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Abstract

Malaria is a vector-borne disease that has been haunting mankind and still remains a major
public health issue. It is caused by the parasites, from the genus Plasmodium, which spread to
people through the bite of infected adult female mosquitoes of the Anopheles species. In 2017,
an estimated 219 million cases occurred worldwide with children accounting for 61% of deaths.
In this paper, we formulate a mathematical model that reduces malaria transmission dynamics and
investigate the basic properties of the model; the disease Free Equilibrium and the basic reproduction
number of the model were obtained. The Jacobian matrix stability technique was used to analysed
the stability of the disease free equilibrium. The analysis shows that the disease free equilibrium is
locally asymptotically stable that is Ry < 1.This discovery indicates that, malaria transmission can
be reduced or eliminated from the population.

Keywords and phrases: model formulation; properties of the model; equilibrium points; basic repro-
duction number; stability analysis

1 Introduction

Malaria is a vector-borne disease that has been haunting mankind and still remains a major public health
issue. It is caused by the parasites, from the genus Plasmodium, which spread to people through the bite
of infected adult female mosquitoes of the Anopheles species. There are more than 200 species of the
genus Plasmodium identified to be parasitic to reptiles, birds, and mammals. Four Plasmodium species
are known to cause human malaria, namely, Plasmodium falciparum, Plasmodium vivax, Plasmodium
ovale, and Plasmodium malariae. Plasmodium falciparum tends to be the species causing the most
complications and has high mortality if untreated. Humans occasionally become infected with Plas-
modium species that normally infect animals, such as Plasmodium knowlesi, but there are no reports
of human-mosquito-human transmission of such zoonotic forms of malaria [1]. Although this disease
is preventable and curable, malaria continues to claim the lives of more than 435, 000 people each year,
largely in Africa. In 2017, an estimated 219 million cases occurred worldwide with children accounting
for 61% of deaths. Plasmodium falciparum is the most prevalent malaria parasite in the African region,
accounting for 99.7% of estimated malaria cases in 2017 [[1]]. Mathematical models have been useful
in malaria control efforts and they become even more important when malaria elimination is in the
foreseeable future [2]]. Sir Ronald Ross was the first person to develop a mathematical model which
aimed at studying malaria transmission and control [3]]. He developed the model in 1916 which had a
basic deterministic formula [4]. The models have been employed in malaria control studies and they
have been very helpful in controlling malaria [5]. Malaria transmission models play a significant role
in understanding the dynamics of the disease [6]]. They have long been applied to assess the possible
means of intervention ([7]; [8]]). In their study, the dynamics have investigated through deterministic
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models [9]. Many studies have been carry out on the transmission dynamics and control of malaria.
[[10] developed a mathematical model and used it to demonstrate the effects of varying the transmission
parameters in order to suggest control of malaria infection level to a tolerable limit. This was done
in order to have an environment where malaria transmission is reduced to a tolerable level. They ob-
served that reducing the probability that a susceptible mosquito becomes infected is a good target for
intervention in the spread of malaria. But model did not include many features in malaria transmission,
such as awareness, protected populations. [[11] presented a Modeling and Optimal Control Analysis
for Malaria Transmission with Role of Climate Variability. They applied the optimal control theory
to describe the optimal control model that incorporates three controls, namely, using treated bed net,
treatment of infected with antimalaria drugs, and indoor residual spraying strategy. The Pontryagin’s
maximum principle is introduced to obtain the necessary condition for the optimal control problem.
[11]] observed that the numerical simulation of optimality system and cost-effectiveness analysis reveals
that the combination of treated bed net and treatment is the most optimal and least-cost strategy to
minimize the malaria. Unfortunelly the recovered population progresses back to susceptible without
precaution or protection against mosquito bite. Dynamics and control measures for malaria using a
mathematical epidemiological model by [[12]. The research investigates the transmission dynamics of
malaria disease and the different ways the disease can be controlled. They concluded that, if the breeding
sites of mosquitoes are reduced and insecticides are well sprayed, it will go a long way to eradicate the
vector in the population. But their model did not provide way of reducing the rate at which the recov-
ered population join the susceptible population. In 2020, a mathematical model approach on Impact
of Awareness to Control Malaria Disease was developed by [[13]]. The model assumed that, due to the
effect of awareness campaign, the aware infected individuals avoid contact with mosquitoes. The model
simulation results have significantly shown that awareness is an important factor to fight against this
deadly disease. Thus, the spread of this illness could be prevented through effective awareness strategies
in regions, where it has rapid spread. It is not sufficiently realistic or suitable for the aware popula-
tion to only avoid contact with the infected population. Despite the existing malaria control strategies,
reported cases of malaria are still quite high and the disease remains one of the health problems with
major causes of death for developing countries. Researchers have developed some malaria models to
help proffer solutions to the disease but the problem persists in many countries, where most cases are
found in Africa. For the above reason, there is need for more research on malaria to eradicate or reduce
the transmission. The purpose of this research is develop and analyze a mathematical model of endemic
malaria transmission dynamics that incoporating protection population and a population that accessed
malaria intervention .

