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Analysis of investment portfolio with 2× 2 positive definite
matrix and mortality risk under exponential utility

E.E. Akpanibah∗†and P.A. Azor†

Abstract

This paper investigates a pension plan member’s (PPM) portfolio in a defined contributory
(DC) pension plan with return clause and charge on balance exhibiting constant absolute risk averse
(CARA). A portfolio comprising of a risk-free asset and two risky assets modelled by the geometric
Brownian motion (GBM) process is considered, where the instantaneous volatilities of the two risky
assets form a 2×2 matrix k = {ka,b}2×2 such that kkT is positive definite. The Abraham De Moivre
mortality force function is use to determine the mortality rate of PPMs during accumulation phase
and an optimization problem is obtained from the Hamilton Jacobi Bellman (HJB) equation using
dynamic programming approach. Using Legendre transformation and dual theory with variable
change technique, the optimal value function (OVF), optimal control plan (OCP) and the optimal
fund size (OFS) are obtained under exponential utility function. Furthermore, some numerical
analysis of some sensitive parameters such as risk free interest rate, risk averse coefficient, entry age
of PPM, charge on balance and OFS are presented to explain their impact on the OCP.

Keywords and phrases: Abraham De Moivre mortality force function; optimal control plan; Legendre
transform and dual theory; GBM process; exponential utility.

1 Introduction

In the defined contributory pension scheme, PPMs are mandated to contribute a certain proportion
of their income into their retirement savings account (RSA) for the purpose of investment and to plan
for the retirement needs of PPMs by the pension fund administrators (PFA) [6]. In order for the PFAs
to maximize the PPM’s wealth at the time of retirement, there is need to understand how investments
are done for maximum returns with minimal risk; this has led to the study of OCP. A good number
of works have been done in this regards under different assumption [1, 5, 7, 8, 9, 10, 12, 17, 22, 23,
26, 28, 29].

One of the major challenges faced by most PFAs in the DC pension scheme is the determination
of investment strategy under mortality risk [11]. This is so, because they will be faced with the chal-
lenges of paying off the contributions due to PPMs who die during the accumulation period and at
the same time managed the portfolio of the remaining PPMs. In achieving this, two mortality force
functions have been used by some researchers to model the mortality rate of PPM in the DC pension
scheme during the accumulation phase which include Weibull mortality force function and Abraham
De Moivre force function [4, 11, 16, 19, 21, 24, 25]. However, a number of research works have been
done in this regard. They include; [11], who studied OCP with return of premium clauses under mean
variance utility. In their research work, they consider a PPM with a portfolio consisting of one risk
free asset and a risky asset modelled by GBM and used the game theoretic approach to determine the
optimal investment strategy and the efficient frontier of the PPM. [24], investigated studied the optimal
investment problem with return clause for a PPM having a portfolio comprising of one risk free asset
and a risky asset modelled by Heston volatility model; they also used the mean variance utility and
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the same method in [11] to determine the OCP and the efficient frontier. In [19], the default risk was
introduce into the model in [11], where pension funds are allowed to be invested in a risk-free asset, a
default able bond and a risky asset whose price process follows the CEV model. They used the varia-
tional method to obtain the OCP and the efficient frontier. [4] studied the OCP with return clause;
in their work, they considered investment in three different assets comprising of fixed deposit, stock
and loan and used the game theoretic approach to determine the OCP and the efficient frontier under
mean variance utility. [25], studied the same problem in [11] but used the Jump diffusion process to
model the risky asset and determine the OCP and efficient frontier. Also, [2, 3] investigated the OCP
with return of premium with predetermined interest; in their research work, the returned premium is
with interest from the invested fund in risk free asset. They went further to determine the OCP and
the efficient frontier of the PPM. In all the research work mention above, the utility function used was
the mean variance utility developed by Markowitz [20] and the mortality rate of the death PPM were
determined using Abraham De Moivre force function.

