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Abstract  
 

        This study employs the least squares method in conjunction with shifted Chebyshev 

polynomials as a framework to approximate solutions for fourth-order Volterra integro-

differential equations. By leveraging this numerical approach, the method effectively tackles 

various fourth-order Volterra integro-differential equations, yielding results closely aligned with 

exact solutions. The utilization of the least squares method with shifted Chebyshev polynomials 

demonstrates its efficacy in solving such equations with exact and converges faster than existing 

methods. The tables and graphical representation below display this 
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1    Introduction   
 

Integro-differential equations, amalgamating integral and derivative operators within an unknown 
function, find extensive utility across engineering and scientific domains [1]. These equations manifest 
in forms such as Fredholm, Volterra, or their hybrid, Fredholm-Volterra integro-differential equations, 
necessitating numerical methods for resolution. Existing literature presents diverse numerical 
approaches for tackling integro-differential equations, including the collocation method [2-4] and the 
hybrid linear multistep method [5-7]. Notably, Volterra integro-differential equations, prevalent in 
realms like fluid mechanics and viscoelasticity, have garnered significant attention [8]. Given the 
analytical complexity inherent in solving such equations, the pursuit of accurate numerical 
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approximations becomes imperative for comparative analysis against exact solutions [9]. Integral 
equations, particularly Volterra integral equations, constitute a cornerstone in solving myriad natural 
science predicaments. These equations, encapsulating variable boundary techniques, serve as 
fundamental tools in modeling numerous phenomena within the natural sciences [10]. The 
examination of such integral equations has facilitated the translation of various real-world problems 
into mathematical frameworks, thereby enabling their resolution [10]. Moreover, a pivotal 
advancement in contemporary mathematics lies in the successful resolution of Volterra integral 
equations, underscoring their significance in both theoretical and practical domains. 
       Numerical solutions for various classes of integral equations remain scarce, with only a handful 
of approximate methods available. Among these methods are several approaches tailored specifically 
for integral equations with variable boundaries, each presenting its own limitations. In this study, we 
employ the least squares method in conjunction with shifted Chebyshev polynomials as a basis to 
approximate solutions for fourth-order Volterra integro-differential equations [11, 12]. 

An integral equation is an equation in which the unknown function ( )xu to be determined appears 

under the integral sign. A typical form of an integral equation in ( )xu is of the form 

( ) ( ) ( ) ( )
( )

( )

+=
x

x
dttutxKxfxu




,                 (1) 

where ( )txK , is called the kernel of the integral equation, and ( ) ( )xx  ,  are the limits of integration.  

         In equation (1), it is easily observed that the unknown function ( )xu  appears under the integral 

sign as stated above, and out of the integral sign in most other cases [13]. It is important to point out 

that the kernel ( )txK ,  and the function ( )xf in (1) are given in advance. Our goal is to determine ( )xu  

that will satisfy (1), and this may be achieved by using the Volterra Integro-differential equation 

( ) ( ) ( ) ( )+=
x

n dttutxKxfxu
0

)( ,                                  (2) 

         This equation (2) is called an integral-differential equation because differential and integral 
operators are involved in the same equation. The concept of integral and integro-differential equations 
has inspired a lot of study in recent years [14]. Generally, methods for solving integro-differential 
equations combine approaches used for both integral and differential equations, which contain both 
integral and differential operators. Also, since closed-form solutions may not be tractable for most 
applications, numerical methods are employed to obtain an approximation to exact solutions.  
        Numerical methods like variational iteration, homotopy pertubation, domain decomposition 
methods, and others have been used to solve these equations. Other methods, such as least squares 
methods, where Chebyshev and Legendre’s polynomials are used as basis functions, have been applied 
to obtain solutions to some higher-order linear-type integro-difference equations and their function 
derivatives [14]. Integro-differential equations emerge frequently as mathematical models in diverse 
disciplines. The study of integral and integro-differential equations may be traced to the work of Abel, 
Lotka, Fredholm, Malthus, Verhulst, and Volterra on problems in mechanics, mathematical biology, 
and economics [15]. The work of Volterra on the problem of competing species is of fundamental 
importance for the development of mathematical modeling of real-world problems. Volterra explored 
the effect of inherited characteristics when he was examining a population growth model. The research 
work led to a specific topic where a distinctive equation emerged, featuring both differential and 
integral operators [15]. 
        Numerous descriptions of physical occurrences in mathematics contain integro-differential 
equations. These equations arise in fluid dynamics, biological models, and chemical kinetics. The 
Adomian decomposition approach for solving boundary value problems for fourth-order integro-
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differential equations was developed by Hashim [16]. While [17] delved into the numerical solution of 
Volterra-Fredholm integral equations by moving least squares method and Chebyshev polynomials.  
         In this study, a method based on the least squares approximation method and the Chebyshev 
polynomial is introduced to address the following fourth-order integro-differential equation:   

