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Abstract

In this paper, we prove a path convergence theorem and introduce a new iterative scheme for
approximation of common element of fixed point sets of family of nonexpansive semigroup and
the set of solutions of variational inequality problem for an a-inverse strongly accretive mapping
in strictly convex g-uniformly smooth real Banach space. As an application, solution is given to
the problem of finding a common element of fixed point sets of family of nonexpansive semigroup
and the set of zeros of an a-inverse strongly accretive operator. The result obtained augment and
generalize several existing results.

Keywords and phrases: Modulus of smoothness; Modulus of convexity; generalized duality maps; a-
inverse strongly accretive operators; k-strictly pseudocontractive mappings.

1 Introduction

Let E be a real normed linear space. The modulus of convexity of E is the function éf : [0, 2] — [0, 1]
defined by

_ =+l

5E(e):inf{1 5

Joll = llgh =1, e = o =l }.

The space E is said to be uniformly convex if and only if dg(e) > 0V € € (0,2]. E is said to be strictly
convex if for all z,y € E such that |z|| = ||y|| = 1 and for all A € (0,1) we have || Az + (1 - N)y|| < 1.
It is well known that every uniformly convex Banach space is strictly convex.

Let S :={z € E : ||z|| = 1}. The space E is said to have a Gateaux differentiable norm if the limit

oty = o]
t—0 t

exists for each 2,y € S. When this limit exists, we say that F is smooth. F is said to have a uniformly
Gateanx differentiable norm if for each y € S the limit is attained uniformly for z € S. Furthermore,
E is said to be uniformly smooth if the limit exists uniformly for (z,y) € S x S. It is well known that
every uniformly smooth real Banach space is a reflexive real Banach space (see e.g., [[13]]).
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Let E be a real normed linear space with dimension, dim(E) > 2. The modulus of smoothness of E is
the function pg : [0, 00) — [0, 00) defined by

o +yll + [z —yll
2

p(t) = sup{ Lol =1, gl =t}

t
In terms of the modulus of smoothness, the space F is called uniformly smooth if and only if lim+ PL() =
t—0

0. E is called g-uniformly smooth if there exists a constant ¢ > 0 such that pg(t) < ct?, t > 0. It is
easy to see that for 1 < ¢ < 400, every g-uniformly smooth Banach space is uniformly smooth; and
thus has a uniformly GAteaux differentiable norm.

Let E be a real normed linear space with dual E*. We denote by J, the generalized duality mapping
from E to 27" defined by

Jgz = A{f* € B« {, f*) = ||l=[|% 1f*]| = ll=| """},

where (.,.) denotes the generalized duality pairing between members of ' and members of E*. For
q = 2, the mapping J = Jo of E to 2¥" is called the normalized duality mapping. It is well known
that if £ is uniformly smooth or E* is strictly convex, then duality mapping is single-valued; and if
E has a uniformly Gateaux differentiable norm then the duality mapping is norm-to-weak* uniformly
continuous on bounded subsets of E. If ' = H is a Hilbert space then the duality mapping becomes
the identity map of H (see e.g., [50]). In the sequel, we shall denote the single-valued generalized duality
mapping by j, and the single valued normalized duality mapping by j.

Let K be a closed convex nonempty subset of a real normed space. One parameter family U :=
{T(t) : t € R}, where RT denotes the set of nonnegative real numbers, is said to be a (continuous)
Lipschitzian semigroup (see e.g. [47]]) of mappings from K to K if the following conditions are satisfied:

1. TO)z =2z Ve K;
2. T(s+t)x=T(s)T(t)xV s,t e RT, z € K;

3. for each t > 0, there exists a bounded measurable function L; : [0, +00) — [0, +00) such that
IT(t)z — Tyl < Lillz —yl| V 2,y € K;

4. for each x € K, the mapping T'(.)x from R™ into K is continuous.
A Lipschitzian semigroup is called nonexpansive if L; = 1 forall¢ > 0 and asymptotically nonexpansive

if limsup L; < 1. We shall denote by

t—00
F () the set of common fixed points of the semigroup VU, that is

FU)={zcK:T(tlzx=x, Vtc R} = (| F(T(t)).

teR+

As a motivation for study of semigroup of operators, consider the Cauchy problem

Au(t),t > 0, 0

—N—
==
Sz
1]

s

where A = (a;;) is an n X n matrix with a;; € Cfor i,j = 1,2,...,n, and z is a given vector in C". It
is well-known that the above Cauchy problem has a unique solution given by

u(t) = e' Az, t >0,
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where e’ A represents the fundamental matrix of the linear differential system u/(t) = Au(t); and equals

I for t = 0. We have
t o 1
A= HAk,
k=1
valid for all ¢ € R. Here, A and €' A can be interpreted as linear operators, A € L(X), e!A € L(X),
where X = C", equipped with any of its equivalent norms.

Note that the family of matrices (operators) {T'(t) = e'A,t > 0} is a (uniformly continuous) semi-
group on X = C". Even more, {T'(t) : t > 0} extends to a group of linear operators, {¢'A : t € R}.
The representation of the solution u(t) as

u(t) =T(t)z,t >0, (2)

allows the derivation of some properties of the solution from the properties of the family {T'(¢) : ¢ > 0}.
This idea extends easily to the case in which X is a general Banach space and A is a bounded linear

operator, A € L(X).

If A is a linear unbounded operator, A : D(A) C X — X, with some additional conditions, then one
can associate with A a so-called Cp-semigroup of linear opera- tors {T'(t) € L(X) : t > 0}, such that
the solution of the Cauchy problem is again represented by the above formula (Z)). In this way one can
solve various linear Partial Diferencial Equations (PDEs), where A represents linear unbounded differ-
ential operator with respect to the spacial variables, defined on convenient function spaces.It is worth
mentioning that the connection between A and the corresponding semigroup {7T'(¢) : t > 0} C L(X)
is established by the well-known Hille-Yosida theorem.

Linear semigroup theory received considerable attention in the 1930s as a new approach in the study
of linear parabolic and hyperbolic partial differential equations. Note that the linear semigroup theory
has later developed as an independent theory, with applications in some other fields, such as ergodic
theory, the theory of Markov processes, and so on. It is well known that importance of the system
(1) in modeling the dynamism of evolution system in Mathematical Biology cannot be over emphasized.

