AN A4
v‘ dddddd

International
Journal of
Mathematical
Analysis and
Modelling

(Formerly Journal of the Nigerian Society
for Mathematical Biology)

Volume 7 Issue 1, 2024

ISSN (Print): 2682 - 5694
ISSN (Online): 2682 - 5708
www.tnsmb.org




International Journal of Mathematical Analysis and Modelling (2024) 7(1):62-74

An Investment Model for a DC Pension System with
Refund Clause under Quadratic Utility

K.N.C. Njoku*

Abstract

Following the Nigerian pension reform act of 2004, there is a clause mandating the pension fund
administrators (PFAs) in the defined contributory pension scheme to make a refund to their
retirement savings account (RSA) holder’s family who died during the accumulation phase. As
good as this clause is to RSA holders; it posed a setious challenge to PFAs on the investment
strategy to be used under this condition. In this paper, the optimal investment strategy (OIS) is
studied for defined contributory pension with return of premium clause under quadratic utility
function. The charge on balance by pension fund administrators and the mortality risk of
members of the scheme during the accumulation period by introducing return of premium clause
is considered. To achieve this, a portfolio consisting of a risk free and a risky asset with charge
on balance by pension fund administrators is considered and the Abraham De Moivre force
function is used to establish the mortality rate of members during accumulation. Furthermore,
we obtained an optimization problem using dynamic programming approach. Using Legendre
transformation and Dual theory, the value function, OIS with return clause is obtained under
quadratic utility function. Finally, numerical simulations of the effect of some sensitive
parameters on the OIS were obtained and analyzed.

Keywords and phrases: quadratic utility; optimal investment strategy; return clause of premium;
charge on balance; Abraham De Moivre force function; Legendre transformation method.

1 Introduction

In a DC pension scheme, there exist two crucial phases; one the accumulation phase [1-9] followed by
the distribution phase [10]. During the accumulation phase, members contribute a certain percentage of
their income into their retirement savings account (RSA) which is managed by the pension fund
administrator (PFA) by investing the accumulated funds for the purpose of maximizing his members’
wealth toward actualizing a better retirement package [11]. During the accumulation phase, members
were only supposed to contribute and wait till after retirement for distribution. However, in recent years,
this has not been the case since PFAs will have to make sum refunds during the accumulation phase
due to some conditions such as loss of job, dead of members or even for the mortgage. This has

“Department of Mathematics, Imo State University, Owerri, Nigetia.

62 IJMAM, Vol. 7, Issue 1 (2024) oNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



K.N.C. Njoku (2024) Int. J. Math. Anal. & Mod., 7(1):62-74

somehow affected the dynamics of the investment strategies already in existence. Hence this has led to
the study of optimal investment strategies with return of premium clauses under different assumptions.

In [12], the optimal investment strategy with return of premium clause was studied under mean variance
utility function. In their research work, they considered a PFA who invested in one risk free asset and a
risky asset where the risky asset followed the geometric Brownian motion (GBM). [13] studied the OIS
for a DC pension scheme with return of premium when the risky asset followed the Heston volatility
model; they also determine the efficient frontier of the investor. The OIS with return of premium was
also studied by [14]. In their work, they considered a portfolio which comprised of one risk free asset
and two risky assets bond modeled by geometric Brownian motion (GBM) and stock modeled by
constant elasticity of variance and obtained the OIS under mean variance utility. In [15] the authors
studied the OIS with return of premium clause where the price process of the risky asset followed the
jump diffusion process. [16], investigated investment in one risk free asset, stock and inflation index
bond where the stock market price was modeled by Heston’s volatility model and proceed to obtain
OIS with return clause for both the inflation index bond and the stock market price. The mean variance
optimization of portfolio with return of premium clause in a DC plan with multiple contributors under
CEV model was studied in [17] by extending the work of [14]. [18], further extended the work of [12]
by studying the OIS with return of premium for a portfolio consisting of assets invested in fixed deposit,
stock and loan. Furthermore, the explicit solution of an investment strategy with voluntary contribution
and return clause was studied under logarithm utility by [19]. However, in all the literature mentioned
above, they assumed the returned funds are without interest from the invested funds but in [20-21], they
studied the OIS for a DC scheme with return of premium clause where the return of premium was with
predetermined interest. In their work, they assumed the refund premiums are with predetermined
interest from investment on risk free asset. In each of the above, they used the Abraham De Moivre
model as their mortality force function.