Very recently, [16] studied the OCP with return clause under power utility function; in their work,
they considered a PPM with a portfolio consisting of one risk free asset and a risky asset which follows
the constant elasticity of variance model. Also, they used the Weibull mortality force function to model
the mortality rate of members who died during the accumulation phase and determine the OCP of the
PPM. In [21], the OCP with return clause was studied under Weibull mortality force function. They
took into consideration tax on the invested funds.

The main contribution of this paper is that we choose a portfolio consisting of three different assets,
one risk free asset and two risky asset which forms a 2× 2 matrix which is positive definite similar to
one in [18]. Also, the Abraham De Moivre force function is used to determine the mortality rate of the
PPM during the accumulation phase and the charge on balance on the PPM portfolio is also considered.
The Legendre transformation method and dual theory is applied to solve for the OCP, the OVF and
OFS which are not captured in the literature for a PPM with return of premium exhibiting constant
absolute risk averse. Finally, we study the impact of some sensitive parameters on OCP. More precisely,
the impact of PPM’s entry age on the optimal control plan and optimal fund size for investment are
studied and the impact of the charge on balance on the OCP.

2 The investment model

In this section, we shall consider a financial market which is continuously open for an interval t ∈ [0, T ]
where T > 0, is the expiration date of the investment. Also, we shall consider a portfolio with of one
risk free asset and two risky assets. Let {W1(t), W2(t), t = 0} be two standard Brownian motion
defined on a complete probability space (Ω,F,P) where Ω is a real space andP is a probability measure
and F is the filtration which represents the information generated by the two Brownian motions.

Let N0
t (t) denote the price of the risk free asset at time t and the model is given as follows

dN0
t (t) = rN0

t (t) dtN0
t (t) = n0 > 0 (2.1)

where r(t) is the predetermine interest such that r > 0

Let N1
t (t) and N2

t (t) be the prices of stock 1 and stock 2 respectively which are modelled by
geometric Brownian motions model and the dynamics of the stock market prices are given by stochastic
differential equations at t ≥ 0 as follows dN1

t (t)

N1
t (t)

dN2
t (t)

N2
t (t)

 =

(
`1
`2

)
dt+

(
m11 m12

m21 m22

)(
dW1

dW2

)
(2.2)

where `1 and `2 represent the expectated appreciation rate of stock 1 and 2 respectively. m11, m12, m21, m22

represent the instantaneous volatilities and form a 2× 2 matrix m = {mab}2×2 such that mmT give a
positive definite matrix [18].
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3 Optimization problem

3.1 Wealth formulations and HJB equation

Let k = (k0, k1, k2) represents be the optimal control plan (OCP), k1 is the proportion of investment
in risk free asset and k1and k2 are proportion of investment in the two risky assets. Next, we define
the utility attained by the investor from a given state h at time t as

Fk (t, h) = Ek U (H (T )) |H (t) = h] , (3.1)

where t is the time and h is the wealth of the pension plan member. Our interest here is to obtain the
OCP and the optimal value function of the PPM given by

k∗ and F (t,h) = sup
k

Fk (t, h) (3.2)

Respectively such that
Fk∗ (t, h) = F (t, h) . (3.3)

Since our interest is to maximize Fk (t, h) subject to the PPM’s wealth denoted by H (t), we proceed
to formulate our wealth function as follows
Let c be the mandatory monthly contribution paid by the PPM at time t, e0 the initial age of accumu-
lation phase, T the accumulation phase period such that e0 +T is the terminal age of the PPM. ℵ 1

ı
,e0+t

is the mortality rate from time t to t+ 1
ı , tc is the accumulated contributions at time t, tcℵ 1

ı
,e0+t

is the
returned contributions to the next of kin during the accumulation period.

