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Abstract

The sine-Gordon equation is a nonlinear hyperbolic partial differential equation with impor-
tant applications in physics, biology, and engineering. Its dispersive and oscillatory nature makes
accurate numerical simulation challenging, especially when using traditional time integration meth-
ods. This research develops and analyzes a class of phase-fitted one-stage third-order two-derivative
diagonally implicit Runge-Kutta (TDDIRK) methods for solving the sine-Gordon equation effi-
ciently. In this paper, an α-family of one-stage two-derivative DIRK methods are derived by opti-
mizing α to reduce phase-lag or amplification errors. Two optimized methods TDRK1s3[6, 3] and
TDRK1s3[4, 5] are recovered with α = 1

10 and α = 1
12 , respectively. The stability and phase analyses

are performed to examine their properties. For spatial discretization, the method of lines with a
second-order central difference scheme is applied to obtain a semi-discrete continuous system. Nu-
merical experiments on kink and antikink soliton problems show that the new phase-fitted methods
achieve higher accuracy and improved efficiency compared to non-optimized schemes with α = 1

4
and some recent DIRK methods in the literature. The results demonstrate that these new meth-
ods are effective for solving oscillatory nonlinear partial differential equations like the sine-Gordon
equation.

Keywords and phrases: Two-derivative; Runge-Kutta methods; Phase Analysis; Optimization; Sine-
Gordon Equation.

1 Introduction

Consider the nonlinear second-order hyperbolic partial differential equation defined by the equation

∂2φ

∂t2
− ∂2φ

∂x2
+ sinφ = 0, (1)

known as the sine-Gordon equation. Equation (1) is particularly useful in describing the evolution of a
scalar function φ(x, t) which depends on the spatial variable x and time t. This equation finds expres-
sion in a wide range of application that cuts across physical, biological, mathematical and engineering
disciplines. For instance, in the dynamics of Josephson junctions which consist of two superconducting
materials separated by a thin insulating layer, the propagation of magnetic flux along the junction can
be described with (1). In geophysics, (1) has been used to model tectonic stress transfer and the prop-
agation of stress waves along geological fault lines, see [1]. Also, in biological systems, the equation
has been applied to the modelling of DNA dynamics in genetic regulatory systems since DNA can be
viewed as a nonlinear elastic chain that undergoes torsional oscillations when twisted. Due to its broad
applicability, the sine-Gordon equation has become a central model in nonlinear science.
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The earliest mention of (1) was by Bour [2] in his investigation of surfaces with constant negative
curvature, but more repute was garnered when it appeared in the study of crystal dislocations in solid-
state physics by Frenkel and Kontorova [3]. Ever since the advent of computers and with the increase
in computing powers, there has been a significant interest in the numerical simulation of nonlinear
wave equations. Perring and Skyrme [4] found that solitary wave solutions of the sine-Gordon equation
scatter elastically, a property that is peculiar to solitons. Zabusky and Kruskal [5] presented the existence
and behaviour of solitary waves in nonlinear systems. The solution to (1) is seen to exhibit remarkable
stability and particle-like behaviour which allows for soliton solutions such as kinks, antikinks and
breather waves. Analytical solution for solving (1) has been attempted by many researchers. For
example, Maitama and Hamza [6] introduced the Natural Decomposition Method (NDM), which
makes use of the Natural Transform Method combined with the Adomian Decomposition Method
to obtain series solutions for nonlinear sine-Gordon equations. In addition, Martin-Vergara et al. [7]
introduced some Padé type schemes with and without Richardson extrapolation for the numerical
solution of the sine-Gordon equation paying attention to stability and energy conservation properties.

