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Abstract

This work presents a comparison of fully porous and core-shell particles for size-exclusion chro-
matography. A two-dimensional general rate model is formulated for a column of cylindrical ge-
ometry. The model equations consist of a system of partial differential equations. Semi-analytical
solutions are obtained for the formulated model equations by applying Hankel and Laplace trans-
formations one after the other. This task is aimed at theoretically investigating and comparing
the separation process output for both fully porous and core-shell particles for size-exclusion chro-
matography operations under isothermal conditions. The simulations in this work are used to
demonstrate the size-exclusion effect for fully porous and core-shell particles and the results show
better resolution of elution profiles are obtainable for some range of values of core radius fraction.

Keywords: general rate model; core-shell particles; semi-analytical solutions; size-exclusion chromatog-

raphy

1 Introduction

Size-exclusion chromatography (SEC) is a versatile and widely used chromatographic technique (10). It
operates on the principle of separating macromolecules based on their size (19)). SEC utilizes a porous
stationary phase (such as gel or resin) through which the sample is passed (10). Smaller molecules, which
can penetrate the pores, take longer to elute, while larger molecules elute faster (10). SEC is commonly
used for the analysis of macromolecules like proteins, nucleic acids, and synthetic polymers (10). It
offers advantages such as simplicity, high resolution, and mild separation conditions (19). SEC has
applications in various scientific disciplines, including biochemistry, biotechnology, polymer chemistry,
and pharmaceutical analysis (10)). It aids in determining the molar mass averages and distributions of
macromolecules (24)). This technique is commonly used in two-dimensional separations to determine
the molar mass and chemical composition distributions of a sample (24)).

A wide application of SEC can be found in several reports in the literature (154} 55 185 [1/5 [185 225
235 1245 1255 1265 1275 128)). However, practitioners must be aware of some of the pitfalls and challenges
associated with SEC which include low feed volume to column volume ratio (245 129). Despite these
challenges, SEC remains an important technique as Luo and co-researchers compared the use of fully
porous beads and cored beads in SEC for protein purification (16). The adsorption of poly(maleic)
acid, natural organic matter and humic acid from river water on activated carbon was studied using
SEC by (12)). They measured the molecular weight distribution of polyelectrolytes remaining in the
solution after equilibrium with activated carbon. Kaczmarski and co-workers used SEC to evaluate
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competitive adsorption of a non-ionic surfactant and non-ionic hydrophobe-modified ethoxylated ure-
thane thickener on pre-treated rutile titanium dioxide pigments (11).

Core-shell particles, also known as fused-core, solid core, or superficially porous particles, have
been widely used in liquid chromatography, particularly in high-performance liquid chromatography
(HPLC) (9). These particles consist of a solid core and a porous shell, which allows for efficient and
fast separation with low operating pressure (9)). They are prepared using various methods and offer
advantages such as low back pressure and improved performance compared to other types of silica
particles (9)). Core-shell particles are commonly used in reversed-phase HPLC, where they have been
found to reduce the plate height by up to 1.7 times (20). Their applications in liquid chromatography
are diverse and continue to be explored for further advancements in the field (9)).

Several mathematical models have been suggested to describe the size exclusion chromatography
(135 1145 1155 130). These models are very useful as they eliminate the risks involved in experimental
processes. A two-dimensional general rate model in which the stationary phase equation is similar to
the one-dimensional model implemented by Luo et al is applied in this work (16). To the best of
the knowledge of the authors, there are no reported theoretical study carried out on SEC applied a
two-dimensional general rate model comparing fully porous and core-shell particles.

The use of the two-dimensional model is very important in SEC as it captures the effects of ra-
dial disturbances at the point of solutes injection into the column. This phenomenon may occur in
reality for large column operations, which is a significant feature of industrial SEC separations. The
model equation consists of a system of partial differential equations and closed with typical initial and
the Danckwerts boundary conditions. Semi-analytical solutions are obtained by applying Hankel and
Laplace transformations one after the other (2;121)). The solutions are termed semi-analytical because
the process of obtaining them involves a combination of both analytical and numerical procedures.

SEC is an industrial operation that involves very large columns and modeling this process mathe-
matically is adequately captured using a two-dimensional model equation. The main objective of this
work is to theoretically compare the separation processes involving the use of fully porous particles and
core-shell particles under isothermal operating conditions. To achieve this, the following are carried
out:

e formulate a two-dimensional general rate model for a cylindrical column packed with core-shell
particles used to simulate SEC process operating under isothermal condition.

e define appropriate initial and boundary conditions for the system of equations.

¢ obtain semi-analytical solutions of the model equations by applying Hankel and Laplace trans-
forms one after the other.