Corresponding to the OCP k = (k0, k1, k2), where k0 = 1− k1− k2 and the accumulation phase
period [t, t+ 1

ı ], the stochastic differential form for the wealth function similar to [11] is given as:

H

(
t+

1

ı

)
=

H (t)

k0N0
t+ 1

ı

N0
t

+ k1

N1
t+ 1

ı

N1
t

+ k2

N2
t+ 1

ı

N2
t

+ c
1

ı
− tcℵ 1

ı
,e0+t

( 1

1− ℵ 1
ı
,e0+t

)
(3.4)

H

(
t+

1

ı

)
−H (t) =


H (t)


(1− k1 − k2)

(
N0

t+1
ı
−N0

t

N0
t

)

+k1

(
N1

t+1
ı
−N1

t

N1
t

)
+ k2

(
N2

t+1
ı
−N2

t

N2
t

)


+c1ı − tcℵ 1
ı
,e0+t


(

1 +
ℵ 1

ı
,e0+t

1− ℵ 1
ı
,e0+t

)

(3.5)
From [11],  c1ı → cdt,

N0

t+1
ı
−N0

t

N0
t

→ dN0
t

N0
t
,
N1

t+1
ı
−N1

t

N1
t

→ dN1
t

N1
t
,

N2

t+1
ı
−N2

t

N2
t

→ dN2
t

N2
t
,

1
ı → 0 as ı→∞, ℵ 1

ı
,e0+t

= ∅ (e0 + t) dt,
ℵ 1

ı ,e0+t

1−ℵ 1
ı ,e0+t

= ∅ (e0 + t) dt,
(3.6)

Substituting (3.6) into (3.5), we have

dH (t) =

[
H (t)

(
k1

dN1
t

N1
t

+ k2
dN2

t

N2
t

+ (1− k1 − k2) dN
0
t

N0
t

)
+cdt− tc∅ (e0 + t) dt

]
(1 + ∅ (e0 + t) dt) (3.7)

Substituting (2.1) and (2.2) into (3.7), we have

dH (t) =

 H (t)

(
[k1 (`1 − r) + k2 (`2 − r) + (r − ϑ) + ∅ (e0 + t)] dt
+(k1m11 + k2m21)dW1 + (k1m12 + k2m22)dW2

)
+c (1− t∅ (e0 + t)) dt

 (3.8)
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Since ∅ (t) is the force function and e is the maximal age of the life table. From [11] [15], the
Abraham De Moivre mortality force function formula is given as

∅ (t) =
1

(e− t)
0 ≤ t < e. (3.9)

This implies that

∅ (e0 + t) =
1

(e− e0 − t)
(3.10)

Substituting (3.10) into (3.8) and simplifying it, we have

dH (t) =


H (t)

( [
k1 (`1 − r) + k2 (`2 − r) +

(
r − ϑ+ 1

e−e0−t

)]
dt

+(k1m11 + k2m21)dW1 + (k1m12 + k2m22)dW2

)
+c
(
e−e0−2t
e−e0−t

)
dt

H (0) = h0

 (3.11)

From [13], we apply the Ito’s lemma and maximum principle theorem to derive the Hamilton Ja-
cobi Bellman (HJB) equation which is a nonlinear PDE associated with (3.11). This is obtained by
maximizing (3.1) subject to (3.11) as follows

Ft +
[(
r − ϑ+ 1

e−e0−t

)
h+ c

(
e−e0−2t
e−e0−t

)]
Fh

+ supk1, k2

 ( 1
2

(
m2

11 +m2
12

)
k21 + (m11m21 +m12m22) k1k2

+1
2

(
m2

21 +m2
22

)
k22

)
Fhh

+ (k1 (`1 − r) + k2 (`2 − r))Fh


 = 0 (3.12)

If m2
11 +m2

12 = P, m2
21 +m2

22 = Q and m11m21 +m12m22 = R, then we (3.12) becomes
Ft +

[(
r − ϑ+ 1

e−e0−t

)
h+ c

(
e−e0−2t
e−e0−t

)]
Fh

+ supk1, k2

[ (
1
2k

2
1P + k1k2R + 1

2k
2
2Q
)
Fhh

+ (k1 (`1 − r) + k2 (`2 − r))Fh

]  = 0 (3.13)