Iterative approximation of fixed points and zeros of nonlinear operators have been studied extensively
by many authors to solve nonlinear operator equations as well as variational inequality problems (see
e.g., [0, (6], [7], [8], [14], [15], [13], [25}-029], [12], [20], [21], [31], (430, [32}-(36], [47], [51]).
Construction of fixed points of nonexpansive semigroups is an important subject in nonlinear operator
theory and its applications, in particular, in image recovery and signal processing (see e.g., [9} 130, 49]).
Most published results on family of nonexpansive semigroup centered on the iterative approximation
of common fixed points of the family. Shioji and Takahashi (1998) introduced the following implicit
iteration process for approximation of common fixed point of family of nonexpansive semigroup

Ty = apu+ (1 — ap)oy, (), n > 1, (3)
where {a, }n>1 is a sequence in (0,1) and {,,}»>1 is a sequence of positive real numbers such that
lim ¢, = +o0; and for ¢ > 0, oy is given by o¢(z) = %fol T'(s)xzds. Under suitable conditions on
n—oo

the sequence {v, }r,>1, Shioji and Takahashi [37]] proved the convergence of (3)) to an element of F'(¥).

Chen and Song [[11]] introduced the following implicit and explicit viscosity iteration processes

Ty = ap f(zn) + (1 — an)or, zn, n > 1 4)
Tnt1 = anf(zn) + (1 — an)or, Tn, n > 1 (5)
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and proved that these sequences converge to some element of F'(¥) in uniformly convex Banach space
with uniformly Gateaux differentiable norm.

Suziki [40] proved the convegence of the iteration scheme
T = apu~+ (1 — an)T(tn)Tn, n>1 6)
to a common fixed point of family of nonexpansive semigroup in Hilbert space.

In 2002, Benavides ez al. [4] proved in uniformly smooth Banach space that if ¥ satisfies some asymp-
totic regularity condition and {a, },>1 satisfies some mild conditions, then the implicit scheme (6]) and
the explicit scheme

Tnt1 = apu+ (1 — an)T(tn)zn, n>1 7)
converges strongly to an element of F/(V).

In [48]], Xu studied the strong convergence of the implicit iteration processes (3)) and (6)) in uniformly
convex Banach space which admits a weakly sequential continuous duality mapping.

Recently, Song and Xu [39]], studied the convergence of the following implicit and explicit viscosity
iteration processes in strictly convex reflexive real Banach space with uniformly Gateaux differentiable
norm

Tn = anf(xn) + (1 — ap)T(ty)xn, n>1

Tnt1 = nf(xn) + (1 — ap)T(ty)xn, n>1

They improved and generalized the corresponding results of Chen and Song [[11], Aleyner and Censor
[2]] and Aleyner and Reich [?], Benavides ez /. [4]].

In this paper, it is our purpose to prove a path convergence theorem and construct a new iterative
scheme for approximation of common element of fixed point sets of family of nonexpansive semigroup
and the set of solution of variational inequality problem for an a-inverse strongly accretive mapping in
g-uniformly smooth real Banach space. As an application, solution is given to the problem of finding
a common element of fixed point sets of family of nonexpansive semigroup and the set of zeros of an
a-inverse strongly accretive operator. Our iteration schemes, corollaries and method of proof are of
independent interest.

2 Methodology/Model formulation

We shall now discuss various tools which we shall make use of in this paper; some of them will be stated
as lemmas and propositions.

Let H be a real Hilbert space, a mapping A : H — H is said to be monotone if
<AIL‘ — Ay, x —y> >0Vax,ye D(A).

The mapping A : H — H is called a-inverse strongly monotone if there exists a positive real number
o such that
(Az — Ay,x — y) > a|| Az — Ay||* V 2,y € D(A).
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A mapping T : H — H is said to be k-strictly pseudocontractive if there exists a constant k& € [0, 1)
such that
172 — Tyl < llz - yl> + KT = T)a — (I = T)y|> ¥ 2,y € D(T).

Observe that if £ = 0, then the mapping T is nonexpansive. Observe also that if T is a k-strictl
pping p y
pseudocontractive mapping and we put A = I — T, where [ is the identity operator of H, then we
have that
(I =AYz — (T — Ayl <l — I + K| Az — Ayl?V 2,y € D(A)

and since H is a real Hilbert space, we have that
(I = A)a = (I = A)yl* = llo =y + || Az — Ay||* — 2(x — y, Ax — Ay),

so that -
(o =y Av— Ag) = = E a0 — 4y

Thus, if T is k-strictly pseudocontractive mapping, then A = I — T is a-inverse strongly monotone

operator with o = 1;2k

Let K be a closed convex subset of a real Hilbert space H. A variational inequality problem is to find
x* € K such that
<A:E*,y—1‘*> >0VyeK,

where A is a monotone mapping of K to F (see e.g., [22,124,142,129]).
In the sequel, we shall denote the set of solutions of variational inequality problems by VI(K, A).

Let H be a real Hilbert space with inner product (.,.) and norm ||.||; and let K be a closed convex
subset of H. For any point u € H, there exists a unique Pxu € K such that

lu = Prull < lu—y||Vy e K.

Px is called the metric projection of H onto K. It is well known that Pk is a nonexpansive mapping
of H onto K. It is also known that Py satisfies

<m —y, Pgx — PKy> > ||Pxx — Pxy|* VY z,y € H.

Furthermore, Py x is characterized by the properties Pxx € K and <3:—PK3:, PK:U—y> >0VyeK.
In the context of variational inequality problem, this implies that

ueVI(K,A) & u= Pg(u—AAu) VX > 0.

A monotone operator A is said to be maximal if the graph, G(A), of A is not properly contained in
the graph of any other monotone operator, where G(A) = {(z,y) € H x H : y = Az}. It is also
known that A is maximal monotone if and only if for (z, f) € H x H, <f — Ay, x — y> > 0 for every
(y, Ay) € G(A) implies f = Az. Let A be an a-inverse strongly monotone mapping defined from K
into H and Nxv be a normal coneto K atv € K, thatis Ngv = {w € H : <w,v—u> >0, Vue K}.
Define a map M by

_ Av+ Ngv, v € K,
o= { g N ®)

Then, M is maximal monotone and u € M~1(0) & u € VI(K, A), (see e.g., [34]).
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We now turn to the generalized concept of variational inequality problem. Let E be a real Banach
space. A mapping A : D(A) C E — FE is said to be accretive if for all x,y € D(A) there exists
Jq(x —y) € Jy(x — y) such that

<A — Ay, jq(z — > >0
The mapping A is called an a-inverse strongly accretive if there exists a positive real number « such that
V z,y € D(A) there exists jy(x — y) € Jy(z — y) such that

(Az — Ay, jo(v —y)) = OéHAx — Ayll.