Several numerical techniques have been proposed to approximate solutions of (1) as analytical so-
lutions are not readily available due to the nonlinearity. The most popular is the method of lines
(MOL), which transforms the partial differential equation (PDE) into a system of ordinary differential
equations by discretizing the spatial variables while leaving the time variable continuous. The MOL
technique was applied in Bratsos [8] for the two-dimensional sine-Gordon equation using a predictor-
corrector scheme. The numerical solutions obtained were consistent with known soliton structures.
Further developments presented by Schiesser and Griffiths [9], demonstrated the MOL to a wide class
of PDE models using MATLAB. Schiesser [10] applied the method incorporating adaptive step-size
control with modern ODE solvers, thereby improving numerical stability and accuracy for highly
nonlinear problems. Hussain et al. [11] proposed a meshless method of lines (MMOL) using cubic B-
spline collocation, while Krämer et al. [12] introduced a probabilistic version of the MOL framework
which accounts for the interaction between spatial and temporal discretization errors. Finite difference
methods and Finite element methods also provide alternative approaches for approximating solutions
of (1). Manaa et al. [13] proposed both explicit and implicit finite difference schemes for sine-Gordon
type systems, demonstrating numerical accuracy as well as stability. A sixth-order compact finite dif-
ference scheme designed to improve spatial accuracy was designed by Sari and Gürhan [14]. Similarly,
Moghaderi and Dehghan [15] introduced a multigrid compact finite difference method that combines
fourth-order spatial discretisation with a second-order central difference scheme in time highlighting
computational efficiency and convergence properties. Later work by Kang et al. [16] presented a mod-
ified finite difference scheme with relaxed stability conditions that allow larger time steps. More re-
cently, Mirzaee et al. [17] proposed a hybrid numerical method combining finite difference techniques
with mesh-free radial basis function approximations for solving time-fractional stochastic nonlinear
sine-Gordon equations. A comparative analysis of standard and non-standard finite difference schemes
was also conducted by Raslan et al. [18]. Shi and Pei [19] developed a nonconforming quadrilateral
finite element scheme using a modified quasi-Wilson element for nonlinear sine-Gordon problems. In
addition, Liew et al. [20] presented an adaptive element-free Galerkin (AEFG) method coupled with
a variational multiscale approach, allowing accurate numerical simulation of high-gradient solutions
without reliance on a structured mesh. Another class of numerical approach is based on boundary
element techniques. Mirzaei and Dehghan [21] presented a boundary element formulation for the two-
dimensional sine-Gordon equation using continuous linear elements and a predictor-corrector scheme
to treat nonlinearities. Chen and Zhou [22] further investigated strategies for extending boundary
element methods to nonlinear problems using iterative and linearization techniques.

Despite the extensive research devoted to (1), the development of efficient time-integration schemes
capable of accurately capturing its oscillatory behaviour remains an active area of research. Implicit
Runge-Kutta methods, particularly diagonally implicit Runge-Kutta (DIRK) schemes, are known for
their ease of implementation and possessing favourable stability properties when solving stiff differen-
tial equations. A special structure of DIRK methods characterised by a lower triangular coefficient
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matrix with identical diagonal entries offering computational advantages was introduced by Alexander
[23]. Recent construction of DIRK methods has focused on optimization of the method by consider-
ing special properties such as dispersion, dissipation, A-stability and L-stability see ([24, 25, 26, 27]).
However, further developments on implementation of Runge-Kutta methods include distributed and
parallel implementations, such as the D-NODE package introduced by Petcu [28], which demonstrated
that implicit Runge-Kutta methods can achieve significant speed-ups when applied to stiff initial value
problems. In addition, Rabiei et al. [29] developed accelerated Runge-Kutta-Nyström methods for
second-order differential equations. More recently, Ehigie et al. [30] proposed exponentially fitted
two-derivative DIRK methods for oscillatory differential equations, demonstrating that the number of
algebraic order conditions can be significantly reduced compared with classical Runge-Kutta schemes
of the same order. However, the frequency of the problem must be known or estimated before imple-
mentation.

In light of these developments, this research demonstrates the implementation of a one-stage two-
derivative diagonally implicit Runge-Kutta method for the numerical solution of (1). With optimiza-
tion based on phase-fitting, the proposed method aims to improve both the accuracy and efficiency of
numerical simulations of (1).

2 Sine-Gordon equation

Consider the one-dimensional sine-Gordon nonlinear hyperbolic equation

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− sin(u(x, t)), (x, t) ∈ [a, b]× [t0, T ], (2)

with the following initial conditions:{
u(x, t0) = ϕ1(x), t ≥ t0;
∂

∂t
u(x, t0) = ϕ2(x), t ≥ t0.

