝑦 → ∞ 𝑎𝑡 𝑡 > 0
             (2.12) 

Where 𝑢 is the fluid velocity, 𝑇 is the temperature and 𝐶 is the species concentration equation, 𝑞𝑟 is 

the radiative heat flux, 𝜌 is the density of the fluid, 𝐶𝑝 is the heat capacity, 𝐵0 is the external magnetic 

field. 

In order to transform equations (2.10) – (2.13), we use the following dimensionless parameters 

𝑢∗ =
𝑢

𝑈0
,  𝑝∗ =

𝑝

𝜇𝑈0
2 , 𝑡

∗ =
𝑡𝑈0

2

𝜈
, 𝐺𝑟 =

𝑔𝛽𝑇(𝑇𝑤−𝑇∞)𝜈

𝑈0
3 , 𝐺𝑐 =

𝑔𝛽𝐶(𝐶𝑤−𝐶∞)𝜈

𝑈0
3 , 𝐻𝑎2 =

𝜎𝐵0
2𝜈

𝜌𝑈0
2 , 𝐷𝑎 =

𝐾𝑈0
2

ℎ2
, 𝑆𝑐 =

𝐷

𝜈
, 𝑦∗ =

𝑦𝑈0

𝜈
, 𝑥∗ =

𝑥

ℎ
, ℎ =

𝑈0

𝜈
 𝑃𝑟 =

𝑘𝑈0
2

𝜈2
, , 𝜃 =

𝑇−𝑇0

𝑇𝑤−𝑇∞
, 𝐶∗ =

𝐶−𝐶0

𝐶𝑤−𝐶∞
, 𝛿 =

4𝛼2𝑈0
2

𝜌𝑐𝑝𝜈
, 𝛼 =

𝛼1𝑈0
2

𝜌𝜈2
, 𝛽𝑎 =

𝛽1𝑈0
4

𝜌𝜈3
, 𝛽𝑏 =

(𝛽2+𝛽3)𝑈0
4

𝜌𝜈3
, 𝛾𝑎 =

𝛾1𝑈0
6

𝜌𝜈3
, 𝛾𝑏 =

2(3𝛾2+𝛾3+𝛾4+𝛾5+3𝛾7+𝛾8)𝑈0
6

𝜌𝜈4
, 𝐷𝑎 =

𝑘𝑈0
2

𝜈2
, 𝐾𝑟 =

𝐾𝑐𝜈

𝑈0
2   

            (2.13) 

Substituting equation (2.13) into equations (2.9) – (2.12) and by dropping the asterisks, we have the 

following: 

𝜕𝑢

𝜕𝑡
=-

𝜕𝑝

𝜕𝑥
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+

(
𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − (𝐻𝑎 +

1

𝐷𝑎
) 𝑢 + 𝐺𝑟𝜃 + 𝐺𝑐𝐶       (2.14) 

𝜕𝜃

𝜕𝑡
=

1

𝑃𝑟

𝜕2𝜃

𝜕𝑦2
+ 𝛿𝜃         (2.15) 

𝜕𝐶

𝜕𝑡
=

1

𝑆𝑐

𝜕2𝐶

𝜕𝑦2
− 𝐾𝑟𝐶          (2.16) 

While, the initial and boundary conditions become 

         

𝑢(𝑦, 𝑡) = 1 + cos𝜔𝑦 , 𝜃(𝑦, 𝑡) = 1 + cos𝜔𝑦 , 𝐶(𝑦, 𝑡) = 1 + cos𝜔𝑦  𝑎𝑡 𝑡 = 0 𝑓𝑜𝑟 0 ≤ 𝑦 ≥ 1

𝑢(𝑦, 𝑡) = 1, 𝜃(𝑦, 𝑡) = 1, 𝐶(𝑦, 𝑡) = 1 𝑎𝑡 𝑦 = 0 𝑓𝑜𝑟 𝑡 ≥ 0

𝑢(𝑦, 𝑡) → ∞, 𝑇(𝑦, 𝑡) → ∞, 𝐶(𝑦, 𝑡) → ∞ 𝑎𝑠 𝑦 → ∞ 𝑓𝑜𝑟 𝑡 > 0

}

            (2.17) 
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3    Analysis of the model 

In this section we employ the He – Laplace scheme to solve equations (2.14) to (2.16) subjects to the 

initial and boundary conditions (2.17). 

Since equation (2.16) is a coupled non – linear partial differential equation, we have to solve equations 

(2.15) and (2.16) first. 

Now applying Laplace transform on equation (2.16), we have; 

𝐿 {
𝜕𝐶

𝜕𝑡
} =

1

𝑆𝑐
𝐿 {

𝜕2𝐶

𝜕𝑦2
} − 𝐿{𝐾𝑟𝐶}        (3.1) 

Applying the initial condition and dividing through by 𝑠 and rearranging, we obtain; 

𝐿{𝐶(𝑦, 𝑡)} =
1+cos(𝜔𝑦)

𝑠
+
1

𝑠
{
1

𝑆𝑐
𝐿 {

𝜕2𝐶

𝜕𝑦2
} − 𝐿{𝐾𝑟𝐶}}     (3.2) 

Taking the inverse Laplace transform of both sides of equation (3.2), gives; 

𝐶(𝑦, 𝑡) = 1 + cos(𝜔𝑦) + 𝐿−1 [
1

𝑠
{
1

𝑆𝑐
𝐿 {

𝜕2𝐶

𝜕𝑦2
} − 𝐿{𝐾𝑟𝐶}}]    (3.3) 

Applying the Homotopy perturbation technique, equation (3.3) yields 

  
2

1

2
0

1 1
( , )n y

n r

n c

C
P C y t e P L L L K C

s S y


− −

=

      
= + −     

       
  (3.4) 

Comparing the coefficients of the like powers of ′𝑃′, the following approximations were obtained; 

𝑃0: 𝐶0(𝑦, 𝑡) = 1 + cos(𝜔𝑦)      (3.5) 

𝑃1: 𝐶1(𝑦, 𝑡) = 𝐿
−1 [

1

𝑠
{
1

𝑆𝑐
𝐿 {

𝜕2𝐶0

𝜕𝑦2
} − 𝐿{𝐾𝑟𝐶0}}]  = 𝐿−1 {

1

𝑆𝑐
(
𝜔2 cos(𝜔𝑦)

𝑠2
) −

𝐾𝑟 (
1+cos(𝜔𝑦)

