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On the nilpotents of the semigroup of partial contractions of
a finite chain

M.M. Zubairu*and B. Alif*

Abstract

Let [n] = {1,2,...,n} denote a finite chain. Consider the semigroups P,, and OZ,,, consisting
of all partial, and all injective and order-preserving transformations on [n], respectively. Further-
more, let CP, = {a € P, : |[za —ya| < |z —y| Va,y € Dom a} and OCZ, = {a € O, :
|lza —ya| < |x —y| ¥,y € Dom a}. It follows that CP,, and OCZ,, are subsemigroups of P,
and OZ,, respectively. In this paper, we characterize the nilpotent elements in CP,,, compute the
number of nilpotents of height (n — 1) in CP,,, and determine the number of nilpotents in OCZ,,
of a specific type.
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1 Introduction

Let [n] = {1,2,...,n} denote a finite chain. A transformation of [n] is considered partial if its domain
is a subset of [n] and full (or total) if its domain is [n]. When o € S (where S is any transformation
semigroup), we denote Dom «, Im «, h(«), and b(«) as the domain, image, height (denoted as [Im «),
and width or breadth (denoted as |Dom «) of v, respectively. A transformation « is described as order
preserving (or order reversing) if, for all x,y € Dom «, x < y implies za < ya (or zav > yar). Denote
Prs Tn, and OZ,, as the semigroups of partial, full, and one-one order-preserving transformations of
[n], respectively. A map o € P,, (resp., o € Ty,) is referred to as a contraction if |ra — yo| < |z — y|
for all z, y in Dom « (resp., x, y in [n]). Let

CPp={a€Py:|lza—ya| <|z—y| Vz,y € Doma} (1

and

OCI, ={acOI,: |ra—ya| < |r—y| Vz,y € Dom a}. (2)

It is well known that CP,, and OCZ,, are subsemigroups of P,, and OZ,,, respectively. Denote
J={aeS: hla)=r},

meaning that J, contains elements of S with a height of r. For a, 8 € S, the composition of « and /3
is defined as a0 5(x) = ((z)«)p for any = in Dom a.. Without ambiguity, we shall use the notation
af3 to denote awo B. When A = {aj,as,...,a,} C [n] such that a; < as < ... < ay, the gap(A) is
defined as

gap(A) - (’a’Q - (11‘, ‘0/3 - a2’7" < ‘an - an—l’),

which yields an (n — 1)-tuple of numbers. Similarly, the reverse gap of A is defined as

gap(A)R = (|an - anfl‘v |an71 - an72|a ) |CL3 - a2|7 |CL2 - al‘) (See [1])
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For a foundational understanding of semigroup theory, readers are encouraged to reference the works
of Preston, Mazorchuk, and Howie. These are available in [2, 3 4].

The algebraic study of the semigroup of contractions has attracted the interest of researchers re-
cently. For example, Zho and Yang [[5] characterized the regularity and Green’s equivalences for the
semigroup of order-preserving partial contractions, denoted as OCP,,. In 2017, Garba et al. 6] inves-
tigated the algebraic properties of a certain semigroup of full contractions, providing a characterization
of Green’s and starred Green’s equivalences of the semigroup C7,, (where C7, denotes the semigroup
of full contractions on [n]).

We also note that certain algebraic properties of some semigroups of contractions have been recorded
recently. The concept of semigroups of contractions on chains has been studied by many authors in
recent times, as seen in [ 16} [7}, 18, 9]. Combinatorial questions were recently explored by Zubairu and
Ali 8] for the semigroups of partial and full contractions on chains. This paper attempts to address
some of the questions raised in [8]] for the semigroup of partial contractions.

Let S be a semigroup with a zero element. An element a € S is said to be a nilpotent if there exists
a positive integer n such that a” = 0. Gomes and Howie [[10] demonstrated that Z,, \ S,, := SZ,, is
nilpotent-generated if n is even, and they also characterized the nilpotent-generated subsemigroup for
odd n. A similar result was obtained by Sullivan [[11]] for the semigroup P, \ 75, := SPy,. Furthermore,
Laradji and Umar [[12]] characterized the nilpotent elements in P,, and computed the order of nilpotents
in the semigroups P,, and Z,,. However, it appears that such characterizations for the semigroup of
partial contractions is yet to be investigated, and the number of nilpotents in CP,, remains an open
problem. Nevertheless, in this paper, we provide a characterization of nilpotents in CP,, and further
compute the number of nilpotents of a specific type in OCZ,,.