    ( ) ( ) ( ) ( ) 1,0,
0

+=  ttdttutxkxfxu
x

n                                      (3) 

where ( )
n

n
n

dx

ud
xu =  because the resulted equation in (3) combines the differential operator and the 

integral operator, then it is necessary to define initial conditions ( ) ( ) ( ) ( )0'',,0,0',0 uuuu   for the 

determination of the particular solution ( )xu of the Volterra integro-differential equation. The method 

is proposed by using shifted Chebyshev polynomials for solving the integro-differential equations [18]. 
One of the most significant advantages of the least square technique is that it improves the accuracy 
of the model problem predictions. By minimizing the sum of the squared residuals, the method 
ensures that the model fits the observed data as closely as possible. This approach helps to reduce the 
errors and uncertainties associated with the model predictions, making it more reliable and robust than 
the other methods. 

 
1.1 Basic Definitions 
This section defines the basic terms that will be frequently used during the research work. 
Definition 1: Standard Collocation Method [1]: This is the method partitioning intervals into different 

points. For example, let say an interval   Nba ,,  be the number of collocation points to get the desired 

collocation points, we use; 

,
)(

p
N

ab
axp

−
+=  where Np ,2,1= . 

Definition 2: Power Series Polynomial [1]: A power series is basically an infinite degree polynomial 

that represents some function. It is generally written in the form ; ( ) 


=

=
0n

n

nxaxy , where 𝑎𝑛 is the 

coefficient of the polynomials which are real numbers. 
Definition 3: Shifted Chebyshev Polynomials [1]: This is a special type of polynomial generated from 

Chebyshev polynomial. The shifted Chebyshev has interval  1,0 , while Chebyshev has an interval of

 1,1− . 

 

2    Methodology 
 

In this section, the derivation of the method based on the numerical solution of the Volterra Integro-
differential equation using the least squares method and the shifted Chebyshev polynomial of the 
interval [0, 1] and some examples of the fourth-order Volterra Integro-differential equations will be 
solved using the shifted Chebyshev polynomial as the basis function [17, 18]. 
 

2.1 Construction of Chebyshev Polynomials 

The Chebyshev polynomial defined on interval  1,1−  denoted by ( )xTn
 is defined as 

( )  xnxTn

1coscos −=               (4) 

when 0=n  
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( )  xxT 1

0 cos0cos −=                        (5) 

10cos =  

Thus ( ) 10 =xT  

when 1=n  

( ) xxT 1

1 cos1cos −=                                          (6) 

  xx −−1coscos  

      Thus ( ) xxT =1 . 

Hence, from the recurrence relation, i.e. 

( ) ( ) ( )xTxxTxT nnn 11 2 −+ −=                     (7) 

when 1=n , we have 

( ) ( )

12

12

2

2

−=

−=

x

xxxT
                     (8) 

when 2=n , we have 

( ) ( ) ( )

xx

xTxxxT

34

122

3

1

2

3

−=

−−=
                         (9) 

The first few Chebychev polynomial of interval  1,1−  are as follows 

( )

( )

( )

( )

( )

( ) 















+−=

+−=

−=

−=

=

=

xxxxT

xxxT

xxxT

xxT

xxT

xT

52016

184

34

12

1

34

5

24

4

4

3

2

2

1

0

          (10) 

 

