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Mathematical model for transmission dynamics of Malaria
disease: impact of invasive alien plants
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Abstract

A mathematical model to study the impact of invasive alien plants on the dynamics of malaria
transmission and its analyses is studied in this work. The resulted model equations are divided
into homogeneous and non-homogeneous equations. The homogeneous equations are solved to
determine its disease free equilibrium (DFE) and their stabilities. A basic reproduction number
was determined from the DFE. It was found that when Ry < 1, the disease will die out, when
Ry = 1, the model undergoes a backward bifurcation, Ry = 0, the model undergoes forward
bifurcation and whenever Ry > 1, the disease will persist in the population. At Ry > 1, the
global analysis of the model was carried out and it was found to be globally and asymptotically
stable (GAS). A sensitivity analysis of the model parameters was also investigated to determine the
parameters that are sensitive for malaria transmission. A travelling wave equations and solutions
were also provided for possible understanding of the behaviour of mosquito’s mobility in human
environment.
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1 Introduction

Malaria is a life-threatening disease caused by plasmodium parasites. It is transmitted when an infected
female anopheles mosquito bite a susceptible human [[11} [12]. The parasite inform of a sporozoite is
injected into the blood stream and that is where infection started, and can also be transmitted through
blood transfusion and contaminated needles. Infections by malaria parasites may result in a wide variety
of symptoms, mild symptoms are fever, chills and headache. Severe symptoms include fatigue, confu-
sion, seizures, and difficulty breathing. In general, malaria is a curable disease if diagnosed and treated
promptly and correctly [2]. 608,000 malaria deaths occurred in 2022, with 95% of them occurring in
the African Region.

The African region carries the highest share of the global malaria burden, with 94% of malaria cases
and 95% of malaria deaths in 2022. The Sub-Saharan Africa, with the highest transmission found near
the equator, particularly in Nigeria, the Democratic Republic of the Congo, Uganda, and Mozambique.
Estimated 233 million malaria cases was reported in African Region in 2022 [12]. Children under 5
years old accounted for 80% of all malaria deaths in the African Region in 2022. Nigeria accounted
for 27% of the global malaria burden and 31% of estimated deaths was due to malaria in 2022.

Malaria control strategy agenda using Dichlorodiphenyltrichloroethane (DDT) that became the
main tool for the World Health Organisation’s (WHQO) malaria eradication programme from 1956 -
1967 fell out because of its effects on environmental management. Since the failure of this campaign
to sustainably eliminate malaria from the tropics, the effectiveness of environmental management has
remained tragically under-exploited. The authors in [8] promised a modern way of vector control

*Corresponding Author; Department of Mathematics and Computer Science, Edo State University, Uzairue, Edo State,
Nigeria; E-mail: charity.alhassan@edouniversity.edu.ng

1LDepartment of Mathematics, University of Benin, Benin City, Nigeria; E-mail: daniel.okuonghae@uniben.edu

*Department of Mathematics, College of Physical Sciences, Joseph Sarwuan Tarka University, Makurdi, Benue State,
Nigeria; E-mail: achema.kenneth@uam.edu.ng

114 IJMAM, Vol. 7, Issue 2 (2024) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



C.]. Alhassan et al. (2024) Int. J. Math. Anal. & Mod., 7(2):114-143

strategies such as: invasive plant control, vaccination, treatments, control of vectors, insecticide treated
net (ITN). It is based on this tragic background that we wish to develop a sound spatial nonlinear
mathematical model to investigate the effects of invasive plants that allow for vector proliferation and
spatial dynamics of vectors on the dynamics of malaria within a given habitat.

Invasive alien plants have been shown to have significant impacts on malaria transmission in various
ways. These plants can create suitable habitats for mosquito breeding, leading to increased mosquito
populations and greater transmission of the malaria parasite. In addition, invasive plants can alter
local ecosystems and disrupt the natural balance of predator-prey relationships, further contributing
to increased mosquito populations. Some invasive plants also have medicinal properties that can affect
malaria treatment and drug resistance [8]].

Opverall, the invasion of alien plants poses a serious threat to efforts to control and prevent malaria
transmission. It is crucial for researchers and policymakers to consider the impact of invasive plants
on malaria transmission when developing strategies for disease control and management. Additionally,
more research is needed to better understand the specific mechanisms through which invasive plants
influence malaria transmission and to develop effective interventions to mitigate their negative effects.
Mathematical models have been used to study the effects of invasive alien plants on malaria transmission.
These models typically involve a combination of ecological and epidemiological factors to simulate how
the presence of invasive plants can impact mosquito populations, parasite transmission, and disease
dynamics [|13].

One key aspect of these models is the influence of invasive plant habitats on mosquito breeding and
population dynamics. By incorporating data on mosquito behaviour, habitat preferences, and repro-
ductive rates, researchers can assess how invasive plants create environments conducive to mosquito
proliferation, leading to increased malaria transmission.

Additionally, mathematical models can examine how invasive plants alter local ecosystems and dis-
rupt predator-prey relationships that may regulate mosquito populations. These models can help iden-
tify mechanisms through which invasive plants indirectly affect malaria transmission by altering the
abundance of mosquito predators or competitors. Furthermore, some mathematical models have ex-
plored the impact of invasive plants on the efficacy of malaria control strategies, such as insecticide
spraying and bed nets. By considering how invasive plants affect mosquito behaviour and distribution,
researchers can evaluate the effectiveness of traditional control.

One mathematical model that has been used to study the effects of invasive plants on malaria trans-
mission is the "Larval Habitat Model." This model focuses on the relationship between the abundance
of mosquito larval habitats, which can be influenced by the presence of invasive plants, and the density
of mosquito populations. By quantifying the impact of invasive plant habitats on mosquito breeding
sites, researchers can predict changes in malaria transmission dynamics.

Another mathematical model is the "Vector-Host Model," which considers the interactions between
mosquito vectors, human hosts, and invasive plant habitats. This model can help assess how invasive
plants create environments that favour mosquito breeding, leading to increased transmission of the
malaria parasite to human hosts. By incorporating data on mosquito feeding habits, parasite devel-
opment, and human movement patterns, researchers can better understand the complex dynamics of
invasive plants on malaria transmission. Additionally, the "Ecosystem Disruption Model" is a mathe-
matical model that examines how the invasion of alien plants disrupts local ecosystems and influences
malaria transmission. This model can The Larval Habitat Model uses a system of differential equations
to describe the dynamics of mosquito larvae in response to changes in habitat availability. The basic
equation for the larval habitat model is:

dL
EzcE—mL

Where % represents the rate of change in the number of mosquito larvae over time, L represents

the number of mosquito larvae in the habitat, ¢ represents the rate at which mosquito eggs hatch and
develop into larvae in the habitat, F represents the availability of suitable habitat for mosquito larvae
to breed, and m represents the mortality rate of mosquito larvae in the habitat. This equation captures

115 IJMAM, Vol. 7, Issue 2 (2024) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



C.]. Alhassan et al. (2024) Int. J. Math. Anal. & Mod., 7(2):114-143

the balance between the hatching of mosquito eggs and the mortality of larvae in the habitat, which is
influenced by the availability of suitable breeding sites (habitat quality) determined by the presence of
invasive alien plants. By manipulating the variables in this equation, researchers can assess how changes
in habitat availability due to invasive plants impact mosquito larval populations on malaria transmission
dynamics.

2 Methodology/Model formulation

We shall begin our study of the mathematical dynamics of malaria motivated by invasive alien plants
presence in this section.

