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Abstract

The aim of this article is to introduce an inertial algorithm for approximating solution of a
system of generalized mixed equilibrium problem and common fixed point of countable families of
Bregman quasi asymptotically nonexpansive mappings. The strong convergence theorem has been
establish in reflexive Banach spaces. Our results are significant improvement of some recent results
announced in the literature.
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1 Introduction

An inertial-type algorithm is a techniques for accelerating the convergence of the sequence of an algo-
rithm introduced by Polyak [27]]. Many problems have been solved using inertial algorithms ( for more
details see, [[11}, 13} [16} [18) [24]] and the references therein).

Let F be a reflexive Banach space with E* as the dual space of E and C be a nonempty closed convex
subset of E. Let © : C' x C — R be a bifunctions, where R is the set of real numbers, ¥ : C — E*
is a nonlinear continuous monotone mapping and ¢ : C — R be a convex and lower semi continuous
function. The short form GM EP is consider as generalized mixed equilibrium problem [19] mean
that to find € C such that:

O(z,y) + ¢(y) — o(x) + (Yz,y —x) > 0,Vy € C. (1)

Also the short form GMEP(O, ¥, ) is consider as the set of solutions of generalized mixed equilib-
rium problem () is defined by

GMEP(©,V,p) ={zc C:0(z,y) + p(y) —¢(x) + (Yx,y —z) > 0,Vy € C}.

Numerous problems in same areas such as nonlinear analysis, optimization, economics and variational
inequality problem can be reduced to finding solutions of some equilibrium problems ( see [[12,(14] and
the references therein). Moreover, various methods have been studied for solutions of some equilibrium
problems in Hilbert spaces, (see [[12, 17,132, 136] and the references therein).

In 1967, Bregman [5]] introduced an effective technique by considering the Bregman distance function
Dy for designing and analyzing feasibility and optimization algorithms. The Bregman technique has
applied for approximating feasibility problems, optimization problems and fixed point problem for
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nonlinear mappings (see, e.g [3, (15125 134]] and the references therein).

A mapping J : E — 2F" defined by

J(z) = {2 € E*: (z,2") = ||z|* = ||2*[*}, Yz € E,

is consider as normalized duality mapping on E and (z, x*) present as the pairing between element of
E and that of E*.

Let E be a reflexive Banach space, f : E — (—00, +00] is a proper, lower semi-continuous and convex
function. domf := {z € E : f(z) < 400}, is considered as the domain of f. Let « € int(domf); the
subdifferential of f at x is the convex set defined by

Of(x) ={a" € E*: f(x) + (z",y —x) < f(y), Yy € E}.
The Fenchel conjugate of f is the function f* : E* — (—o00, +00] defined by
F(27) = sup{(a*,) — () : z € B},
The Young - Fenchel inequality present as:
(x*,z) < f(z)+ f*(2*),Vx € E,z* € E*.
A function f on F is coercive [22] if the sublevel set of f is bounded :

lim f(z) = +o0.
[l]| =00

A function f on F is said to be strongly coercive [35]] provided that

@ = +00
lzfl—+oo |||

The right-hand derivative of f at = in the direction y, for any x € intdomf and y € E is defined by

If limy o w exists for any y, then the function f is called Gateaux differentiable at 2. There-

fore, fO(x,y) coincides with V f(z), the value of the gradient of f at z. The function f is said to be
Gateaux differentiable if it is Gateaux differentiable for any = € int(domf). The function f is said
to be Fréchet differentiable at z if this limit is attained uniformly in y with ||y|| = 1. Also f is said
to be uniformly Fréchet differentiable on a subset C' of E if the limit is attained uniformly for x € C
and |ly|| = 1. Recall that if f is Gateaux differentiable (resp. Fréchet differentiable) on int(domf),
then f is continuous and its Gateaux derivative V f is norm-to-weak™ continuous (resp. norm-to-norm
continuous) on int(dom(f)) (see [4, [7]]).

Definition 1.1. [6] The function f is said to be:

(1) Essentially smooth, if Of is both locally bounded and single-valued on its domain;

-1

(ii) Essentially strictly convex, if (Of) " is locally bounded on its domain and f is strictly convex

on every subset of domf;

(iii) Legendre, if it is both essentially smooth and essentially strictly convex.
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Remark 1.2. Note that the following results follows, if E is a reflexive Banach space:
(i) f is essentially smooth if and only if f* is essentially strictly convex (see [6], Theorem 5.4).
(i) (0f)"" = Of* (see [7D).
(iii) f is Legendre if and only if f* is Legendre (see [6],Corollary 5.5).

(iv) If f is Legendre, then Vf is a bijection satisfying Vf = (Vf*)71, ranVf = domV(f*) =
int(domf*) and ran V f* = domf = int(domf) (see [l6l], Theorem 5.10 ), where ran stands for

the range.

Consider f : E — (—00,+00] as a convex and Gateaux differentiable function. The function Dy :
dom X intdomf — [—00, +00) defined by

Dy(y,x) := f(y) = f(z) = (Vf(2),y — )
is called the Bregman distance with respect to f. Further the following property [30] is from the defi-
nition of Dy:
Dy(z,z) := Dy(z,y) + Dy(y, ) +(Vf(y) = Vf(z),z2 —y)
Definition 1.3. [37] Let T : C — C with F(T') # ) be a mapping and F(T) = {z € C : Tx = z}
is a set of fixed points of 7" . Then

(1) A point p € C is said to be an asymptotic fixed point of T" if C' contain a sequence {z,} which
converges weakly to p such that lim || Tx,, — z,|| = 0 and F'(T") denote the set of asymptotic fixed
n—oo

points of T";
(2) quasi-Bregman nonexpansive with respect to f [37]], provided that

F(T)# 0 and Ds(p,Tx) < D¢(p,z), Yz € C,p € F(T).

(3) Bregman relatively nonexpansive with respect to f [37]], provided that

F(T)=F(T) and Ds(p,Tx) < Dg(p,x), Vo € C,p € F(T).

(4) Bregman strongly nonexpansive with respect to f and F (T') provided that

F(T)#0 and Dy(p,Tx) < Ds(p,x), Vo € C,p € F(T)
and, if whenever {z,,} C C is bounded, p € F/(T) and
lity (D (p.2a) = Dy (p, Tn)) = 0
Consequently
TlLiLI%)Df(xn,Txn) =0.

