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Uniqueness of solution of multi-term fractional order
Volterra Integro-differential equations with convergence
analysis
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Abstract

This paper focused on multi-term fractional order Volterra integro-differential equations. The
multi-term fractional order derivative part of the multi-term fractional order Volterra integro-
differential equations is converted into its equivalent integral equation then Banach contraction
principle is utilised in the establishment of the uniqueness of solution for multi-term fractional or-
der Volterra integro-differential equations under some condition. Furthermore, the convergence
of the solution is also studied and proved. Some examples were considered to test the applicabil-
ity of the proposed uniqueness theorem for the solution of multi-term fractional order Volterra
integro-differential equations.

Keywords and phrases: Uniqueness of solution; fractional integro-differential equation; Convergence;
Volterra integro-differential equation

1 Introduction

In the past few decades, Fractional calculus have attracted so much attention of scholars in various field
of mathematics and sciences at large. In recent times, numerous scholars have studied the existence
and uniqueness of solutions of these equations such as [[1]] proved the existence results for fractional
integro-differential equations with non-local condition via resolvent operators. Also, the existence of
solutions of various types of fractional differential equations and fractional integro-differential equations
of boundary value problems and initial value problems were explored recently by [2 - 20] and so
many more. Furthermore, the application of these equations has been recorded in many discipline of
engineering, social sciences and management. This is to say, fractional calculus is widely applied to
described many important phenomena in the field of sciences such as Chaotic systems [21]], Chemical
Reactions [22], Biology [123]], Fluid Mechanics [24]]. In Economics [25], Social Sciences [26], Finance
[27] and so on. Many physical phenomena are more favourably described by fractional operators
because it considers the evolution of these phenomena into account. However, it is sometimes difficult
to find analytical solutions for some of these equations. Therefore, the need for a numerical approach.
In the past few decades, numerical approaches to find approximations to the solutions to this class of
equations were studied. See [18, 28 - 33]. A special class of these equations are the Volterra type, it
has been used to describe heat transfer issues, nano hydrodynamics, mass diffusion processes, neutron
diffusion, biological species coexisting together with diminishing and increasing rate of growth, and
electromagnetic theory [34]]

In this paper, we considered the multi-term fractional order Volterra integro-differential equation
of the form

D% (@) = 3@ D¢ (@) + h @) + [ K (o) H € (7)) dr (1

k
Jj=0
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subject to the initial condition

M) = dp,n=0,1,2,...,m—1, )
m—1 < <o <--<d;<B<m, mkeN,

where D is the differential operator defined in Caputo sense, £ : Q@ — R, @ = [0, 1] is a continuous
function which needs to be determined, ¢, h : ) — R are given continuous functions, K : Q@ xQ) —
R is the kernel of integration which is also continuous, H : R — R is a Lipschitz function.

2 Peliminaries

Definition 2.1. (Contraction Map [35))). Let X be a metric space, a mapping T : X — X is a contraction
if there exists L € [0, 1) such that |Tx — Ty|| < L ||z — yl| forall z,y € X.

Definition 2.2. (Fixed Point [36)). Given a map T : A — B, every solution y of the equation
Ty=y
is called a fixed point of T.

Definition 2.3. (Banach Contraction Principle [37]). Let X be a complete metric space, then each con-
traction mapping T :' Y — Y bas a unique fixed point y of T in Y'; that is, Ty = y.

Definition 2.4. (Riemann-Liouville Fractional Integral [38)). Reimann-Liouville fractional integral
of order [3 of a function  is defined as

B — L ¢ _ 81 +
I7¢ (x) F(B)/U (x —8)"" & (s)ds, x>0, R, 3)

where R is the set of positive real numbers.

Definition 2.5. (Riemann-Liouville Fractional Derivative [38]). Reimann-Liouville fractional deriva-

tive of order 3 of a function & is defined as
DP¢(x) = D™I™P¢(x), m—1<B<m, meN

- it ), e e as).