2.1 Assumptions of the model equations

To begin the formulation, we briefly state some important assumptions of our proposed model as
follows.

M7 Tt is assumed that vegetation harbour mosquito population.

My Tt is assumed that mosquitoes are in human environment without vegetation.

M3 Tt is also assumed that mosquitoes migrate from vegetation in random motion.

My we also assume that some recovered humans lost immunity and became susceptible.

M35 It is assumed that mosquitoes rest in the Vegetation and not all of them leave the vegetation to
human environment due to their reproduction cycle.

2.2 Model variables and parameters

Our proposed mathematical model is divided into eight (8) sub-population, and nineteen (19) parame-
ters as shown below.

2.3 Model equations

0S
87th = Ap — M Sh + ap Ry — ppSh
OF
87th = Sk — (qn + 1n) En
5J}
aith = qnEn — (0n + pn +vp) I
OR
Bith = vpdy — (pn + o) Ry,
opP P )]
A Ly S 2
5 g( Kp) h

0Sm %S, oS,

ot 022 gr Thm T (§m 4 i)
OE,, 0’E,, OE,
—— =D - K mPm — \dm m m Em
ot 922 L U R
oI, 0?1, 0L,
ot 0z? oz ta (&m + pim)
Where,
bl,, by,
A= (1 — — A = (1 — b ——
n=(1—€7)Bum N, (1—ey)B "N,
0<e<1l,0<~vy<1
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Table 1: Description of model variables and parameters

Variable/Parameter Interpretation
Sh(t) Number of susceptible human at time t
En(t) Number of exposed humans at time t
In,(t) Number of infected humans at time t
Ry (t) Number of recovered humans at time t
P(t) Invasive Plants population
S (t) Number of susceptible mosquitoes at time t
E,.(t) Number of Exposed mosquitoes at time t
In(t) Number of infected mosquitoes at time t
b Number of bite per mosquito/vector
D The coefficient of diffusion
K The coefficient of advection
an Rate at which exposed human population become infected
vy, Recovered rate of infected individual
ap Recovery rate of human
h Control rate of invasive plants
Om, recruitment rate of mosquitoes from the density of invasive plants
into the general susceptible mosquito
Ik Natural death rate of humans
o, Disease induced death rate
g Growth rate of plant
K, Plant carrying capacity
L Natural death rate of mosquitoes
&m Death rate of mosquito due to insecticide spray
An(t) Force of infection for humans
Am (1) Force of infection for vectors
Bhw probability of malaria from infectious humans to susceptible mosquitoes
B probability of malaria from vectors to humans
€ Availability of bed-nets
0 Efficacy of bed-nets

The homogeneous part of system (1) is given by

117

% = Ap — M\uSh + ap Ry, — punSh

% = MSh — (qn + pn) En

% = qnEn — (0n + pn, +vp) Iy

% = vpdp — (i + ap) Ry )
Ci;:g(l—[i)P—hP

dziitm — A+ O P — Ao — (Em + i) S

CZETW = AmSm — (am + &m + tim) Em

CZ—Z‘ = gmLm — (&m + pm) Im

IJMAM, Vol. 7, Issue 2 (2024) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



C.]. Alhassan et al. (2024) Int. J. Math. Anal. & Mod., 7(2):114-143

from (1),we substituted N = S,,, + E,,, + I,

or
ON _ 0Snm N OFE,, N oI,
ot ot ot ot

Therefore, the non-homogeneous part of system (1) given as

2
0°N K@N

oz Koar )

where D and K represent Difffusion and advection

Note: the constant K was introduced into the known parabolic partial differential equation to
capture the behaviour of mosquito mobility. The resulted equation (3) can be solved with space in
time and distance.We then omitted the solution since actual grid for its life application be determined
explicitly.

3 Analysis of the model

We begin our analysis with the homogeneous model equations of system (2) as follows:

To find the disease free equilibrium (DFE), we equate the left hand sides of system (2) to zero, that is,

dSy, _ dE, _ dl, _ dR, _ dP _ dSm _ dEg _ dln, _ . . .
== g = = = gt = S = % = 0. At the same time, the infected variables

are equate to zero. We then solve for the rest of non-infected variables as follows. Hence, system (2)
becomes

0=A—AShp + anRp, — pinSh
0 = AuSh — (qn + pn) En

0= gnEp — (0n + pn + vn)In
0 =vplp — (pn + an) Ry

P “4)
—g1l— 2 p—hP
0=g( M)h
0= Am + QmP - )\mSm - (Sm + ,U/m)Sm
0= )\mSm - (Qm + fm + ,U/m)Em
3.1 Case 1: Where there is plant
Also at DFE,we have E}, = I}, = Ry, = E,,, = I, = 0, substituting these into (4), we have
Ap — ppSp =0
(1—£)P—hp—o 5)
g Kp =
A+ 0pp — (Em + Nm)Sm =0
Solving equation (5) for Sy, P and S,,, we have
Ay,
Si ==
h K,
K,(g—h
g
o _ Vhg + K0 (g + h)
" 9(Em + pim)
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Therefore, the Disease Free-equilibrium corresponding to the presence of invasive plants is given

by

Ey = (S;;,EZ,IZ,RZ,P*,S;,E;,I;)
= (S*ha()»()?()?P*aS:mOvO)

where
A
S;=—,
"
Ky,(g—h
P*— p(g ),g>h
A, K,0,,(g —
Sro= 9+ Kpm(g h)7g>h
9(€m+ﬂm)

3.1.1 Biological implication of F; equlibrium

The equilibrium, Fj is the equilibrium state where there is plant in human environment with mosquito
present.In this equilibrium there is a contact between human and mosquito population and breeding
site for mosquito population to thrive. This may result to malaria in human population as time pro-
gresses.

3.2 Case II: When there is no invasive plant in human environment

In this case, we solve for the equilibrium where P = 0, that is, the plant population and obtain the
second Disease Free equilibrium (DFE) as follows:

Ey= (S, EF LY RS, Pt S EL L)

m’-m

_ (/fh,o,o,o,o,[:i”,o,o) “)

gm Hm

3.3 Biological implication of E5,equilibrium

The Equilibrium FEj is a Disease Free Equilibrium at which there is no invasive plant in the host envi-
ronment. The contact rate of mosquito and human is low as the mosquito do not have a resting place
to reside around the human environment after bite.Malaria transmission is very low and it can easily
be controlled by mere use of mosquito net.

3.4 Analysis of basic reproduction number (Ry)

To calculate the basic reproduction number, we divide system (2) into appearance of infection and
transfer of infection as matrix F;(x) and V;(x) where F;(z) be the rate of appearance of new infections in
compartment i and V;(x) be the difference between the transfer rate of individuals out of compartment

i by all other means. Thus, the Fj(z) and V;(z) of model (2) is shown below: Let z¢ be the DFE of

model (2). Thus, we have the following partitioned derivatives,

DF (o) = (13 8>

DV () = G/g 5’4)
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Where F' and V' are Mz N matrices defined by

and

1<1l,7<m

Here,the partial derivatives of F; and V; are with respect to the infected classes only. The basic
reproduction number is defined as

Ry, =p(FV 1) (8)

Where p is the spectral radius of F'V ~!(by spectral radius we mean the maximum eigenvalue of F'V —1)

Theorem 1

Consider the disease transmission model (2) with f(x) satisfying the stability conditions if xg isa DFE
of the model,then z, is locally asymptotically stable if Ry < 1, but unstable if Ryg > 1, where Ry is
defined by (8).For the purpose of easy access and clarity, we shall rewrite model (2) as follows:

Si, = A = \pSh + apRp — 1pSh
Ej, = MSh — (qn + pn) B

I, = qnEp — (0n + pn + vp)In
Rj, = vpdp — (un + an) Ry,

P )
P =9g1—-—)P—-hP
9( Kp) h
Sm = Am + HmP - )\mSm - (Em + ,U/m)Sm
Em = )\mSm - (qm + fm + ,U/m)Em
Ly, = @mEm — Em + pim) Im
Where,
bl bl
Ap=(1- v—sAm = (1 — b ———
h=(1—e)Bn N, (1 —€v)Bmn N,
Thus, F' and V are given as
(1-— efy)ﬂhmb]{,—;”Sh
0
F—
(1- 6’y)ﬂmh%5m
0
and
(gn + pn) En
(On + pn +vn)In — qn By
V= 10
(gm + & + ptm) B, (10)
(gm + Mm)Im — gmEm
Since we have only four infected classes, Fy,, I, 'y, and I, it follows that m = 4.
The DFEis E} =1 = R; = E;;, =17, = 0and
g _ Vag+ Kpbm(g — h)
" 9(&m + pm)
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putting these into consideration, we have

0 0 0 (1—ey)Bhmb
P 0 0 0 0 (12)
= Vig+KpOm(g—h) A )
0 - g(§;+um) (1 - f’Y)mablTh 0 0
0 0 0 0
an + th 0 0 0
V= —qn  Op+ pn +on 0 0
0 0 Qm + Em + Um 0
0 0 —Gm Em + Um
and )
qn~+pn 0 0 0
dn 1 0 0
V-1 — | (anten)wntontun)  Sntinton . (13)
0 ‘hn“l‘%m“!‘,u'm (1)
0 0 (#m+§M)(Qm+Hm+fm) (Nm'i‘gm)
Therefore,
0 0 b(1 — €Y)qmBrm %
0 0 0 0
-1
EVEE=1 L b0=0)amum (Vi (g+h) ) A 0 0 (14)
gtin (Vn+0n+1n) (m+Em)
0 0 0 0
Where w = b(l_E'Y)(Imma(th+(g+h)Kp9m)Ah

gHh (qh +H/h ) (Uh +5h +n ) (N7n+€7n)

Thus, calculating the eigenvalues of equation (14), we have,
AM=0,=0
As = _ b(=14€)Van V@ VBrm V Bk \/ 90n+9Kpbm +hEpfm vV Ag
VIVERV AV ORF0hF i (Bm+Em) Vam +im +Em
A\, — b(—14€9) /@ /TN Brom V B A/ 901 + 9K p O+ K 0 /K,
VIVERY ATV VR +ORF i (m+Em )V am F rm +Em
More so, the dominant eigenvalue is the basic reproduction number. Therefore,

_ _ b(l — 67) 4hGm BhmBmn (gvh + gkpem + hkpem)Ah
Ror =\ =

(ttm +E&m) \| gpen(qn + pn) (0n + 0 + 1) (G + i + Em)

3.5 Basic reproduction analysis in the absence of invasive plants

Here, we are interesting in calculating basic reproduction number of Es of the Disease Free Equilibrium
where there are no invasive plant. Substituting the equilibrium, F5 in (10) after its partial derivatives,
and taking the inverse of V5, where,

Ey= (S EF LY RS, P S ELT)

— (%,o,o,o,o,w,oﬁ)

Thus, the basic reproduction number of F5 is computed as:

0 0 0 (1—€y)Brmb
_ 0 0 0 0
F2 = DFQ(E2) = (1—e7)bBmnAnAm
0 ——~Lrmihem ) 0
pn(Em+tim)
0 0 0 0
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and
1
antin 0 0 0
dn 1 0 0
Vo b= | (antun)ontontun)  Vitontun
2 0 1 0
gm+in+Em
0 0 f'm 1
Therefore,
0 0 b(1—ev)gmpBrm b(1—€v)Bhm
(Nm+€m)(Qm+Mm+§m) tm+Em
= 5 —1 0 0 0 0
BV = b(1=€7)gnBmhAnAm b(1—€7)BrmhAnAm 0 0
wn(qn+un) On+on+un) (m+Em)  pr(vh+Oon+un) (Hm~+Em)
0 0
(15)

The eigenvalues corresponding to equation (15) are:
A=0,A=0

and

- miMhm m
Ag = — b(1 — )V qrngmBrmAnA g h

(1tm + &)V i (an + pn) (0n + 6n + 1n) (@ + pm + Em)

b(l - 67) \% QthﬁhmAhAm
(b + Em) Vi (an + pn) (v + 6n + 1) (@m + fim + Em)

Therefore, we obtained the spectral radius p(Fng_l) as

Roy — b(1 — ev) hGm Brm AnAm (16)
P (o + &)\ i (an + mn) (n + 0 + 111) (@m + i+ Em)

3.6 Biological implication Ry o2

As in the work of [9, 10], the epidemiological meaning of the square root value of the Ry1, Ro2 are
that, it takes two generation for infected host to produce new infected host. The biological implication
of these Ry1, Ro2 depends on its value: If Ry1, Rg2 < 1 there will be no malaria in future but if Ry,
Ro2 > 1 malaria will become endemic in the host population.

3.7 Local asymptotic stability (LAS) of E; equilibrium

Here, we investigate the local asymptotic stability of our model equations in the case where there are
invasive plants in the human environment. To do this, we linearized the homogeneous part of our
model equations with the corresponding equilibrium, F; and obtained the following:

Ol 0 0 ah 0 O 0 7b(17§g)6h7n
0 Gy 0 0 0 0 0 Md=e1)Bhm
h
0 aqn Dy 0 0 0 0 0
J(El): 0 0 Vh —)\—fm-i-,u 0 0 0 0
0 O 0 0 Gy — A\ 0 0 0
S 0 O —A+G3 0 0
0 O Dy 0 0 0 —A—Gy 0
0O O 0 0 0 0 dm D3
(17)
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where C1 = —A—pup, Co = —A—G1, D1 = —A\—(0p+pp+vp), D2 = m , D3 = = A—&n+1um
where
2gP*

G1 = (qn +muy), G2 = ap + pp, Gg = g — I
p

_h7G4 ZQm+§m+Nm
The characteristic polynomial corresponding to the matrix is given by

TN+ TN+ TN+ TN +T5=0 (18)
= (S™)s @m + 2 (S st + 2 (S™)iy &m + qn (S5 + 0 (S™)s + 2 (S5, + (S™)ik on

Ts = 0 (5)2 qun+20 (5)2 @241 (S)? ttm+(5)2 Lim@m+2an (5*)2 Em+(S)2 Emam+(S)? vngm+an ()2 g

Ty = Sppin (5*)h qm+25th (S*)7 tian+6n (5*)h HmGm~+201qn (5*) Em+0n (5*) EmGm+Onan (5 )7 Gm+
2uhthSU Em+21n (S*);, §mqmr%2mlﬁyﬁhum£mr%uhOsﬂhqwf+qh(S*blumr%uhthS)hqm%—
an (S finm+20man (S*)is o+ 21t (S*)i ftmGm+ 1 (S*)3 €24 (™) Emm+ 1 () Updm+
2qn (S )2 UhMm+(S )2 vhﬂmqm+QQh (S*)Q vh€m+( )2 'Uhgmqm‘i‘Qh (S ) Uth+25h,uh (S*) Em~+

