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An application of Homotopy Perturbation Method (HPM)
for solving Influenza virus model in a population
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Abstract

This article examined application of Homotopy Perturbation Method (HPM) for solving
influenza virus model. Some concepts and assumptions of homotopy perturbation method are
discussed and homotopy perturbation method is used to solve differential equations with
boundary conditions arising from influenza virus model. The total population is subdivided into
eight epidemiological compartments in a homogenous and heterogeneous population. The
obtained results as compared to those in existing literature is accurate. Analysis of the homotopy
perturbation method showed that the method is flexible and very easy to understand.
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1 Introduction

The homotopy perturbation method is a very unique tool and very effective technique for evaluating
solutions of nonlinear equations without requiring process of linearization. This system was
introduced by [4]. HPM is a combination of the perturbation and homotopy methods. The homotopy
perturbation method yields a very rapid convergence series in most cases, usually only a few iterations
leading to accurate solutions [16]. It is a universal one which can solve various kinds of linear and
nonlinear equations. Benefits of HPM which distinguished it from other analytical methods include,
HPM is a series expansion method that indirectly dependent on small or large physical parameters [2,
5], Therefore, it can be used to solve both varieties problems. It gives convergent series solutions and
the perturbation equation is easy to construct. He used HPM to solve Schrodinger equation initial
value problems [3]. Many researchers have used mathematical modelling to analyze infectious diseases
and Homotopy Perturbation Method, see [1,6,8,9,10,11, 13,14, 15]. [1] developed basic reproduction
numbers of infectious disease models and analysed basic reproduction numbers of many infectious
diseases.
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2 The model equations

The model is given below:

S = A —iSL — BoSl, — PsSI; — ps + o,
dal
_1 =piSh — (o1 +y1 + p1 + W,

% =01y — (61 + & +WTy,

% = p2SI; — (o2 +v2 + p2 + Wy,
% = 03l; — (62 + &, + 1T,

% = B3SI5 — (03 +ys + p3 + Wi,
dT3

T = 03l3 — (03 + &3 + WT;,

ZR = 61Ty + yily + 8;T; + yal; + 65T3 + y3ls — UR — wR,

where

ki =01+y1+p1+u
ky=0,+y,+p+p
a,=061+t¢& +u

a, =0, +&+u

az; =03 +e3+pu

P is an embedding parameter in [0,1]. Then we construct the Homotopy:

d

dI dl
1- P) L+ [_1 — BiSL + ((01 +y1+ p1t+ #)11)] =0,
1- )dTl =01+ (6, +& + M)T1] =0,

[dl
dI dl
1- ) 2 [ 2 — B,SI, + (0, + 72 +P2+.U)T2]:0,
dT dar,
1- P) -+ [E =0l + (6, +¢& + M)IZ] =0
dIz dl,
(1—0) [dt p3SI; + (03 + 73 +P3+ll)13] =0
dI dTs
(1— ) : [_—0313"' (63 + &3 +#)T3]—O
E + pl —51T1 — Yily — 8;T, + yalp + 63Tz + y3ls + (u+ @)R] = 0.
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This implies

ds ds

ar P[E"‘ A= p1Sh = BoSI, = B3SI; — p + CUR]
dly rdly dl
- Pla T 31511—(01+V1+P1+M)11—d_t
dr dr dr

d_tl: P[d_t1+ o1, — (6 +31+#)T1_d_tl]

dl, rdl, dl,
= Pl gt hSk— (ot tp+ Wl ——-
dl; rdls dl;
& P _E"‘ B3Slz — (03 +y3 + p3s + W3 BT

dR dR dR J
q p [E‘F 01Ty +y1ly + 6,T, + yolp + 63T5 + y3lz + (u+ @R —E]

S(T) =S+ pS; + ,0252 + -

Liwy = Loy + plicy + p*Sizy + -

Tiey = Troy + pPhiy + P°Tiy + -+
Lty = Loy + plyay + pPligy + -+

Tyey = Ta0) + Play + p*Tizy + -+
Iy = Iz0) + play + p?lacz) + -

T3y = Ta0) + plsy + Ty + -+
Rey=Ro+ PRy + p?Ry + -

The initial condition are as follows:

Sy = up, [1(0) = uy, T1(0) = u3, 1,(0) = uy, T,(0) = us,
1,(0) = ug, T5(0) = u; and R(0) = ug.

Carrying out the necessary substitutions, we have that,

d
a(50+ P51+ P252+)

A=B1(Sy + PSy + P2S; + - )(Iyoy + Plyco) + P?Li(2))
_ﬁz(so + PSl + PZSZ + ) (12(0) + PIZ(O) + P212(2)+...)

