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Mathematical model on cascading ball dynamics with linear
and quadratic aerodynamic drag as n — oo
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Abstract

Rhythmic juggling and cascading ball motion provide a natural setting for exploring how me-
chanical laws, temporal organization, and scalability interact in coordinated dynamical systems. In
this work, we develop a theoretical framework that treats juggling as a limit process, extending dis-
crete n-ball cascade dynamics toward an effectively infinite number of balls. Starting from classical
projectile motion, each throw is embedded within a fixed rhythmic structure that governs release
and catch events. As the number of balls increases, the cascade approaches a continuous limit in
which discrete throw events densely populate the rhythmic cycle. This perspective reveals how syn-
chronization, stability, and tolerance to variability persist even as pattern complexity grows without
bound. The analysis shows that key dynamical constraints such as flight-time synchronization and
phase separation remain well defined in the infinite-ball limit, providing a bridge between finite jug-
gling patterns and continuous rhythmic motion. Aerodynamic drag is incorporated to assess how
dissipative effects influence this asymptotic behavior, demonstrating that while drag alters individ-
ual trajectories, the global rhythmic structure remains robust. By framing juggling as a scalable
dynamical system rather than a fixed skill involving a small number of objects, this study offers
new insight into the fundamental principles governing rhythmic coordination, with implications
for nonlinear dynamics, human motor control, and large-scale rhythmic systems.
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1 Introduction

Rhythmic throwing and juggling represent striking examples of coordinated motion in which simple
mechanical laws give rise to highly organized and repeatable patterns [5,6]. At their core, these mo-
tions are governed by projectile dynamics under gravity [1,3], yet their sustained execution depends
critically on temporal structure and synchronization [7,8]. While individual projectile trajectories are
well understood [4], the persistence of stable rhythmic patterns involving multiple objects raises deeper
questions about scalability, robustness, and the underlying organization of motion [9,10]. Most existing
studies of juggling dynamics focus on patterns involving a small, fixed number of balls, most notably
the classical three-ball cascade [5,8]. Such analyses have provided valuable insight into coordination
strategies, timing control, and learning processes [6,7]. However, restricting attention to low-order
patterns obscures a more general question: how do the governing principles of rhythmic throwing
evolve as the number of balls increases, and what remains invariant as complexity grows [9,16].
Viewing juggling through the lens of increasing n transforms the problem from one of discrete skill
execution to one of asymptotic dynamics [10,16]. As the number of balls increases, individual throws
become more densely packed within a fixed rhythmic period, and the cascade begins to resemble a
continuous flow of objects rather than a sequence of isolated events [8,9]. In this limit, synchroniza-
tion conditions, phase spacing, and flight-time constraints take on a new interpretation, connecting
discrete juggling patterns to continuous rhythmic motion [7,16]. Lagrangian mechanics provides a nat-
ural and systematic foundation for such an analysis [12,13,20]. By formulating the problem in terms
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of energies and generalized coordinates, the equations of motion for each throw can be derived from
first principles and extended seamlessly across multiple trajectories [3,14]. In the present work, the
Lagrangian formulation is used primarily as a structural framework to unify the description of individ-
ual trajectories, while explicit solutions are expressed through their equivalent Newtonian forms for
analytical clarity. The introduction of a shifted time variable allows all throws—regardless of their po-
sition within the rhythm—to be described by a single dynamical template [13,15]. In realistic settings,
aerodynamic effects further shape the motion of thrown objects [1,17]. Air drag modifies both tra-
jectory geometry and flight time, introducing dissipative corrections that become increasingly relevant
over repeated cycles [2,17,19]. Incorporating drag within the same unified framework allows the role
of velocity-dependent forces to be examined in the large-n regime [1,15].

The present study develops a comprehensive model of rhythmic throwing that explicitly addresses
scalability, culminating in an analysis of the limiting behavior as the number of balls tends to infin-
ity [9,18]. By integrating projectile dynamics, rhythmic timing constraints, Lagrangian formalism, and
aerodynamic effects, the work identifies the principles governing stable coordination across all scales.

2 Model Assumptions

1. The cascading system remains dynamically meaningful as the number of balls n increases without
bound. In the limit n — oo, discrete throw—catch events densely populate each rhythmic cycle,
allowing the cascade to be interpreted as a continuous-time distribution of trajectories, in the
sense that the temporal spacing between successive throws satisfies At = T'/n — 0 as n — oo.

