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Convergence analysis of an inertial algorithm for generalized
mixed equilibrium problems and Bregman quasi

asymptotically nonexpansive mappings

L. Umar∗†, L.Y. Haruna‡, and M.K. Tafida†§

Abstract

The aim of this article is to introduce an inertial algorithm for approximating solution of a
system of generalized mixed equilibrium problem and common fixed point of countable families of
Bregman quasi asymptotically nonexpansive mappings. The strong convergence theorem has been
establish in reflexive Banach spaces. Our results are significant improvement of some recent results
announced in the literature.

Keywords and phrases: strong convergence; generalized mixed equilibrium problem; Bregman projec-
tions; Bregman quasi asymptotically nonexpansive mappings.

1 Introduction

An inertial-type algorithm is a techniques for accelerating the convergence of the sequence of an algo-
rithm introduced by Polyak [27]. Many problems have been solved using inertial algorithms ( for more
details see, [11, 13, 16, 18, 24] and the references therein).

Let E be a reflexive Banach space with E∗ as the dual space of E and C be a nonempty closed convex
subset of E. Let Θ : C ×C −→ R be a bifunctions, where R is the set of real numbers, Ψ : C −→ E∗

is a nonlinear continuous monotone mapping and ϕ : C −→ R be a convex and lower semi continuous
function. The short form GMEP is consider as generalized mixed equilibrium problem [19] mean
that to find x ∈ C such that:

Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y − x〉 ≥ 0,∀y ∈ C. (1)

Also the short form GMEP (Θ,Ψ, ϕ) is consider as the set of solutions of generalized mixed equilib-
rium problem (1) is defined by

GMEP (Θ,Ψ, ϕ) = {x ∈ C : Θ(x, y) + ϕ(y)− ϕ(x) + 〈Ψx, y − x〉 ≥ 0,∀y ∈ C}.

Numerous problems in same areas such as nonlinear analysis, optimization, economics and variational
inequality problem can be reduced to finding solutions of some equilibrium problems ( see [12, 14] and
the references therein). Moreover, various methods have been studied for solutions of some equilibrium
problems in Hilbert spaces, (see [12, 17, 32, 36] and the references therein).

In 1967, Bregman [5] introduced an effective technique by considering the Bregman distance function
Df for designing and analyzing feasibility and optimization algorithms. The Bregman technique has
applied for approximating feasibility problems, optimization problems and fixed point problem for
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nonlinear mappings (see, e.g [3, 15, 25, 34] and the references therein).

A mapping J : E → 2E
∗ defined by

J(x) = {x∗ ∈ E∗ : 〈x, x∗〉 = ‖x‖2 = ‖x∗‖2},∀x ∈ E,

is consider as normalized duality mapping on E and 〈x, x∗〉 present as the pairing between element of
E and that of E∗.
Let E be a reflexive Banach space, f : E → (−∞,+∞] is a proper, lower semi-continuous and convex
function. domf := {x ∈ E : f(x) < +∞}, is considered as the domain of f . Let x ∈ int(domf ); the
subdifferential of f at x is the convex set defined by

∂f(x) = {x∗ ∈ E∗ : f(x) + 〈x∗, y − x〉 ≤ f(y), ∀y ∈ E}.

The Fenchel conjugate of f is the function f∗ : E∗ → (−∞,+∞] defined by

f∗(x∗) = sup{〈x∗, x〉 − f(x) : x ∈ E}.

The Young - Fenchel inequality present as:

〈x∗, x〉 ≤ f(x) + f∗(x∗),∀x ∈ E, x∗ ∈ E∗.

A function f on E is coercive [22] if the sublevel set of f is bounded :

lim
‖x‖→+∞

f(x) = +∞.

A function f on E is said to be strongly coercive [35] provided that

lim
‖x‖→+∞

f(x)

‖x‖
= +∞.

The right-hand derivative of f at x in the direction y, for any x ∈ intdomf and y ∈ E is defined by

f0(x, y) := lim
t→0+

f(x+ ty)− f(x)

t
.

If limt→0
f(x+ty)−f(x)

t exists for any y, then the function f is called Gâteaux differentiable at x. There-
fore, f0(x, y) coincides with ∇f(x), the value of the gradient of f at x. The function f is said to be
Gâteaux differentiable if it is Gâteaux differentiable for any x ∈ int(domf ). The function f is said
to be Fréchet differentiable at x if this limit is attained uniformly in y with ‖y‖ = 1. Also f is said
to be uniformly Fréchet differentiable on a subset C of E if the limit is attained uniformly for x ∈ C
and ‖y‖ = 1. Recall that if f is Gâteaux differentiable (resp. Fréchet differentiable) on int(domf ),
then f is continuous and its Gâteaux derivative∇f is norm-to-weak∗ continuous (resp. norm-to-norm
continuous) on int(dom(f)) (see [4, 7]).

Definition 1.1. [6] The function f is said to be:

(1) Essentially smooth, if ∂f is both locally bounded and single-valued on its domain;

(ii) Essentially strictly convex, if (∂f)−1 is locally bounded on its domain and f is strictly convex
on every subset of domf ;

(iii) Legendre, if it is both essentially smooth and essentially strictly convex.
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Remark 1.2. Note that the following results follows, if E is a reflexive Banach space:

(i) f is essentially smooth if and only if f∗ is essentially strictly convex (see [6], Theorem 5.4).

(ii) (∂f)−1 = ∂f∗ (see [7]).

(iii) f is Legendre if and only if f∗ is Legendre (see [6],Corollary 5.5).

(iv) If f is Legendre, then ∇f is a bijection satisfying ∇f = (∇f∗)−1, ran∇f = dom∇(f∗) =
int(domf∗) and ran ∇f∗ = domf = int(domf ) (see [6], Theorem 5.10 ), where ran stands for
the range.

Consider f : E −→ (−∞,+∞] as a convex and Gâteaux differentiable function. The function Df :
dom× intdomf −→ [−∞,+∞) defined by

Df (y, x) := f(y)− f(x)− 〈∇f(x), y − x〉

is called the Bregman distance with respect to f . Further the following property [30] is from the defi-
nition of Df :

Df (z, x) := Df (z, y) +Df (y, x) + 〈∇f(y)−∇f(x), z − y〉

Definition 1.3. [37] Let T : C −→ C with F (T ) 6= ∅ be a mapping and F (T ) = {x ∈ C : Tx = x}
is a set of fixed points of T . Then
(1) A point p ∈ C is said to be an asymptotic fixed point of T if C contain a sequence {xn} which
converges weakly to p such that lim

n→∞
‖Txn − xn‖ = 0 and F̂ (T ) denote the set of asymptotic fixed

points of T ;
(2) quasi-Bregman nonexpansive with respect to f [37], provided that

F (T ) 6= ∅ and Df (p, Tx) ≤ Df (p, x), ∀x ∈ C, p ∈ F (T ).

(3) Bregman relatively nonexpansive with respect to f [37], provided that

F̂ (T ) = F (T ) and Df (p, Tx) ≤ Df (p, x), ∀x ∈ C, p ∈ F (T ).

(4) Bregman strongly nonexpansive with respect to f and F̂ (T ) provided that

F (T ) 6= ∅ and Df (p, Tx) ≤ Df (p, x), ∀x ∈ C, p ∈ F̂ (T )

and, if whenever {xn} ⊂ C is bounded, p ∈ F̂ (T ) and

lim
n→0

(Df (p, xn)−Df (p, Txn)) = 0

Consequently

lim
n→0

Df (xn, Txn) = 0.