Next, we differentiate (3.13) with respect to k1 and k2, to obtain the first order maximizing con-
dition for equation (3.13) as

k∗1 = −R (`2 − r)−Q (`1 − r)
h (PQ −R2)

Fh

Fhh
(3.14)

k∗2 = −R (`1 − r)−P (`2 − r)
h (PQ −R2)

Fh

Fhh
(3.15)

Substituting (3.14) and (3.15) into (3.13), we have{
Ft +

1

2
(C −D−E)

F2
h

Fhh
+

[(
r − ϑ+

1

e− e0 − t

)
h+ c

(
e− e0 − 2t

e− e0 − t

)]
Fh

}
= 0 (3.16)

where {
C =

2R (µ1 − r) (µ2 − r)
(PQ −R2)

,D =
Q(µ1 − r)2

(PQ −R2)
,E =

P(µ2 − r)2

(PQ −R2)
(3.17)
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3.2 Legendre transformation and dual theory

We can observed that (3.16) is a non linear PDE and is some worth difficult to solve. This section,
intend to introduce the Legendre transformation and dual theory and apply it to transform the non
linear PDE to a linear PDE.

Theorem 3.1. Let g : Rn → R be a convex function for z > 0, define the Legendre transform

M (x) = max
h
{g (h)− zh}, (3.18)

where M(x) is the Legendre dual of y(h).

Since y(h) is convex, then from theorem 3.1 and [14, 27], the Legendre transform for the value function
F (t, h) is defined thus

F̂ (t, x) = sup F (t, h)− xh | 0 < h <∞} 0 < t < T (3.19)

where F̂ is the dual of F and x > 0 is the dual variable of x.
The value of x where this optimum is achieved is represented by y (t, z), such that

y (t, x) = inf h
∣∣∣ F (t, h) ≥ xy + F̂

}
0 < t < T. (3.20)

From (3.20), the function y and F̂ are very much related and can be refers to as the dual of F and are
related thus

F̂ (t, x) = F (t, y)− xy. (3.21)

where
y (t, x) = h, Fh = x, y = −F̂x. (3.22)

Differentiating (3.22) with respect to t andh, we have
Ft = F̂t, Fh = x,
Fhh = −1

F̂xx
,

,

(3.23)

Substituting (3.23) into (3.14), (3.15) and (3.16), we have

k∗1 = −R (`2 − r)−Q (`1 − r)
y (PQ −R2)

xF̂xx (3.24)

k∗2 = −R (`1 − r)−P (`2 − r)
y (PQ −R2)

xF̂xx (3.25){
Ft −

1

2
(C −D−E)x2F̂xx +

[(
r − ϑ+

1

e− e0 − t

)
y + c

(
e− e0 − 2t

e− e0 − t

)]
x

}
= 0 (3.26)

If we differentiate (3.24), (3.25) and (3.26) with respect to x, we will have yt + 1
2 (C −D−E)x2yxx −

[(
r − ϑ+ 1

e−e0−t

)
y + c

(
e−e0−2t
e−e0−t

)]
−
(
r − ϑ+ 1

e−e0−t −
1
2 (C −D−E)

)
xyx

 = 0 (3.27)

k∗1 = −R (`2 − r)−Q (`1 − r)
y (PQ −R2)

xyx (3.28)

k∗2 = −R (`1 − r)−P (`2 − r)
y (PQ −R2)

xyx (3.29)

Next, we proceed to solve (3.27) for y considering PPM with exponential utility using change of
variable, after which we will use the solution of y to simplify the OCPs in (3.28) and (3.29).
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4 OCP with return clause and charge on balance under exponential utility

In this section, we define our utility function in terms of the dual function. Let U (h) be the original
utility function given as

U(h) =
1

γ
e−γh (4.1)

And the value function is given in terms of the utility as

F (t, h) = U(h)

At terminal time T , we define the dual utility in terms of the original utility function U (h) as

Û (x) = sup U (h)− hx | 0 < x <∞} ,

and
G (x) = sup{h|U(h) ≥ xh+ Û (x) .