2. Rhythm-Dominated Organization: The global dynamics are governed primarily by rhythmic
timing rather than individual trajectory details. As n increases, phase spacing decreases propor-
tionally, while the overall rhythmic period remains finite and well-defined.

3. Uniform Phase Distribution: Throws are uniformly distributed in phase over each rhythm
cycle. In the infinite-ball limit, this produces a continuous phase density that preserves periodicity
and synchronization.

4. Trajectory Self-Similarity in Scaled Time: All balls follow dynamically similar trajectories when
expressed in shifted and scaled time coordinates. Increasing n introduces no new trajectory classes
but refines temporal resolution within the rhythm.

5. Bounded Energy Input per Cycle: Despite increasing n, the total mechanical energy supplied
per rhythmic cycle remains finite. Individual launch energies are assumed to scale appropriately
to prevent energetic divergence in the infinite limit.

6. Continuous-Time Limit of Discrete Events: Catch and release events occur with increasing
frequency but vanishing duration as n — o0, such that the sequence of discrete interactions
converges to an effectively smooth temporal process.

7. Persistence of Synchronization Constraints: The fundamental synchronization condition link-
ing average flight time to the rhythmic period remains valid under quadratic aerodynamic drag,
ensuring temporal coherence across all cascade sizes.

8. Quadratic Aerodynamic Drag Dominance: Aerodynamic resistance acting on each ball is as-
sumed to be quadratic in speed and isotropic, representing moderate-to-high Reynolds-number
motion. The drag force scales with the square of velocity and remains well-defined as n increases.

9. Regularity and Boundedness of Drag Effects: Quadratic drag modifies individual trajectories
and flight times but remains bounded and smooth for all admissible velocities. Drag-induced dissi-
pation does not introduce singular behavior or destroy the rhythmic structure in the infinite-ball
limit. As n — oo, the discrete sequence of throws is interpreted as a dense distribution over a
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normalized phase variable ¢ € [0,1). Each throw corresponds to a phase location within the
rhythmic cycle, and the spacing At = T'/n tends to zero. While a full continuum formula-
tion is not explicitly derived in this work, this interpretation provides a consistent asymptotic
framework for analyzing large-scale cascade dynamics. This limiting interpretation is understood
in a weak sense, where discrete events converge to a continuous phase representation without
requiring a full measure-theoretic formulation.

3 Model Diagrams

3-Ball Rhythm Timing Diagram
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Figure 1: 3-Ball Rhythm Timing Diagram. This represents the classical three-ball cascade. Throws are
evenly spaced in time, producing a stable cyclic pattern where each ball follows the same trajectory

with a fixed phase shift. Ball 1 is thrown at ¢ = 0, Ball 2 at ¢ = T/3, and Ball 3 at ¢t = 27'/3. This
produces a steady juggling cascade with At = T'/3.

Resolving along the horizontal and vertical components of the initial velocity:

* wp: initial velocity at launch

0: launch angle measured from the horizontal

® g: gravitational acceleration acting vertically downward

T: total flight time

Uy = ugcost, u, = ugsind (D)

a=(0,—g) )

Equation (2) shows that there is no horizontal acceleration, while vertical motion experiences con-
stant acceleration due to gravity.
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R Rhythm Timing Diagram: n — « (Approximated by n = 100)
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Figure 2: Rhythm Timing Diagram in the limit n — oo. The dense distribution of throw events

within one rhythm period illustrates the continuum limit of the rhythmic cascade, where the spacing
At = T'/n tends to zero while the global rhythm 7" remains finite.
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Figure 3: Trajectory of a juggled ball under gravity. The motion is resolved into horizontal and vertical
components.

3.1 Motion of One Ball

The ball is assumed to be caught at approximately the same height at which it is released. Applying the
equations of motion s = ut + %at2, and substituting equation (1), we obtain:

x(t) = upcosft 3)

1
y(t) = upsinft — §gt2 4)

The ball returns to the release height when:

ugsin Ty — %ng =0 (5)
T = 2ug ;m 0 ©)

The above equations of motion may equivalently be derived within a Lagrangian framework by
defining the kinetic and potential energies of the system. In this formulation, the trajectory of each
ball follows from the Euler-Lagrange equation with generalized coordinates describing its position.
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The inclusion of drag introduces non-conservative generalized forces, which are incorporated through
a velocity-dependent dissipation term. This variational perspective provides the theoretical foundation
for extending single-trajectory dynamics to the multi-ball rhythmic system considered in this work.
If the flight time becomes equal to the juggling rhythm time, then:
Ty=T 7)

From equation (6), the throw speed is given by:

_ 9T
Y= 55ne ®)

= u® + 2as, where v = 0, a = g, and s = H, we obtain

Again, from the equation of motion v?

the maximum height reached by the ball as:

u? sin” 6 ud sin” 6

R—
29 g

where R denotes the horizontal range of the projectile.