Observe that an a-inverse strongly accretive mapping is —r—-Lipschitz.

aq*

Let K be a closed, convex and nonempty subset of F/, Let A : K — FE be an accretive mapping. A
variational inequality problem is to find * € K such that for some j,(x — z*) € J,(z — z¥),

(Az*, jo(z —2*)) >0V z € K.

We observe that the concept of monotonicity and accretivity coincide if and only if the underlying
space is a real Hilbert space.

Let @ be a mapping of F onto K; Q) is said to be sunny if Q(Qx +t(x Qx)) Qz forallx € F and
t > 0. A mapping Q of F into F is said to be a retraction if Q? = Q. If a mapping @ is a retraction,
then Qz = z for every z € R(Q), the range of (). A subset K is said to be sunny nonexpansive
retract of E if there exists a sunny nonexpansive retraction of E onto K. A retraction @ is said to be
orthogonal if for each z € E, © — Q(x) is normal to K in the sense of R. C. James [19].

In [10]], Bruck established the following:

1. A nonexpansive projection is necessarily an orthogonal retraction; and if E is smooth, then the
converse is also true.

2. If F is smooth, then there can exist at most one nonexpansive projection of K onto a given subset

Cof K.

3. If E is uniformly smooth and there exists a nonexpansive retraction of K onto C, then there ex-
ists a nonexpansive projection of K onto C'. The proximity mapping is nonexpansive projection
in a Hilbert space, but not in a general Banach space.

It is well known (see e.g., [10]) that if £ is a smooth real Banach space, then () is an orthogonal
retraction of F onto K if and only if Q(z) € K and

(Qz) —2,jy(Qx) —y)) S0Vy € K. )

It then follows that for z,y € K, we have (Q(z) — z, j4(Q(z) — Q(y))) < 0and (Q(y) — v, jo(Q(y) —
Q(2))) < 0 which implies that

1Q(@) = QWI* < (z — 4.5¢(Q(2) — QY)))- (10)
In the context of variational inequality problem, (9) implies that
ueVI(K,A) < u=Q(u— M u) V>0,
where in this case the mapping A : K — F is an accretive mapping.

An accretive mapping A is said to be maximal accretive if its graph, G(A), is not contained in the graph
of any other accretive mapping. Equivalently, A is maximal accretive if for every (z, f) € E x E such

that <f Ay, jg(x — > > 0 holds for all (y, Ay) € G(A) implies f = Ax.
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Proposition 2.1. Let K be a closed convex nonepmty subset of a Banach space E. Let A : K — E be an
a-inverse strongly accretive mapping. Let M be defined by

Mv:{ Av + Ngv, v € K, (11)

0, v¢ K.

where Nxv = {w € E : (w,jq(v—u)) >0, YV u € K}, then M is maximal accretive and u €
M10) & ue VI(K,A).

Proof. Let vy, wy € E such that <w — wo, jq(v — U0)> > 0 holds for all w € Mv = Av + Ngv. Then
since 0 € Ngv, we have that

<Av—w0,jq(v—vg)> >0VveK.

Let wg = Awvg + wq, then <Av — Avg, jg(v — vo)> > <w1,jq(v - v0)>. For e € (0,1), let ve =
e(v —vg) + vo, then by convexity of K we have that v. € K and so,

<AU5 - AUOajq(Ua - UO)> > <w17jq(vs - UO)>'

Thus, we have the following estimate,

5q71<w1,jq(v — v0)> <w1,jq(v6 — U0)> < <Afu8 — Avg, jq(ve — v0)>

< [ Ave — Awol|[lg(e(v — vo))l

1 .
< el = wllo - vl
= quéq_l llv — vo|?.

Thus, (w1, jq(v —vg)) < 5#”1} —vg|%, so that as € — 0, we have

(w1, jq(vo —v)) >0V v € K.

Hence, w1 € Ngvg and wg € Mwyg, that is M is maximal accretive. It is therefore obvious that
we M Y0) & ueVI(K,A).O

Let i be a bounded linear functional defined on /o, satisfying ||| = 1 = u(1). It is known that p is a
mean on N if and only if

inf{a, : n € N} < pu(a,) <sup{a, :n € N}

for every a = (a1, as,as, ...) € lx. In the sequel, we shall use 1,,(a,,) instead of p(a). A mean r on N
is called @ Banach limt if p,(ar,) = pn(an41) for every a = (a1, a9, as, ...) € . It is well known that
if i is a Banach limit, then

liminf a,, < pnpa, < limsupay,
n—00 n—o00

for all @ = (ai,a2,as,...) € lx. Furthermore, if a = (a1,az,...), b = (b1,b2,...) € lo and
ILm ay, = a* ( ILm (an, —by) = 0>, then up(a,) = a* (repectively, tn(an) = un(bn)).

In the sequel, we shall make use of the following Lemmas:

Lemma 2.2. Let E be a real normed linear space, then for 1 < q < +00, the following inequality holds:
lz+yll? < Nzl + oy, Jo(= +y)) ¥ 2,y € B, ¥ jo(z +y) € Jy(z +).
In particular, for g = 2,

[z 4yl < [lz]]* +2{y,j(z + y)) Va,y € E, Vj(z+y) € J(z+y).
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Lemma 2.3. (See e.g., [5} [44,[45)]) Let {\,}n>1 be a sequence of nonnegative real numbers satisfying the
condition

)\n+1 < (1 - an))\n +0on, n 2> 0,
where {ap, }n>0 and {0y }n>0 are sequences of real numbers such that {c, }n>1 C [0, 1], Z an = +oo.

n=1

(0.9}
Suppose that o, = o(av,), n > 0 (i.e, lim In — ) 07’2 lon| < 400 orlim sup In <0, then Ay — 0

— n—oo Qn
n=1

asn — oQ.

Lemma 2.4. (See e.g. [41]) Let {xy, }n>1 and {yn }n>1 be bounded sequences in a real Banach space E and
let {n }n>1 be a sequence in [0, 1] with 0 < liminf v, < limsup~y, < 1. Suppose that x, 1 = Ynyn +

n—oo
(1—~p)xn forall integersn > 0 and lim sup(||yn+1—ynl| — || Tn+1 —2n|) < 0, then lim ||z, —yn| = 0.
n—oo n—o0

Lemma 2.5. (See e.g. [46]) Let E be a q-uniformly smooth real Banach space for some q > 1, then there
exists some positive constant dg such that

lz+ yll? < [l2[1? + (Y. dq(x)) + dgllyll* ¥ z,y € B,V jg() € Jg(). (12)

If E is Ly (or {,) space, the constant d,, in (I2) has been calculated. This is shown in the following
lemma.

