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Abstra
t

A 
ontinuous-time di�erential equation model for the transmission dynami
s of two dif-

ferent strains, with possibility of simultaneous infe
tion, for arbitrary in
urable disease(s) is

formulated. A non-standard �nite-di�eren
e (NSFD) s
heme is 
onstru
ted based on Mi
k-

ens' dis
retization framework and analysed. The basi
 features of the dis
rete model su
h

as positivity of solutions, the dissipativity of the system and 
onservation law are shown.

Numeri
al simulations using the NSFD method 
on�rm these results, while the standard nu-

meri
al integrators (su
h as Euler and Runge-Kutta methods) perform poorly: they exhibit

some numeri
al instabilities and spurious behaviour.

Keywords: Simultaneous infe
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tion number; numeri
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�nite di�eren
e s
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1 Introdu
tion

A number of mathemati
al models have been developed to explore theoreti
al aspe
ts of the

transmission dynami
s for superinfe
tion (strains never 
o-exist in a host) [6, 13, 20℄ and for 
o-

infe
tion (strains 
an 
o-exist in the host) [1, 2, 7, 15, 19, 22, 24, 26, 27℄. Most of the 
o-infe
tion

models, for simpli
ity, do not allow simultaneous infe
tion (that is, more than one parasite to

be transmitted upon a single infe
tion event [1℄). Owing to the growing empiri
al eviden
e of

simultaneous infe
tion (see, for example, [5, 9, 12, 14℄), whi
h is now a major publi
 health


on
ern [5℄ and a�e
ts the epidemiology [23℄ and evolution [21℄ of infe
tious diseases, Zhang et

al. [26, 27, 28℄ re
ently developed models whi
h in
lude simultaneous infe
tion. These models

are only suitable to 
ompletely 
urable diseases su
h as in�uenza. Alizon [1℄ studied the e�e
t

of 
o-transmission on virulen
e evolution in a 
ase where parasites 
ompete for host resour
es.

In this study, we begin by developing a 
ontinuous model for two in
urable parasite strains

(e.g., HIV strains), whi
h 
an simultaneously transmit from person-to-person. Unlike [1, 26℄,

frequen
y-dependent (standard) in
iden
e, not mass a
tion, is used whi
h is more realisti
 for

sexually transmitted disease like HIV. In [1, 26, 28℄, births and deaths are assumed, for simpli
ity,

to o

ur at the same rate so that the total population size remains 
onstant, while we allow

variation of the total population size. Whilst Zhang et al. [27℄ restri
ted the transmissibility of

single and double infe
tion from the 
o-infe
ted individual 
ompared to that of single infe
ted

person, we do not. Further, we introdu
e a parameter θi, i = 1, 2, 
apturing the relative

infe
tiousness of singly-infe
ted individuals 
ompared to wholly-sus
eptible individuals.

Sin
e the system of the di�erential equations involved 
annot be 
ompletely solved expli
itly

by analyti
 te
hniques, it is essential and vital to design reliable numeri
al s
hemes that 
apture

the 
ompli
ated dynami
s of the underlying epidemiologi
al phenomenon. It is well-known that


lassi
al methods su
h as Euler and Runge-Kutta method do not serve the purpose. In this
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paper, we apply the Non-Standard Finite Di�eren
e (NSFD) approa
h, initiated by Mi
kens

about 3 de
ades ago, due to its potential e�e
tiveness and reliability in epidemiology (see, for

instan
e, [3, 4, 10℄ and the referen
es therein). The 
onstru
tion of our NSFD s
heme is based on

an innovative way of implementing two of Mi
kens' rules on nonlo
al approximation of nonlinear

terms and 
omplex denominator fun
tion of dis
rete derivatives [16, 17, 18℄. Our NSFD s
heme

works well and shows to be free of any numeri
al instabilities and imposition of unduly small step

size. To the best of the authors' knowledge, NSFD s
hemes have not been studied or designed

for simultaneous infe
tion models.