2 Methodology/Model formulation

The model is formulated by considering the human and mosquito populations divided into subgroups.
The human population consists of protected humans Py, susceptible humans S}, exposed humans Ej,,
infected humans I}, treated humans 7}, untreated humans L, recovered humans R}, and accessed
malaria intervention humans A;, . The mosquito population consists of susceptible mosquitoes S,
exposed mosquitoes E,,, and infected mosquitoes I;,,. The total population sizes at time (¢) for humans
and mosquitoes are denoted by Np,(t) and Ny, (t), respectively. In the model incorporate control pa-
rameters for the protected human population, susceptible human population and the exposed human
population, denoted by vy, y; and y respectively. P} (t) represents the number of individuals that are
protected from malaria infection, Sy (t) represents the number of individuals not infected with the
malaria parasite but vulnerable to the infection at time (¢), Ej,(t) represents individuals who are in-
fected with malaria parasite but not yet infectious, Ij,(t) represents individuals infected with malaria
and are capable of transmitting the disease to susceptible mosquitoes, T}, (t)represents individuals that
have been infected of malaria and treated, Ly (t)represents individuals infected with malaria but not
treated, R, (t) represents individuals who have recovered from the disease and started taking all forms
of precautions against malaria and A}, (t) represents individuals who have accessed malaria intervention
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and adhered to all forms of precaution against mosquito bite. The protected humans Py () individuals
are recruited at the rate yw where 7 is the Proportion of recruited human protected from birth, sus-
ceptible humans S}, () are recruited at the rate w. Individuals in this class die naturally at the rate uj, or
proceed to the exposed class by acquiring malaria through contact with infectious mosquitoes at a rate
T, or move to the join the population that have accessed malaria intervention at the rate d. Exposed
individuals E}, either progress to the infectious class after the development of clinical symptoms at the
rate aypor move to the join the population that have accessed malaria intervention at the a;(1 — y2),
when yo = 0, means that the campaign is effective on the exposed population, some of the exposed
individuals can move to the population that accessed intervention, when y2 = 1, it means that the
campaign is not effective on the exposed population, therefore no exposed individual move to join the
population that accessed intervention . Infectious individuals I}, move to the treated population at the
rate of ¢ and untreated population at the rate s, infected individuals die due to malaria disease at rate
# and natural death p;,. The treated T}, and untreated Lj individuals recovered at the rate o and ¢,
respectively and die natural at the rate 1. The recovered population either die naturally at the rate py,
or progress to the population that accessed malaria intervention at the rate 5. Population that accessed
malaria intervention Aj, either moves to susceptible population due to wane in practicing precautions
against mosquito bite at the rate 1 or progress to protected population with time at the rate §(1 — 7).
Natural death occurs in this population at the rate yu5,. Susceptible mosquitoes Sy are recruited at the
rate wy, and acquire malaria infection through contact with humans infected with malaria at the rate
Tm. Mosquito population is also reduced as a result of natural death at the rate 1, or move into the
exposed class F,, at the rate «,;, and progresses to the class of infected mosquitoes I,,,. All classes of
mosquitoes die naturally at the rate pi,, .