(5) Bregman quasi-nonexpansive, provided that F (T ) 6= ∅ and

Df (p, Tx) ≤ Df (p, x), ∀x ∈ C, p ∈ F (T ).
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(6) Bregman quasi- asymptotically nonexpansive [37], provided that F (T ) 6= ∅ and there exists a real
number {kn} ⊂ [1,∞), kn −→ 1 as n→∞ such that

Df (p, Tnx) ≤ knDf (p, x), ∀n ≥ 1, x ∈ C, p ∈ F (T ).

(7) Closed, if for any sequence {xn} ⊂ C with xn −→ x ∈ C and Txn −→ y (y ∈ C), then
y = Tx.

Definition 1.4. [37], (1) A countable family of mappings {Ti} : E −→ E is said to be uniformly
Bregman quasi- asymptotically nonexpansive, if Γ = ∩∞i=1F (Ti) 6= ∅ and there exists a real number
{kn} ⊂ [1,∞), kn −→ 1 as n→∞ such that

Df (p, Tni x) ≤ knDf (p, x), ∀n ≥ 1, i ≥ 1x ∈ E, p ∈ Γ.

(2) A mappings T : E −→ E is said to be uniformly L- Lipschits continuous, if there exists a constant
L > 0 such that

‖ Tnx− Tny ‖≤ L ‖ x− y ‖, ∀x, y ∈ E,∀n ≥ 1.

In 2013, Zhao et al. [37], developed the following algorithm for approximating a common fixed point
of Bregman quasi asymptotically nonexpansive mappings. They applied their results for the solution
of generalised mixed equilibrium problem in reflexive Banach spaces:

x1 ∈ E chosen arbitrary : C1 = C, ,
yn,m = ∇f∗

[
βn∇f(x1) + (1− βn)∇f(Snmxn)

]
, m ≥ 1,

Cn+1 = {v ∈ Cn : sup
m≥1

Df (v, yn,m) ≤ βnDf (v, x1) + (1− βn)Df (v, xn) + ξn,

xn+1 = P fCn+1
(x1),∀n ≥ 1,

where ξn = (kn − 1)sup
m≥1

Df (p, xn), P fCn+1
is the Bregman projection of E onto Cn+1. If Γ =

∩∞i=1F (Ti) is bounded, then {xn} converges strongly to P fΓ (x1).

In 2014, by considering shrinking projection technique, Tomizawa [33] established strong convergence
theorem for Bregman quasi-asymptotically nonexpansive mappings in the intermediate sense in a re-
flexive Banach spaces. Darvish [20] studied strong convergence result for weak Bregman relatively
nonexpansive mapping and the set of solutions of generalized mixed equilibrium problems in Banach
spaces. Kazmi et al. [23] introduced hybrid iterative method to approximate a common solution for a
system of a generalized equilibrium problem and a fixed point problem for a Bregman relatively non-
expansive mapping in reflexive Banach spaces.
Recently, Alansari et al [1], consider the following inertial algorithm for solving a common solution
for a system of variational inequality problem, generalized equilibrium problem and a common fixed
point problem of relatively nonexpansive mapping in Banach space. Let the sequences {xn}, and {zn}
be generated by the algorithm:

x0 = x1, z0 ∈ C, C0 := C;
µn = xn + σn(xn − xn−1)
un = ΠCJ

−1(Jµn − ωnDµn);
yn = J−1(βnJzn + (1− βn)JSun);
zn+1 = Srnyn,
Mn = {z ∈ C : φ(z, zn+1) ≤ βnφ(z, zn) + (1− βn)φ(z, µn)};
Nn = {z ∈ C : 〈xn − z, Jxn − Jx0〉 ≤ 0};
xn+1 = ΠMn∩Nnx0,∀n ≥ 0,
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where {βn} ∈ [0, 1], rn ∈ [a,∞) for some a > 0, {σn} ∈ (0, 1) and {ωn} ∈ (0,∞). Then sequences
{xn}, converges strongly to a point x̂ ∈ Γ.
Very recently, Jantakan and Kaewcharoen [21], established strong convergence result by approximating
a common solution for a mixed equilibrium problem and common fixed point of a countable family of
Bregman relatively nonexpansive mappings using the algorithm below:

x1 ∈ C, Six1 = zi1 ∈ C;
yin = ∇f∗(γn∇f(zin) + (1− γn)∇f(Sixn));

zin+1 = ResfG,ψ(yin);

Cin = {z ∈ C : φ(z, zin+1) ≤ γnφ(z, zin) + (1− γn)φ(z, xn)},
Cn = ∩Ni=1C

i
n;

Qn = {z ∈ C : 〈∇f(x1)− f(xn), z − xn〉 ≤ 0},
xn+1 = ProjfCn∩Qn

x1,∀n ≥ 1,

where {xn} is a sequence in [0, 1] such that lim
n→∞

γn = 0. Then, the sequence {xn} converges strongly

to ProjfΩx1, where ProjfΩx1 is the projection of C onto Ω

In this article, motivated by the results of Zhao et al. [37], Alansari et al [1] and Jantakan and
Kaewcharoen [21] mentioned above, we consider the algorithm that combine GMEP with the class
of Bregman nonexpansive mappings and also incorporate inertial extrapolation technique for acceler-
ating the convergence of the sequence of an algorithm. This lead to the investigation for approximate
common solution of generalized mixed equilibrium problems and fixed points problem for Bregman
quasi-asymptotically nonexpansive mappings in a reflexive Banach spaces. Our result modify and im-
proves the result of Jantakan and Kaewcharoen [21] and many recently announced results.

2 Preliminaries

Let E be a reflexive Banach space and f : E −→ (−∞,+∞] be a Gateaux differentiable and convex
function. The Bregman projection [5] of x ∈ intdomf onto a nonempty, closed and convex set
C ⊂ domf is the necessarily unique vector projfC(x) satisfying

Df (projfC(x), x) := inf{Df (y, x) : y ∈ C}.

The modulus of total convexity of f at x ∈ int domf is the function vf (x, t) : [0,+∞) −→ [0,+∞)
defined by

vf (x, t) := inf{Df(y, x) : y ∈ domf, ‖y − x‖ = t}.

The function f is called totally convex at x, if vf (x, t) > 0 whenever t > 0. The function f is called
totally convex, if it is totally convex at any point x ∈ int domf and it is said to be totally convex on
bounded sets, if vf (B, t) > 0, for any nonempty bounded subset B of E and t > 0, where the modulus
of the total convexity of the function f on the set B is the function vf : int domf × [0,+∞) −→
[0,+∞) defined by

vf (B, t) := inf{vf (x, t) : x ∈ B ∩ domf}.

Recall that f is totally convex on bounded sets if and only if f is uniformly convex on bounded sets
[10]

Lemma 2.1. [10] Let C be a nonempty, closed and convex subset of a reflexive Banach space E. Let f :
E −→ (−∞,+∞] be a Gâteaux differentiable and totally convex function and let x ∈ E. Then:
i) z = P fC(x) if and only if 〈∇f(x)−∇f(z), y − z〉 ≤ 0, ∀y ∈ C;

ii) Df (y, P fC(x)) +Df (P fC(x), x) ≤ Df (y, x), ∀y ∈ C.
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Let f : E −→ (−∞,+∞] be a strong coercive Bregman function. Following [2] and [14], let the
function Vf : E × E∗ −→ [0,+∞) asssociated with f is defined by

Vf (x, x∗) = f(x) + f∗(x∗)− 〈x, x∗〉, ∀x ∈ E, x∗ ∈ E∗.