2.2 Shifted Chebyshev Polynomial on interval  ba,  

The nthdegree shifted Chebyshev polynomials of the first kind valid in the interval  ba,  

is given as 

( ) 0,
2

coscos 1* 
















−

−−
− − n

ab

abx
nxTn

 and Nn     (11) 

and the recurrence relation is given as 

( ) ( ) ( )xTxT
ab

abx
xT nnn

*

1

**

1

2
2 −+ −









−

−−
=       (12) 

      To use shifted Chebyshev polynomials on interval  1,0  we need to change the domain using the 

following substitution 
10,12 −= xxX       (13) 

The Chebyshev polynomials valid on  1,0  denoted by ( )xTn
 is defined as 

( ) ( )  10,12coscos 1 −− − xxxTn
                    (14) 

The recurrence relation is given as 
( ) ( ) ( ) ( ) 1,122 −−= NxTxTxxT NNN
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     From equation (11) we obtain 

when 0=N , we obtain 

( ) ( )  112cos0cos 1

0 =−= − xxT  

when 1=N , we obtain 

( ) ( )  1212coscos 1

1 −=−= − xxxT  

     So the shifted Chebyshev polynomials ( )xTn
 on  1,0  are obtained as follows 

( )

( )

( )

( )

( )

( )

( )

( ) 


















−+−+−+−=

+−+−+−=

−−−+−=

+−+−=

−+−=

+−=

−=

=

1981560940826883993628678192

1728403584691261442048

1504001120128512

132160256128

1184832

188

12

1

234567*

7

23456*

6

2345*

5

234*

4

23*

3

2*

2

*

1

*

0

xxxxxxxxT

xxxxxxxT

xxxxxxT

xxxxxT

xxxxT

xxxT

xxT

xT

              (15) 

 

2.3 Existence and Uniqueness Solution [19] 
In this section, we shall give an existence and Uniqueness solution of equation (3) and its initial 
conditions. 

𝑑𝑛𝑢

𝑑𝑥𝑛 𝛼𝑢 + 𝛽𝑣 + ∫ 𝐻(𝜏, 𝑠)(𝑢(𝑠) − 𝑣(𝑠))𝑑𝑠
𝜎

𝜌
                                                      (16) 

𝑑𝑛𝑣

𝑑𝑥𝑛 𝜑𝑢 + 𝜉𝑣 + ∫ 𝑄(𝜏, 𝑠)(𝑢(𝑠) − 𝑣(𝑠))𝑑𝑠
𝜎

𝜌
                                                       (17) 

Here,𝑢 ∈ 𝐷 and ∈ 𝐷1 ⊆ 𝑅𝑚 , where each 𝐷 and 𝐷1 is a closed and bounded domain subset of 

Euclidean spaces𝑅𝑚. 

Suppose that𝛼 = (𝛼𝑖𝑗), 𝛽 = (𝛽𝑖𝑗), 𝜑 = (𝜑𝑖𝑗),  and 𝜉 = (𝜉𝑖𝑗) (𝑚 × 𝑚) are non-negative matrices. 

      The functions  

             𝐻(𝜏, 𝑠) and 𝑄(𝜏, 𝑠) is defined on the domain  
(𝜏, 𝑠, 𝑢) ∈ [0, 𝑇] × [0, 𝑇] × 𝐷

(𝜏, 𝑠, 𝑢) ∈ [0, 𝑇] × [0, 𝑇] × 𝐷1
}                                             (18) 

Also, the function  𝐻(𝜏, 𝑠) and 𝑄(𝜏, 𝑠)satisfies the following inequality  
‖ 𝐻(𝜏, 𝑠)‖ ≤ 𝐻1, ‖ 𝑄(𝜏, 𝑠)‖ ≤ 𝑄1                                                                                  (19) 

∀ 𝑢 ∈ [0, 𝑇], 𝑠 ∈ [0, 𝑇] and 𝑢, 𝑢1, 𝑢2  ∈ 𝐷, 𝑣, 𝑣1, 𝑣2  ∈ 𝐷1 where  𝐻1, 𝑄1 are positive constants, 0 ≤
𝑠 ≤ 𝜏 ≤ 𝑇. 
We define the non-empty sets as follow 