(5) Bregman quasi-nonexpansive, provided that F'(T') # () and

Dy(p,Tx) < Dy¢(p,x), Yo € C,p e F(T).
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(6) Bregman quasi- asymptotically nonexpansive [37]], provided that F/(T') # () and there exists a real
number {k,} C [1,00), k, —> 1 as n — oo such that

D¢(p,T"x) < knDf(p,x), Vn> 1,2 € C,pe F(T).

(7) Closed, if for any sequence {z,} C C withz, — 2z € C and Tz, — y (y € C), then
y="Tx.

Definition 1.4. [37], (1) A countable family of mappings {7;} : E — E is said to be uniformly
Bregman quasi- asymptotically nonexpansive, if I' = N2, F(T;) # ) and there exists a real number
{kn} C [1,00),k, —> 1 as n — oo such that

D¢(p,T'x) < kyDy(p,x), Vn>1,i>1x e E;peT.

(2) A mappings T : E — FE is said to be uniformly L- Lipschits continuous, if there exists a constant
L > 0 such that

| T'e —T "y |<K L||xz—y|, Ve,y € E,¥Yn > 1.

In 2013, Zhao et al. [37]], developed the following algorithm for approximating a common fixed point
of Bregman quasi asymptotically nonexpansive mappings. They applied their results for the solution
of generalised mixed equilibrium problem in reflexive Banach spaces:

x1 € F chosen arbitrary : C1 = C,
Ynm = V[ [BuV f(21) + (1 = Bn)VF(Shan)], m > 1,
Cn+1 = {U €Cy: Su>plDf('Uayn,m) < ﬁan('U,fL‘l) + (1 - ﬁn)Df(Uyl'n) +&ns

Tpt1 = Pénﬂ(:xl),Vn > 1,

where &, = (k, — 1)supDs(p, zy), Pg‘n+1 is the Bregman projection of E onto Cp,y1. KT =
m>1 )

N2, F(T;) is bounded, then {z,} converges strongly to PIJf (x1).

In 2014, by considering shrinking projection technique, Tomizawa [33]] established strong convergence
theorem for Bregman quasi-asymptotically nonexpansive mappings in the intermediate sense in a re-
flexive Banach spaces. Darvish [20] studied strong convergence result for weak Bregman relatively
nonexpansive mapping and the set of solutions of generalized mixed equilibrium problems in Banach
spaces. Kazmi et al. [23] introduced hybrid iterative method to approximate a common solution for a
system of a generalized equilibrium problem and a fixed point problem for a Bregman relatively non-
expansive mapping in reflexive Banach spaces.

Recently, Alansari et al [[1], consider the following inertial algorithm for solving a common solution
for a system of variational inequality problem, generalized equilibrium problem and a common fixed
point problem of relatively nonexpansive mapping in Banach space. Let the sequences {x, }, and {z,}
be generated by the algorithm:

o =1x1, 20 € C, Cp:=C,

Pn = Tn + O'n(l‘n - J:n—l)

Uup = Mo (T pin — wnDity);

Yn = J_l(ﬁnjzn + (1 = Bn)J Sun);

Zn4+1 = STnyTn

My, = {Z € C: d(z,2n41) < Bnd(z, 2n) + (1 — Br)9(2, Mn)};
N,={2€C:{(xp—2z,Ju, — Jxg) < 0};

\ Tnt1 = 0N, o, V0 2> 0,
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where {3,,} € [0,1], r, € [a,00) for some a > 0, {o,} € (0,1) and {wy,} € (0,00). Then sequences
{zn}, converges strongly to a point & € T'.

Very recently, Jantakan and Kaewcharoen [21]], established strong convergence result by approximating
a common solution for a mixed equilibrium problem and common fixed point of a countable family of
Bregman relatively nonexpansive mappings using the algorithm below:

xr1 € C,Si{L‘l = Zi € C;

y’?L = vf*('anf(Z;L) + (1 - ’Yn)vf(szxn))y

Zhir = Resl, y (vh); |

C’fl = {Z eC: ¢(27Z:1+1) < ’Yn‘b('zaz:z) + (1 - ’Yn)qs(z?wn)}v
Cn = ﬂi]ilcriz;

Qn - {z €eC: <Vf<1’1) - f(.’L‘n),Z - xn> < 0}7

Tp+l = Projéannxl,Vn >1,

where {2, } is a sequence in [0, 1] such that lim 7,, = 0. Then, the sequence {x,,} converges strongly
n—oo

to Proj{la:l, where Projsj;ﬂq is the projection of C onto 2

In this article, motivated by the results of Zhao et al. [37]], Alansari et al [[1]] and Jantakan and
Kaewcharoen [21]] mentioned above, we consider the algorithm that combine GM E P with the class
of Bregman nonexpansive mappings and also incorporate inertial extrapolation technique for acceler-
ating the convergence of the sequence of an algorithm. This lead to the investigation for approximate
common solution of generalized mixed equilibrium problems and fixed points problem for Bregman
quasi-asymptotically nonexpansive mappings in a reflexive Banach spaces. Our result modify and im-
proves the result of Jantakan and Kaewcharoen [21] and many recently announced results.

2 Preliminaries

Let E be a reflexive Banach space and f : E — (—00, +00] be a Gateaux differentiable and convex
function. The Bregman projection [5]] of € intdomf onto a nonempty, closed and convex set

C' C domf is the necessarily unique vector projé(a:) satisfying

Df(projé(x),:z:) = inf{Dy(y,x) : y € C}.

The modulus of total convexity of f at x € int domf is the function v¢(z,t) : [0, 4+00) — [0, 4+00)
defined by

vp(z,t) == inf{Df(y,z) : y € domf,[ly — z|| = t}.

The function f is called totally convex at z, if v¢(x,t) > 0 whenever ¢ > 0. The function f is called
totally convex, if it is totally convex at any point € int dom f and it is said to be totally convex on
bounded sets, if v¢(B,t) > 0, for any nonempty bounded subset B of £ and t > 0, where the modulus
of the total convexity of the function f on the set B is the function vy : int domf x [0, +00) —
[0, 400) defined by

vf(B,t) == inf{vs(z,t) : @ € BNndomf}.