Then Vf is nonnegative and the following assertions hold:
(1) Vf (x, x∗) = Df (x,∇f∗(x∗)) for all x ∈ E and y∗ ∈ E∗.
(2) Vf (x, x∗) + 〈∇f∗(x∗)− x, y∗〉 ≤ Vf (x, x∗ + y∗) for all x ∈ E and y∗ ∈ E∗.

Lemma 2.2. [26] LetE be a Banach space and f : E −→ (−∞,+∞] be a Gateaux differentiable) function
which is uniformly convex on bounded subsets of E. Let {xn}n∈N and {yn}n∈N be bounded sequences in E.
Then

lim
t→∞

Df (xn, yn) = 0 if and only if lim
t→∞
‖xn − yn‖ = 0.

Lemma 2.3. [10] If x ∈ dom f, then the following statements are equivalent:
i) the function f is totally convex at x;
ii) for any sequence {yn} ⊂ dom f,

lim
t→+∞

Df (yn, x) = 0 =⇒ lim
t→+∞

‖ yn − x ‖= 0.

The function f is called sequentially consistent [10] if for any two sequences {xn} and {yn} in E such
that the first one is bounded

lim
t→+∞

Df (yn, xn) = 0 =⇒ lim
t→+∞

‖ yn − xn ‖= 0.

Lemma 2.4. [8] Let f : E −→ (−∞,+∞] be a convex function whose domain contains at least two points.
Then, f is sequentially consistent if and only if it is totally convex on bounded sets.

Lemma 2.5. [29] Let f : E −→ (−∞,+∞] be a Gateaux differentiable and totally convex function. If
x1 ∈ E and the sequence {Df (xn, x1) is bounded, then the sequence {xn} is also bounded.

Lemma 2.6. [23] Let f : E −→ (−∞,+∞] be a Legendre function and C be a nonempty, closed and
convex subset of int domf . Let T : C −→ C be a Bregman quasi asymptotically nonexpansive mapping
with respect to f . Then F (T ) is closed and convex.

Lemma 2.7. [29] Let f : E −→ (−∞,+∞] be a Gateaux differentiable and totally convex function,
x1 ∈ E and C be a nonempty, closed and convex subset of E. Suppose that the sequence {xn} is bounded
and any weak subsequential limit of {xn} belongs to C. If Df (xn, x1) ≤ Df (P fCx1, x1) for any n ∈ N,
then {xn} strongly converges to P fCx1.

Lemma 2.8. [9] Let f : E −→ (−∞,+∞] be a Legendre function. Then, the function f is totally convex
on bounded sets if and only if f is uniformly convex on bounded subsets of E.

Lemma 2.9. [35] Let f : E −→ R be a strong coercive and uniformly convex on bounded subsets of E,
then f∗ is bounded and uniformly Frechet differentiable on bounded subsets of E∗.

Lemma 2.10. [31] Let f : E −→ (−∞,+∞] be a proper convex and lower semi-continuous Legendre
function, then f∗ : E∗ −→ (−∞,+∞] is a proper weak∗ lower semi continuous and convex function.

Thus for any z ∈ E, for any {xn} ⊂ E and {ti}Ni=1 ⊂ (0, 1) with
N∑
i=1

ti = 1, the following holds

Df

(
z,∇f∗

( N∑
i=1

ti∇f(xi)
))
≤

N∑
i=1

tiDf (z, xi).
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Lemma 2.11. [28] Let f : E −→ (−∞,+∞] be uniformly Frechet differentiable and bounded on bounded
subsets of E. Then, f is uniformly continuous on bounded subsets of E and∇f is uniformly continuous on
bounded subsets of E from the strong topology of E to the strong topology of E∗.

Consider Θ : C × C −→ R as a bifunction satisfies the following assumptions [12]::
(A1) Θ(x, x) = 0,∀x ∈ C;
(A2) Θ is monotone, 1.e, Θ(x, y) + Θ(y, x) ≤ 0, ∀x, y ∈ C;
(A3) For each x, y, z ∈ C, lim sup

t→0
Θ(tz + (1− t)x, y) ≤ Θ(x, y);

(A4) For each x ∈ C, y 7→ Θ(x, y) is convex and lower semicontinuous.

Lemma 2.12. [21] Let C be a nonempty, closed and convex subset of a real reflexive Banach space E. Let
Θ : C×C −→ R be a bifunction satisfying (A1)−(A4),ψ : C −→ E∗ be a continuous monotone mapping
and ϕ : C −→ R ∪ {∞} be proper convex and lower semi-continuous. Let f : E −→ (−∞,+∞] be a
coercive Legendre function. For x ∈ E and define a mapping ResfΘ,ψ,ϕ : E −→ 2C as follws:

ResfΘ,ψ,ϕ(x) = {z ∈ C : Θ(z, y) + 〈ψz, y − z〉+ ϕ(y)− ϕ(z)

+ 〈∇f(z)−∇f(x), y − z〉 ≥ 0, ∀y ∈ C}

Then, the following properties holds:
(a) ResfΘ,ψ,ϕ is single-valued and dom (ResfΘ,ψ,ϕ) = E;
(b) ResfΘ,ψ,ϕ is Bregman firmly nonexpansive type mapping;
(c) F (ResfΘ,ψ,ϕ) = GMEP (Θ, ψ, ϕ);
(d) GMEP (Θ, ψ, ϕ) is closed and convex;
(e) Df (p,ResfΘ,ψ,ϕ(x)) +Df (ResfΘ,ψ,ϕ(x), x) ≤ Df (p, x), ∀p ∈ F (ResfΘ,ψ,ϕ), x ∈ E.
It is well known thatResfΘ,ψ,ϕ is a closed Bregman quasi-nonexpansive mapping, and so is a closed Bregman
quasi-asymptotically nonexpansive mapping.

3 Strong convergence theorem

Theorem 3.1. LetE be a reflexive Banach space with dualE∗ andC be a nonempty closed and convex subset
of E such that C ⊂ int (domf). Let f : E −→ (−∞,+∞] be a strong coercive legendre function which is
bounded, uniformly Frechet differentiable and totally convex on bounded subset ofE. Let Θ : C×C −→ R
be bi functions which satisfying assumptions (A1)− (A4), ψ : C −→ E∗ be continuous monotone mappings
and ϕ : C −→ R be convex and lower semi-continuous functions. Let {Tj}Nj=1 : E −→ E be a countable
family of closed and uniformly Bregman quas- asymptotically nonexpansive mappings and for each j ≥ 1, Tj
is uniformly Lj− Lipschitz continuous. Assume that Ω :=

(
∩Nj=1 F (Tj)

)
∩
(
GMEP (Θ, ψ, ϕ)

)
6= ∅. Let

{xn} and {zn} be sequences generated by the iterative schemes:

x1, z
j
1 ∈ C = E

wn = ∇f∗(∇f(xn) + θn∇f(xn − xn−1));

yjn = ∇f∗(βn∇f(Tnj wn) + (1− βn)∇f(wn));

ujn = ∇f∗(αn∇f(zjn) + (1− αn)∇f(yjn));

zjn+1 = ResfΘ,ψ,ϕ(ujn);

Cjn = {z ∈ C : Df (z, zjn+1) ≤ αnDf (z, zjn) + (1− αn)Df (z, wn)
+βnξn};
Cn = ∩Nj=1C

j
n;

Qn = {z ∈ C : 〈∇f(x1)−∇f(xn), z − xn〉 ≤ 0};
xn+1 = ProjfCn∩Qn

x1, ∀n ≥ 1,

(2)

where {αn}, {βn} are sequences in [0, 1] such that lim
n→∞

αn = 0 and lim inf
n→∞

(1−αn)βn > 0. θn(xn−xn−1)

is the inertial term with θn ∈ (0, 1) and ξn = (kn − 1)Df (q, wn). Then, {xn} converges strongly to
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ProjfΩx1, where ProjfΩx1 is the Bregman projection of C onto Ω.