𝑠2
)} = (

−𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟(1 + cos(𝜔𝑦))) 𝑡    (3.6) 

𝑃2: 𝐶2(𝑦, 𝑡) = 𝐿−1 [
1

𝑠
{
1

𝑆𝑐
𝐿 {

𝜕2𝐶1

𝜕𝑦2
} − 𝐿{𝐾𝑟𝐶1}}] =

𝐿−1 [
1

𝑠
{
1

𝑆𝑐
𝐿 {(

𝜔4

𝑆𝑐
cos(𝜔𝑦) + 𝜔2𝐾𝑟 cos(𝜔𝑦)) 𝑡} + 𝐿 {𝐾𝑟 (

𝜔2

𝑆𝑐
cos(𝜔𝑦) +
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𝐾𝑟
2(1 + cos(𝜔𝑦)) 𝑡}}]   = (

𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

2𝑆𝑒−𝑦

𝑆𝑐
−
2𝐾𝑟𝜔

2

𝑆𝑐
cos(𝑤𝑦) +

𝐾𝑟
2 cos(𝜔𝑦) + 𝐾𝑟

2)
𝑡2

2!
        (3.7) 

𝑃3: 𝐶3(𝑦, 𝑡) = 𝐿−1 [
1

𝑠
{
1

𝑆𝑐
𝐿 {

𝜕2𝐶2

𝜕𝑦2
} − 𝐿{𝐾𝑟𝐶2}}] =

𝐿−1 [
1

𝑠
{𝐿 {(

−𝜔6

𝑆𝑐
3 cos(𝜔𝑦) −

3𝐾𝑟𝜔
4

𝑆𝑐
cos(𝜔𝑦) −

3𝐾𝑟
2𝜔2

𝑆𝑐
cos(𝜔𝑦) −

𝐾𝑟
3 cos(𝜔𝑦) − 𝐾𝑟

3)
𝑡2

2!
}}] = (

−𝜔6

𝑆𝑐
3 cos(𝜔𝑦) −

3𝐾𝑟𝜔
4

𝑆𝑐
cos(𝜔𝑦) −

3𝐾𝑟
2𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟

3 cos(𝜔𝑦) − 𝐾𝑟
3)

𝑡3

3!
     (3.8) 

𝑃4: 𝐶4(𝑦, 𝑡) = 𝐿−1 [
1

𝑠
{
1

𝑆𝑐
𝐿 {

𝜕2𝐶3

𝜕𝑦2
} − 𝐿{𝐾𝑟𝐶3}}] =

𝐿−1 [
1

𝑠
{𝐿 {(

𝜔8

𝑆𝑐
4 cos(𝜔𝑦) +

4𝐾𝑟𝜔
6

𝑆𝑐
3 cos(𝜔𝑦) +

4𝐾𝑟
2𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

4𝐾𝑟𝜔
2

𝑆𝑐
cos(𝜔𝑦) +

𝐾𝑟
4 cos(𝜔𝑦) + 𝐾𝑟

4)
𝑡3

3!
}}] = (

𝜔8

𝑆𝑐
4 cos(𝜔𝑦) +

4𝐾𝑟𝜔
6

𝑆𝑐
3 cos(𝜔𝑦) +

4𝐾𝑟
2𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

4𝐾𝑟𝜔
2

𝑆𝑐
cos(𝜔𝑦) + 𝐾𝑟

4 cos(𝜔𝑦) + 𝐾𝑟
4)

𝑡4

4!
      (3.9) 

 

Therefore, in view of equations (3.5), (3.6), (3.7), (3.8) and (3.9) the solution to equation (2.16) is, 

𝐶(𝑦, 𝑡) = 𝐶0(𝑦, 𝑡) + 𝐶1(𝑦, 𝑡) + 𝐶2(𝑦, 𝑡) + 𝐶3(𝑦, 𝑡) + 𝐶4(𝑦, 𝑡)⋯  (3.10) 

𝐶(𝑦, 𝑡) = 1 + cos(𝜔𝑦) + (
−𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟(1 + cos(𝜔𝑦))) 𝑡 +

(
𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

2𝑆𝑒−𝑦

𝑆𝑐
−
2𝐾𝑟𝜔

2

𝑆𝑐
cos(𝑤𝑦) + 𝐾𝑟

2 cos(𝜔𝑦) + 𝐾𝑟
2)

𝑡2

2!
+ (

−𝜔6

𝑆𝑐
3 cos(𝜔𝑦) −

3𝐾𝑟𝜔
4

𝑆𝑐
cos(𝜔𝑦) −

3𝐾𝑟
2𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟

3 cos(𝜔𝑦) − 𝐾𝑟
3)

𝑡3

3!
+ (

𝜔8

𝑆𝑐
4 cos(𝜔𝑦) +

4𝐾𝑟𝜔
6

𝑆𝑐
3 cos(𝜔𝑦) +

4𝐾𝑟
2𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

4𝐾𝑟𝜔
2

𝑆𝑐
cos(𝜔𝑦) + 𝐾𝑟

4 cos(𝜔𝑦) + 𝐾𝑟
4)

𝑡4

4!
+⋯ (3.11) 

Next, we consider equation (2.15), which is reaaranged to give; 

𝜕𝜃

𝜕𝑡
=

1

𝑃𝑟

𝜕2𝜃

𝜕𝑦2
+ 𝛿𝜃        (3.11i) 

 Now applying Laplace transform on equation (3.11i).), we get, 
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𝐿 {
𝜕𝜃

𝜕𝑡
} =

1

𝑃𝑟
𝐿 {

𝜕2𝜃

𝜕𝑦2
} + 𝐿{𝛿𝜃}        (3.12) 

Applying the initial condition and dividing through by 𝑠 and rearranging we obtain; 

𝐿{𝜃(𝑦, 𝑡)} =
1+cos(𝜔𝑦)

𝑠
+
1

𝑠
{
1

𝑃𝑟
𝐿 {

𝜕2𝜃

𝜕𝑦2
} + 𝐿{𝛿𝜃}}     (3.13) 

Taking the inverse Laplace transform of both sides of equation (3.13) gives, 

𝜃(𝑦, 𝑡) = 1 + cos(𝜔𝑦) + 𝐿−1 [
1

𝑠
{
1

𝑃𝑟
𝐿 {

𝜕2𝜃

𝜕𝑦2
} + +𝐿{𝛿𝜃}}]    (3.14) 

Applying the Homotopy perturbation technique on equation (3.14), yields 

                   
2

1

2
0

1 1
( , )n y

n

n r

P y t e P L L L
s P y


 