Recall that f is totally convex on bounded sets if and only if f is uniformly convex on bounded sets

[10]

Lemma 2.1. [10] Let C be a nonempry, closed and convex subset of a reflexive Banach space E. Let f :
E — (—00, +00] be a Gateaux differentiable and totally convex function and let x € E. Then:

i)z = PL(x) ifand only if (V f (z) — Vf(2),y — 2) <0, Vy € C;
ii) Dy (y, PL(x)) + Dy(PL(z),7) < Dy(y,x), Yy € C.
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Let f : E — (—o00,+00| be a strong coercive Bregman function. Following [2]] and [[14], let the
function Vy : E x E* — [0, 4-00) asssociated with f is defined by

Vi(x,2*) = f(x) + f*(a*) — (x,2"),Vx € E, 2" € E”.

Then V} is nonnegative and the following assertions hold:
(1) Vi(z,2*) = Dy(x, Vf*(2*)) forall x € F and y* € E*.
2) Vi(z,2*) + (Vf*(a*) —z,y*) < Vi(x,2* +y*) forall z € E and y* € E*.

Lemma 2.2. [26] Let E be a Banach spaceand f : E — (—00, +00] be a Gateaux differentiable) function

which is uniformly convex on bounded subsets of E. Let {x,, } nen and {yn }nen be bounded sequences in E.
Then

lim D¢ (2, yn) = 0if and only if lim ||z, —yn| = 0.
t—o00 t—00

Lemma 2.3. [10]If x € dom f, then the following statements are equivalent:
i) the function f is totally convex at x;
i) for any sequence {y,} C dom f,

lim D¢(yn,z) =0=

t—+o00 t—lggloo H Yn =% ”: 0-

The function f is called sequentially consistent [[10] if for any two sequences {z,, } and {y,} in F such
that the first one is bounded

lim D¢(yn,2zn) =0 =

lim || yn — 2z, ||=0.
t—400 t—4o00

Lemma2.4. [§] Let f : E — (—00, +00] be a convex function whose domain contains at least rwo points.
Then, f is sequentially consistent if and only if it is totally convex on bounded sets.

Lemma 2.5. [29] Let f : E — (—o00, +00] be a Gateaux differentiable and totally convex function. If
x1 € E and the sequence { D ¢(x,,, x1) is bounded, then the sequence {x,} is also bounded.

Lemma 2.6. [23] Let f : E — (—00, +00] be a Legendre function and C be a nonempty, closed and
convex subset of int domf. Let T : C — C be a Bregman quasi asymptotically nonexpansive mapping
with respect to f. Then F(T) is closed and convex.

Lemma 2.7. [29] Let f : E — (—o00,+00] be a Gateaux differentiable and totally convex function,
z1 € E and C be a nonempty, closed and convex subset of E. Suppose that the sequence {x,,} is bounded
and any weak subsequential limit of {x,,} belongs to C. If D¢(xy, 1) < Dy (ngl, x1) foranyn € N,
then {x,,} strongly converges to P(ijl.

Lemma 2.8. [9] Let f : E — (—o00, +00| be a Legendre function. Then, the function f is totally convex
on bounded sets if and only if f is uniformly convex on bounded subsets of E.

Lemma 2.9. [35] Let f : E — R be a strong coercive and uniformly convex on bounded subsets of E,
then f* is bounded and uniformly Frechet differentiable on bounded subsets of E*.

Lemma 2.10. [31] Let f : E — (—o0, 400] be a proper convex and lower semi-continuons Legendre
function, then f* : E* — (—o0,+00] is a proper weak™ lower semi continuous and convex function.

N
Thus for any z € E, for any {x,,} C E and {t;}.; C (0,1) with Z ti = 1, the following holds
i=1

N N
Df(z, Vf*(ZtZVf(m,))) < Ztin(Z,wi).

i=1
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Lemma 2.11. [28]Let f : E — (—o00, +00] be uniformly Frechet differentiable and bounded on bounded
subsets of E. Then, f is uniformly continuous on bounded subsets of E and N f is uniformly continuous on
bounded subsets of E from the strong topology of E to the strong topology of E*.

Consider © : C' x C' — R as a bifunction satisfies the following assumptions [[12]]::
(A1) O(z,z) = 0,Vx € C;
(A2) © is monotone, l.e, O(z,y) + O(y,z) <0, Vz,y € C,
(A3) For each z,y, z € C,limsupO(tz + (1 — t)z,y) < O(x,y);
t—0

(A4) For each z € C,y — O(x,y) is convex and lower semicontinuous.

Lemma 2.12. [21] Let C be a nonempty, closed and convex subset of a real reflexive Banach space E. Let
© : CxC — R bea bifunction satisfying (A1) — (A4), ¥ : C —> E* be a continuous monotone mapping
and ¢ : C — R U {oco} be proper convex and lower semi-continuous. Let f : E — (—o0, +00] be a
coercive Legendre function. For x € E and define a mapping Resév v B — 2C as follws:

Resh () = {2€C:0(zy) + {2,y —2) +o(y) — ¢(2)
+ (Vf(z) = Vf(x),y—=2) >0, Vy € C}

Then, the following properties holds:

(a) Reséﬂ/)#7 is single-valued and dom (Resé#},w) =E;

(%) Resé . 15 Bregman firmly nonexpansive type mapping;

(c) F(Resl, ) = GMEP(O,v,¢);

(d) GMEP(©,, ¢) is closed and convex;

(e) D¢ (p, Resé,¢,¢(5€)) + Df(Reséjwp(z), z) < D¢(p,x), Vp € F(Reséﬂlw)’ z€E.

It 1s well known that Resé 1. 18 @ closed Bregman quasi-nonexpansive mapping, and so is a closed Bregman
quasi-asymptotically nonexpansive mapping.