As a result F̂ (t, x) = F (t, y)− xy.

G (x) = (U ′)
−1

(x) , (4.2)

where G is the inverse of the marginal utility U
At terminal time T , we can define

y (T, x) = inf
x>0

h
∣∣∣ U(h) ≥ xh+ F̂ (t, x)

}
and F̂ (t, x) = sup

x>0
{ U (x)− xh}

so that
y (T, x) = (U ′)

−1
(x) . (4.3)

Proposition 4.1. The optimal value function, optimal fund size and the optimal control plan are given as

y (t, x) =

 −
1
γ

( e−e0−Te−e0−t

)
Exp [r − ϑ] (t− T )

 lnx
+
(
r − ϑ− 1

2 (C −D−E)
)

(t− T )

+ln
(
e−e0−T
e−e0−t

)



+ 2(t−T )
(r−ϑ)(e−e0−t)Exp [r − ϑ] t+ 2

(r−ϑ)2(e−e0−t)
[Exp [r − ϑ] (t− T )− 1]


(4.4)

H (t) =

 (2R(`1−r)(`2−r)−P(`2−r)2−Q(`1−r)2)
γ(PQ−R2)

[
tExp[r−ϑ](t−T )

e−e0−t
− T
e−e0−T

]
+c
(

t−T
(e−e0−t)(e−e0−T )

)(
2r−2ϑ+e−e0

(r−ϑ)2

)
+ h0

 (4.5)

k∗1 =
R (`2 − r)−Q (`1 − r)

γh0 (PQ −R2)

(
e− e0 − T
e− e0 − t

)
Exp [r − ϑ] (t− T ) (4.6)

k∗2 =
R (`1 − r)−P (`2 − r)

γh0 (PQ −R2)

(
e− e0 − T
e− e0 − t

)
Exp [r − ϑ] (t− T ) (4.7)

Proof. From (4.1),

y (T, x) = (U ′)
−1

(x) = −1

γ
lnx (4.8)

Next, we conjecture a solution to (3.27) similar to the one in [5, 30] with the form:{
y (t, x) = − 1

γ [u (t) (lnx+ v(t))] + w(t)

u (T ) = 1, v(T ) = 0, w(T ) = 0,
(4.9)
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yt = − 1
γ [ut (lnx+ v(t)) + u (t) v

t
] + wt,

yx = − 1
xγu (t) ,

yxx = 1
x2γ

u (t)

 (4.10)

Substituting (4.10) into (3.27), we have
[
ut −

(
r − ϑ+ 1

e−e0−t

)
u (t)

]
lnx

−
[
wt −

(
r − ϑ+ 1

e−e0−t

)
w (t)− c

(
e−e0−2t
e−e0−t

)]
γ

−u(t)
γ

[
vt −

(
r − ϑ+ 1

e−e0−t

)
+ 1

2 (C −D−E)
] = 0 (4.11)

Splitting (4.11) we have {
ut −

(
r − ϑ+ 1

e−e0−t

)
u (t) = 0

u(T ) = 1
(4.12)

{
wt −

(
r − ϑ+ 1

e−e0−t

)
w (t)− c

(
e−e0−2t
e−e0−t

)
= 0

w (T ) = 0
(4.13)

{
vt −

(
r − ϑ+ 1

e−e0−t

)
+ 1

2 (C −D−E) = 0

v (T ) = 0
(4.14)

Solving equation (4.12), (4.13) and (4.14) we have,

u(t) =

(
e− e0 − T
e− e0 − t

)
Exp [r − ϑ] (t− T ) (4.15)

w (t) =
2 (t− T )