(3)

and Dirichlet boundary conditions

u(x0, t) = ψ1(t), u(xM , t) = ψ2(t), t ≥ t0, (4)

or Neumann boundary conditions

∂u

∂t
(x0, t) = ϱ0(t),

∂u

∂t
(xM , t) = ϱ1(t), t ≥ t0. (5)

ϕ1 is the wave modes or kinks function and ϕ2 is the velocity function. We assume that ψ1 and ψ2 are
sufficiently smooth functions.

Eq. (2) is a particular case of the Klein-Gordon equation

∂2u(x, t)

∂t2
=
∂2u(x, t)

∂x2
− V (u(x, t))

du
, (6)

where
V (u(x, t))

du
= sin(u(x, t)). The main property of (2) is the conservation of energy. The energy,

E(t) for (2) is given by the following expression

E = E(t) =
1

2

∫
R
[(ut)

2 + (ux)
2 + 2(1− cos(u))]dx. (7)
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2.1 Spatial discretization and semi-discrete formulation

The method of lines is employed to transform the initial-boundary value problem into an continuous
system of second-order differential equations. The region R = [x0, xM ] × [t0,∞] is discretized with
a rectangular mesh, where (x, t) = (xm, tn) = (x0 +m∆x, t0 + n∆t) for m = 0, 1, . . . ,M and n =

0, 1, 2, . . .with ∆x =
xM − x0
M

and ∆t the time step. The numerical solution of a specific mesh point is
denoted by u(xm, tn) or unm and generally numerical solution at any time tn = n∆t, may be collectively
represented in vector form un = [un0 , u

n
1 , . . . , u

n
M ]T , where T denotes the transpose. The boundary

conditions determine the value of numerical solutions to be generated by a given method. On one hand,
there N − 1 values to be generated for sine-Gordon equations with Dirichlet boundary conditions, on
the hand, there are N + 1 values to be generated for sine-Gordon equations with Neumann boundary
conditions.

2.1.1 Dirichlet boundary conditions

Considering (2) with Dirichlet boundary conditions (4) using the symmetric second-order central dif-
ference scheme at grid points xm, m = 0, 1, . . . ,M −1. we obtain a nonlinear systems of second-order
ordinary differential equation given by

D2U(t) = AU(t) + b(t)− G(U(t)), U(t0) = ξ, U ′(t0) = χ (8)

where D2 = diag{ d2

dt2
} is a diagonal matrix of order M − 1, G(U(t)) = [sinun1 , . . . sinu

n
M−1]

T is a
vector of M − 1, b(t) is a vector of boundary conditions, and A is a tridiagonal matrix of order M − 1
given by

A = h−2


−2 1 0
1 −2 1

. . . . . . . . .
1 −2 1

0 1 2

 , (9)

which has negative eigenvalues given by

λs = − 4

h2
sin2

(
sπ

2(M + 1)

)
, s = 1(1)N. (10)

2.1.2 Neumann boundary conditions

The spatial discretization differs from the Dirichlet boundary conditions based on the boundary con-
dition which will involve an approximation of derivatives. Therefore we use the following approxima-
tions

∂u

∂x
(x0, t) = ϱ0(t) ⇔ u1(t) = u−1(t) + 2∆xϱ0(t),

∂u

∂x
(xM , t) = ϱ1(t) ⇔ uM+1(t) = uM−1(t) + 2∆xϱ1(t).

(11)

Therefore, the resulting system of ordinary differential is compactly given by

D2U(t) = AU(t) + b(t)− G(U(t)), U(t0) = ξ, U ′(t0) = χ, (12)

where D2 = diag{ d
2

dt2
} is a diagonal matrix of order M − 1, G(U(t)) = [sinun1 , . . . sinu

n
M+1]

T is a
vector of M +1, b(t) is a vector of boundary conditions, and A is a tridiagonal matrix of order M +1
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given by

A = h−2


−2 2 0
1 −2 1

. . . . . . . . .
1 −2 1

0 2 2

 . (13)

Here, the matrix A has a nonpositive eigenvalues.