3 Strong convergence theorem

Theorem 3.1. Let E be a reflexive Banach space with dual E* and C be a nonempty closed and convex subset
of E such that C C int (domf). Let f : E — (—00, +00] be a strong coercive legendre function which is
bounded, uniformly Frechet differentiable and totally convex on bounded subset of E. Let© : C x C' — R
be bi functions which satisfying assumptions (A1) — (A4), ¥ : C — E* be continuous monotone mappings
and ¢ : C' — R be convex and lower semi-continuous functions. Let {T]}é\’: 1+ E — E bea countable
family of closed and uniformly Bregman quas- asymptotically nonexpansive mappings and for each j > 1, T;
is uniformly Lj— Lipschitz continuous. Assume that 0 := ( ﬂé\f:l F(T;)) N (GMEP(©,9,¢)) # 0. Let
{n} and {z,} be sequences generated by the iterative schemes:

:El,Z{ € C =F

wy =V (Vf(wn) + 0uV f(20 = 20-1));

vh = VBV F(Twn) + (1= Ba)Vf(wn));
wh = V(o V() + (1= an)VF(Yh);

Zfl'ﬂ = Reséﬂb’(p(u%); ' ' )
Ch={2€C:Dy(2,2 1) <anDys(z, 20) + (1 — an)Ds(z,wy)
+Bnén}; ‘

Qn={z€C:(Vf(xr1) —Vf(xn),z—z,) <0}
Tptl = Projéann:cl, Vn > 1,

where { v, }, { B } are sequences in [0, 1] such that li_>m ap = 0and liIr_1>inf(1 —ap)fn > 0. Op(Tn—2n—1)

is the inertial term with 0, € (0,1) and &, = (k, — 1)D¢(q,wy). Then, {x,} converges strongly to
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Projé:nl, where Proj{lxl is the Bregman projection of C onto Q.

Proof:: Let two functions T : €' x C'— R and Resl, , _: E — 2€ be defined by
['(z,y) = O(2,y) + (Yz,y — 2) + o(y) — 0(2),Vy € C
and
R68g7¢,¢(58) ={ze€C:T(2,y)+(V(z) = Vf(z),y—2) >0,Vye C},Vx € E

respectively. Consequently by Lemma@tha‘c, the function I satisfies assumptions (A;) — (44) and
Resg 1, has the properties (a) — (e).

We present the proof as follows:

Step 1 : We show that (0 is closed and convex. In view of Lemma we get that F'(T}) is closed and
convex for all j = 1,2,..., N, this implies that ﬂ;vle(Tj) is closed and convex and also by Lemma

c), we obtain that GM EP(©,1, ) is closed and convex and therefore 2 := ﬁ;VZIF(T]) N
GMEP(0,1, ) is closed and convex.

Step 2 : We show that C), N @, is closed and convex for all n. Now, we first show that Q,, is convex
for all n > 1. Assume that a1, a2 € Qn, A € [0,1] and w = Aaj + (1 — N)az. Now

(Vf(z1) = Vf(zn), a1 — zn) <0, 3)
and

(Vf(z1) = Vf(xn),a2 — zn) < 0. (4)
Multiplying A and (1 — \) on both sides of (3 and [) respectively, we conclude that

(Vf(z1) = Vf(xn), a1 + (1 — XN)ag — zp) <0,

by definition of w, we have

(Vf(x1) = Vf(xy),w—x,) <O0.

Hence, w € @, and @, is convex. Let {,,} be a sequence in Q,, and p,, —> p as m — oo. By the
definition of (),,, we obtain

(Vf(z1) = Vf(zn), pm — zn) <0,
which gives that
(Vf(@1) = Vf(n), pm — p) + (Vf(21) = Vf(@n), n — x0) <O0.
By taking limit as m —> oo, we get
(Vf(z1) = Vf(zn), p—an) <0.

Therefore 11 € @, which implies that @, is closed for all n > 1. Also, we show that C, is closed for
all n > 1. Assume that {v;,} is a sequence in C), and v, — v as m — c0. Then {vy, } is in CJ, for
all j =1,2,..., N, it follows from the definition of C}, in , that

Df(vma Z7jl+1) < aan(Uma Z%) + (1 - an)Df(Um,wn) + 5n§n’
Yn>1, j=1,2,..N. (5)
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Now, by definition of the Bregman distance with respect to f, we present
Fm) = fn) = (VFE)som = 2h) < an(flom) = f(z40) = (VS (5 vm = 24)
+ (1 - an)(f(vm) - f(wn) - <vf(wn)7'vm - wn>) + Bnén, (6)
also
(V) om =)+ (1= 0] (VS (wn),vm = wa) = (V(541),0m = 5011)
< f(z}jprl) - anf(Z%) - (1 - an)f(wn) + ﬁngn (7)
It implies that
Qn [<f(Z¥L)7vm - U> + <f(Z¥L)7U - Zvjm>] + (1 - an) [(f(wn)vvm - v> + <f(wn)av *‘wn>]
- <vf(z7jz+1)’ vm =) = (V(2,41),v = 241)
F(#hi1) = anf () = (1= an) f(wn) + B
Taking the advantage of the limit as m — oo, we arrive at
an(VI(z)0 = 2) + (L= an)(Vf(wn).v—wn) = (Vf(z:1).0 = 54)
S f(2£+1) - O‘nf(zgz) - (1 - an)f(wn) + ﬁn&mv] = 17 27 ceey N.

IN

Implies v € C? for all Jj =1,2,..,N. Hence, v € C, and so C,, is closed. For any ay,a2 € Cp,
we obtain that aj,as € C forall j = 1,2,...,N. and a1,a2 € C. Now since C is convex, w =
Aai + (1 — N)ag € C for X € [0, 1]. Taking the advantage of the definition of C,, that

Df(ala ZZL—H) < Oéan(aly Z%) + (1 - Oén)Df(alywn) + Bnén, (8)
and

D¢(as, ZZJ,.l) < apDy(asg, ) + (1 — an)Ds(az, wn) + Brén. )
Using (@), (6) and (7), shows that (8) and (9) are equivalent to

an(Vf(2]), a1 — 2)) (1= an){Vf(wn), a1 = wn) - (VF(Z 1) a1 — 20 )
F(Z ) = F(Z) = (1= an) f(wn) + Buén (10)