− −

=

      
= + +     

       
                                    (3.15) 

Comparing the coefficients of the like powers of ′𝑃′in equation (3.14), the following approximations 

are obtained; 

𝑃0: 𝜃0(𝑦, 𝑡) = 1 + cos(𝜔𝑦)       (3.16) 

𝑃1: 𝜃1(𝑦, 𝑡) = 𝐿
−1 [

1

𝑠
{
1

𝑃𝑟
𝐿 {

𝜕2𝜃0

𝜕𝑦2
} + 𝐿{𝛿𝜃0}}]  = 𝐿−1 {

1

𝑠2𝑃𝑟
(−𝜔2 cos(𝜔𝑦)) +

𝛿

𝑠2
(1 + cos(𝜔𝑦)} = (

−𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿(1 + cos(𝜔𝑦)) 𝑡    (3.17) 

𝑃2: 𝜃2(𝑦, 𝑡) = 𝐿
−1 [

1

𝑠
{
1

𝑃𝑟
𝐿 {

𝜕2𝜃1

𝜕𝑦2
} + 𝐿{𝛿𝜃1}}] = 𝐿

−1 [
1

𝑠
{
1

𝑃𝑟
𝐿 {(

𝜔4

𝑃𝑟
cos(𝜔𝑦) −

𝛿𝜔2 cos(𝜔𝑦)) 𝑡} + 𝛿𝐿 {(
−𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿(1 + cos(𝜔𝑦)) 𝑡}}] =

(
𝜔4

𝑃𝑟
cos(𝜔𝑦) −

2𝛿𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿2 cos(𝜔𝑦) + 𝛿2)

𝑡2

2!
    (3.18) 

𝑃3: 𝜃3(𝑦, 𝑡) = 𝐿
−1 [

1

𝑠
{
1

𝑃𝑟
𝐿 {

𝜕2𝜃2

𝜕𝑦2
} + 𝑆𝐿 {

𝜕𝜃2

𝜕𝑦
} + 𝐿{𝛿𝜃2}}] =

𝐿−1 [
1

𝑠
{
1

𝑃𝑟
𝐿 {(

−𝜔6

𝑃𝑟
2 cos(𝜔𝑦) +

2𝛿𝜔4

𝑃𝑟
cos(𝜔𝑦) − 𝛿2𝜔2 cos(𝜔𝑦))

𝑡2

2!
} +

𝛿𝐿 {(
𝜔4

𝑃𝑟
cos(𝜔𝑦) −

2𝛿𝜔4

𝑃𝑟
cos(𝜔𝑦) + 𝛿2 cos(𝜔𝑦) + 𝛿2)}

𝑡2

2!
}] =

(
−𝜔6

𝑃𝑟
3 cos(𝜔𝑦) +

3𝛿𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

3𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿3 cos(𝜔𝑦) + 𝛿3)

𝑡3

3!
 (3.19) 
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𝑃4: 𝜃4(𝑦, 𝑡) = 𝐿
−1 [

1

𝑠
{
1

𝑃𝑟
𝐿 {

𝜕2𝜃3

𝜕𝑦2
} + 𝐿{𝛿𝜃2}}] = 𝐿−1 [

1

𝑠
{
1

𝑃𝑟
𝐿 {(

𝜔8

𝑃𝑟
3 cos(𝜔𝑦) −

3𝛿𝜔4

𝑃𝑟
2 cos(𝜔𝑦) +

3𝛿2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) − 𝛿3𝜔2 cos(𝜔𝑦))

𝑡2

3!
} +

𝛿𝐿 {(
−𝜔6

𝑃𝑟
3 cos(𝜔𝑦) +

3𝛿𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

3𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿3 cos(𝜔𝑦) + 𝛿3)}

𝑡2

3!
}] =

(
𝜔8

𝑃𝑟
4 cos(𝜔𝑦) −

4𝛿𝜔4

𝑃𝑟
3 cos(𝜔𝑦) +

6𝛿2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

4𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) − 𝛿4 cos(𝜔𝑦) +

𝛿4)
𝑡4

4!
           (3.20) 

Therefore, in view of equations (3.16), (3.17), (3.18), (3.19) and (3.20), the solution to (2.15) is, 

   

𝜃(𝑦, 𝑡) = 𝜃0(𝑦, 𝑡) + 𝜃1(𝑦, 𝑡) + 𝜃2(𝑦, 𝑡) + 𝜃3(𝑦, 𝑡)⋯ 

𝜃(𝑦, 𝑡) = 1 + cos(𝜔𝑦) + (
−𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿(1 + cos(𝜔𝑦)) 𝑡 +

(
𝜔4

𝑃𝑟
cos(𝜔𝑦) −

2𝛿𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿2 cos(𝜔𝑦) + 𝛿2)

𝑡2

2!
 +

(
−𝜔6

𝑃𝑟
3 cos(𝜔𝑦) +

3𝛿𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

3𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿3 cos(𝜔𝑦) + 𝛿3)

𝑡3

3!
+

(
𝜔8

𝑃𝑟
4 cos(𝜔𝑦) −

4𝛿𝜔4

𝑃𝑟
3 cos(𝜔𝑦) +

6𝛿2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

4𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) − 𝛿4 cos(𝜔𝑦) +

𝛿4)
𝑡4

4!
+⋯           (3.21) 

Finally, we now solve equation (2.14), which is rearranged to give 

 
𝜕𝑢

𝜕𝑡
=−

𝜕𝑝

𝜕𝑥
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+

𝛾𝑏 [2
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙2𝑢 + 𝐺𝑟𝜃 + 𝐺𝑐𝐶 where, 𝐻𝑎 +

1

𝐷𝑎
= 𝑙2  (3.22) 

Applying the Laplace transform on both sides of equation (3.22) gives 

𝐿 {
𝜕𝑢

𝜕𝑡
} = 𝐿 {−

𝜕𝑝

𝜕𝑥
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾𝑎

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+

𝛾𝑏 [2
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙2𝑢 + 𝐺𝑟𝜃 + 𝐺𝑐𝐶}     (3.23) 

But, 𝐿 {
𝜕𝑢

𝜕𝑡
} = 𝑠𝐿{𝑢(𝑦, 𝑡)} − 𝑢(𝑦, 0)      (3.24) 

Hence, 
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𝐿{𝑢(𝑦, 𝑡)} =
𝑢(𝑦,0)