We now transition from one ball to a two-ball alternating throw system. In this case, each hand

throws every T, and the opposite hand catches after T'/2, giving a phase difference At = T'/2.

H = 9)

The equations of motion remain the same but incorporate a timing shift. Thus, equations (3) and

(4) become:

x(t) = ugcosf (t —T/2) (10)
. 1 9
y(t) :u081n9(t—T/2)—§g(t—T/2) (11)
3.2 Three-Ball Cascade
Apex
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Figure 4: Three-ball cascade timing structure. The diagram represents the classical three-ball cascade,
highlighting equal phase separation and rhythmic stability.

Consider three balls in flight with evenly spaced temporal phases, as illustrated in Figure 4, such that
At = T'/3. The throwing sequence is defined as:

e Ball one is thrown att =0

e Ball two is thrown att =T7/3
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e Ball three is thrown at t = 27"/3

With the above conditions, equation (11) becomes:

mw:uwmea—ﬁwa—%gpwfmf (12)

The motion is symmetric, implying that the ball is thrown and caught at the same height, that
iS, Yrelease = Yearch- 1he upward and downward motions are mirror images, hence the time of ascent
equals the time of descent, t., = tdown. The magnitude of the velocity during ascent equals that during
descent, although the direction changes, i.e., [typ| = |[Udown|-

The apex is the highest point of the trajectory and occurs at the midpoint of the motion in time,
tapex = 1'/2. The rhythm time is defined as the interval between two successive throws of the same
hand, representing one complete cycle of the juggling pattern. This rhythmic structure ensures that
the motion remains steady, smooth, and periodic.

Equation (12) is valid for ¢t > £kT/3.

3.3 General n-Ball Rhythm Timing Pattern
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Figure 5: General n-ball rhythmic timing diagram. The figure generalizes the cascade structure to n
balls, demonstrating the scalability of the rhythmic model.

In n-ball juggling, for one rhythm cycle of duration 7', we observe:

1. There are n throws in one full rhythm period.

2. Throws are evenly spaced in time.
3. Time spacing between successive throws is At = T'/n.
4. The throw times within each cycle are:
o T T
n’ n’ n n

5. For multiple cycles, the pattern repeats every T', therefore the full timing sequence is:

T
tow = KT + — (13)
n
where:
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¢ n is the number of throws (events) in one rhythm cycle,

k is the cycle index, k = 0,1,2,.. .,

e 71 is the event number within a cycle, 7 = 0,1,2,...,(n — 1),

t) r is the physical time at which the event occurs,

T is the rhythm interval.

Thus, the 7-th event occurs at time 77 /n within a cycle. Equation (13) represents the generalized
throw time and shows that the time of the r-th throw in the k-th cycle is the sum of a whole number
of rhythm cycles (k7") and the position of that throw within the cycle (r7'/n).

Substituting equation (8) into equation (9) gives:

Y
~ 8

This expression assumes that the launch angle 6 is fixed across throws, such that variations in ug

H (14)

compensate to maintain the prescribed rhythmic period.
Equation (14) shows that the throw height is directly proportional to the square of the period. The
implication is that higher throws are required for slower juggling.

3.4 Incorporation of Air Drag into the Model

A moving ball experiences aerodynamic drag that opposes its motion. To fully integrate this into the
model, the assumptions are refined as follows: the balls are treated as rigid spheres of radius R and mass
m, with drag coefficient Cyy. The air is assumed quiescent with constant density p. The launch speed
uo and launch angle 6 are controlled and repeatable.

When drag is considered, the launch parameters adjust slightly but remain bounded within a small
neighborhood of the nominal trajectory, thereby preserving the periodic structure. Thus, (ug, ) —
(ug, 0*), where (uf, 0*) are drag-corrected values.