Proof.: Let two functions Γ : C × C −→ R and ResfΘ,ψ,ϕ : E −→ 2C be defined by

Γ(z, y) = Θ(z, y) + 〈ψz, y − z〉+ ϕ(y)− ϕ(z), ∀y ∈ C

and

ResfΘ,ψ,ϕ(x) = {z ∈ C : Γ(z, y) + 〈∇(z)−∇f(x), y − z〉 ≥ 0,∀y ∈ C},∀x ∈ E

respectively. Consequently by Lemma 2.12 that, the function Γ satisfies assumptions (A1)− (A4) and
ResfΘ,ψ,ϕ has the properties (a)− (e).

We present the proof as follows:

Step 1 : We show that Ω is closed and convex. In view of Lemma 2.6, we get that F (Tj) is closed and
convex for all j = 1, 2, ..., N , this implies that ∩Nj=1F (Tj) is closed and convex and also by Lemma
2.12(c), we obtain that GMEP (Θ, ψ, ϕ) is closed and convex and therefore Ω := ∩Nj=1F (Tj) ∩
GMEP (Θ, ψ, ϕ) is closed and convex.

Step 2 : We show that Cn ∩Qn is closed and convex for all n. Now, we first show that Qn is convex
for all n ≥ 1. Assume that a1, a2 ∈ Qn, λ ∈ [0, 1] and ω = λa1 + (1− λ)a2. Now

〈∇f(x1)−∇f(xn), a1 − xn〉 ≤ 0, (3)

and

〈∇f(x1)−∇f(xn), a2 − xn〉 ≤ 0. (4)

Multiplying λ and (1− λ) on both sides of (3) and (4) respectively, we conclude that

〈∇f(x1)−∇f(xn), λa1 + (1− λ)a2 − xn〉 ≤ 0,

by definition of ω, we have

〈∇f(x1)−∇f(xn), ω − xn〉 ≤ 0.

Hence, ω ∈ Qn and Qn is convex. Let {µm} be a sequence in Qn and µm −→ µ as m → ∞. By the
definition of Qn, we obtain

〈∇f(x1)−∇f(xn), µm − xn〉 ≤ 0,

which gives that

〈∇f(x1)−∇f(xn), µm − µ〉+ 〈∇f(x1)−∇f(xn), µ− xn〉 ≤ 0.

By taking limit as m −→∞, we get

〈∇f(x1)−∇f(xn), µ− xn〉 ≤ 0.

Therefore µ ∈ Qn, which implies that Qn is closed for all n ≥ 1. Also, we show that Cn is closed for
all n ≥ 1. Assume that {vm} is a sequence in Cn and vm −→ v as m −→ ∞. Then {vm} is in Cjn for
all j = 1, 2, ..., N , it follows from the definition of Cjn in (2), that

Df (vm, z
j
n+1) ≤ αnDf (vm, Z

j
n) + (1− αn)Df (vm, wn) + βnξn,

∀n ≥ 1, j = 1, 2, ...N. (5)
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Now, by definition of the Bregman distance with respect to f , we present

f(vm)− f(zjn+1) − 〈∇f(zjn+1), vm − zjn+1〉 ≤ αn
(
f(vm)− f(zjn+1)− 〈∇f(zjn, vm − zjn〉

)
+ (1− αn)

(
f(vm)− f(wn)− 〈∇f(wn), vm − wn〉

)
+ βnξn, (6)

also

αn〈∇f(zjn), vm − zjn〉 + (1− αn)〈∇f(wn), vm − wn〉 − 〈∇f(zjn+1), vm − zjn+1〉
≤ f(zjn+1)− αnf(zjn)− (1− αn)f(wn) + βnξn. (7)

It implies that

αn
[
〈f(zjn), vm − v〉+ 〈f(zjn), v − zjn〉

]
+ (1− αn)

[
〈f(wn), vm − v〉+ 〈f(wn), v − wn〉

]
− 〈∇f(zjn+1), vm − v〉 − 〈∇f(zjn+1), v − zjn+1〉
≤ f(zjn+1)− αnf(zjn)− (1− αn)f(wn) + βnξn.

Taking the advantage of the limit as m→∞, we arrive at

αn〈∇f(zjn), v − zjn〉 + (1− αn)〈∇f(wn), v − wn〉 − 〈∇f(zjn+1), v − zjn+1〉
≤ f(zjn+1)− αnf(zjn)− (1− αn)f(wn) + βnξn,∀j = 1, 2, ..., N.

Implies v ∈ Cjn for all j = 1, 2, ..., N. Hence, v ∈ Cn and so Cn is closed. For any a1, a2 ∈ Cn,
we obtain that a1, a2 ∈ Cjn for all j = 1, 2, ..., N. and a1, a2 ∈ C. Now since C is convex, ω =
λa1 + (1− λ)a2 ∈ C for λ ∈ [0, 1]. Taking the advantage of the definition of Cn, that

Df (a1, z
j
n+1) ≤ αnDf (a1, z

j
n) + (1− αn)Df (a1, wn) + βnξn, (8)

and

Df (a2, z
j
n+1) ≤ αnDf (a2, z

j
n) + (1− αn)Df (a2, wn) + βnξn. (9)

Using (5), (6) and (7), shows that (8) and (9) are equivalent to

αn〈∇f(zjn), a1 − zjn〉 + (1− αn)〈∇f(wn), a1 − wn〉 − 〈∇f(zjn+1), a1 − zjn+1〉
≤ f(zjn+1)− f(zjn)− (1− αn)f(wn) + βnξn (10)

and

αn〈∇f(zjn), a2 − zjn〉 + (1− αn)〈∇f(wn), a2 − wn〉 − 〈∇f(zjn+1), a2 − zjn+1〉
≤ f(zjn+1)− f(zjn)− (1− αn)f(wn) + βnξn (11)

By multiplying λ and (1− λ) on both sides of (10) and (11) respectively, we get

αn〈∇f(zjn), λa1 + (1− λ)a2 − zjn〉+ (1− αn)〈∇f(wn), λa1 + (1− λ)a2 − wn〉
− 〈∇f(zjn+1), λa1 + (1− λ)a2 − zjn+1)〉
≤ f(zjn+1)− f(zjn)− (1− αn)f(wn) + βnξn,∀j = 1, 2, ..., N. (12)

Considering the definition of ω and (12), we conclude that

αn〈∇f(zjn), ω − zjn〉 + (1− αn)〈∇f(wn), ω − wn〉 − 〈∇f(zjn+1), ω − zjn+1)〉
≤ f(zjn+1)− f(zjn)− (1− αn)f(wn) + βnξn, ∀j = 1, 2, ..., N,

then ω ∈ Cjn for all j= 1,2,...,N, therefore ω ∈ Cn. Implies that Cn is closed and convex for all n ≥ 1.
Hence Cn ∩Qn is closed and convex for all n ≥ 1.
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Step 3 : We show that Ω ⊂ Cn ∩Qn for all n ≥ 1. Let q ∈ Ω, from (2) and by Lemma 2.12, we have