We will now briefly describe the structure of the paper. Section one discusses some basic concepts
and the background of the studies. In section two, we provide a certain characterization of nilpotents
in CP,,, which serves as a foundation for achieving some of the results in the subsequent sections. In
section three, we compute the number of nilpotents in CP,, whose height is (n — 1). Finally, in section
4, we compute the number of nilpotents in OCZ,, of a certain type.

2 Characterizations of nilpotent elements

In this section, we aim to characterize the nilpotent elements in CP,,. Before we commence our inves-
tigation, we introduce the following lemma, attributed to Laradji and Umar [[12]).

Lemma 2.1 ([12]). An element o in P, is nilpotent if and only if there is no nonemptry subset A of Dom («)
such that Ao = A.

Remark 2.2. Notice that Lemma[2.1]implies that an element a € P, is nilpotent if and only if it has
no fixed point and does not form a cycle. A cycle occurs when there exist ,y € Dom « such that
ra = y and ya = x. In other words, if « is of the form

a:(dl dy ... dy drp1 dr+2>
a; az ... Qp dr+2 dr+1 ’

then « has a cycle, represented by
< dri1 dryo >
dr+2 dr+1 ’

where d, 100 = dyy9 and dyp o = dpy 1.

dy dy ... d
a; az ... Qp
element in the domain of & as min Dom (o) = dj, referred to as the first element, and the largest
element in the domain as max Dom («) = d,., denoted as the /ast element.

Now, let a = < ) € CP,, where di < dy < ... < d,. We define the smallest
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1 3 5 6
346 7
element in the domain of « and 6 is the last element in the domain of a.

Next, let @ € CP,, then Dom a C [n] and it is partitioned by the relation ker « = {(z,y) €
Dom a x Dom a : zaw = ya} into 7 blocks A; (1 < i <r). Assuch Dom o = Ay U---U A, where
r < n. As such every o € CP), can be expressed as:

A Ay .. A
ar as ... ap )’
where r <mnand |a; —aj| < |z —y|forallz € Ajandy € A; (4,5 € {1,2,...,7r}).
Let N(CP,,) be the set of all nilpotents in CP,,. Then we have:

For the purpose of illustrations, consider av =

> € CP7. Then clearly 1 is the first

Lemma 2.3. Forn > 2, N(CP,,) is not a semigroup.

Proof Takea:@),ﬂ:(f)ezv(cm). Then(w:(;)(f):(i)g

N(CP,).

We now have the following lemma that characterizes nilpotent elements in CP,,.

Lemma 2.4. If  is a nilpotent in CP, and i and j (1 < i < j < n)are the first and last elements of the
domain of o, then {i,j} ¢ Im(«).

Proof. Suppose, by way of contradiction, that « € N(CP,,) is a contraction with a domain con-
taining ¢ and j as the first and last elements, where 1 < i < j < n. Assuming further, by way of
contradiction, that {i,j} C Im(«) implies the existence of  and y in Dom («) such that za = i
and ya = j. However, as a is a nilpotent, Lemma [2.1) implies that {i, j} = {za,ya} = {z,y}a #
{z,y} C Dom (), i.e., {i,j} # {x,y}. We then consider three cases:

iz=dandy < j,
ii y=jandz >1,or
iii<zx<jandi<y<j.
We shall demonstrate a contradiction for all the cases.

i Suppose © = i and y < j then yao — 2z« = j — ¢ > y —i = y — = which implies that
lya — x| > |y — x|. This contradicts the fact that « is a contraction.

ii Suppose that y = j and x > i then yo — xa = j — ¢ > j — x = y — x. Notice that ya — x«
and y — x are positive, thus we have |ya — za| > |y — x|, which contradicts the fact that av is a
contraction.

iii Suppose thati < x < jandi < y < j then yoo — xa« = j — i >= y — x. Notice that yao — z«
and y — x are positive, as such we have [ya — za| > |y — z|. This also contradicts the fact that
« is a contraction.

Hence {i,j} ¢ Im .