IN +

and

an(Vf(z),a2 = 2) + (1= an)(Vf(wn), a2 —wn) = (VF(2,1), a2 — 21,)
< f(Zha) = F(2) = (1= an) f(wn) + Bubn (11)
By multiplying A and (1 — ) on both sides of and respectively, we get
an(V(Z), a1 + (1 —=Nag —20) + (1 — an)(Vf(wy), Aag + (1 — Nag — wy)
<Vf(21]1+1)7 Aai + (1 = AN)az — Zi+1)>
< f(Ehan) = FE) = (1= an) f(wa) + Baén, Vi = 1,2, N (12)

Considering the definition of w and (12), we conclude that

(Vi) w =2l + (L= an)(Vf(wn).w—wn) = (V(551).w = 540))
S f(zfm—i-l) - f(z%) - (1 - an)f(wn) + 5n§n,vj = 1,2, "'7N7

then w € CY for all j= 1,2,...,N, therefore w € C,,. Implies that C), is closed and convex for all n > 1.
Hence C,, N Q,, is closed and convex for all n > 1.
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Step 3 : We show that Q C C,, N Qy, foralln > 1. Let ¢ € Q, from (2) and by Lemma[2.12] we have

Df(q’ZZLJrl) = Dn(q,Reséw,@(%))
< Dy(g,u),) — Dy(Resh,, ,(u}),u})
< Dy(q,u))
= Ds(q, VI (anV(z)) + (1 — an)V f (1))
< anDy(g,2) + (1 — an)Dys(q, y),)
= anDs(q,2)) + (1= o) [Ds(q, V[ (BaV f(TFwn) + (1 = Bp)V f(wn))]
< anDy(q,2,) + (1= an) [BuDy(q, T} 'wy) + (1 = B) Dy (g, wn)]
< anDy(q, %) + (1 = an) [Bulkn Dy (g, wn)] + (1 = Ba) Dy(q, wy)]
= oanf(q, Zgz) + (1 —ap) [ﬁan(q, Wy) + Bn(kn — 1)Df(q’wn)
+ (1- Bn)Df(Qa wn)]
= anDf(q,2,) + (1 — an) [Dy(g, wn) + Brén)
= anDys(g, ) + (1 — an)Df(q; wn) + Buén — nBun
< anDf(q, ) + (1 = an) Dy(q, wn) + Bnbn, (13)

where &, = (k, — 1)Df(q, wy). So we have that ¢ € C? for all j = 1,2,.., N and then ¢ € C,, =
ﬂévle%. Hence 2 C C,,,¥n > 1. Next, we prove by induction that Q@ C C, N Q,,Vn > 1. It
Taking the advantage of the definition of @,,, that Q1 = C we arrive at Q@ C C7 N (1. Assume that
Q C Cy N Qg for some k > 0. Since C, N @y, is closed and convex, then there exists x3 11 € C; N Q
such that x4 = Projékak (21). By using the definition of 1, we obtain for all z € C} N Qy, that

(Vf(x1) = Vf(@rg1), 241 — 2) 20

Now, for 2 C C;, N Q, we get that

<Vf(x1) - vf(wk‘-‘rl)vxk’-‘rl - q> > O,Vq € Qa

then ¢ € Qi41. Hence, we obtain 2 C Cjy1 N Qp41, now since Q C €y, Vn > 1. Thus, we conclude
that Q C C), N Qp,Yn > 1 and therefore x,41 = Projéann (x1) is well defined Vn > 1. This shows
that {z,,} is well defined

Step 4 : We show that the sequences {x,, }, {wn }, {y%}j’il, {u%};’il, {z%}j’il, and {T7wn 152,57 =
1,2,...N are bounded. Now, by using the definition of @),, and it follows from Lemma@ that z,, =
Projén (1), we have

D¢ (xn, x1) Df(Projé;n(xl),xl)

< Dy(q,z1) — Dy(q, P?“Ojén(l‘l))
< Dg(q,21),Yg € Q C Qp.

Therefore {Df(xp, 1)} is bounded. Hence by Lemma {z,,} is bounded. Also, the inequality

Df(Qa xn) Df(Qv Projé'nflanfl(xl))
Df(qawl) - Df(l'n,l'l)

Df(Qa 'Il)

IA N

implies that {Dy(q,2n)} is bounded. Now by using the fact that Dy(q, Tj'zn) < Dg(q,25),Vq €
Q,j = 1,2,....,N then {Df(q,T Zp) 122, is bounded, for all j = 1,2,...N. Also in view of the
that Df(q,T wn) < knDy(q, wn) Vg € Q,j = 1,2,...,N therefore {wy,}, {yn}%, {un}2,, and
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{T7wy }p2y, are bounded. Now setting M = ma:z:{Df(q, z{), sup,, Df(q,wn)}, then obviously
Dy(q,2]) < M.Let D¢(q,z,) < M. for some n and j = 1,2, ..., N then by , we have

o M+ (1 - an)M + /Bngn
M + Brnén

Thus, {Df(q, zf;LJrl)}Jo.il is bounded, and so {Df(q, 27]1)};.;1 Also by Lemma {Z%}Joil is also
bounded forall j = 1,2, ..., N.

Di(q,2),,1) <
<

Step 5 : We show that the sequences {x,,}, converges strongly to some point Z. Now since x,, 1 =

ijéann (71) and =, = P?"ojé;n (1), we get that

D¢(zp, 1) < Dy(zps1,21),Vn > 1.

This implies that { Df(zy, 1) } is non decreasing. Since { D¢ (x, 1)} is bounded, then li_>m Dy (zp, 1)
n—oo

exists. On the other hand, we obtain

D¢(zpi1,2n) = Df(ZL‘nJrl,P?"Ojé;n(xl))

< Df(xn+1,$1)—Df(PTOjé;n(ﬂ«“l),ﬂfl)
= Dy(znt1,21) — Dy(wn, 71).
Therefore
Jim Dp(zn41, 20). (14)

Since f is totally convex on bounded sets, f is sequentially consistent, mow by Lemma @ and @,
we conclude that

Jim || 240 — 2 [[= 0 (15)

Now, since {z,,} is bounded and E is reflexive, there exists a subsequence {x,, } C {z,} such that
Zp, — T as k — oo( some point in C). Since C), and @), are closed and convex, then C;, N @), is
closed and convex, implies that C), is weakly closed and & € C,, for each n > 1. It follows from
Ty, = Projgnk (1) that

Dy(xn,,x1) < Dy(2,21), Y0y > 1.