265, (S*), um&n+w%(5ﬂhum-+2&wm(53hﬂmr+5h093 fm—+2uh(5ﬂ €2, + 203 ()} &m +

Apn (S7)j, mEm~+ 240 (S*)h ﬂm+2ﬂh (S*)h P24t (S*) VpEm+2 (S*) Uhﬂmém"f'(S*)i Uhﬂ?n"‘

2pan, (S*);, atim + (S7)is vné2,

T5 = quhﬁhmqmﬁmh+2b2ve%ﬁhmqm5mh+qzz (5*) vhumqm+5hqh (S*)i Hmm {1 Gn (S Hmm
[t (S*) Vh e Gm+Onfbh (S*)h umquru;& ()7 Hm G} G (S*); vhum+5th (S*)7 12, +1ndn (S*)h [i2,+
pn (S7);, vhunf+5huh(5*blunf+uh(5*)hunf+Qh( )7 Uh&%an+5th( ) £mqnf+uhqh( V3 Emm+
Hh (S*) Uhfm‘]m + Onpin ( ) Emm + Nh (S*) §WQW + 2gp (S*) Uhlulmgm + 20nqn (S*)h tm&m +

21nqn (S )h ,umfm + 2pup ( ) VhtmEm ‘|‘ 25h:uh (S )h :umgm + Q.Uh (S*)h :umgm +an (S*) 'Uh£2

Snan (S*)7 €2, + 1ngn (S*)7 €2, + 1 (S*)7 vn€2, + Onpun (S*)7 €2, + 1 (S*); €2,(1 — RE)

To show the local asymptotic stability (LAS) of the disease free equilibrium (DFE) where there
are invasive plants in human environment, we establish the conditions that will make the polynomial
(18) have negative roots. To do this, we simply apply the Routh-Hurwitz Criterion. The following
theorem suffices the claim:

3.8 Theorem 2

The polynomial (18) have negative roots only when 11, Ts, ..., T5 > 0, 71Ty > T3 and T1T5T5 >
T2 + TTy.

3.8.1 Remark

Clearly, Th, Ts, ..., Ty > 0 and T5 > 0 provided that Ry; < 0, thus, the DFE corresponding to the
invasive plants in human environment is locally asymptotically stable (LAS).

3.9 Epidemiological implication of £ stability

The stability of E; implies that the host population is malaria free for a long time period provided that
Ro1 < 1.
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3.10 Local asymptotic stability (LAS) of Fs equilibrium

We shall investigate the local asymptotic stability of our model equations in the case where there are no
invasive plants in the human environment. Thus, we linearized the homogeneous part of our model
equations with the corresponding equilibrium, F5 and obtained the following:

Hh — A 0 0 ap, 0 0 0 —B1
0 A=A 0 0 0 0 0 B
0 qn —A— Ay 0 0 0 0 0
B 0 0 U, -\ —Ag 0 0 0 0
TE) =1 0 0 0 A\ — Ay 0 0 0
0 0 —By 0 O —A— A5 0 0
0 0 By 0 0 0 -\ — A 0
0 0 0 0 0 0 Gm —A— A5
(19)
where
A =qn+ pn, As = 0p + pin +on, Az = o + pup, Ay = —h + g
1— evBy, 1— ey,
A5 = En -+ s A = G + &+ pimy By = b0, 1=
Sh Sh
The characteristic polynomial corresponding to the matrix is given by
4 3 2 _
x°+cx® +eox“ +egr+cd=0 (20)
where
c1=A1+ Ay + As + Ag
cog = A1As + A1 A5 + AsAs + A1 Ag + AsAg + AsAs
c3 = A1 AsAs + A1 A Ag + As As Ag
cy = A1 A2 A5 Ag — B1B2qngm
or
as = A1A2A5A6<1 — R%Z) (21)

3.10.1 Remark

Clearly, ¢1, c2,¢3 > 0 and ¢4 > 0 provided that Rgy < 0, thus, the DFE corresponding to where there
are no invasive plants in human environment is locally asymptotically stable (LAS).

3.11 Epidemiological implication of F stability

The stability of F equilibrium is conditioned on the value of Ry2 being less than a unit. The stability
of E5 equilibrium implies a host population free of malaria.

3.12 Disease endemic equilibrium

In this section, we are investigating the existence of an endemic equilibrium, however, we term this
equilibrium as E3. Thus, the equilibrium, E3 is computed by solving for each state variable of the
model (2), we then have,

Es = (S} By, I" Ry, P, SH Ex 1)
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where,
S** _ Aha1a2a3
" (arazaz — Vigndnan) NS + pnarazas
B = Apay, agAy*
(arazaz — vpqron)AS* + ppaiazas
o (22)
I Ay Apaz
" (a1a2a3 — vagran) \;* + pnatasas
e ApvngpAy*
" (arasas — vparan) Nt + ppatasas
K,(¢g—h
P** — p(g )’g > h
g
m g)\;k;; _|_ a4 7g
e A (Apg + 0 Kp(g—h
(gA5x + as)as
m (gA\E* + aq)aqas ’
N& = Ap(arazas + Ap*(aras + azqn + quVi))
(a1a2a3 — vRgron) ;¥ + praiazas
where
a1 = 0p + fin + Vn, G2 = qp + pp, a3 = fip + Qp,
ay = Em + fm, 05 = Gm +Em + fim
and
h h

substituting equations (24) in equations (22) show that the non-zero equilibrium of the model can be
written in a compact form as:

Zl)‘z* + ZQ)\Z* + Z3=0 (25)

where
Zy = [(a1a3 + a2qn + qnmp) (1 — €7) BmngnasA + (a1as + azqn + qnmp)?g(Em + pm)*Ap]
Zy = [Ap(1 — €)Bmrbanaraias + arazasg(nm + pm)? (a1as + azqn + guma)A + g(Em + pm)*(aras
+ azqp + qump)Aparazsaz — arasaz(1 — €)b)? ByhBrmbm Kp(g — h)gn
+ (1= e9)b)? Bt B K (g — P)dionen]
Zy = aia3a3Ag(Em + pm)? — arazaz((1 — €1)b) B Brolm Kp(g — h)qnin
= afa3a3Ang(Em + pm)?[1 — R3]
(26)

The endemic equilibria of the homogeneous part of the model (2) can be obtained by solving for
A7 from (24), and substituting the positive values of A}* in (25) can be analyzed for the possibility
of endemic equilibria when Ry; < 1. It is obvious that the coefficients, Z; and Z3, of the equation
(26) is always positive provided that (a1a3 + a2qn + gpmp)(1 — €Y)BmnqnasA > (a1a3 + a2qn +
anmp)?g(&m + pm)?A and [A(1 — €7) Binnbanaradas + arazazg(&m + pm)*(aras + azqn + gump) A >
9(&m + pm)*(aras + azqn + gump)Aarasas — ara3az(l — €)b)*BmhBrmbmKp(g — h)an + (1 —
7)) Binh BrmOm Kp(g — h)qivnan] respectively. Also, Zs is positive (negative) if Ryp < 1(Ro1 > 1).
Hence, the following claim is established:
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Theorem 3
The homogeneous part of the model (2), has

1. asingle endemic equilibrium solution if any of the following three conditions is satisfied: Rz or

Zy<0and Z1 =0or Zy < 0and Z3 — 42,75 =0
2. two endemic equilibria solutions if Z; > 0,75 < 0 and Z22 — 47175 > 0.

3. no endemic equilibrium solution if both conditions above are not satisfied.

3.13 Biological implication

Different endemic equilibrium state will be observed in the host population.The first condition known
as single endemic equilibrium implies malaria in all area of human population.The two endemic equi-
librium states implies different level of malaria endemicity in the host population.