_ﬁ3(50 + PS]_ + PZSZ + "') (13(0) + PIZ(O) + P213(2)+...)
—u(So + PS; + P?S, + )+ w(Ry+ PRy + P?R, +---) |

d 2
a(ll(o) + PIz(l) + P 12(2)+...)
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0'1(11(0) + PIl(l) + P211(2) + ) l

d
—_— T10 +PT11 +P2T12 =PI
dt( ( ) ( ) ( )+ ) (61 + 81 + ”)(TI(O) + PTl(l) + PZTl(Z)) +

d
— (@ + PTz) + P2lya)s..)
lBZ(SO + PSy + P2S; + -+ )(Iy0) + Plyy + P?Iygy + )
—(oy+ty1+ p1 + M)(IZ(O) + plyy + PZIZ(Z)) +
03 (Io0y + Plory + P2y + ) l
+ &3 + W) (T + PToay + PTom) + -

i(T + PTyqy + P?T )=P
dt 2(0) 2(1) 2(2)+- (52

d 2
E(IS(O) + Plyp) + P233)4...)
=p [ B3(So + PSy + P2Sy + ) (laq0) + Plaqry + P?ly() + ) l
_(0-3 + ]/3 + ,03 + ‘u)(13(0) + p13(1) + P213(1) + P213(2)) + vos

0'3(13(0) +PI3(1) + P213(2) +) l

d
—(T: + PT. + P2T. ..)=P l
dt( 3(0) 3(1) 3(2)+ ) (65 + &5 + ’u)(T3(0) + PT3q) + P2T3(2)) + ..

—51(711(0) + PTy(1y + PZTI(Z) + ) 4+
V1(11(0) + Plypy + Py + ) +
d 81(Ta0) + Play + P2l + ) +
a(Ro + PRy + P?Ryy.) = P | yy(Iyo) + Plyy + P2lygy + -+ ) +
51(T3(0) + PT3(p) + P213(2) + .- ) +
vs(Iso) + Plary + PPlapy + ) +
| (u— @)(Ry + PR, + P?R, + ) |

Comparing them according to their identical powers:

ds
PO — =
aft
1
— =0
dt
a1y
dt
ﬂ
at
dT,
dt
dl;
dt
dT;

dt

0

0
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pl:

P2

dRr

dt

=0.

as
d—l = A = B1Soli0) = B250l2(0) = B3Sol3(0) = USo + @Rg

= B1SoTi0) — (01 + v1 + p1 + Wl o)

= 0110y — (6 + & + ll)Tl(o)

= B2Solz0) — (02 + V2 + p2 + 1)z

= 02050) — (6, + &+ ﬂ)Tz(o)

= B3Solz0) — (03 + v3 + p3 + Wiz

= 03l300) — (03 + &3+ T30

= 61T10) + V1lic0) + 82T2(0) + V2l200) + 83T300) + V3l300) + (U — ).

=A — B1Soli0) — B2So0l200) — B3Solz(1) — uS1 + @Ry

= B1SoT10y — (o1 + v1 + p1 + Wiy

= o1ly0) — (61 + & + WTi)

,325112(1) — (o2t v2+ pp t #)12(1)

= 0xly1) — (6, + &+ M)T2(1)

= B3Sil3¢1) — (03 + v3 + p3 + Wiz

—— = 03l3¢) — (63 + &5+ W5

dt

dR
P 61Ty + Yili) + 8221y + V2l + 83T30) + Yalzy + (u — @)R;.

For powers of P°, we have that

So = u1’11(0) = u21T1(0) = u3,12(0) = u4,T2(0) = u1’T2(0) = Usg
Iy = us, T30y = Uy, Ry =Us
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For POWER s of p', we have

ds
dr A = Prug upy — Pous Uy — Pauy Ug — PUy WUg
dl;
E = fusu; — (oy +y1+ p1 + Wuy
dT,
E— o u; — (6, +& + Wus
dl,
E = fouyug— (02 +y2 + p2+ Wuy
dT
d_2: oy Uy — (62 + &2+ Wus
t
dl;
I Psug ug — (03 +y3+ ps + us
dT;
T o3 ug — (03 + &3+ wu,
dR

T S1us + YiuUp + 8us + Yous + 63u; +y3us + (U — @)ug.

Now let uju, = ug, UyUy = Uqgg, U1Ug = Uqq. Hence, integrating with respect to t, we have

S = (A= Prug — Pausg — Pauy1 — puy — wug)t

Sy = Dit where Dy = (A — Baug — fouyg — puy — wug)

Liqy = [Biug — (01 +v1 +p1 + Wuylt

Iixy = Dyt where D, = [Biug — (01 + 1+ p1 + 1]

Tiy = [Bruz — (61 + &1 + u3)lt

Ly = [Bauio — (02 2+ p2 + Wuylt

Ty1) = Dst where Dy = [Bougg — (02 + ¥z +p2 + 1)]uy

Toa) = logus — (62 + &2 + pz)uslt

Ty1) = Dst where Dg = [ouy — (6, + &, + Wus]

I3¢1y = [Bsugs — (03 +y3+ps + Wuglt

T31) = Det where Dg = [B3usq — (03 +y3+ p3 + 1]

T3y = [o3us — (63 + &3 + Wuylt

T31) = D;t where D; = [o3us — (63 + &3 + )]

Ry = [riuz + S1ug + yvous + Sus +y3ug + S3u; + (u— )]t
Ry = Dgt where Dg = [yju; + S1uz + Yous + us + y3ug + d3uy; + (U — @)]ug.