Df (q, zjn+1) = Dn

(
q,ResfΘ,ψ,ϕ(ujn)

)
≤ Df

(
q, ujn

)
−Df

(
ResfΘ,ψ,ϕ(ujn), ujn

)
≤ Df

(
q, ujn

)
= Df

(
q,∇f∗(αn∇(zjn) + (1− αn)∇f(yjn)

)
≤ αnDf (q, zjn) + (1− αn)Df (q, yjn)

= αnDf (q, zjn) + (1− αn)
[
Df (q,∇f∗(βn∇f(Tnj wn) + (1− βn)∇f(wn))

]
≤ αnDf (q, zjn) + (1− αn)

[
βnDf (q, Tnj wn) + (1− βn)Df (q, wn)

]
≤ αnDf (q, zjn) + (1− αn)

[
βn[knDf (q, wn)] + (1− βn)Df (q, wn)

]
= αnDf (q, zjn) + (1− αn)

[
βnDf (q, wn) + βn(kn − 1)Df (q, wn)

+ (1− βn)Df (q, wn)
]

= αnDf (q, zjn) + (1− αn)
[
Df (q, wn) + βnξn

]
= αnDf (q, zjn) + (1− αn)Df (q, wn) + βnξn − αnβnξn
≤ αnDf (q, zjn) + (1− αn)Df (q, wn) + βnξn, (13)

where ξn = (kn − 1)Df (q, wn). So we have that q ∈ Cjn for all j = 1, 2, .., N and then q ∈ Cn =

∩Nj=1C
j
n. Hence Ω ⊂ Cn, ∀n ≥ 1. Next, we prove by induction that Ω ⊂ Cn ∩ Qn, ∀n ≥ 1. It

Taking the advantage of the definition of Qn, that Q1 = C we arrive at Ω ⊂ C1 ∩ Q1. Assume that
Ω ⊂ Ck ∩Qk for some k > 0. Since Ck ∩Qk is closed and convex, then there exists xk+1 ∈ Ck ∩Qk
such that xn+1 = ProjfCk∩Qk

(x1). By using the definition of xk+1, we obtain for all z ∈ Ck ∩Qk that

〈∇f(x1)−∇f(xk+1), xk+1 − z〉 ≥ 0

Now, for Ω ⊂ Ck ∩Qk, we get that

〈∇f(x1)−∇f(xk+1), xk+1 − q〉 ≥ 0, ∀q ∈ Ω,

then q ∈ Qk+1. Hence, we obtain Ω ⊂ Ck+1 ∩Qk+1, now since Ω ⊂ Cn, ∀n ≥ 1. Thus, we conclude
that Ω ⊂ Cn ∩Qn,∀n ≥ 1 and therefore xn+1 = ProjjCn∩Qn

(x1) is well defined ∀n ≥ 1. This shows
that {xn} is well defined

Step 4 : We show that the sequences {xn}, {wn}, {yjn}∞j=1, {u
j
n}∞j=1, {z

j
n}∞j=1, and {Tnj wn}∞j=1, j =

1, 2, ...N are bounded. Now, by using the definition of Qn and it follows from Lemma 2.1 that xn =
ProjfQn

(x1), we have

Df (xn, x1) = Df (ProjfQn
(x1), x1)

≤ Df (q, x1)−Df (q, ProjfQn
(x1))

≤ Df (q, x1), ∀q ∈ Ω ⊂ Qn.

Therefore {Df (xn, x1)} is bounded. Hence by Lemma 2.5, {xn} is bounded. Also, the inequality

Df (q, xn) = Df (q, ProjfCn−1∩Qn−1
(x1))

≤ Df (q, x1)−Df (xn, x1)

≤ Df (q, x1)

implies that {Df (q, xn)} is bounded. Now by using the fact that Df (q, Tnj xn) ≤ Df (q, xn),∀q ∈
Ω, j = 1, 2, ..., N then {Df (q, Tnj xn)}∞n=1 is bounded, for all j = 1, 2, ...N. Also in view of the
that Df (q, Tnj wn) ≤ knDf (q, wn), ∀q ∈ Ω, j = 1, 2, ..., N therefore {wn}, {yn}∞n=1, {un}∞n=1, and
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{Tnj wn}∞n=1, are bounded. Now setting M = max
{
Df (q, zj1), supnDf (q, wn)

}
, then obviously

Df (q, zj1) ≤M. Let Df (q, zjn) ≤M. for some n and j = 1, 2, ..., N then by (13), we have

Df (q, zjn+1) ≤ αnM + (1− αn)M + βnξn

≤ M + βnξn

Thus,
{
Df (q, zjn+1)

}∞
j=1

is bounded, and so
{
Df (q, zjn)

}∞
j=1

. Also by Lemma 2.5
{
zjn
}∞
j=1

is also
bounded for all j = 1, 2, ..., N.

Step 5 : We show that the sequences {xn}, converges strongly to some point x̂. Now since xn+1 =

ProjfCn∩Qn
(x1) and xn = ProjfQn

(x1), we get that

Df (xn, x1) ≤ Df (xn+1, x1),∀n ≥ 1.

This implies that
{
Df (xn, x1)

}
is non decreasing. Since

{
Df (xn, x1)

}
is bounded, then lim

n→∞
Df (xn, x1)

exists. On the other hand, we obtain

Df (xn+1, xn) = Df (xn+1, P roj
f
Qn

(x1))

≤ Df (xn+1, x1)−Df (ProjfQn
(x1), x1)

= Df (xn+1, x1)−Df (xn, x1).

Therefore

lim
n→∞

Df (xn+1, xn). (14)

Since f is totally convex on bounded sets, f is sequentially consistent, mow by Lemma 2.3 and (14),
we conclude that

lim
n→∞

‖ xn+1 − xn ‖= 0. (15)

Now, since {xn} is bounded and E is reflexive, there exists a subsequence {xnk
} ⊂ {xn} such that

xnk
⇀ x̂ as k → ∞( some point in C). Since Cn and Qn are closed and convex, then Cn ∩ Qn is

closed and convex, implies that Cn is weakly closed and x̂ ∈ Cn for each n ≥ 1. It follows from
xnk

= ProjfQnk
(x1) that

Df (xnk
, x1) ≤ Df (x̂, x1),∀nk ≥ 1.

Since f is a lower semi-continuous function on convex set C, then it implies weakly lower semi-
continuous on C. Therefore, we have

lim inf
nk→∞

Df (xnk
, x1) = lim inf

nk→∞

{
f(xnk

)− f(x1)− 〈∇f(x1), xnk
− x1〉

}
≥ f(x̂)− f(x1)− 〈∇f(x1), x̂− x1〉
= Df (x̂, x1).

Also

Df (x̂, x1) ≤ lim inf
nk→∞

Df (xnk
, x1)

≤ lim sup
nk→∞

Df (xnk
, x1)

≤ Df (x̂, x1).

It follows that

lim
nk→∞

Df (xnk
, x1) = Df (x̂, x1)
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and

f(xnk
) −→ f(x̂).

Since f is uniformly continuous, we conclude that

lim
nk→∞

xnk
= x̂.