Very recently, some authors have modelled their mortality rate using the Weibull force function as their
mortality force function and proceed to obtain the OIS for a DC pension scheme using different utility
functions.In [22-23], they studied OIS with return clause with proportional administrative charges; in
their work, they used the Weibull force function to model the mortality rate of a DC pension scheme
and obtained the OIS under exponential and mean variance utilities respectively.

So far in the literature, we observed that several utility functions have been used to determine the OIS
with return of premium which include mean variance, exponential, power and logarithm. All through
the literature and to the best of my knowledge, the OIS have not yet been studied with return of
premium clause using quadratic utility function under any condition. In this paper, we used the quadratic
utility in [2] to study the OIS with return of premium and charge on balance. The Abraham De Moivre
model is used as the mortality force function to model the death rate of members.

2 Methodology/model formulation

Let K;(t) represents the price of the risk free asset and its price process is similar to the one in [12]
and [20] given by

{th(t) = rK;(t)dt 21

Ky(0) = ko> 0 ° @1
where 7 > 0 is the predetermined interest rate of the risk free asset.
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Similarly, the pension fund administrator may also be willing to invest in a risky asset (stock) modeled
by the geometric Brownian motion whose price process is given as follows as in [12] and [20]

dL.(t) = L.(t)(udt + odN,)

{ L(0)=1 ’

where p is the expected appreciation rate of Ly (t), o is the volatility of the stock market price and Ny is

the Brownian motion generating the available information in the market generated represented by F;

called the filtration in a complete probability space (€2, F;, P), where €, is a real space and P a
probability measure.

2.2)

Next, we consider I(t) to be the fraction of the accumulated wealth to be invested in risky asset and

1 — I(t), the fraction to be invested in a risk free asset.

Let a be the monthly contributions at a given time by the pension member, U the initial age during the

accumulation phase, T the accumulation phase period, and ug + T is the terminal age of the member.

W1
U
q

+¢1S the mortality rate from time tto t + 7 ta is the accumulated contributions at time t,
0

mtaW1u +t is the returned contributions to the death members’ families within the accumulation
Lo
q

period. Also, let a be the charge on balance which is determined based on the value by the pension fund
administrators [8].

From the work of [12-23], if we consider the accumulation period [t,t + %] and the investment
strategy for the risky asset, the differential form of the fund sizeis given as:

1
) -
E,u0+t

fop o K1 )|
— — a —
K¢ q

[
B v | (1-1@1))
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q e
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1 V(t) L 1 t Wl,u0+t
V(e+D) -V = +(t) <Z—+t_ — 3) —a- (1 + #) @9
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o

From the work of [12], we have

1 W%.u0+t 1
~-—>0,W: = A(uy + t)dt, ——— = A(uy + t)dt,a- — adt,
q E,u0+t 1—Wlu it q
e (2.5)
1 L 1
al S adt, g K 5 th(t)’ﬁ L N dL¢(t)
q K Kt Ke(t) © Le Lt Le(t)
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Substituting (2.5) into (2.4) we have

dL(t) dK(t)
V(t) (I(t) —o T (1-1() O adt)

+a(1 — mtA(uy + t)dt
where A(t) is given as the De Moivre force function and u is the maximal age of the life table. According
to [25], A(t) and u are related thus

dv(t) = (1+ A(uy + t)dt) (2.6)

A(t)=ﬁ 0<t<u

This implies that
Substituting (2.1), (2.2) and (2.7) into (2.6), we have
( IOW -7+ - a))
J V(t) ( 1 > L
v (e) = u-uo-g::rf)_tt dt + V(t)I(t)odN; 2.9
R = L
V(O) =7y

2.1 The Value Function and HJB Equation

Let I(t) be the optimal investment strategy and we define the utility attained by the investor from a
given state v at time t as

Myt v) = Exp[U(V(D) I V() = v], (2.9)

where t is the time and v is the wealth. The objective here is to determine the optimal investment
strategy and the optimal value function of the investor given as

I(t)*and M(t,v) = sup My (t,v) (2.10)
I(t)

Respectively such that
M-t v) = M(t,v). (2.11)

Applying the Ito’s lemma and maximum principle, the Hamilton Jacobi Bellman (H]B) equation which
is a nonlinear PDE associated with (2.8) is obtained by maximizing M;(t, v) subject to the insuret’s
wealth as follows
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M+ (v (r ot i) + (R @) Mo

=0 2.12
+ sup {I(t)(u —r)M, + l17212cf2Mm,} ¢12
1(t) 2

Differentiating (2.12) with respect to I (t), we obtain the first order maximizing condition for equation
(2.12) as

1(t) = — ¥ My 2.13)
Substituting (2.13) into (2.12), we have

M+ (v (r—at mm) + (R )

1 (u-1)* M3
2 02 My

=0 (2.14)

2.2 Legendre Transformation and Dual theory

The differential equation in (2.14) is a nonlinear partial differential equation and is difficult to solve with
direct method. In this section, we introduce the Legendre transformation and dual theory it to transform
the nonlinear partial differential equation to a linear partial differential equation.