Remark 2.1. Considering that we are constructing a class of two-derivative Runge-Kutta methods for first
order initial value problems, with U ′(t) = V (t), (8) and (12) are further reduced to a system of first-order
initial value problem given by

y′(t) = My(t) + B(y(t)) = f(y(t)), (14)

where

M =

(
0 I

−A 0

)
, B(y(t)) =

(
0

G(u(t))

)
, y(t) = [U(t), V (t)]T y(t0) = [ξ, χ]T .

(15)

3 Two-derivative DIRK method

In this section, we illustrate the approach for the derivation of optimized two-derivative DIRK schemes.
The idea of the optimized scheme is to seek parameters that improve the dispersion and dissipation
errors.

Definition 3.1 ([30]). An s−stage two-derivative DIRK method applied with timestep ∆t > 0 for solving
(14) is defined by

Yi = yn + ci∆tf(yn) + ∆t2
i∑

j=1

aijg(Yj), i = 1, 2, . . . , s (16a)

yn+1 = yn +∆tf(yn) + ∆t2
s∑

i=1

big(Yi) (16b)

g(y) ≡ f ′(y)f(y), the coefficients bi, aij and ci are constants. The method (16) can be assembled in vec-
tor with Γµ = [γ1, γ2, . . . , γs]

T , c = [c1, c2, . . . , cs]
T , b = [b1, b2, . . . , bs]

T and A = [aij ]
s
i,j=1 and

represented by the Butcher’s tableau of the form

c A

bT
=

c1 a11
c2 a21 a22
...

...
...

. . .
cs as1 as2 . . . ass

b1 b2 . . . bs

.

3.1 Phase Analysis of Runge-Kutta methods

We analyze the phase errors (dispersion and dissipation) by applying the method (16) to the test equa-
tion

y′ = iωy, ω > 0. (17)

This yields a difference equation of the form

yn+1 = R(iν)yn, ν = ωh, i2 = −1, (18)
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where R(iν) is the stability function given as

R(iν) =
(
1− ν2bT (Is + ν2A)−1e)

)
+ i

(
ν(1− ν2)bT (Is + ν2A)−1c

)
(19)

(here, Is is the s× s identity matrix).

Definition 3.2 (Dispersion and Dissipation [31]). With the stability function R(iν), the quantities

Ψ(ν) = ν − arg(R(iν)) and Φ(ν) = 1− |R(iν)| (20)

are called the dispersion (phase-lag) and the dissipation (amplification error), respectively. The scheme (16) is
dispersive of order p and is dissipative of order q if

Ψ(ν) = ΥΨν
p+1 +O(νp+3), Φ(ν) = ΥΦν

q+1 +O(νq+3),

respectively. Also, the constants ΥΨ and ΥΦ are called the phase-lag and dissipation constants, respectively.
In the case Ψ(ν) = 0 or Φ(ν) = 0, it is called zero-dispersive or zero-dissipative, respectively.

Sine-Gordon equations are know to be dispersive. We present a class of zero-dispersive schemes by
tuning a coefficient, though implementation requires the prior knowledge of the dominant frequency
of the system, hence we do not use the schemes in the numerical experiments. To avoid the need for
the frequency, we optimize the coefficients of the one-stage two-derivative DIRK methods by tuning
a parameter to achieve higher dispersion or dissipation order. In what follows, we shall present some
examples of the optimized schemes.

3.2 Derivation of the one-stage two-derivative DIRK scheme

The one-stage two-derivative scheme will have the structure

Y1 = yn + c1∆tf(yn) + ∆t2a11g(Y1), (21a)

yn+1 = yn +∆tf(yn) + ∆t2b1g(Y1). (21b)

The third-order conditions are derived by comparing the Taylor series expansion of the numerical
solution yn+1 and the exact solution y(xn + h) under the assumption that y(xn) = yn. Matching the
elementary differentials, we derive the order conditions as a system of algebraic equations. The Taylor
series for the exact solution is given by

y(xn +∆t) = y(xn) + ∆ty′(xn) +
∆t2

2!
y′′(xn) +

∆t3

3!
y′′′(xn) +O(h4) (22)

= yn +∆tf +∆t2g +
∆t3

3!
g′f +O(∆t4). (23)

Next, we insert the internal stage (21a) into the update (21b) and expand (21) with the Taylor series
about yn and obtain

yn+1 = yn +∆tf +∆t2b1g +∆t3b1c1g
′f +O(∆t4). (24)