The drag force is given by:

= 1
Fd = —§pCdA17 (15)

A =1R? (16)

For a ball of mass m moving with velocity v

dv ~
b F 17
mo=3 (17)
Since only gravity and drag act:
v 5 =
R 18
mdt gt fa ( )
Gravity acts downward:
g=29j (19)
Substituting gives:
m® — i — Locualwe (20)
. 'y 2[) d
Let:
Fy = —k|v|v 21
Then: i L
v ~ =
i ¥ e Ul (22)
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The speed magnitude is:
7] = Vu? + v? (23)
Let b = k/m, then:

W a1 (24)

dt

L e (25)

dt
The introduction of drag implies that horizontal velocity is no longer constant, and the trajectory
becomes asymmetric. The time of ascent is no longer equal to the time of descent, and the apex occurs
earlier and lower.
To maintain analytical tractability while preserving physical realism, a linear approximation is in-
troduced:

Fy=-Cv (26)
Substituting:
ma = (0, —mg) — CU (27)
dv C
Let A = C/m:
dv,
—L = v, 29
o v (29)
dv
dity = —g— Ay (30)
Integrating:
u(t) = uge (1)
_ gy - _ 9
u(t) = (vo + A) e -4 (32)
Integrating again:
2(t) = P(1-e ) (33)
_ gylze™ gt
y®) = (w+5) ——-% (34)

Although drag modifies trajectories, synchronization is governed by timing constraints (7" and At),
ensuring compatibility with the cascade.

To account for timing shifts:
T=t—tym (35)

The quadratic drag model is reinstated for the full nonlinear dynamics. Let A, denote the quadratic
drag coefficient.

D AN (36)

dt

4 Model Equation

The model is formulated using both quadratic and linear drag representations in a complementary man-
ner. The quadratic form defines the fundamental nonlinear dynamics of the system, while the linear
form provides analytically tractable expressions for trajectory reconstruction and timing analysis. To-
gether, they enable a unified description that balances physical fidelity with mathematical accessibility.
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Quadratic Drag Formulation

= @ P 67)

=g 2@ R 68)

Linear Drag Formulation

_ugcost A t—tim)
Thm(t) = 2 (1= e ) (39)

_ * sk g 1*6_>\(t_tk’m) g
Yem(t) = (uosm0 +X) — -t~ trm) (40)

Incorporating ty ,, = kT + mTT for multiple balls into the model:

vim() = SO (ko) (41)

—\t—kT—mL) mT

AN 9
= no*+ = — St — kT — — 2

Replacing ¢ with the shifted time variable 7 =t — t}, ,,:

5 cos 0"
Thm(r) = 2 (1) (43)

. 1—e T
Yo (T) = (uo sin 0* + %) — - gj (44)

4.1 Stability Analysis of the Model

A necessary condition for stability requires that:
1. Throw periodicity matches the rhythm:
ty=nT
2. Velocity magnitude exceeds the minimum required value:

2gH
up > —_—
0 sin? 6%

3. Timing offsets maintain separation to prevent collisions:

T
At > —
n

4. Errors in speed and angle shift landing time, but must remain bounded:
T
atp] < —
|0t gl < —

5. Precision constraint on launch speed:

g .
2sinf* n

'

[dug| <
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6. Stability requires perturbations to satisfy:

T
5, 160°), 10t] <

If these bounds are exceeded, phase drift accumulates, leading to collisions and eventual collapse of
the pattern. These conditions provide necessary bounds for maintaining rhythmic coherence; however,
a complete proof of asymptotic stability would require a more detailed perturbation or Floquet analysis,
which is beyond the present scope.

5 Results and Discusion

The following figures are obtained from numerical simulations of the proposed model and are included
to illustrate the influence of aerodynamic drag and rhythmic timing on trajectory evolution and stability.

Projectile Trajectories with Linear Air Drag

Vertical position y (m)
A

0.00 0.25 050 075 1.00 125 150 1.75 2.00
Horizontal position x (m)

Figure 6: Projectile trajectories with linear air drag

Figure 6. Numerically simulated projectile trajectories with linear air drag for different parameter
sets. Each curve represents the motion of a ball released with varying launch speeds, angles, and drag
coefficients, illustrating how air resistance modifies the ideal parabolic trajectory.
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Velocity Decay due to Air Drag

Speed v(t) (m s™1)
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Figure 7: Velocity decay due to air drag

Figure 7. Exponential decay of projectile speed under linear air resistance. Larger drag coeffi-
cients result in faster velocity attenuation, highlighting the need for launch-speed correction in realistic
throwing.