3.14 Backward bifurcation phenomenon

Backward bifurcation may occur under certain conditions for Rg;. In such a case, we must have Ry <
1. From the expression of Ry;, we know that if the transmission rate of malaria from mosquito to
human is too low, there is no backward bifurcation. The presence of backward bifurcation indicates that
the necessary requirement of Ryp; < 1, is not sufficient for disease elimination. The Centre Manifold
theory will be used to improve the conditions on existence of backward bifurcation. To investigate the
existence of the backward bifurcation of model (2), we shall rewrite (2) in the vector form as:

dy

—=H 27
dt (y) (27)
where
_ T
Y = (yla Y2,Y3, Y4, Y5, Y6, Y7, yS)
and
H = (hy, ha, h3, ha, hs, he, hr, hs)"
so that

Sh=y1, En = y2,In = y3, Rp = y4, P = y5, S = y6, By = y7, I;m = U8

Thus, model (2) becomes

d
% = Ap — Y1 + apys — ppy1 = b
d
% = Ayt — (qn + pn)y2 := ha
d
% = qny2 — (On + pn + vn)y3 == h3
d
% = vpys — (tn + an)ys := hy
i » 28)
— =g(l— —) )P —hys :=h
7 g( Kp) Ys 5
d
% = A +9nys — AMnys — (§m + 1im) s == he
d
% = Ay — (@m + &n + tim)y7 := hy
d
% = Admy7 — ('Sm + ,Um)yS := hg
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with o .
A = m = Am = m h7 =1-
h= 0B "N ole; hth) €y

Choosing (1, as the bifurcation parameter at Ry; = 1, We have

B = g, = Hmt &n)gn(an + 1) (0n + On + ) (dm + o + Em) (29)
(= ) antm Bunn (Vi + 9Ky + ) A

so that the disease-free equilibrium,Fy ,is locally stable when 3,,,;, < B}, ,and is unstable when 3,,;, >
> ne Thus, 8%, is a bifurcation parameter. Linearizing matrix of the system (2) around DFE, E; and
evaluated at 3 ; , we have the following.

—Uhp 0 0 ap 0 0 0 K1
0 —(gn+ pn) 0 0 0 0 0 K
0 an Ks 0 0O 0 0 0
0 0 Up —(ap + ) 0 0 0 0
J(ELBnn) = | 0 0 0 0 —42E 0 0 0 (30)
0 0 el 0 Ky 0 0
0 0 %%h 0 0 0 Ky 0
0 0 0 0 0 0 gm Kg
where Ky = ~Uglm Ky = "hn Ky = O = (Gn + pm), Ka = —(@m + &n + pim), K5 =

—(On + pn + vn), —&m + pm
The eigenvalues of J(E, (5, ) given by (31) are the roots of the characteristic equation of the form:

g(2p—1)

P(A) = A+ un) A+ an + pn) A+ pim + &m) (A + =

); €2y
where P()) is a polynomial of degree four whose roots are real and negative except one zero eigenvalue.
Thus, the right eigenvector, w = (w1, wa, w3, w4, ws, we, wr,ws)’, associated with the simple zero
eigenvalue can be obtained from J(E1, 3}, ).w = 0. Thus, we get

boB;
anws — 7o bOBhy
wy = ———— —,W2 = —— SpWs,
Hh gn + Ln
L aws vy
On + o +vn’ an + pn (32)
—b —b
Wy = 0, We = _7¢Bmh S;‘ng,uw = _—¢Bmh S;;wg
Em + bim qm + &m + bm
wg = dmWwr
Em + tm

More so, the left eigenvector, v = (v, v2, ..., vg), corresponding to the simple zero eigenvalues of

(30) is obtained from V.J(E1, 8;,,,) = 0. Thus,

qnv3 %T’"hﬁﬁ — 1)6) + VhU4
vy =0,v9 = , U3 =
qn + pn On + pn + vn
apU1 gdm7Us
Vg = 207’05207’06207’1}7:—7 33
ap + Un Qm+fm+ﬂm ( )
b *
L e w
8 = -
Em + tm
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Therefore, the second-order partial derivatives of h;,i = 1,2, ..., 8 from system (30) are zero at point
(E1, B7,),) except the following.

hy  Brmpnb B ibS]:
oy1dys A?
Phy  obunS;

ay285z~bh B Ah

Phy _ Phy _ Phy _ oBLbuRSH (34)
Oy20ys  Oy3dys  Oyadys A?

O?hr  —20Brmbp;. S,

oy3 AR

hr  Brmbun
dysdys  Ap

Theorem 4

The authors in [1] Consider a general system of ordinary differential equations with a parameter § as
follow:

ili—j = f(z,0),f: R"tR — R, (35)
and

feC*(R"zR)

without loss of generality, it is assumed that O is an equilibrium of the system for all values of the
parameter 0, (that is f(0,9) = 0).

Assume

1. A=D,h(0,0) = (g—g;, 0, 0) is the linearized matrix of the system around the equilibrium 0 with
o evaluated at 0. Zero is a simple eigenvalue of A and all other eigenvalues of A have negative
real parts;

2. Matrix A have a non-negative right eigenvector, w and a left eigenvector, v corresponding to the
zero eigenvalue. Let Ay, be the k — th component of h and

p Y0y
b= (36)
b= Z VW O (0,0)
- A k'Wq ) Za y
k,j=1

The local dynamics of system (28) around 0 are totally determined by a and b

e a>0,b>0,when o < 0 with |o] << 1, 0 is locally asymptotically stable and there exists a
positive unstable equilibrium; when 0 < 0 << 1, 0 is unstable and there exists a negative and
locally asymptotically stable equilibrium;

* a<0,b<0,when o <0 with |o| << 1,0 is unstable when 0 < § << 1,0 is locally asymptoti-
cally stable,and there exists a positive unstable equilibrium;
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e a>0,b<0,when o < 0 with |0| << 1,0 is unstable and there exists a locally asymptotically
stable negative equilibrium; when 0 < ¢ << 1,0 is stable and a positive unstable equilibrium
appears;

e 2 < 0,b>0. When o changes from negative to positive, 0 changes its stability from stable to
unstable. Correspondingly, a negative unstable equilibrium becomes positive and locally asymp-
totically stable.In particular, if @ > 0 and b > 0, then a backward bifurcation occurs at ¢ = 0.

In order to assess the value of a and b, we substitute equations (32) - (34) in equations (36), we get

Lh 2hy
= 2
a = vrw; 5 % + 2v7w3we Suae
26 Bnbii3 Sy, rmbiin
m qn 2 08,mby; S )
- " (37)
[(Qm+5m+um)(5h+uh+vh) ( A2 Jugwy
am n Qﬁﬁmb2luh
* vsw
(Qm +&m + um)(dh + i Fvn A& + ,um)S;;) gwWa]
bup Sy

On + pn+vn Ay

Remark: The coefficient b is always positive. Theorem 4 implies that system (2) will undergo
backward bifurcation at Ry (5},;) = 1 if a > 0. we recalled the fact that all the parameters of
model (2) are positive and also the value of vg and ws are positive, it is easy to see that a < 0 and
b > 0. Therefore, from Theorem 2 item (iv),the model (2) exhibit a forward (super-critical) bi-
furcation as Ry crosses the threshold, Ryp1 = 1 (i.e; a locally asymptotically stable endemic equilib-
rium, B3 = (Sp*, Ef* I, Ry*, P**, Sy EX I representing the non-trivial positive steady-states
of model (2) exists)

Biological implication

ost environment with tree malaria can become malaria persistent environment when an individua
A host t with f 1 b laria persistent t wh dividual
previously affected by malaria transmit to other individuals with a given population.