2.1 Model Assumptions

The following assumptions are made in order to formulate the equations of the model:

e Considers the population of those who are aware of malaria through campaign as a separate
compartment.

¢ The entire recovered human population proceed to access malaria intervention after recovery.
* Mosquito never recover from infection, that is, the vector die after infecting human.

¢ Having accessed malaria intervention; people will take all necessary precaution, such as cleaning
environment, spray of insecticide, use of mosquito net and all other form of precaution against
mosquito bites.

¢ Total human and mosquito populations are not constant.
¢ All parameters in the model being nonnegative.

* No recovered human move to susceptible class.
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2.2 Schematic Representation of the Model

a, M,

Figure 1: Schematic representation of the malaria transmission model

2.3 Model Equations

% =qwp +6(1 = n)Ap — (M1 —y) + pn) P @
% = (1= y)wn + nAn + M1 — y)Pp — 70Sh — (u + d(1 — 1)) Sh (2)
% = 0Sh — anEp — (a1(1 — y2) + pn) En &)
% = apEp — (¢ + k+ pn + 0p) 1 *)
% = ¢In — (0 + pn)Th ()
% = kln — (¢ + pn) L ©
% =0Th +oLn — (B + pn) R 7)
% =v+ B8Ry +a1(1 —y2) By +d(1 —y1)Sh — (6(1 —n) +n+ pun)Ach) )
Do s~ TS~ S 9
df—t’” = TimSm — Cm B + fim By (10)
Lo — B (1)

Together with initial conditions

Pp(0) > P,0,  Sp(0) > Sho, En(0) > Eho,
I4(0) > Ino, Th(0) > Tho, Lo > Lo,

(12)
Ano > Ano,  Rn(0) > Rpo,  Sm(0) > Smo,
En(0) > Eno, Ln(0) > Ino
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Where Ny, = Py, + Sp + En + Iy, + Ty + Up + Ry, + Ay, is the total population of host (humans)

and N,,, = Sy, + Ep, + Iy, is the total population of vector (mosquitoes). T}, = % is the force of

infection of host and T;,, = bp ]([”Im is the force of infection of the vector.
m

2.4 Model parameter and variable description

The following Table 2] gives a summary of the variables” descriptions used herein:

Table 1: Definition of Variables

Variables | Description
Py Total protection of human population at time t
Sh Total population of susceptible human at time t
Ey, Total population of exposed human at time t
I, Total population of infected human at time t
Ty Total population of treated human at time t
Ly Total population of untreated and ignorant human at time t
Ry Total population of recovered human at time t
Ap Total population of humans that accessed malaria intervention at time t
Sm Total population of susceptible mosquitoes at time t
E., Total population of exposed mosquitoes at time t
I, Total population of infected mosquitoes at time t
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Table 2: Definition of Parameters

Variables | Description

w Rate of human recruitment

o Proportion of recruited human protected from birth

A Rate at which protected humans loses their protection

h Natural death rate of human

b Biting rate of mosquitoes

Ph Probability of biting by an infected mosquito to susceptible human
ap Rate at which exposed humans become infected

aq Rate at which exposed humans progresses to access malaria intervention
10) Rate at which infected humans are treated

K Rate at which human ignore treatment

% Rate at which untreated humans recovered

B Rate of progression to access malaria intervention from recovering by humans
d Rate of progression to intervention class from susceptible by human
n Rate of waning from intervention class to susceptible class

4] Rate at which human become protected from the disease

0 Death rate for human due to infection

o Rate at which treated human recovered from disease

QO Rate at which exposed mosquitoes become infected

p Transmission rate on a susceptible mosquito

v Rate of intervention

m, Natural death rate for mosquitoes

W, Recruitment rate of mosquitoes

Y control parameter for protected individuals

Y1 rate of awareness of intervention for susceptible individuals

Yo rate of awareness of intervention for exposed individuals

2.5 Basic Properties of the Model
2.5.1 Positivity of the Model

Here we show that the model equations (1) to (11) together with (12) to be epidemically meaningful
and mathematically correct.