𝑠
+
1

𝑠
 𝐿 {−

𝜕𝑝

𝜕𝑥
+
𝜕2𝑢

𝜕𝑦2
+ 𝛼

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+

𝛾𝑎
𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙2𝑢 + 𝐺𝑟𝜃 + 𝐺𝑐𝐶}    (3.25) 

Taking the inverse Laplace transform of both sides of equation (3.25), we have; 

𝐿−1{𝐿{𝑢(𝑦, 𝑡)}} = 𝐿−1 {
𝑢(𝑦,0)

𝑠
−
𝜕𝑝

𝜕𝑥
+
1

𝑠
 𝐿 {

𝜕2𝑢

𝜕𝑦2
+ α

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+ 𝛽a

𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+

𝛽𝑏 (
𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾a

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙2𝑢 +

𝐺𝑟

𝑠
(1 + cos(𝜔𝑦) +

(
−𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟(1 + cos(𝜔𝑦))) 𝑡 + (

𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

2𝑆𝑒−𝑦

𝑆𝑐
−
2𝐾𝑟𝜔

2

𝑆𝑐
cos(𝑤𝑦) +

𝐾𝑟
2 cos(𝜔𝑦) + 𝐾𝑟

2)
𝑡2

2!
+ (

−𝜔6

𝑆𝑐
3 cos(𝜔𝑦) −

3𝐾𝑟𝜔
4

𝑆𝑐
cos(𝜔𝑦) −

3𝐾𝑟
2𝜔2

𝑆𝑐
cos(𝜔𝑦) −

𝐾𝑟
3 cos(𝜔𝑦) − 𝐾𝑟

3)
𝑡3

3!
+ (

𝜔8

𝑆𝑐
4 cos(𝜔𝑦) +

4𝐾𝑟𝜔
6

𝑆𝑐
3 cos(𝜔𝑦) +

4𝐾𝑟
2𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

4𝐾𝑟𝜔
2

𝑆𝑐
cos(𝜔𝑦) + 𝐾𝑟

4 cos(𝜔𝑦) + 𝐾𝑟
4)

𝑡4

4!
) +

𝐺𝑐

𝑠
(1 + cos(𝜔𝑦) + (

−𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿(1 +

cos(𝜔𝑦)) 𝑡 + (
𝜔4

𝑃𝑟
cos(𝜔𝑦) −

2𝛿𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿2 cos(𝜔𝑦) + 𝛿2)

𝑡2

2!
 +

(
−𝜔6

𝑃𝑟
3 cos(𝜔𝑦) +

3𝛿𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

3𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿3 cos(𝜔𝑦) + 𝛿3)

𝑡3

3!
+

(
𝜔8

𝑃𝑟
4 cos(𝜔𝑦) −

4𝛿𝜔4

𝑃𝑟
3 cos(𝜔𝑦) +

6𝛿2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

4𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) − 𝛿4 cos(𝜔𝑦) +

𝛿4)
𝑡4

4!
)}}           (3.26) 

or,  

𝑢(𝑦, 𝑡) = 1 + 𝜆 + cos(𝜔𝑦) + 𝐺𝑐( 1 + cos(𝜔𝑦)) + 𝐺𝑟(1 + cos(𝜔𝑦)) + (
−𝜔2

𝑃𝑟
cos(𝜔𝑦) +

𝛿(1 + cos(𝜔𝑦) −
𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟(1 + cos(𝜔𝑦))) 𝑡 + (

𝜔4

𝑃𝑟
cos(𝜔𝑦) −

2𝛿𝜔2

𝑃𝑟
cos(𝜔𝑦) +

𝛿2 cos(𝜔𝑦) + 𝛿2 +
𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

2𝑆𝑒−𝑦

𝑆𝑐
−
2𝐾𝑟𝜔

2

𝑆𝑐
cos(𝑤𝑦) + 𝐾𝑟

2 cos(𝜔𝑦) + 𝐾𝑟
2)

𝑡2

2!
+

(
−𝜔6

𝑃𝑟
3 cos(𝜔𝑦) +

3𝛿𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

3𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿3 cos(𝜔𝑦) + 𝛿3 −

𝜔6

𝑆𝑐
3 cos(𝜔𝑦) −

3𝐾𝑟𝜔
4

𝑆𝑐
cos(𝜔𝑦) −

3𝐾𝑟
2𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟

3 cos(𝜔𝑦) − 𝐾𝑟
3)

𝑡3

3!
+ (

𝜔8

𝑃𝑟
4 cos(𝜔𝑦) −

4𝛿𝜔4

𝑃𝑟
3 cos(𝜔𝑦) +

6𝛿2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

4𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) − 𝛿4 cos(𝜔𝑦) + 𝛿4 +

𝜔8

𝑆𝑐
4 cos(𝜔𝑦) +

4𝐾𝑟𝜔
6

𝑆𝑐
3 cos(𝜔𝑦) +

4𝐾𝑟
2𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

4𝐾𝑟𝜔
2

𝑆𝑐
cos(𝜔𝑦) + 𝐾𝑟

4 cos(𝜔𝑦) + 𝐾𝑟
4)

𝑡4

4!
+ 𝐿−1 {

1

𝑠
 𝐿 {

𝜕2𝑢

𝜕𝑦2
+ α

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+

𝛽𝑎
𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏 (

𝜕𝑢

𝜕𝑦
)
2 𝜕2𝑢

𝜕𝑦2
+ 𝛾a

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] − 𝑙2𝑢}}     (3.27) 
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Applying the Homotopy perturbation method to equation (3.27), gives 

0

( , )n

n

n

P u y t


=

= 1 + 𝜆 + cos(𝜔𝑦) + 𝐺𝑐( 1 + cos(𝜔𝑦)) + 𝐺𝑟(1 + cos(𝜔𝑦)) + (
−𝜔2

𝑃𝑟
cos(𝜔𝑦) +

𝛿(1 + cos(𝜔𝑦) −
𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟(1 + cos(𝜔𝑦))) 𝑡 + (

𝜔4

𝑃𝑟
cos(𝜔𝑦) −

2𝛿𝜔2

𝑃𝑟
cos(𝜔𝑦) +

𝛿2 cos(𝜔𝑦) + 𝛿2 +
𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

2𝑆𝑒−𝑦

𝑆𝑐
−
2𝐾𝑟𝜔

2

𝑆𝑐
cos(𝑤𝑦) + 𝐾𝑟

2 cos(𝜔𝑦) + 𝐾𝑟
2)