For the purpose of illustrations we give the following example:

1 356
346 7
6 € Im a. However, it is easy to see that, replacing any element in Im a \ {6} with the first element
1, will render the new « not to be a contraction.

Example 2.5. Consider a = ( ) € CP7. Notice that 6 is the last element in Dom « and
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3 On the number of nilpotents in CP,,

In this section, we aim to compute the number of nilpotents in CP,, with a height of (n — 1). Before
commencing our investigation, we will first establish the following preliminaries. We denote J,,_1 as
the set of all elements in CP,, with a height of (n — 1), and N(.J,,_1) denotes the set of all nilpotents
in J,_1. A subset B of [n] is defined as convex if, whenever 2,y € B with x < yand 2z < z < y for
any z € [n], then z € B. We will now present the following lemma describing the nilpotents in .J;,_1
with a convex domain.

Lemma3.1. Let o € CPy, and let o € J,,—1 be such that the domain of o is convex, of the form {1,... ,n—
1} or{2,...,n}. Then a« € N(Jp_1) if and only if o is equal to < ; g n; 1

2 3 ... n

12 ... n—1 )

Proof. Let Dom () = {1,...,n — 1} or {2,...,n}, where « € J,,_1. Suppose « is a nilpotent.
Therefore, because Dom («) is convex, it implies that the image of o must also be convex. It is note-
worthy that thesets {2,3,...,n}and {1,2,...,n—1} are the only convex subsets of [n]| of order n—1.

If we take Dom () = {1,...,n — 1}, then all the possible contractions with the image {2,3,...,n}
or {1,2,...,n— 1} are:

12 ... n-3 n—2 n-1 1 2 o.o.m—3 n—2 n-—1
23 ... n—=2 n—-1 n "\n n—-1 ... 4 3 2 ’
1 2 ... n—-3 n—2 n—1
1 2 ... n—3 n—2 n-—1
1 2 ....n—3 n—2 n—1
n—1 n—-2 ... 3 2 1 )

Notice that by Lemma the first element < ; g eomm3 mm2om ; L > is a nilpotent.

> or « is equal to

and

n—2 n-—1

1 2 ....n—3 n—2 n-—1 . .
However, by Lemma the element ( nom—1 .. 4 3 9 > is not a nilpotent

.  h 1 2 n—1
since it hasacycle {  — | 9 .

Similarly, the elements
1 2 ... n—3 n—2 n-—1 d 1 2 ....n—3 n—2 n—1
12 ...n=-3n-2n-1)*""\n-1 n-2 .. 3 2 1

are not nilpotents since the first is a partial identity with (n — 1) fixed points and the second element

1 n—1
hasacycle<n_1 1 >

This shows that the only nilpotent « € J,,_1 with domain of the form {1,...,n — 1} and image
of the form {2,3,...,n} or {1,2,...,n — 1} is
1 2 ... n—-3 n—2 n—1
2 3 ... n—2 n—1 n ’

One can show using similar argument that the only nilpotent in J,,_; with domain of the form
{2,...,n} and image of the form {2,3,...,n} or {1,2,...,n — 1} is

23 ... n—2 n-—1 n
1 2 ... n—-3 n—-2 n—-1)"
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1 2 ... n—1 2 3 ... n o
Conversely,supposeoz—(2 3 >oroz—<1 5 n_1>.Then1tlseasy

to see that by Lemma [2.T], both elements are nilpotents, each of height n — 1.

Lemma 3.2. Let « € CP,, (n > 5) be such that « € J,,_1. Suppose Dom o = {1,...,n — 2,n} or
{1,3,...,n — 1,n} then « is not a nilpotent.