Lemma 2.6. (Seee.g. [23]) Let E be L (or {,) space (1 < q < +00)and z,y € E,
1. if1 < q<2,then

Iz + yll? < [l2[1* + q(y. o (2)) + dgllyll* ¥ z,y € B, ¥ jo(2) € Jy(),

_1pl! . . . .
where dg, = Ao and by is the unigue solution of the equation

(q—2)b7 4+ (g— 1) 2-1=0,0<b< 1.
2. if2 < q < +oo, then

lz +yl* < ll2l” + 2(y, i () + (¢ = Vllyl* ¥ 2,y € B, ¥ j(z) € ().

Now, let E be a g-uniformly smooth real Banach space. Let A : K — E be an a-inverse strongly
accretive mapping. Then for the map (I — AA) : K — FE (where [ is the identity map of K and
A > 0), we have the following estimates:

(I = AA)x — (I = AA)y|? = |z —y— Az — Ay)|*

|z — y||? — gA{Az — Ay, jo(z — y))

+d N|| Az — Ayl|?

<l —yll? = Mga — dgA? ) || Az — Ay]|9.

IN

1

If Nissuch that 0 < A < <%) ﬁ, we have that (I — A\A) is a nonexpansive mapping of K into E.

For L (or £,) spaces, (2 < ¢ < 4+00) we have the following:
I(I = AA)z — (I = XAyl = [lz —y — M(Az — Ay)|?

|z — ylI> — 2M(Az — Ay, jo(z — y))
+(g — 1)\?|| Az — Ay|?

IN

< lz =yl = A2a — (¢ — D) || Az — Ayl
<l -yl
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provided \ € (0 20 ) In particular, if £ = H is a Hilbert space and we choose A € (0,2«), then

(I — A\A) is nonexpansive.

We now present the concept of uniformly asymptotic regular semigroup (see e.g [2[H{4]], [39]). Let K
be a nonempty closed convex subset of a Banach space F, ¥ := {T'(¢) : t € R"} a continuous operator

semigroup on K. Then W is said to be uniformly asymptotic regular on K if for all ~ € R and any
bounded subset C' of K,
lim sup | T(h)(T'(t)z) — T(t)z| = 0.

=00 2

The nonexpansive semigroup {o; : t > 0} defined by the following lemma is an example of uniformly
asymptotic regular semigroup of mappings.

Lemma 2.7. (See[11] Lemma 2.7, [39] lemma 2.2) Let K be a nonempty closed convex subset of a uniformly
convex Banach space E, and D a bounded closed convex subset of K, and \I/ {T( ) :t € Rt} a
nonexpansive semigroup on K such that F(U) # (). For each = € K, define o4(x) := + fo s)xds, then

lim sup || T'(h)(owx) — owx|| = 0.

t—=00 pep

Other examples of uniformly asymptotic regular semigroup of mappings can be found in Examples 17

and 18 of [2].

3 Analysis of the model

Proposition 3.1. Let K be a nonempty closed convex subset of a reflexive strictly convex real Banach space
E. Lee @ = {T'(t) : t € RT} be a family of nonexpansive semigroup from K into itself. Let {xy,}n>1,
a bounded sequence in K, be an approximate fixed point sequence of U, that is, lim ||z, — T(t)x,| =
n—oo
O0VteR". Let
Q= {o € KB pullan — al® = min oz — ol .

for some bounded closed convex nonempty subset, B, of E such that x,, € BY n € N. If F(V) # (), then
QN F(V) #0.

Proof. Fix z* € F'(V), then since {xy, },>1 is bounded, there exists R > 0 sufficiently large such that
z, € B = Br(z*) for all n € N. Furthermore, K (| B is a bounded closed convex and nonempty
subset of E. Define amap ¢ : E — R by

o(y) = pnllzn — yl*,

then ¢ is continuous, convex and coersive (that is ¢(y) — oo as ||y|| — 00). Thus, since E is a reflexive
Banach space, there exists zg € K (] B such that

2
P(x0) = rfglﬁlBunHwn yllI*

So, the set

0= {z € KM\B:pmllan —al* = min pullen —yl} #0

Q is also bounded, closed and convex. We now show that Q| F(¥) # (. Let 2 € (), then since
lim ||z, — T(t)zy| = 0 for all t € RT, we obtain that for all ¢ € R,

O(T(t)2) = pnllan = T(O2)* < pul T(O)n — T(0)2]? < pnlln — 2.
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This implies that
6(T(1)2) < 9(2) ¥ t € R,

so that as t — 00, using that fact that ¢ is continuous, we obtain that
lim T(t)z) < .
¢( Jim T(t)z) < ¢(2)

Hence, tlim T(t)z € Q. Let p € F(V), then since every closed convex and nonempty subset of a
00
reflexive strictly convex real Banach space E is a Chebyshev set (see e.g. [26], corollary 5.1.19), there
exists a uniqe u* € € such that ||p — v*|| = inf ||[p — z||. Since lim T'(t)p = p and lim T'(t)u* € Q,
€N t—o0 t—o00
we have that

T *|| . R | — 13 . || < ok )
lp = Jim T(t)u™]| = || lim T(t)p — lim T(@)u"[| = lim [T(#)p = T(@)u"[| < [lp — ||

Thus, tlim T(t)u* = u*. Now, since T'(h + t)x = T(h)T(t)x ¥ h,t € R*, x € Q, then we have that

*x 1 *x 1 * 1 * : * * =+
ut = tlgélo T(t)u" = tlgrolo T(t+ h)u* = tlggo Tt)T(h)u* =T(h) tlggloT(t)u =T(h)u*VheR".
Hence, u* € F(¥). This completes the proof. O

Remark 3.2. In what follows, the real sequences {cvy, }n>1 and {0 n}n>1, © € Nin (0, 1) are such that

o
. « . . . .
E Oin=1—apand lim —~ =0, i = 1,2,...; {t;}i>1 is a sequence in R such that lim t; = +o0;
— n—00 0; = i—00
1= ’

§€(0,1) and A € (0, (‘gj)qil) are fixed. U = {T(t) : t € R¥}, FV := F(U)\VI(K, A) £ 0
and F(S) :={x € D(S) : Sx = z}.