Also, since
{
Df (xn, x1)

}
is convergent and lim

nk→∞
Df (xnk

, x1) = Df (x̂, x1) implies that lim
n→∞

Df (xn, x1) =

Df (x̂, x1). If there exists another subsequence {xnm} ⊂ {xn} such that xnm −→ x∗, now by Lemma
2.1, we obtain

Df (x̂, x∗) = lim
nk,nm→∞

Df (xnk
, xnm)

= lim
nk,nm→∞

Df

(
xnk

, P rojfQnm
(x1)

)
≤ lim

nk,nm→∞

(
Df (xnk

, x1)−Df (ProjfQnm
(x1), x1)

)
= lim

nk,nm→∞

(
Df (xnk

, x1)−Df (xnm , x1)
)

= Df (x̂, x1)−Df (x∗, x1).

This implies that x̂ = x∗, therefore

lim
n→∞

xn = x̂ (16)

Step 6 : We show that x̂ ∈ Ω, firstly we show that x̂ ∈ ∩Nj=1F (Tj). Now from the definition ξn, we
have

lim
n→∞

ξn = lim
n→∞

(
(kn − 1)Df (q, wn)

)
= 0.

Also, by definition of wn, we get that

∇f(wn)−∇f(xn) = θn(∇f(xn)−∇f(xn−1).

Which implies that

lim
n→∞

‖ ∇f(wn)−∇f(xn) ‖ = lim
n→∞

‖ θn∇f(xn − xn−1) ‖

≤ ‖ ∇f(xn − xn−1) ‖−→ 0 as n −→∞.

Thus

lim
n→∞

‖ ∇f(wn)−∇f(xn) ‖= 0.

Since f is the legendre function and f∗ is uniformly Frechet defferentiable on bounded subsets, we have

lim
n→∞

‖ wn − xn ‖= 0. (17)

Since {wn} is bounded, by Lemma 2.2, we obtain

lim
n→∞

Df (wn, xn) = 0.

Using (15) and (17), we get

lim
n→∞

‖ xn+1 − wn ‖= 0. (18)
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It follows from Lemma 2.2, that

lim
n→∞

Df (xn+1, wn) = 0. (19)

By the three point identity of the Bregman distance, we have

Df (xn+1, z
j
n) = 〈∇f(zjn)−∇f(xn+1), q − xn+1〉+Df (q, zjn)−Df (q, xn+1).

Since f is bounded on bounded subset of E, then ∇f is bounded on bounded subset of E∗ and hence
by the boundedness of {xn}, {Tnj wn}∞n=1, and {zn}∞n=1, the sequences {∇f(xn)}, {∇f(Tnj wn)}∞n=1,

and {∇f(zn)}∞n=1 are bounded in E∗, which implies that
{
Df (xn+1, z

j
n)
}∞
n=1

is bounded. Now since
xn+1 = ProjfCn∩Qn

(x1) ∈ Cn, we get

Df (xn+1, z
j
n+1) ≤ αnDf (xn+1, z

j
n) + (1− αn)Df (xn+1, wn)

+βnξn, ∀j = 1, 2, ..., N. (20)

Using (19), lim
n→∞

αn = 0 and lim
n→∞

ξn = 0 in (20), we have

lim
n→∞

Df (xn+1, z
j
n+1) = 0,∀j = 1, 2, ..., N.

Since f is totally convex on bounded sets, it follows from Lemma 2.3 that

lim
n→∞

‖ xn+1 − zjn+1 ‖= 0, ∀j = 1, 2, ..., N. (21)

By triangular inequality, we get

‖ xn − zjn+1 ‖≤‖ xn − xn+1 ‖ + ‖ xn+1 − zjn+1 ‖ .

Using (15) and (21), we obtain

lim
n→∞

‖ xn − zjn+1 ‖= 0. (22)

Which implies that zjn+1 −→ x̂, since xn −→ x̂. Taking into account that

‖ wn − zjn+1 ‖≤‖ wn − xn ‖ + ‖ xn − zjn+1 ‖ .

Also, by (17) and (22), we have

lim
n→∞

‖ wn − zjn+1 ‖= 0 (23)

Now, by Lemma 2.11, f and ∇f are uniformly continuous since f is uniformly Frechet differentiable
on bounded subsets. Then using (23),we have

lim
n→∞

|f(wn)− f(zjn+1)| = 0, ∀j = 1, 2, ..., N. (24)

and

lim
n→∞

‖∇f(wn)−∇f(zjn+1)‖ = 0, ∀j = 1, 2, ..., N. (25)

By definition of Bregman distance, we have

Df (q, wn) − Df (q, zjn+1) = f(q)− f(wn)− 〈∇f(wn), q − wn〉
−

(
f(q)− f(zjn+1)− 〈∇f(zjn+1), q − zjn+1〉

)
= f(zjn+1)− f(wn) + 〈∇f(zjn+1), q − wn〉
+ 〈∇f(zjn+1), wn − zjn+1〉 − 〈∇f(wn), q − wn〉
= f(zjn+1)− f(wn) + 〈∇f(zjn+1)−∇f(wn), q − wn〉
+ 〈∇(zjn+1), wn − zjn+1〉 (26)
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Since
{
zjn+1

}∞
n=1

and
{
∇f(zjn+1)

}∞
n=1

are bounded for all j = 1, 2, ...N, using (23), (24), (25) in(26),
we obtain

lim
n→∞

(
Df (q, wn)−Df (q, zjn+1)

)
= 0, ∀j = 1, 2, ..., N. (27)

Furthermore, by Lemma 2.12(e) and Lemma 2.10, for each j = 1, 2, ...N, we get

Df (zjn+1, u
j
n) ≤ Df (q, ujn)−Df (q, zjn+1)

= Df

(
q,∇f∗(αn∇f(zjn) + (1− αn)∇f(yjn)

)
−Df (q, zjn+1)

≤ αnDf (q, zjn) + (1− αn)Df

(
q,∇f∗(βn∇f(Tnj wn) + (1− βn)∇f(wn)

)
− Df (q, zjn+1)

≤ αnDf (q, zjn) + (1− αn)
[
βnDf (q, Tnj wn) + (1− βn)Df (q, wn)

]
− Df (q, zjn+1)

≤ αnDf (q, zjn) + (1− αn)
[
βn(knDf (q, wn)) + (1− βn)Df (q, wn)

]
− Df (q, zjn+1)

≤ αnDf (q, zjn) + (1− αn)
[
βn(1 + (kn − 1))Df (q, wn) + (1− βn)Df (q, wn)

]
− Df (q, zjn+1)

≤ αnDf (q, zjn) + (1− αn)
[
Df (q, wn) + βn(kn − 1)Df (q, wn)

]
− Df (q, zjn+1)

= αnDf (q, zjn) + (1− αn)Df (q, wn) + βnξn − αnβnξn −Df (q, zjn+1)

≤ αnDf (q, zjn) + (1− αn)Df (q, wn) + βnξn −Df (q, zjn+1)

= αnDf (q, zjn) +Df (q, wn)− αnDf (q, wn) + βnξn −Df (q, zjn+1)

= αn
(
Df (q, zjn)−Df (q, wn)

)
+
(
Df (q, wn)−Df (q, zjn+1)

)
+ βnξn. (28)

Since lim
n→∞

αn = 0, lim
n→∞

ξn = 0 then using (27) in (28), we obtain

lim
n→∞

Df (zjn+1, u
j
n) = 0, ∀j = 1, 2, ...N.