𝐷𝑗 = 𝐷 − 𝛼1‖𝑢0‖ + 𝛽𝑇‖𝑣0‖ + 𝛼2𝑇𝛬1‖𝑢0 − 𝑣0‖                        (20) 

𝐷1𝑗
= 𝐷1 − 𝜑1‖𝑣0‖ + 𝜉𝑇‖𝑢0‖ + 𝜑2𝑇𝛬2‖𝑢0 − 𝑣0‖                        (21) 

 

2.3.1 Existence Solution 
The study of existence solution of the problem above will be introduced by the following theorem 
without proof.  
Theorem 1 

 Let the functions  𝐻(𝜏, 𝑠) and 𝑄(𝜏, 𝑠) be defined in the domain (18), continuous in 𝜏 and satisfy the 
inequalities (19), then  

 𝑢(𝜏, 𝑢0) = 𝑢0𝑒𝛼𝜏 + ∫ 𝛽𝑣0𝑑𝑠 +
𝜏

0
∫ 𝑒𝛼(𝜏−𝑠) [∫ 𝐻(𝜏, 𝑠)(𝑢(𝑠) − 𝑣(𝑠))𝑑𝑠

𝜎

𝜌
]

𝜏

0
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𝑣(𝜏, 𝑣0) = 𝑣0𝑒𝜑𝜏 + ∫ 𝜉𝑢0𝑑𝑠 +
𝜏

0
∫ 𝑒𝜑(𝜏−𝑠) [∫ 𝑄(𝜏, 𝑠)(𝑢(𝑠) − 𝑣(𝑠))𝑑𝑠

𝜎

𝜌
]

𝜏

0
  

are the solution of the equations (16) and (17) Source: [19] 
2.3.2 Uniqueness Solution  
The uniqueness solution of the equation (16) and (17) will be introduced by the following theorem 
without proof 
 
 Theorem 2 
Let all assumptions and conditions of the theorem 1 be given then the problem (16) and (17) has a 

unique solution𝑢 = 𝑢∞(𝜏, 𝑢0, 𝑣0), 𝑣 = 𝑣∞(𝜏, 𝑢0, 𝑣0) on the domain (20) Source: [19] 
  

3    Numerical application and results 
 

Description of the least square method on the general problem considered. 
Problem 1 
Consider the general fourth order integro- differential equation of the form 

( ) ( ) ( ) ( ) ( )+=
x

iv dttutxKxfxu
0

,                          (22) 

Together with the initial condition ( ) ( ) ( )0,0',0 1−nuuu  . 

Let the assumed equation be 

( ) ( ) 10,
0

* =
=

xxTaxu
n

i

iin
                                        (23) 

where 

( ) ( ) ( ) ( ) ( ) ( )
=

+++++=
n

i

nnii xTaxTaxTaxTaxTaxTa
0

**

33

*

22

*

11

*

00

*                        (24) 

(24) is modified to satisfy the condition and becomes 

( ) ( )( )
=

=
N

i

iv

nin xTaxu
4

*                              (25) 

Substituting equation (24) and (25) in (22) and replacing x  by t  in the integrand 

( )( ) ( ) ( ) ( )dttTatxkxfxTa
N

i

n

i

ii

x
iv

ni 
= =

+−
4 0

*

0
,                           (26) 

which could be expressed as 
( )( ) ( )( ) ( )( ) ( )( ) ( )( )

( ) ( ) ( ) ( ) ( ) ( )( ) ++++++

=++++

x

nn

iv

nn

iviviviv

dttTatTatTatTatTaxf

xTaxTaxTaxTaxTa

0

**

33

*

22

*

11

*

00

**

33

*

22

*

11

*

00







                              (27) 

 

The residual equation from equation (27) is written as 

( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) 
















−+

+++
−

++++

=


x

iv

nn

iv

iviviv

iv

nn

iviviviv

n

xfdttTatTa

tTatTatTatxk

xTaxTaxTaxTaxTa

aaaaaR

0 **

33

*

22

*

11

*

00

**

33

*

22

*

11

*

00

3210

]

[,,,,,,








  

                                                    (28) 