𝑡2

2!
+

(
−𝜔6

𝑃𝑟
3 cos(𝜔𝑦) +

3𝛿𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

3𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿3 cos(𝜔𝑦) + 𝛿3 −

𝜔6

𝑆𝑐
3 cos(𝜔𝑦) −

3𝐾𝑟𝜔
4

𝑆𝑐
cos(𝜔𝑦) −

3𝐾𝑟
2𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟

3 cos(𝜔𝑦) − 𝐾𝑟
3)

𝑡3

3!
+ (

𝜔8

𝑃𝑟
4 cos(𝜔𝑦) −

4𝛿𝜔4

𝑃𝑟
3 cos(𝜔𝑦) +

6𝛿2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

4𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) − 𝛿4 cos(𝜔𝑦) + 𝛿4 +

𝜔8

𝑆𝑐
4 cos(𝜔𝑦) +

4𝐾𝑟𝜔
6

𝑆𝑐
3 cos(𝜔𝑦) +

4𝐾𝑟
2𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

4𝐾𝑟𝜔
2

𝑆𝑐
cos(𝜔𝑦) + 𝐾𝑟

4 cos(𝜔𝑦) + 𝐾𝑟
4)

𝑡4

4!
+ 𝑃 (𝐿−1 {

1

𝑠
 𝐿 {𝑆

𝜕𝑢

𝜕𝑦
+
𝜕2𝑢

𝜕𝑦2
+ α

𝜕3𝑢

𝜕𝑦2𝜕𝑡
+

𝛽a
𝜕4𝑢

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏𝐻𝑎(𝑢𝑛) + 𝛾1

𝜕5𝑢

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏 [2𝐻𝑏(𝑢𝑛) + 𝐻𝑐(𝑢𝑛)

𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
+ (

𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
] −

𝑙2𝑢}})            (3.28) 

Where, 𝐻𝑎(𝑢𝑛), 𝐻𝑏(𝑢𝑛) and 𝐻𝑐(𝑢𝑛) are the He’s polynomials for (
𝜕𝑢

𝜕𝑦
)
2

,
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
 and 

(
𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
 respectively. 

The He’s polynomials for (
𝜕𝑢

𝜕𝑦
)
2

are as follows 

{
 
 

 
 

𝐻0(𝑢) = (𝑢0
′ )2

𝐻1(𝑢) = 2𝑢0
′𝑢1

′

𝐻2(𝑢) = 2𝑢0
′ 𝑢2

′ + (𝑢1
′ )2

𝐻3(𝑢) = 2𝑢1
′𝑢2

′

⋮

         (3.29) 

The He’s polynomials for 
𝜕𝑢

𝜕𝑦

𝜕2𝑢

𝜕𝑦2
𝜕2𝑢

𝜕𝑡𝜕𝑦
 are as follows 

{
 
 

 
 

𝐻0(𝑢) = 𝑢0
′′′𝑢′0𝑡

′

𝐻1(𝑢) = 𝑢0
′′′𝑢′1𝑡

′ + 𝑢1
′′′𝑢′1𝑡

′

𝐻2(𝑢) = 𝑢0
′′′𝑢′2𝑡

′
+ 𝑢1

′′′𝑢′1𝑡
′
+ 𝑢2

′′′𝑢′0𝑡
′

𝐻3(𝑢) = 𝑢1
′′′𝑢2𝑡

′′ + 𝑢2
′′′𝑢1𝑡

′′

⋮

       (3.30) 
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The He’s polynomials for (
𝜕𝑢

𝜕𝑦
)
2 𝜕3𝑢

𝜕𝑦2𝜕𝑡
 are as 

follows

{
 

 
𝐻0(𝑢) = (𝑢0

′ )2(𝑢0
′′𝑢0𝑡

′ )

𝐻1(𝑢) = (𝑢0
′ )2(𝑢0

′′𝑢1𝑡
′ ) + (𝑢0

′ )2(𝑢1
′′𝑢0𝑡

′ ) + 2𝑢0
′ 𝑢1

′ (𝑢0
′′𝑢0𝑡

′ )

𝐻2(𝑢) = (𝑢0
′ )2(𝑢0

′′𝑢2𝑡
′ ) + (𝑢0

′ )2(𝑢1
′′𝑢1𝑡

′ ) + (𝑢0
′ )2(𝑢2

′′𝑢0𝑡
′ ) + 2𝑢0

′ 𝑢1
′ (𝑢0

′′𝑢1𝑡
′ ) + 2𝑢0

′ 𝑢1
′ (𝑢1

′′𝑢0𝑡
′ ) + 2𝑢0

′ 𝑢2
′ (𝑢0

′′𝑢0𝑡
′ )

⋮
            (3.31) 

Now, comparing the like powers of 𝑃 in equation (3.28) and equating their coefficients gives 

𝑃0; 𝑢0(𝑦, 𝑡) = 1 + 𝜆 + cos(𝜔𝑦) + 𝐺𝑐( 1 + cos(𝜔𝑦)) + 𝐺𝑟(1 + cos(𝜔𝑦)) +

(
−𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿(1 + cos(𝜔𝑦) −

𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟(1 + cos(𝜔𝑦))) 𝑡 + (

𝜔4

𝑃𝑟
cos(𝜔𝑦) −

2𝛿𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿2 cos(𝜔𝑦) + 𝛿2 +

𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

2𝑆𝑒−𝑦

𝑆𝑐
−
2𝐾𝑟𝜔

2

𝑆𝑐
cos(𝑤𝑦) + 𝐾𝑟

2 cos(𝜔𝑦) +

𝐾𝑟
2)

𝑡2

2!
+ (

−𝜔6

𝑃𝑟
3 cos(𝜔𝑦) +

3𝛿𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

3𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿3 cos(𝜔𝑦) + 𝛿3 −

𝜔6

𝑆𝑐
3 cos(𝜔𝑦) −

3𝐾𝑟𝜔
4

𝑆𝑐
cos(𝜔𝑦) −

3𝐾𝑟
2𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟

3 cos(𝜔𝑦) − 𝐾𝑟
3)

𝑡3

3!
+ (

𝜔8

𝑃𝑟
4 cos(𝜔𝑦) −

4𝛿𝜔4

𝑃𝑟
3 cos(𝜔𝑦) +

6𝛿2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

4𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) − 𝛿4 cos(𝜔𝑦) + 𝛿4 +

𝜔8

𝑆𝑐
4 cos(𝜔𝑦) +

4𝐾𝑟𝜔
6

𝑆𝑐
3 cos(𝜔𝑦) +

4𝐾𝑟
2𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

4𝐾𝑟𝜔
2

𝑆𝑐
cos(𝜔𝑦) + 𝐾𝑟

4 cos(𝜔𝑦) + 𝐾𝑟
4)