Proof. Suppose Dom () = {1,...,n —2,n}, and and suppose by way of contradiction that « is a
nilpotent. Since the height of v is n — 1 and the domain of v is a union of {1,...,n—2} and {n} (ie.,
a union of two convex subsets of [n]), we observe from Lemma[2.4|that 1 and n cannot simultaneously
belong to Im(«). This implies that Im(«) can be either {1,2,...,n —2,n— 1} or {2,...,n — 1,n}.
Taking Im(a) = {1,2,...,n —2,n — 1} yields:

_ 1 2 ... n—3 n—2 n
V12 ... n=3 n-2 n-1

which has at least one fixed point and, according to Lemma[2.1] is not a nilpotent. Alternatively, taking
Im(a) ={1,2,...,n — 2,n — 1} results in:

_ 1 2 ... n—3 n—2 n
“*“\n-1 n-2 ... 3 2 1

2 -2
n—2 ! 2 ) and, by Lemma is not a nilpotent. This contradiction

holds in each case, establishing the result. A similar argument demonstrates that « is not a nilpotent if
Dom (a) = {1,3,...,n}. This completes the proof.

which includes a cycle <

Lemma 3.3. Let o € J,_1 (n > 5) be such that Dom (o) = {1,2,...,4,i + 2,i + 3,...,n} with
gap(Dom (o)) = (1,1,...,1,2,1,--- ,1) (an (n — 1)-tuple of numbers) where 2 occupies the k'"* position
in the tuple (2 < k < n — 2). Then, « is nilpotent if and only if k = i (for n odd) or k = i ori + 1 (forn
even)and Im (o)) = {2,...,n}or{1,...,n —1}.

Proof. Suppose, by way of contradiction, that « is a nilpotent and k # i (for n odd) and k # i and
k #i—1 (for n even); or Im (o) # {2,...,n} and Im (o) # {1,...,n — 1}. This implies that if n is
odd, then k can take any value, such as ¢ — [ or i + [ for any [ > 1. As « is a contraction, it falls into
one of the following forms:

V(12 il i i+ 2 i+3 ... n

“\n on—1 ... i—l+1 i—1 i—-1—1 i—1—-2 ... 2
or

(12 i1 ; i+ 2 i+3 ... n

“T\n on—1 ... i+l i+l—1 i+1—-2 i+1-3 ... 2

Notice that for all 1 < [ < k, the two maps above are contractions. Furthermore, if | = 1, the
first map will exhibit the property i — 1 +— ¢ and 7 — ¢ — 1, demonstrating a cycle, while the second
map will have i — i, signifying ¢ as a fixed point, indicating that these maps are not nilpotent. This
contradicts the assumption that they are nilpotent. A similar contradiction arises for even n.

If Im (o) #{1,...,n — 1} and Im () # {2,...,n}, then observe that the height of o is n — 1.
Therefore, if Im () is not convex, either {1,2, ..., i}« is not convex or {i+2,...,n}« is not convex,
contradicting the fact that « is a contraction.

Conversely, suppose k = i (for n odd) or k =i or i — 1 (for n even) and let Im (o) = {2,...,n}
orIm (o) ={1,...,n—1}.

For odd n, as « is a contraction and Dom («) is the union of two convex sets (Dom (o) =
{1,...,n}U{i+2,...,n}), then (Dom (a))a = ({1,...,n})aU({i+2,...,n})x is a union of two
convex sets. Hence,
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(12 i1 i 42 i3 .n
“\n n—=-1 ... i+3 i+2 i+1 i o2
or
(12 -1 i i+2 043 ..om
o n—1 n-—-2 ... 1+2 ++1 7 i—1 ... 1

It is evident by Lemma[2.1] that both maps are nilpotent.
For even n,

B 1 2 ... i—1 4 i+2 i4+3 ... n
T\ n-1n .. i42 i+1 i i—-1 ... 1
or
(12 . i-1 i i+2 i+3 .. n
“T\n on—=1 ... i+2 i+1 i i—-1 ... 2 )

It easily follows from Lemma |2.1| that the two maps are nilpotents. This completes the proof.
We now complete the section with the main result.

Theorem 3.4. Let CP,, (n > 5) be as defined in (1)), then |N (J,—1)| = 4.

Proof. Notice that by Lemma Lemma and Lemma the domain of a nilpotent « in
Jp—1 is of the form {1,...,n — 1} or {2,...,n} or Dom (o) = {1,2,...,4,i + 2,71+ 3,...,n}
with gap(Dom (a)) = (1,1,---,1,2,1,--- ,1) (an n — 1 tuple of numbers) with 2 occupying the k"
position in the tuple (2 < k < n — 2). Thus, by Lemma[3.1] each of the domains {1,...,n — 1} or
{2,...,n} gives rise to only one nilpotent, and by Lemma[3.3] the domain Dom (o) = {1,2,...,i,i+
2,i4+3,...,n} with gap (Dom (a)) = (1,1,---,1,2,1,--- ,1) gives rise to only two nilpotents. This
completes the proof.