Let 

( ) ( )  ( )dxxwaaaaaRaaaaaS n

21

0
032103210 ,,,,,,,,,, =                                        (29) 

where ( )naaaaaS ,,,,, 3210   is to be minimized, ( )xw  which is the weight function is taken to be 

1. 
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Equation (29) is express as  

( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )( )

( ) ( )( ) ( )( ) ( )( ) ( )( ) ( )( )  ( )



−++++

−++++=

1

0

**

33

*

22

*

11

*

00

1

0

**

33

*

22

*

11

*

003210

,

,,,,,

xfdttTatTatTatTatTatxk

xTaxTaxTaxTaxTaaaaaaS

iv

nn

iviviviv

iv

nn

iviviviv

n







 

                                                          (30) 

Now, S is to minimized and to do this, we set  

n
a

S

j

,,3,2,1,0 =



                            (31) 

for 0=j , we get  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0,,

,,

,,

2

0

*

0

*

0
0

**

3

*

3

*

32

*

2

*

2

1

*

1

*

1

1

0
0

*

0

*

0

0

=




 −−





 −+

















+




 −+





 −+






 −+





 −

=





 

dxdttTtxkxTxfadttTtxktT

adttTtxktTadttTtxkxT

adttTtxkxTadttTtxkxT

a

S

x
iv

n

x

n

iv

n

b

a

iv
b

a

iv

b

a

iv
b

a

iv













   

                                                                    (32) 

for 1=j , we get  

( )( ) ( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( ) ( ) ( )( ) ( ) ( ) 0,,

,,

,,

2

0
1

*

1

**

3

*

3

*

32
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2

*
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1

*

1

*

1

1

0
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*

0

*
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
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








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




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
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
 −+





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 
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adttTtxktTadttTtxkxT

adttTtxkxTadttTtxkxT

a

S

x
iv

n

b

a
n

iv

n

b

a

iv
x

iv

b

a

iv
b

a

iv












 

                                               (33) 

for 2=j , we get  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) 0,,

,,

,,
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*
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*
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*
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
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



 −+






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


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
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 
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n
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n
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b
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x
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x
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









    

                                            

           (34) 

for 3=j , we get  

( )( ) ( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( ) ( ) ( )( ) ( ) ( ) 0,,

,,

,,
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
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
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
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
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dxdttTtxkxTxfadttTtxkxT

adttTtxkxTadttTtxkxT
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a

S

x
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n

x

n
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n

x
iv

x
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x
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x
iv












    

                                                        (35) 

  
 

for nj = , we get  
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( )( ) ( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( ) ( )( ) ( ) ( )

( )( ) ( ) ( ) ( ) ( )( ) ( ) ( ) 0,,

,,

,,

2

0

*

0

3
0

332
0

22

1
0

11

1

0
0

0
00

=
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
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

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



 −+
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
 −+



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 −
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 
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S

x

n
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n

iv

n

x
iv

x
iv

x
iv

x
iv

n













  

                                            (36) 

Evaluating the integrals in (32)-(36) gives ( )1+n  algebraic linear equations nn  unknown 

constants 
naaaaa ,,,,, 3210   which are then substituted back into equation (34) to obtain the 

required approximate solution. 

 

4   Numerical applications 
 

We have two numerical problems that consist of fourth order linear Volterra integro-differential 
equation. 
 
Problem 1 
The fourth order nonlinear Volterra integro-differential equation of the form 

( )( ) ( ) ( )

( ) ( ) ( ) 10'',10',00

,
30

1
24

0

6

−===

−−++= 
uuu

dttutxxxxu
x

iv

                                                         (37) 

is consider with the exact solution as 

( ) xxxu sin4 +=
                                    (38)

 

Source: [20]  
Solution 
For 7=n , equation (34) is given as 

( ) ( ) ( ) ( ) ( ) ( )xTaxTaxTaxTaxTaxu 4433221100 ++++=  

( ) ( ) 776655 TaxTaxTa +++                                        (39) 