The rest of this paper is organized as follows: Se
tion 2 presents the 
ontinuous-time model.

We 
onstru
t a NSFD s
heme for the 
ontinuous-time model and analyse it in Se
tion 3; we give

numeri
al simulations, in Se
tion 4, in order to 
on�rm the superiority of the NSFD approa
h

over the standard s
hemes.

2 Model formulation

The total human population at time t, denoted by N(t), is sub-divided into four mutually-

ex
lusive 
ompartments of sus
eptible (S(t)), strain 1 alone infe
ted individuals (I1(t)), strain
2 alone infe
ted individuals (I2(t)) and individuals dually-infe
ted with both strains 1 and 2

(I12(t)), so that

N(t) = S(t) + I1(t) + I2(t) + I12(t).

The 
ontinues-time model is given by the following deterministi
 system of nonlinear di�erential

equations (a �ow diagram of the model is depi
ted in Figure 1, and the asso
iated variables and

parameters are tabulated in Table 2:

dS

dt
= Π− (λ1 + λ2 + λ12)S − µS,

dI1
dt

= λ1S − θ2λ2I1 − (µ + δ1)I1,

dI2
dt

= λ2S − θ1λ1I2 − (µ + δ2)I2,

dI12
dt

= λ12S + θ2λ2I1 + θ1λ1I2 − (µ+ δ12)I12,

(1)

In addition to 
o-infe
tion, the aforementioned model (1) allows 
on
urrent infe
tion of the

two strains whi
h makes the model 
ompli
ated. Traditionally, it has been assumed in two or

more strains modelling (e.g., [2, 7, 15, 19, 22, 24℄) that 
o-transmission is not allowed. One of

the te
hni
al problems with the model (1) is that the interior equilibrium 
annot be expli
itly

written. Furthermore, it is easy to show that, using next generation method [25℄, the asso
iated

basi
 reprodu
tion number of the model (1), denoted by R0, is given by

R0 = max{R1,R2,R12}

where, R1 = β1

K1
, R2 = β2

K2
and R12 = β12

K3
. It is 
lear that ea
h threshold quantity R1, R2 and

R12 presents the basi
 reprodu
tion number asso
iated with the infe
tious 
lass I1, I2 and I12,
respe
tively and 
an be seen as the produ
t of the infe
tion rates and the average duration of

infe
tivity in ea
h 
ase. The basi
 reprodu
tion number of the model (1) is indeed the number

of se
ondary infe
tions (either single-infe
tions or 
on
urrent infe
tions) that one dually-infe
ted

individual with strain 1 and 2 will produ
e in an entirely sus
eptible population during its lifespan

as infe
tious. This reprodu
tion number depends on the intera
tion between the two diseases

whi
h in
ludes simultaneous infe
tion e�e
ts.
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Variable Interpretation

S Population of sus
eptible individuals

I1 Population of infe
ted individuals with strain 1 only

I2 Population of infe
ted individuals with strain 2 only

I12 Population of dually-infe
ted individuals with both strains

λ1 Strain 1 for
e of infe
tion

λ2 Strain 2 for
e of infe
tion

λ12 Simultaneous for
e of infe
tion

Parameter Interpretation

Π Re
ruitment rate

µ Natural death rate

β1 Transmission rate of strain 1

β2 Transmission rate of strain 2

β12 Transmission rate of simultaneous infe
tion of strain 1 and 2

θi, i = 1, 2 Modi�
ation parameter for relative infe
tiousness of singly-infe
ted individuals

in 
omparison to wholly-sus
eptible individuals

η Modi�
ation parameter for relative infe
tiousness of dually-infe
ted individuals

in 
omparison to mono-infe
ted individuals

δ1 Strain 1 indu
ed death rate for individuals

δ2 Strain 2 indu
ed death rate for individuals

δ12 Rate of mortality due to dual infe
tion

Table 1: Des
ription of the variables and parameters model (1).