¢ determine the performance of the chromatographic column by comparing profile outputs of fully

porous particles with that obtained for core-shell particles.

2 Mathematical model

The following assumptions are made to obtain the governing equations of the system:
e the column is operated under an isothermal condition
¢ both radial and axial transport of solute is considered

e given ¢ as time, solute travels along the radial coordinate r by means of dispersion and along the
axial coordinate z by means of advection with a constant velocity throughout the length of the
column; and by means of dispersion

e the cylindrical column has radius R, packed with uniform sized spherically shaped particles of
radius R,
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o there is no interaction between the solutes inside the column

e the column is designed such that solute can be injected via an inner region or an outer region;
and as a consequence, a new parameter 7 is introduced, see Figure [1]

e lastly, only injection of solutes through the inner region are considered

Given the above assumptions, the governing equations of the model representing the bulk and particle
phases are given as

8Cb acb 62cb 82cb 1 8Cb 3
— — —-D,—— — — + —— Fy—kex — - =0, 1
ot o 0z 022 "\orz " ror * bRp ext (€6 = Cplr=r, ) M
dc 0?c 2 Jc
a P aD P -~ P =0. 2
Por PP ( or2 + rp Orp 2)
In the above equations, u is the interstitial velocity, F}, = %, where €, is known as the external

porosity and €}, is called the internal particle porosity. Dy;, D,; and D,,; are the dispersion constants for
axial, radial and particle coordinates respectively. In SEC modeling, a key parameter proposed by Gu

=

Figure 1: Schematic diagram of a chromatographic column of cylindrical geometry.

Feed
—————= 2

in (6) is the accessible porosity €. For a very small molecule, €}, = ¢}, because the particle macropores
can be penetrated by the small molecule. For medium sized molecules, 0 < €7
molecules, such that there is complete exclusion from the particle macropores, €, = 0.

The above coupled system of partial differential equations (PDEs) can be nondimensionalized using

the following dimensionless parameters:

< €p, and for large

z ut r Tp Lu R?u
= — = — = —_— = — P 7 = —— P — C
x L, T L, p Rc, pp va € DZ7 ep Der
hext R 2DpL
= = , = 3(nkFp.

Hence, equations () and (2) become:

dep,  Ocy 1 0% 1 ey, 10¢, B

E % - P€Z 2 - Pep 8p2 + ;87,0 +§ [Cb - Cp|pp:1] = 07 (3)
2 0cp ey 20\

Vor ”(apg T oedn) =" ®

By following the procedure suggested by Gu in (6), for fully porous particles p, ranges from O to
1, while for core-shell particles it ranges from pcore = Recore/Rp to 1. Figure |I| shows a sketch of a
spherical core-shell particle, with core radius fraction peore = Reore/ Rp. Thus, for arbitrary core radius
fraction peore 7# 0, peore < pp < 1 for core-shell particles. While for fully porous particles, peore=0.
We proceed to replace the p,-axis by 0 < v < 1, where the dimensionless radial axis is

Pp — Pcore

1 = Pp = 7(1 - pcore) + Pcore- (5)
— Pcore

’}/:
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Figure 2: Schematic diagram of a core-shell particle.

For a column packed with core-shell particles, the governing equations are now obtained by substituting

the above Eq.(5)) into Eqs. (3) and () to obtain

6cb 8Cb 1 820b 1 (820b 1acb

or ' dr Pe, 022 B Pe, op? pap> + & [eb — eply=1] = 0, (6)

eg% - z 2 <8262p + 2(1 = peore) 8cp> =0. )
or (1 - Pcore) oy (7(1 - pcore) + Pcore) Oy
The system of PDEs require the following initial and boundary conditions.
Initial conditions:
w(pyz,7=0)=0, 0<p<1 0<z<1, 8)
(v, 0z, T=0)=0, 0<y<1, 0<p<1 0<z<1. C)

For the symmetry of the radial profile and impermeable wall of the column, the following boundary
conditions are used for equation () at p = 0 and p = 1:
dep(p=0,2,7) Jep(p=1,2,7)

ap =0, ap =0. (10)

At both column boundaries, the Danckwerts boundary conditions are used. For pulse injection through
the inner region:

(11

1 0 =0 inj . _ .
en(py = 0,7) — (P, @ ’T):{Cb, f0<p<pand0<7 <y,

Pe, ox 0, p<p<lorT>Tyj.
where CLHJ is the injected concentration and 7y,; is the dimensionless time of injection. At the outlet of
the column, the classic Neumann boundary conditions is applied:

8cb(p,x,7) —0. (12)
O =1
Lastly for the particle phase, equation (7)), the following boundary conditions are used at v = 0 and
v=1as
Jcp Jcp
a =0, —— = (1 = peore)C(cn — ¢pl,_q)- (13)
| =0 G| =0 el )