We state without proof the following proposition whose proof is immediate.

Proposition 3.3. Let K be a nonempty closed and convex nonexpansive retract of a q-uniformly smooth
real Banach space E with nonexpansive retraction (). Let A : K — E be an a-inverse strongly accretive
mapping and U be a family of nonexpansive semigroup from K into itself. Define a map G, : K — K by

Gpr =apu+ (1—-0)(1 — )z + (SZUz"nT(ti)Q({L‘ —Mz), Ve K,
i>1

where u € K is arbitrary. Then, G,, is a strict contraction and thus, for each n € N there exists a unique
zn € K such that

zn =apu+ (1 =90)(1 — an)zn + 62 aginT(t:)Q(2n — NAzp). (13)

i>1

Lemma 3.4. Let K be a nonempry closed and convex nonexpansive retract of a q-uniformly smooth real
Banach space E with nonexpansive retraction Q). Let {z,},>1 be a sequence satisfying , then {z,} is
bounded.

Proof. Let p € FV, then using (13), we have

Iz —plI> = (n(u—p)+ (1 =6)(1 —an)(z. —p)
—|—5Z Tin (T(ti)Q(zn — Nz, — p),j(zn — p)>
i>1
< an(u—p,j(zn—p)) + (1 = an)(1 = 8)|2n — plI?

+8 ) Tinllzn — ol

i>1

= Om<u _paj(zn _p)> + (1 - an)Hzn _p||2'
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This implies that
lzn = pll < flu=pl| V€N

Hence, {z,} is bounded. O

Lemma 3.5. Let K be a nonempry closed and convex nonexpansive retract of a q-uniformly smooth real
Banach space E with nonexpansive retraction Q such that ¢ > 1+d,. Let W = {T'(t) : t € R"} bea family
of uniformly asymptotic regular nonexpansive semigroup from K into itself and let A : K — FE be an o-
inverse strongly accretive mapping. Let {zy, }n>1 be a sequence satisfying , then nh_)rglo llzn — T'(t)zn|| =

0vVteR™.
Proof. Let ¢ € N and p € F'V, then using the hypothesis that ¢ > 1 + d,;, we obtain from Lemma
that

[T(t:)Q(2n — Azn) — 20l|? = || T(t:)Q(2n — A2) —p+p — zn||?

12— 2nl|? + ¢(T () Q20 — AA2,) = p, g (p — 2n))
"’quT(ti)Q(zn — Mz,) = pl?

IN

< (1 +dg)llzn —pllf
+q(T(t:)Q (20 — AAzy) = p, Gg(p — 2n))
= (1+dg—q)llzn —p|*
+Q<T(ti)Q(2n — Azy) — Znajq(p - Zn)>
S CI<Zn - T(tz)Q(zn - )‘Azn)7]q(zn - p)> (14)
Using (]E[), we obtain
<Zn - pajq(zn _p)> = an<u _pajq(zn - p)>

+(1 - an)(l - 5)<Zn - pajq(zn _p)>
+5zai,n<T(ti)Q(Zn - )\Azn) — Zn + Zn — P, jq(zn _p)>

i>1
= ap(u —p,jq(zn —p)) + (1= an){zn — p,Jg(2n — )
—1—52(71” Q(zn — ANzp) — 2, Jg(2n — p)>
i>1
This implies that
520171 Zn — T )Q(Zn - )\Azn)yjq(zn - p)> = an<u - ijq(zn _p)>' (15)
i>1
Using and (15), we obtain
*ZaanT _)\Azn)_ztnnq gan<u_2najq(zn_p)>-

z>1

Thus, since 0y 5, is positive for each i, n € N and by Lemma {zn} is bounded, we have that

)
—0inllTENQ(2r, — NAzy) — 2|2 < — oinl|T(t:)Q(2n — NAzp) — 2|7
L |T(t:)Q( ) l Z 17°( ) |

1>1
< an<u — Zn, Jq(2n —p)> <anR,Vi,neN

and for some real constant R > 0. So,

qR
; — |7 < = :
I7(t)Qzn = Aza) =z < %5 (M)
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Hence,

lim ||T(¢;)Q(zn, — Azy,) — 2z,|| =0V i € N. (16)

n—oo

Since {2, }n>1 is bounded, we have that Q(z, — AAz,) is also bounded. Thus, for all t € RT,

)

HT(t) (T(ti)Q(zn _ )\Azn)) Tt Q20 — Az

< sup HT(t)(T(ti)x) ~ Tt

where C' is any bounded subset of K containing Q(z, — AAz,). Furthermore, since lim ¢; = +o0
1— 00

and the family ¥ is uniformly asymptotic regular, we have that

lim SupHT(t)(T(ti)x) — T(tz)xH = 0.

1—00 g
Thus, for all t € RT, we have that

lzn =Tzl < 20 = T(t)Q(2n — A2,

H|T ()@ — Mz0) = T (T()Q(z — Az |
|0 (T(t)Q(n — AAz0) ) = T(1)z
< 2|z = T(#)Q(zn — Az
H|T0) (T(t)Q(zn — AAz0) ) = T(t)Q(zn — AA22)
< 2llzn — T(t)Q(zn — Az

—l—ilelgHT(t)(T(ti)x) _ T(mxH.

So,
limsup ||z, — T(t)za < supHT(t)(T(ti)x) - T(ti)xH

n—00 zeC

and taking limit as ¢ — 0o on both sides of this inequality, we obtain

limsup ||z — T(t)2a]| < lim supHT(t)(T(ti):v) - T(ti):nH —0.
n—r00 120 e

Hence, li_)In lznn — T'(t)zn|| = 0V t > 0. This completes the proof. O
n—oo

Theorem 3.6. Let K be a nonempty closed and convex nonexpansive retract of a strictly convex q-uniformly
smooth real Banach space E with nonexpansive retraction () and such that ¢ > 1+ dg. Let V be a family
of uniformly asymptotic regular nonexpansive semigroup from K into itself and let A : K — FE be an
a-inverse strongly accretive mapping. Let {z,} be a sequence satisfying , then {z,} converges strongly
to an element of F'V.