Since f is a lower semi-continuous function on convex set C, then it implies weakly lower semi-
continuous on C'. Therefore, we have

liminfD¢(zp,,z1) = liminf{f(xnk) — f(x1) = (Vf(x1),zn, — £L'1>}

nE—00 nj—00
> (@) - o) — (V)i — )
= Df('i'vxl)
Also
Dy(@,21) < liminfDy(zn,, 1)
ng—00
< limsupr(a:nk,q;l)
N —>00
< Dy(2,21).

It follows that

lim D¢(xn,,21) = D¢(2,21)

N —r00
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and

f(@ny) — [(2).
Since f is uniformly continuous, we conclude that

lim z,, =2.
Ng—r00

Also, since { D¢ (xy,, z1) } is convergent and mlciinoon (@, x1) = Df(Z, 1) implies that nli_)rglon (Tp,x1) =

D¢ (&, 21). If there exists another subsequence {x,, } C {xy} such that ,,,, — 2*, now by Lemma

m we obtain

D¢(z,2%) = lim Dy(zp,,zn,,)

Tk s T, —> 00

= lim Dy (:):nk,Projé;nm (z1))

Tk s T, — 00

< lim  (Dy(zn,,z1) — Df(Projé;nm(xl),a:l))

N yTn — OO
= nk,'rllzn—)oo(Df(xnk’ $1) — Df(l'nm, ZL‘1))
= Df(‘%a xl) - Df(l‘*,lbl)
This implies that & = z*, therefore

lim z, = % (16)
n—oo

Step 6 : We show that & € (Q, firstly we show that & € ﬁ;vle(Tj) Now from the definition &, we
have

lim &, = lim ((k, — 1)Dy(q, wy)) = 0.

n—o0 n—o0

Also, by definition of wy,, we get that

Vf(wn) =V f(zn) =0n(Vf(xn) = VI(Tn-1).

Which implies that
nh_{{.lo | Vf(wn) = Vf(zn) | = nh_)ngo [ 0nV f(2n — 1) ||
< [|Vf(zn —xn-1) |— 0 as n — oc.
Thus

T || 'V (wn) = VS () [|= 0.
Since f is the legendre function and f* is uniformly Frechet defferentiable on bounded subsets, we have

nlgrolo || wy, — 2y ||= 0. (17)
Since {wy,} is bounded, by Lemma[2.2}, we obtain

lim Dy (wp,z,) = 0.

n—oo

Using and (17)), we get

Tim | g1 — wa [=0. (18)
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It follows from Lemma 2.2}, that
lim D¢(2p41, wn) = 0. (19)

n—oo

By the three point identity of the Bregman distance, we have

Dy(wns1,2) = (VF(2) = Vf(@ns1),q — Tnsr) + Dylg, 2) — Dy(q,2ns1).

Since f is bounded on bounded subset of F, then V f is bounded on bounded subset of £* and hence
by the boundedness of {z,,}, {T}'w,};2, and {2, }72, the sequences {V f(zn)}, {V f(T]wn)} 32

n=1»

and {V f(2)}22, are bounded in E*, which implies that {Df (Tnt1, 2’7]1) }2021 is bounded. Now since
Tp+l = PTOjéann (x1) € Cp, we get

Df(l'n—&—lu 27]'1+1) < Oanf(ﬂZn_H, Z%) + (1 - an)Df(fEn—&-lu wn)

Using @, nlLII;Oan =0and Jbrrgofn =0in @, we have
JLIEODf(an,z%H) =0,Vj=1,2,....,N.
Since f is totally convex on bounded sets, it follows from Lemma[2.3| that
nh_)ngo | g1 — 2,4 [[=0,Vj =1,2,...,N. (21)
By triangular inequality, we get
I 20 — 20 ISI 20 — Zpr (|4 | @nar — 2540 |-

Using and (21), we obtain

: J _
nhm | 2n — 2,41 ||=0. (22)
Which implies that 2/ , , — &, since z,, — %. Taking into account that
P n+1 ) g

lwn = 25y ISl wn = @n | 4 1120 = 2500 -

Also, by (]T_7[) and (]2_7[), we have

Tim [ w = 2y, 1= 0 (23)

Now, by Lemma[2.11], f and V f are uniformly continuous since f is uniformly Frechet differentiable
on bounded subsets. Then using (23),we have

: Cf(d N =0 —
and
Jim [V f(wn) = V()] = 0. = 1,2,.... N. (25)

By definition of Bregman distance, we have

Di(q,wn) — Dy(q,2h,1) = f(q) — fwn) — (Vf(wn),q — wy)
— (f(@) = f(z)yy) — (VF(2D 1) a0 — 2hi))
= f(zly1) = Flwn) + (VF(2] ), 0 — wn)
+ (VF(2h41)wn = 2 yy) — (VF(wn), q — wy)
= (&) = Fwn) + V(2 ) = VI (wn), g — wn)
+ <V(z£+1),wn - Zi+1> (26)
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Since {ZZLJrl}Zo:l and {Vf(z£+1)}zo:1 are bounded for all j = 1,2, ... N, using , , in@,

we obtain

lim (Df(q,wn) D¢(q, Zi+1)) =0, Vj=1,2,...,N. (27)

n—o0

Furthermore, by Lemma @ke) and Lemma@, foreach j =1,2,...N, we get

Dg(q,u},) = Dy(a, 241)
= Dy(q, V(@ V i) + (1= an)VI@)) = Dyla, 241)
aan(‘Ia Zj) +(1— O‘n)Df (Qv Vf*(ﬁan(Tj”wn) + (1 - 5n)vf(wn))
- Df(‘l: n+1)
7)

Df (ZiH»lv U%)

IN

< aan( ¢,2)+ (1 —an) [@LDJ”(%T]nwn) +(1- Bn)Df(Qa wn)}
Df(Qa n+1)

< aan( 7Z + (1 — ay) [Bn(kan(%wn)) + (1 — Bn)Df(%wn)]

— Dy(q, 7 n+1

< anDj(g, 2

7)