3 Obtaining semi-analytical solutions

To obtain analytical solutions, the Hankel and Laplace transforms are applied one after the other. This
technique and solution procedure are similar to the one presented by by David et al in (2) and Qamar
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et al in (21); hence the details are omitted here. The solution obtained after applying the Danckwerts
boundary condition is given below as:

[m26m2+m1x o m16m1+m2x] {F(i\n) (1 o efsTinj)]

ca(x, Ap,s) = (14)
moe™2 ( — —ITelz) —mye™ (1 — ]73”622)
Where
Pe, 4p(s, An)

= 1+4/1+ ——"+ 15
mi2 5 + Pe. (15)

and m is obtained by choosing the plus sign and mg by choosing the minus sign. Also,

z if A, =0

F(\) =14 3%’ s 16
() {;;mnﬁ), if Ao 0, (1)

with A, representing the parameter of the finite Hankel transform that can be estimated using the
equation %{:\”) = —J1(\n) = 0. Where, Jy(.) is the zeroth order, and Ji(.) is the first order Bessel
functions of the first kind.

The analytical Laplace inversion of the above obtained solution is not currently achievable. The
numerical inversion technique proposed by Durbin in (3)) is used to get semi-analytical solutions in the

actual time domain.

4 Simulation results
The parameters used in the simulation of the process are given in Table[I] These parameters fall within

Table 1: Values of parameters used in simulation.

Parameter Symbol |  Value
External porosity €b 0.4
Internal porosity €p 0.66

Accessible porosity € 0.5
Axial Peclet number Pe, 1500
Radial Peclet number Pe, 37.5

Dimensionless constant n 2

Dimensionless constant ¢ 50

Injected concentration CLI? 1 mol/L
Time of injection Tinj 1.0

the range typically used in experimental studies of liquid chromatography (/). Where the parameters
differ from what is given in Table[l] they are clearly stated. The results are plotted at the outlet of the
column showing the dimensionless time of elution.

4.1 Effect of core radius fraction p.o. on elution profiles

Figure [3] shows that the peak of the elution profile become sharper and with narrower tails, which
implies shorter retention times as the value of pcore is increased. The reduced intraparticle diffusional
mass-transfer distance caused the sharpness of the peak and a shorter time of elution. In chromatography
operations, the resolution of peaks is improved by sharper peaks. However, if the retention times are
too short, the overall range of retention times in an SEC chromatogram becomes too small to effectively
resolve multiple peaks.
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Figure 3: Effect of core radius fraction pcore on SEC

4.2 Effect of the accessible porosity parameter ¢,

The effect of the parameter € is used to compare the results for both fully porous particles and core-
shell particles. It can be seen in Figure 4| that for smaller values of €, which implies small access for the
molecules to penetrate the particles in the stationary phase, the elution is faster and thus resulting in
shorter retention times. Although the retention times for both cases shown in Figure [#(a) can be said
to be almost the same, significant increase in the retention times can be seen in Figures[{(b) to [4(d) as
the value of €}, is increased. A taller and narrower peak can be observed for the case where pcore = 0.85
compared to the fully porous particle case, that is where pcore = 0.

4.3 Effect of radial dispersion coefficient Pe,

Under this subsection, pcore = 0.6 for the obtained results. Figure |§| shows that for smaller value of
Pe,, there is no gradient visible along the radial coordinate. This case reduces to a one-dimensional
model. For increased Pe,, value, the evolution of gradients along the radial coordinate becomes evident.
Thus, the radial disturbances in SEC operations is captured by the current two-dimensional model.

4.4 Effect of mass transfer parameters on band broadening and peak retention time

Again, peore = 0.6 for the following results obtained here. In Figure [f[a), other parameters are fixed
while Pe, is altered to give the result shown. It can be seen that smaller values Pe, cause a broader and
tailing profile, which also leads to increased retention time. Similar phenomena are observed for the
results for ¢ and 7 as shown in Figures[6[b) and [6{c) respectively.
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Figure 4: Size-exclusion eflect for both fully porous particles and core-shell particles
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5 Conclusion

A two-dimensional general rate model was formulated and implemented to simulate size-exclusion
chromatography process comparing fully porous and core-shell particles operation under isothermal
conditions. Semi-analytical solutions of the formulated model equations were obtained by successively
applying Hankel and Laplace transformations considering Danckwerts boundary condition. Despite
the absence of any reported theoretical study on two-dimensional models, the larger column feature
in SEC operations motivated its use in this study. The obtained results show that for some reasonable
range of core radius fraction and accessible porosity values, better peak resolutions can be achieved in
SEC processes.
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