4 On the number of nilpotents in OCZ,,

In this section we compute the number of nilpotents in OCZ,, whose domain is {1,2,...,i} and
gap(Dom «) = (1,1,...,1,k) of height equal r = i — k + 1, where £ < i < n.

Let S = ZO,, be the semigroup of one-to-one order-preserving partial transformations of [n|. The
following lemma, attributed to Garba [[13]], characterizes nilpotent elements in ZO,,.

Lemma 4.1. Let o € ZO,, be such that h(c) < n, then o is a nilpotent if and only if xov # x for every
x € Dom o

Remark 4.2. Notice that since every nilpotent element of OCZ,, is also a nilpotent element of ZO,,,
then the above Lemma also holds in OCZ,,.

Let P.([n]) be the collection of all subsets of [n], each of order equal to r. For illustrative purposes,
consider the cases when n = 3, i.e., [3] = {1,2,3} and r = 2, we see that

B([3]) = {{1,2}, {1, 3}, {2, 3} };
and when [n] = {1,2,3,4} and r = 3,
Ps([4]) = {{1,2,3},{1,2,4},{1,3,4},{2, 3,4} }.
Following the pattern in Section 1.2 of [[14], we present the following lemma:

Lemma 4.3. If [n] = {1,2,...,n} then |P,([n])| = ().
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Corollary 4.4 (Problem 1.39, [T4]). 3" |P,([n])] = 2.
r=0

Recall that if A = {a1,a2,...,a,} C [n| such that a1 < ag < ... < ay,, then gap (A) is defined as

gap(A) = (|(12 - CL1|, |a3 - a2|a ceey ‘an - an71|) s
which represents an (n — 1)-tuple of numbers. Similarly, the reverse gap of A is defined as gap (A)® =
(Jan = an-1l, |an—1 — an—al, ..., laz — az|, |az — a1]).

For example, if A = {1,2,4,5,8}, then gap (A) = (1,2, 1,3) and gap(A)® = (3,1,2,1).
Remark 4.5. (gap (A)®)F = gap (A).

Define a relation ~ on P,.([n]) as follows: for all A, B in P,([n]), A ~ B if and only if gap (A) =
gap (B) or gap (A) = gap (B). It is easy to see that the relation ~ is an equivalence on P,([n]).
Let [A] denote the equivalence class of A under the relation ~, then we have the following lemma:

Lemma 4.6. Every equivalence class contains an element that includes 1

Proof. Let A € P,(|n]) and suppose [A] is the equivalence class of A under the relation ~. Now
let B be an element in [A], which means that B ~ A, i.e., gap(B) = gap(A) or gap(B) = gap(A)~.
Without loss of generality, suppose gap(B) = gap(A). This means that

(1b2 = bal, [bg = bal, ..., |bp — bp—1]) = (Jaz — a1, [as — azl, ..., |an — an—1]),

where a; € A and b; € B for 1 < i < r, which implies that |b; 11 — b;| = |aj+1 — a;] for 1 <@ < r.
Now suppose |a;+1 — a;| = k; for 1 < i < r, this implies that [b;+1 — b;| = k; for 1 < i <. Itis
clear that k; < n — 1 for any ¢, which means that k; + 1 < n for any 4, implying that k; + 1 € [n]
for any i. As such, choosing b; 11 = k; 4+ 1 then b; = 1 for any 4, implies 1 € B. Similarly, choosing
gap(B) = gap(A)® gives the same result. This completes the proof.

Lemma 4.7. |[A]| = n — k — 7 + 2, where |A| = 7 and gap (A) = (1,1,...,1,k) or gap(A)F =
(1,1,...,1,k).

Proof. Let A be an element of P.([n]), where A = {a1, a2, ...,a,_1,a,} such that |a;11 — a;| =1
for1 <i <r—2and|a, —a,_1| = k. Now, by Lemma[2.4] there exists a B in the equivalence class of
A which contains 1. Thus, B = {1,2,3,...,7 — 1,7 — 1 + k}. Then, by the definition of the relation
~ and the fact that £ < n — 1, we have:

[B] = {{1,2,3,...,7r = 1,r =1+ k},{2,3,...,m,r+ k},{3,4,..., r+1,r+1+k}, ..., {fn—k—r+2,n—k—-—r+3,..., n}t},

which implies that |[B]| =n — k —r + 2.