3 Non-standard �nite di�eren
e (NSFD) method

Adding all the equations in model (1) gives

dN

dt
= Π− µN − δ1I1 − δ2I2 − δ12I12.

Thus, we have

dN

dt
≤ Π− µN,

whi
h, following the terminology in [17℄, is a 
onservation law. The exa
t s
heme of this 
onser-

vation law is

Nn+1 −Nn

φ(∆t)
≤ Π− µNn+1, (2)

where φ = φ(∆t) = eµ∆t−1
µ is the denominator fun
tion of the dis
rete derivative, su
h that

φ(h) = h+O(h2), where h = ∆t.
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Figure 1: S
hemati
 diagram of the model (1). Solid arrows indi
ate transitions and dashed

arrow indi
ates intera
tion. Expressions next to arrows show the per 
apita �ow rate between


ompartments.

Given (Sn, In1 , I
n
2 , I

n
12) ∈ Ω and Ñn = In1 + In2 + In12, the NSFD s
heme for the model (1) is as

follows:

Sn+1 − Sn

φ(h)
= Π−

(

β1(I
n
1 + ηIn12)

Sn+1 + Ñn
+

β2(I
n
2 + ηIn12)

Sn+1 + Ñn
+

β12I
n
12

Sn+1 + Ñn

)

Sn+1

− µSn+1,

In+1
1 − In1
φ(h)

=
β1(I

n
1 + ηIn12)

Sn+1 + Ñn
Sn+1 − β2θ2(I

n
2 + ηIn12)

Sn+1 + Ñn
In+1
1 − (µ + δ1)I

n+1
1 ,

In+1
2 − In2
φ(h)

=
β2(I

n
2 + ηIn12)

Sn+1 + Ñn
Sn+1 − β1θ1(I

n
1 + ηIn12)

Sn+1 + Ñn
In+1
2 − (µ + δ2)I

n+1
2 ,

In+1
12 − In12
φ(h)

=
β12I

n
12

Sn+1 + Ñn
Sn+1 +

β2θ2(I
n
2 + ηIn12)

Sn+1 + Ñn
In+1
1 +

β1θ1(I
n
1 + ηIn12)

Sn+1 + Ñn
In+1
2

− (µ+ δ12)I
n+1
12 .

(3)

The NSFD s
heme (3) is fundamentally di�erent from the two strain dis
rete model proposed

in [8, 11℄. Whilst the s
heme (3) in
ludes both 
o-infe
tion and simultaneous infe
tion, these

referen
es do not.

3.1 Basi
 qualitative properties of the NSFD s
heme

Theorem 3.1 The NSFD s
heme (3) de�nes a dis
rete dynami
al system on the region Ω.

Proof. Let Sn ≥ 0, In1 ≥ 0, In2 ≥ 0 and In12 ≥ 0, then the �rst equation in the system (3) is

equivalent to the following quadrati
 equation in Sn+1
:

a[S(n+1)]2 + bSn+1 + c = 0, (4)
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where,

a = 1 + φµ,

b = −(Sn +Πφ) + (1 + µφ)Ñn + φβ1(I
n
1 + ηIn12) + φβ2(I

n
2 + ηIn12) + φβ12I

n
12,

c = −(Sn +Πφ)Ñn.

The unique positive root of (4) is given by

Sn+1 =
−b+

√
b2 − 4ac

2a
(5)

Using this positive solution of Sn+1
, we solve the system (3) for In+1

1 , In+1
2 and In+1

12 in a

sequential way to obtain the following:

In+1
1 =

(Sn+1 + Ñn)In1 + φβ1(I
n
1 + ηIn12)S

n+1

[1 + φ(µ + δ1)](Sn+1 + Ñn) + β2θ2(I
n
2 + ηIn12)

,

In+1
2 =

(Sn+1 + Ñn)In2 + φβ2(I
n
2 + ηIn12)S

n+1

[1 + φ(µ + δ2)](Sn+1 + Ñn) + β1θ1(I
n
1 + ηIn12)

,

In+1
12 =

1

[1 + φ(µ + δ12)]

[

In12 +
φ

Sn+1 + Ñn

(

β12I
n
12S

n+1 + β2θ2(I
n
2 + ηIn12)I

n+1
1

+ β1θ1(I
n
1 + ηIn12)I

n+1
2

)]

.