Comparing (23) and (24), we obtain the following algebraic equations

b1 =
1

2
, b1c1 =

1

6
. (25)

The system (25) implies that c1 = 1
3 . Hence, we obtain a α-family of one-stage third order method

expressed in Butcher tableau
1

3
α

1

2

. (26)
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3.3 Phase-fitted One-Stage method

In what follows, we investigate and analyze possible values of α such that the phase properties of the
method are optimized. The phase properties Ψ(ν) and Φ(ν) are given by

Ψ(ν) =

(
a11
3

− 1

30

)
ν5 +O(ν7), Φ(ν) =

(
1

24
− a11

2

)
ν4 +O(ν6). (27)

Consequently, we have the following optimized schemes:

One-stage third order dispersive order 6, dissipative order 3
1

3

1

10
1

2

, (28)

denoted TDRK1s3[6, 3].

One-stage third order dispersive order 4, dissipative order 5
1

3

1

12
1

2

, (29)

denoted TDRK1s3[4, 5].

Remark 3.1. It is instructive to point here, that the one-stage zero-dispersive (TDRK1s3[∞, 3]) and zero-
dissipative methods (TDRK1s3[4,∞]) can be similarly obtained. However, these methods are frequency depen-
dent, hence they are suitable for problems which depends on the knowledge of the frequency (ω) of the system.
Also, if ω → 0, TDRK1s3[∞, 3] and TDRK1s3[4,∞] reduce to classic TDRK1s3[6, 3] and TDRK1s3[4, 5],
respectively.

3.4 Stability analysis

The stability analysis of the methods derived in subsection 3.3 are investigated. we investigate the
stability analysis for the methods resulting from the semi-discretization of the sine-Gordon equation
involving a linear part (involving the diffusion) and the nonlinear part. Therefore, the stability issues
is investigated by the test problem given by

y′ = ly + η(y) = f(y). (30)

Let y0 be a fixed point that satisfies f(y0) = 0. Nearby this point, we perform a linearization of (30)
using the Taylor expansion and obtain

w′ = lw + λw (31)

where w = y− y0 is the perturbation to y0 and λ = η′(y0). If l and λ are assumed to be real numbers,
then the fixed point is stable if Re(l + λ) < 0.

Hence, for the sine-Gordon equation, we can consider the test equation

w′ = Λw, Λ = (l + λ). (32)

Applying the one-stage two-derivative Runge-Kutta method to the test equation (32) yields a difference
equation of the form

wn+1 = R(H)wn, H = Λh (33)
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where R(H) is the stability function of the methods, which measures the amplification factor
wn+1

wn
and investigates the timestep bounds for which the two-derivative method is stable. Normally, it is
expected that for method of order p

R(H) = eH +O(hp+1). (34)

Specifically, for a one-stage two-derivative Runge-Kutta method specified by (21), R(H) is given
by

R(H) = 1 +H +
b1H

2(1 +Hc1)

1−H2a11
(35)

Upon substitution of the coefficients derived, the Taylor series expansion for the one-stage two-derivative
Runge-Kutta methods is

R(H) = 1 +H +
1

2
H2 +

1

3!
H3 +O(h4) ≈ eH . (36)

The stability region can be determined by

Rs = {H ∈ R2 : |R(H)| < 1}. (37)

Definition 3.3 ([32]). The TDRK method is said to be absolutely stable at a point H in a complex plane
provided that the stability function R(H) fulfills the following conditions:

|R(H)| < 1,

and the region of absolute stability Rs is defined as

Rs = {H||R(H)| < 1}.

Definition 3.4 ([32]). Consider the set Rs containing all values of H = x + iy for which |R(H)| < 1.
If Rs ⊃ C− = {H|H = γ + iδ, γ ≤ 0}, then the TDRK method with stability function R(H) is called
A−stable.

Definition 3.5 ([32]). The TDRK method with stability function R(H) is called L−stable if it is A−stable
and if the relationship

lim
H→∞

R(H) = 0 (38)

holds.