Definition 2.6. (Caputo Fractional Derivative [38)]). The fractional derivative of {(x) in the Caputo
sense is defined by

DP¢(x) = I™PD™¢ (x) 4)
_ 1 v m—p—1 d"E (s)
_ F(m—ﬁ)/o(x_s) ds, m-1<p<m

With the following properties

i. IPDP¢ (2) = € (2) — Y €00 i — 1< B < m,

n=0 n!

ii. I8D7¢(2) =I1P77¢(2),0< vy < Byandm —1 < < m,m €N,

iii. 1%¢(x) = F(giil), wherey () =1, x € [0,1].
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3 Main Result

In this work, we denote by

(i) |||/ the sup norm on C'(Q,R),i.e forc € C(Q,R), ||c]|, = SUPLe e (2)].
(i) ||l the sup norm on C'(Q,R), i.e for h € C'(Q,R), ||kl = sup,cq |k (@)].

We make the following hypotheses:
(p1) there exists a constant ¥ > 0 such that for any &1, & € C (Q, R) we have

[H (&1 (2)) = H (&2 (2)) < V|61 - &2fl, 2€@

(p2) there exists a constant II such that

II= sup / |K (o, 7)]dr < 0.
c€l0,1] JO

Lemma 1. Let £ : Q — Rand g : Q — R be continuous functions. Then, a function £ is
a solution to the fractional integro-differential equation (1) — (2]) if, and only if,

m—1 k
:Z%x"—{—ZCJ VI8~ 575 s)+IPh(z) —|—Iﬁ(/ KUT)H({(T))dT). (5)
n=0 7=0

Proof. Applying equation (|3) on equation (1) and using property (i), (ii) together with the initial
condition we have,

k o
? (Dﬁg(x)) = I° (Z cj(x)D‘SJS(x)) + 1% (h(2)) + I (/0 K (o,7) H (¢ (T))dT)

Jj=0

= S @ (D) + 0+ 1 ([ Ko H e ar)

7=0
m—1 +(n) k
= SO S @ e + Py o) +
n=0 ' Jj=0
s 0 o, T T))ar
P([ w@nmemar)
m—1 k
_ Z%xuzqmzﬂ %¢(x) + 1% () + 1° </ Km)H(&(r»dT)
n=0 7=0

Thus, £ solves — if, and only if, £ solves ()

Theorem 3.1. (Uniqueness of Solution) Assume that (p1) and (p2) holds, and if,

k
sl 1w
(%rwwn*r(mn)“’ ©

then there is a unique solution £ € C (Q, R) to problem (1) — (2).
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Proof. Let T' be an operator such that T : C' (Q,R) — C (Q,R) defined from equation (/5|) as

dj n - 1 ’ _ 5891 .
e +§r(5—5j)/0 (z— o) ¢j(0)€(o)do

m—1

:1:)<1m / “(z-0)g(0)do
+r(15) /Ow (@ — 0P (/OG K (0,7) H (¢ (7)) dT> do. %

The objective here is to apply Banach contraction principle. To do that, we will show that T is a
contraction.

First, we note that 7' is well defined. Indeed, since z — > ' 01 ‘;ll, x> Z?:o cj(x) (IB_‘;J' ¢) (z),
— (I°h) (z), z — Jg K (0,7) H (§(7))dr are continuous, the right hand of equation (§) is
well defined and x — (T€) () is continuous. Thus, for £ € C' (Q,R), T¢ is also in C' (QR).

Let &1,& € C(Q,R) and let x € [0,1] . By definition of 7" we have

k T
T8 @) - T @) = | Y 5 | @0 g0 @ ) - &) do

Jj=0

titg | e ([ Ko@) - 1@ ) i) do

k 1 T e
F(ﬁ5)/ (= 0)7% (o) (&1 (0) = &2 (0)) do

@y ([ K @n) 6 o) - H @) ar ) do

IN

J

:'B

F = s @l6 0~ & @) do

. wx_aﬁil ’ o,T 7)) — )| dr ) do

+p(ﬁ)/0< P ([ 1K el 6 ) - i ) )
N

Z A

H‘I’||£1—€2Hoo S W
+—F(5) /0(:1: o)’ " do

ZHCJH 181 = &2llos 56, , TVIIE ~ &l s

IN
0

IN

IN

T30, 11) TTTE

Thus,

k
sl n
|76 ~ Teo., < (Z FGe D Ty 1>> 61 = &l forall o € [0,1].