Since f is totally convex on bounded sets, it follows from Lemma 2.3 that

lim
n→∞

‖ zjn+1 − u
j
n ‖= 0,∀j = 1, 2, ...N. (29)

By triangular inequality, we get that

‖ xn − ujn ‖≤‖ xn − z
j
n+1 ‖ + ‖ zjn+1 − u

j
n ‖

Using (22) and (29), we obtain

lim
n→∞

‖ xn − ujn ‖= 0,∀j = 1, 2, ...N. (30)

Which implies that ujn −→ x̂ ∈ C, since xn −→ x̂ ∈ C. Now, taking into account that

‖ wn − ujn ‖≤‖ wn − xn ‖ + ‖ xn − ujn ‖

By (17) and (30), we obtain

lim
n→∞

‖ wn − ujn ‖= 0 (31)
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Since f is uniformly Frechet differentiable then by Lemma 2.11 ∇f is uniformly continuous on
bounded sets. Using (29) and (31), we conclude that

lim
n→∞

‖ ∇f(zjn+1)−∇f(ujn) ‖= 0, ∀j = 1, 2, ...N, (32)

and

lim
n→∞

‖ ∇f(wn)−∇f(ujn) ‖= 0, ∀j = 1, 2, ...N. (33)

On the other hand, for each j = 1, 2, ...N, we have

‖ ∇f(wn)−∇f(ujn) ‖ = ‖ ∇f(wn)−∇f
(
∇f∗(αn∇f(zjn) + (1− αn)∇f(yjn))

)
‖

= ‖ ∇f(wn)−
(
αn∇f(zjn) + (1− αn)∇f(yjn)

)
‖

= ‖ (1− αn)∇f(wn) + αn∇f(wn)− αn∇f(zjn)− (1− αn)∇f(yjn) ‖
= ‖ αn

(
∇f(wn)−∇f(zjn)

)
+ (1− αn)

(
∇f(wn)−∇f(yjn)

)
‖

= ‖ αn
(
∇f(wn)−∇f(zjn)

)
+ (1− αn)

[
∇f(wn)−∇f

(
∇f∗(βn∇f(Tnj wn)

+ (1− βn)∇f(wn))
)]
‖

= ‖ αn
(
∇f(wn)−∇f(zjn)

)
+ (1− αn)

[
∇f(wn)−

(
βn∇f(Tnj wn)

+ (1− βn)∇f(wn)
)]
‖

= ‖ αn
(
∇f(wn)−∇f(zjn)

)
+ (1− αn)

[
βn
(
∇f(wn)−∇f(Tnj wn)

)]
≥ (1− αn)βn ‖ ∇f(wn)−∇f(Tnj wn) ‖ −αn ‖ ∇f(wn)−∇f(zjn) ‖

Therefore, we conclude that

(1− αn)βn ‖ ∇f(wn)−∇f(Tnj wn) ‖ ≤ αn ‖ ∇f(wn)−∇f(zjn) ‖
+ ‖ ∇f(wn)−∇f(ujn) ‖, ∀j = 1, 2, ...N. (34)

Since lim inf
n→∞

(1− αn)βn > 0and lim
n→∞

αn = 0, then using (33) in (34), we obtain

lim
n→∞

‖ ∇f(wn)−∇f(Tnj wn) ‖= 0, ∀j = 1, 2, ...N. (35)

Again for j = 1, 2, ...N, we have

‖ ∇f(wn)−∇f(yjn) ‖ = ‖ ∇f(wn)−∇f
(
∇f∗(βn∇f(Tnj wn) + (1− βn)∇f(wn))

)
‖

= ‖ ∇f(wn)−
(
βn∇f(Tnj wn) + (1− βn)∇f(wn)

)
‖

= ‖ βn
(
∇f(wn)−∇f(Tnj wn)

)
‖

≤ βn ‖ ∇f(wn)−∇f(Tnj wn) ‖ (36)

Using (35) in (36),we obtain

lim
n→∞

‖ ∇f(wn)−∇f(yjn) ‖= 0, ∀j = 1, 2, ...N.

Since f is the legendre function and f∗ is uniformly Frenchet differentiable on bounded subsets, we
have

lim
n→∞

‖ wn − yjn ‖= 0, ∀j = 1, 2, ...N. (37)

It follows from(16) and (17), that

lim
n→∞

wn = x̂ (38)
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Using (37) and (38), we have that yjn −→ x̂ (as n → ∞). Since ∇f is uniformly continuous, using
(38) we have ∇f(wn) −→ ∇f(x̂). Therefore by (35), we obtain that

lim
n→∞

∇f(Tnj wn) = ∇f(x̂).

Since ∇f is uniformly continuous, we have

lim
n→∞

Tnj wn = x̂, ∀j = 1, 2, ...N. (39)

It follows from (18,) (29) and (37) that the sequence {xn}, {yjn}∞n=1, {u
j
n}∞n=1, {wn}, and {zjn}∞n=1,

for all j = 1, 2, ...N, have the some asymptotic behaviour, therefore by (39), we conclude that

lim
n→∞

Tnj xn = x̂, ∀j = 1, 2, ...N. (40)

Now, by the assumptions that for all j = 1, 2, ...N, Tj is uniformly Lj - Lipschitz continuous, we get
that

‖ Tn+1
j xn − Tnj xn ‖ ≤ ‖ Tn+1

j xn − Tn+1
j xn+1 ‖ + ‖ Tn+1

j xn+1 − xn+1 ‖
+ ‖ xn+1 − xn ‖ + ‖ xn − Tnj xn ‖
≤ (Lj + 1) ‖ xn+1 − xn ‖ + ‖ Tn+1

j xn+1 − xn+1 ‖ + ‖ xn − Tnj xn ‖ .(41)

By (40) and since xn −→ x̂ ( as n −→∞), we obtain that

lim
n→∞

‖ Tn+1
j xn − Tnj xn ‖= 0, ∀j = 1, 2, ...N,

and

lim
n→∞

Tn+1
j xn = x̂, ∀j = 1, 2, ...N,

which implies that

lim
n→∞

TjT
n
j xn = x̂, ∀j = 1, 2, ...N.

It follows from the closedness of Tj that

lim
n→∞

Tj x̂ = x̂, ∀j = 1, 2, ...N.

Therefore

x̂ ∈ ∩Nj=1F (Tj).

Next, we show that x̂ ∈ GMEP (Θ, ψ, ϕ). Since {xn} is bounded and so is {∇f(xn)}, there exists a
subsequence {∇f(xnk

)} of {∇f(xn)} such that ∇f(xnk
) ⇀ x̂ ∈ C as k → ∞. It follows from (22)

and (29) that there exists subsequence {∇f(zjnk)} of {∇f(zjn)} and {∇f(ujnk)} of {∇f(ujn)} such
that ∇f(zjnk) ⇀ x̂ ∈ C and ∇f(ujnk) ⇀ x̂ ∈ C as k → ∞, for all j = 1, 2, ...N respectively. From
zjn+1 = ResfΘ,ψ,ϕ(ujn), we have

Γ(zjn+1, y) + 〈∇f(zjn+1)−∇f(ujn), y − zjn+1〉 ≥ 0, ∀y ∈ C.