Remark 3.2. The stability functionR(H) and region of absolute stability a ≤ H ≤ b of the methods derive
in subsection 3.3 are presented as follows:

• TDRK1s3[6, 3] : −2.8969 ≤ H ≤ 0

R(H) =
2(15 + 15H + 6H2 +H3)

3(10−H2)
, (39)

• TDRK1s3[4, 5] : −2.7853 ≤ H ≤ 0

R(H) =
12 + 12H + 5H2 +H3

12−H2
. (40)

Consequently, the new one-stage third-order two-derivative diagonally-implicit Runge-Kutta methods TDRK1s3[6, 3]
and TDRK1s3[4, 5] are notA-stable and hence are notL-stable. The stability plots of the methods are presented
in Figure 1.
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(a) (b)

Figure 1: Stability plots for (a). TDRK1s3[6, 3] and (b). TDRK1s3[4, 5] methods.

4 Numerical Experiments

In this section, the performance of the phase-fitted methods developed in subsection 3.3 is exam-
ined when applied to some sine-Gordon equations that describe kink and antikink soliton dynam-
ics. For comparative evaluation, the optimised TDDIRK schemes are compared alongside a non-
optimised scheme obtained by setting α = 1

4 , referred to as TDRK1s3A in the experimental results.
For spatial discretization, the mesh sizes considered are ∆x = {1

3 ,
1
6 ,

1
12}, while the timesteps, in

Problem 1, we solve the problem with ∆t = {2−5, 2−6, 2−7, 2−8} and in Problem 2, we solve with
∆t = {2−2, 2−3, 2−4, 2−5}.

For comparison, we list the evaluated third order methods of order 3 as follows:

• TDRK1s3d6d3: new one-stage third order (26) with α = 1
10 (TDRK1s3[6, 3]).

• TDRK1s3d4d5: new one-stage third order (26) with α = 1
12 (TDRK1s3[4, 5]).

• TDRK1s3A: new one-stage third order (26) with α = 1
4 .

• LDDIRK2s3: two-stage third-order method presented in [24].

• SDIRK3s3: three-stage third-order method presented in [25].

• ELDIRK3s3: three-stage third-order method presented in [27].

• DIRK4s3: four-stage third-order method presented in [26].

The accuracy of the methods is evaluated by computing the maximum global error, expressed
as log10 ∥u − un∥∞, where u denotes the exact solution and un the numerical approximation. The
efficiency of the methods is measured in terms of CPU time used for the simulations. For the test
problems, the phase-fitted methods derived in subsection 3.3 are compared using both accuracy and
efficiency based on CPU time across different mesh sizes ∆x.

Problem 1

We consider Eq. (2) with t0 = 0, initial conditions

ϕ1(x) = 0,
ϕ2(x) = 4 sech(x),

(41)
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and Dirichlet boundary conditions (4), which can be obtained from the following exact solution

u(x, t) = 4 arctan(sech(x)t). (42)

The experimental results are presented in Figures 2–4.
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Figure 2: Problem 1: Accuracy (left) and efficiency (right) plots of TDDIRK schemes for ∆x = 1
3
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Figure 3: Problem 1: Accuracy (left) and efficiency (right) plots of TDDIRK schemes for ∆x = 1
6

Problem 2: Kink soliton

We consider Eq. (2) in the region −20 ≤ x ≤ 20 with t0 = 0, initial conditions

ϕ1(x) = 4 arctan(eη),

ϕ2(x) = − 4ceη√
1− c2(1 + e2η)

.
(43)

and Dirichlet boundary conditions (4), which can be obtained from the following exact solitary wave
solution

u(x, t) = 4 arctan(e(x−ct)/
√
1−c2), (44)

where η =
x√

1− c2
and c is the velocity of the solitary wave. This test problem describes a kink

soliton and we have chosen c = 0.5. The experimental results are presented in Figures 5–7.
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Figure 4: Problem 1: Accuracy (left) and efficiency (right) plots of TDDIRK schemes for ∆x = 1
12
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Figure 5: Problem 2: Accuracy (left) and efficiency (right) plots of TDDIRK schemes for ∆x = 1
3

log
2
 Step size

-5 -4.5 -4 -3.5 -3 -2.5 -2

lo
g

1
0
(M

G
E

)