Now as a consequence of the above lemma, we already have the following (now) obvious result.

Corollary 4.8. For any natural number n there are n — k — r + 2 possible subsets of [n] of order r with gap
of the form (1,1,...,1,k), which isan (r — 1)-tuple of number(s).

Lemma4.9. Let [i —k+ 1] ={1,2,3,...,i — k — 1,i — k, i}, then the number of nilpotents in OCZ,,
(k—2)(k—1)
e

whose domain is [i — k + 1] is

Proof. Let [i —k+1] = {1,2,3,...,i —k—1,i — k,i}. Then |[i—k+1]| =¢—k+ 1 and
k =i — (i — k)|, now let Dom a = [i — k + 1], then by Lemma[2.4], 1 and i cannot be in the image
set of «, and notice that there are k — 1 jumps (by jumps here we are referring to missing elements

between i — k and i) between ¢ — k and ¢, then the image of « is of the form {2,3,...,i — k,i — k +
l,i—k+2,...,k—2,k—1} = [k] \ {1, k}, which gives a total of k — 2 elements.
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Now we can define a one to one order preserving partial contraction map from Dom « to any
subset of {2,3,...,k — 1} of order i in (kﬁ:l) ways (2 < i < k — 1), and summing over i, we have:

l:z_;(kﬁ;jl) - <::§>+<::i>+...+(kﬁzk(f;fz)+(kfzk(ﬁz)1zl>

) (g ) () 6+ 6)
=k-2)+k-3)+---+4+3+2+1
_ (k=2)(k-1)

—

Corollary 4.10. Ler S = OCZ,, then the number of nilpotents o in S whose domain is {1,2,3,...,i —
k,i} and image a subset of {2,3, ...,k — 1} is W

Lemma4.11. Let[n] = {1,2,...,i—k—1,i—k,i—k+1,i—k+2,...,i—k+k,i+1,i+2,...,n}and
Dom o ={1,2,...,i—k—1,i—k,i}. Then the number of one to one order preserving partial contractions
of height equal to i — k + 1, whose image is a subset of {i —k +1,i —k+2,...,4,i+1,i+2,...,n} (ie,
a set of order n + k — ) is k(n — i).

Proof. Notice that since 1 is in the domain of «, then 1 has the following possibilities: 1 — i —k+1
orl »i—k+2or...upto]l — i withintheset {i —k+1,i—k+2,...,4,i+1,i+2,...,n} of
order n + k — r. This can be accomplished in a total of i — (i — k + 1) + 1 ways, which simplifies to k
ways (i.e., since the last term is i — k + k = 7).
In a similar fashion, we can do the same to the remaining elements in the domain inn —k —m + 1
ways, where m = h(a) = i—k+ 1, whichis (n —k— (i —k+ 1)+ 1) = (n — i) ways, hence applying
product rule, we have a total of k(n — i) ways.
Lemma4.12. Let S = OCZ,,. The number of nilpotents «vin S whose domainis {1,2,. .., i}, gap (Dom o) =
(1,1,..., k) and h(a) = i—k+1is (n—k—i+2) (W +k(n — i)) = (n—r+3) (W Th(n—r—k+1)
wherer =1 —k+1land1 <k <n-—1

Proof. The proof follows directly from Lemma Corollary and Lemmam

Now as a consequence of the above Lemmd4.12] we now conclude this section with the main result.
Theorem 4.13. Let OCZ,, be as expressed in (2). Then the number of nilpotents in OCZ,, whose do-
main is {1,2,...,i} and gap (Dom o) = (1,1,...,1,k) of height equal r = i — k + 1, is :ii(n -7+
3)(%%(%“%1)). )

Remark 4.14. The number of nilpotent elements in the semigroups CP,, and OCZ,, has not been
investigated.
5 Conclusion

We have successfully given a characterization of nilpotents in the semigroup of partial contractions of a
finite chain. We also computed the order of nilpotents of height n — 1 in CP,, and computed the order
of certain one to one order preserving nilpotents contractions.
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