We conclude that T is a contraction since by equation (), <Z§f 0 F(gcj(! <y + F(B—l—l)) < 1. By

Banach contraction principle, T" has a unique solution & in C' (Q, R).

Theorem 3.2. (Convergence of Solution). If the solution is convergent, then it converges to the exact
solution of the Volterra fractional integro-differential equation.
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Proof. Let Sy, Sy be arbitrary partial sums with v < u. We show that S, is a Cauchy sequence.
Let Sy, = 377 & (x) and S, = 377 & (z) . Since v < w, then, we have from equation ()

Su—8Sy, = Z 5](33)

Jj=v+1
k u
= b xx—aﬁ_‘sj_lc-a (o) do
- ;r(ﬁ—aj)/o (z=0) i C;fj( )d
L xl’_aﬁil i o, T Y (T 7| do
+p(5)/0( ) (/0 K (o, )H(j;rl{j())d)d. (8)

Let H (EJ o1 &5 (T )) =Y i—y+1Gj (7), then equation () becomes

Sy — Su| = Z &
Jj=v+1
k x
" LT 5, e P
1
+F(ﬂ)/o a:—a (/ K (o, ];IG dT) do|. )

If, we let Zj“;} & (x) = Su—1— Su—1, 25, ! Gj(t) = H (Su-1) — H (Sy—1) in equation ({9) , then

we have

k
1 ¢ 51
150 — Sull.e < max(z | =0 o) (S = Su)do
V(JCGQ J:OF(IB—(S‘) 0
/ o)’ 1(/ K (o,7)( _1) — H(Sv_l))dT)da>
r'(8) Jo
k
< — o) =S,
< g;ng( g ) e 1S - il do
i1
+ = x—o0) K (o,7)||H (Syu- H(S,_ dT)dO’)
F(ﬂ)/[)( ([ 15 0.1 (50) ~ 1 (5000
)l oo ||5u1 So—1]| /“” B—5;-1
< == x—0)"" % N do
< Z T5 %) [ @-0)
H‘IJHSufl_ Syl /x B—-1
+ = x—0 do
L o 77
k
el Iy
< = Su—1— Sy—
= (jzor(ﬁaj+1)+r(,3+1) 15 e
Thus,
[Su = Solloo < P I[Su—1 — So-1lls - (10)
llesll oo
where p = 331 w55ty + T D

Observe that, from equation ((10))

HSU - SUHoo <p HSu—l - SU—lHoo <p HSu—2 - Sv—2Hoo <..<p ”Sl - SOHoo
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Also from equation (10))
[Su-1 = Sv-1lloo < P IISu—2 = Sv—2lloe s [1Su—2 = Sv—2|loo < P l1Su—3 — Sv—3ls » -
Therefore,
1Su = Sollso € 2 I1Su-1 = Sv-1llee < P° 1Su-2 — Sv—alloo < . <p"1S1 — Solls (1)
Let u = v 4 1, accordingly in equation then we have
150 = Sulloo < 2150 = So-tlloe < P 1S0-1 = So—2lloe < o < 9" [[S1 = ol -

That is,
1Sp = Slloe < 2" 151 = Sollog (12)

|| Su — Su| o can be written as follows

1S = Solloe = 11Svs1 — Sv + Svt2 — Svr1 + Sogs — Svg2 + Svra — Sot3
+ 0+ S umv—2) = St (u—v—1) T Sot(u—v) = Sv(u—v—1)lloo
= |[|Svs1 — Sv + Svt2 — Svt1 + Soss — Svg2 + Svra — Suts
+-+Sy—2— Su—1+ Sy — Su—1l|oo
19041 = Sullag + ISva2 = Svtilleg + 1S3 — Svt2llo +

[Sv4a — Sv+3||oo + o+ [[Su—2 — Su—1||oo +[Su — 5u—1||oo : (13)

IN

From equation ,letu =v+ 1, then

1Sv41 = Sollee < P 1151 — Solloo
[Sor2 = Sorill, < p°FHIS1 — Sollo,
G043 — Soaall, < p"F2)1S1 — Sollo,