𝑡4

4!
      (3.32) 

𝑃1; 𝑢1(𝑦, 𝑡) = 𝐿−1 {
1

𝑠
 𝐿 {𝑆

𝜕𝑢0

𝜕𝑦
+
𝜕2𝑢0

𝜕𝑦2
+ α

𝜕3𝑢0

𝜕𝑦2𝜕𝑡
+ 𝛽𝑎

𝜕4𝑢0

𝜕𝑦2𝜕𝑡2
+ 𝛽𝑏(𝑢0

′ )2(𝑢0
′′) +

𝛾𝑎
𝜕5𝑢0

𝜕𝑦2𝜕𝑡3
+ 𝛾𝑏[2𝑢0

′′′𝑢′0𝑡
′ + (𝑢0

′ )2(𝑢0
′′𝑢0𝑡

′ )] − 𝑙2𝑢0}}      (3.33) 

Or, 

 

𝑢1(𝑦, 𝑡) = (𝐴11 + 𝛼𝐴18 + 𝛽𝑏𝐴11 + 2𝛾𝑏𝐴15𝐴16 + 𝐴11𝐴13𝐴17 − 𝑙2𝐴19)𝑡 + (𝐴12 +

𝛽𝑏𝐴12𝐴13 + 𝛽𝑏𝐴11𝐴14 + 2𝛾𝑏𝐴16
2 + 𝐴13𝐴14𝐴17 − 𝑙2𝐴10)

𝑡2

2!
+ (2𝛽𝑏𝐴12𝐴14 + 2𝐴11𝐴14

2 −

𝑙2𝐴21)
𝑡3

3!
− 𝑙2𝐴22

𝑡4

4!
− 𝑙2𝐴23

𝑡5

5!
        (3.34) 

Therefore, the solution to equation (2.14) is; 

𝑢(𝑦, 𝑡) = 𝑢0(𝑦, 𝑡) + 𝑢1(𝑦, 𝑡) + 𝑢2(𝑦, 𝑡)⋯      (3.35) 

𝑢(𝑦, 𝑡) = 𝐴19 + (𝐴10 + 𝐴11 + 𝛼𝐴18 + 𝛽𝑏𝐴11 + 2𝛾𝑏𝐴15𝐴16 + 𝐴11𝐴13𝐴17 −

𝑙2𝐴19)𝑡 + (𝐴12 + 𝐴21 + 𝛽𝑏𝐴12𝐴13 + 𝛽𝑏𝐴11𝐴14 + 2𝛾𝑏𝐴16
2 + 𝐴13𝐴14𝐴17 − 𝑙2𝐴10)

𝑡2

2!
+

(𝐴22 + 2𝛽𝑏𝐴12𝐴14 + 2𝐴11𝐴14
2 − 𝑙2𝐴21)

𝑡3

3!
+ (𝐴23 − 𝑙2𝐴22

𝑡4

4!
) − 𝑙2𝐴23

𝑡5

5!
+⋯ (3.36) 
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where, 

𝐴10 =
−𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿(1 + cos(𝜔𝑦) −

𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟(1 + cos(𝜔𝑦))  

𝐴11 = −𝜔
2 cos(𝜔𝑦) − 𝐺𝑐𝜔

2 cos(𝜔𝑦) − 𝐺𝑟𝜔
2 cos(𝜔𝑦)  

𝐴12 = 𝐺𝑐𝐾𝑟𝜔
2 cos(𝜔𝑦) − 𝛿𝐺𝑟𝜔

2 cos(𝜔𝑦) +
𝐺𝑐𝜔

4 cos(𝜔𝑦)

𝑆𝑐
+
𝐺𝑟𝜔

4 cos(𝜔𝑦)

𝑃𝑟
   

𝐴13 = 𝜔
2 sin2(𝜔𝑦) + 2𝐺𝑐𝜔

2 sin2(𝜔𝑦) + 2𝐺𝑟𝜔
2 sin2(𝜔𝑦) + 2𝐺𝑐𝐺𝑟𝜔

2 sin2(𝜔𝑦) +

𝐺𝑐
2 sin2(𝜔𝑦) + 𝐺𝑟

2 sin2(𝜔𝑦)  

𝐴14 =
−2𝐺𝑟𝜔

4

𝑃𝑟
sin2(𝜔𝑦) + 2𝛿𝐺𝑟𝜔

2 sin2(𝜔𝑦) −
2𝐺𝑐𝜔

4

𝑆𝑐
sin2(𝜔𝑦) −

2𝐺𝑟𝜔
4

𝑃𝑟
sin2(𝜔𝑦) −

2𝛿𝐺𝑟
2𝜔2 sin2(𝜔𝑦) −

4𝐺𝑐𝐺𝑟𝜔
4

𝑆𝑐
sin2(𝜔𝑦) − 2𝐺𝑐𝐺𝑟𝜔

2 sin2(𝜔𝑦) −
𝐺𝑐𝐺𝑟𝜔

2

𝑃𝑟
sin2(𝜔𝑦) −

𝐺𝑐
2𝜔4

𝑆𝑐
sin2(𝜔𝑦) − 𝐾𝑟𝐺𝑐

2𝜔2 sin2(𝜔𝑦) +
𝐺𝑟
2𝜔6

𝑃𝑟
2 sin2(𝜔𝑦) −

2𝛿𝐺𝑟
2𝜔4

𝑃𝑟
sin2(𝜔𝑦) +

2𝐺𝑐𝐺𝑟𝜔
6

𝑃𝑟𝑆𝑐
sin2(𝜔𝑦) +

2𝐾𝑟𝐺𝑐𝐺𝑟𝜔
4

𝑃𝑟
sin2(𝜔𝑦) + 𝛿2𝐺𝑟

2𝜔2 sin2(𝜔𝑦) +
𝐺𝑐
2𝜔6

𝑆𝑐
2 sin2(𝜔𝑦) +

2𝐾𝑟𝐺𝑐
2𝜔4

𝑆𝑐
sin2(𝜔𝑦) +

𝐺𝑐
2𝐾𝑟

2𝜔2 sin2(𝜔𝑦)  