Proof. Let p* € F'V, then since the sequence {z, },,>1 is bounded, there exists R > 0 sufficiently large
such that u, z,, € B* := Br(p*) for all n € N. Define the set

Kpin = {x S KﬂB* S lnllzn — a:H2 = yG?irﬁlB* Zn — @/H}
Then, since li_}rn llzn — T(t)zn|| = 0Vt € RT, we have by Proposition [3.1| that there exists a unique
n—oo
u* € Kpin such that u* = T(t)u* Vt € RT, ie., u* € F(¥). Let v € (0,1). Then, by convexity of
K (N B*, we have that (1 —v)u* +~yu € K[ B*. So, pin||zn — u*||* < pnlzn — (1 = 7)u* +yu) |2
By Lemma[2.2] we have that

2 — u* —y(u—u*)|* < [Jzn — u*||* = 27(u — u*, j (2 — u* — y(u—u*))).
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So,

I

pnllzn — u* — y(u — U*) < pnllzn — U*H2 - 27Mn<u - ’U,*,j(Zn —ut - Y(u — U*))>

This implies that i, (u — u*, j (2, — u* —v(u—u*))) < 0. Furthermore, since the normalized duality
mapping j is norm-to-weak™® uniformly continuous on bounded subsets of E/, we obtain that

lim <<u —u*, gz, — u*)> — <u — u*,j(zn —u* —y(u— u*))>> =0

=0
Thus, for all € > 0, there exists 7. > 0 such that for all v € (0,7,) and for all n € N,
(=", j(zn —u")) = (u—u,j(zn —u" —y(u—u"))) <e
Therefore, for all v € (0,7),
pin (= ", (o = ")) = =" (20— 0" =y (u = 7)) < e,
so that as € — 0, we obtain that yu, (u — u*, j(z, — u*)) < 0. Using (T3], we obtain that
lon =l = (an(u—u)+ (1= an) (1 = 8)(z0 — u*)
+4 Z Tin (T(ti)Q(zn — Nz, — u*),j(zn - u*)>
i>1
< i o — ) + (1= ) o — 17)
This implies that
lzn — w1 < (u =", j (20 — u?)).

Thus, pnllzn — u*]]* < ppu — u*,j(zn — u*)) < 0. So pinl|zn — u*||* = 0. Thus, there exists a
subsequence {2y, }x>1 of {zn}n>1 such that 2, — u* as k — oo.

Claim. z, — u* asn — oo.

Proof of claim. Suppose {2, }m>1 is another subsequence of {2, },>1 which converges strongly to
q*. Then, it is clear that ¢* € F (W) since T(t) is continuous and lim ||T()zy,, — zn,, || = 0V ¢t € RT.
m—00
Furthermore, since li_r>n |T(t:)Q(2n,, — AMzp,,)|| = 0V i € N (see (16)), we have by continuity of
m—00
T(t;)Q(I — AA) that T(t;)Q(q¢* — NAq*) = ¢* V i € N. We now show that ¢* = u*. Suppose for
contradiction the ¢* # u*. Then using (13)),

lom = a7 = (am,(u=q") + (1= )1 = an)eny, — ")
+03 " 0ty (T(E)Qzn, = Mz, ) = "), 5, — 0°))
i>1

- ank<u - u*7](znk - q*)> + ank<U* - anaj(znk - q*)>
+an |20, — ¢*[1? + (1= 0)(1 — an,) 120, — ¢*I1?

i>1

IN

ank<u —u”, j(zn, — q*)> + O‘nk<u* — 2y, J (2, — q*)>
+an 2, — ¢ 17+ (1= 8)(1 = an)lzn, — ¢*|1?

+0(1 = any)||2n, — €17

= apn, <u —u*, j(zn, — q*)> + oznk<u* — Zng, J (Zn), — q*)>
iz, — "I,
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so that
(u—u*j(q" = zn,)) < M|z, — u*|| (18)

for some M > 0. Since the duality mapping j is norm-to-weak™ uniformly continuous on bounded
subsets of I/, we have that

<u —u*, j(¢" — an)> — <u —u*,j(q" — u*)>
Thus, we obtain from (18] that
<u—u*,j(q*—u*)> <0. (19)
Following the same line of argument, we also obtain that (u — ¢*, j(u* — ¢*)) < 0, which implies that
<q* —u,j(¢" — u*)> <0. (20)

Adding (9) and (20) we obtain that {¢* — u*, j(¢* — u*)) < 0, thatis, ||¢* — u*|| < 0, a contradiction.
So, ¢* = u*. Hence, {2, }n>1 converges strongly to u* € F(¥).

Next, we show that u* € VI(K, A). Let 2* € FV and y,, = Q(2, — AAz,). Then,

lyn — 2|7 = [|Q(zn — AAzy,) — Q(z™ — XNAz™)||
<z — 2% — MAz, — Az™)||
< lzn —m*||q+)\(dq)\q*1 —qa)|| Az, — Az*||9.

Again, using and the convexity of ||.||?, we have that

2o — 2719 = |lan(u—2%) + (1= an)(1 = 8)(zn — %) + 8 Y _ in(T(ti)yn — )|
i>1
< apllu =27+ (1 = )1 = 0)|lzn — 2|7+ (1 — an)dlyn — 2"[|
< apllu =27+ (1 = an)(1 = 8)]|zn — 2|7
(1= )8 [ |20 — 27 (|7 + A(dgAT! — ga)|| Az, — Am*uq]
< agllu =29+ ||z — 2|9+ (1 — an)é)\(dq)\qfl —qa)||Az, — Az*||9.

This implies that
(1 — an)dN(ga — d AT Az, — Az*||7 < ap|u — 2*||2

Thus, since {z, },>1 is bounded, o;, — 0 as n — 00, we have that lim ||Az, — Az™|| = 0. Besides,
= n—oo
by property (I0) of @ and Lemma[2.5] we obtain

lyn — 7|7 = [|Q(zn — Azp) — Q(z" — AAz™)||?
<(zn — Mz,) — (¥ — NAx"), jq(yn — a:*))
<zn_ 7.7(1 Yn — T )> _)\<Azn_Ax*7jq(yn_m*)>

IN

< 2l =21+ dyllzn = 2717 = g = 2017
—A<A2’n - Ax*?.]t](yn - x*)>7
so that
g =" < 2 llon = 21 = g = 2l = T (Ao = A2 olyn = 2)).
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Thus, we have

o (u = &%) + (1 = an)(1 = 8)(zn — %) + 0 > oin(T(t:)yn — )|
i>1

(R

< apllu =2+ (1 = an)(1 = 6)[|zn — 27| 4+ (1 — an)dyn — 2™|*
< apllu =29+ (1 — an)(1 = 0)||zn — 2"
d 1
1— q ke _ q
H1 = s | llen = a7~ ——llyn — =l
qA .y ]
—q_1<Azn—Aac Jq(Yn — )>}
d
— _ ¥4 _ _ _ q _ ¥4
= apllu—2"|9+ (1 an)[l 5(1 q—l)“zn x|
01— ay oAl — ay, . .
_(1)Hyn_zn||q_ ¥<Azn—Am s Jq(Yn — )>
_ q—l
But ¢ > 1+ d,. Thus,
51_an * q5/\1—an . "
L L L )}

Using the fact that «,, — 0 and || Az, — Az*|| — 0 as n — 0o, we obtain that

lim ||y, — zn|| = 0 and thus, y, — u* as n — oco.
n—oo

Let

Mo — Av+ Ngv, v € K,
B 0, ve K.