Theotem 2.1: Let g: R™ = R be a convex function for z > 0, define the Legendre transform
G(z) = max{g(v) — zv}, (2.15)

v
where G (z) is the Legendre dual of g(v).

Since g(v) is convex, from theorem 2.1 and [26-27], the Legendre transform for the value function
M (t,v) can be defined as follows

M(t,z) =sup{M(t,v) —zv |0 <v <0} 0<t<T (2.16)
where M is the dual of M and z > 0 is the dual variable of v.

The value of v where this optimum is achieved is represented by g(t, z), such that
g(t,z)=inf{v|M22v+M(t,z)}0<t<T. (2.17)

From (2.17), the function g and M are very much related and can be refers to as the dual of M and are
related thus

M(t,z) = M(t,g) — zg. (2.18)
where
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gt,z)=v,M, =2z g =-M, (2.19)

Differentiating (2.18) with respect to t, andv

. -1
(M, =0, M,=2M, =" 2.20)

ZZ

At terminal time T, we define the dual utility in terms of the original utility function U(v) as
U(z) =sup{U@w) —zv |0 <v < o},
and
G(z) =sup {v|UK) =zv+U(2).
As a result M(t,z) = M(t, g) — zg.
6(2) = (U)Y'(2), 221)
Where G is the inverse of the marginal utility U and note that M(T,v) = U(v)
At terminal time T, we can define

9T, z) = inf{v | U(v) = zv + M(t,z)}and M(t,z) = sup{U(v) — zv}

v>0 v>0

so that

g(T,2) = (U (2). 2.22)
Substituting (2.20) into (2.13) and (2.14), we have

g (T ot u-:(,-t) ,_1 ((u—r)z) o

) 2 _
M + n (u—uo—(1+m)t) a 2 o2 z°Mz; =0 (2.23)
u—u-—t
* ( - ) MZZ
1(6) = — [ ] 2.24)

From equation (2.19), differentiating (2.23) and (2.24) with respect to z, we have

1
e — g(r—a+u_uo_t) g (r—a+ 1 )
t —Un— 4 —Un—
+ (), ket = (2.25)
(u—7r)? | 1 ((u-1)?
t29: 7t ( o2 ) 2" G2z
* ( — )
10 = -2 2, (2.26)
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where, M(T, z) = U(z) and U(2) is the marginal utility of the investor. Next, we proceed to solve (2.25)
for g considering an investor with quadratic utility, then substitute the solution into (2.26) for the OIS
using change of variable approach.

3 Analysis of the model

3.1 Investor’s OIS under Quadratic Utility Function

In this section, we follow the work of [2] and define the quadratic utility function as follows
Ulw) = (v —rc)?, (3.1)
where v is the investor’s wealth and ¢ is a constant coefficient.

Our interest is to solve (2.25) for g considering a pension fund manager with quadratic utility, then
substitute the solution into (2.26) for the OIS using change of variable approach.

From (2.22) and (3.1), the boundary condition is given as
g(T,z) = %Z +c (3.2)

Lemma 3.1: The optimal investment plan for a DC plan with refund clause under quadratic utility is by

V|Lu-uUp

I(t)" = C(" ") [1 z “” Uo~ ]Exp[(r—a)(t—T)]”

Proof

Next, we formulate a solution to (2.25) similar to [21] as follows:

g(t,z) = zd(t) +e(t)
Differentiating (3.3), we have
{gt=zd;+e, g, =d, g,,=0 34
Substituting (3.4) into (2.25), we have
oo~ (e ) .
u— r) u—uyg—(1+m)t - ’
+z]de—2(r—a+ =) d + 5 d - () od
Splitting (3.5), we have
1
e — (r —a+ u_uo_t) e=0 (3.6
e(T) =
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d, — [2 (r —at+— ) i (u_uO_(1+m)t) a] d=0

u-u—t 2 u—ug—t (3.7)

d(T) =§

Solving equation (4.6) and (4.7), we obtain

_y_p1(2+a(1+m) (u—uy))
] “Exp||

u—ug—t

d(t) = %[ 2(r—a) — (“;;)2 + (m— 1)a] (t— T)l(3.8)

g(t) =c “[“ Yo ]l EXP[(r — a)(t — T)]] (3.9)