-14

-13

-12

-11

-10

-9

-8

-7
TDRK1s3d6d3

TDRK1s3d4d5

TDRK1s3A

LDDIRK2s3

SDIRK3s3

ELDIRK3s3

DIRK4s3

CPU Time (s)

0 2 4 6 8 10

lo
g

1
0
(M

G
E

)

-14

-13

-12

-11

-10

-9

-8

-7
TDRK1s3d6d3

TDRK1s3d4d5

TDRK1s3A

LDDIRK2s3

SDIRK3s3

ELDIRK3s3

DIRK4s3

Figure 6: Problem 2: Accuracy (left) and efficiency (right) plots of TDDIRK schemes for ∆x = 1
6

5 Conclusion and Discussion

This research constructed and investigated the performance of newly developed phase-fitted one-stage
two-derivative diagonally implicit Runge–Kutta methods for the numerical solution of the sine-Gordon
equation, which describes the dynamics of kink and antikink solitons. The stability region showed that
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Figure 7: Problem 2: Accuracy (left) and efficiency (right) plots of TDDIRK schemes for ∆x = 1
12

the TDDIRK1s3[6, 3] has a significantly larger stability region than TDDIRK1s3[4, 5], indicating that it
has the ability to be implemented with larger large timesteps.

Numerical experiments were carried out on two benchmark problems of the sine-Gordon equation
under different spatial and temporal discretizations. Specifically, the phase-fitted methods produced
significantly smaller global errors across all timesteps and mesh sizes. The improvement became more
significant as the spatial grid was reduced from ∆x = 1

3 to ∆x = 1
12 , inducing some stiffness which

allowed the higher temporal accuracy of the phase-fitted methods to be more evident.
Some other limitations were observed for the non-optimised method and existing DIRK schemes

in the experiments. In Problem 1, when the mesh size were reduced to ∆x = 1
12 , the non-optimised

method and the DIRK schemes in comparison failed to produce a solution at the time step ∆t =
2−3. A similar situation occurred for all the methods when the mesh size was further reduced to
∆x = 1

24 . However, we observed that the new methods performed badly for smaller meshsize, but
faster than all methods in comparison for the same error threshold. As the meshsize increases which
induces stiffness Figure 3 and 4 show that TDRK1s3[6, 3] and TDRK1s3[6, 3] are the most accurate when
∆x = 1

6 and ∆x = 1
12 , respectively. Furthermore, In problem 2, the LDDIRK2s3 did not compute

numerical results with ∆x = 1
3 . As the meshsize increases the non-optimised method TDRK1s3A,

SDRIK3s3, DRIK4s3 began to diverge when ∆x = 1
12 for timesteps ∆t = {2−3, 2−4, 2−5}, whereas

the new optimised phase-fitted methods TDDIRK1s3[6, 3] and TDDIRK1s3[4, 5], remained stable and
successfully produced solutions for all the considered time steps. Consequently, for all the experiments,
the phase-fitted schemes, TDDIRK1s3[6, 3] and TDDIRK1s3[4, 5], demonstrated superior accuracy and
computational efficiency over the non-optimised scheme TDDIRK1s3A and the listed DIRK schemes,
except for meshsize ∆x = 1

3 , and in this case the global errors compares favourably.
Overall, the results indicate that the phase-fitted two-derivative diagonally implicit Runge-Kutta

schemes is robust for solving oscillatory nonlinear partial differential equations such as the sine-Gordon
equation. Among the methods derived, TDDIRK1s3[4, 5] is the most efficient. More broadly, the re-
search reveals that phase-fitted TDDIRK methods is effective for stiff and oscillatory problems, offering
improved phase accuracy and favourable stability properties compared with conventional DIRK meth-
ods. These results contribute to the ongoing development of efficient higher-order implicit integrators
for nonlinear wave equations arising in engineering and physical sciences.

Future research will focus on the development of higher-order numerical schemes possessing de-
sirable stability and accuracy properties for the efficient simulation of hyperbolic partial differential
equations. In particular, attention will be directed towards constructing methods that preserve key
qualitative features of wave propagation problems, such as stability, phase accuracy, and energy conser-
vation. Furthermore, the proposed approach will be extended to the numerical treatment of higher-
dimensional sine-Gordon equations and other related nonlinear partial differential equations.
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