(r − ϑ) (e− e0 − t)
Exp [r − ϑ] t+

2

(r − ϑ)2 (e− e0 − t)
[Exp [r − ϑ] (t− T )− 1] (4.16)

v (t) =

(
r − ϑ− 1

2
(C −D−E)

)
(t− T ) + ln

(
e− e0 − T
e− e0 − t

)
(4.17)

Substituting (4.11), (4.12) and (4.13) into (4.9), we obtain (4.4)
Also, from (4.10), we have

yx = − 1

xγ

(
e− e0 − T
e− e0 − t

)
Exp [r − ϑ] (t− T ) (4.18)

Substituting (4.18) in (3.28) and (3.29), we obtain (4.6) and (4.7)
Substituting (4.6) and (4.7) into (3.11) and solve the resultant differential equation, we obtain (4.5).

5 Numerical analysis

In this section, some numerical simulations are presented to analyze the impact of some sensitive pa-
rameters on the optimal control plans under exponential utility. To achieve this, the following data
will be used unless otherwise stated; r (0) = 0.07, T = 20, h0 = 1, ϑ = 0.02, m11 = 1, m12 =
0.85, m21 = 0.95, m22 = 0.8, , `1 = 0.12, `1 = 1.0, γ = 0.05, e = 100, e0 = 20.
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Figure 1: Optimal control plan for the two risky assets

Figure 2: Impact of optimal fund size on optimal control plan k∗1

Figure 3: Impact of optimal fund size on optimal control plan k∗2
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Figure 4: Impact of risk free interest on optimal control plan k∗1

Figure 5: Impact of risk averse coefficient on optimal control plan k∗1

Figure 6: Impact of entry age of PPM on optimal control plan k∗1
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Figure 7: Impact of entry age of PPM on optimal fund size H(t)

Figure 8: Impact of charge on balance on optimal control plan k∗1

6 Discussion and conclusion

In this section, the impacts of some parameters on the optimal control plan are discussed. In Figure 1,
the graph of optimal control plans for the two risky assets are presented as a function of time; the graph
shows that, the proportion of investment in the two risky assets decreases with time and gets smaller
and smaller as the PPM approaches retirement age. In Figure 2, the graph of optimal control plan for
stock 1 against the optimal fund size is presented; the graph shows that, optimal control plan for the
stock 1 decrease as the optimal fund size increases. The implication of this graph is that members with
more funds may prefer to invest in less in the risky asset as retirement age approaches and vice versa.
Figure 3 is the graph of optimal control plan for the stock 2 against the optimal fund size; the graph
shows that, optimal control plan for the stock 2 decreases as the optimal fund size increases. This is
similar to figure 2.

In figure 4, the graph of the optimal fund size against the risk free interest rate is presented; the
graph shows that the optimal fund size is an increasing function of the risk free interest rate. The
implication of the graph is that members with large funds prefers to invest where there is less risk since
they may not want to lose what they have gathered already. In figure 5, the graph of optimal control
plan against the risk averse coefficient is presented; the graph shows that the optimal control plan is
inversely proportional to the risk averse coefficient. This implies that the more fearful the PPM is to
investment in risky asset, the more likelihood that he will reduce the proportion of his wealth to be
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invested in risky asset.
In figure 6, the graph illustrates the impact of PPM’s entry age on the optimal control plan. It is

observed that the optimal control plan increases as the entry age of the PPM increases. The implication
is that PPM with late entry in to the pension scheme, tends to increase the proportion of their wealth to
be invested in the risky asset. This can be confirm from figure 7 which shows that the optimal fund size
of a PPM is directly proportional to the entry age of the PPM. In figure 8, the relationship between the
optimal control plan and the charge on balance is presented. It is observe that the optimal control plan
developed by the pension fund administrators (PFA) is a decreasing function of the charge on balance.
The implication in figure 7 is that, the higher the charge on balance on investment of the risky asset,
the more likelihood that PPM of the scheme will be discouraged from investing a large proportion of
their wealth in risky asset and vice versa.