190 = Su-tlloe < P IS1 — Solls -

Therefore, equation ((13)) can be written as

1Su = Sulle < (P + " + "2 4 4+ ") 191 = Sollo

= p(I+p +p"+ 40" 151 = Soll -

o0

By geometric series, let ¢ = u — v — 1, this implies,

1 — pu—v
15, = Sullo < 0 (127 ) 151 - Sl
p

since 0 < p < 1, this means 1 — p"~% < 1, then

p

v
1S = Sull < T2 61l

But £ (z)| < o0 and hifl 1’)—_1}{) = 0, since p” — 0 as v — o0. Therefore, ||S, — Sy||, —> 0 as
v — 00. We conclude that Sy, is a Cauchy sequence in C'[0, 1] . Therefore, h_}m &n = &. Thus, the

solution is convergent.
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4 Examples
Example 1[39]. Consider the fractional order Volterra type integro-differential equation
3 2% T 6 %
Di¢(x) + ac5e &(z) — /0 e*t& (1)dr = T (:13) (14)
Subject to ¢ (0) = 0 with exact solution ¢ (z) = z3.
Solution
Following Theorem 1, we have
(T€2) (x) — (T61) ()| = ‘ — /m (x—0)7 0% (€(0) — &1(0)) do
5T (3) Jo
vy @0 ([[er e -amir)ao
< i@ ), 07 e @0 —ai)ao
v | o ([ e -aear) o
< s ) 0T I o+
v | o ([ it - awar) o
&2 —&illoe [* -5 nt2
< 50 () (n)! /0 (x—0) 10" “do +
162 —&illoe [*/ _ -1 3
o0 (3 () /0 (x — o) 2 0%do

[ (4)23™ T (4)237
<5r (@75) T ar (@.75) ) 162 — &1l -

Thus,
[T — T o < (0.25322) [|&2 — &l -

Since 0.253 22 < 1, we say that the problem satisfies the condition of T'heorem 1.

Example 2 [4Q). Consider the multi fractional order differential equation of the form

aD%¢ (z) + b(x) DM€ (2) + ¢ (x) DE (z) + e (x) D€ (x) + k (2) € (x) + )\/036 xré (1) dr = [ (x).

(15)
Subject to £ (0) = 2, &’ (0) = 0 with exact solution & (z) = 2 — %,
where f(z) = —a — F(g(fil)aﬁ_”l —c(z)x — F(g(f%)x%w + k(x) (2 - %) ,a =1, b(x) =
x%, c(x) = x%, e(x) = :):i, k(x)= x%, A=0, 72 =0.333 and 11 = 1.234.
Solution
Following Theorem 1, we have
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(T&2) (x) — (TG1) ()] =

_T /Ox (:E _ U) 02 (52 (O') - & (o’)) do
1

1_‘(1766)/09” (m B O') 01.266 |§2 (O‘) . 51 (O’)‘ do
o /0 (x—0) o' & (0) — &1 (0)] do
1

+m /Ox (z — o) 50917 6 () — & ()] do
+1122)/0 (x = 0)0"? |62 (0) = &1 (o) do

&2 =&l [F .
FOIT (11766)/ (o= o) o

162 — &1l 1.333
= ) /0 (x —0o)o > do

&2 —&lle  [° 0.917
+—F( )T 667)/ (x —0)o" " do

€2 — &1l v o) 0%2do
Hegy = [ et

IN

IN

By property (iii) we have

. r(z ) r(¢
||T52—Tg1||ms< Lo  0() T (5)>\52—51||00

[(1.766) ' (4.266) ~ I'(L}) T (1.667)T(3.917) T (12)

Thus,
1T — T& ||l < (0.85187) [|§2 — &1l o

Since 0.851 87 < 1, we say that the problem satisfies the condition of the Theorem 1.

5 Discussions and Conclusion

In this paper, a new class of multi-term fractional order Volterra integro-differential equation has been
transformed to its equivalent integral form with the help of Riemann-Liouville integral of fractional
order. Banach contraction principle was utilised in proving the uniqueness of the solution of the multi-
term fractional order Volterra integro-differential equation. Furthermore, the convergence analysis was
also studied and proved using the Chauchy convergence creteria. To demonstrate the applicability and
solvability of the problem, examples were presented to prove that the condition is met. The results
obtained were in perfect agreement with the condition of the uniqueness of solution theorem.
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