(6)

This shows that the solution sequen
e Sn+1
, In+1

1 , In+1
2 and In+1

12 exists and it is unique. It is


lear from the indu
tion and the dis
rete system (6) that Sn+1 ≥ 0, In+1
1 ≥ 0, In+1

2 ≥ 0 and

In+1
12 ≥ 0. Hen
e, the NSFD method shows positivity of solutions for all positive initial data. In

order to show that the NSFD s
heme (3) preserves the upper bound property in the de�nition

of Ω, we 
onsider equivalent of (2) given by

Nn+1 ≤ Nn

1 + µφ
+

Πφ

1 + µφ
(7)

By using the dis
rete Gronwall inequality from the right and the left sides, we obtain

Nn ≤ Π

µ
+ (N0 −

Π

µ
)(1 + µφ)−n

(8)

This leads to

0 ≤ Nn ≤ Π

µ
if 0 ≤ N0 ≤

Π

µ
.

3.1.1 Stability of the dis
rete model equilibria

Lemma 3.1 The NSFD s
heme (3) has no ghost or spurious equilibria.
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Proof. Let Ê =

(

Ŝ, Î1, Î2, Î12

)

be a �xed-point of (3), then

0 = Π−
(

β1(Î1 + ηÎ12)

Ŝ + N̂
+

β2(Î2 + ηÎ12)

N̂
+

β12Î12

N̂

)

− µŜ,

0 =
β1(Î1 + ηÎ12)

N̂
Ŝ − β2θ2(Î2 + ηÎ12)

N̂
Î1 − (µ+ δ1)Î1,

0 =
β2(Î2 + ηÎ12)

N̂
Ŝ − β1θ1(Î1 + ηÎ12)

N̂
Î2 − (µ+ δ2)Î2,

0 =
β12Î12

N̂
Ŝ +

β2θ2(Î2 + ηÎ12)

N̂
Î1 +

β1θ1(Î1 + ηÎ12)

N̂
Î2 − (µ+ δ12)Î12,

(9)

The system (9) is equivalent the 
ontinuous system (1) at a steady-state. Thus, it is follows that

the �xed points of the NSFD s
heme (9) 
orrespond to that of the 
ontinuous system (1). Hen
e

the prove is 
omplete.

Theorem 3.2 If R0 = max{R1,R2,R12} < 1, the disease-free �xed point, E0, of NSFD s
heme

(3) is lo
ally asymptoti
ally stable and unstable if R0 > 1.

Proof.

The Ja
obian matrix, at E0, of the system (3) is

J(E0) =



















(µφ+ 1)−1 − φβ1

µφ+1 − φβ2

µφ+1 −φ [(β1+β2)η+β12]
µφ+1

0 φβ1+1
1+φ (µ+δ1)

0 φβ1η
1+φ (µ+δ1)

0 0 φβ2+1
1+φ (µ+δ2)

φβ2η
1+φ (µ+δ2)

0 0 0 φβ12+1
1+φ (µ+δ12)



















and has the following eigenvalues: r1 = 1
1+µφ , r2 = φR1+1/K1

φ+1/K1
, r3 = φR2+1/K2

φ+1/K2
and r4 =

φR12+1/K3

φ+1/K3
. It follows that |r1| < 1 and |ri| < 1 for i = 2, 3, 4 if and only ifR0 = max{R1,R2,R12} <

1.