Replacing n by nk and using (A2), we obtain

〈∇f(zjnk+1
)−∇f(ujnk

), y − zjnk+1
〉 ≥ −Γ(zjnk+1

, y) ≥ Γ(y, zjn+1),∀y ∈ C, ∀j = 1, 2, ...N.
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Letting k −→∞, it follows from ∇f(znk
) ⇀ x̂ ∈ C and (A4) that

Γ(y, x̂) ≤ 0, ∀y ∈ C,

for λ with 0 < λ ≤ 1 and y ∈ C, assume that yλ = λy + (1 − λ)x̂. Since y ∈ C and x̂ ∈ C, we have
yλ ∈ C and Γ(yλ, x̂) ≤ 0,∀y ∈ C, so by (A1) and (A3), we obtain

0 = Γ(yλ, yλ)

≤ λΓ(yλ, y) + (1− λ)Γ(yλ, x̂)

≤ λΓ(yλ, y).

Dividing by λ, we get

Γ(yλ, y) ≥ 0, ∀y ∈ C.

Letting λ −→ 0 and by (A3), we conclude that

Γ(x̂, y) ≥ 0, ∀y ∈ C.

Thus

x̂ ∈ GMEP (Θ, ψ, ϕ).

Therefore

x̂ ∈ Ω :=
[
∩Nj=1 F (Tj)

]
∩
[
GMEP (Θ, ψ, ϕ)

]
.

Step 7 : We show that x̂ = ProjfΩ(x1). Since Ω is a nonempty closed and convex subset of E,
ProjfΩ(x1) is well defined. Suppose that û = ProjfΩ(x1), now by xn+1 = ProjfCn∩Qn

(x1) and
ProjfΩ(x1) ∈ Ω ⊆ Cn ∩Qn, we conclude that

Df (xn+1, x1) ≤ Df (û, x1)

Since {xnk
} is a weak convergence subsequence of {xn} and by Lemma 2.7, we get that the sequence

{xn} converges strongly to û. It follows from the uniqueness of the limit, we conclude that the sequence
{xn} converges strongly to x̂ = ProjfΩ(x1). This completes the proof.

Corollary 3.2. Let E be a reflexive Banach space with dual E∗ and C be a nonempty closed and convex
subset of E such that C ⊂ int (domf). Let f : E −→ (−∞,+∞] be a strong coercive legendre function
which is bounded, uniformly Frechet differentiable and totally convex on bounded subset of E. Let Θ :
C × C −→ R be bi functions which satisfying assumptions (A1) − (A4), ψ : C −→ E∗ be continuous
monotone mappings. Let {Tj}Nj=1 : E −→ E be a countable family of closed and uniformly Bregman
quas- asymptotically nonexpansive mappings and for each j ≥ 1, Tj is uniformly Lj− Lipschitz continuous.
Assume that Ω :=

(
∩Nj=1 F (Tj)

)
∩
(
GMEP (Θ, ψ)

)
6= ∅. Let {xn} and {zn} be sequences generated by

the iterative schemes:

x1, z
j
1 ∈ C = E

wn = ∇f∗(∇f(xn) + θn∇f(xn − xn−1));

yjn = ∇f∗(βn∇f(Tnj wn) + (1− βn)∇f(wn));

ujn = ∇f∗(αn∇f(zjn) + (1− αn)∇f(yjn));

zjn+1 = ResfΘ,ψ(ujn);

Cjn = {z ∈ C : Df (z, zjn+1) ≤ αnDf (z, zjn) + (1− αn)Df (z, wn)
+βnξn};
Cn = ∩Nj=1C

j
n;

Qn = {z ∈ C : 〈∇f(x1)−∇f(xn), z − xn〉 ≤ 0};
xn+1 = ProjfCn∩Qn

x1, ∀n ≥ 1,
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where {αn}, {βn} are sequences in [0, 1] such that lim
n→∞

αn = 0 and lim inf
n→∞

(1−αn)βn > 0. θn(xn−xn−1)

is the inertial term with θn ∈ (0, 1) and ξn = (kn − 1)Df (q, wn). Then, {xn} converges strongly to
ProjfΩx1.

Corollary 3.3. LetE be a reflexive Banach space with dualE∗ andC be a nonempty closed and convex subset
of E such that C ⊂ int (domf). Let f : E −→ (−∞,+∞] be a strong coercive legendre function which is
bounded, uniformly Frechet differentiable and totally convex on bounded subset ofE. Let Θ : C×C −→ R
be bi functions which satisfying assumptions (A1) − (A4). Let {Tj}Nj=1 : E −→ E be a countable family
of closed and uniformly Bregman quas- asymptotically nonexpansive mappings and for each j ≥ 1, Tj is
uniformly Lj− Lipschitz continuous. Assume that Ω :=

(
∩Nj=1 F (Tj)

)
∩
(
GMEP (Θ)

)
6= ∅. Let {xn}

and {zn} be sequences generated by the iterative schemes:

x1, z
j
1 ∈ C = E

wn = ∇f∗(∇f(xn) + θn∇f(xn − xn−1));

yjn = ∇f∗(βn∇f(Tnj wn) + (1− βn)∇f(wn));

ujn = ∇f∗(αn∇f(zjn) + (1− αn)∇f(yjn));

zjn+1 = ResfΘ(ujn);

Cjn = {z ∈ C : Df (z, zjn+1) ≤ αnDf (z, zjn) + (1− αn)Df (z, wn)
+βnξn};
Cn = ∩Nj=1C

j
n;

Qn = {z ∈ C : 〈∇f(x1)−∇f(xn), z − xn〉 ≤ 0};
xn+1 = ProjfCn∩Qn

x1, ∀n ≥ 1,

where {αn}, {βn} are sequences in [0, 1] such that lim
n→∞

αn = 0 and lim inf
n→∞

(1−αn)βn > 0. θn(xn−xn−1)

is the inertial term with θn ∈ (0, 1) and ξn = (kn − 1)Df (q, wn). Then, {xn} converges strongly to
ProjfΩx1.

Corollary 3.4. LetE be a reflexive Banach space with dualE∗ andC be a nonempty closed and convex subset
of E such that C ⊂ int (domf). Let f : E −→ (−∞,+∞] be a strong coercive legendre function which is
bounded, uniformly Frechet differentiable and totally convex on bounded subset ofE. Let Θ : C×C −→ R
be bi functions which satisfying assumptions (A1)− (A4). Let {Tj}Nj=1 : E −→ E be a countable family of
closed and uniformly Bregman relatively nonexpansive mappings and for each j ≥ 1, Tj is uniformly Lj−
Lipschitz continuous. Assume that Ω :=

(
∩Nj=1 F (Tj)

)
∩
(
GMEP (Θ)

)
6= ∅. Let {xn} and {zn} be

sequences generated by the iterative schemes:

x1, z
j
1 ∈ C = E

wn = ∇f∗(∇f(xn) + θn∇f(xn − xn−1));

yjn = ∇f∗(βn∇f(Tnj wn) + (1− βn)∇f(wn));

ujn = ∇f∗(αn∇f(zjn) + (1− αn)∇f(yjn));

zjn+1 = ResfΘ(ujn);

Cjn = {z ∈ C : Df (z, zjn+1) ≤ αnDf (z, zjn) + (1− αn)Df (z, wn);

Cn = ∩Nj=1C
j
n;

Qn = {z ∈ C : 〈∇f(x1)−∇f(xn), z − xn〉 ≤ 0};
xn+1 = ProjfCn∩Qn

x1, ∀n ≥ 1,

where {αn}, {βn} are sequences in [0, 1] such that lim
n→∞

αn = 0 and lim inf
n→∞

(1−αn)βn > 0. θn(xn−xn−1)

is the inertial term with θn ∈ (0, 1). Then, {xn} converges strongly to ProjfΩx1.
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