3.15 Global stability of endemic equilibrium

The global stability of the Endemic Equilibrium E3 of model (2) is very important in this study because
both mosquito, vegetation and human co-exist. We will study this by considering the homogeneous
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spatial model of system (2) given as:

ds
7: = Ap — A\Sh + ap Ry — 1Sk
dE
7: = ASh — (qn + pn)En
dl,
7: = qnEp — (0 + pn +vp) I
dR,
dith = vplp — (pn + an) Ry
(38)
dP P
— =¢g(l—-— —)P —hP
o =9 Kp)
dE,, ~
dSm,
dt = A + 0P — ApuSin — (& + pan) S
dl,
— = qmEm — (m m)Im
ik’ (Em + 1m)
where
bl,, B bl
)\h - (1 - EV)ﬁhtha )\m - (1 - EW)Bmh Nh
with
N
1
and
¢ =1- €7,
we have
bl,, ~
N = 6B "= = @Bymbl
Am = ¢BmhbIy

We shall employ the method of Goh-Volterra type Lyapunov function to investigate the GAS of the
EEP, Ejs. Let

S E I
W = (S, — S;* — S;;*lnsf*) +(Ey— E* — E;;*anf*) +O, — I — I,i:*lnlf*)
S, " Eh Ih (39)
_ *k ok m E _E**_E** 7771 DI _I**_[** m
be the Lyaponov function of the Goh-Voltera type. Taking the time derivative of equation (39), we
have
. . - R
W:(Sh— N Sh)+(Eh— N Eh)—i-C(Ih— h Ih)
Sh Eh h (40)
. ok N A SO
S, —2mS N4 (B, — 2B Y4 D(I, —
(S~ S 0) 4 (B~ S, 4 DL~ 1)
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Substituting the right hand side of the equations (38) in (40)

we have
. ~ S* % -
W = Ap — ¢Brmbln Sy + ap Ry, — pinSh — 5 [An, — ¢BrmbSy + an Ry, — 14,5k
y B
+ @BrmbLn Sy — (qn + ) En — =2 [(BhmbImSh — (qn + pn) En)

Ej,

*k

I
+ ClanEn — (6 + i +vp)Ip] — ILh[(QhEh — (6n + pn + vn)1p)]

kk

~ S ~
+ Am + Hmp - [¢6mthhSm - (gm + Mm)Sm] - Sm [Am + HmP - [(ﬁﬂmthhSm - (gm + ,Ufm)Sm]

. E 5
+ ¢BmhbIp Sy, — (Qm +&m + ,um)Em - Eim(ﬁbﬁmhblh‘sm - (QM +&m + .UM)Em)

kk

— (Qm + (gm + Mm)Im))

+ D(QmEm — (&m + pm)Im Ji

(41)
At steady state, we observe that

Ap, = GBrmbLE Sy + unSi*

_ (42)

Now, setting 05, = 0 and substituting (41) in (40), we have

W = @Bmbl i Sy + p1nSi* — dBrmbImSh + an Ry — unSh
~ S**Q MS**2 _ Gk
OBrmbIy, S S, + OBrmbImSy” — apRy S,
~ ~ Erx
+ 11SE” + SBrmbLn Sk — (an + 1n) En — ¢ BhmbImSh élh

*% I**
+ (qgn + ) Ey + CanEp — C(vp, + pp) I — CanEn Ihh

+ C(vp, + pp) I *

*%2 *%2
Sm

2 *ok Sm S;;Zk S:;,k 2 Hk
S ¢ﬁmthh S, (Sm + ,um) + S, Om P — 0, P S, + ¢ﬂmthhSm

- E -
+ (gm + /Lm)s;kn* + ¢ﬁmhblhsm - (Qm + gm + Nm)Em - Eimgbﬂmhblhsm

*%k

*k I *k
+ (gm + &m + Mm)Em + DgmEn — D (& + Mm)lm -D Im GmEm + D(§m + Mm)[m
m

Separating the infected classes without double stars on them (l.e Fp, Iy, I,,,), we have

W = ¢Bumblis Sk + pnSi* + anRy, — pnSh
*%2 S**2 G (43)

~ S " ~
- bI** h o h bIm Kk h
®BrmbI,, S S, + OBrmbImSy” — anRp A
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- E**

+ n Sy — (an + pn) En — 0BrmblnSh E];L
I
+ (gn + pn) B, % +CqpEp, — C(pp, + vp) I — C(QhEhﬁ) + C(pn + vp) I
+ OBrmbI;* St + (Em + 1) Sit — SBrmnbIn S,
_ S**Q S**Q _ (44)
— (&m + 1) Sm — GBmnbIy, Sm — (&m + pn) Sm + OBmnbIn Sy,
E** -

+ (gm + Mm)S:rzk - (QM + gm + Nm)Em - Em ¢/Bmhblhsm

k%

*k I k%
+ (Qm +&m + Nm)Em + Dgm B — D(gm + ﬂm>lm - D Im - D(fm + Nm)Im
m

We then collect the terms without double stars on them together as

DBrmbIn Sy — (qn + pn) En + Can By, — C(un + o) I

_ (45)
+ ¢5mhblh5:;1* - (Qm + gm + ,um)Em + DQmEm - D(gm + ,UJm)Im =0

Solving for C and D from (45) in terms of I}, and I,,,, we have

In(@BmnbIn Sy — (pn +va)) =0

Hh + Vn

L (9BmnbSy* — D(Em + pim)) = 0

_ BundS;
(gm + Mm)

Also, we have from (45) at steady state

DBrmbI Sy

(qh + ,U,h) = E;;*

(vn + pn) I

qn = E,’;*

~ *k2 ~
 BBunbIn = + SBunb S

m

*
Eh*

_ OBmnbIi S

(@m + Em + pm) Err

(&m + tm)Iir

qm = Em
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Rewritten (44) without including terms with double stars on them, we have

*%2
preOh

W = ¢BnmbIi S5 4 unSy* — unSn — mg,

¢ma
Sy
Sh

S}t* - QSma

K%

I
+ (qn + ) B — ClanEy, I’;

(gm + Mm)Sjr:k -
*%2

(Em + Nh) én

(Em + pm) Sy

) + C(pn + o) I}

+ OBpmbI* S5 +
S**Z
Sm

+ (&m + pm) Sy +

(&m + pm) Sm (46)

¢/Bmth

m

B ¢67;hbsmlh + (Qm + gm + ,um)E:;;k

kok
_pim

m

Substituting for C, D and qp,, (gn, + pn) and (gm + &m + f4m) and gy, into (46) we have

W = ¢mab1;%*5;;* + ,thS;;* — ,uhSh

2 **S

+ OBhmbIE Sy

*%2 **2

— pn S
- QZ)Bmhb

*k
Eh

+ unSi* — ¢Brmblm Sh

I**2
S;kr;k *k
I, E}

oy DBmnbI; S5

*%2

N (47)
Sw:n Qbﬁhmb-[z* -

S**Q

m

Sm

+ BBmnbIE S + EmSE + i SEF

**2

- fmSm

Em ¢BmhIhSm

#mSm

Em

= Hmg = Gy pin S Ak =

*%k2

oy mS** m
BhmSh, L, B

+ ABmn bl S — " dBhmbSE L

By gathering the terms with 117,57, ftm S, ®Bhms ®Bmp and factorizing (47), we have

Sy
Sh
Sm

Sy (2 =

Nmsg(2 -
m

Sp* B
Sh
OBmnbI* v (3

¢5hmbIm Sh (3 - S h Eh I;’;;k
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Finally, since the arithmetic mean exceeds the geometric mean, the following inequalities hold.