Vertical Motion with Linear Air Drag
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Figure 8: Vertical motion with linear air drag

Figure 8. Vertical displacement as a function of time under gravity and air drag. The curves show
reduced peak height and shortened flight time compared with drag-free motion.
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Velocity Magnitude vs Time
under Quadratic Drag
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Figure 9: Velocity magnitude vs Time under quadratic drag

Figure 9 shows the temporal variation of the vertical position of a ball during successive throw—
catch cycles within the cascade. The repeated rise and fall of the trajectory reflect the periodic nature
of the throwing rhythm, with each peak corresponding to the apex of a flight and each minimum
indicating a catch-release event. The consistent spacing between successive peaks demonstrates the
synchronization between flight time and the imposed rhythmic period. This figure emphasizes that,
despite the presence of multiple balls and repeated cycles, the vertical motion remains bounded and
temporally ordered, confirming the stability of the cascade. In the context of the model, it illustrates
how rhythmic timing governs the vertical dynamics and ensures sustained coordination across repeated
throws.

Projectile Trajectory with Quadratic Drag

y (m)

_10 -

0 1 2 3 4 5 [}
% (m)

Figure 10: Simulated projectile trajectory under quadratic aerodynamic drag

Figure 10 illustrates the planar trajectory of a single ball within the cascading system when aero-
dynamic drag is taken into account. Unlike the ideal parabolic path obtained in the absence of drag,
the trajectory here is asymmetric, with a reduced ascent height and a steeper descent. This asymmetry
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arises from the velocity-dependent resistive force, which continuously dissipates kinetic energy during
flight. The figure highlights how drag shortens the horizontal range and flight time relative to the
drag-free case, thereby necessitating compensatory adjustments in launch speed or release timing to
maintain rhythmic synchronization. Within the context of the cascading model, this trajectory demon-
strates how physically realistic forces modify individual throws while preserving the overall rhythmic
structure of the cascade.

Comparison of Linear and Quadratic Drag Models

o = Quadratic Drag
o8 — = Linear Drag
N
= |
= o
R
ﬂ- -
(Y) —d
| | | 1 |
0.0 0.5 1.0 15 2.0
Time (s)

Figure 11: Comparison of linear and Quadratic drag models

Figure 11. Comparative evolution of velocity magnitude under linear and quadratic aerodynamic
drag. The quadratic model exhibits stronger nonlinear damping and asymmetric behavior, while the
linear approximation provides a simplified but less accurate representation. The divergence between
the two curves highlights the regime where quadratic drag becomes dominant.

6 Conclusion and Recommendations

Conclusion

This manuscript has established a unified and scalable mathematical description of cascading ball dy-
namics by embedding projectile motion within a rhythmic and asymptotically extensible framework.
By formulating the system through Lagrangian mechanics and introducing a systematic time-shift rep-
resentation, the analysis demonstrates how discrete throw-catch events can be coherently organized
across arbitrary cascade sizes. The transition from finite n-ball patterns to the limiting case as n tends to
infinity reveals that rhythmic synchronization, phase regularity, and temporal coherence persist even as
individual events become densely distributed within each cycle. The incorporation of aerodynamic ef-
fects, including both linear and quadratic drag, highlights how dissipative forces modify local trajectory
properties without fundamentally disrupting the global rhythmic structure. Importantly, the model
shows that stability is governed primarily by timing constraints rather than geometric precision, ex-
plaining why coordinated cascading motion remains robust under moderate perturbations and physical
non-idealities. Taken together, the results position cascading ball dynamics as a canonical example of
how complex, large-scale coordination can emerge from simple mechanical laws constrained by rhythm
and symmetry.
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Recommendations

1. Empirical Corroboration: High-resolution motion capture experiments could be used to vali-
date the predicted timing constraints and drag-induced corrections, particularly in dense cascade
regimes.

2. Asymptotic Stability Analysis: A more formal treatment of stability in the limit n — oo, po-
tentially using continuum or mean-field approaches, would deepen understanding of long-term
robustness.

3. Energetic Optimization: Future studies may investigate how energy expenditure scales with in-
creasing cascade density and whether optimal rhythmic strategies exist under drag-dominated
conditions.

4. Extension to Controlled Systems: The framework may be adapted to robotic or autonomous
throwing systems, where rhythmic control laws inspired by the infinite-cascade limit could sim-
plify coordination algorithms.

5. Cross-Disciplinary Applications: The rhythmic and scalable structure identified here may offer
insight into other coordinated systems, including biological locomotion, cyclic manufacturing
processes, and distributed mechanical networks.

In summary, this work provides a rigorous foundation for understanding cascading dynamics as a
scalable and rhythm driven phenomenon, opening avenues for both theoretical exploration and applied
innovation.
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