( ) ( ) ( ) ( )+−+−++−+−+= 118483218812 23

3

2

210 xxxaxxaxaaxu

  
( ) ( )
( )
( )1981560940826883993628678192

1728403584691261442048

1504001120128512132160256128

234567

7

23456

6

2345

5

234

4

−+−+−+−+

+−+−+−+

−−−+−++−+−

xxxxxxxa

xxxxxxa

xxxxxaxxxxa

 
                                      (40) 

Remember that 

( )

76543210

765432100

00

aaaaaaaa

aaaaaaaa

u

+−+−+−=

−+−+−+−=

=

                                                    (41) 

substitute (41) in ( )xu  
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( ) ( ) ( ) ( )
( ) ( )
( )
( )1981560940826883993628678192

1728403584691261442048

1504001120128512132160256128

118483218812

234567

7

23456

6

2345

5

234

4

23

3

2

217654321

−+−+−+−

++−+−+−

+−−−+−++−+−

+−+−++−+−++−+−+−=

xxxxxxxa

xxxxxxa

xxxxxaxxxxa

xxxaxxaxaaaaaaaaxu

 

                                             (42) 

( ) ( ) ( ) ( )
( ) ( )
( )
( )xxxxxxxa

xxxxxxa

xxxxxaxxxxa

xxxaxxaxaxu

981560940826883993628678192

728403584691261442048

50400112012851232160256128

1184832882

234567

7

23456

6

2345

5

234

4

23

3

2

21

+−+−+−

+−+−+−

+−−+−+−+−

+−+−+−+=

   

                                                (43) 

Differentiate equation (43)  

( ) ( ) ( )
( ) ( )
( )
( )98313628224610752019968017203257344

7216802766483072012288

5080033605120256032320768512

1896968162'

23456

7

2345

6

234

5

23

4

2

321

+−+−+−

+−++−

++−+−+−++

++−+−+=

xxxxxxa

xxxxa

xxxxaxxxa

xxaxaaxu

               (44) 

Recall ( ) 1' =xu  

7654321

7654321

9872503218812

9872503218821

aaaaaaa

aaaaaaa

−+−+−+=

+−+−+−=
       (45) 

Substitute (45) in (43) 
( )   ( ) ( )

( ) ( )
( )

( )xxxxxxxa

xxxxxxa

xxxxxaxxxxa

xxxaxxaxaaaaaaxu

9156894082688039936286728192

728403584691261442048

504001120128051232160256128

18483288987250321881

234567

7

23456

6

2345

5

234

4

23

3

2

2765421

+−+−+−

+−+−+−+

+−+−+−+−+

+−+−+−+−+−+=

          (46) 

( ) ( ) ( ) ( )
( )
( )
( )
( )234567

7

23456

6

23456

6

2345

5

234

4

23

3

2

2

156894082688039936286728192

8403584691261442048

8403584691261442048

40011201280512

16025612848328

xxxxxxa

xxxxxa

xxxxxa

xxxxa

xxxaxxaxaxxu

−+−+−+

+−+−+

++−+−+

+−−+

+−+−++=

        (47) 

Differentiating equation (47) once and twice 

( ) ( ) ( ) ( )

)313628224107520

19968017203257344()168010752

2764830720122888()80033605120

2560(3207685129696161'

23

456

7

2

345

6

23

4

5

23

4

2

32

xxx

xxxaxx

xxxaxxx

xaxxxaxxaxaxu

−+−

+−++−

+++−+−

++−+−++=

    (48) 

( ) ( ) ( )
( )

( )313656448322560798720860160344064

1680215048294412288061440)800672015360

10240(320153615369619216''

2345

7

234

6

2

3

5

2

4

2

32

−+−+−

++−+−+−+−

++−+−+=

xxxxxa

xxxxaxx

xaxxaxaaxu

       

  (49) 
Remember ( ) 0'' =xu , so that 
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765432

765432

765432

1568840400160488

313616808003209616

3136168080032096160

aaaaaa

aaaaaa

aaaaaa

+−+−=

+−+−=

−+−+−=
                 (50) 

Substitute equation (50) into (47) 
( )      

 34567

7

345

6

6

345

5

34

4

2

3

94082688039936286728192]358469126144

2048[1120128051225612832

xxxxxaxxx

xaxxxaxxaxaxxu

+−+−+−+−

++−+−++=              (51) 