Then, M is maximal accretive. Let G(M ) denote the graph of M. Let (v,w) € G(M). Since w— Av €
Ngvandy, € K, we have (by definition of Nxv) that <w—Av, jq(v—yn)> > 0. Also by the definition
of Y, n € N and property (9) of @, we have that

(Yn — (20 — Mzp), jg(v — yn)) > 0.

Hence,

<% + Az, jg(v — yn)) > 0.

Using this, we obtain the following estimate:

<w7jq(7} - yn)> > <Av7jq<v - yn)>

> (Av,jy(v = yn)) = (P 4 Az), g (0 = ya)

= (Av— T Az (o = g))
= <AU - Aynvjq(v - yn)> + <Ayn - Azqu(v - yn)>
_<yn ; vajq(v - yn)>

allAv — Ay, || + (Ayp — Az, jg(v — yn))

_<yn ; vajq(v - ?/n)>

Y

_Zn

(Aya = Aza o0 = ya)) = (P Gal0 = y))

v
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so that as n — oo (using the fact that A is uniformly continuous and the fact that F has uniformly
Gateaux differentiable norm), we have that

<wvjq(v - U*)> >0,

and since M is maximal accretive, we obtain that u* € M ~1(0). So, by Propositionu* e VI(K,A)
or equivalently v* = Q(I — AA)u*. Hence, {2z, }n>1 converges strongly to u* € F'V. O

Remark 3.7. If E is real L, (or ;) space, 2 < q < +00, then we have from (2) ofLemma that
dq = q— 1sothat 1+ d, = q. Hence, Theorem[3.6holds in L, (or {;) space, 2 < q < +00, In particular,
Theorem 3.6 holds in real Hilbert spaces. Thus, we have the following corollaries.

Corollary 3.8. Let H be a real Hilbert space. Let K, A, {z,} and {T(t) : t € R*} beas in Theorem[3.6]
and Q@ = Pg. Then {z,} converges strongly to an element of F'V.

Corollary 3.9. Let E be real Ly (or {y) space,2 < q < +o0,. Let K, A, {z,} and {T(t) : t € R"} be
as in Theorem[3.6] Then {z,,} converges strongly to an element of FV.

-1
Remark 3.10. We note that if 1 < q < 2, then by (1) ofLemma dg = %, where by is the

unique solution of the equation (q — 2)b% ! + (¢ — 1)b972 — 1 =0, 0 < b < 1. It therefore follows that
1+ bg_l = (g —1)(bg + 1)bg_2. Hence,

CruTt (g Dby + 1B
T (1 +by)e (1+by)et
b q—2 14+ b,\2—¢
= (¢g—1 1 =(qg—1 : -1
(a )<1+bq> (g )< by ) =4

(sincel < q < 2). Thus,q < 1+d,. So Tbeorem@is not applicable in L, (or £,) spaces when 1 < q < 2.

4 Applications.

We now construct an explicit iterative algorithm for approximation of a common element of fixed
point set of family of uniformly asymptotic regular nonexpansive semigroup and the set of solutions
of variational inequality problem for an a-inverse strongly accretive operator.

Theorem 4.1. Let K be a nonempty closed, convex nonepansive retract of a strictly convex q-uniformly
smooth real Banach space E with nonexpansive retraction Q) and such that ¢ > 1+ d,. Let U be a family of
uniformly asymptotic regular nonexpansive semigroup from K into itself. Let A : K — E be an a-inverse

1
strongly accretive mapping. For some real numbers 6 € (0,1) and \ € (0, (%) q_l) and for arbitrary
z1,u € K, define a sequence {x,,}5° | by

Tpt1 = apu~+ (1 —0)(1 — ap)xy, + (52 ginT(t)Q(zn — Nzy), n > 1. (21)
i>1

Suppose that lim E |0int1 — Oin| = 0, then {xy }n>1 converges strongly to some element of F'V.
n—oo -
i>1

Proof. We first show that {z,, },>1 is bounded. Let z* € F'V. We have the following claim.

Claim. ||z, — z*|| < max{||u — z*||, ||xt1 —z*||} Vn > 1.
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Proof of Claim. We do this by induction. Observe that for n = 1, the claim clear holds. Suppose that
for some k € N\{1}, the claim is true for n = k. We show that it is also true for n = k + 1. Now, we
have from equation [21] that

lepr — 2" < onflu — 2™ + (1 — o) (1 = 6)||lzx — 27

+6 ) 0s gl T(t:) Qe — AAwy) — 27|
i>1
agllu — 2" + (1 — ag)llzg — 27|

IAIN

max{llu — ™[, [le1 — 27|}

So, the claim is true for n = k+1. Hence, {zy, }»>1 is bounded. It is now easy to see that {7T'(¢;)Q(x,, —
MNzp) bn>1, {Azptn>1 and {T'(t)xn tn>1, @ = 1,2,... are all bounded. Now, define the sequences
{Vn}n>1 and {up}n>1 by 7 = (1 — §)ay, + 9 and u,, = Int1=IntYnTn They

Tn

anu+ 0> 5 00T (6)Q(xn — Nxy)
Up = = .
Tn

Observe that {uy, },,>1 is bounded and that

o o 0l — o
s ol = s — ol < |25 O [ One) g
Tn+1 Tn Yn+1
oM,
4= (S i1 = il + bt =),
Yn+17Tn i>1

for some real constant My > 0. This implies that

lim sup(|unt1 — unll — [|Tnt1 — zal]) < 0.
n—oo

So, by lemma ilg%) |un, — zn|] = 0. But,

[Zn41 = @nll = Ynllun = znl|
Thus,

Tim 1 -zl = 0.
Moreover, from the recursion formula (Z1)) we have that

Tpgl — T = ap(u — zp) + 52 oin(T(t:)Q(zn — NAxy) — ).
i>1

This implies that

5HZ Gim(T(t)Q (20 — AAzy) — )