In conclusion, the PPMs portfolios were studied under mortality risk which exhibit constant abso-
lute risk averse. The mortality rate was determined De Moivre mortality force function and a portfolio
comprising of two risky assets which forms a 2 × 2 positive definite matrix was considered to build
the PPM’s portfolio. The Legendre transformation and dual theory was used to solve for the optimal
control plan, value function and the optimal fund size. It was observed that the OCP is a decreasing
function of the optimal fund size, risk averse, predetermined interest rate and charge on balance. Also,
we observed that the optimal control plan is an increasing function of the PPM’s entry age.

Conflict of Interests

The authors declare that there is no conflict of interests regarding this paper.

Acknowledgements

The authors are very grateful to anonymous referees for their careful reading of the paper and helpful
suggestions. This research has not received any sponsorship.

References

[1] Akpanibah, E. E. and Ini, U. O. (2020). Portfolio strategy for an Investor with logarithm utility
and stochastic interest rate under constant elasticity of variance model, Journal of the Nigerian
Society of Physical Sciences, 2(3): 186-196.

[2] Akpanibah, E. E. and Osu, B. O. (2018). Optimal Portfolio Selection for a Defined Contribution
Pension Fund with Return Clauses of Premium with Predetermined Interest Rate under Mean
variance Utility. Asian Journal of Mathematical Sciences. 2(2): 19 - 29.

[3] Akpanibah, E. E., Osu, B. O. and Ihedioha, S. A. (2020). Ihedioha, On the optimal asset allo-
cation strategy for a defined contribution pension system with refund clause of premium with
predetermined interest under Heston’s volatility model. J. Nonlinear Sci. Appl., 13(1): 53–64.

[4] Akpanibah, E. E., Osu, B. O., Oruh, B. I. and Obi, C. N. (2019). Strategic optimal portfo-
lio management for a DC pension scheme with return of premium clauses. Transaction of the
Nigerian association of mathematical physics, 8(1): 121-130.

[5] Akpanibah, E. E. and Samaila, S. K. (2017). Stochastic strategies for optimal investment in a DC
pension fund, International Journal of applied science and mathematical theory, 3(3): 48-55.

[6] Antolin, P., Payet, S. and Yermo, J. (2010). Accessing default investment strategies in DC pension
plans, OECD Journal of Financial Market trend, 2010 1-30.

399 IJMAM, Vol. 6, Issue 2 (2023) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



E.E. Akpanibah and P.A. Azor

[7] Cairns, A. J. G., Blake, D. and Dowd, K. (2006). Stochastic life styling: optimal dynamic asset
allocation for defined contribution pension plans, Journal of Economic Dynamics & Control
30(5): 843–877.

[8] Deelstra, G., Grasselli, M. and Koehl, P. F. (2003). Optimal investment strategies in the presence
of a minimum guarantee, Insurance, 33(1): 189 - 207.

[9] Gao, J. (2009). Optimal portfolios for DC pension plan under a CEV model, Insurance Mathe-
matics and Economics, 44(3): 479-490.

[10] Gu, M., Yang, Y., Li, S. and Zhang, J. (2010). Constant elasticity of variance model for pro-
portional reinsurance and investment strategies, Insurance: Mathematics and Economics, 46(3):
580-587.

[11] He, L. and Liang, Z. (2013). The optimal investment strategy for the DC plan with the return
of premiums clauses in a mean-variance framework, Insurance, 53: 643-649.

[12] He, Y. and Chen, P. (2020). Optimal investment strategy under the CEV model with stochastic
interest rate, Mathematical Problems in Engineering. 2020: 1-11.

[13] Ihedioha, S. A., Danat, N. T. and Buba, A. (2020). Investor’s optimal strategy with and without
transaction cost under Ornstein-Uhlenbeck and constant elasticity of variance (CEV) Models via
exponential utility maximization. Pure and Applied Mathematics Journal, 9(3): 55-63.