𝐴15 = 𝜔
3 sin2(𝜔𝑦) + 𝐺𝑐𝜔

3 sin2(𝜔𝑦) + 𝐺𝑟𝜔
3 sin2(𝜔𝑦)  

𝐴16 = −
𝐺𝑐𝜔

5

𝑆𝑐
sin(𝜔𝑦) −

𝐺𝑟𝜔
5

𝑃𝑟
sin(𝜔𝑦) − 𝐺𝑐𝐾𝑟𝜔

2 sin(𝜔𝑦) − 𝛿𝐺𝑟𝜔
3 sin(𝜔𝑦)  

𝐴17 = 𝐺𝑐𝐾𝑟𝜔 sin(𝜔𝑦) − 𝛿𝐺𝑟𝜔 sin(𝜔𝑦) +
𝐺𝑐𝜔

3

𝑆𝑐
sin(𝜔𝑦) +

𝐺𝑟𝜔
3

𝑃𝑟
sin(𝜔𝑦)  

𝐴18 = 𝛼𝐺𝑐𝐾𝑟𝜔
2 cos(𝜔𝑦) − 𝛼𝛿𝐺𝑟𝜔

2 cos(𝜔𝑦) +
𝛼𝐺𝑐𝜔

2 cos(𝜔𝑦)

𝑆𝑐
+
𝛼𝐺𝑟𝜔

2 cos(𝜔𝑦)

𝑃𝑟
  

𝐴19 = 1 + 𝜆 + cos(𝜔𝑦) + 𝐺𝑐( 1 + cos(𝜔𝑦)) + 𝐺𝑟(1 + cos(𝜔𝑦))  

𝐴21 =
𝜔4

𝑃𝑟
cos(𝜔𝑦) −

2𝛿𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿2 cos(𝜔𝑦) + 𝛿2 +

𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

2𝑆𝑒−𝑦

𝑆𝑐
−

2𝐾𝑟𝜔
2

𝑆𝑐
cos(𝑤𝑦) + 𝐾𝑟

2 cos(𝜔𝑦) + 𝐾𝑟
2  

𝐴22 =
−𝜔6

𝑃𝑟
3 cos(𝜔𝑦) +

3𝛿𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

3𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) + 𝛿3 cos(𝜔𝑦) + 𝛿3 −

𝜔6

𝑆𝑐
3 cos(𝜔𝑦) −

3𝐾𝑟𝜔
4

𝑆𝑐
cos(𝜔𝑦) −

3𝐾𝑟
2𝜔2

𝑆𝑐
cos(𝜔𝑦) − 𝐾𝑟

3 cos(𝜔𝑦) − 𝐾𝑟
3  
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𝐴23 =
𝜔8

𝑃𝑟
4 cos(𝜔𝑦) −

4𝛿𝜔4

𝑃𝑟
3 cos(𝜔𝑦) +

6𝛿2𝜔4

𝑃𝑟
2 cos(𝜔𝑦) −

4𝛿2𝜔2

𝑃𝑟
cos(𝜔𝑦) − 𝛿4 cos(𝜔𝑦) + 𝛿4 +

𝜔8

𝑆𝑐
4 cos(𝜔𝑦) +

4𝐾𝑟𝜔
6

𝑆𝑐
3 cos(𝜔𝑦) +

4𝐾𝑟
2𝜔4

𝑆𝑐
2 cos(𝜔𝑦) +

4𝐾𝑟𝜔
2

𝑆𝑐
cos(𝜔𝑦) + 𝐾𝑟

4 cos(𝜔𝑦) + 𝐾𝑟
4 . 

 

4     Numerical simulations/sensitivity analysis 
Theoretical work on unsteady MHD Poiseuille flow of fourth-grade fluid in horizontal parallel plates 
channel with thermal radiation and chemical reaction effects has been analyzed and discussed in 
details. The impact of thermal radiation, chemical reaction, third and fourth-grade parameters along 
with other pertinent flow parameters are plotted graphically on different flow fields. The default values 
for the pertinent flow parameters are taken as [20]; 

𝜆 = 0.30, 𝛼 = 0.20, 𝛽𝑎 = 0.05, 𝛽𝑏 = 0.05, 𝛾𝑎 = 0.05, 𝛾𝑏 = 0.05, 𝑆𝑐 = 0.50, 𝐺𝑟 = 5, 𝐺𝑐 =
5, 𝑃𝑟 = 0.71, 𝐻𝑎 = 0.30, 𝛿 = 0.05, 𝐷𝑎 = 1.00, 𝐾𝑟 = 0.50. 

To validate this present work, a numerical comparison is provided in Table 1.  

Table 1. Validation of present study against [20] for velocity profile, when the suction parameter 𝑆 = 0 

𝛿                   Velocity 𝑢  

                (Present work) 

    Velocity 𝑢 

         [20] 

       Difference 

0.05 9.2474 9.2474 0.0001 

0.10 9.2675 9.2678 0.0003 

0.15 9.2874 9.2885 0.0011 

0.20 9.3091 9.3094 0.0003 
    

 

From Table 1, it can be seen there is no significant difference. 

 

Figs 2 and 3 depict the velocity and temperature fields for increment of thermal radiation parameter 𝛿 

(1.00 ≤ 𝛿 ≥ 4.00). Thermal radiation is known as electromagnetic radiation or the conversion of 
thermal energy which generates the thermal motion of particles in matter. Thermal radiation could be 
attributed due to thermal excitation. It is observed that both velocity and temperature fields are 

affected significantly with increase in thermal radiation parameter (𝛿). Thermal radiation for a 
medium which contains it inevitably has pressure and density gradients, and the treatment requires the 
use of hydrodynamics. 
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Fig. 2. Effect of thermal radiation parameter 𝛿 on Velocity profile 𝑢 

 
 

 
Fig. 3. Effect of thermal radiation parameter 𝛿 on temperature distribution 𝜃 

 

 

The effect of chemical reaction parameter (𝐾𝑟) on velocity and concentration profiles are depicted in 

Figs 4 and 5 respectively. Due to the rise of chemical reaction (𝐾𝑟) from 1.00 ≤ 𝐾𝑟 ≥ 4.00, the 
velocity field decreases, and the concentration field also decreases. Physically, chemical reaction occurs 
with more disturbance which develops the molecular motion and upsurges the heat transport 
phenomena and as a result retards the velocity of the flow. 
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Fig. 4. Effect of chemical reaction parameter 𝐾𝑟 on Velocity profile 𝑢 