Theorem 2.1. It is always necessary to show that solutions Py, Sy, En, I, Th, Ry, An, Smy Em, Iy, of the
model equations (1) to (11) together with (12) are positive for all time t > 0.

Proof. From equation (1) in the model

dP,
cTth = ywp, + 8(1 — n)Ap — (A1 — y) + pp) P, — p1nSh
dP,
2 =AU = y) + )Py (13)

Applying separation of variables and integrating both sides of (13) we have,
Py(t) > Be~ Jo AN=y)+up)t (14)
At P,(0) = Py that is t = 0, equation (14) becomes

Py(t) > B (15)
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Therefore, equation (14) becomes
Pi(t) > Pyoe™ JoAU=w)+un)t (16)

The inequality in equation (16) shows that P (t) > Pp,o > 0 and is always positive for all t. Similarly,
from the susceptible human population S, in the model that is,

ds,
dTh = (1 —wn + A+ A1 —y)P —TpSp — (An +d(1 — y1))Sh
ds,
CT; > —(Th + pn +d(1 = y1))Sh (17)

By applying separation of variable and integrating both sides of equation (17), we have.
Sp(t) > De~ Jo Tntun+d(—yn))t (18)
At t = 0 that is S,(0) = Sho, equation (18) becomes
Sn(0) = Sho (19)
Therefore, equation (18) becomes
Sn(t) = Spoe™ JoCtimdu > g (20)

The inequality in equation (20) shows that Sy, (t) > Spo > 0 and is always positive for all t.
Similarly, using the same procedure, the remaining state variables of the model equations (1) to (11)
will positive for all time t.

2.5.2 Invariant Region

The invariant region is used to determine where the model solution is bounded. The model equation
(1) to (11) is divided into two parts, the human population and the mosquitos’ population. The total
human population is represented by N, = P, + S, + Ep + I, + T, + Up + Ry + Ap. The total
mosquitoes population is Ny, = Sy, + Epy + L.

Theorem 2.2. Let Qp = {Ph, Sh, Ey, I, Ty, Ry, Ah, Sm,Em,[m S %i : Nh(t) < %} and QO =
{Sms Em, Iy € %i : N (t) < ‘:—Z} sothat Q = Qp x Q,, € §Ri X §R§r . The biologically feasible region
of the ) of the model equation (1) to (11) is positively invariant.

Proof. From the total human population represented by N, = Py+Sp+En+1+T,+Up+Rp+Ap,
It is clear that,

— " <wn — Ny 1)
Applying separation of variable and integrating, we have,
wp, — prNp < Die™ ppt (22)
Att =0, Np,(t) = Ny equation (22) becomes
wp, — ppNp = D1t
Therefore, equation (22) becomes
wi — pnNp < (wn — pn Np)e Hnt

wp  (wp, — wpNp)e Frt
Hh Hh

Np(t) <

(23)

58 IJMAM, Vol. 9, Issue 1 (2026) ocNSMB; www.tnsmb.org
(Formerly Journal of the Nigerian Society for Mathematical Biology)



I. Aliyu et al. (2026) Int. J. Math. Anal. &’ Mod., 9(1):52-69

if t — 00 equation (23) becomes
Na(t) <2 (24)
Hh
This implies that 0 < N (t) < %
Thus, for the host population, the feasible solution set of the model remain within the region and

is given by Qh = {Ph, Sh, Eh, Ih, Th, Rh, Ah, Sm, Em, Im c §R§_ : Nh(t) < %}
Similarly, the equation given by the total vector (mosquitoes) population in the model equation (1)

to (11), that is

dN,
“at Wi — i Nm (25)
By solving the equation (25), we have
No(t) < 2 (26)
Hm

From equation (26), if t — 0o, Ny, (t) — ZT’Z

Thus, for the total mosquitoes population the feasible solution set of the model remain within the
region and is given by Q, = {(Si, Em, L) € R3 1 Ny (t) < g

Therefore, the feasible solution set for the model equations (1) to (11) together with initial condi-
tions given by 2 = Q, X ,,, is a positive invariant and hence it is biologically meaningful and well
posed in the domain Q.