Hok Sh

Si*(2— Zho — <0

Hh h( Sh S;:*)—
S, G+

m *ok 2_ m  ~m <

Sy ( S 7Sm)_0

B *k Sh Kk E;:* Im Kk T Em
Wbl S8 = g =g B T, In Err

) <0

5 Gxx Eh K Ih Ex*
bI**S** _*~h m m <0

Thus, we have W < 0 for Ry; > 1. Hence, W is a Lyaponov function and the equilibrium Fs is
globally asymptotically stable.

Biological implication

The disease will persist in the host environment provided that those that are infected with the disease
keep on transmitting the disease.The less than or equal (<) sign of the lyapunov function shows the
decrease of the susceptible population.

3.16 Sensitivity analysis

In this section, we performed the sensitivity analysis in order to determine the relative importance of the
model parameters on disease transmission. The analysis will enable us to find out parameters that have
high impact on the basic reproduction number and which should be targeted for intervention strate-
gies. We perform sensitivity analysis by calculating the sensitivity indices of the effective reproduction
number Ry; since our major emphasis is on the invasive plants in order to determine whether malaria
fever can be controlled or not. These indices tell us how crucial each parameter is on the transmission
of malaria fever. The sensitivity index of Rg; to a parameter say 7, where T is any of the parameters

in Table 3 is given by

ORo1 y
T Ro1 — 7 49
Y dy 8 Ry 49

Table (2) provides the indices of Rp; to its parameters. From Table 2, it is obvious that the repro-

duction number, Ry is most sensitive to number of bite per mosquito (b), plants carrying capacity (K,),
recovered rate of humans(vy, ), migration rate of mosquitoes from the vegetation (,,), disease induced
death rate (dy,), plants growth rate (g),deforestation rate (h) probability of transmission of malaria
from infectious human to susceptible human () and the probability of transferring malaria from
vectors to human (f3,,,) while the Ry is less sensitive to the recruitment rate of human population
(A), rate at which exposed humans become infected (gy,), death rate of mosquitoes due to insecticides
spray (), availability of bed-nets and the efficacy of bed-nets () [7].

The most sensitive parameter is number of bite per mosquito (b),followed by A}, recruitment rate
of human population,A,,, recruitment rate of mosquitoes &, disease induced death rate, natural death
rate of humans (y5,). Any increment in the values of the parameters with negative indices would reduce
the value of the basic reproduction number, also any increment in the value of the parameters having
positive indices will increase the endemicity of the disease. However Table 2 shows the relationship
between the basic reproduction number and number of bite per mosquito, it shows that as number
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of bite per mosquito increases, the basic Reproduction number increases. Also as the treatment of
exposed class increases, the basic reproduction number reduces, this means that, with intensity control
measure against mosquitoes and treatment of exposed class, we could eliminate malaria from the host
environment. The basic reproduction number increases in all cases as all these parameters increases,
which means that all these parameters have to be kept at minimal level to have a complete eradication
of malaria.

Biological implication

The parameters with positive values have impact on the malaria transmission. Reducing them or de-
creasing them lead to the decrease of the basic reproduction number.

3.17 Travelling wave solution

In this section, we shall assess the spatial spread of malaria disease when some infected mosquitoes flies
from the invasive plant to human environment. With this regard, we shall find the travelling wave
linking the equilibrium points and to determine the conditions for the existence of the propagation
speed of such wave[3, 9]. In our model, we assumed that the vector population takes both advection
movement (k) which increase the wave speed and dispersal coefficient D which depend on the wave
propagation speed, v.

Travelling wave solution with respect to our model equation are of the form:

En(x,t) = ep(2), In(z,t) = in(2), Em(x,t) = em(2), In(x,t) = im(2), where z =  — vt and v is
the constant wave speed, which we shall determine. Replacing system (1) in wave equation form, we
obtain the following system of ordinary differential equations:

An . €h
en+ (1 —en—in—rn) = (an+pn)-~ =0

. 1
Zh+%eh—(5h+uh+vh);h:0

Uh . Th (50)
Th 4 —in — (pn +ap)— =0
v v
De,, — (k—v)e,, — Am(1 — €m — im) + (§m + tim)em =0
Dim - (k - U)Z;n — gmém + (Em + Nm)im =0
where the line denotes the derivative in relation to z. This system is equivalent to the following system
of first-order differential equations:

dep, An . €h
Zh N ey — gy — n
- (L —en —in —7n) + (qn + ) -
% :—qleh+(5h+uh+vh)zi (51)
dz v v
d?“h _ Vh . TR
T = U2h+(ﬂh+ah)v
dem _,
dz !
dul 1 )\m . em
Y = A - —(1 - m — tm) — (Cm m) o~
5, = plb—vu+ (1= em —im) = (& + pm) 5
; (52)
din _,
dz 2
dUQ 1 1 Z‘m
E = B(k - U)u2 + BQmem - (fm + ,U'm)ﬁ
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where di p
=) T = en(2)

There are two equilibrium point of the system above the ﬁrst is g1 = (0,0,0,0,0,0,0) Which repre-
sents disease free equilibrium and the second, go = (E}, I}, R}, ES,, I5,,0,0) which is the non trivial
equilibriurn that corresponds to infection The conditon for the existence of gy is R, > 1 because

0,10, Ry, B, I, are non-negative.We want to find the condition for a solution with a positive wave
propagatlon speed v and with non-negative £, I, R}, Ey,, I}, that the following boundary conditions
holds.

en(—00) = Epxx and e (+00) =0
ih(— ) :Ih** and Zh(— ) 0
em(—00) = Epxx and e, (—00) = 0
im(—00) = Lp#* and iy, (—00) =0
u(—00) = Oand u(+00) =0

we searched for solutions in the positive region,such that £f > 0,17 > 0, Ry > 0,E;, > 0,17, > 0
and the solution cannot oscillate near the origin. The eigen value of the Jacobian matrix must be real
and non complex values otherwise £} < 0,17 <0,R) < 0,Ey, <0, <0 for some z

The Jacobian matrix at g* is given by

‘Ih‘:;ﬂh — B +0 0 0 0 _% 0
v
-4 -y 0 0 0 0 0
0 - —¢ 0 0 0 0
Dgr = 0 0 0 v 1 0 0 (53)
0 0 0 —Hm gm % - ¢ 0 0
0 0 0 0 0 11— 0
0 0 0 i} 0 —fm—Em P-4
The corresponding eigenvalues are the roots of the polynomial
p(W) = UO 4 b W° 4 by T4 4 b U3 + by 02 + by W + by (54)
where
v v v v
bl:%_%+%_%ﬁh+2th+2k§h+4kﬂh+2kvh_4%_2%_2%_%_7+5hQIL+Nth+

M+%+%+“—h+“h”h+ ey

2
v

k2 k2§ 2k k2 2k5 4k 2k 2k 5 2 2
bgzﬁ——h— Hh+ vh+ h+ Mh+ Qh+ Uh Vqh Uh+M_%_L+2DL§_
v? + 20 _ 2kOpqn _ leth% _ quwh _ 2kqn _ 2KSppp Qkﬂh 2kppvp, _ 2kép _ 4dkpp kah + 4/% +