 

 
 Fig. 5. Effect of chemical reaction parameter 𝐾𝑟 on Concentration distribution 𝐶 

 

Fig. 6 illustrates the drag force effect on fluid flow. The velocity profile decreases with the increment 

of Hartmann number (1.00 ≤ 𝐻𝑎 ≥ 4.00). The role of Hartmann number which is the magnetic 
parameter is to suppress turbulence. Physically, when magnetic field is applied to any fluid, the 
apparent viscosity of the fluid increases to the point of becoming viscous elastic solid. It is of great 
interest that yield stress of the fluid can be controlled very accurately through variation of the magnetic 
field intensity. The result is that the ability of the fluid to transmit force can be controlled with help 
of electromagnet which give rise to many possible control – based applications, including MHD power 
generation, electromagnetic casting of metals, MHD propulsion etc.  
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 Fig. 6. Effect of Hartmann number 𝐻𝑎 on Velocity profile 𝑢 

 

The impression of third – grade and fourth – grade parameters on velocity profiles are respectively 
illustrated in Figs 7 and 8. It is observed that the velocity profile develops with the increase in both 

third – grade (1.00 ≤ (𝛽𝑎 = 𝛽𝑏) ≥ 4.00) and fourth – grade (1.00 ≤ (𝛾𝑎 = 𝛾𝑏) ≥ 4.00) 
parameters. 

  
Fig. 7. Effect of 𝛽𝑎 and 𝛽𝑏 on Velocity profile 𝑢 
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Fig. 8. Effect of 𝛾𝑎 and 𝛾𝑏on Velocity profile 𝑢 

 

Figs 9 and 10 show the impression of Prandtl number (𝑃𝑟) on velocity and temperatures profiles 

respectively. The parameter (𝑃𝑟) is the proportion of kinematic viscosity and thermal diffusivity which 

changes physically with temperature. For example, water 𝑃𝑟 = 7.0 (at 200𝐶) and Ammonia 𝑃𝑟 =
1.38 decline more rapidly than air 𝑃𝑟 = 0.71. However, increase in 𝑃𝑟 depict the domination of 
thermal and momentum diffusivity respectively. Prandtl number is used to determine whether heat 
transport occurs with either conduction or convection process. Since, Prandtl number is inversely 

proportional to thermal diffusivity so that increasing 𝑃𝑟 led to the decrease in velocity and temperature 
profiles.  

 
Fig. 9. Effect of Prandtl number 𝑃𝑟 on Velocity profile 𝑢 
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Fig. 10. Effect of Prandtl number 𝑃𝑟 on Temperature distribution 𝜃 

 

 

Figs 11 and 12 display the velocity and concentration profiles respectively for the increment of 

Schmidt number (1.00 ≤ 𝑆𝑐 ≥ 4.00). Both the velocity and concentration profiles decrease with 

increase of Schmidt number (𝑆𝑐). Physically, Schmidt number (𝑆𝑐) helps to develop fluid 
concentration and concentration buoyancy force. Furthermore, it can also be used to improve the 
visualization of fluid fields. 

 
Fig. 11. Effect of Schmidt number 𝑆𝑐 on Velocity profile 𝑢 
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Fig. 12. Effect of Schmidt number 𝑆𝑐 on Concentration distribution 𝐶 

 
 
Since, the flow is driven by an externally imposed pressure gradient without motion of either plate, 
Negative and positive pressure gradients increase and decrease the flow rate, respectively. This is 

illustrated in Fig. 13. It is seen that increase in pressure gradient 𝜆 enhances the flow significantly. 
Pressure Gradient is a physical quantity that describes which direction and at what rate the pressure 
changes the most rapidly around a particular location.  

 
Fig. 13: Effect of Pressure gradient 𝜆 on Velocity profile 𝑢 

 

 
 

 
  
 

https://www.sciencedirect.com/topics/engineering/pressure-gradient
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5 Conclusion 
The effect of thermal radiation and chemical reaction on unsteady MHD flow of fourth-grade fluid in 

horizontal parallel plates channel has been investigated. The solution for the nonlinear partial 

differential equations were obtained by the He-Laplace scheme. The effects of flow parameters on 

velocity, temperature and concentration profiles were depicted in figures and discussed. From the 

results obtained, the following conclusions are made: 

(i) Velocity and temperature fields rise due to the increment of thermal radiation 

parameter. 

(ii) For upsurging data of chemical reaction, velocity and concentration fields diminish. 

(iii) Velocity, temperature and concentration fields diminish due to the increment of 

suction parameter. 

(iv) Velocity profile goes up when third and fourth-grade parameters get to raise. 

(v) Increasing Prandtl number tend to diminish the velocity and temperature profiles. 

(vi) Strong values of Schmidt number decrease the magnitude of velocity and 

concentration distribution. 

(vii) Velocity increases with increase in pressure gradient. 

The results of this work are applicable in many industrial producing processes such in the drilling of 

oil and gas wells, polymer extrusion from dye, glass fibre, paper production and draining of plastics 

films etc. 
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APPENDIX 

Nomenclature 

𝐵0  – external magnetic field  

𝑇    – temperature of the fluid  

𝐶    – species concentration   

𝑞𝑟   – radiative heat flux 

𝑢    – fluid velocity  

𝐶𝑝  – specific heat capacity 

𝐻𝑎  – Hartmann number 

𝑃𝑟  – Prandtl number 

𝐺𝑟  – Grashof number due to heat transfer 

𝐺𝑐  – Grashof number due to mass transfer 

𝐾𝑟  – chemical reaction parameter 

𝑆𝑐  – Schmidt number 

𝑇𝑤  – temperature at the surface 

𝑇∞  – ambient temperature as 𝑦 → ∞   

𝐶𝑤  – concentration at the surface 

𝐶∞  – concentration as 𝑦 → ∞ 

𝑥, 𝑦  – cartesian coordinates 
 
Greek Symbols 

     𝜇  – coefficient of shear viscosity 

     𝛼   – second grade parameter 

𝛽𝑎, 𝛽𝑏   – third grade parameters 

𝛾𝑎, 𝛾𝑏    – fourth grade parameters 

     𝛽    – thermal expansion coefficient  

     𝛽𝑐  – concentration expan\sion coefficient 

    𝛿   – thermal radiation parameter 

    𝜎   – Stefan – Boltzmann constant 

    𝜌   – density of the fluid 

    𝜈   – kinematic viscosity 

    𝜆  - pressure gradient   