Differentiating equation (50) three times, we have 
( )      

 
 23456

7

2345

6

234

5

23

4

2

3

2822410752019968017203257344

1075210752276430720122888

33605120256076851296'

xxxxxa

xxxxxa

xxxaxxaxaxu

+−+−

+−−+−

++−+−+=
    (52) 

( )      
 
 xxxxxa

xxxxa

xxxaxxaxaxu

56448322560798720860160344064

215048294412288061440

6720153601024015361536192''

2345

7

234

6

23

5

2

43

+−+−

+−+−

++−+−+=
   (53) 

( )    
 
 xxxxxa

xxxa

xxaxxaaxu

56448322560798720860160344064

2150416588836864245760

6720307203072015363072192'''

2345

7

23

6

2

543

+−+−

+−+−

++−+−+=
    (54) 

Remember ( ) 1''' −=xu  

76543

76543

5644821504672015361192

5644821504672015361921

aaaaa

aaaaa

−+−+−=

+−+−=−  

76543 940835841120256
6

1
32 aaaaa −+−+

−
=                (55) 

Substitute (55) into (44), we have 

( )      

 6451204792320103219206881280

1658887372807372801280512128
6

23

7

2

6

45

5

4

4

3

−+−+

+−+−++−=

xxxa

xxaxxaxa
x

xxu  (56) 

Differentiating four times 
( )( )      

 6451204792320103219206881280

16588873728073728030720614403072

23

7

2

654

−+−+

+−+−+=

xxxa

xxaxaaxu iv

 (57) 

Replacing x  by t  (57) we have 

( )      

 6451204792320103219206881280

1658887372807372801280512128
6

23

7

2

6

45

5

4

4

3

−+−+

+−+−++−=

ttta

ttattata
t

ttu  (58) 

From equation (31) 

( )( ) ( ) ( ) −−++=
x

iv dttux
x

xxu
0

6

1
30

24      (59) 

Substitute equation (59) into (37), which yield 

( )( ) ( )

   

























−+

−++−

+−++−

−−++=
x

iv dt

t

ttat

tattata
t

t

x
x

xxu
0

23

7

2

6

45

5

4

4

3

6

6451204792320

103219206881280[]165888737280

737280[1280512128
6

1
30

24
(60) 
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( )( )
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
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
























−+−+









+−+








−+








+−

−++=

6
7

8
9

7

678

6

67

5

6

4

53

6

896
7

6656
512

9

1024

5

1152

7

1024

7

256

3

128

21

256

15

64

1206

30
24

x
x

x
x

a

xxx
a

xx
a

x
a

xx

x
xxu iv   

(61) 
Equating equation (57) we have our residual equation 
 

 









−+−+−+−+









+−++−+









−+−+








++−−−=

6451204792320103219206881280896
7

6656
512

9

1024

165888737280737280
5

1152

7

1024

7

256

307206144
3

128

21

256
30720

630
24,,,

236
7

8
9

7

2
678

6

67

5

3

4

6

7654

xxxx
x

x
x

a

xx
xxx

a

x
xx

a
x

a
x

xaaaaR

(62) 

Since   ( )   dtaaaaRxwaaaaS
2

7654

1

0
7654 ,,,,,, =      (63) 

We take ( ) 







−=

6

3x
xxw , which satisfy the boundary condition above. 

  dx
x

x

x

xxx
x

x
x

a

xx
xxx

a

x
xx

a
x

a
x

x

aaaaS 









−

















































−+

−+−+−
+









+−++−+









−+−+








++−−−

=  6

6451204792320

103219206881280896
7

6656
512

9

1024

165888737280737280
5

1152

7

1024

7

256

307206144
3

128

21

256
30720

630
24

,,,
3

1

0

236
7

8
9

7

2
678

6

67

5

3

4

6

7654

   (64) 

Finding the values of 7,6,5,4' =sa j
which minimizes S is equivalent to finding the best approximation 

for (28). The minimized value of S is obtained by setting 

0=




ja

S , where 7,6,5,4=j . 