1)

1)+ (1= an) [Ba(1 + (kn — 1)) Dy(q,wa) + (1 = Ba) Dy (g, wy)]
- Df(‘l: n+1)

7)

)

< anDs(g,zp) + (1~ an) [Ds(q, wn) + Bn(kn — 1)Ds(q, wn)]

- Df(Qa n+1

= anDy(q, ) + (1 — an)Dy(q,wn) + Bubn — nBubn — Dy(q, 2 1)
< anDy(q.2) + (1 — an)Dy(q,wn) + Buén — Dy(q, 2 4)

= anDy(q, ) + Dy(q,wn) — anDy(q, wn) + Bubn — Dy(q, 2 1)

Since lim «;, = 0, lim &, = 0 then using (PZI) in @, we obtain
n—oo n—o0

lim Dy(z],;,ul) =0,Vj =1,2,..N.

n—oo

Since f is totally convex on bounded sets, it follows from Lemma[2.3 that

0,¥j =1,2,...N. (29)

Tim | 22,y o |-
By triangular inequality, we get that
o =y (1<l @0 = 2y ||+ 1 20—, |l

Using (22)) and (29), we obtain

lim || 2, — ul ||=0,¥j =1,2,..N. (30)

Which implies that W — i eC , since ¢, — & € C'. Now, taking into account that
| wn =gy (1<) wa = a0 || + || 20—, |
By (17) and (30), we obtain

lim || w, — ) [|=0 (31
n—o0
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Since f is uniformly Frechet differentiable then by Lemma [2.11] V f is uniformly continuous on
bounded sets. Using (29) and (31)), we conclude that

lim || Vf(z).) = Vf(uh) = 0,¥j = 1,2,..N, (32)
and
lim || Vf(wn) = V() |=0,¥j =1,2,...N. (33)

On the other hand, for each j = 1,2, ...IN, we have

IV f(wn) = V) | = || Vf(wa) = VF(VF(anVF(E) + (1= an)V ()
= | Vf(wn) = (anVf(z) + (1 = an)Vf (1)) |
= || (1~ an)VF(wn) + anVf(wn) = anVF(z]) ~ (1 —an) V()
= [l an(Vf(wn) = V(1)) + (1 = an) (VF(wn) = VF()) |

+ (1= B2)Vf(wn)] |

= | an (vf(wn) - Vf(Zfl)) +(1—an) [vf(wn) - (anf(Tjnwn)
+ (1= Ba)Vf(wn))] |

= | on(VF(wn) = VF(2)) + (1= an) [Ba(VF(wn) = VF(T]wn))]
> (1= an)B || Vf(wn) = V(T wn) | —an | Vf(wn) = V() |

Therefore, we conclude that

(1= an)Bn || Vf(wn) = V(T]wn) | < o || Vf(wn) = V() |
+ || Vf(w,) = V@) |, Vj=1,2,..N. (34)

n—0o0

Since liminf(1 — av,) B, > Oand hm 0 o = 0, then usmg in , we obtain
li_>m | Vf(wn) = V(T w,) =0, Vj=1,2,..N. (35)

Again for j = 1,2,...N, we have

IV f(wn) =V | = || VF(wa) = VIV BV (T]wn) + (1= Ba)V f(wn))) |
= || Vf(wn) — (5nvf ann +(1— /Bn)vf(wn)) |
= |12 (Vf(wn) = Vf(Tjwn)) |
< Bu I Vi (wn) = V(T wn) || (36)

Using (35)) in (36)),we obtain

lim || Vf(wn) = Vf(yh) I=0, ¥j=1,2,..N.

Since f is the legendre function and f* is uniformly Frenchet differentiable on bounded subsets, we
have

lim || w, —4 |=0, ¥j=1,2,..N. (37)

n—oo

It follows from(16) and (17), that

lim w, = % (38)

n—oo
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Using and , we have that yﬁl — 2 (asm — 00). Since Vf is uniformly continuous, using
(38) we have V f(w,) — Vf(&). Therefore by (35), we obtain that

lim Vf(T}'w,) = Vf(2).

n—00

Since V f is uniformly continuous, we have

lim 77w, = &, Vj=1,2,..N. (39)

n—oo

It follows from (1§ .) @ and (37) that the sequence {x,,}, {55}, {uh}°%,, {wn}, and {z},}°°,,

forall j = 1,2, ...N, have the some asymptotic behaviour, therefore by (39), we conclude that

lim 7'z, = 2, Vj=1,2,..N. (40)

n—0o0

Now, by the assumptions that for all j = 1,2,...N, Tj is uniformly L;- Lipschitz continuous, we get
that

I T3y = TRan || < || TP e = TP g | 4+ 1 T @01 — 2 ||
+ N2t —an |+ [ 20 — Tgnxn |
< (Lj+ 1) [ @nrn —an |+ 1 T ngn = 2pgn |+ | 2 — T'an [|(41)

By (40) and since x,, — & (\as n —» 00), we obtain that

lim || 77wy, — Tj'w, [|[= 0, Vj=1,2,..N,

n—o0

and

lim T/ e, = &, Vj=1,2,..N,

n—oo

which implies that

hmTT =2, Vj=1,2,...N.

n—oo

It follows from the closedness of T that

lim T2 =2, Vj=1,2,...N.

n—oo

Therefore

& e N F(T)).

Next, we show that & € GM EP(0©,, ). Since {z,,} is bounded and so is {V f(x,,)}, there exists a

subsequence {V f(x,, )} of {V f(xy)} such that Vf(z,, ) = & € C as k — oo. It follows from

and @b that there exists subsequence {(Vf(z,)} of {VF(z)} and {Vf(u,)} of {Vf(ul)} such

that Vf(znk) —~ 3 €Cand Vf(uh,) =2 € Cask — oo, forall j =1,2,...N respectively. From
z = Res® " Lp(uﬁl) we have

F(ZZLJrl? y) +(Vf(z n+1) vf(UZL%?J - ZZL+1> >0,vy e C.