For the power of P?, integrating we have,

£2
Sy = (=p1D1D; — 01Dy — 3D D, — uD; + CUDS)?

£2
Lioy= (B1D1Dy; — (01 + y1 + p1 + .U)Dz)?

138 IJMAM, Vol. 6, Issue 2 (2023) oNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



International Journal of Mathematical Analysis and Modelling
Volume 6, Issue 2, October-November 2023, pages 133 — 142

2
T1(2) = (oyD; — (6; + & + H)Dg)%
2
lr2) = (B2D1Dy — (03 + vo + po + H)Dz)%
2
Taz) = (0204 — (82 + & + .“)Ds)%
2
I3y = (BsD1Dg — (03 + y3 + p3 + u)De)t?
2

t
T3y = (03Dg — (85 + &5 + M)D7)7
t2
Ry = (y1Dy + 81D5 +y2D4 + 8,D5 + y3Dg + 63D; + (u — w)Dg) x

Let the 0(p?) be very small such that by asymptotic series approximation:

S(t) = u; + pDyt + p*(—=p1D1D; — B,D1D4 — B3D1Dg — Dy + @Ds)g + 0(p?)
2
L,(t) = uy + pDyt + p?(—p1D1D; — (01 +y1 +p1 + #)Dz)% + 0(p?)
Ty(t) = uz + pDst + p*(o1Dy — (61 + & + M)); + 0(p?)
I(t) = uy + pDyt + p*(B,D1D, — (02 +y2 +p2 + .U)Dz); + 0(p?)
2
To(6) = us + pDst + p*(0,Ds = (5 + 2 + 10D =+ 0(p)
I3(t) = ug + pDgt + p*(B3D1D — (05 +y3 + p3 + H)De)g + o(p®)
T3(t) = u; + p? (03D — (83 + &5 + p)Ds) ; o(p*®)

L—Z
R(t) = ug + pDgt + p(y1D; + 6,D3 + v2D4 + 8,05 + y3Dg + 63D; + (u — w)Dg) <

We have

S(t) = uy + pDyt + p?(=p1D1D; — BoD1Dy — B3D1Dg — Dy + a)Ds)g < o(p?),
2
L) =uy + pDyt + p?(B1D1D; — (0y +y1 +py + H)Dz)% < o(p?),
Ty (t) = us + pDst + p*(61D; — (61 + & + .U)Ds); < o(p?)
2
L(t) = uy + pDyt + p*>(BD1D, — (0, + v, + po + #)Dz)% < o(p?)
2
T,(t) = us + pDst + p*(0,D; — (8, + vy, + #)Ds)% < o(p?)
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£2

I3(t) = ug + pDgt + p*>(B3D1Ds — (03 +y3 + p3 + M)D6)7 < o(p?)
£2

T5(t) = u; + p*Dy; — p*(03Dg — (63 + €3+ w)Ds) > < o(p?)

R(t)3 = ug + pDgt + p*(y1D, + 8:D3 + y;Dy + 8,05 + y3Dg + 83D, + (u — w)Dg) <
0(p>).

Thus,
2

S(t) = uy + pDit + p?(=B1D1D; — B,D1Dy — B3D1Dg — uDy + CODS)%
L(t) % up + pDyt + p?(—=f1D1D; — (0y + v +p1 + .U)Dz);
2
Ty(t) ~ uz + pDst + p?(0yDy — (8, + & + #))%
I(t) = uy + pDut + p?(B;D1D; — (0 +y2 +pp + H)Dz)g
T,(t) = us+ pDst + p*(0,D; — (6, + v, + M)D3);
2
I5(t) = ug+ pDgt + p?(B3D1Ds — (03 +y3 + p3 + M)D6)%

+2
T3(t) = u; + p® (03Ds — (85 + €3+ w)Ds) >

R(t) = ug+ pDgt+ p(y1D; + 8:D3 +v2D4 + 8,05 + y3Dg + 63D; + (u — w)Dg).
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3 Conclusion

In this article, application of Homotopy Perturbation Method (HPM) for solving an influenza virus
model was investigated, with some concepts of homotopy perturbation method and steps involved in
HPM presented. It is observed that homotopy perturbation method gives a series solution that is
mostly convergent for both linear and nonlinear differential equations [10]. From analysis of the model
using HPM, it is discovered that the method is a sound analytical technique which is easy to apply in
solving physical problems
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