3 Analysis of the Equilibrium Points

By equilibrium of a given set of equation(s), we mean the state of the set of equation(s) remaining the
same at all times. Therefore, by equilibrium point, we mean the point in value where the disease level
remains the same at all times. This means that the rate of change of any of the compartments in the
disease dynamics is equal to zero for all times [[14]].

3.1 Disease Free Equilibrium Point

The disease free equilibrium point is a steady state solution whereby there is no disease. At this state,
there is no malaria parasite on the humans and mosquitoes population on a dynamical system. To
obtain equilibrium states, we equate the model equations (1) to (11) to zero. That is,

dP  dS, dE, dlI, dI, dL dR, dA, dS, dE, dI,

dt dt dt dt dt dt dt dt dt dt dt

In the absent of malaria, P, = Ej, = I}, = E,, = I, = 0 and model equations (1) to (11) becomes

Ywp +0(1 —n)A— (A1 —y) + pn) Py (28)
(1 =y)wn +nA+ A1 —y)P =TSy — (un +d(1 —y1))Sp =0 (29)
Wi — TS — 1S = 0 (30)

Solving the equations (28) to (30) for Py, Sp, and S;,,, we have,

_ YW _ (AQ =y + A —yun)wn _ Wm
Ph=—-— S,= and S, = —.
AL =y) + pn (n + A1 =) (un + d(1 = y1)) ftm
Hence, the malaria free equilibrium point Ej is,
YW (AL —y) + (1 = y)un)wn wWin )
E0: < ) 70707070707077070 (31)
AL =y) +pn’ (pn + AL =) (pn + d(1 = y1)) fim
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3.2 Basic Reproduction Number (R _0)

The basic reproduction number is one of the fundamental concepts in mathematical biology that deter-
mines the future of an epidemic. According to [[15]], the basic reproduction number Ry is the expected
number of secondary cases produced in a completely susceptible population, by a typical infective in-
dividual. It is one of the most useful threshold parameters, which characterize mathematical problems
concerning infectious diseases. If R is less than unity, this implies that, on average an infected individual
produces less than one new infected individual during the infectious period and infection can be wiped
out. Conversely if Ry is greater than unity, then each infected individual produces, on average, more
than one new infection, and the disease spreads in the population. For a single infected compartment,
Ry is the product of the infection rate and the mean duration of the infection. But for complicated
models, this definition of Ry is insufficient. We therefore compute the basic reproduction number Ry
of the model equations (1) to (11), using next generation matrix approach by ( [[16] ; [17]; [[15]]; [[18]).
That is,

Ro = p(FV ™) (32)

where,

p(A) is the spectral radius of matrix A (or the maximum modulus of the eigenvalues of A).

F; is the rate of appearance of new infections in compartment I,

VT is the transfer of individuals into compartment I, and

e V. is the transfer of individuals out of compartment I.

We have F' = [%ﬂfo)} and V = [%ﬁﬁo)} , with 1 > i, j < m, where m represents the infected
classes, E is the disease-free equilibrium, and V) = V" (z) — V?‘ ().
From the model equations (1) to (11), we obtain Ry, and Ry, at the disease-free equilibrium Ej

by rewriting the newly infective classes of human and mosquito populations as:

( dE,  bpplnSy

— (o + a1 + pn)En

dt Ny,
dI
dith:ahEh_«b‘f"‘f"‘Mh‘i‘Hh)Ih 3
dEm _ bph]hSm _ (a + )E ( )
dt N, m T Um)LEm
dI,,
7, = mEm - mIm
at a )
From equation (33), we obtain
bppIm Sh
Np
0
By = | bp1, 50 (34)
Om

Differentiating equation (34) partially with respect to Ey,, Iy, Ep,, Iy, thatis, gg}i , gi: and g]}—l
m

we obtained,

bpp S
0 0 0 2 ]’\}h h
0 0 O 0
= 35
"0 bpm 00 (33)
0 0 O 0
At the disease-free equilibrium point Ey, equation (35) becomes,
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wbpn A(L=y)+(1—y)pup)