Theorem 3.3 Assume that R0 < 1. Then the disease-free �xed point, E0, of NSFD s
heme (3)

is globally asymptoti
ally stable.

Proof.

The sequen
e (Sn, In1 , I
n
2 , I

n
12)n≥0 in Ω ⊂ R

4
+ being bounded, it follows from Bolzano�Weierstrass

theorem, that there exits a subsequen
e (Snk , Ink

1 , Ink

2 , Ink

12 ) of (S
n, In1 , I

n
2 , I

n
12) that is 
onvergent.

Denote by (S∗, I∗1 , I
∗
2 , I

∗
12) the limit of (Snk , Ink

1 , Ink

2 , Ink

12 ) as k → +∞. Repla
e n by nk in (5) and

(6) and let k → +∞. In view of the 
ondition R0 < 1, we ne
essarily have (S∗, I∗1 , I
∗
2 , I

∗
12) = E0.

Sin
e E0 is LAS by Theorem 3.2, there exists δ > 0 su
h that lim
n→∞

(Sn, In1 , I
n
2 , I

n
12) = E0 whenever

‖ (S0, I01 , I
0
2 , I

0
12) − E0 ‖≤ δ. From the 
onvergen
e of (Snk , Ink

1 , Ink

2 , Ink

12 ) to E0, there exists an

integer k0 su
h that ‖ (Snk , Ink

1 , Ink

2 , Ink

12 )− E0 ‖≤ δ whenever k ≥ k0. Then

lim
n→∞

(Sn, In1 , I
n
2 , I

n
12) = lim

n≥nk0

(Sn, In1 , I
n
2 , I

n
12) = E0.

4 Numeri
al simulations

To illustrate the dynami
ally 
onsistent behaviour, whi
h in
ludes the positivity of solutions,

stability and attra
tiveness properties, of the NSFD method, 
omparisons are made with RK4
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Figure 2: Solution pro�le of I1 generated using (2(a)) NSFD method (h = 1000) (2(b)) RK4

(h = 0.04) and (2(
)) Euler (h = 0.02).

and Euler methods. First, simulations are 
arried out using the following set of parameter values:

µ = 1/50, β1 = 0.7, β2 = 0.7, β3 = 0.8, Π = 2, δ1 = 0.7, δ2 = 0.7, δ3 = 0.8, η = 20, θ2 = 10
and θ1 = 10, to test the positivity property of the model (3) (guaranteed by Theorem 3.1).

The results obtained (see Figure 2) show that the solution pro�les of I2 generated by the NSFD

s
heme faithfully preserve the property of positivity of the solutions (despite a relative large

step-size is used) while both RK4 and Euler, with small step-sizes, fail by produ
ing negative

solutions whi
h do not make sense in biology.

Using the same set of parameter values as above, Figure 3(a) shows that the NSFD method

satis�es the 
onservation law (given by equation (2)). Thus, the NSFD always displays solutions

whi
h do not ex
eed the maximum total population value Π/µ. The standard numeri
al methods

under 
onsideration (i.e., RK4 and Euler) fail to 
apture this important property (Figures 3(b)

and 3(
)).

5 Con
lusion

A 
ontinuous-time sus
eptible infe
ted (SI) model for the simultaneous infe
tion involving two

strains is designed and used to 
onstru
t its dis
rete equivalen
e. The basi
 features of the dis
rete

model su
h as positivity of solutions, the dissipativity of the system and 
onservation law are

shown. Furthermore, the disease-free �xed point is shown to be globally asymptoti
ally stable.

Numeri
al simulations using the NSFD method 
on�rm the basi
 properties of the dis
rete model,

while the standard numeri
al integrators (su
h as Euler and Runge-Kutta methods) perform

poorly: they exhibit some numeri
al instabilities and spurious behaviour.
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Figure 3: Solution pro�le of N generated using (2(a)) NSFD method (h = 1000) (2(b)) RK4

(h = 0.04) and (2(
)) Euler (h = 0.025).
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