< wpp1 — 2ol + anllu — 25|

1>1
Thus,
nh—{go ‘Z O'i,n(T(ti)Q(xn - )\A$n) - xn) = 0.
i>1
Let {ap }n>1 in Remark also satisfy the following condition:
i 12251 0im (T (£:)Q(2n — AAzy) — 27|
im =0.
n—00 on
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For each n € N, let z, € K be the unique fixed point satifying (I3). Then, by Theorem 3.6, we have
that z, = u* € FV asn — co. Using (13) and Lemma[2.2] we obtain that

lzn — znll?> < ||(1=0)(1 = an)(2zn — ) + (52 Tin (T(ti)Q(zn — Azy,)

—T(t)Q(zn — M) + T(£)Q(n — M) — a:n> 2
+200 (0 — T, § (20 — Tp))
[(1 —0)(1 — an)llzn — znll + 6(1 — an)l[2n — znl|

153 0 (T(1) Qs — AAy) — 2, )]]

i>1

IN

+2an<u — T, j(zn — xn)>
= @ el — zall + 81 Y o0 (T(0) @ — M) — )]

i>1
+2an{u — 2y, (20 — T0))-
This implies that

) Q
<U - .Tn,j(l’n - Zn)> < %Hzn - mn”Q

1601 = o)z - ) (122 e 2 =0 =20l

+52H 221 0in(T(t)Q(n — AMwy) — 24|

2au,

Hence,
lim sup <u — T, j(Tn — zn)> <0.

n—oo

Furthermore,

<u — T, j(Tp — zn)> = <u —u*, j(zy — u*)>
+<U - U*aj(mn - Zn) - ](xn - U*)>
—|—<u* — 2z, j (T — zn)>
Again, using the fact that F has uniformly Géteaux differentiable norm we have that
lim sup <u —u*, j(zy, — u*)> <0.
n—oo
Set
wp = max{0, (u—u*,j(z, —u*))}.
Then, 0 < w,, Vn > 1. Also, if¢ > 0is given, then there exists n. € N such that <u—u*,j(xn—u*)> <
eV n > ne. This implies that 0 < w,, < £ ¥ n > n.. Thus, lim w, = 0. Moreover, we have from the
n—o0
recursion formula @ and Lemma@that

lznt1 = w*|? = llan(u—u*) + (1= an)(1 = 8)(z, — u*)
+6 ) oin(T(t)Q(wn — AMzy) — u*)|>
i>1
< (1= an)(1 =) (zn — u¥)

+8)_ 0in(T(t:)Q(n — AMan) —u")|?

i>1

—|—2an<u —u, j(xpy1 — u*)>

IN

(1 — o) ||lzn — u*]|? + 20w i1
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Hence, by Lemma we have that {z,,}n>1 converges strongly to u* € FV. This completes the
proof. O

Corollary 4.2. Let E be a strictly convex q-uniformly smooth real Banach space such that ¢ > 1+ d,. Let
A : E — FE be an a-inverse strongly accretive mapping. Let U be a family of uniformly asymptotic regular
nonexpansive semigroup from E into itself such that F(¥) (| A71(0) # 0. For fixed u € E, let {x,}n>1
be a sequence generated from arbitrary x1 € E by

Tnt1 = apu+ (1 —0)(1 — ap)xy, + 52 oginT(ti)(zy — NAzy), n > 1, (22)
i>1
where {an fn>1 and {0 ntn>1, @ = 1,2, ... are as in Theorem (4.1} Then, {xy}n>1 converges strongly to
an element of F(¥) (N A~1(0).

Proof. Here, A=1(0) = VI(E, A), FV := F(¥)( A~(0) and Q = I, where I is the identity opera-
tor defined on E. The rest follows as in the proof of Theorem[4.1] O

Corollary 4.3. Let H be a real Hilbert space. Let A : H — H be an «a-inverse strongly monotone
mapping. Let U be a family of uniformly asymptotic regular nonexpansive semigroup from H into itself such
that F(0) (N A~1(0) # 0. For fixed u € H, let {x}, }n>1 be a sequence generated from arbitrary x1 € H
by Then, {xy, }n>1 converges strongly to an element of F(W) (| A~1(0).

Proof. Here, A=1(0) = VI(H, A), FV := F(¥) N A~1(0) and Q = Py = I, where I is the identity
operator defined on H. The rest follows as in Theorem[4.1] O

Corollary 4.4. Let K be a nonempry closed convex subset of a real Hilbert space. Let S : K — K be
a k-strictly pseudocontractive mapping. Let U be a family of uniformly asymptotic regular nonexpansive
semigroup from K into itself such that F(V) (N F(S) # (. For fixed uw € K, let {xy,}n>1 be a sequence
generated from arbitrary x1 € K by

Tnt1 = apu+ (1 —0)(1 — ap)x, + 620i,nT(ti) ((1 — N)xp + )\S:L‘n), n>1,
i>1
where {an n>1 and {0 ntn>1, @ = 1,2, ... are as in Theorem (4.1} Then, {xy}n>1 converges strongly to

an element of F(¥) (" F(.S).

Proof. Put A = I — S, where I is the identity operator defined on K. Then A is a-inverse strongly
monotone with a = 352, Moreover F(S) = VI(K, A), Q = Pk and Pk (2, — Mz,,) = (1 — Nz, +
ASz,. So, by Theorem 4.1} the result follows. O

5 Numerical simulations/sensitivity analysis

Remark 5.1. Prototypes for our iteration parameters {cuy, }>1 and {0 ntn>1, 1 = 1,2, ... are

1 n
e
n+1" """ 2i(n 1)

Qp =

i, n € N.

Remark 5.2. The addition of bounded error terms in any of the recursion formulas leads to no further
generalization.

Remark 5.3. If f : K — K is a contraction map and we replace u by f(x,,) in the recursion formulas
of our theorems, we obtain what some authors now call viscosity iteration process. We observe that all our
theorems in this paper carry over trivially to the so-called viscosity process. One simply replaces u by f(x,,),
repeats the argument of this paper, using the fact that f is a contraction map.
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6 Discussions and Conclusion

The theorems obtained in this paper extend, improve and generalize many recently announced results.
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