8 8 8 an (pn+A(1-y))
F;Ey = 36
*“ o b O 0 (36)
0 0 0 0
Also from equation (33), we obtain V;, that is,
(an + a1+ pn)En
V’i — (¢ + K+ Hh + ah)-[h - ahEh (37)

(am + ,um)Em
L — alpha, B,

Differentiating equation (37) partially with respect to Fy, I}, Ep,, I, that is, %, g}); and g})z

we obtained,

(o, + a1 + pn) 0 0 0
o —ayp (o + K+ pp + 6p) 0 0
Vi= 0 0 (m + pm) O (38)
0 0 — Oy Hm

Taking the inverse of (38), we have,

1
(ah+a&}+ﬂh) (1) 0 0
yl=| (antorta) (GTrtmt0)  (@Frtmton) 0 0 (39)
0 0 1 0
(QM‘;#M) 1
0 0 g ey el
Let
1 ap,
apg=-—————"—, a = — ;
(an + a1 + pn) (an + a1+ pp) (@ + & + pp + 0n)
1 1 Oy 1
ag = 5 ag = D ——— as = -_—, ar — ——
? (¢ + K+ pn + 0n) ’ (ctm + ) ! (Ctm =+ an) fon ° Hm
Then,
agp 0 0 O
-1 __ |a1 a2 0 0
Vo= 0 0 a3 O (40)
0 0 ag as
Therefore, the product of equations (36) and (40) yields
0 0 b QU —y)+(1—y)up) wrbpn AA=y)+(1—y)pn)
4 o (pp+A(1—-y)) o (r+A(1=y))
arbpm  azbpm 0 0
0 0 0 0
Let
ag = a,onben QA =9) + A =y)pn) | wnbprnM1=y) + (1=~ y)n)
pn(pn + A1 =y)) 7 pn(pn + A1 =y)) 7
ag = a1bpm, a9 = azbpm
Then, equation (41) becomes,
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0O 0 0 0

-1

FV o ag ag 0 0 (42)
0O 0 0 O

Then the characteristic equation of equation (43) is given by det(F'V ~! — kI) = 0, these imply
that
-k 0 ag ar

0 -k O 0
1) _ _
‘FV { “lag a9 —k O 0 (43)

0 0 0 —k
Therefore, the characteristic equation of equation (43) is given as:
—k[—k(E*)] — agk(—agk) + ark(0) = 0 (44)
Simplifying further, we have
]{2(]{2 + agag) =0 (45)
This implies that,

k2 =0 or kQ = —agag = k= +.\/agasg (46)

The dominant eigenvalue is K = +,/agag. Therefore, The basic reproductive number for human
and mosquito populations are:

R wrbpp(A(L —y) + (L — y)pn)an 47)
o pn(pn + AL = y))(an + ar(1 = y2) + pp)(d + K + pp + Op)
bpham
m = 48
RO (am + Mm):u'm ( )

Thus,

wrbpp(A(1 — y) + (1 — y)pn) anbpraim

Ro= \/Mh(uh + A1 =y)(an +a1(1 —y2) + pn) (@ + £ + pin + Op) (S + K + g+ On) (Qm + fim ) fim
(49)

4 Local Stability Analysis of the Disease Free Equilibrium point

Theorem 4.1. The disease free equilibrium of the system of the model equation (1) to (11) is locally asymp-
totically stable when R < 1 or unstable when Ro > 1.