Replacing n by 1 and using (A3), we obtain
(Vf(&, )=V )=z, ) >-T(, v >T(y,z,,),VyeC, Vj=12 .N.
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Letting k — o0, it follows from V f(z,,) — & € C and (A4) that
I'(y,2) <0,vy € C,

for A with0 < A < 1landy € C, assume that yy = Ay + (1 — A\)Z. Since y € C and & € C, we have
yx € Cand I'(yn,2) < 0,Vy € C, so by (A1) and (A3), we obtain

0 = Ty un)
AL (yx, y) + (1 = AN)(ya, 2)

<
< Al(ya, v).

Dividing by ), we get

C(ya,y) > 0,Vy € C.
Letting A — 0 and by (As3), we conclude that

I(2,y) > 0,Vy € C.
Thus

i€ GMEP(O,1,¢).
Therefore

&€ Q= [Nl F(T)] N [GMEP(©,¢,¢)].

Step 7 : We show that & = PTOjé(CC]). Since €2 is a nonempty closed and convex subset of E,

Projg;(xl) is well defined. Suppose that 4 = P?‘Ojg;(xl), now by z,41 = Projéann(xl) and

Projg;(xl) € Q C (), N Qy, we conclude that
D(zni1,21) < Dy(t, 21)

Since {ay,, } is a weak convergence subsequence of {x,,} and by Lemma[2.7} we get that the sequence
{2, } converges strongly to 4. It follows from the uniqueness of the limit, we conclude that the sequence

{zp} converges strongly to & = Projé (21). This completes the proof.

Corollary 3.2. Let E be a reflexive Banach space with dual E* and C' be a nonempty closed and convex
subset of E such that C' C int (domf). Let f : E — (—o00, +00] be a strong coercive legendre function
which is bounded, uniformly Frechet differentiable and totally convex on bounded subset of E. Let © :
C x C — R be bi functions which satisfying assumptions (A1) — (A4), ¥ : C — E* be continuous
monotone mappings. Let {T); }jvzl : B — E be a countable family of closed and uniformly Bregman
quas- asymptotically nonexpansive mappings and for each j > 1, Tj is uniformly L;— Lipschitz continuous.
Assume that Q := ( ﬂ;V:l F(T;)) N (GMEP(©,1)) # 0. Let {x,} and {2} be sequences generated by

the iterative schemes:

x1, Z{ eC=F

wn = VI (Vf(2n) + 00V (20 — 2n1));

Yh =V (BaV (T wn) + (1= B)V f (wn));

wh = VI (anVF(h) + (1= an)VFW));

zfﬁ_l = Resévw(uq]@); ‘ A

Ch ={2€C:Ds(z2),,,) < anDy(2,2,) + (1 — an) Dy(z, wy)
+Bnén}; ]

C, = mé\leCﬂL;

Qn={2€C:(Vf(x1) = Vf(zn), 2z — zn) <0};

Tpal = Projéannl’l, Vn > 1,
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where { v, }, { B } are sequences in [0, 1] such that lim o, = 0andliminf(1—a,)B, > 0. O, (2 —2p—1)

—00 n—oo
is the inertial term with 0, € (0,1) and &, = (k, — 1)D¢(q,wy). Then, {x,} converges strongly to
Proj{
1QT1-

Corollary 3.3. Let E be a reflexive Banach space with dual E* and C' be a nonempty closed and convex subset
of E such that C C int (domf). Let f : E — (—00, +00] be a strong coercive legendre function which is
bounded, uniformly Frechet differentiable and rotally convex on bounded subset of E. Let® : C x C — R
be bi functions which satisfying assumptions (A1) — (A4). Let {7} }é\le : E — E be a countable family
of closed and uniformly Bregman quas- asymptotically nonexpansive mappings and for each j > 1,T); is
uniformly Lj— Lipschitz continuous. Assume that Q0 := ( ﬂévzl F(T;)) N (GMEP(©)) # 0. Let {z,}
and {2, } be sequences generated by the iterative schemes:

:El,Z{ € C =F

wn = V (V@) + 00V f (20 — 201));

vh = VI (BaV (T wn) + (1= Ba)Vf(wn));
wh = V(o V() + (1 — an) VF(5h));

wal = Resé(u%);

Ch={2€C: Df(z,zf;bﬂ) < oanf(z,z%) + (1 = an)Dy¢(z,wy)
+Bnén )

Cp = mj.\lecﬁl;

Qn={2€C:(Vf(z1) = Vf(rn),z—xn) <0}

Tntl = Projéannxl, Vn > 1,

where { v, }, { B } are sequences in [0, 1] such that li_>m an = Oandlirginf(l—an)ﬁn > 0. Op(Tn—2n-1)

is the inertial term with 0, € (0,1) and &, = (k, — 1)D¢(q,wy). Then, {x,} converges strongly to

Projgfzacl.

Corollary 3.4. Let E be a reflexive Banach space with dual E* and C' be a nonempty closed and convex subset
of E such that C C int (domf). Let f : E — (—00, +00] be a strong coercive legendre function which is
bounded, uniformly Frechet differentiable and rotally convex on bounded subset of E. Let® : C x C — R
be bi functions which satisfying assumptions (A1) — (Aa). Let {T); }éV: 1+ E — E be a countable family of
closed and uniformly Bregman relatively nonexpansive mappings and for each j > 1,T} is uniformly L ;—
Lipschitz continuous. Assume that Q := ( ﬂé»vzl F(T;)) N (GMEP(©)) # 0. Let {x,} and {z,} be
sequences generated by the iterative schemes:

T1, z{ eC=FE

Wn, = VI (Vf(@n) + 0V f(@n — 2n-1));

ygl = Vf*(ﬂan(T]”wn) +(1- ﬂn)vf(wn))a

un = V[ (anV f(z0) + (1 = an)V f(yn));

szH = Resé(uﬂ);

cl = {zeC: Df(z,szH) < oanf(z,zZL) + (1 — an)Dy¢(z,wy);
Cn =N, C¥;

Qn=1{2€C:(Vf(x1) = Vf(zpn),z —zpn) <0};

Tpyl = Projéannm, Vn > 1,

where { v, }, { By } are sequences in [0, 1] such that le oy = 0and liniinf(l—an)ﬁn > 0. Op(Tn—2n-1)

is the inertial term with 0, € (0, 1). Then, {x,} converges strongly to Projéa:l.
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