For 4=j , we have 

111375

3859046311

4

=




a

S                     (65) 

For 5=j , we have 

3711015

394019687935

5

=




a

S                    (66) 

For 6=j , we have 

1206079875

929265583084741

6

=




a

S                    (67) 

For 7=j , we have 

54124793172

73437526208544974

7

=




a

S                   (68) 

The various values obtained in solving the equations (65)-(68) above using gaussian elimination are as 
follows 
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











−=

−=

=

=

−

−

8

6

7

6

5

4

1003596.2

1020592.3

8120000141524.0

750079668232.0

a

a

a

a

                    (69) 

While the values of 27990820580009954.0,2790151894068028.0,271668627230691.0,, 321 =aaa  

The values of 7654321 ,,,,,, aaaaaaa are substituted into ( )xu  to get 

( )
765

43216

0033814440001667862.0816444654650000728221.0661171850084027062.0

86259999695369.0666666651666666666.01012640827397846.5

xxx

xxxxxu

−−+

+−−= −

 (70) 

 
4.1   Tables  
 

Table 1. The numerical result of problem 1 

x Exact solution Approximate Solution Absolute Error 

0.1 -0.8951707486 -0.8951707494 2.50e-09 

0.2 -0.7813972528 -0.7813972471 3.09e-08 

0.3 -0.6598162090 -0.6598162825 1.24e-07 

0.4 -0.5316426245 -0.5316426517 3.17e-07 

0.5 -0.3981568190 -0.3981570232 6.32e-07 

0.6 -0.2606922898 -0.2606931415 1.67e-06 

0.7 -0.1206216388 -0.1206245001 1.73e-06 

0.8 0.0206576891 0.0206493816 2.57e-06 

0.9 0.1617383810 0.1617169414 3.66e-06 

1.0 0.3012188203 0.3011686789 5.02e-06 

 

Problem 2 

Consider the fourth order Volterra-integro differential equation 

( )( ) ( ) ( ) −−+−=
x

iv dttutxxxu
0

1                   (71) 

with initial condition as ( ) ( ) ( ) ( ) 10''',10'',10',10 −===−= uuuu  well it’s the exact solution as 

( ) xxxu cossin −=                    (72) 

Source: [20]. 
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Table 2: the numerical result of problem 2 

x Exact Solution Computed Solution Absolute Error 

0.1 -0.8951707486 - 0.8951707494 2.546e-08 

0.2 -0.7813972528 - 0.78139724705 2.177e-07 

0.3 -0.6598162090 - 0.6598162825 7.350e-08 

0.4 -0.5316426245 - 0.5316426517 2.720e-08 

0.5 -0.3981568190 - 0.3981570232 2.041e-07 

0.6 -0.2606922898 - 0.2606931415 8.517e-07 

0.7 -0.1206216388 - 0.1206245001 2.940e-06 

0.8 0.0206576891 0.0206493816 8.310e-06 

0.9 0.1617383810 0.1617169414 2.144e-05 

1.0 0.3012188203 0.3011686789 5.014e-05 

 

 

 

 
Fig. 1. Graphical Illustration of problem 1 
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Fig. 2. Graphical Illustration of problem 2 

 

 

5. Discussion and conclusion 
 

The study focuses on the numerical solution of fourth-order Volterra integro-differential equations 

using the Least Squares Method and shifted Chebyshev polynomials as the basis function. The 

numerical method of solving and some numerical problems on fourth order Volterra integro-

differential equation using the Least squares method and shifted Chebychev polynomials as basis 

function were consider. Table 1 and 2 shows the numerical results of problem 1 and 2, while figure 1 

and 2 shows the curve of table 1 and 2. The computation of results obtained from the application of 

the method shows that, the Least Square method using shifted Chebyshev Polynomial as basis 

function has been utilized effectively to solve the fourth order Volterra Integro-Differential 

Equations. The solution obtained through this method produce results very close to the exact solution 

compare to [1]. The simplicity of the method is an included advantage and thus, it is dependable and 

a power tool for solving the class of problem considered. Conclusively, the study considered the 

solution of Volterra integro-differential equations of fourth order. All computations are done with the 

aid of Maple 18 software. 
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