Proof-

Following the approach by [[19], that is, the criteria for stability or instability of the disease free
equilibrium of the model equations (1) to (11) shall be established by solving the characteristic equation
of the Jacobian matrix of the model equations at the disease free equilibrium point Ej.
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The Jacobian matrix of the model equations is given as:

ug 0 0 0 0 0 0 61—-n O 0
0
A1 —1y) up 0 0 0 0 0 7 0 0
bpnSh
Np,
0 Ty, U9 0 0 0 0 0 0 0
bpn Sk
Ny,
0 0 ayp, us 0 0 0O 0 0 0
0
0 0 0 10} ug 0 0 0 0 0
0
0 0 0 K 0 wus O 0 0 0
J = 0 (50)
0 0 0 0 o ¢ ug 0 0 0
0
0 d(1—wy1) ar(l—y2) 0 0 0 B uy 0 0
0
0 0 0 “tpng 0 0 0 ug O
0
0 0 0 aSn 00 0 0 T ug
0
0 0 0 0 0 0 0 0 0 am
u1o
where
up = —(pn + A1 —9)), wr=—(Th +d(l—vy1+ ), u2=—(an+a1(l—y2)+ ),
U3:—(¢+I{+Mh+9), u4:_(0+lu’h))7 U5:—(¢+Mh),
ws = —(B+pm), ur=—(6(L—eta)+n-+m), us=—(To+ ),
Ug = _(am + Mm)y aio = —MUm
Evaluating the Jacobian matrix (48) at the disease free equilibrium point Fy, we have
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ao 0 O O O O O ann O 0

0

0 a3 0 0 0 0 0 0 ay O
a14

0 0 as 0 0O 0O 0 O 0 0
a16

0 0 0 a7 O O 0 O 0 0
ag9

0 0 0 0 ag O 0 O 0 0
asy

0 0 0 0 0 ag9 0 0O 0 0

J(Ey) = 0 19 (51)

0 0 0 0 0 0 ap O 0 0
ase

O 0 0 0 0 0 0 agp O 0
asy

O 0 0 0 0 0 0 0 —pm O
ass

0O 0 0 0 0 0 0 0 0 oagg
a34

o 0 0 0 0O 0 0 0 0 0
ass

Where,

a0 =—(un + A1 —-v)), an1=061-n), a2=A1-1y1),
_ b (A1 —y) + (1 —y))
a3 =—(d(1 —y1 + pn)), aa= Gin M=) 7

~ bpp( A1 =)+ (1 —y))pn o L
ap = TS ,oar=—(0+k+pun+0), ais=—(0+un),
arg = —(¢+pn), ago = (B+pun), an =dl—y),

ag =a1(l—y2), a=—(0(1—n)+An), aza=—bpm, a5 =">0pm, az=—(m+ ttm)

as = — (o +a1(1 —y2) + pn),

Following the approach by [20]], that is, reduce row echelon form, which we applied on equation (50),
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we obtain

Where,
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A(1—y)(1—n)

anbpm (A1 —y) + (1 —y))pn

aor =10+ A1 —y)+ pp (o oa (L= y2) + ) AL —y) + pp)’
d(l—y1) A(1—y)(1—n)
as0 = =@ =)+ nt )+ G e O ATy
o $anbpr(AN1 = ) + (1 = 7)up)
T (an+ar(l—y2) + ) AL — y) + ) (& + K+ g+ 0)
o Kapbpm(A(1 —y) + (1 —y))pn
27 (an+ar(T—y2) + ) AL — y) + ) (& + K+ g + 0)
v — anb?p?m (AL — y) + (1 — 7)pp)
(an +o1(1 = y2) + pn) AL —y) + pn) (P + £ + pp +0)’
o b2 (A1 — y) + (1 — 7)up)
T (an +ar(— ) + )AL — ) + ) (b + K+ +6)
o — orapbpm (ML = y) + (1 = 7)pn)
O (an+ar(—y2) + )AL — ) + ) (6 + K + g + )
as7 = {( d(1 = y1)

(d(1 —y1) + pn)
pranbpm (A1 —y) + (1 — 7))
(d(1 —y1) + M) (@ + pp)(ap + a1 (1 —y2) + pp) (A1 —y) + pp) (6 + K + pp + 6)
ai(l—1y2)
(o + a1 (1 —y2) + pn)
bp(A(1 —y) + (1 —7)un) y 1 )
(1n + A1 —y)) (d(1 —y1))((¢ + &+ pn +0))

Boranbpm (A1 —y) + (1 —v)un)
(B + mup)(¢ + pn)(an + a1 (1 — y2) + pn) (A1
y) +
(1