[14] Jose, Luis, Menaldi, Controlled Markov processes and viscosity solutions 25 (2006).

[15] Kohler, P. H. and Kohler, I. (2000). Frailty modelling for adult and old age mortality: the appli-
cation of a modified De Moivre Hazard functions to sex differentials immortality. Demographic
Research 3.

[16] Lai, C., Liu, S. and Wu, Y. (2021). Optimal portfolio selection for a defined contribution plan un-
der two administrative fees and return of premium clauses. Journal of Computational and Applied
Mathematics 398: 1-20.

[17] Liang, Z. and Huang, J. (2011). Optimal dividend and investing control of an insurance company
with higher solvency constraints, Insurance: Mathematics & Economics, 49: 501 - 511.

[18] Li, D., Rong, X. and Zhao, H. (2013). Optimal investment problem with taxes, dividends and
transaction costs under the constant elasticity of variance model, Transaction on Mathematics,
12: 243-255.

[19] Li, D., Rong, X., Zhao, H. and Yi, B. (2017). Equilibrium investment strategy for DC pension
plan with default risk and return of premiums clauses under CEV model, Insurance 72: 6-20.

[20] Markowitz, H. M. (1952). Portfolio selection. Journal of Finance, 7: 77-91.

[21] Njoku, K. N. C. and Akpanibah, E. E. (2022). Modelling and optimization of portfolio in a
DC scheme with return of contributions and tax using Weibull force function, Asian Journal of
Probability and Statistics 16(3): 1-12.

[22] Okonkwo, U. C., Ujumadu, R. N. and Osu, B. O. (2017). A VAR approach to exchange rate
and economic growth in Nigeria, Journal of mathematical finance, 7(4): 834 - 845.

[23] Osu, B. O., Njoku, K. N. C. and Oruh, B. I. (2020). On the investment strategy, effect of
inflation and impact of hedging on pension wealth during accumulation and distribution phases,
Journal of the Nigerian Society of Physical Sciences, 2(3): 170-179.

400 IJMAM, Vol. 6, Issue 2 (2023) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 6, Issue 2, October-November 2023, pages 389 - 401

[24] Sheng, D. and Rong, X. (2014). Optimal time consistent investment strategy for a DC pension
with the return of premiums clauses and annuity contracts, Hindawi Publishing Corporation
2014: 1-13 http://dx.doi.org/10.1155/2014/862694.

[25] Wang, Y., Fan, S. and Chang, H. (2018). DC Pension Plan with the Return of Premium Clauses
under Inflation Risk and Volatility Risk, J. Sys. Sci. & Math. Scis., 38(4): 423-437

[26] Xiao, J., Hong, Z. and Qin, C. (2007). The constant elasticity of variance (CEV) model and the
Legendre transform-dual solution for annuity contracts, Insurance, 40(2): 302 - 310.

[27] Xiao, X. and Yonggui Kao, The optimal investment strategy of a DC pension plan under deposit
loan spread and the O-U process, (2020) Preprint submitted to Elsevier.

[28] Zeng, Y. and Li, Z. (2011). Optimal time consistent investment and reinsurance policies for
mean-variance insurers, Insurance: Mathematics & Economics, 49: 145–154.

[29] Zhang, C. and Rong, X. (2013). Optimal investment strategies for DC pension with a
stochastic salary under affine interest rate model, Hindawi Publishing Corporation, 2013
http://dx.doi.org/10.1155/2013/297875.

[30] Zhao, H. and Rong, X. (2012). Portfolio selection problem with multiple risky assets under the
constant elasticity of variance model, Mathematics and Economics, 50: 179-190.

401 IJMAM, Vol. 6, Issue 2 (2023) ©NSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)


	Introduction
	The investment model
	Optimization problem
	Wealth formulations and HJB equation
	Legendre transformation and dual theory

	OCP with return clause and charge on balance under exponential utility
	Numerical analysis 
	Discussion and conclusion 