D2 D Dv? Dv? Dv? Do Du? Duv2 ~  Duv? Dv Dv
25h€{h Quhqh QQh’Uh 2% 25h#h 2“h 2#hvh 2vp, _ kpm _ k€m | vpm | V&m _ Gapm %Em _
+ + DT T oy T R Ry e R R
5hum _ 5h§m _ Q,Uhfm _ Uhfm 2uhum _ ’Uh,fm _ Onqn _ PrGn _ 9V _ Onbn _ Bh hvh + +¢
v v v v v 58 v2 v2 v2 v2 v2 Hm m
be — — Wk _wonk®  0nk%  2unk® Bk guunk®  gndnk? _ anpnk® _ vnpnk? 5hl‘hk + 2k +
3= "D2Zy D2 _ D% D20 D202 D202 D202 D242 D202 D202 D20
2qnk 2 k 2unk 2q1r0nk 20 k 2 k 2 k 20, k Appk k k k
Qh2 + thh + vh + Qh h + h Qhﬂh + 'Uhﬂh + huh + M}é _ HmR Em __ himRr
D ) D D D Dv
Vhptmk 5h#mk _ 2#h#mk _ Qhém _ vhﬁm _ 5h£m _ 2Hh€m _ 2“hk _ 2qpvpk _ 2qn6pk _ 2qpppk
Dv Dv Dv Dv Dv Dv Dv Dv? Duv? Dv? Dv?

2uppupk _ 20ppnk 2043, Qthh 211h<5h QQth 2vh,uh 25huh Viim qnim Vhm Onim
Do? 52t Dw D + + + + 5+ 5+ 5+ T

2
2pppm | V&m | dnhém Uhém 5h§m 2Mh§m Ky _ vqn _ vvp  quUn _ Y8h _ QnOn _ 2VUn _ Quin
D + D + D + D + D + D

D? D2 D2 D? D2 D2 ) D? D
Vhih  Onih _ Qafm _ Vhbm  Onbm  2pnbm  qr€m  VhEm _ On€m  2un€m  BRFm quUpm
D? D2 v v v K v v v v v2 v2
qndnfim _ GrPhim _ VhHRMm 5huh,um _ Hpém quvn€m _ @nOném Qhuhfm _ Uhuhfm _ Onpném
2 v2 v2 v2 v2 v2 v2 v2 v2

217.2 2 2 2 2
_ Mk anvpk qnonk? Qh#hk Vhink Onink Bptm b Qhumk thhumk Vhpmk
by = prz + T T T + Tz T peer T Thr T + + 750t
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qndnkmk + Inpmk + qnintbmk + VhihHmk + Ontinimk + 2uppmk + /.Lifmk

Dv? Dv Duv? Dv? Dv? Dv Dv? )
b = _ kéngnpm  kOpgném _ kpngném  kpngnpm  k@nvepm  k@nUném  kOppn€m  kOnpnpm  KHREm
5 Dv? Dov? Dv? Dv? Dv? Dv? Dv? Dv? Dv?

kpnvném kg pm _ kppvnpm Onqntim Onqném Brqném BhGnim GhVnlm GhVrém Intiném
Dv? Dv? Du?2 o0, T Dy T oD T oDy T Dt Dot D
Onfintim + M%zf"” + HhVhEm + M%Mm + KHhURm
Dv Dv Dv Dv Dv
From Routh Hurwitz criterion, the root of the polynomial g(z) are either negative or have a negative

real part if and only if

1. bi(i =1,2,3,4,5,6)

2. biby > b

3. bibobg — b2by > b2 + bybs

4. b2by + 2b1babs > bibsb2 + bybsbaby + babsby + b203 + b

However, as R, > 1, 15 > 0, then limg — +o0, b(¥) = +00. To provide the minimum wave
propagation speed, the polynomial have 6 complex roots, 3 conjugated complex roots and 3 real roots.
In equation (54), the trajectories must approach the disease -free equilibrium and they cannot oscillate
because the positive region is invariant. Thus the polynomial must have negative real roots.

However, we consider the case without advection (K = 0). If R,1 = 1, then p(0) = 0, The
polynomial p(¥) always has a negative real root if the limy — —oo = +00. Therefore,for R,1 =1,
we obtain that vy, = 0, and then, nonwave speed exists. For R,1 > 1,the existence of three real
root depends on the value of v.For v < v,,the roots are complex.For v = v,,in, we have a dou-
ble negative real root and for v > v, three negative real roots. However,the minimal speed at the
double root of the polynomial is p(v,,in) = p'(v,in) = 0 Secondly, we consider the advection move-
ment(i.e. k # 0), k appear adding the value of v, from the expression of the polynomial coefficients
bo, b1, ba, bsandby. Hence, advection increases the wave speed when it is in the same direction of the
wave front and decreases it when it is in the opposite direction.

Remark The determination of the wave speed, v will be determine by estimating the fly speed of the
mosquito per day which we term as diffusion (the D value). We will thereafter use appropriate curves
for the explicit meaning of the wave speed and its epidemiological impact on the malaria transmission.

4 Numerical simulations/sensitivity analysis
The following Table 3 gives a summary of the parameter values used herein:

L2

D=
2T

where L is the average distance covered by mosquito in a day and 7" is the time taken to travel [10].

The following graphical representation of the formulated model are obtained from Table 2 param-
eters’ values.
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Table 2: Description of the model parameters’ values

Parameter Value Sensitivity Index Reference
W 0.00004643 /day +0.500000 Kenya National Bureau of Statistics
Brm 0.24/day +0.230400 (5]
B 0.14/day +0.001000 (5]
qan 0.083/day +0.000300 (5]
ap, 0.000017 /day Not applicable (4]
Up 0.00265/day -0.089600 (5]
K, 1 +0.002100 Variable
€ 0.5 -0.015220 Variable
v 0.6 +0.001000 Variable
on 0.0003454 /day -0.489000 (4]
b 0.5 +1.000000 Variable
Om 0.343 +0.043210 (5]
Gm 0.091 +0.000500 (4]
1.84 +0.120000 [5]
o, 0.1041 -0.001600 (4]
h 0.05 Not applicable Variable
D 3.125 Not applicable Computed
k 4.5 Not applicable l6]]
L 2.5 Not applicable (6]
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5 Discussions and conclusion

The equilibrium, E is the equilibrium state where there is plant in human environment with mosquito
present.In this equilibrium there is a contact between human and mosquito population and breeding site
for mosquito population to thrive. This may result to malaria in human population as time progresses.
The Equilibrium Es is a Disease Free Equilibrium at which there is no invasive plant in the host envi-
ronment. The contact rate of mosquito and human is low as the mosquito do not have a resting place
to reside around the human environment after bite. Malaria transmission is very low and it can easily
be controlled by mere use of mosquito net. The disease will persist in the host environment provided
that those that are infected with the disease keep on transmitting the disease. The less than or equal (<)
sign of the lyapunov function shows the decrease of the susceptible population. The numerical analysis
of the homogeneous model shows that the decrease in disease induced death rate, increase in bednet
efficacy, and the control rate of alien invasive plant will drastically reduced malaria disease.

In conclusion, in this paper, we have presented a non-linear mathematical model that studies the
impact of invasive alien plants on the dynamics of malaria transmission and its analyses. The non-
linear homogeneous equations part of the model was analysed. The model had two basic reproduction
numbers, Ry and Rgy under two cases: where there is plant and where there is no plant respectively.
Different analyses such as: equilibrium points, stabilities, backward bifurcation, travelling wave solu-
tions were carried out in detailed for possible understanding of malaria transmission. Sensitivity analysis
were carried out, and the result shows that it is quite sensitive to the biting rate, disease induced death
rate, recovered rate and bed-net efficacy.
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