(

—y) +uh))}’

(1 —)un)
—y) + un) (@ + K+ pup +6)

Amapb?p? (A1 —

m + i) (an + (1 —y2) + pp) (A

a38=—M—(

The characteristic matrix equation of matrix (52) is given as:

(= (pn + AL = 9)) = N(=(d(1 = y1 + pn) = A) = ) (—(an + (1 (1 = y2) + pa) + pn) — M)+
(=(@+E+pn+0) = N (=(0+ pn) = N(—(&+ pn) = N (=(B+ un) — )
d(1 —y1) A(1—y)(1 —n) _
(=61 =m) +n+pn) + A0 =+ ) (n+ M=) ) = M) (—tm — ) 0.
(o N mnb®pPm (M1 = y) + (1 = 7)) -
[ b = A et Y + (L= g2) + ) ML — ) + ) (B 7+ i +(05>3)) g
66 IJMAM, Vol. 9, Issue 1 (2026) ocNSMB; www.tnsmb.org

(Formerly Journal of the Nigerian Society for Mathematical Biology)



I. Aliyu et al. (2026) Int. J. Math. Anal. &’ Mod., 9(1):52-69

Thus, the eigenvalues are:

A = —(8+ ) <0, (54)
d(1—y1)

(d(1 = +uh))( AL —y) +

M= —(pn+ A1 —y)) <0, )
Ao = —(d(1 —y1 + pp — ) <0,
Az = —(an + (a1 — y2) + pn)) <O,
M=—(p+Kk+pu,+0) <0,
As = —(0 4+ pn) <0,
A6 = — (¢ + pp) <0,
—(
—(

6(1 —mn) +n+ pn) +

Ag = —pbm <0
A0 = —(am + pim) <0,
amapb®p*m(A(L = y) + (1 — 7)pn)
(cm =+ pm) (an + a1(1 = y2) 4+ pn) (AL — y) + pn) (¢ + K + pn + 6)

)\11:—(,u+ )<0

5 Discussions and Conclusion

From equation (52), all the eigenvalues are negative, meaning they lie strictly to the left of the imagi-
nary axis, this indicates that the equilibrium point of system (1)-(11) is locally asymptotically stable.
In practical terms, any small disturbance to the system will decay over time, and the model trajectories
will return to equilibrium rather than diverge. A higher treatment rate reduces the duration of infec-
tiousness and pushes the eigenvalues further negative, strengthening stability. If large, this reduces the
effectiveness of interventions, but because the eigenvalues remain negative, the system still returns to
equilibrium just more slowly. When recovery dominates over death, the infectious pool shrinks faster,
which is reflected in negative eigenvalues ensuring convergence to equilibrium. Rate of progression to
awareness from recovering humans increases the flow into the aware class, reducing susceptibility and
supporting the decay of perturbations. Rate of progression to awareness from susceptible moves indi-
viduals away from the susceptible pool, decreasing the force of infection and reinforcing local stability.
Rate of waning from awareness back to susceptible: This weakens stability by replenishing the suscep-
tible pool, but as long as eigenvalues remain negative, its impact does not destabilize the system. Rate at
which humans become protected strengthens resilience of the population by lowering effective suscepti-
bility, which is consistent with stability. Rate at which treated humans recover complements untreated
recovery by shortening the infectious period even more, which again supports stability. It is clear from
equation (52) that all the eigenvalues are negative and less than zero. Asand)g in (52), implies that
the disease will die of when the rates at which treated and untreated humans recovered is greater than
death due malaria. Therefore the solution of model equation (1) to (11) is locally asymptotically stable.
We have formulated and analysed a mathematical model that reduces malaria transmission dynamics
and investigate the basic properties of the model. The Disease Free Equilibrium points and the basic
reproduction number of the model were obtained. Our investigation of the basic properties of model
equations shows that the model is mathematically correct. The Jacobian matrix stability technique was
used to analyzed the stability of the disease free equilibrium. The analysis shows that the disease free
equilibrium is locally asymptotically stable that is (Ry < 1).
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