Substituting (3.7) and (3.8) into (3.3) and (3.4), we obtain

[ U—tg— (2+a(1+m)(u- uo)) 2(r—a) i
Z%[ ] “ (p- r) +(m—1) ](t—T)

u—ug—t
g(t,z) = (3.10)
+e [[u lio~ ]EXP [(r — a)(t — T)]l
_ 2(r—a)
1[u-ue-T (2+a(1+m)(u—uo))
9z = g[m] (u r) +(m—1)a (t=T) (3.11)
Simplify (4.10) for z, we have
o (2+a(1+m)(u—u ))
2lg—c [u Uup— ]Exp r—a)(t—T)]”[%] o
z= (3.12)
(u-1)2
x EXP [2(r—a)—7+ (m — 1)a] (T —t)
g=v
Substituting (3.10), (3.11) and (3.12) into (2.26), we have
1(6)" = 2221 - 2| B2 pxp[(r — a)(t - TY]| . (3.13)
v | Llu—up— )
which completes the proof
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4 Numerical simulations/sensitivity analysis

In this section, some numerical simulations showing the relationship between the OIS and some
sensitive parameters are presented and we will discuss the effect of the parameters on OIS as it affects
the PFAs behaviour toward investment under quadratic utility function using (4.13). To achieve this,
the following data are used similar to [12,24] unless otherwise stated: ¢ = 0.5,¢ = 0.01,7 = 0.3,,v =
1,a=01,0=0.1, ,u=100,uq =20, T = 20.
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Fig. 1: OIS with appreciation rate of the risky asset
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Fig. 2: OIS with instantaneous volatility of the risky asset
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Fig. 5 OIS with wealth of the investor

5 Discussions and conclusion

In fig. 1, the graph of the optimal portfolio distribution against the appreciation rate of the risky asset is
presented; the graph shows that the optimal portfolio distribution is an increasing function of the
appreciation rate of the risky asset. The implication of the graph is that any asset with higher appreciation
rate will naturally be appealing and attractive to an investor; hence the investor may be willing to commit
more of his resources into such asset with the expectation of more returns and vice versa.

In fig. 2, the graph of optimal portfolio distribution against the instantaneous volatility is presented; the
graph shows that the optimal portfolio distribution is inversely proportional to the instantaneous
volatility of the risky asset. This implies that the higher the instantaneous volatility of the risky asset, the
higher the risk involved in the investment in such asset. Hence this may create more fears in the mind
of the investor toward investing in the risky asset, furthermore reduce the proportion of the investor’s
wealth in risky asset.

In fig. 3, the graph of the optimal portfolio distribution with the predetermined interest rate is presented;
the graph shows that the optimal portfolio distribution is a decreasing function of the predetermined
interest rate. The implication of the graph is that a member with large funds prefers to invest where
there is lesser risk since they may not want to lose what they have gathered already.

In Fig. 4, the graph of optimal portfolio distribution for the risky asset with tax on invested fund size is
presented; the graph shows that, optimal portfolio distribution for the risky asset decreases with increase
on tax on the invested fund. The implication of this graph is that members may be discouraged from
investment on highly taxed investment and vice versa.
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In fig. 5, the graph of optimal portfolio distribution for the risky asset with the investor’s wealth is
presented. We observed that the optimal portfolio distribution is a decreasing function of the wealth
function. This implies that an investor will invest more in the risky assets if their wealth is small and vice
versa.

In conclusion, this research work investigated the study of OIS with return of premium clause under
quadratic utility function and its application to portfolio optimization and risk management. Also, a
portfolio made of a risk free asset and a risky asset which follows the GBM was considered. We took
into consideration charge on balance by the PFA. We used the Ito’s lemma to obtain an optimization
problem in the form of Hamilton Jacobi Bellman equation and investment strategy. These problems are
functions of the value function which is dependent on the utility of the investor at the expiration of
such investment. Also, the Legendre transformation method and quadratic utility function were used in
solving for the OIS. Furthermore, some numerical simulations were also presented to study the effect
of some sensitive parameters on the OIS and were observed that OIS under quadratic utility function is
an increasing function of appreciation rate of the risky asset, and a decreasing function of charge on
balance, instantaneous volatility, member’s wealth and predetermined interest rate.
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